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ITPEATOBOP

KpuBHHa je HajIIpUpOJHUja U HajBaKHUja MHBapHjaHTa Iiceyno-PumMaHOBe reome-
Tpyje. [To Ocepmany® [101], mojaM KpuUBHHE je jefaH o IeHTpaJIHUX KOHIleraTa aude-
peHIMjaiHe reoMeTpHje, KOjU pasjiy4dyje TeOMETPHUjCKO je3rpo IIpeaMeTa OJf OHUX aclie-
KaTa KOjH Cy aHaJIUTUYKH, aJIredapCKy WX TOIIOJIOIIKH. THPopMaliije 0 KpUBUHU CMe-
IIITeHe CY Y TeH30py KPUBHHE, Ca KOjUM je TeIlIKO pafgUuTH, YIIPKOC MHOITMM CUMeTpHjaMa
Koje 1rioceqyje. sgBajame reOMeTPHUjCKUX HHPOPMaIiYja Koje Cy KoJrpaHe YHyTap TeH30-
pa KpUBHHE je IIPUWINYHO M3a30BaH 3a7aTak. 360r Tora je [poMoBE [67] TeH30p KpUBUHE
OIIMCAa0 Kao MaJIOT MOHCTpyMa (MyJITH)JIMHEeapHe ajredpe uuje IIyHO TeOMeTPHjCKO 3Ha-
yeme 0CTaje HejacHo. CTora, yMecTo pajia ca CaMUM TEH30pOM KpUBUHE, UeCTO KOPUCTHU-
MO JaKobdUjeBe ollepaTope UIK CEKIIMOHY KPUBUHY KOjH CY JIAKIIIH 3a PYKOBakkhe U UMajy
50Jby TEOMETPHjCKY UHTEPIIPEeTaIH]jy, LOK caZprKe IIOTIIYHY MHPOPMAaIlHjy O KPpUBUHMU.

Ham oty 1wk je 1a mpoHal)eMo HeKy BpCTy MocTa usMmely KpuBuHe 11ceyno-Pu-
MaHOBe MHOTOCTPYKOCTH ¥ HbeHUX IeOMeTPHjCKUX 0CodHMHA. OBOM ITUJBY MOXKeMO IIPH-
CTYIIUTH Ha JiBa HauyWHa. [IpBU IIPUCTYII je JUPEKTaH U II0YUIbEe TaKO IIITO OIIPEeMUMO
MHOTOCTPYKOCT METPUKOM, IIPH YeMy je OH/la BlheHa KpUBHHA Yy IIOTIIYHOCTH ofpelheHa.
Mo>keMo je JIOKAJIHO M3padyHaTH TaKo IITO pauyyHamMo KpucrodesoBe cumbolie JleBU-
-UuBHTa I10BE3aHOCTH Ha OCHOBY ¢popMmyJie (5.11), a 3aTUM KOPUCTUMO GOPMYITY (@) Ia
SMCMO TOSHUJIM KOMIIOHEHTE OIlepaTopa KPUBHUHE, IIITO IIOCJIEUYHO Jlaje JakodujeBe o1e-
patope.

AKO Io4YeTHa MeTpHUKa UMa HeKe Jielle KapaKTePUCTHUKE, IIOITyT BeJIUMKe Ipylle U3oMe-
TpHja, OH/ia je IIPUPOJHO OUEeKHUBATH /la OHa II0BJIaYM KPUBUHY Koja ce TaKolje Jiero 1o-
Halla. Yodru4ajeHo I10JIa3UMO 0/f BUCOKO CUMETPUYHUX MHOTOCTPYKOCTH KOje I10CJIefY-
HO UMajy pesIaTUBHO jeJHOCTaBaH TeH30P KPUBUHE, a 3aTUM H3y4yaBaMO BbBUXOBe reoMe-
TPHjCKe 0COSMHE, KOje CY UeCTO YOIIIIITeha 0COSUHA ITI03HAaTUX U3 eYKJIUJCKEe TeOMeTpHje.
OBe jegHOCTaBHE ITI0YeTHE MHOTOCTPYKOCTH, Kao IIITO Cy [iBe-TauKe XOMOTeHHU IIPOCTOPH,
HasuBajy ce MO/ieJI IIPOCTOPH, a KOPUCTE Ce 3a jeJHOCTaBHUje U KOHKpPEeTHU]je UspakaBa-
e CYIITUHCKUX KapaKTepUCTUKa PUMaHOBe (WU IIcey0-PUMaHOBe) reoMeTpHje.

JlpyTH IIPUCTYII UJie y 06paTHOM cMepy. IlocMaTpaMo OIIIIITHje MHOTOCTPYKOCTH Jia
SMCMO OTKPHJIM KOja CYy BbUXOBa CBOjCTBA pellpe3eHTaTUBHA 3a KOHKpeTaH Mo/jeJI IIpo-
CTOP. YKOJIMKO He M0>KeMO Jia IIpeII03HaMO MO/ieJI IIPOCTOP Ha OCHOBY OBUX O/ipeljeHux
CBOjCTaBa, Ta/ia >KeJIMMO Jia YCIIOCTaBUMO IIOTIIYHY KIacuPUKaIlFjy IIceyAo-PUMaHOBUX
MHOTOCTPYKOCTH Ca TUM 0COSMHaMa. be3 eKCIUITUITUTHOT oIlrca TeH30pa KpUBUHE, II0KY-
I1aBaMo Jla 3aK/by4HMMO 10 KOI OIlcera II0CedHa CBOjCTBA JaKOOHjeBHUX ollepaTopa MOIY
OJlpeIUTHU METPHUKY.

HajjeqHocTaBHUjU cily4yaj y PUMaHOBOj TeOMeTpPHjH JielllaBa ce KaJ| CBU pefyKOBaHU
JaxodujeBH omepaTopu UMajy caMo jelHy COIICTBEHY BPeJHOCT, IIITO II0BJIAYH IIPOCTOP
KOHCTaHTHe CeKI[MOHe KpHUBHHe. KapakTepHUCTUYHU II0JIMHOM JaKOSHjeBOT ollepaTopa
KOjH je He3aBHCaH Ha je[JUHUYHOM TaHTeHTHOM pacjojerwy IIpeAMeT je HapeIHOT II0 je/I-
HOCTaBHOCTH cJIy4daja. Kiby4HO IUTame je 1a JI 0Baj YCJI0B Oipel)yje KpUBUHY U MeTpUY-
KM TeH30p TaKBUX PMMaHOBUX MHOTOCTPYKOCTH KOje Cy II03HaTe Kao OcepMaHOBe MHO-

1Robert Osserman (1926-2011), aMepUYKK MaTeMaTHYap
Muxaus Jleorun0BHY [poMoB (1943), pycKH MaTeMaTH4ap
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TOCTPYKOCTH.

OBa KiUra je saMHUIll/beHa Kao MoHorpaguja o OcepMaHOBUM MHOIOCTPYKOCTHUMA U
0djeuIbyje BEJIMKU OpOj pesysTara Koje je ayTop 08jaBHO y OBOj 06JacTH. V ITUJBY fa
IITO BehH 6poj unTasialia dyjie y MOryhHOCTH i UCIIPaTU OBe pe3yJTaTe, KibUTra TaKole
CaJp KU JleTa/baH YBOJ, y IJIaTKe MHOTOCTPYKOCTH, Kao ¥ OCHOBe PUMaHOBe U Iiceyz0-Pu-
MaHOBe reoMeTpHje, Te MOKe SUTHU KOpHUIlTheHa Kao YIIG€HUK 3a Kypc AudepeHIjaaHe
reoMeTrpuje. Kibura ce MoJke II0[jeJIMTH Ha TPU UMarvuHapHa fesia: leo I [s1aTke MHOTO-
CTPYKOCTH, cacToju ce of rm1aBa 1-3, /leo II Ilceyno-PuMaHoOBa reoMeTpHja, CACTOjU Ce Off
m1aBa 4-7 u JAeo III OcepMaHOBe MHOTOCTPYKOCTH, CaCTOjH ce of Iy1aBa 8-9.

Jeo I (I1aBe 1-3) je yBOA y IJIaTKe MHOTOCTPYKOCTH. YBellTheMO OCHOBHE MaTeMaTU4-
Ke 06jeKTe, HOTall’jy ¥ TEPMUHOJIOIH]Y KOjy heM0 KOPUCTUTU KpPO3 OBY KbUT'Y. MaTepu-
jaJI U3 OBOT fieJia I103ajMJ/beH je U3 MHOI'MX M3BOPa, YK/bYUyjyhH cTaHAapAHe TeKCTOBE U3
nudepeHITUjaIHe TeOMeTpHje WU 0 MHOrocTpykocTuMa: O’Huut B [100], [Tedppu Tl [79],
[lon Jud 81], Fpoca u MaijeHKeHﬂ [68], FaJII/IjeE u Kentauch [62], MOpI/ITaE [90, T'na-
Ba 1], Ty== [118]. IIITO Ce CPIICKOT je3rKa TUYE MO>KEMO IIPEIIOPYUYUTH YIIG€HUK KOjH je
Harmucasia AHTHhES [2].

Jeo II (ImaBe 4-7) 1IpeficTaB/ba YBOJ Y IICey0-PrUMaHOBY reoMeTpHjy. OyinuHa pede-
peHIla 3a Kjlacu4aH IIPUCTYII IIcey10-PUMaHO0BOj TeOMETPUjU je KEbUTra KOjy je Halucao
O’Huu1 [100]. Taxolje ripenropyuyjemo [ledpu Jiu [[79]. HeKe cTaHIapiHe TeKCTOBe U3 Pu-
MaHOBe reoMeTpHje fauu cy [1on Jiu [82] u o Kapmo= [34]. Kako nHcHUCcTUpaMo Ha HeJje-
GUHUTHOM CJIy4ajy, MOKEMO CMaTpaTH 3HavyajHUM TeKCTOBe Koje Cy fanu MajHpeHKeH
[87] u Kitapk== [41]. 3a TeopHjy II0AMHOIOCTPYKOCTH IIperiopyudyjemo Jaxuepa2 u Toxe-
I/Ipa@ [44].

Jeo III (I;taBe 8-9) 6aBU ce n3ydyaBameM OcepMaHOBUX MHOTOCTPYKOCTH U CPOJHUM
TeH30pruMa. OCHOBHa JiuTeparypa 0 OcepMaHOBUM MHOTOCTPYKOCTHMA je CBaKaKO MO-
Horpaduja Kojy cy Hanumcaau l'apcuja-Puo™, Kyneau™ u Backes-JlopeHso= [65]. Takohe
MO>KEMO IIPeIIOPYUYUTH Kb UTe Koje je Hanucao ['makued [57, 58].

Beorpap, centemdap 2025.
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ItaBa 1

I'TIATKE MHOT'OCTPYKOCTH " ITPEC/INKABAIbBA

JemaH op HajsHauajHUjUX forahaja y KUCTOpUjU reoMeTpHje noroauo ce 10. jyHa 1854.
Kaza je beprxaps PuMman® Ha ®uio30$ckoM pakyaTeTy YHUBep3uTeTa y [eTUHTeHY Op-
’Kao IpefiaBarbe 0]l HasuBOM ,,0 XHITOTe3aMa Koje Jieske Y oCHoBaMa reomeTpuje” (Uber
die Hypothesen, welche der Geometrie zu Grunde liegen).

PuwmaH je 1851. moz, pyKOBOICTBOM l"ay(:aE 0/16paHUO AOKTOPCKY AUCepTaIUjy U3 OCHO-
Ba KOMILUIEKCHe aHasu3e. Ciiefilehy KOpak y HkeroBoj akaJleMCKOj KapujepH SHo je 1a ce
KBasuQUKyje 3a II03ULH]Y IPUBATAOLIEHTa, IIpe/laBadya Koju HeMa IIaTy Beh My ce IIpo-
cielyyje HoBaIL O IIKOJIapMHA KOje Cy ITahajiv CTy/IeHTH KOjU U3adepy /ia CIIyIajy Bero-
Ba IIpefiaBama. Ta mosuiiyja Jodujajia ce Kpo3 IOCTyIlaK XaduauTallyje, Ime ce o1 KaHIu-
IaTa saxreBasio Ja Hamnule paj (habilitationsschrift), Kao ¥ ja 0JIp>KU jaBHO IIpeiaBame
(habilitationsvortrag). ObacT U3 Koje he ce gp>KaTU IIPUCTYITHO IIpefilaBamke SUpao je dpa-
KYJITeT Cca JIMCTe Of TPH IIpe/jIora Kojy je HaUMHMO KaHAuaaT. IIpBa 1Ba PruMaHoOBa Iipe-
IJI0Ta SHJIe Cy 06J1aCTH y KojuMa je Beh pasiyio ¥ MMao pesyJiTare, Te je ca IIYHUM IIpaBOM
0YeKHBaO0 U360p HeKe o BbUX. MeljyTUM, IIPOTUBHO TPagUIlHjH, ['ayc je IIpecKOYHO IIpBe
IIBe U ojtadpao Tpehy mpeioskeHy TeMy Koja je dHjia U3 0CHOBA TeOMETpPH]e.

PrMaH je HaIIOPHO pajyo /ia 6U IpeJaBame YUMHUO pasyM/BUBUM 3a HeMaTeMaTH-
Jape y IyS&JHIH (IIPUCYCTBOBAJIO je CBera HEKOJIMKO reoMeTpuuapa), Tako /ia je ¥Mao
OJIJINYHY IIpe3eHTaIHjy y K0joj Cy Hjeje duiie jaCcHO JedUHIUCaHe 6e3 yIIoTpede aHaIu-
THUYKOT artapara. Maxko je I'ayc 6110 3aJUBJbEH jep je peaBake IIPeBa3UIIlIO CBa H>eTOBA
OYeKHBama, KaKo je OHO SMJI0 CaMO YCMEHO, a 6e3 TeXHUYKUX JleTa/ba, He YyJHU IIITO HUje
OCTBAapUJIO TPEHYTHU YTHUIIAj HA MaTeMaTUUKU CBeT. MeljyTuM, IpBO 06jaB/bUBAELE TOT
IpefaBama y IrcaHoj ¢opmu (06jaBUoO ra je ,ZLe,z[eKHH,uE 1868. roguHe [110], xBe roguHe
HaKOH PUMaHOBe CMPTH) K3a3BaJlo je 3HaUajHe peaKIiiyje MaTeMaTh4apa 1 I10CTasIo IIpe-
KpeTHUIIa Y UCTOPHjU TeOMeTpHje.

YV To BpeMe u3ydaBaJie Cy Ce CTBapH Be3aHe 3a EyKJII/I,zLOB@ IIeTH II0CTyJIaT (JaHallmba
aKCcHuoMa ITapaJIeJTHOCTH) y II0Tpas3y 3a akcCuoMaMa Koje 68U UBPCTO II0OCTaBUJIe TEMeJbe
OCHOBHOT TeOMeTPH]jCKOTI IIpocTopa. Takolhe ce Tparasio ¥ 3a CTPYKTYypOM IIpoCTOpa y Ko-
jeM >KUBHMO, [IOK Cy HEKM MaTeMaTU4apHy II04eJId [ja pasMHUIIL/bajy O er3UCTeHIIUjH IPY-
rauyujux CTpyKTypa. To Hac JOBOAM 10 HEEeYKIUACKUX reOMeTpHja Koje Cy IIpoydaBaIu
BOJBajE U JlobaueBCcKUH (IIpe BUX IIMOHUPCKE pasoBe MMasu cy Cakepu 1 OMap Xajame),
a Koje ofijefHOM I10CTajy caMo CIIellyja/IHU Cily4dajeBU OIIIITHje TeopHje.

!Georg Friedrich Bernhard Riemann (1826-1866), HeMauKu MaTeMaTHYap

Johann Carl Friedrich GauR (1777-1855), HeMauKu MaTeMaTH4ap

3Richard Dedekind (1831-1916), HeMauKHu MaTeMaTuJdap

*Eykuup u3 Asekcasapuje, EUKAESNG (3. ¥ 4. BeK I1.H.e), [PUKKA MaTeMaTHIap

5Janos Bolyai (1802-1860), MahapcKu MaTeMaTH4ap

SHukosait UBaHoBMY JIoSaueBckHii (1792-1856), pycKH MaTeMaTH4ap

"Giovanni Girolamo Saccheri (1667-1733), HTaJMjaHCKH CBELITEHHK X MaTeMaTHJdap

8ymap usn Uspaxum an-Xajam Humamnypu (1048-1131), epcujcku MaTeMaTruyap, GUao3odp U mecHUK



lnaBa 1. natke MHOTOCTPYKOCTU U NpecinKaBaHa

PuMaH je IpBU a0 06MMaH JOIIPHUHOC YOIIIIITe Y H/leje IOBPIIIN Ha BUIIIE AUMEH3H]e,
a BeroBa BH3Mja I10CTaBUJIa je HOB KOHIIENT IIPOCTOpa 3a KOjU je KOPUCTHO ped mannig-
faltigkeit. KacHUje ce y eHIJIECKOM je3UKy ycTalnia ped manifold (y mpBOM IIpeBOy Ha
eHIIecKkH, Kimndopad je kopuctro peu manifoldness [111]), 10K MU KOPUCTUMO ped MHO-
loctupykociu. OBo 4yBeHO PMaHOBO np%LaBaH,e (IpeBeieHO Ha €HIVIECKH) U IIpUYa 0KO
Bera MoJke ce rpounTaTy Kop, CrimBaka™ [113, IytaBa 4].

MHOTOCTPYKOCTU CYy OCHOBHH 08jeKTH AudepeHIlrjajlHe reoMmeTpyje. Mehytum, Pu-
MaH HUje UMao IpelnsHy AeUHUITU]Y OBOT KOHIIEIITa. Y TO BpeMe SUJIO je TEXHUUKUX
roTemrkoha ratu popMasiHy AebUHUIM]Y jep OIIITH I10jaM TOIIOJIOIIKOT IIPOCTOpa HU-
je éuo meduHucaH npe dpemrea (1906 [51]) u Xaycnopc])a@ (1914 [69D. I'IOI/IHKapeE je
1895. [104] yBeo uzejy aTiaca v fao aeUHUITHjy MHOTOCTPYKOCTH KOja je SHJjIa IIpeTeva
MO/IepHOT KOHIIeIITa MHOIOCTPYKOCTH. M%YTI/IM, HpBéCTpOI‘y aKCHOMAaTCKY e QUHUIIN-
JY MHOTOCTPYKOCTH H3JIOKHUIIH Cy BedsreH™2 u Bajrxen2 1931. [119] u 1932. rogune [120].

