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Abstract: This paper resulted from collaboration between two faculties of Belgrade University – Faculty of Mathematics, Department of Geometry, and the Faculty of Architecture, the Chair of Mathematics, Architectural Geometry and CAAD. In this case, the efforts of the two institutions have been focused on introducing topology as a quite complex and rarely covered topic, to a specific audience – the first year students of architecture. The paper gives an overview of a two-hours lecture and a workshop that has been carefully prepared and discussed by a multidisciplinary teaching team, illustrated with appropriate modelled and animated examples, photo-documented (in the workshop part), and video-recorded (a streaming video of this event is available). The Lecture and workshop followed by a series of two small “research by design” tasks for the students – the first to examine architectonics of discretized Möbius stripe, and the second to model a spatial form varying genus of a selected surface. In the conclusion part we give the selected examples of students’ design work.
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1 Introduction
The study presented in this paper is focused on methodological approach to introduction of quite complex mathematical topics as topology, to a specific audience consisting of architecture students. In the presented case, topology has been introduced to the first year students of the University of Belgrade, Faculty of Architecture, within the course “Mathematics in Architecture 2”, one of the core courses of the B.Arch. program. 

For this topic, an inter-institutional collaboration has been established between the Faculty of Architecture [1], the Chair of Mathematics, Architectural Geometry and CAAD, and the Faculty of Mathematics, the Chair of Geometry [2]. The two weeks teaching part preceded by several preparatory sessions, and included a lecture with a workshop, followed by two weekly assignments. A series of affirmative student reactions, one of which leading towards fabrication of spatial installation, clearly indicated a success of the experiment.
Some efforts have been made towards the codification (writing down, making explicit) of the knowledge acquired during this activity. In the first instance, the teaching material has been documented and published electronically within the e-Learning system and Media Portal of the Academic Network of Serbia (AMRES), and the students’ submissions have been collected and systematized. Some of these documents have been included and described in the MACE knowledge base [3]. 
2 Topology as a topics to be introduced to architecture students
After introducing a range of mathematical and logical concepts in the core courses “Mathematics in Architecture 1” and “Mathematics in Architecture 2”, as well as in a series of 6 elective courses titled “Generic explorations” and most recently “Parametric Modelling of Architectural Form”, that gave significant results and enriched mathematical understanding of architecture, the members of the Chair for mathematics, Architectural Geometry and CAAD, are  keen to enlarge the spectrum of concepts that might be applicable in architectural design. 

Topology as an area of mathematics can be applied in a range of fields, including social sciences, economics, decision making processes, and many others [4]. For architecture students, however, the easiest way of introducing topology would certainly be through geometric topology. 
The topology as a topics has been initiated by Danilo Arsic, MArch, (Zaha Hadid Architects, CDRG - Computation and Design Research Group, London), during his visit to the Chair of Mathematics, Architectural Geometry and CAAD (University of Belgrade, Faculty of Architecture) and in his videoconferencing lecture within the Generic Explorations Workshop at the 32nd Salon of Architecture in Belgrade, in the spring semester 2010. Showcasing his recent designs based on applied mathematics (The Geo-mutant series and the AADRLTEN competition) (Fig. 1), he highlighted a necessity of basic awareness of topological terms, to understand principles that generate architectural form nowadays. 
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Fig. 1 The Workshop titled “Generic Explorations” in the Museum of Applied Arts, Belgared, introduction and a videoconferencing session with Danilo Arsic 

Looking for partners in Serbian academic area that might participate in an introduction of topological principles in architectural design, collaboration has been established with the Chair of Geometry, of the Faculty of Mathematics, Belgrade University, members of which shared an interest in activating their theoretical topics, in the field of design.
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Fig. 2 A modeling esquisse inspired by the issues of topological relations of surfaces
3 The Lecture and the Workshop

During the preparation of the lecture our interdisciplinary team discussed choice of the mathematical contents and the way of its presentation. Topology intertwines several areas of mathematics and its formal understanding requires high level of mathematical maturity. As a consequence, the topology is hard subject to teach and even to the students of mathematics it is taught in final years of their study. Fortunately, a part of geometric topology that regards surfaces in three-dimensional space may be explained to wider audience and it still illustrates the basic concepts of topology. Moreover, we expected that intriguing topological properties of some surfaces would arouse curiosity of students of architecture.
We had also discussed differences between architectural and mathematical perspective to geometrical objects. For example, from topological point of view all Möbius strips are the same, while an architect may distinguish many different Möbius strips according to their shape, length, width, material...  Also, very important property of an architectural object is its buildability. Mathematicians prefer smooth surfaces because they can be analyzed by means of differential calculus. On the other side smooth objects are hard to build and therefore of little interest in architecture. However, smooth surfaces can be discretized, i.e. approximated by polyhedral surfaces, and these discrete surfaces are of common interest in both architecture and mathematics (combinatorial topology, computer graphics, discrete differential geometry).
We agreed that apart from addressing these issues and the lecture should be:

· simple and clear;
· without heavy mathematical formalism;
· with lots of pictures, animations, visualizations;
· intriguing;
· students should  be involved in lecture “by doing something”.
The presentation had been prepared using slides (Fig 3.) and was supported by animations and carefully chosen examples using JavaView. In the next section the contents of lecture is briefly described.
3.1 The lecture - selection of theoretical approaches 
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Fig. 3 Topology – Possibilities of application in architectural geometry; the lecture presentation handouts

3.2 Basic topology terms covered
Topology is area of mathematics that is concerned with properties preserved by continuous deformations such as twisting and stretching. It is even allowed to tear an object and change its position in the space, provided the object is then glued back in the same manner. All these allowed deformations (homeomorphisms) result in topologically equivalent or so-called homeomorphic objects. Examples of homeomorphic objects are trefoil knot and circle (Slide 3.) or sphere, pyramid and cube (Slide 4.).
Important examples of topological surfaces: cylinder, Möbius strip, torus (doughnut) and Klein bottle are obtained from a rectangular strip of paper by gluing its edges using the appropriate rule (Slides 5, 7, 8 and 9. respectively). It is important to understand that appearance of surface in the three-dimensional space doesn’t matter. For example, ordinary cylinder (Slide 5.), double twisted cylinder (Slide 6.), or any cylinder twisted even number of times are homeomorphic. Similarly, the object obtained by twisting the strip odd number of times is homeomorphic to Möbius strip. 
An important property preserved by homeomorphisms is oreintability of surface. The orientability is described as existence of global continuous normal on the surface, or equivalently existence of clock with hands on the surface. It is easy to see that Möbius strip is non-orientable (Slide 14), as well as Klein bottle. The other surfaces present here are orientable. Since Möbius strip is nonorientable and cylinder is orientable one may conclude that they are not homeomorphic. By the same reasoning, we see that torus and sphere are not homeomorphic to Klein bottle.
Another property that is shared by homoeomorphic surfaces is type of boundary. For example, the boundary of cylinder consists of two disjoint circles, whereas sphere doesn’t have a boundary. Therefore, cylinder and sphere are not homeomorphic (although they are both orientable). Surprisingly, the boundary of Möbius strip is a single circle. We again conclude that cylinder and Möbius strip are not homeomorphic.
To make sure the students are comfortable with this way of thinking, we asked each student to:

· Cut a strip of paper, twist it once, glue it an obtain Möbius strip. Then check that it is nonorientable, and that it has single boundary – circle. 

· Draw a closed line along the middle of the Möbius strip, without lifting pen from the paper. This proves that Möbius strip is one-sided (or equivalently nonorientable).

· Cut the strip along the line using scissors. Surprisingly, the result of cutting is one narrower strip, double twisted. 
· Finally, students have to guess what is going to happen if the narrower strip is cut along and to check their answer. Answer: since double twisted strip is a cylinder, the cutting results in two, double twisted strips, mutually linked.
In the second part of the lecture we work more with discretized surfaces. The discretized surface is homeomorphic to the original smooth surface and therefore shares the same topological properties. For example, any of pyramid, cube, icosahedron or similar polyhedron is a discretization of sphere. 
It is easy to find a discretization of torus or torus with many holes (Fig. 8. shows discretization of torus with three holes).