MHOTOCTPYKOCTH Cy CBYy/ia OKO HaC y MHOTUM O&JIUIIMIMA U MOT'Y Ce CXBaTUTH Kao BU-
HIeUMeH31O0Ha YOIIIITeha [JIATKUX KPUBUX U IJIaTKUX IIOBPIIU. OmIiTe ropopehu y 1u-
Taly Cy TeOMeTPHjCKHU 06jeKTH KOjU JIOKAJIHO U3IJIe/[ajy Kao eyKIUACKHU IIpocTop R™ 1 Ha
KOjUMa MO’KeMO BPILIUTH qudepeHIIUja/lHU U UHTerpajJHU padyyH. HapaBHO, 0OCHOBHU
IIPUMePU MHOTOCTPYKOCTH Cy CaMH eYKJIHU/ICKHU IIPOCTOPH, IVIaTKe paBaHCKe KpHUBe (Kao
IIITO Cy eJIUIICe, XUIIePsoJIe, ITapadosie) U IJIaTKe IIOBPIIH (Kao IITO Cy eJIUIICOUAHU, XUIIep-
dostony, mapadosiouu, Topycn). IIITo ce BUIleAUMEH3UOHUX IIpUMepa TUUYE, MOKeMO
IIOMEHYTH jeIMHUYHY n-chepy y R xao u rpadpuke IJIaTKUX IpecadKaBama usMely
eYKJIUJICKUX ITPpOCTOopa.

3a pasnuKy oJf HaBeJleHUX IIpHMepa MHOTOCTPYKOCT Ce He jaBJ/ba YBeK Y I05PO II0-
3HATOM IIPOCTOPY. Y OIIITEM CJIy4ajy, IPUJINYHO je TEeIIKO pasMHUII/baTHU O K0j Kao reo-
METPHjCKOj GUTYPHU jep KUBU y BeoMa allCTPaKTHOM OKpYKewy. MeljyTrM, Kazia IIpoHa-
hemo JIoKasTHe KOOpJUHAaTe Ha TaKBOM CKYIIy U M3y4yaBaMo Be3e u3Mel)y BUX, UeCTO ce
II0CTeIIeHO I10jaBJbyje CKpUBEHA reoMeTpHjCKa CTPYKTypa. Kako >KeslMMo Jja YK/BYYUMO
IIITO je BUIIle MOryhe odjeKkaTa HEM36€XKHO je fa feUHUIUja MHOTOCTPYKOCTH Syjie all-
CcTpakTHa. /lofyllle, Kajia je fJHOM IIpelI03HaMO 0djeKaT Kao MHOTOCTPYKOCT Ha OCHOBY ail-
CTpaKTHe JTepUHUIIY]je, OH Ce Kp03 KOOpAUHATe II0jaBJbyje Y 0Sp0 II03HATOM IIPOCTOPY
U II0CTaje BeoMa IIpaKTHU4YaH 0djeKar.

M3yuyaBarke MHOTOCTPYKOCTH II0pasyMeBa TOIIOJIOTHjY, Te IIPETIIOCTaB/baMoO Jia je
yuTasar, yiryheH y 1eUHUITH]Y X OCHOBHA CBOjCTBa TOIIOJIOLIKUX IIpocTopa. Hajrpe mo-
JIa3MMO O[] TOIIOJIOIIIKOT IIPOCTOpa ca ofpeljeHUM CBOjCTBHMA KOja HaM rOBOpe IIITa TAYHO
3HAYH Jla OH JIOKAJJIHO JIMYU Ha eYKJIUJCKHU IIPOCTOp. MeljyThM, Ta CJIMYHOCT Ca eyKIU/-
CKHUM IIPOCTOPOM MOpa SUTHU JJOBOJBHO Z10dpa a MOKeMO 3aCHOBATH IaplifjaiHo fude-
peHIUpame, a CaMUM TUM U CBe BayKHe KapaKTepUCTUKe TUepeHIIHjaTHOT U HHTerpasl-
HOT padyyHa Ha MHOTOCTPYKOCTH. JeZTHOM Kajla YCIIOCTABUMO payyH Ha MHOTOCTPYKOCTH
oMoryhmheMo MHOTre KOHKpeTHe IIpuMeHe. MoykeMo padyHaTH 3allpeMUHY (MHTerpaliu-
jOM) MJIX KpUBHUHY (IIpeKo ¢opMyJia Koje YKIbYUyjy APYTU U3BOJ), MOXKEMO M3y4yaBaTH
KJIaCUYHY MeXaHUKY (T[e pellaBaMo CUCTeMe OOUUYHUX AUpepeHIIjaJIHUX jeJHauHa)
WJIY OIIIITY PeJIaTUBHOCT (T7e pellraBaMo CUCTeMe MapIliyjaJTHUuX JUdepeHIUjaTHUX je/I-
HauuHa).

William Kingdon Clifford (1845-1879), eHIJlecKu MaTeMaTH4Yap B GHI030(
"Michael David Spivak (1940), aMepHYKK MaTeMaTH4ap
"Maurice René Fréchet (1878-1973), paHIlyCKH MaTeMaTHIap
12Felix Hausdorff (1868-1942), HeMauyKu MaTeMaTH4Yap
3Jules Henri Poincaré (1854-1912), paHIlycKy MaTeMaTHdap
40swald Veblen (1880-1960), aMepHUKH MaTeMaTHIap
5Tohn Henry Constantine Whitehead (1904-1960), SpUTaHCKH MaTeMaTHUap



1.1. JToKanHo eyknnackm npocTopu

1.1 JIoKasIHO eYKJIMJACKH MIPOCTOPH

MHOTOCTPYKOCT MOKeMO 3aMUCIUTHU Kao MpayHy COdy ca JIaMIIOM Ha pacliojaramsy.
Y cBaKOM ZjlaTOM TPEHYTKY, laMIla HaM [[03B0JbaBa Jja 0dacjaMo ¥ 0OCMOTPUMO caMo jelaH
PeruoH code rajyhu HaM JIOKaIHy HJejy 0 TOMe KaKo Ta coda usrjeja. Y Hallloj IIpU4YU
JlaMIIa IIpe/icTaB/ba eYKIUACKU IIPOCTOP KOjU [j0J1a3y OllpeMJbeH JIeIIUM KOOPAUHAaTHUM
CHCTEMOM.

YV npoyuaBamwy reorpaduje 3eMsbe Kao IjeJIMHe, 3TOLHO je KOPUCTUTHU reorpadcke Kap-
Te (Mare), Koje /1ajy yMamkeHHU IIpUKa3 HeKUX JieJIoBa 3eMJbe Ha PaBHOM JIUCTY I1aupa.
Kapre ce yecTo pajuje KOpUCTe O II0dyca jep Cy IIpaKTUYHUje 3a CBaKOJHEeBHY YVIIOTpe-
dy. 3dupkKa reorpadpCcKuUxX Kapara TaKBUX /la je CBaKa Tauyka 3eMJbe IIpUKas3aHa y dapeM
jeHOj KapTH Ha3WBa Ce aIiac U Jiaje OJJIMYaH OITHC YATaBe IUIaHeTe, 5e3 lheHe CTBapHe
BU3yaJM3salyje y TpOAUMEH3UOHOM IIPOCTOPY.

OBy Hzejy JIOKaJIHUX KOOpAUHAaTa MO>KeMOo $pOopMaIu30BaTH 3a IIPOU3BOJbAH Hellpa-
3aH ckyn M. Kapima (W11 A0KAAHU KOOPGUHATHU cuciiem) friMeHsdje n € Ny Ha
CKyny M je MHjeKTUBHO IIpecjuKaBame ¢: U — R™, rie je U C M, a ¢(U) C R" HenpasaH
OTBOpPeH CKyIIL. /loMeH U KapTe ¢ 30BeMO KOOPJUHAIHA OKOAUHA, a KaKO Ce OH YeCTo
KOPHCTHU TO KapTy ¢ TpaJAUIIMOHAIHO odesieskaBaMo Kao ypeleH nap (U, ¢). KaxxeMo fa
je (U, o) kapinay p € M yKoauKo p € U, a ako fogaTHO BaXKU ¢(p) = 0 € R™ KakeMo [11a je
KapTa UeHillpupaHa y p. 3a HHBEP3HO MpecInKaBame ¢~ 1: ¢(U) — U KapTe ¢ Ka’keMo
7la je 10KaAHA uapamemipusauuja.

N
/

Kpos oBy kmury, i7;: R" — R 03HauaBa IIpUPOJHY IIPOjeKIHjy Koja je nreprHUCAHA Ca
mi(ay,...,an) = a; 3a cBako 1 < i < n. KoopguHaiiHe (pyHKUUje n-TUMeH3HUOHEe KapTe
(U,p) Ha M cy dyHKIMje X;: U — R mebuHHcaHe ca X; = mjo @ 3a1l < i < n. Ihuxose
BPeLHOCTH Y HeKOj TauKu p € U cy KoopguHaiue, a 3a BHUX BaXKU

o(p) = (X1(P); - - -, Xn(D))-

AKo je U C R™ 0TBOpPEH IIOJCKYII eYKIHUACKOT IIPOCTOPa, 3a GyHKIYjy f: U — R" Ka-
’KeMo 71a je kiace C" Ha U 3a r € N, ako CBaka of lbeHUX KOMIIOHEHTa QyHKITHja 7T; o f
MMa HellpeKHHe IIaplidjajHe U3BOJe pena r. AKo je fkiace C" 3a cBako r € N, oHJa je
k1ace C®, a Tajia Ka>keMo Jia je f Laaiuka win gudepenuujasuana. dyuximje xiace CO
Cy HeIIpeKH/IHe, a OHe Kilace C¥ cy aHaJIUTHYKe.

3a ¢yHKIM]jy u3Mel)y 0OTBOpeHHUX II0/ICKYII0Ba eyKIHCKUX IIPOCTOpa KakeMo z1a je C'-
mudeomMopdrsaM ako je SHjeKTUBHA IIPU UeMY CY ¥ OHa U BeH HHBep3 Ki1ace C'. Mako [10-
3BOJbaBaMo U360p r € Ny U {oo, w}, Hajuelthe KOPUCTUMO I = oo, Ife C°-nudpeoMopdusam
jemHOCTaBHO 30BeMO gugieomopgusam, nok je CO-mupeomopdrsam 3arpaBo Xxomeo-
mopgusam.

Capagma usmehy nBe xapre (U, ¢) u (V,§) Ha cKylly M ycriocTasjba ce fyHKUujom
lipeaacka, 111TO je SHjeKTHUBHO IIpecauKaBame o @~ 1: o(UNV) — Y(UN V). 3a aBe Kap-
Te KakeMo J1a cy C"-catnracHe (nim C'-KomilaimiuduiHe) yKOJIMKO je BbUxoBa QyHKITH]jA

3



lnaBa 1. natke MHOTOCTPYKOCTU U NpecinKaBaHa

npesiacka C'-mudeomopdusam (IlogpasyMeBa ce 1a Cy Tafia U JOMEeH U KOJIOMEH O0TBOpe-
HU CKYIIOBH). Y CIIeIlHjaJITHOM CJIy4ajy KaJ Cy IIOACKyIIoBU U U V OUCjyHKTHHU CMaTpaMo
Ila Cy KapTe TpUBHjaHO C'-caryiacHe.

damuirja KapaTa Ha CKyIty M Koje cy MmeljycooHO C"-carsiacHe U TaKBe Jia je yHUja CBUX
KOOpPAMHAaTHUX OKOJIMHA jefHaKa M (cBaKa Tauka U3 M HajlasH ce y JIOMeHYy HeKe KapTe)
HasuBa ce C"-amaac 3a M. Axo je cBaka Kaprta y C'-aTiacy fuMeHsHje n € Ny, OHJIa je n
gumeH3uja ToT aTyaca.

Kako cy cBe ¢pyHKIHje Kiace C" 3a r € Ny U {00, w} cBakako HerpekuHe (kaace C°), To
je cBaKH aTJIac KOju pasMaTpaMo sapeM CP-atjiac, OIHOCHO ill0010WKU AtiAac. 3a CKYII
M kakeMo [1a je 10KAAHO eyKAUgCKU Upociuop ny¥MeHsHje n aKo I10Ce/lyje TOII0JIOIIKHU
arTac fuMeHsuje n.

HcrocTaBiba Ce /la JIOKaJIHO eYKINUACKU IIpOCTOp M Ha IIpUpOoJaH HauKH I10CTaje To-
1oJI0IIKHU ITpocTop. Heka je A = {(Uq, @,) : @ € A} TOIIOJIOIIKY aT/IacC AUMeH3Hje N 3a CKYII
M. Totionotuja ainnaca A je ToroJiordja Ha M y K0joj BayKu

V C Mje orBopeH < (Va € A) ¢,(Us N V) C R" je 0oTBOpEH. 1.1

Kaxo cy ¢, (0) =0n ¢, (UsNM) = ¢,(Uq) 0OTBOPEHH, TO Y ) 1 M oTBOpeHHU Y M. [Ipecek
je IUCTpUSYTUBAH Y OJHOCY Ha VHUJY, 0K je 110 JleMu @ C/IMKa YHUje jeJHaKa YHUjU
CJIMKa, Te UMaMO

9a(Ua U Vp) = 0o (UUan Vp)) = J 0alUa 1 Vi),
B B B

ofjaKJIe ce BUAU 1 je YHH]a | Jg V3 OTBOPEHHX CKYIIOBA Vg OTBOPEH CKyIL Kako je ¢, uH-
JEKTHUBHO, TO je 110 JleMu CJIVKa IIpeceKa jelHaKa IIpeceKy CJIMKa, Te UMaMo

9a(Ua 1 V5) = 0a((N(Ua N Vp)) = (M @a(Ua 1 V).
B B B

OJIaKJIe ce B/ /ia je KOHAaYaH IIPeceK (g Vg OTBOPEHHX CKYII0BA Vg OTBOPEH CKYIL, IIITO
Imokasyje na Gopmysia (@) 3aucTa JepUHUIIIEe TOIIOJIOTHjY Ha M.

Jema 1.1. Ako je A otiosowKu aiiiac ukcupaHe gumeHsuje 3a ckyu M, oHga je oiio10-
uja atinaca A jeguHciugeHa wotiooluja Kkojom M tiociiaje oo 10wKU Upocilop imakae
ga cy cee Kapile aitiiaca A XomeomMopPusmMu Ha C80jy CAUKY.

/Jokas. Heka je A = {(Uq,®,) : @ € A} TOIIOJIOIIKHY aTIac AUMeH3Hje n 3a CKyll M Koju
II0CTaje TOIIOJIOLIKY IIpocTop. Kako 3axTeBaMo fa ¢y @, : Uy — ¢,(Uy) XOMeoMOpdHU3MY,
TO Gamuiuja {Uq }qcp IIOCTAje OTBOPEH IIOKpPUBAY of, M, Te je V. C M O0TBOpPEH aKo U CaMo
aKo 3a CBakKo a € A Baku fia je U,NV C M 0TBOpeH. 3aT0 Tpa’keHa TOII0JIOTHja Ha M MoXKe
SUTH caMo TOIIOJIOTH]ja aTJaca fgara ca (@).
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1.1. JToKanHo eyknnackm npocTopu

Axo je W C ¢,(Uq) oTBOpeH y R", oHpa je ¢5(Up N Pt (W)) = Ppo 0.1 (0a(UanUp) N W)
oTBOpeH y R", Te je ¢} (W) oTBopeH y M, ofjaKkje CIelu [a je ¢, HeIpeKUIHO. AKO je
V C Uq oTBOpEH ¥ M, oHza je ¢, (V) = ¢,(Uy N V) 0TBOpeH y R, Te je ¢, ! HEIPeKUIHO U
¢, je XoMeoMopdH3aM Ha CBOjy CJIHKY. O

Hexu ayTopH JOIIyIITajy 1a JUMeH3Hja KapTe U3 C'-aTsiaca He dyze yHarpen GUKCU-
paHa. MeljyTrM, Ha 0CHOBY MHBapHjaHTHOCTH AuMeHsHje (TeopeMa A.5), HelpasaH II0[-
CKyII o, R™ Huje xoMeoMopdaH OTBOPEHOM IIOZCKYILy o R™ ocuM 3a m = n. 3aTo je n
KOHCTaHTHO Ha KOMIIOHEeHTaMa I10Be3aHOCTH 07 M, aiu je Moryhe fia cBaka KOMIIOHEH-
Ta UMa 3acedHy JUMeH3Hjy. MU He JKeJIMMO /1a KOPUCTUMO ped MHOTOCTPYKOCT 3a IIpo-
CTOpe ca MUKCOBaHOM JUMEH3HjOM, IIOIIYT AUCjYHKTHE YHUje PasIMUUTUX eYKIUICKUX
IIPOCTOPA, Te 3aXTeBaMo Jia C"-amiac uMa QUKCUpaHy JUMEH3H]Y.

Jlema |1:J| II0Kasyje Ja OCHOBHU KOHIIEIIT MHOTOCTPYKOCTH II0/ipasyMeBa JIOKaJIHO ey-
KJIMJICKU TOIIOJIOIIKY IIpocTop M. MehjyTuM, 0BakaB IPUCTYII UMa jeJlaH MarbU TeXHUY-
KU IIp0dJIeM jep IIOCTOje MHOT'M U350PHU TOIIOJIOIIKOT aTjiaca KOjU /1ajy UCTU TOIIOJIOIIKHU
IIPOCTOP.

3akapry (U, ¢) Ha cky1ly M KakeMo z1a je C"-cataacHa ca C"-atsiacoM A 3a M aKo je oHa
("-carslacHa ca CBaKOM OJf KapaTa U3 .4, a TO ce JlelllaBa aKo ¥ caMo aKo je yHuja AU{(U, @)}
Takohe C"-atTiiac.

ITocmatpajmo C"-atnac A = {(Uq, @,) : @ € A} guMeHsHuje n3a ckyn M. 3a V.W C M
U IIPOM3BOJBHO IIpeCJrKaBame 1: V — R", KaKo je IIpeceK AUCTPUSYTUBAH Y OJHOCY Ha
yHU]Y, a opmyiie ([A:JI) u (.) us Jleme El] Ba’Ke 3a MHjeKTHUBHO @, 1001jaMO

¢VﬁW) UlﬂUaﬂVﬂW) U O(pa (Da(UamVﬂVV))

(1.2)
U O(pa (Da UaﬁV)ﬂgDa(UaﬂVV))

Hexka cy (V,y) u (W, 0) xapTe Ha M Koje cy C"-cariacHe ca .A. Kako je ¢yHKIIH]ja IIpe-
jacka ¥ o ¢! xomeomopdusam (kao C'-mrdeomMopodrsam) 3a CBaKo a € A, To u3 pop-
myste (1.2) BuguMo fa je Y(Vn W) otBopeH y R", kao 1 O(V N W). 3a QyHKIHjy IIpesiacKa
Bopt: (VN W) — 6(VN W) umamo

Boyp [y(Uanvowy = (00 @) o (940 Y,

Teje Boyp ™! kiace C" Ha (U, N VN W) 3a cBaKo @ € A, a caMMM THM Kiaace C" Ha (VN W).
CiraHo je 1 o 6! xmace C" Ha O(V N W), Te cy xapte (V, 1) u (W, 0) C'-caracHe, IITO
IoKa3yje HapegHy JeMy.

Jema 1.2. AKxo cy gee kapiue C'-catnracHe ca C'-aiinacom, oHga cy oHe u mehycodHo C'-
calnacHe.

Komiuiaeman C"-aTjiac je MakcuMasiaH C'-aTjiac y CMUCIIY [1a HUje cajip>KaH HU V jel-
HOM BeheM ("-aTiacy. lpyruM pedynMa, CBakKa KapTa Koja je carjlacHa ca KOMILJIETHUM
C"-aTsiacoM ce Beh Hajlasu y lbeMy.

Jema 1.3. Ceaxu C"-aitinac 3a cKyu M leHepuuwie jequHciligeH KomueitiaH C -atunac 3a M
Koju la cagpacu.

Jlokas. Heka je A C-aTs1ac 3a M, a A aMuiIHja cBHX KapaTa Ha M Koje cy C'-caryiacHe ca
A. OunrenHo je A C A, 1ok cy 1mo Jlemu [1.2 cBe kapTe u3 A meljycoSHo C"-carsiacHe. CBaka
KapTa Koja je C'-caryiacHa ca A, C"-caryiacHa je u ca A, Te je Beh y A, IIITo fokasyje 1a je A
KoMILIeTaH C"-aTJiac. O

KoMIuteTaH aT/1ac 103B0JbaBa BEJIUKY GJIEKCHSHUITHOCT y U350PY KapTe, 0 YeMy TOBOPH
Hape/Ha JieMa.
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Jlema 1.4. Heka je (U, @) kapitia komineitiHol C"-attinaca A gumeH3uje n Ha ckylily M. Ako
je HetipazaH tiogckyu V C U takas ga je ¢(V) C R™ otigopeH, oHga je (V,¢ly) € A. Ako je
f: o(U) — flo(U)) C R™ C"-gugpeomopgduzam, onga je (U,fo @) € A.

Jlokas. Kako je ¢|y(V) = ¢(V) oTBOpeH, a pyHKITHja IIpesiacka @lyop * = (poih™ 1) [pvow)
C'-nudeomopodumsaMm 3a cBako (W, y) € A, To je (V,¢ly) € A. Kako je fo ¢(U) oTBOpeH, a
(fo@) o™t =fo(poyp™t) C"-mudeomopdusam 3a cBako (W, ) € A, Toje (U,fop) c A O

Yecra yroTpeda Jleme @ O/THOCH Ce Ha cIy4aj Kaf je C'-nupeomopdusaM f TpaHCIa-
nyja rata opmysioM f(x) = x — @(p), a Koja masbe @(p) y 0 € R™. ITociiegyHo, 3a CBaKy
TauKy p € M 1I0CTOjU KapTa Ha M Koja je [leHTpUpaHa y p.

HapasHo, Tomosiordje Ha M reHepucaHe JleMoM O/ IIPOM3BOJHHOT TOIIOJIOIIIKOT
amtaca A = {(Uq,®,)}aca 32 M ¥ OFf HeTOBOT KOMILJIETHOT TOIIOJIOIIKOT atiaca A O A
cy jemHake, jep ako cy ¢,(U, N W) C R" oTBOpeHH 3a CBaKo a, To 3a cBako (V,y) € A 1o
dopmyiu ([1.2) mmaMo oTBOpeH Y(V N W) C R™.

YV TOM CMUCITY, JIOKQJTHO eYKJIH/ICKU IIPOCTOP AUMEH3Hje n je ypeheH map (M, A), rie
je M cky, a A KOMIUIeTaH TOIIOJIOIIKY aTyIac TUMEeH3Hje n 3a M, Te caMUM THM OH jecTe
TOITOJIOIIIKH IIPOCTOP UH]jy TOIIOJIOTH]Y ofipeljyje Mporn3Bo/baH TOITOJIONIKH aTyiac A C A,
IIOK Cy CBe KapTe TOT aTsiaca XoMeoMOpdU3IMHU Ha CBOjy CIAUKY. MeljyTUM, TOII0JIOIIKHU
IIPOCTOP He Mopa /ia dy/ie JIOKaJTHO eYKJIUJCKY, IIITO BUANUMO Y HapeHOM IIpUMeDY.

IIpumep 1.1. ITocmaTpajMo yKpInTeHe mpaBe M = {(x,y) € R? : x> = y?} ¢ R? ca peia-
TUBHOM TOIIOJIOTHjOM. AKO je ¢: V — ¢(V) C R" xXoMeoMop¢H3aM 3a II0Be3aHy OKOJIUHY
V C M tauke 0 = (0,0), orga cy V\ {0} 1 (V) \ {¢(0)} xomeomopdHu. Mehytum, V\ {0}
MMa YeTHPH KOMIIOHEHTe II0Be3aHOCTH, 0K @ (V) \ {¢(0)} mMa gBe KOMIIOHeHTe 3an =1
HUJIU CaMOo je[JHY YKOJIUKO je n > 1, TaKo fa M HUje JIOKaJIHO eyKIHUICKU. A

YoéuuajeHO 3aXTeBaMO U l0JjaTHe TeXHUYKe IIPETIIOCTaBKe 3a TOIIOJIOIIKHU IIPOCTOP
Ia SuCMO M36eIIv HeKe IIaTOJIOIIKE CIyvyajeBe ca KojuMa ce He cpeheMo y ripakcu. [Ipu-
POJIHO IIpeTIIOCTaB/baMo fia je M XayczopdoB IIpoCTOp, IITO 3HAYM [a 3a CBaKe /iBe pa-
3JIMUUTE TadKe p,q € M II0CTOje TUCjyHKTHU OTBOPEHMU IIOACKYIIOBU P, Q C Mcap € Pu
q € Q.Y ToM ciydajy ymecto kKapara (U, @), (V, ) € Acap € Uu q € V, o Jiemu [1.4 MoKe-
MO y3eTH BUX0Be pecTpukije (UNP, ¢ ynp), (VN Q,Ylyn) € A KOje UMajy TUCjyHKTHE
KOOpAWHAaTHe OKOJIMHE. Xaycgopdoe yca08 je UCIIYHeH aKo 3a CBaKe /IBe PasuuuUTe
Tauke p, q € M noctoje xapte (U, ), (V,) € Acap e Un q € VTaxo faje UNV = (), mTo
je eKBUBaJIEHTHO Ca TUM [ia je UHAYKOBaHa Torosoruja Xaycuopgona.

KopucHo je 3HaTH fa je XaycqoppoB yCI0B ayTOMaTCKH HUCIIYH-€H 3a TayKe U3 KUCTe
KOOpJAHHAaTHE OKOJIMHE, IIITO BUAUMO Y HapeHO]j JIEMU.

Jema 1.5. Heka je (M, A) 10KaHO eykaugcku tpocitiop u (U, @) € A. 3a pazaudutlie lwayke
D, q € U uoctioje (Vp,¥,), (Vq, ¥,) € Atmakogap € Vp, qe VguVyNVy=10.

Jokas. Pasnuuute Tauke @(p), ¢(q) € ¢(U) C R™ ce MOTy paszBOjUTH OTBOPEHUM CKYIIO-
BrMa P > ¢(p) 1 Q > ¢(q), Te je PN Q = (), Te [odujaMo JUCjyHKTHe Vy, = ¢~ 1(P) > pu
Vg = 9~1(Q) ¢, fok cy TparkeHe KapTe ofroBapajyhe pecTpHKIHje KapTe ¢ JOSHjeHe U3
Jleme [1.4. O

IIpumep 1.2. IIpaea ca ouuma (line with two origins) je KOJUYHUYKU IPOCTOP Aedu-
HHUcaH ca M = {(x,y) : x € R,y € {-1,1}}/~, Iie je ~ pesaliyja eKBUBaJIeHIIH]je faTa
ca (x,—1) ~ (x,1) 3a x # 0. OBaj mpocTtop BuAuUMO Kao M = (R \ {0}) U {0,,0_}, Te Heka
je A= {(Us,0,). (U@ )}, mae cy @,: M\ {05} — R gatn ca g, (x) = x3ax € R\ {0} n
¢, (0+) = 0. PyHKITMja IIpesIacka ¢ _ o(pjrl = g\ {0} j& XOMeOMOpPdH3aMm, Te je A TOIIOJIOIIKH
aTac 3a M. lofaTHO, KapTe ¢ U ¢_ Cy XOMeOMOPQHU3MH Yy OJJHOCY Ha KOJTMYHHUKY TOIIO-
JIOTHjy IIpocTopa M, IIITO je yIIpaBo TOIIOJIOTHja Kojy he 110 Jlemu reHepucaTH atiac
A. CBaka OKoJIMHa Tauke 0. cafipKu @ (—¢,&) = (—¢,0) U {0+} U (0,&) 3a HEKO MaJo
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1.2. TononoLuke 0COdMHE MHOIOCTPYKOCTU

€ > 0, Te ce Tauke 0, ¥ 0_ He MOTY pa3/IBOjUTH OTBOPEHUM CKyIIOBHUMa. [IpaBa ca ounMa
je JIOKaJTHO eyKJIM/ICKU IIPOCTOp AUMeH3Hje 1 Koju He HcITymaBa XayczopdoB ycaoB. A

()

R\ {0}U{0,} =R

0
04 / . \
h . RmUe)=E

R\ {0}

JlomaTHO 3axTeBaMo Zia M 3a/0BoJbaBa APYyry aKCHOMY IIPedpOjUBOCTH, OJHOCHO Jja
HeroBa TOIIOJIOTHja MMa IIpedpojuBy 6a3y. V TepMUHHMMa Kapara TO 3Ha4u Jjla KOMILIe-
TaH awiac A uMma Ipedpojus nogatiac A C A. HauMe, 3a cBako p € M IIOCTOjU KapTa y p
Koja ce 110 Jlemu (1.4 MOKe 3aMEHUTH PECTPUKIIHjOM Ha HEKU 6a3HU CKYIIL, Te aKo M umMa
IpedpojuBy da3dy, OHJAa UMa U IIpedpPojuB IogaTaac. OdpaTHO, KAKO OTBOPEHHU IT0/ICKYIIO-
BU o7 R™ nMajy mpedpojuBy a3y, aKo II0CTOjU IIpeSpojuB nopatiac A To je M rpedpojuBa
YHHja OTBOPEHUX CKYIIOBa Ca IIPedpojuBOM 6a30M, Te U OH CaM UMa IIpesojuBy 6asy.

IIpumep 1.3. O6UUHy IIpaBy R KOHCTPYHUILIEMO Ha He06UYaH HauuH ca L = I x [0, 1) Tako
IIITO II0JIyOTBOPEHe MHTepBajle MHAEKCUpaMo 110 I = 7 ca TOIIOJIOTHjOM KOjy UHIYKYje
JIeKCUKoIrpadCKH Iopesiak Ha L. Heka je w1 IPBU HellpedpojUB opAuHaJI. Kako ce cBakH
CKYII MOJKe T06po ypenuTH (110 IlepMesioBoj=¥ TeopeMH KOja KOPHUCTU aKCHUOMY U360pa),
TO IIPUPOSHO MOXKEMO II0CTaBUTH IIOTIYHO ypeheH ckyn I = —w; U {0} U w; 110 y30py
Ha Z = —N U {0} U N. Aytauka uipaea (long line, Alexandroff@ line)je L = Ix[0,1) ca
TOII0JIOTHjOM JIeKCUKorpadckor rmopetka. CKyIl {X € w; : X < a} je IIpedpojuB 3a CBAKO
Q€ w1, Teje TaKaB U CKYII {Xx € [ : @ < X < B} 3a a, f € I, IIITO IIOBJIa4YH Jla CBaKO a € ] ©UMa
CBOj cJIefdeHHK S(a) € I. 3a cBako a € I reHepHIlIeMO XoMeoMopousMme ¢, : Uy — (0,2),
rme je Uy = ({a} x (0,1)) U ({S(a)} x [0,1)), ca ¢, (a,t) = t 1 @, (S(a),t) = t+1, TejelL
JIOKQJIHO eyKJIHU/ICKH IIPOCTOP JUMeH3Hje 1 ca TomoIoKUM atiacoM {(Uq, ¢,) : a € I}.
Jlyrauka IIpaBa HeMa IIpedpojuBy dasy jep je {(a,t) € L : t € (1/4,3/4)}qc; HEIIpeSpojUBa
baMuiMja [UCjYHKTHUX HellpasHUX OTBOPEHUX II0/[CKYII0Ba Of L. A

YcIi10B 1IpedpojuBor amiaca, usMeljy ocTasor, MoKe ce KOPUCTUTH Yy l0KasuMa MarTe-
MaTUYKOM UHYKIIMjoM. BehrHa HallIuX ITprMepa MMa aTjIac KOjH ce CacToju 0f, KOHaYHO
MHOT0 KapaTa, a HUje TeIlIKO IIPUMEeTUTH [ja YKOJIUKO je M KOMIIaKTaH, yMeCTO KOMILIeT-
HOT aTyiaca MOKeMO y3eTH KOHadaH I10/iaTac.

KonauHo posasumo o gebunuiyje C'-mHolociupykociiu 1iMeHsHje n € Ny, IIITO je
CKyII M 3ajefHO ca KOMILUIeTHUM (C'-aTIacOM JUMeH3Hje n Koju UMa IIpedpojUuB Imofatiac
U ucnymwana XaycgopdoB ycaIoB. V OMIITEM C/Iy4dajy HUje IOTOJHO eKCIUIUIIUTHO Aedu-
HHCaTH KOMILJIeTaH atJiac jep OH CaJp KU IIpeBUIlle KapaTa. 360T Tora, y3 CKyIl M yodu-
4JajeH0 HaBOJUMO HeKHU IIpedpojuB C'-atiac A (IITo pellraBa IIpodjeM IIpedpojuBe dase),
U TOBOPUMO 0 C"-MHOTOCTPYKOCTH (M, A), mogpasyMeBajyhu fa je To C'-MHOTOCTPYKOCT
(M, A), tme je A O A xomIeTaH C'-aTyiac UHAYKOBaH JlemoM [1.3.

IIpumep 1.4. HapaBHO, 0CHOBHU IIpuMep C"'-MHOT'OCTPYKOCTU AUMeH3Hje N je eYKIUJCKHU
rpocTtop R™ IITO BaXkH 3a CBAKO 1 € Ny U {oo, w}. OH je JIOKaJIHO eyKIHUACKU JUMeH3Hje n
IIITO MO>Ke oIlpaBaaTH C'-aTJac ca caMo jeTHOM KapToM (R", 1gn), a Xaycop$oB yCJIoB je
UCIIYIeH jep je R XaycmopdoB Kao MeTPUUKHU IIPOCTOP. A

1.2 TomoJ/oIKe 0COSMHE MHOTOCTPYKOCTH

ToiionrowmKa MHOIOCIPYKOCIL TUMeH3Yje N WIU oW0A0WKA N-MHOIOCIPYKOCill
je CO-mmorocTpyKOCT AUMeH3Hje n. [Ipe cBera, y MATAELY je TOIOJIOIIKY IIPOCTOP Y CKJIa-

16Ernst Friedrich Ferdinand Zermelo (1871-1953), HeMauKH JIOTUYap X MaTeMaTH4dap
"ITaBesn CepreeBuy AeKkcaHapoB (1896-1982), coBjeTCKHM MaTeMaTHUap



lnaBa 1. natke MHOTOCTPYKOCTU U NpecinKaBaHa

Iy ca Jlemom El] Kapina (U, ¢) tuMeH3Hje n Ha TOIIOJIOIIKOM IIpocTopy M D U je CBaKHU
xoMmeomopousam ¢: U — ¢(U) C R"™. CBake JiBe KapTe UCTHUX AUMeH3Hja Ha TOIIOJIOIITKOM
IpocTopy cy CO-caryacHe jep je lBUX0Ba GYHKITHja IIpeiacka XoMeoMopH3aM Kao KOMIIO-
3uIja XoMeoMopursama. 360r TOra je T0BOJbHO IIpOHahU KapTe AUMeHs3Hje n Ha M 4uju
IOMeHH YUHE 0TBOPEH IIOKpHUBaY o1 M 1a SUCMO TOSWJIH TOIIOJIONIKHU aTyiac ¥ ITI0Ka3aau
7la je TOIIOJIOLIKHU IIPOCTOP M JIOKaTHO eYKIUACKU JUMeH3Hje N.

AKO TOIIOJIOIIKH ITPOCTOP M Kao CKYII UMa TOIIOJIOIIKH aTJiac A KOjUM I10CTaje TOII0JIO-
[IIKa MHOTOCTPYKOCT YHja Ce TOII0JIOTHja HHAYKOBaHa aIyiacoM A cjiake ca TOIIOJIOTHjOM
o7 M, oH/1a je KOMILIETaH TOTIOJIONIKH aiac A O A jeTHO3HAYHO ofipeljeH, a CaMUM TUM B
TOIIOJIOIIKAa MHOTOCTPYKOCT. To HaM omoryhaBa Jia TOIIOJIOIIKY MHOTOCTPYKOCT OITHIIIe-
MO 6e3 HeKOT KOHKPeTHOT a1iaca, IIITO je 3allpaBo CTaHAApHA AePUHUITHja KOJ[ CKOPO
CBHUX ayTopa.

Jema 1.6. Totionowka n-mHolocitipykociu je Xaycgop@os motioowKuU Upocitiop ca tpe-
5POjuBOM 5A30M KOjU je IOKA/THO eYyKAUGCKU gUMEH3Uje N.

Haxo I10CTOje HeKHU Ba>KHU TOIIOJIOIIKHY JIOKAJTHO eyK/IUACKH IIPOCTOPH KOjH He 3a/10-
BOJbaBajy fomaTHe yciaoBe (BugeTH [Ipumep 1.2 u Ilpumep [1.3), OHU CY IIPUCYTHHU Y CKOPO
CBUM yodHUajeHUM Ir'eOMeTPH)CKUM QUrypama, a y IpUpPOoAH BeoMa PeTKO HauJIasuMo Ha
IIPOCTOP KOjU He 3a/J0BO/baBa CBe HaBeJleHe YCIIOBe.