Another interesting property of surfaces preserved by homeomorphisms is Euler characteristic. It is defined as number V-E+F, where V is number of vertices, E-number of edges and F-number of faces of any discretization of that surface. Particularly, the Euler characteristic of sphere equals 2 (=8-12+6, calculated from cube, for example) and Euler characteristic of torus is 0. Therefore, torus and sphere are not homeomorphic.
One can prove that any orientable surface without boundary is classified according to its genus, i.e. number of holes. This means that any two such surfaces with n holes, regardless of their shape, are homeomorphic to torus with n holes and mutually homeomorphic. On the other side surfaces of different genus are not homeomorphic because of different Euler characteristic. Surface of genus n can be constructed by gluing n “handles” to punctured sphere (Slide 19).
The concluding remark concerns nonorientable surfaces without boundary. They all can be constructed by gluing certain number of Möbius strips to punctured sphere. For example, the Klein bottle is obtained by gluing two Möbius strips onto a sphere with two holes, or equivalently by gluing two Möbius strips along their boundaries [7].  All nonorientable surfaces without boundary share the property that they cannot be realized in three-dimensional space without self-intersection. This is what makes them difficult to build, although Klein bottle House had been realized (McBride Charles Ryan, Australia).
3.3 The Workshop and the assignments – Exploring the architectonics of Möbius Stripe
In the workshop and the assignment parts, we have combined several teaching methodologies, some of them related to active learning:
·  
Immediately applying the acquired knowledge on the simple, well structured, design related tasks (learning research by design, learning by doing) 
·  
Using both, traditional and virtual learning environments [7]
·  
Using available explorative tools (i.e. simple software that might help students to better understand and visualize the presented mathematical concepts), in this case JavaView [8]
·  
Stimulating the so called architectural interpretation of mathematically created spatial form, in which students are required to imagine and discuss what the created spatial form could be, if it was an architectural object
Workshop - The Workshop titled: “Architectonics of the Möbius stripe” that followed the lecture was aimed at creating a variety of spatial models based on the Möbius stripe. It was designed as a one hour-session in the lecture room, during which the students produced a series of simple paper-based models. 
The students’ activity was directed by the following instructions:

·  
Create a series of Möbius stripes from a rectangular pieces of paper, carefully choosing the ratio between its width and length

·  
Observe each of the resulted spatial forms in terms of their positioning in the space 
·  
Make a folds on a selected Möbius stripe, trying to discretize it in the system of planar surfaces

·  
Explore the spatial characteristics of such form and try to interpret it architecturally

·  
Unfold the observed stripe and study the set of folding lines and flat surfaces

·  
Estimate the buildability of such form in various scales and from various materials (cardboard, wood, concrete, steel structure, etc.)
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Fig. 4 The working atmosphere during the lecture and the following workshop

During the workshop the students were extremely motivated and productive. Some photographs recorded during the session (Fig. 4) quite clearly indicated the positive attitude towards the topics that was achieved. 
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Fig. 5 The paper models resulted from the Workshop

The Workshop resulted in a series of quick, paper-based models (Fig. 5) representing the explorative nature of the activity. Some of the models were quite powerful and inspiring, significantly corresponding with the nature of material and the scale of the spatial form, preserving the nature of the Möbius stripe. 
Weekly assignments - During the two weeks following the lecture on Topology and the Workshop, the students were asked to complete following home-works: 

· one related to the Workshop topics - Exploring the architectonics of discretized Möbius stripe

· and the second related to the genus of a surface 
During the first week, the students had to reproduce the spatial form similar to the one made during the workshop, but from other material than a simple paper.  For this, they needed to produce a paper-based model, to unfold it, to copy the parts of the form on the chosen material, to put the parts together creating the form and to carefully  photograph the resulted object. The students also had to submit a textual explanation of their designs, interpreting the geometry architecturally, i.e. indicating what it could be, if it were an architectural object. A selection of results is presented on the following illustration (Fig. 6). 
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Fig. 6 A series of students’ submissions for the exercise “Architectonics of the Möbius Stripe”

During the first week of the assignment, the students remained productive and creative as during the Workshop. In addition, some of them sent their explicit comments related to the lecture, workshop and the presented inter-institutional collaboration in general, clearly indicating their satisfaction. 
The spatial forms resulted from the home-work significantly differed from the ones produced during the lecture, in terms of quality, accuracy, and presentation. Some of the forms had additional visual references as human silhouettes, or context elements, while in some cases students explored more sophisticated materiality, as translucency for example. 