Xaycmop$oB yCI0B II0BJIaYH /iBe CYIITHHCKY BaykKHe IT0caeulle. IIpBa Kake /1a CBaKU
KOHBepreHTaH HU3 UMa jeJUHCTBEH JIUMeC, 0K pyTra TOBOPHU [ja Cy KOMIIAKTHU II0/ICKY-
II0OBH 3aTBOPEHH (II0CESHO je CBaKM KOHA4YaH CKYII 3aTBOPEH), OZHOCHO /ia CY lbUX0BU
KOMILIEMEHTH 0TBOpeHHU. JlogaTHo, XaycIopdoB IIPOCTOP ca IIPeSpojuBOM 5a30M II0BJIa-
4y ersucCTeHIUjy pasdujama jeJUHUIle, BeOMa Ba’kKHe ajlaTKe Y TeOPUjHU MHOT'OCTPYKO-
CTH, IIITO je CAaCBUM JI0BOJbHO J1a OIIpaB/ia HaMeTHyTe yciIoBe. McrocTassba ce 1a he 0BU
YCJI0BU OMOTYhUTH Jja Ce CBaKa MHOTOCTPYKOCT CMECTH Yy HeKHU eYKJIHJICKH IIPOCTOP KO-
HayHe JUMeH3Hje, Kao U /1a joj ce fozeau PUMaHOBa MeTPUKA.

HajjeqHoCcTaBHUJU IIpUMepU MHOTOCTPYKOCTH MMajy aTjiac KOju ce CacToju Of caMo
jenHe KapTe. Tajla ayToMaTCKU KMaMO IIpeSpojUBYy 6asy, ToK Xaycaop¢doB yCIOB AUPEKT-
HoO ciegy U3 Jleme é

Ipumep 1.5. Heka je M = {(x,y,z) € R3: z = x? + y?} C R® Kpy>KHH I1apaSoJIOH/] ca peJia-
THBHOM TOIIOJIOTHjoM HacieljeHoM u3 R3. /[0BOJBHO je IIOCTaBUTH jeIHY KapTy ¢ : M — R?
Koja je aTa ca ¢(Xx,y,z) = (X,y) H IIpe/icTaB/ba HOPMaJIHO IIpOjeKTOBame Ha paBaH z = 0,
IITO je XoMeoMopu3aM usMeljy mapadosionsia ¥ paBHU. 3aTO je I1apadosious M ToIoJI0-
IIIKa 2-MHOTOCTPYKOCT. A

IIpuMmep 1.6. 3a cBaku oTBOpeH cKyll U C R", ipagduk HelnlpekuaHe pyHKIHje f: U — R™
jemopckyn o R" x R™ nepunucad caI'(f) = {(x,y) : x € U, y = f(x) }. [IpupojiHa IpojeKIHja
¢: I'(f) — U nmata ca ¢(x,y) = X je HeIpeKUHa, THBEePTUSW/IIHA U UMa HellpeKU/laH UH-
Bep3 0~ 1(x) = (x,f(x)). Kako je ¢ xoMmeomMopdu3am, TO je I'(f) T0KaIHO eyKIHUICKH IIPOCTOP
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1.2. TononoLuke 0COdMHE MHOIOCTPYKOCTU

ca amiiacoM {(T'(f), ¢)}, mrTo mokasyje za je I'(f) ca pestlaTUBHOM TOII0JIOTHjOM HacJieljeHOM
u3 R™M = R™ x R™ jeHa TOIIOJIOIIKA N-MHOTOCTPYKOCT. M0o>KeMO IPUMETHUTH Jia je Iapa-
dostonz us IlpuMepa [1.5 caMo jefjaH crielyjaaTHy cay4daj rpaduka. A

HapaBHO, He MO>KeMO 0YeKHBAaTH Jja TOIIOJIOLIKH IIPOCTOp M yBeK MMa aTjiac KojH ca-
IP>KU caMo jeHy KapTy (M, ). YKOJIUKO je M KOMIIaKTaH, OH/Ia je TaKBa 1 HeroBa CJIUKa
@(M) C R" ripu xoMeoMopdHU3My @, aJTk Hellpa3aH O0TBOPEH IIOACKYII eyKIUJCKOT IIPOo-
CTOpa HUKAJ HUje KOMIIaKTaH, Te Cy HaM IIOTpedHe dapeM [iBe KapTe. V ciy4dajy fja aTiac
MMa BUIIle KapaTa HeoIIXO/JHO je IIpoBepUTH XaycIoppoB yCIIOB, ajIH je y IIpaKCy Ta IIpo-
Bepa NPUJINYHO PyTHUHCKA. Ha mprMep, ako je M TOIIOJIOIIKH IIOTIIPOCTOP €YKJIUZICKOT
IIpoCTopa, oHza ce XaycnopdoB ycIoB (Kao U IpedpojuBa dasa) ayroMaTCKU Hacaehyje.

Mpumep 1.7. Jequuuynu Kpyr 8' = {(x,y) € R? : x> + y?> = 1} C R? ca peslaTUBHOM
TOITOJIOTHjOM je TOIIOJIOIIKA 1-MHOTOCTPYKOCT, jep IpeciuKaBame ¥: R — S! maro ca
Y(t) = (cost,sint) UMa pecTpUKIIYje Ha MaJjle OTBOpPeHe CKYIIOBE Koje Cy XoMeoMopou-
3MU. ONIITHje, n-IUMeH3NO0Ha cdepa ca jeIUHUYHUM II0JYIIPeYHUKOM I[eHTpUpaHa y
KOOPAHUHATHOM II0YETKY,

8" = {(X1,...,Xny1) € R™1: x2 +“-+X%+1 =1} c R™1,

30Be ce n-cghepa. XaycnopdoBocT U ImpedpojuBa da3a 3a 8" ca peslaTUBHOM TOIIOJIOTH-
joMm cy Hacimehenu us R 1. IIpoHU3BOJ/EHOj TAUKH (A1, . ..,dn 1) € S™ MOXKEMO [IOMETHUTH
oTBOpeHy xeMucoepy U = {(X1,...,Xps1) € 8" : a1X1 + -+ + Any1Xp1 > 0}. HopMmasHa
IpojeKIiyja ckymna U Ha XulleppaBaH Koja je fara jeJHaYMHOM d1Xq + -+ - + Apy1Xni1 = 0
uMa GopMyste (Xi,...,Xn41) = (X],...,Xp 1) THE j€ X; = X; — @(A1X1 + -+ + Any1Xny1) 32
1 < i < n+ 1. OBa npojekyja ogpelyje XOMeOMopQJI/IsaM usMmehy XEMI/IC(I)epe U u tucka
KOjer OIIHCYje CKYII {(X1,...,Xns1) € R x2 + <1,a1xy + -+ Apy1 X1 = 0},
Te je n-cepa TOIIOJIOIIKA N-MHOTOCTPYKOCT I10 JIeMH @1 A

MHOroCTpyKOCTH, Ka0o TOIIOJIOLIKY IIPOCTOPH, Jlesie MHOTO 3ajeJHUYKHUX OCOSHHA Ca
eYKJIUCKUM IIpocTopuMa. Kako je TOII0JI0IIIKa MHOTOCTPYKOCT JIOKa/THO eyKJIM/CKA, JIO-
KaJIHe 0COSMHe eyKJIMJCKUX IIpocTopa (Kao IITO CYy JIOKaJHa KOMIIAKTHOCT U JIOKaJIHa
IIyTHA II0BE3aHOCT) ce HacJel)yjy. YobuuajeHo, OTBOpeHe KyIJie OJyIIpeuHuKa r > 0 ca
IIEHTPOM p € R" unHe 6a3y TOIIOJIOTH]je eYKJIH/CKOT IIpocTopa R™, a KopucTuheMo 03HaKy

Br(p)={xeR":||x—p| <r} cR"

Jema 1.7. Ceaxa tiotio/10uUKa MHOIOCIUPYKOCT je 10KA/THO KOMUAKIUHA U IOKA/THO UYTUHO
tiosesaHa.

Jokas. Heka je M TOIIO0JIOIIKA N-MHOTOCTPYKOCT, a U C M oKoJIMHa Tauke p € M. Kako je
M J10KaJIHO eyKJIHUZCKa TO IIOCTOjU KapTay p € M, a oHa ce I10 JleMu @ MOKe MOJUQU-
KOBAaTH, Te II0CTOjU KapTa (V, ) eHTpupaHa y p € M tako faje V C U. Ckym ¢(V) 5 0
je 0TBOpeH, Te II0CTOjH JOBOJBHO MaJso € > 0 Tako za je By (0) C ¢(V). Kyrma B¢(0) C R"
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lnaBa 1. natke MHOTOCTPYKOCTU U NpecinKaBaHa

je IIyTHO I10Be3aHa U peIaTUBHO KOMIIAKTHA, Te je TaKBa U lhbeHa XOMeoMopdHa UHBeD-
3Ha cauKa ¢~ 1(B:(0)) € ¢~ 1(B¢(0)) C V C U, Te je M JIOKaJIHO IIyTHO ITOBE3aH K JIOKAIHO
KOMIIaKTaH. O

AKo je M J10KaJTHO KOMITaKTaH Xayctop$oB OH/Ia Cy CBH KOMITAKTHU CKYTIOBU Y M 3a-
TBOpPEHU, U CBaKa Tauka p € M Jie>kKd Y HEKOM 0TBOPEHOM CKYITY UHje je 3aTBOpere KOM-
ITaKTHO.

Jema 1.8. Totio/10wKa MHOIOCIUPYKOCTU je TI08e3aHA aKO U CamMo aKo je UyiliHO 1108e3aHda.

Jokas. Kako je cBaKH IIyTHO IT0Be3aH TOIIOJIOIIKH IIPOCTOP II0BE3aH, a CBaKa TOIIOJIOIIKA
MHOTOCTPYKOCT JIOKAJIHO IIyTHO II0Be3aHa (JleMa @? IOBOJBHO je TOKa3aTH Jia [I0Be3aH U
JIOKaJIHO ITyTHO II0BE3aH TOIIOJIOIIIKH IIPOCTOP jecTe IIyTHO IT0Be3aH. Kako je cBaka KOM-
IIOHEeHTa IIyTHe II0Be3aHOCTH JIOKA/IHO IIyTHO II0Be3aHOI IIPOCTOpa 0TBOPEHaA, TO je caM
IIPOCTOP YHHja JUCJYHKTHUX OTBOPEHUX CKYII0BA KOjU YHUHE KOMIIOHEHTe IIyTHe II0Be3a-
HOCTH. 3aT0 Cy KOMIIOHEHTe II0Be3aHOCTHU ¥ KOMIIOHEHTe ITyTHe II0Be3aHOCTH HCTe, 0K
je JleMa cIleliyjajiHU CjIy4daj Tora. O

IIpogpureerse 110KpuBaya U oz M je HOBU IIOKpUBau V of M, Takas Jja je cBako V € V
cagprkaHo y HeKoM U € . JemHOCTaBaH IIpUMep IIpodUIbea je IIOTIIOKpUBayY, aIu IIpo-
bumemne je MHOro GyIeKCUSHUIHU]je o1 Tora. Ha IipuMep, HIOKpUBakhe MeTPUYKOT IIPOCTO-
pa 0TBOpeHUM KyIjlaMa II0JIyIIpeUHUKA 2 MOKe Ce IIPOPUHUTHU [TIOKPUBaKkeM 0TBOPEHUM
KyIJIaMa IIoJIylIpedyHuKa 1. PaMurja mo/iCKyIoBa o M je 10Ka/1HO KOHAYHA aKO CBaKa
Tayka U3 M nMa OKOJIMHY Koja ceye caM0 KOHAYHO MHOTO CKyII0Ba U3 Te pamuinje. Ka-
JKeMO [1a je M lapaKomilaKitHo YKOJIUKO CBaKU OTBOPEH IIOKpPUBaY o/ M 1MMa JIOKaJIHO
KOHAYHO OTBOPEHO IIPOQUIbEHe.

[TojamM IMapaKOMIIaKTHOCTH je YBEO ,Z[je,LLOHe@ [45] Kao yorrewme 1mojMa KOMIIaKTHO-
cTu. CBaKU KOMITaKTaH IIPOCTOP je OUUIJIeHO ITapaKOMIIaKTaH, I0K je HajuyBeHUjU IIPU-
Mep IIpoCcTOopa KOjU HUje IIapaKOMIIaKTaH Ayradka mpasa us IIpumepa [1.3. Xayczopgo-
BOCT ITapaKOMIIaKTHOT IIPOCTOPa CTaB/ba HaM Ha pacliojiarame JIojaTHe jadye 0COSHUHE.

Jema 1.9. Ceaku uapakomuakiiaH Xaycgopgos upocitiop je pelyaapaH.

Joxkas. Heka je M nmapakoMIIaKTaH XaycZop¢oB IIpocTop, p € M, a C 3aTBOPEH CKYII KOjU
He caJp X p. 3a cBako q € C 13 Xaycnop$oBOCTH UMaMO TUCjYHKTHE OTBOPEHE CKYIIOBe
Ug>puVy>q Kakoje C C quc Vg, ckymioBu Vg 1 M \ C YHHEe 0TBOPEHH IIOKPHBAY O/
M. V13 11apaKOMITIaKTHOCTH 3a M, II0CTOjH JIOKAJTHO KOHAYHO OTBOPEHO IIPOdUberme. AKO
U3 TOTa UCK/BYUYMMO CBaKU OTBOPEH IIO/ICKYII KOjU He ceue C 10dMjaMO JIOKAJIHO KOHa4-
Hy GaMuIHjy A OTBOPEHHMX IT0/[CKYIIOBA, OJf KOjHX je CBAKHU Ca/ipKaH y HeKoM Vg, Koja je
IOKpuBay of, C. M3 jioKaJIHe KOHAYHOCTHU 3a A, II0CTOJU 0TBOPEeH CKyIl W > p TakaB Jja
II0CTOjU CaMO KOHAYHO MHOTO 4JIaHOBa A, ...,Ay of A Koju ceky W. Heka cy ¢y, ..., qk
Tauke U3 C TakBe fla A; C Vg, > ¢; Bk 3a 1 < i < k. lepunummmo U = WNUg, N---NUg,
UV =|J.A.Jlako je IpUMeTHUTHU fa cy U U1 V IUCjyHKTHU OTBOPEHHU CKYIIOBU. 3aTo ce p € U
u C C V Mory pasBOjUTH OKOJIMHaMa, Te je M peryJapaH. O

[ITaBuIlle, OpUTHHAIHA TeopeMa KoOjy je ImocTaBHoO /ljeJoHe Ka’ke /ia je CBaKHU I1apa-
KOMIIaKTaH XaycZzop¢$oB IIpOCTOP HOpMaJiaH, aJIk TO TBplemhe HaM HUje HeoIIxo Ho. CBa-
KU JIOKaJIHO KOMITaKTaH Xaycop¢$oB IIPOCTOP ca IIpedpojuBOM 6a30M je TapaKOMIIaKTaH,
Te je 3aTO TaKBa Y TOIIOJIOIIIKAa MHOTOCTPYKOCT.

Jema 1.10. Ceaka tolio/10WKA MHOIOCIUPYKOCTU je UapaKkoMUuaKiiHa.

8Jean Dieudonné (1906-1992), ppaHI[yCKH MaTeMaTHIap
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1.3. natke MHOroCcTpyKoCTur

Joka3. Heka je M JI0KaJITHO KOMITaKTaH XaycIop$oB IIPOCTOP ca IIpedpojuBoM 6as3om. Ta-
Ia rrocToju mpedpojusa dasa { W, }icy K0ja ce cacToju 0f; peJIlaTUBHO KOMIIAKTHUX CKYIIOBA.
IocTtaBUMO K; = W) M HHIYKTHUBHO IIPETIIOCTAaBUMO /Ia Cy KOMITAKTHH! K; nepuHmcanu
3a 1 < j < n. Kako je {W;};cy OTBOpPeH IIOKpUBau KOMIIAaKTHOT K, TO IIOCTOjU HajMakbU
m € N Takas 7ia je K, C UL, W;, Te gedunumemo K, 1 = JI*; W; K0ju je KOMIIaKTaH Kao
KOHAa4yHa YHUja KOMIIAKTHUX CKyIIOBa. Ha 0Baj HAUMH KOHCTPYHCAIH CMO UCUPIL/bUBA-
e (exhaustion) og M Kao paMUINjy KOMIIAKTHUX ITOACKYyH0Ba {Kj}nen 08 M 3a KOjy je
Kn € Int(Kyq1) B M = Upen Kn.

Heka je ¢/ 0TBOpeH ITIOKpUBaY o M 3a KOjU Tpa>kKUMO JIOKaJIHO KOHaYHO IIPOQULebe.
3a cBako p € M nocroju Up > p U3 U, Kao ¥ HajMame n € N 3a Koje Baxku p € Int(Ky,) u
p ¢ Int(K,_1). Ckyn (K \ Int(K,,_1)) je KoMIakTaH II0CKyIl oTBopeHor (Int(K, 1) \ Kp_2),
Te II0CTOjU KOHauHa noTpaMuivja Koja ra IIOKPUBA, a CaCTOjU Ce Off CKyIIOBA 0&JIMKA
Vy = (Int(Kpy1) \ Kn_2) N Up. HapaBHoO, y ciiy4yajy n = 1 WuIi n = 2 moTpedHa je Maja
MoaruKaliHja, pertuMo V, = Int(K3) N Up. Y cBaKOM ciIy4ajy oBakaB V, MOKe /la Hce-
Ye caMO CKYIIOBe TaKBOT OOJIMKA YHje n Off OPUTHMHAJIHOI O/CTYyIIa HajBHIIe 3a jefjaH, a
IbUX je KOHAUHO MHOTr0. KoHayHO, CKYyIIOBY 08/IMKa V), YHHe HOBY da3y Koja je JIOKaJIHO
KOHAUYHO IIPOQUILEbe Of U. O

HamoMeHHMO [la HeKU ayTOpH e UHHUIILY TOIIOJIOIIKY MHOTOCTPYKOCT Kao JIOKaJIHO
eYKJIMJICKU ITapaKOMIIaKTHU XaycIop$oB IIPoCcTop. Y TOM CJIydajy IIOTPESHO je ja 3HaMO
Ila CBaKa KOMITIOHEHTAa [I0Be3aHOCTH JIOKAJIHO eYKJIUCKOT ITapaKOMITaKTHOT Xaycgop¢o-
BOT IIPOCTOpPa MMa IIpedpojuBy dasdy. 360T TOra, aKo JIOKaJIHO eyKIUJCKHA IapaKOMIIaKT-
HU Xaycnop¢$oB IIPOCTOP UMa IIPedpOojuBO MHOI'0 KOMIIOHEHTH, OH/Ia OH UMa IIpespojuBy
dasy.

1.3 I/1aTKe MHOI'OCTPYKOCTH

JedHHUITMjA TOIIOJIOIIKE MHOTOCTPYKOCTH JOBOJbHA je 3a M3ydaBame TOIIOJIOIIKUX
0COSMHA IIOIYT KOMIIAKTHOCTH U I10Be3aHOCTU. MeljyTuM, rilaTkoha HUje MHBapUjaHTa
xXoMeoMop¢u3Ma (KpyT ¥ KBaZpaT Cy XoMeOMOpPQHY, aik KBaZpaT HUje IJ1a/laK), Te je TOo-
I10JIOIIIKA CTPYKTYpa HeL0BO/bHA 1a OMOryhy MHQUHUTEe3SUMaJIHU padyyH. 360T TOra TO-
I10JIOIIIKA MHOTOCTPYKOCT 3aXTeBa YBOljemwe JoflaTHe CTPYKTYpe.

I'naimka mHoiociupykocii iU gudepeHuujanHa MHolociupyKoci fuiMeHsuyje n
je C°°-MHOTOCTPYKOCT AUMeH3Hje n. YV cKiazay ca e UHUITH)joM, y IIUTAY je CKyIl M cHas-
IeBeH IIpedpojuBUM C*-aTacoM A AUMeHs3Hje n KOjU 3a0BoJbaBa XaycZop¢poB yCJIOB.
Kasxemo 11a je A iragak amaac 3a M, a cBake iBe KapTe U3 A Cy L1aiuko cainacHe y
CMUICIY [1a je ’bHUX0Ba QyHKIIM]ja IIpesacka fudpeoMopdusam.

Kaxko Hallla TeopHja IIpeTeKHO IIPEeTIIOCTaB/ba IJIaTKOhy OCHOBHUX 0&jeKaTa, 4eCTo 13-
0CTaB/baMO eKCIUIUIIMTHY YII0Tpedy IIpHjeBa ,IJIaZak”. Y 0BOj KIbU3H, OCUM aKO HHje
eKCIUIUIIUTHO Apyraddje HaBeeHO, peud MHolociupyKociu he ce 0OJHOCUTH Ha IJIaTKy
MHOT'OCTPYKOCT, @il Aac je IIajiak aTjac, a calaacHe KapTe Cy IJIaTKO carjacHe. /IluMeH-
31jy MHOTOCTPYKOCTH M odesiekaBaMo ca dim M, a yKOJIMKO >KeJIMMO Jia HarjlacuMo Jia
je n = dim M Ka>keMo Jia je M n-mHoloCiupyKocilt v [UMeH3Hjy HaroBelllTaBaMo Kpo3
CTeIleH U IUIIeMO Jia je M MHOTOCTPYKOCT.

Imapmak atiac A 1o Jlemu [1.1] jeqHo3HauHO ofpeljyje Tommosiorujy Ha M, aau mopep, To-
TI0JIOIIIKE J0SHjaMO U L0JaTHY CTPYKTYPY KOjy 30BEMO Laailika CilupyKiypa, a Koja oMo-
ryhaBa ja IIpoMeHa JIOKaJIHUX KOOpJMHAaTa IIpU IIpesacKy ca jefjHe KapTe Ha APYTy yBeK
dyze m1aTka. [J1aTKy CTpPYKTYpy Ha M CYIITHHCKHU AebUHUIe KOMIUIETAH IIaflakK aTjiac
A, anu 3axBasbyjyhu JlemMu ﬁp?,a HeHO ofipehjuBame J0BOJBHO je MMAaTH IVIaJjaK IoaTiac
AC A

YoéuuajeHo je ja 3710yIIoTpeSoM je3sruKa TOBOPHUMO 0 MHOTOCTPYKOCTH M uUjU ce (KOM-
IUIeTaH IVIaJ[aK) amiac A UMILUIUITUTHO II0[pa3syMeBa, IIpU yeMy KapTa Ha M yBeK 03Hava-
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lnaBa 1. natke MHOTOCTPYKOCTU U NpecinKaBaHa

Ba KapTy U3 TOT II0/[pasyMeBaHOr ataca .A. Pa3MOTpUMO Heke /I0Spo IIo3HaTe IpuMepe
MHOTOCTPYKOCTH KOjMa Ha IIPUPOaH HaUMH [0/Ie/byjeMO IJIaJIaK aTjac YuMme JeUHH-
IIIeMO IJIaTKy CTPYKTYPY KOjy 30BeMO cillaHgapgHa iaawmka cipykKinypa, a xoja he,
OCHM aKo Ce eKCILJTUITUTHO He HaIJIacH ApyTavudje, SUTH YIIPaBo Ta II0ApasyMeBaHa.

IIpumep 1.8. JequHa OKOJIMHA Tauyke p y 0-MHOrOCTPyKOoCTH M Koja je xoMeoMopdHa
oTBOpeHOM Mockyiry o R? je camo {p}, Te mocToju jexuHCcTBeHa Kapta @: {p} — RC.
CBe KapTe Ha M Ccy TPUBHjaIHO caIjlaCHe M cBakKa 0-MHOTOCTPYKOCT MOJKe SHUTH jeJHHO
IIpedpojuB JUCKpeTaH IIpocTop. HalmoMeHMMO /1a yC/I0B IIpeSpojuBor Iogariiaca (Ipe-
dpojuse dase) U3 TepUHUIMje MHOTOCTPYKOCTU CYIIITUHCKH CIIpeyaBa Jia R mocMaTrpamo
Kao 0-MHOTOCTPYKOCT. A

IIpumep 1.9. AKO TOII0JIOIIIKA MHOTOCTPYKOCT M MMa TOIIOJIOIIIKHU aTJyiac KOjU ce CacToju
0J1 caMo je[JHe KapTe OH/Ia YCJIOB CalylaCHOCTHU TPUBHjaIHO BaykKHy, Taj a1JIac je ayToOMaTCKU
mIafak u oxpelyje maTky cTpykTypy Ha M. Eykimacku mmpoctop R ca kapToMm (R™, Ign)
u3 IIpuMepa [1.4 je TOIIOJIOIIIKA N-MHOTOCTPYKOCT, & Ta UJeHTHUYKa KapTa ofgpelhyje craH-
DapAHy IJIaTKy CTPYKTYypy Ha R". Takole, rpadpuk SUI0 Koje HellpeKUHe QYHKIHje Ha
OTBOPEHOM IIOACKYITY 0/ R™ je TOIIOJIOIIKA N-MHOTOCTPYKOCT Ca jefHOM KapToM u3 IIpu-
Mepa 1.6, Te caMHUM TUM U N-MHOTOCTPYKOCT. OffaB/ie cIejy ia Cy MHOTe II03HaTe IIOBPIIHU
MHOTOCTPYKOCTH, Ha IIPHUMep eJTUIITUYKU WU XUIIePOOJIUYKHU I1apad0I0Us, A

IIpumep 1.10. V IIpumepy @ BHUJIeJIU CMO Ja CTaHIApAHY IVIaTKy CTPYKTYypy Ha 1-
MHOTOCTPYKOCTH R oxpeljyje jeqHa kapta (R, 1g). Mehytum, kapTa (R, ¢), tie je ¢: R — R
mato ca ¢(x) = x3, ompelyyje HeKy HOBY IJIaTKy CTPYKTypy Ha R. Kako QyHKITHja mpesia-
cka 1g o9~ 1(y) = y'/3 Huje mIaTKa y HyJIH, Hallle [Be KapTe HUCY carlacHe U 350T TOra
onpelyjy pasiauumTe IIaTKe CTPYKType. Tako CMO JOSHJIM HOBY 1-MHOTOCTPYKOCT R IITO
II0Kasyje /ia ¥CTa TOIIOJIOIIKA MHOTOCTPYKOCT MOKe UMaTH BUIIIe Pa3IMUUTHUX IVIaTKUX
CTPYKTypa. VAN

CBakKH 0TBOpPEH IIOACKYII U C R™ MOXKe ce BUJeTH Ka0 MHOTOCTPYKOCT Ca aTIacoM Off
camo jenHe KapTe (U, 1y). lllTaBullie, 0BakBa KOHCTPYKIIHja je Moryha 3a CBaKd OTBOpPeH
IIOZICKYII IIPOX3BO/bHE MHOTOCTPYKOCTH, IIITO BUAMMO y HapeJHUM IIpUMepHMa.

IIpumep 1.11. Heka je M npou3BoJ/bHA N-MHOTOCTPYKOCT Ca KOMILIETHUM IJIaTKUM aTJia-
coM A. [IpupofiaH aTyIac Ha 0TBOPEHOM IToZicKyIy U C M cactoju ce ojkapaTa (V, ¢) € A3a
Koje je V C U. CBaka Tauka p € U je y nomeHy Heke KapTe (V,¢) Ha M, nok je (VN U, @lyny)
Kapra y p € U no Jlemu [1.4. Kako cy KapTe CBaKaKoO carjiacHe, KOHCTPYHUCAJIU CMO IJIa-
nak amiac Ha U. [IpedpojuBa da3a u XayczopdoB ycjI0B ce Hacjel)yjy IOTIIPOCTOPUMA,
Te U C M Ha IpUpPOJIaH HAaYUH I10CTaje N-MHOTOCTPYKOCT, & KakeMo [1a je U oiieopeHa
iogmHoliociupykociu ox M. A

IIpumep 1.12. BeKTOPCKU IIPOCTOP CBUX peasHUX M x n MaTpUlia odesreskaBaMo ca R
3a m,n € N. Kako je R™" = R™! 10 je R™*" 110 IIpuMepy [1.9 MHOTOCTPYKOCT JUMeEH3Hje
mn. JluHeapHa ipyuia cterieHa n € N je rpyna GL(n,R) MHBepTUOM/IHUX KBaJpaTHUX
peaJIHUX MaTpHIla pefa n, OAHOCHO

GL(n,R) = {A € R™" : detA # 0} = det ' (R \ {0}).

Kaxko je metepmuHaHTa det: R™" — R HenpekupHa QyHKIH]ja, GL(n,R) je 0TBOpeH II0J-
CKyII off R™™" =~ R™, Te je GL(n,R) MHOTOCTPYKOCT AUMeH3Hje n’ mo Ilpumepy Kao
O0TBOpeHa II0JMHOTOCTPYKOCT of, R™". CIMYHO, KOMIUIEKCHA JIMHeapHa rpymna GL(n, C),
IIITO je TpyIla UHBEPTUOUIIHUX N X N KOMIJIEKCHUX MaTpUIa pefia N, je OTBOPEH II0/ACKYII
o C™" = R2"* 11 330 jé MHOTOCTPYKOCT JUMeH3Hje 2n?. A
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1.3. natke MHOroCcTpyKoCTur

IIpumep 1.13. IIprMep MO>KeMO YOIIIIITUTH Ha IIpaBOyraoHe MaTpPHIle IIYHOT paHra.
Hexka je Ry " mopckym ox R™ " xoju yrHe MaTpHIle paHTa m < n. 3a cBako A € Ry "
rocToju mogMaTpuria fa(A) € GL(m,R), e je fa: Ry — R™ ™ KoHKpeTHa IIpojeKIyja.
V3 HeIIpeKUTHOCTH eTepPMHUHaHTe II0CTOju oKoJuHa U C Ry *" MaTpuIle A TakBa Ja je
det(fa(X)) # 0 3a cBako X € U. 3ato je Rj*" oTBOpeH HOACKYII of R™*" Te caMUM TUM
MHOTOCTPYKOCT AMMeH3Hje mn Kao 0TBOpeHa II0IMHOTOCTPYKOCT off R™*", JAN

V [Ipumepy @ CMO II0KasaJu /ia je cpepa S™ TOIIO/IOIIKA N-MHOT'OCTPYKOCT MaK0O HU-
CMO KOHKPETH30BaJI KapTe TOIIOJIOIIKOT atsiaca. [la d1ucMo 1mokasasu ja je S" riaTka
MHOTOCTPYKOCT IIOTPeSHO je 3ajjaTh KOHKpeTaH IJIa/iaK atiiac, I10 MOTyhCTBy ca IITO Ma-
e KapaTa, IIITO BUAUMO Y HapeJHUM IpUMepHUMa.

IIpumep 1.14. ITocMaTpajMo TOIIOJIOIIKY aTiIac 3a chepy S™ us [Ipumepa @ AKO HCKOpPH-
CTHMO CaMO OHe TauKe cdepe yHje Cy CBe KOOpAUHATe HyJla OCUM je[lHe, lbIMa OJiroBapa-
jyhe xemucdepe he ripekputu unTaBo S". bpoj Kapara y amiacy je Tako CMambeH Ha 2n+ 2,
IIpYU UeMy CBe OHe UMajy BeoMa jefHocTaBHe popMysie. KoHKpeTHO,3acBako 1 <i<n+1
UMaMo IIpojek1iiyje Ha xemuchepama Uy; = {(Xq1,...,Xp11) € 8" : £X; > 0} Koje cy mate ca
O (X1, Xnp1) = (X1, -, Xi21, Xig1, - - - Xnt1), BOKje @ ;(U;) = B1(0) = B" C R" oTBOpeHa
jeqrHMYHA KyIia. [Ipojexiuje ¢ ;: Uy; — B™ cy dujeKIiyje jep JIako padyHaMO BUXOBe
HUHBep3e,

(Dil (ylv .- a_yn) = (yla s >yi—1a:l:\/1 _y% - _yrzlvyia s 7_yn)7

IIITO 3HA4H fia ¢y (Uy;, ¢, ;) KapTe Ha chepu S". OBe KapTe cy MeljyCOGHO carjacHe jep cy
cBe QYHKIIHYje IIpesacKa mwiaTke. Ha rpumep, 3a j < i ©MaMoO

O(pil(ylw"ayn): —]O(pilO’l? -~,yn)
:(yla-‘-7yj—17yj+17'-"yi—lui\/1 _Y%_“’_J’rzu)’ia-na)’n)a

IIITO je OUHUIVIE/{HO IJIATKO, T€ je ¢ ;0P ; ! tndeomopdusam usmehy VyuaVig1,a@_jop, il
pudeomopousam usmelhy V_juV, ;_q), e cy Vo = {(y1,...,¥Yn) € B" : £y, > 0} OTBopeHI/I
cKyIoBu. CJIMYHO ce pemaBa cIy4aj j > 1, IOK CJIy4aj j = i CYIITUHCKHU He II0CTOjH jep je
U,;nU_; =0, Te kapTe (Uy;, ¢, ;) YMHe ITIaJaK aTsIac 3a S™. A

IIpumep 1.15. V [Ipumepy CMO MCKOPHUCTHUJIU 2N + 2 KapTe fa ITI0Ka)keMo 7ia je chepa
$" Iy1aTKa N-MHOTOCTPYKOCT. Bpoj KapaTa y aTiacy ce Mo)ke CMarbUTH Ha 2, IIITO je OIITH-
MaJIHo jep je S" koMmItakTaH. [locmaTtpajmo 1Be Tauke p. = (0,...,0,+1) € S" 1 1Ba cKyna
Uy = S"\ {p+} Koja IIOKpHUBAa]y I1eJIOKYITHO S".

ATy1ac MOXKeMO HaIIpaBUTH Off iBe ciliepeoipadicke uipojekuuje ¢ : U, — R" ne¢puHu-

caHe ca
1

—(X1,...,Xn)-
1:*:Xn+1( 1 771)

(pj:(xlv" Xnaxn-s—l)
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lnaBa 1. natke MHOTOCTPYKOCTU U NpecinKaBaHa

OBakBa IIpecJrKaBama ¢ Cy HelIpeKH/IHa, THBePTUOU/IHA, U BbIXOB HHBEP3

= 291, 290, F(—1 +y? + - + Y2 1.3

q)il(yh s ayn)
je Takohe HemnpekugaH. PyHKIIH]ja IIpesiacka

1
y%+---+y%(y1""’yn) (1.4)
je ounrnenaH pupeomopdpusaMm us R" \ {0} Ha camMor cede (reOMeTPUjCKH, V IIUTAKY je
WHBep3Hja y ogHocy Ha chepy 81 ¢ R\ {0}, IIITO je HHBOJIYITHja), T€ Cy HaIlle KapTe
carsiacHe. /lakiie, crepeorpadcCke IpojeKijyje Ha n-chepy UrHe IJIaJjaK a1iac, Te ogpelyjy
IJIaTKy CTPYKTYPY N-MHOTOCTPYKOCTHU S'™.

JlomaTHO, cTepeorpadCke IIpojeKIfyje Cy camiacHe ca IIpojeKiirjama us [Ipumepa
jep cy QyHKITHje IIpesacKa IJIaTKe,

Q_o@ (V1,....Yn) =

(Dsqu;l'l())la'-- Jn) = J’17-~-7J’i—1ai\/l _y% - _y%lvyia-- . 7)’n1)

1 (
1+ syn
1

1+yi+---+Yi

QDiio(Pgl(Y1a--- 7yn) = (2)’17---)2)’i—172)7i+17-~-72)’n7—s(_1 +y% +oe +y%l))

3acBakol <i<n kaowu
1
1is\/1—y%—---—y%

2
1+y%++y%()’177)’n)7

(DSO(p;:(ln_i_D(ylw”uyn): (y:[,...,yn)

(p:l:(n-i-l) o (0;1()}17 e ;yn) =

Ize je s € {+,—}, Tako Jja aTiac ca OSMYHUM U aTjIac ca cTepeorpadCKUM IIpojeKIjama
o/ipelyyjy UCTy IJIaTKy CTPYKTYPY, LIITO je CTaHAApPHA IJIaTKa CTPYKTypa n-chepe. A

VoSHuajeHo je /1a off CTapUX MHOTOCTPYKOCTH I'pajuMo HoBe. Ha mpuMep, ako uMa-
MO JIB€ MHOTOCTPYKOCTH UCTUX TUMEH3Hja, MOKEMO Y3eTH HhUXOBY IUCjYHKTHY YHH]Y ca
VHUjOM BbUX0BHX aTJIaca U JOSUTH HOBY MHOTOCTPYKOCT, MaKO OHA HUje HHTepecaHTHH]ja
o ITocMaTpaa MojeIUHAYHUX MHOTOCTPYKOCTH.