The following illustration (Fig.7) represents an additional submission that two of the mentioned students decided to make. The same students also decided to create a project based on this assignment and to apply for funds that will allow production of a large scale spatial installation in the public space of the city of Obrenovac.     
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Fig. 7 The work of students Lazar Belic and Danilo Beronja, submitted as an addition to the regular assignment
The assignment for the second week was related to an exploration of surface genus characteristics. For this task the students used the JavaView software that allows exploration of various geometries from different aspects. In this case the students used the JavaView module that generates surfaces with prescribed genus (Fig. 8), be it linear or circular. Apart from simple creation of a surface with a prescribed genus with some parameters controlled (length, width, high, length of holes, width of holes), the software enables a range of transformations on the geometry, as well as application of various effects (such as stellation, truncation, shrinking, punching, etc.). 
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Fig. 8 JavaView – the “Generate a Surface with Prescribed Genus” module and Stellation effect applied
JavaView has been developed by Konrad Polthier, full professor at Freie Universität, Berlin and chair of the Berlin Mathematical School. Many people from Faculty of Mathematics, University of Belgrade had been collaborated with Konrad Polthier group via DAAD project [11].
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Fig. 9 A series of students’ submissions for the exercise: “Exploration of the genus of a surface, and its implications in creation of spatial form” (images)
Part of the students’ submissions were the visualizations of various geometries created as surfaces with a prescribed genus. Architecture students were very keen to further modify the surfaces, to change their simple geometry (by additional triangulations, stellation or other geometric effects), materiality, transparency etc. In some cases they slightly diverged from the basic idea of examining the surface genus, but the forms created were very interesting and had an evident potential to be used in further architectural designs.
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Fig. 10 A series of students’ submissions for the exercise: “Exploration of the genus of a surface, and its implications in creation of spatial form” (JavaView files) 
A significant percent of students’ submissions for the second week consisted of .jvx files, originated from the JavaView software. For this particular assignment, the e-Learning System of the Academic Network of Serbia was enriched by an additional functionality of displaying the 3D representations of geometry. This functionality allows activation of a virtual 3D space within the image frame, activating new window that can be enlarged (this is extremely important for the geometries with dense details), rotating, zooming and panning the geometry. The uploaded .jvx file can be downloaded and modified with the JavaView software, which means an advanced sharing and combination of acquired knowledge.

The presented functionality was easily and smoothly adopted by both, teaching staff and the students, and seems to become a standard in presentation of geometric contents that require additional visual 3D examinations (i.e. rotation, zooming, finding more affirmative viewpoints, etc.).
4 Towards a fabrication - the TOPO Collection

As a result of described teaching activities, in which the teaching staff realized the introduction of topology to architecture students, a collection of forms was created with aim to explore topological features of a simple square surface. The collection has been titled The TOPO Collection, highlighting its topological features.

It represents a study of a square, a striped segment of which has been twisted, moved and multiplied along the surface, generating radically new spatial qualities. 
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Fig. 11   The CORIAN fabrication workshop, Faculty of Architecture, University of Belgrade
The TOPO Collection is created with an aim to be fabricated from the Corian™ , a composite material, by DuPont, and the initial activities in this terms have been started with DuPont Serbia. This fabrication initiative is a continuation of a collaboration between the famous material producer and the Faculty of Architecture, that started in Autumn semester 2010, when the group of third year students enrolled in the Generic Explorations 06 elective course, explored the thermo-forming features of Corian. 
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Fig. 12 The TOPO Collection    
5 Further research and development activities
The main research interest that will follow would certainly be directed towards examining applicability of presented concepts in student design studio projects, and in a real life architectural design. Some preliminary assumptions could already be done by the indication of the design potential based on the design activity performed by students and the teaching staff. 
The planned development activities are directed towards a creation of a piece of software, be it a module of a stand-alone Fun3D software that has been developing within the Chair for Mathematics, Architectural Geometry and CAAD since 2008, or a Grasshopper (an algorithm editor for Rhino 3D), or any other. The software is aimed at supporting explorations of discretization of a given Möbius stripe, i.e. its fragmentation into planar components.  The proposed development would transpose the performed analogue, intuitive design process into a computer aided architectural geometric tool.
6 Conclusion