IIpumep 1.16. ITocMaTpajmo IIporu3BoOL M x N 3a m-MHOTOCTPYKOCT M U n-MHOTOCTPYKOCT
N. 3a cBaky Tauky (p,q) € M x N Mmoxemo nsadépatu Kapty (U,@) y p € M u xapry (V,y)
y q € N, 11To HaM oMoryhaBa Jja Ha OYMIJIelaH HAYWH KOHCTPYHUIIIEMO KapTe IIPOMU3BO/ia
P xY:UxV— U xyp(V) CR™ xR"=R™™" ca (¢ x Y)(u,v) = (p(u),P(v)). CBake aBe
KapTe (¢ X 1) U (@, X P,) CY CATTACHE 350T (P X ) 0 (@1 X Py) 1 = (9,0 077) x (Y, oty ).
ATiiac mpon3BoO/a je IIaZjaK, oK cy Xaycrop$oBOCT U IIpedpojuBa dasa HacCJIeJHE OCOSHHE
IIPOMU3BO/IA, Te je ipous3eog mHolociupykociu M x N MHOTOCTPYKOCT IUMeH3Uje m + n.
3aro cy Topyc S x 8! u rumuHgap 8! x R MHOrOCTpyKOCTH. OBa KOHCTPYKITHja Ce MOKe
JIAKO IIPOZIY>KUTH 3a BehH §p0j MHOTOCTPYKOCTH, Te je n-imopyc, T" = 81 x ... x 81 (can
¢daxkTopa) 1aTka N-MHOTOCTPYKOCT. A

Jlerbeme je [odap MeTO/ 3a KOHCTPYKIIM]jy HOBUX IIPOCTOPA Off HEKUX paHUje I103Ha-
TUX. Ha ImpuMep, JlelbeleM TOple U JOKe UBHUIle KBajpaTa J0oHjaMo IUINHAAP, JOK
IaJbUM Jlell/belheM TpaHulla IUINHApa fodujaMo Topyc. KoJlMuHYKa KOHCTPYKIHja je
IIPOIleC KOjU II0UMEb€e pesaliijoM eKBUBaJIeHIje ~ Ha CKyIly M, I7ie CBaKy KJIacy eKBUBa-
JIeHITWje UZleHTHQUKYjeMO ca TauKOM HOBOT IIpocTopa. KoauuHuuku cKyii M/ .. je CKyIl
KJlaca eKBUBAJIeHIIYje, Te II0CTOjU IIPUPOIHA IIpojeKnyja 7: M — M/ Koja Tauky p € M
IIpec/JrKaBa y B0j oroBapajyhy Kiacy ekBuBaJjieHIHje 77(p) = [p].
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1.3. natke MHOroCcTpyKoCTur

AKO je M TOIIOJIOIIKH IIPOCTOP IIPHUPOJHO je fa KOJIMYHUUYKHU CKYIl M/. IocTaHe Ko-
AUHHUYKU TPOCIOP TAKO LITO A,0dMje KOTUYHUUKY TOII0JI0TH]Y Y K0joj je U C M/.. 0TBO-
PEH aKo 1 caMo aKo je 7~ 1(U) C M orBopeH. Tajia je IIpojeKIiHja /T HeIpeKU Ha, a JOLaTHY
ycKJIal)eHOoCT ca TOII0JIOTHjOM MMaMo ako je ¥ 0TBopeHa. To Hac MOTHUBHIIIE [1a CBe KapTe
(U,p) Ha M/.. TIOCTaBUMO TaKO J1a @ o 7T SyJ/ie HEIIPEKUHO U OTBOPEHO, jep Ce Tajia TOIIOo-
Joryja ox M/ nHayKoBaHa TeopeMoM [1.1] ciraske ca KOJIMYHUYKOM TOII0JIOTHjOM Koja je
HUH/IyKOBaHa IIPOjeKIHjoM 7. MeljyTUM, 4aK MaKoO je II0YeTHHU IIPOCTOP MHOTOCTPYKOCT,
KOJIMYHUYKH IIPOCTOP YEeCTO HHUje MHOTOCTPYKOCT, jep CBaKaKOo Tpeda HUCIIUTaTU Xayc-
nopdOoB yCIIO0B.

IIpumep 1.17. PeaaHu GipojeKiitu8HU WpOCOp TUMeH3Hje N je CKYII CBUX jeTHOJUMEH-
3MOHMX MOTIIPOCTOPA BEKTOPCKOT ITpocTopa R 1, To je KomuuHUUKY ckym RP" oxpeleH
mpojexrmjoM 77: R™1\ {0} — RP" koja Tauke x € R"1\ {0} majbe y Kj1ace eKBUBaJIEHITH]je
7(x) = [x] = Span{x} Koje mocrajy Tauke mpocropa RP" = (R"*1\ {0})/.. VosuuajeHo, kj1a-
Cy eKBUBaJIeHIIM]je BEKTOpa (X1, ...,Xpy1) # 0 3aIllMCyjeMO Y XOMOTeHUM KOOpJUHAaTaMa,
(X100t Xng1) = (X1, - - Xny1))- N

VBeauMo ckymoBe U; = {(Xq,...,Xnq1) : X; # 0} € R™1\ {0} u U; = 7(U;) C RP" 3a
1 <i<n+1 ®dynknmja @;: U; — R" ara ca

.y 5 g ey

X1 Xi—1 Xip1 Xn+1
Xi0 XX X

Qi(X1 .. Xnga) = (

je Jodpo mepuHIMCAHAa jep BPeAHOCT @;([X]) He 3aBUCH OJf MHOJKeHA X = (X1,...,Xp11) He-
KUM HeHyJIa CKajlapoM, a OYUIJVIEHO je SMjeKTHBHA Ca MHBEP30M

goi‘l(yl,...,yn):(yl cet Y liyit Yoot yn).

Ha oBaj HaUMH KOHCTPYHCaIHA CMO cTaHgapaAHe KapTe (U;, ¢;) HaRP"3a1 <i< n+1. OHe
cy MeljyCcOG6HO cariacHe jep 3a i > j yHKIIHja IIpesiacka jaje

ool (o Vi Y Yia 1oy Yn>
qD] (pl (yl?"‘?yn) <yj7“’7yj7yj7"‘)yj7yj7yj""7yj7

IITO je AupeoMopdr3am u3Melyy 0TBOpeHHX cKymoBa ¢;(U;NU;) = R~1 x (R\{0}) x R" T 1
goj(Ul- ny;) = RI-2 x (R\{0}) x R 11 3 ciruHO ce IIoKasyje U y caydajy i < j. Kako cBaku
HeHyJIa BeKTOp MMa HeKy HeHyJla KOOpAWUHATy TO UMaMo RP" = U?jf U;, Te Hallle KapTe
YuHe IJIa/laK atJiac.

[Ipeocraje ma ucriuraMo XaycropdoB yCJIOB 3a pasjuyuTe Tauke p = (P1:...:p u
q=(q1:...:qns1) B3 RP". AKOop,q € U; 3aHeko 1 < i< n+ 1, ctBap pemasa Jlema 1.5V
cynmpoTHoM 11ocToje 1 < i#j < n+lTakBugajep; # 0,p; = 0uq; = 0,q; # 0. IlocmaTpajmo
JICjyHKTHE CKyIoBe P = {(X1 : ... : Xpi1) : X} > X} HQ = {(x1 ... : Xpny1) 1 X} < X7}, 32
KojeBakup €c PC Uijnqe Q C Uj. Kakocy3al < k < nCKYHOBI/Iﬁl,...,yn) k] < 1}
oTBOpeHH y R", TO cy ¢;(P) 1 ¢;(Q) oTBOpeHH y R", Te cy 110 JleMu (P,9;lp) 1 (Q, 9ilo)
KapTe KOMILJIETHOT IVIaTKOT atiaca (kako (1 : ... : 1) € U; 3a cBaKo i HUCMO MOIJIH Ja
HCKOPHUCTHUMO CaMO OpUTHHAJIHe KapTe), IIITo floKasyje Xaycznopdos ycioB. Konauno, RP™
ca yBeJleHUM CTaHJapAHUM aTIacOM je N-MHOTOCTPYKOCT.

Ba’kHO je HallOMEHYTH Jja Ce TOII0JIOI'Hja MHOTOCTPYKOCTH RP" Koja je MHAyKOBaHa Te-
opeMoM [L.1| cita’ke ca KOJITMYHUYKOM TOII0JIOTHUjOM KOja je MHAYKOBaHa IIP0jeKIjoM 77. 3a
cBakKo 1 < i < n+1, MO>XeMO II0OCMaTpPaTH IIPeCIUKaBabe ;01T : U; — R" gnje cy popMyIe
Q;oTT(X1, ..., Xnt1) = (X1/X4, ... aXi—l/Xi7Xi+l/Xia .., Xn+1/X;). OHO je OUUITIETHO HeIIpeKU/-
HO, aJI1 ¥ OTBOPEHO jep 3a oTBopeH W C Uj;, KakKo je MHOXeme ca A # 0 xoMeomMopdusam
ox U; c R™1\ {0}, umamo oTBopeH AW C Uj;, ofjakie je (@; 0 )7L ((@; 0 M) (W)) = U0 AW
OTBOpEH, Te je (¢; o 77)(W) oTBopeH. Kako cy cBa IIpec/IMKaBamba @; o 7T HeIIpeKUAHA U
OTBOpPEHA, TOIIOJIOTHje Ce CIIaXYy. A
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lnaBa 1. natke MHOTOCTPYKOCTU U NpecinKaBaHa

IIpumep 1.18. KomiiireKkcHU UpojeKilueHU WPOCiiop NVMeH3HUje N je KOJUYHUYKU
ckym CP" = (C"*1\ {0})/. moSHjeH y MOTIIyHOj aHAJIOTHjU ca RP", r7ie je ~ peJsariuja cpa-
3MEPHOCTH (CKaJIapH Cy HEHYyJla KOMIUIEKCHU §p0jeBHU) KOja UHAYKYje IIPUPOAHY IIPOjeK-
mmjy 77: C1\ {0} — CP" ¥ XOMOTeHe KOOPAUHATE TT(Z1, . ..,Zn1) = (Z1: ... : Zniq1). KapTe
CTaHaP/HOT aTaca ¢y @;: U; — C* = R*™ rneje U; = {(z1 : ... : Zny1) : 2; # 0} 3a
1 <i<n+1,gare ca

) ) PR

Z1 Zi-1 Zi Zn+1
zi" 7z oz zi )

Qi(Z1:... 1 Zpy1) = (
OHe cy MeljycodHO caIacHe jep 3a i > j QyHKIIHja IIpesacka faje

-1 Z1 Zj—1 Zjp Zi1 1 z; Zn

- Zj?"'? Z]’ Z] LA Z] 7Zj7Zj7"'7Zj

ITo je ardeomoppusam usMmely oTBopeHUX cKymoBa @;(U; N Uj) = O-1x (C\{0}) x C"J
u ¢;(U;NUj) = C% x (C\ {0}) x C*17L, a crrraHO ce TI0Kasyje u y crydajy i < j. HapasHo,
yBeK Tpeda UMaTH y BULY 11 je

zx _ Xtk _ Gt 0G -y (kaj + VY YrXj — Xk)’j)

BT GO
AHaJIorHO oKasy 3a RP", y CP" Baku Xaycop¢oB yCJIOB jep ce TaUKe p = (P1: ... : Pna1)
uq=(q1:...:qne1) 13 CP" 3a Koje je p; # 0,p; = 0 u q; = 0,q; # 0 MOry pasgBOjUTH
caP={(z1:...:zn11) : |zl > Iz} mQ = {(X1 : ... : Xps1)  |zill < |Izj|]}. Komaumo,

CP™ ca yBe[leHUM CTaHAAPAHHUM aT/IacoM je 2Zn-MHOTOCTPYKOCT YHja ce TOII0JIOTHja CJIa-
Ke ca KOJIMYHUYKOM TOIIOJIOTHjOM jep ce Kao y IIpumepy 1.1 ﬂ MOJKe II0Ka3aTH /ia Cy cBa
IIpecaIrKaBama @; o T HeIIpeKHU Ha U 0OTBOPeHa. A

1.4 IsaTka nmpec/IMKaBamba

[1aTKa CTPyKTypa Ha MHOTOCTPYKOCTH M ca IJIaTKUM aTiacoM A HaM omoryhasa ja
HeIBOCMUCJIEHO e pUHUIIIEMO KOje peaslHe QyHKIHje Ha M Cy IJIaTKe.

Hexa je f: M — R peasiHa ¢pyHKIIHja Ha M. AKo je (U, @) € Akapray p € M, IpUPOSHO
MO>KeMO HIeHTHPUKOBATH f ca KOMITO3HUITHjoM fop~L: @(U) — R, e je o(U) C R™, Te TaKo
IIpeHeTH I10jaM IaTKohe GyHKITHUje Ha MHOTOCTPYKOCTHU. 3a QyHKIU]Y f: M — R KaKeMo
1a je taaiika y p € M axo moctoju kapta (U, @) € Ayp € M TakBa j1a je fo ¢~! matko y
¢©(p) y yodr4ajeHOM eyKIHUICKOM cMUCTy. DyHKIHja f: M — R je Laailika aKo je TjiaTka y
CBUM TauKaMa us M.

Axo je (V, 1) € A Heka ipyra KapTa y p € M, dyHKIIHja ITpesiacka @ o 1 ' je IIaTKa, Te
U3 ekoMITosutje (fo 1) lywnvy = (fo o 1o (pop~!) mmamo fa je fo ! raTko y Y(p)
aKo M caMo aKo je fo ¢! matko y ¢(p). [JIagak aT/iac HaM je Ha OBaj HAUKMH oMoryhwo fa
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1.4. ThaTka npecnmkaBara

Hallla JepUHUIM]a He 3aBUCH OJf U360pa KaprTe, a f: M — R je IJIaTKO aKO ¥ caMO ako je
fo ¢! rmaTko 3a cBaky kapty (U, @) € A.

CKyII CBUX IVIaTKUX pealHUX QyHKIMja f: M — R Ha MHOTOCTPYKOCTH M 03HauaBaMo
ca §(M). 3a gBe ¢oyHKIHje f, h € F(M) nipupogHo feduHUIIeMO QyHKIHje f+ h (36up), fh
(mpousBon) U af (MHOKeHe CKaJapoM a € R) jeqHaKOCTHMa

f+h)(p)=flp) +hp), (M) =fiphp), (@) =-aflp),

KOje Barke 3a CBaKo p € M. IIpuMeTHMO ja OBe HOBe QYHKIIMje TaKohe mpumnaznajy §(M),
OZHOCHO J1a CKyII §(M) 1mocTaje KoMyTaTHUBaH IIPCTEH Ca jeJUHUIIOM Kao U ajredpa Ha/l
R.

IIpumep 1.19. KoopauHaTHe QyHKIIMje X; = 7T; o ¢ IIPOU3BOJbHE KapTe (U, ¢) HA MHOIO-
CTPYKOCTH M Cy IJIaTKe Kao GYHKITHje Ha OTBOPEHOj IIOMHOTOCTPYKOCTH U jep je BhUX0oBa
KOOp/IMHATHA PeIrpe3eHTaIxja X; o @~ pecTpHKITHja Ipojekwje 17; Ha ¢(U), Te je caMuM

THM IJIaTKa. A
IIpumep 1.20. BucuHcka ¢yHKIUja f: 8 — R Ha n-chepu ca CTaHAAPAHOM IJIaTKOM
CTPYKTYPOM je mata ca f(Xy,...,Xni1) = Xpi1. Y3 IIOMOh popMyiie (@) 3a cTepeorpadcke
Ipojeknuje us IIpuMepa MO>KeMO HU3padyyHaTHh

—1+yi+-+ya
1+yi+---+Yi

(fo (D:T:l)(ylﬂ s 7.yn) =+

IIITO je IJIaTKO Ha R™, Te je fv1aTKO. AJITepHaTUBHO MO>KeMO UCKOPHUCTUTH aTjIac ca IIpo-
jeK1iijaMma Ha xemucdepe us [Ipumepa (jep OoH Takohe fjaje cTaHAAPAHY IJIaTKY CTPYK-
Typy n-cdepe) ra IIoKaxeMo Jia cy dyHKIuje fo ¢ L.l IJIaTKe.

V OIIIITHjeM CJIy4Yajy MOKEMO II0CMaTpaTH IJIaTKy GYHKIH)Y f: R — R u meHy pe-
CTPUKIH]Y flgn = fo 1, Ime je +: 8" — R™1! yukiaysuja. KoopauHaTHaA pelrpeseHTariyja
HUHKJIy3Hje je 10 o1 1: R™ — R maTo ca

1

= 21, 29 F(=1+ V2 + - +y2)),
1+y%+--~+y%(y1 Yn, F( Yi Yn))

10 gD:T:l(yl, e ,yn)

IIITO je IJIATKO Ha R", 0flaKJIe je IJIaTKO H flgn o 911 = fo 10 @1, Te je flgn IATKO. A

Hocau (support) pyHkimje f: M — R Ha MHOTOCTPYKOCTH M je 3aTBOpeH€ CKyIa Ta-
JaKa y KojuMa f Huje HyJIa,

supp(f) = {p € M : flp) # 0} = fL(R\ {0}).

Jlakie, Hocau QyHKITHje fje HajMarbU 3aTBOPEH IO CKYII 07 M BaH KojeT je fjeqHaKa Hy-
JIY, OJHOCHO KOMILJIEMEHT OJ1 Supp(f) je HajBehu 0TBOpEH IO CKYII Ha KojeM je fjefHaKa
HYJIH. AKO je supp(f) cagprkaHo y HeKOM cKyIty U C M, KakeMo Jia je fiiogpatcaHo (suppor-
ted) y U. AKo je supp(f) KOMIIaKTaH CKYIL, OH/Ia KaXkeMo [1a je f KoMilaKiltHO 0gPIHCAHO.
HapaBHO, cBaka QyHKIIHja Ha KOMIIAKTHOM IIPOCTOPY je KOMIIaKTHO M0/ KaHa.

AKo je 1aTKa QYHKIIMja Ha OTBOPEHO] IIOAMHOIOCTPYKOCTH of M IIoAp KaHa y 3aTBO-
PEHOM IIOACKYITY 07 M, OHZIa Ce OHa MO>Ke IIPOAY>KUTHU HYJIOM Ha YUTaBY MHOTOCTPYKOCT.

Jema 1.11. Ako je U oiigopeH tlogcKyu mHolociupykoctuu M, a f € §(U) GiogpacaHa y 3a-
mieopeHoM Uogckyty og M, onga je pyrkuuja h: M — R gegpunucana cahly = fuhlpny =0
mauka.