Enlarging the corpus of mathematical concepts that could be presented to architecture students in the early stages of their education, the topology has been introduced through a two week educational sequence described in this study. The educational sequence, realized within the core course Mathematics in Architecture 2, consisted of the presented lecture and the workshop, followed by two weeks of related assignment activities. It represents the joint effort of the members of two institutions of the Belgrade University, that approached the topics geometrically, but from the two different viewpoints – the theoretic one and the explorative in terms of spatial design.

Srdjane, molim vas da na ovom mestu stavite deo zaključka koji se bude odnosio na glavni deo teksta koji ćete ubaciti.

The students' activity resulted in a range of analogue models created during the workshop, examining architectonics of discretized Möbius stripe, a series of images and architectural interpretations of the created form submitted during the first week of assignments, and a series of images and 3D models of surfaces created with a prescribed genus. This applicative part of the studied educational case,   
The knowledge on topology, acquired, selected, exchanged, created and combined within this short educational sequence, has been carefully documented and made available both to participating students and to a wider audience interested in introducing similar topics in architectural education. Some of the documents and Web resources have been included in the MACE knowledge base, gathering architectural contents in Europe.
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Appendix 1- The virtual learning environment supporting the presented teaching sequence 
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8 S Caensiess | | parametarsid oblik svih krivih koje se nalaze na sic
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Parametari definisai | rafii prikazatiive u prostor. Za ovaj zadaiak
modte korisit sleceés programe:

2D Grapher, 20 Mtn Exploar . Function Grapher (Fle, new, 20 graph. ).
Fun3D (Egit, New U Curve..)

Nioiste korisit | cruge programe koji podiavaju grfitio precstavijanjel
paremetarsi definisanin linja u prostor. U ekstuainom delu, uz izsbrane
paramee navest 1ime pragrama kojim je pritsz dobijen.

ru (11/Mar/2011

Pomocu programa kofi su korizZeni prethodne nedelje, parametarski
efinissti | prikazat oraféki izabrany poves u prostory [jsdnu i viZe).
U tekstu dati parametarski oblik svih pour3i koje se nalaze na slci,
ko granice uiv.

‘Graieki prikazati povrs koja se dobij rotaciom parametarski BE
ofinisane krive o zahrane ase. 1 reksmzlom delu zadarka dzti

i
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Kao reply na ta post, arafeki prikazati pours koja nastaje
translztornim krstamiem parametarski definizans krive i duf druge|
linje. U tekstualnom delu dati parametarske jednacine obe linije, kao
i granice suih parametara.

23 reslizaciju ovog zadatks koristiti program K3D Surf (Tools, Builder,
Extrude..; kontrols bje: Options; Kontrola prkaza: Parametic,
Draving Options).

Parametari definisat | rafii prkazatifzsbranu pow u prostor L lrive
linie dnu i vse) na o] povei. U testu dai parametarsi blik powsi 1
loivin, kao | granice 28 parametre

2a ove) zadtsk mofete korsil program i prethociin zadstata (30
Grapher, 20 Matn Exploer, Function Grapher, FunD) ko | druge
arafiSee programe po izbars. U tekstuainom delo dat nsziv ofters ki |
torten.