Joka3s. Tlo npetmioctaBiu je supp(f) € A C U 3a HeKH 3aTBOpPeH HOACKYII A C M, ofakiie
je h = 0 (1 3aT0 IJ1aTKO) HA OTBOPEHOM II0cKyIly M \ A. HapaBHO, Kako je h|; = f taTko
Ha U, To je htimatko Ha (M\A)UU D> (M\U)uU =M. O
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lnaBa 1. natke MHOTOCTPYKOCTU U NpecinKaBaHa

I1aTka cTpyKTypa oMoryhaBa HaM /ia I10jaM IJtaTKohe IIpoAy>KHUMO Ha IIpecjIuKaBambha
usMeljy n1Be MHorocTpykocTd M u N. [IpupopHa Hjeja je fa IIpecivKaBawme f: M — N
IIOMCTOBETHMO Ca EbeT0BOM KOOPGUHATHOM petpeseninauujom ofop—1, e je (U, @)
kapTa Ha M, a (V, ) kapta Ha N. lomeH perpeseHTaryje je (fo o 1)~1(V) = o(UNf1(V)),
aJIk OH Y OIIIIITEM CJIy4ajy He MOpa SUTU OTBOPEH CKYII, IIITO MO>Ke SUTH I1podJieM. Taj
IIPOSJIEM MOJKeE Ce OTKJIOHUTH 3aXTeBoM ia je f{U) C Vjep je Taga Yofop ! mpecirkaBambe
usMel)y oTBopeHuUX ckymosa (U N f1(V)) = o(U) u (V).

3a npeciukaBame f: M — N usmeljy MHoroctpykoctd M u N KakeMo [ia je L1aiiko
Y p € M ako niocroje Kapte (U,9)yp € Mu (V,¢) y f(p) € N, ca flU) C V Takse 1a je
Yofopl:oU) — Y(V) eyknuacku raaTko. [Ipecivkasaie f: M — N je Laailiko aKo je
IJIaATKO Y CBUM TauykKaMma U3 M.

OTBOpEeH A0MeH KOOpAMHATHE pellpe3eHTalllje ce IIPUPOJAHO MOKe 06e3d6eJUTH 3a-
XTEBOM /Ia je IIpec/IhKaBambe f HeIpeKUHO, a IJIaTKoha 04eKHMBaHO II0BJIaYX HeIPeKU/I-
HOCT, IIITO BUAUMO Y HapeJHO] JIEMH.

Jdema 1.12. ['natuxo tipecaukagarse usmehy MHOIOCWPYKOCTUU je HEeUpeKUGHO.

Joka3. Heka je f: M — N m1aTKo IIpecjKaBambe u3Meljy MHOTOCTPYKOCTU. 3a p € M 110-
croju kapTa (U,@) yp € M ukapra (V,y) y fip) € Nca flU) C V, Tako 1a je Y o fo ¢~ 1
eYKJIUJCKHU IJIaTKO, CAaMUM THUM U HellpeKHUAHo. PecTpuknyja fy = 1p*1 o(ofop oo
je HelIpeKHHa Kao KOMIIO3HUIIHja HelIPpeKUAHUX IIpeC/JIMKaBama, a Kako je fHeIIpeKUuIHO
Ha OKOJIMHHU CBaKe Tayke p € M OH7a je HEIIPeKHUIHO Ha IieJ1oM M. O

Jla drcMo 110 e UHUIINjU UCIIUTAJIH [1a JIU je IIpecInKaBame f: M — N IJIaTKO J0BOJb-
HO je y3eTH HeKH Itafak atriaac {(Uq, ¢,) : @ € A} 3a M ca ocoduHoM fAa je f(Uy) C V4 3a
Heky KapTy (Vg,Y,) Ha N 1 3aTHM IPOBEPUTH Jia JIK Cy CBa IIpec/nKaBama Y, o fo ¢ !
miaTka. HapaBHO, 3axBaskyjyhH IJIaTKOj CTPYKTYPH, IIaTKoha IIpec/jvKaBambha He 3aBUCHU
0J1 U360pa Kapara, I1ITO Jjaje aJITepHaTUBHU HAaUUH Jja Ce II0CTaBU JePUHUIHM]ja TJIaTKUX
IIpecJIruKaBama.

Jema 1.13. IIpecauxasarse f: M — N usmelhy MHoOloCIUpPYKOCiiU je TAAKO aKo U Camo aKo
je f HetipexugHo u yHKuuja ¥ o fo ¢~ je eykaugcku Laaitika 3a ceaxy kapiiy (U, @) Ha M u
ceaxy kapiy (V,9) Ha N.

Joka3. Hekaje (U, @) kapTaHa M, a (V,) kapta Ha N. [1o Jlemu , IJIaTKO fje HeIIpeKU/ -
HO, IIITO /Iaje 0TBOpeHO f~1(V), Te dyHKITHja Yofop~! ©Ma oTBOpeH nomeH D = (UNf1(V)).
3a MpousBoJbHY Tauky d € D # (), o3HauuMo p = ¢~ 1(d), Te mocToje KapTe (Uy,0,) yp € M
u (V1,¥,) yfip) € Ncaf(U;) C V; 1 IaTKuM ¥, o fo ¢ *. Kaxo je

Wofo ™ )lpwnuy = Wotr") oW ofoert)o(p 00,

IOK cy GYHKITH]je IIpeJiacka iy o ¢y Ty @, o 9! IaTke Ha ofroBapajyhuM oKoJIMHaMa, TO
je Y ofo ! rmaTko Ha (U N U;) > d Kao KOMITOSUIIHja IIATKUX ITpecInKaBamba. lakie,
IJIaTKO f TIOBJIAYH IJIATKO U o fo ¢~ 1,
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1.4. ThaTka npecnmkaBara

Obpar je ounrsieiax jep 3a p € M u xapty (V,¢) y f(p) € N, npousBossHY Kapty (U, @)
y p € M 1o Jlemu MO’KEMO PeCTPUKOBATH Ha O0TBOpeH ckyl W = UN f~1(V) u mosutu
HOBY KapTy @[y ca ycaoBoM f(W) C V. O

Jlema IIOKpUBAa Hajuyelrthy febUHUIU]Y IIaTKOhe y iuTepaTypu. IIpecirKaBame
f: M — N usmeljy MHOTOCTPYKOCTH je IJIaTKO aKo je GYHKITHja Yofo ! eyKIMICKHU IJIaTKa
3a cBaky KapTy (U, @) Ha M u cBaky Kapty (V, 1) Ha N, y3 3axTeB fa je o(UNf~1(V)) orBopeH
ckyi. Ha mpumep, (U N f~1(V)) he SUTH 0TBOPEH YKOJIHMKO je f HeITPEeKHU/IHO.

ITocToju ogroBapajyhu 1mmojaMm riiatke GyHKIHje Koja 3a JOMEH UMa IIPOU3BOJ/baH II0]-
CKYII eYKJIUJICKOT IIPOCTOPA, IIITO Ce MOYKe YOIIIIITUTHA Ha MHOTOCTPYKOCTH. 3a IIpeCcInKa-
Bame f: A — N, uuju je toMeH A C M IIPOU3BOJbaH IO CKYII MHOTOCTPYKOCTH, a N KOJI0-
MeH MHOT'OCTPYKOCT, Ka’keMo [ia je IAaillKoy p € A, aKo II0CTOjH IJIaTKO IIpeC/IUKaBambe
fp: Up = Nr1me je U, C M oKoJIMHA Of p, Tako fa je f = f, Ha Up N A. HapaBHO, f: A — N
je L1ailKo axo je IJIaTKO y CBaKOj TauKU O A. YKOJIMKO JO3BOJIMMO Jia IOMeH KOOPAU-
HaTHe pellpe3eHTalllje He dy/ie OTBOPEH CKYII MOJKe Ce II0jaBUTH IIPodjieM U3 HapeLHOT
IpuMepa.

IIpumep 1.21. PasMOTpUMO KapaKTepUCTUUHY (MHAUKATOp) PyHKIH)Y f: R — {0,1} C R
ckyma {x € R: x > 0}. IlocmaTpamo jegHy KapTy (R,1) Ha M = R u 1Be KapTe Ha N = R,
pertuMo ((—oo,1),1) u ((0,+00),1). KoopauHaTHa perpeseHTaIyja of f je camo ¥kbeHa pe-
CTpUKIHja Ha fjoMeH D = f~1(V), re je V moMeH oarosapajyhe kapre Ha N.3a V = (—oo, 1),
CKyIl D = (—c0,0) je orBOpeH U f], = 0, Te je ratko. Mehjytum, 3a V = (0, +o0), CKyII
D = [0,+o00) HUje OTBOpEH, ayu je flp = 1 U 3aT0 MMa IVIaTKO IIPOAYy’Kere Ha 0TBOPeH
CKyIl. Kako MMaMo Ik /1a YOIIIITUMO JAebUHULIU]Y IJIaTKe QYHKIIHje u3Mel)y eyKiIua-
CKHUX IIPOCTOPA, He KeJIMMO [Ja 0BaKBO IIpec/jMKaBame Koje HUje HeIIPeKUHO, & CaMUM
THUM HU eyKJIHUJCKU IJIaTKO, II0CTaHe IJIaTKO. A

JedrHuIMja ITTaTKUX IpecaruKaBamka U3Mel)y MHOTOCTPYKOCTH YOIIIITaBa IIPeTX0/-
He KOHIlenTe. Ha mpuMep, IIpec/iKaBambe U3Meljy 0TBOPEeHUX IIO/ICKYIIOBA eYKIHUICKUX
IIPOCTOpPa UMa KOOPAUHATHY pelpeseHTaIHjy (y OAHOCY Ha UJeHTUUYKe KapTe) jeHaKy
HEKOj CB0j0j PeCTPHUKIIHjH, Te je IIaTKO aKO U CaMO aKo je eyKJIHJCKH IJIaTKOo. CIMYHO, y
cIy4dajy peasiHe QyHKIIMje HA MHOTOCTPYKOCTH UMaMOo IOKJIallamke IJIaTKUX IIpec/IuKaBa-
Ba U3Meljy MHOTOCTPYKOCTH ca IJIaTKUM QYHKIIMjaMa Koje oxpeljyje 1aTKa CTPYKTypa.

Kaxko je miaTkoha nmpecinkaBamba U3sMel)y MHOTOCTPYKOCTH I10 JepHUHUITH]U JIOKAIHO
CBOjCTBO TO 0iMaxX UMaMo Jlemy 0 ael/bery INalKux upecauKkasara.

Jema 1.14. Hexa cy M u N mHolociupykociiu u Heka je {Uq}qcp OT80OpeEH tlokpusayd og M.
AKo Toctiioje ratika upecaukasared fo: Ug — N 3a a € A wakea ga je fq = fg Ha Ug N Up 3a
c8axo a, f € A, oHga Goctioju jeguHcitigeHo Laailiko Upecaukasarse f: M — N fiakeo ga je
flu, = fa 3a céaxo a € A.

IIpumep 1.22. OuuriefaH IIpUMep IVIATKOT IIpecIvKaBama je UIeHTUUYKO IIpecJIrKaBa-
e, WIH jOIII OIIIITHje UHKIy3HUja +: U < M oTBOpeHe IMoAMHOrocTpykoctu U C M. CBako
KOHCTaHTHO IIpecjrKaBame ¢: M — N je Takohe IJ1aTKo. A

Jema 1.15. Komuosuyuja Laatikux upecaukasara usmely MHolociupykociu je Laatuxa.

Joka3. Heka cy f: M — Nu h: N — P riaTKa IIpecjrKaBama. Kako je h riaTko, 3a CBako
p € M mocroje xapte (V,¥)y fip) € Nu (W,0) y h(f(p)) € P, ca h(V) C W TakBe fa je
Bohoy~! rmaTko. ipecMKaBame fje HempeKuaHo 110 Jlemu [1.12, Te je f1(V) 5 p oTBopeHO
1 mocToju kaprta (U, ) yp € M ca U C f~1(V). Kako je f i1aTko, 1mo Jlemu jevofop?!
aTKo. OpaBzie uMamo (hof)(U) Ch(V) C Wu 0o (hof)op ' = (@ohotp o (Pofop)
je IJIaTKO Kao KOMIIO3UITYja IVIaTKUX QYHKIIH]ja. O
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lnaBa 1. natke MHOTOCTPYKOCTU U NpecinKaBaHa

Hako caMa fgepuHUIU]ja HUje jeTHOCTaBHA, YeCTO Ce IIPAaBOJIUHUjCKHU J0Kas3yje /a je
KOHKPETHO IIpecIrKaBame I1aTKo. Hajyelthe ce IpecinKaBambe 3allyllle y JOKAJIHUM
KOOp/JHaTaMa, Te Ce lberoBe KOMIIOHeHTe QyHKIIMje [IpelI03Hajy Kao KOMIIO3UIIHje IJ1aT-
KHUX eJIleMeHTapHUX QYHKIIM]ja UM IIpec/IuKaBamba 3a Koja Beh 3HaMo fia Cy IJIaTKa.

IIpuMep 1.23. IIpon3BOJ/BHO IIpecaIrKaBamke U3 0-ITMMeH3M0He MHOTOCTPYKOCTH Ha IJIaT-
Ky MHOTOCTPYKOCT je IJIaTKO jep je CBaKa KOOpPAWHATHA pellpe3eHTalllja KOHCTaHTHA. A

IIpumep 1.24. Heka cy M 1 N MHOTOCTPYKOCTH, a 7Ty M x N — M gato ca my(p,q) = p,
IIpojeKIirja Ha IIpBy KOMIIOHeHTyY. Heka je (U,¢) kapTay p € M, a (V,¢) kapray q € N,
Taza je (U x V, ¢ x Y) kapTay (p,q) € M x N. KoopirHaTHa pelnpeseHTalyja IIpojeKIirje
myrje oo (@xY)~L: (e xY)(UxV) — @(U) mataca (ay,...,am,bq,...,by) — (ay,...,am),
IIITO je IJIaTKO, Te je 3aTO0 U 7Ty IJIATKO. A

IIpumep 1.25. KosmuHuyKa mpojekiyja 77: R 1\ {0} — RP" u3 [IpuMepa je mIaTka.
IbeHa KOoOpAMHATHA pellpeseHTalldja y OJHOCY Ha yBeJleHe KoopAuHaTe 3a RP" U CTaH-
IapzHe KoopauHaTe 3a R\ {0} macu

-1 _ ) ) _ (X1 Xi—1 Xi1 Xn+1
(piOT[O]l (Xl,,xn+1)—(pl(x1Xn+1)—<)(l,,)(l,)(l,,)(l 5
IIITO je OYUIJIeJHO IJIaTKO 3a (X1, ...,Xpe1) € U;, OFHOCHO 3a X; # 0. A

JMujeea ipyaa@ je MHOTOCTPYKOCT G KoOja je Takohe U rpyIma y ajredapCKoM CMUCILY
ca CBOjCTBOM Jija Cy oIlepalidje Te IpyIle carjacHe ca IJIATKOM CTPYKTYpoM. KoHKpeTHo,
3axTeBa ce JjJa U MHOXeme [i: GXG — G, yu(a,b) = ab 1 “HBEeP3HO IIpeciuKaBawke :: G — G,
o(a) = a~! Symy m1aTKa IIpecauKaBamba.

IIpumep 1.26. HaBearM0O HEKOJIMKO OCHOBHUX IpuMepa JIujeBux rpymna. EyKiIuacku
rpoctop R" je JlujeBa rpyIma y OJHOCY Ha cadupame. CKyIl CBUX HeHyJIa KOMILJIEKCHUX
SpojeBa C \ {0} je JIujeBa rpyma y oJHOCY Ha MHO>Keme. JequHuuHu Kpyr Sy C \ {0}
je JlujeBa rpyIa y oJHOCYy Ha MHOKeme. IIpousBog G; x G, ABe JIujeBe rpyme (Gq, U;) A
(G, U,) je JIujeBa rpyIa y 0OHOCY Ha MHOKeHe I10 KOOPAUHATAMa (1 X (. A

IIpumep 1.27. JluHeapHa rpyna GL(n,R) = {A € R™" : detA # 0} u3 IIpumepa je
MHOTOCTPYKOCT Ka0 OTBOPEH IOACKYII oz, R™ ™, Kako je cBaka KOMIIOHEHTa IIPOU3BOJA
AB nBe maTpulie A, B € GL(n, R) (kBagpaTHH) II0JIMHOM II0 KOMIIOHEHTaMa 07 A ¥ B, MHO-
JKeme MaTpHUIia je OUUIJIefHO I1aTKo. [To KpamepoBoM bd IIpaBUJIy, MTHBEepP3HA MaTpHUIla
A1 je KOJTMYHHK afijyHroBaHe MaTPHILE O A U leTepMUHAHTe Off A. AJljyHrOBaHa MaTpPH-
I1a of A je TpaHCIIOHAT KOQaKTOP MaTpHUIie O A, Te Cy KOMIIOHEHTe MHBep3He MaTpHUlle
IIOJIMHOMH (CTelleHa n — 1) 110 KOMIIOHEHTaMa 07 A, oflaKJie CIe[H /ia je MHBEP3HO IIpe-
C/IMKaBahe IJIaTKO. A

1.5 AudpeomopdpusMu

Augeomopgdusam rismel)ly MHOTOCTPYKOCTH M U N je IJIaTKO dUjeKTUBHO IIPeCIu-
KaBame f: M — N Koje MMa IVIaJlak UHBep3. YKOJIMKO TaKaB AudpeomMopdursaM II0CTOjU
Ka)keMo J1a cy M u N gugpeomopgnu. [ludpeomopdusam usMeljy MHOTOCTPYKOCTH je dU-
jeKIivja oaroBapajyhux CKyImoBa Koja IIOUCTOBehyje lbUX0OBe KOMILJIETHE IJIaTKe aTjace.
CiiuHO, Xomeomopgdusam nsMeliy MHOTOCTPYKOCTU M U N je HEIIPeKU/THO SHjeKTUBHO
IpecaukaBame f: M — N Koje UMa HellpeKHJjaH HHBepP3, a aKo II0CTOjU 3a MHOTOCTPYKO-
CTH KakeMo Jja Cy xomeomopdgHe. Kako je CBaKO IJIaTKO IIpecIUKaBamkhe HelIPpeKUIHO,
TO je cBaKU fudpeoMopdu3saM yjeJHO U XOMeoMOopPU3aM.

¥Marius Sophus Lie (1842-1899), HOpBEIIKX MaTeMaTHYap
2 Gabriel Cramer (1704-1752), IIBajIlapcKyu MaTeMaTAdap
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1.5. Andeomopdunsmm

Teopurja MHOTOCTPYKOCTH M3ydaBa OCOSHMHE MHOTOCTPYKOCTH KoOje ce UyBajy Audeo-
MOpPOU3MHUMa, TaKO Jja CMaTpamo Jia cy AupeoMopPHe MHOTOCTPYKOCTH CYIITHHCKH HC-
Te. 3a MHOTOCTPYKOCTH KOje Cy XoMeoMOpdHe cMaTpaMo Jja Cy TOIIOJIOIIKH HCTe.