Prama uputstims 53 posiednieg £253, 3 n bazi papirmog modela,
napraviti model diskretizovane Mebijusove trake od izabrancg.
Eursieg materijala (hamera, kartons | sL.). Fotografiu, veliéine
130/130 pixela, kojom se ispituje arhitektoniks ovakve forme,
publikovatiu okuiru ove teme. P3ivo izabrat poloa forme, ugao.
posmatrania, kso  osetlienje modala. U tekstualnom delu dati
arhitektonsko tumazenje dobijens forme.
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Prama uputstims 53 posiednieg £253, 3 n bazi papirmog modela,
napraviti model diskretizovane Mbijusove trake od izabranog
Evriéeg materijals (hamers, kartons i s1.). Fotografu, veliine
130/130 pixela, kejom s ispituje arhitektonika ovakve forme,
publikovatiu okuiru ove teme. Pajvo izabrati polo3aj forme, ugao

posmatrania, kso  osetlienje modala. U tekstualnom delu dati

arhitektonsko tumazenje dobijens forme.

Instalrat Javavien sofover s

s javavien.defindex.heml

Zapogeti novu geomstriu (New - Geometry..) i izabrati Surfaces,
Surface with Prescribed Genuz, Variati od povrs, keo  ostale

parametre... Dobijeny formu =auvati keo v datoteku, Izsbrani
prikaz ovakevag objekta publikovati u jux formatu (interakeivni model,
radi samo u okviru osnovnog posta, al ne  u reply postu] il it
formatcu veliZine 130/130piksels, u okviu ovonedeljnog zadatka.

U programu JavaView koristeéi Platonova tela, napravit prostornu

kompoziciju

Zapogeti novu geometrju | birati Surfsces/Platonic

Solids uz opciju Add za kreiranje komposiciie. Za pomeranjel

Slemensta oy scens koriste
Geometry.
formstu veliEine 130/130 pikzels,

Mathod/Modelling/Transform|
Izabrany kompoziciu saéwatu u jux formatu il

i

U tekstuzlnom delu navest slements kompozicie kao | parametre ol
SluEsyu varizci.

i
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Dobijena prostora forma moZa predstavlati kuéu u nizy u odredenom [
urbanistitkom kontekstu. Takode, rotaciiom identiéne forme, dobijaju se

potpuno novi objekti koji mogu egzistirati zasebno kao skcanat u prostory,

poput zgrade neke biblioteke, opere, pozorizts; il u vecem broju, kao u
pomenutom nizu.

2010 (07/Apr2011) (col

2010 (07/Apr/2011) (col
Forma kao akcanat u prostoru. Upotrebom transparentnog materiala (u
pitanju je model od pausa), dobis se atraktivna rasveta.

‘Odlicno Nevena! Jako lspa zeria prikaza,

i

] Done, but with errors on page. @ Intemet | Protected Mode: On





[image: image66.png]‘Objeka o elodbeni pavillonrban pine ki se sastai od 3 mifkovans Mebiusove =
rske. Zamilino e da se frma dobs o4 nekog materals ke b1 sa sk recbivso RPN

(karton na primer) poZto je paviljon privremena struktura. Na taj natin bi se lako dobio. -
stesaivan sbjakat ke b megao ko da 3 pranos o okacie do Iokaci ko b

megao lako ds se fabriute.

Jo% jedan prikaz 53 vise osvetliena.

Bavifion bi bio osvetlen i ns taj nséin bi uveés predstavijso potencialng straktivno
mesto okupljana.
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A sequence of student submissions in the virtual learning environment examining architectonics of discretized Möbius stripe.
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ordering of handles on the surice- circular
Genius- 5.

Heght- 5.1

Radius of Surface- 5.2

Holes inner border- 0.25.

Holes Auto border- 0.6

effect-punch 038

sffect- shrink 0.55

sffect-racb graph default

effect-subdivision, quadrissction(triangles)X4.

[van vidk

Genuz - 3
‘Ordering of handles of the surface - linsar
Lenght -4

width 1.6

High 1.0

Lenght ofholes - 0,29

Widh of holes - 0.34

Linar Genus-6 Langth-
0,35 Effect-minimize modeling-flp edges modeling-switch to dua grid
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A sequence of student submissions in the virtual learning environment examining surfaces of a prescribed genus.
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