IIpumep 1.28. Heka je M n-MHOrocTpyKOCT. CBaka kKapTa (U, ¢) Ha M uHAyKyje nudeo-
MopousaMm ¢@: U — ¢(U) U3 0TBOpeHe MOAMHOTOCTPYKOCTH U C M Ha OTBOpPEH IOACKYI
o R™. IIpecaukaBama ¢ U @~ ! cy IJIaTKa jep Cy TaKBe l-HUXO0BE PelipeseHTariije y OGHOoCY
HakapTe (U, ) Ha Un (9(U), 1)) Ha @(U), Ly o@o@™! = 1) = (00(0_10]1(;(1(]). O&paTHO,
cBaku fudpeomopdusam f: U — f(U) U3 oTBopeHOT nofickyna U C M Ha OTBOPEH MO/ICKYII
ox R™ jecTe KapTa KOMILZIETHOT atiaca. HauMme, ako je (V, ) kaprta amiaca 3a M, 3HaMO Jia
cy ¥ 1 Y~ I1aTKa, Te cy IJIaTKe U GYHKITHje Ipesacka fo i)' 1 i o f~1 ka0 KOMIO3UITH]e
110 Jlemu , oJlakJIe ciaenH 1a je KapTa (U, f) caryiacHa ca aTyiacoM. A

IIpumep 1.29. AKo je f6HUjeKTUBHO IIpecIvKaBambe U3 CKylla P Ha MHOTOCTPYKOCT M, Taza
IIOCTOjH jeIMHCTBEH HAUYWH J1a P mocTaHe MHOTOCTPYKOCT Tako Ja je f nudeoMopdrsam.
V ToM ciIy4ajy, atiac 3a P unHe KapTe odiauka (f~1(U), ¢ o f) tme cy (U, ) kapre Ha M. A

IIpumep 1.30. OTBOpeHa jesuHUYHA KyTiia B" = B1(0) y R" je ntudeomopdHa ca R™. V ciy-

4ajy AuMeHsHje n = 1 II0CTOjU MHOT0O HaYWHa /1a HallpaBUMO IJIaTKy pacTyhy dujeKujy
f: (-1,1) — R, Ha mpuMep

A0 =1 fo0=tg(5x). foo=arthpo—;In (177,

V omirreM ciIy4dajy, MOXKeMO II0CTaBUTU fudeoMopousam f: B" — R™ ca
X - Yy
f0) ==, fl0)=—7—=,
V1= lx[|? V14l

e yBeK Baxku 1 — ||x||2 # 0 u 1 + ||y||? # 0, Tako fa cy u fu f~! wiaTka. [IpeciuKaBame
X

f(X):W

je Takohe mudpeoMopdH3aM, alH je Texke JoKasaTH Ja je f~! wIaTko, jep HeMaMo eKCILIH-
nuTHY GopMyiy. Mehytum,

X
fX) =
T — x|l
Huje tudeoMopdusaM, jep HopMa ||-||: R" — [0, c0), 3a pasIHKy 0j] H-eHOTr KBajpaTa ||-||2,
HYje IJIaTKa y OIIITeM cay4ajy. KOHKpeTHO, 3a n = 1 ©MaMo
X 1 2X

X) = ) X) = ) "(x) = )
T0=1"5 TW=app 0= a= ke
Tako 7a f’(0) He IIOCTOjU U CAMUM TUM [ HUje IJIaTKO. A
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lnaBa 1. natke MHOTOCTPYKOCTU U NpecinKaBaHa

IIpumep 1.31. IIpeciukaBame f: R? — R? mato ca f(x,y) = (x&¥ +y,xe¥ —y) je mupeomop-
¢usam. Us f(x,y) = (x&¥ +y,x¢¥ —y) = (u,v) UMaMo U — v = 2y U U + V = 2x€’, OJlaKJIe
cienu

1 u+v u-— v>
UWv)=\—w=>——5—1,>
v = (0
Te ce JIAaKO BHU/Y Jia je f SHjeKTHBHO, Kao 1 a cy fu f~! raaTka. A

IIpumep 1.32. [IpojextrBHa mpaBa RP! je nudpeomopdua kpyry Sl. Jla SHCMO eKCIUIH-
ITUTHO A0dmiu ftudeoMopdursaM MOKeEMO KOHCTPYHUCAaTH SUjeKIIUjy Koja UIeHTUUKYje
craugapzauu atiaac {(Uy, 9,), (Usz, 9,)} 3a RP! ca cTanmapgHuM cTepeorpadgCKUM aTaacoM

{(Us.0,),(U—.¢_)} 3a ', ipu uemy je
Up={1:x)eRP:xeR}, ¢@(1:x)=x,
Uy={(x:1)eRP:xe R}, @,(x:1)=x
Uy ={(xy) €8t :y# -1}, ¢,

U-={(xy)eS:y#1}, o_(
3a f: RP! — S!, unenTndukanuja ¢, ca ¢, 3Ha4H f1a je ¢, o fo (pl_lz R — R UeHTUUKO,
omakJte caefd fy, = @1 o ¢. Kako pauyH faje

' B 2Xy XZ_yZ
f(x.y)_ <X2+y2’X2+y2>

3a X # 0, IPUPOAHO f MOXKeMO ofieUHUCATH UCTOM GOpPMYJIOM 3a X = 0 U JOSUTHU Tpa-
JKeHU ardpeomopdrsaM UYUjU je UHBEP3

1 _J(@A+y:x)zay# -1
Jry) = {(x:l—y)aay;él

PauyH 11okasyje ¢_ o fo ¢, 1 = 1p, Taxo ga je f 3aucra gudpeomopdusam. IIpEMETHMO Ja
CMeHa X = c0st, y = sint foBoau 10 dopmyie flcost : sint) = (sin 2t, cos 2t), Te Tpa>keHU
nrdeoMopdrsaM Takohe Morke SUTH U [ell] — el A

IIpumep 1.33. KitacruuaH mpuMep xoMmeoMopdusma usMeljy MHOTOCTPYKOCTH Koje Huje
nudpeomMopdusaM je mpecauKaBame @: R — R maro ca ¢(x) = x3. OHO je IJIaTKO U HH-
BEpPTHUOUIIHO, &I UHBEP3HO IIpec/IrKaBamke HUje IaTko. Y IlpuMepy HaIlpaBUIHA
CMO MHOTOCTPYKOCT R TaKo IITO cMO Ha R ofpelu/IM IJIaTKy CTPYKTYpPy KopHucTehu Kap-
Ty (R, ¢). Ta m1aTka CTPYKTypa je pasIH4uTa off CTaHJap/He, aTi Cy MHOTOCTPYKOCTH R
u R tudpeoMopdue. IlpecinkaBame f: R — R marto ca fix) = x3 je nudpeomopdusam, jep je
IbEroBa perpeseHTarnja Iy ofo 91 = 1r OUKIJIEAHO IJIaTKA, KA0 U EbeH HHBEpS3. A

IIpumep 1.34. Heka je M MHOTOCTPYKOCT Ca KOMILIETHUM atTsiacoM A. [Iporu3Bo/baH X0-
Meomopousam f: M — M oxpelyyje HoB atiac A’ Ha M ca kaptama (f{iU), ¢ o f~1) € A’ koje
cy nodujeHe ox Kapara (U, @) € A. Taga je f nudpeomopdrsam ako U camo ako je A = A'.
Jlakiie, ako je fxoMmeoMopdu3aM Koju HUje nupeomopdusaM, oHza freUHUIIIE HOB aTiac
A" # A. MehyTuM, HOBa IJIaTKa CTPYKTypa Ha M HUje CYIUTHHCKU Pas3IMduTa Off II0CTO-
jehe. Maxko f: M — M Huje nudpeoMmopdusaM, oHO AeduHUllle tuPpeoMopdusaM usmehy M
M HOBE MHOTOCTPYKOCTH ca atyiacoMm A’. 3aTo, nako cy A u A’ pasjiMuuTHU aTIacy, pesyJ-
Tyjyhe IJ1aTKe CTPYKType Cy U fajbe tudpeoMopdHe. A

IIpumep 1.35. 3a cBako S > 0 MOXeMO II0OCTaBUTH IIpecauKaBame Fs: B" — B" nebuHu-

CaHoO Ca
X

Fs(x) = [|x]|°
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1.6. Pa3dunjare jeanHuue

3a X # 0u Fs(0) = 0. Kako x € B" 3Hauu ||x|| < 1, To cimepu ||[Fs(x)|| < 1 1 modujamo
Fs(B") C B". JIako je IIPOBEPUTH Jia Basku Fs o F; = Fy, Te je Fs dujekiuja ca (Fs)~! = Fy/s,
ok u3 Fy 5(B") C B" modujamo Fs(B") = B". OunriesHo je Fs matko Ha B™\ {0}, Te ocTaje
Ila ce IIpoBepH ItaTkoha y Tauku x = 0. Kako Fs(x) — 0 kag x — 0, To je Fs XoMmeoMopdu-
3aMm. Kaxo Fs Huje laTko y 0 3a s < 1, a (Fs)~! = Fy/; Huje atko y 0 3a s > 1, To je F
nmudeomopdrsaM camo 3a S = 1. Ha oBaj HaUUH KOHCTPYHUCAIU CMO HeIIpedpojuBy pamMu-
J1jy XomeoMopdursama Ha B" xoju HUcy arideomMopPr3MHU, alu BbUXOBE PECTPUKIIHje Ha
B\ {0} jecy nupeomoppusmu.

Heka je A = {(Vq,¥,) : @ € A} anac 3a M. 3a p € M nioctoju KapTa (U, ¢) KOMILZIETHOT
amiaca [feHTpUpaHa y p TakBa Jia je ¢(U) = B". 3a cBaKo S > 0 KOHCTPYHIIIMMO HOBH a1Jac
As = {(Va \ {P}. Yalvo\(py) : @ € A} U{(U,Fs 0 9)}. Kako (Fso @) o (Feo )™ = Fso F, ' = Fyt
HUje tudeomopdusam 3a s # t, TO Cy KOMIIETHU aTjIacu ofpeleHu ca .A; Mel)yco6HO pa-
3JIMYUTU U UMa UX HelIpeSpojuBo MHOro. OBUM CMO II0Ka3aJsIHy /ia aKo TOIIOJIOIIKA MHO-
TOCTPYKOCT JUMeH3Hje n > 1 uMa IVIaTKy CTPYKTYPY, OH/la OHA UMa HeIIpeSdpojuBO MHOTO
PasIMYUTUX IVIATKUX CTPYKTYypa. A

3a pasauky o, xoMeoMopdU3aMa Koju HUCY fudpeoMopdU3IMH, TEIIKO je HAhU [1Be X0-
MeoMOpdHe MHOTOCTPYKOCTH Koje HUCy fudpeomopdHe. HcrmocTaBsba ce fja 3a n < 3 cBaka
TOIIOJIOIIIKA N-MHOTOCTPYKOCT MMa IVIaTKYy CTPYKTYPY KoOja je jeAMHCTBEeHA [0 Ha Audeo-
Mopo¢usaM (BULEeTHU Mowu3z2! [89]). MelhyTum, IpBU IIpUMep er30TUYHE CTPYKTYpe MHOTIO-
CTPYKOCTH OTKPHO je MuHop?? 1956. romuue [88], Tako 1rTo je mmokasao jga 7-chepa S’
HMMa IJIaTKe CTPYKType Koje HUCY ArupeoMopdHe ca CTaHAAPSLHOM CTPYKTYPOM.

3aHUMJBUBO je IIUTame Jia JIU JiaTa TOIIOJIOIIKAa MHOTOCTPYKOCT MOKe MMaTH IJIaT-
Ke CTPYKType Koje HUCY fupeoMopdHe. OBO ITUTamE je IIPUINYHO KOMIUIMKOBAHO, YaK
U 3a eyKJIHJCKe IIpocTope. 3Ha ce fa R™ 3a n # 4 MMa jefUHCTBEHY IVIaTKy CTPYKTYpY,
o Ha npudeomopdusaM (Buzmetu Cranuurce [114]). MehyTuM, KoOMSHUHaIMja pesyJITaTa
Koje cy gaau JJoHaancoH=2 [46] u (I)pI/I,ILMaH@ [52] Boguiia je 1o oTKprha HeCcTaHIAPIHUX
JIATKUX CTPYKTypa Ha R?. IllTaBuiie, R* iMa HelmpeSpojuBo MHOTO PA3IMUUTHX [JIATKUX
CTPYKTypa, Mel)y Kojuma Hema fubeoMOpPHUX (BUAETU TaySCE [116].

Ca gpyre cTpaHe, HeKe TOIIOJIOIIIKe MHOTOCTPYKOCTH YOIIIIITEe He 03BOJbaBajy IJIaT-
Ky CTPYKTypy. IIpBU IpumMmep OBOT TyS0KOT ﬁesyﬂTaTa je kKomnakTHa 10-ZUMeH3UO0Ha
MHOTOCTPYKOCT K0jy je 1960. otkpuro Kepsep#! [76]. 3aripaBo, IpUMepH TOIIOJIOIIKUX N-
MHOTOCTPYKOCTH KOje He MOTY II0CTaTH IJIaTKe Cy II03HaTe 3a CBaKo n > 4. HajriosHaTUju
IIprMep je TaKo3BaHa Eg MHOTOCTPYKOCT, IIITO je TOII0JIOIIKA 4-MHOTOCTPYKOCT KOjV je OT-
Kpuo ®puamaH 1982. roguHe [52].

1.6 Pasdujame jeguHHILIE

Kako cy MHOTOCTPYKOCTH [J0dHjeHe JIeIl/berbeM 0TBOPEeHUX CKyIoBa U3 R" IIpeko [u-
dbeomopdursama, paj I10 I1eJI0OKYITHOj] MHOTOCTPYKOCTH MO>Ke SUTH He3rozZaH. Teopuja pas-
dUjama jeIMHUILIE je IIPUIMYHO TEXHUYKHU aJId Ba)KaH ajIaT KOju HaM oMoryhasa J1a pagu-
MO y JIOKaJIHUM KoopArHaTaMa. OCHOBHa H/ieja je fa QYHKIIMjy KOHCTaHTHE BPeJHOCTHU
1 pa3dujeMo Ha TOMUJTY IVIATKHUX JieJI0Ba ca KOjuMa Ce JaJbe JIaKIlle pajy.

ITocToju BeJMKHU S6POj INIATKUX QYHKIIMja Ha MHOTOCTPYKOCTH, aiy AYIly pasdujama
jenvHULIE YnHe [JoMmbacTe QyHKIHje. V IUTamy Cy IJIaTKU eKBUBaJIeHTU KapaKTepUCTUY-

2'Edwin Evariste Moise (1918-1998), aMepHYKH MaTeMaTH4ap
22John Willard Milnor (1931), aMepHYK: MaTeMaTH4ap

Z3Tohn Robert Stallings Jr. (1935-2008), aMepHYKH MaTeMaTH4ap
24Simon Kirwan Donaldson (1957), eHIJIeCKH MareMaTudap
Michael Hartley Freedman (1951), aMepHUYKH MaTeMaTH4dap
26Clifford Henry Taubes (1954), aMepUYKH MaTeMaTH4ap
2"Michel André Kervaire (1927-2007), paHI[yCKH MaTeMaTH4ap
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lnaBa 1. natke MHOTOCTPYKOCTU U NpecinKaBaHa

HUX QYHKIIM]ja KOje yIIoTped/baBaMo Jia KamypuaupaMo GyHKIH)Y f: M — R. AKO IIOMHO-
JKUMO f KapaKTepuUCTUUYHOM QYHKITUjoM cKyma U C M, pesyJirar je HyJa BaH U, au CMO
U3TYOUJIM HellpeKUAHOCT GyHKIMje. CTBapH ce II0IIpaBJbajy yBohemeM [1oMdacTe QyHK-
Uje b Koja o1 jeqUHUIIE TJIATKO OIlaJa Ka Hy/JIU u3Mel)y yHyTpalllkber CKyIlia V U criojba-
IITELET 0TBOPeHOT cKyma U O V. Taza 3a x € V uMmamo b(x) = 1 omake cienu (fb)(x) = f(x),
IoK 3a x ¢ UnmMawmo (fb)(x) = 0. logaTHo, mpou3Bof GyHKIHja fb je 6apeM OHOJIMKO IJIaT-
Ka KOJIMKO je TO f(0CHUM y cJIy4ajy aHaIUTUYKUX QYHKIIY]a).

Jesrpo oBe TeopHje YHMHU IJIaTKa peaiHa QyHKIHUja Koja je jelHaKa HY/IX 3a CBe Hera-
THUBHE BPeJHOCTU JOMeHa, a CTPOro je pactyha 3a II03SUTUBHE BpeJHOCTU. UyBeHa Hea-

Ha/INTUYKa Iy1aTKa QyHKOUja f: R — R us [Ipumepa A.7, reduHmrcaHa ca
e x 3ax>0
X) =
J0 {0 3ax<0

HMMa yIIpaBo TaKBe 0COSMHe. 3a IPOU3BOJbHE a4, b € R 3a Koje je a < b reUHUIIIEMO IJIaTKY
¢oyHKIUjy h: R — R ca

fib—x)

"X - a
Kako je dap jemaH of u3pasa b — X U X — a II03UTUBaH, UMeHWJIAL] je II0O3UTUBAH 3a CBAKO
X. 3ato je pyHKIHja h [0dpo feprHMCaHA, IPU YeMy BaKh h(X) =13ax<a,0 < h(x) <1
saa<x<buh(x)=03ax>b.

y = fx) y = h(x)

HoBopmoéujeHa pyHKITMja h MOYKe Ce Ja/be YOIIIIITUTHA Ha R"™ r;ie KOPUCTHUMO OTBOPEHeE
Kyrine By(p) = {x e R" : ||x — p|| < r}.3a 0 < a < b nocraBjbamo ¢yHKIHjy H: R" — R
ca H(x) = h(]|x|]). OHa je mi1aTka Ha R" \ {0} ka0 KOMIIO3HIIHja IJIaTKUX QYHKIH]ja, 0K je
UIeHTUYKHU jefHaKa 1 Ha B,(0), Te je mratka 1y 0 € R™. OBOM KOHCTPYKIIHjOM JTOKa3aIu
CMO HapeJHY JIEMY.

Jema 1.16. 3a tipousgosbHe a,b € R 3a koje je 0 < a < b, tioctioju H € §(R") twako ga je
H(x) =13ax € By(0),0 < H(x) <13ax € By(0)\ Bq(0) u Hx) = 03ax € R"\ By(0).

OBaj KOHIIEIIT Ce ca eyKJIMJCKOI IIPOCTOpa YOoIIIlITaBa Ha MHOTOCTPYKOCTH, a Y HaIlIoj
TEOPUjU OCHOBHA je ciefeha jieMa.

Jema 1.17. Heka je M mHolocitipykocit u U okoauHa tavke p € M. Taga tocitioju 0KoAuHa
V 3 p u KomiiakiuHo togpicaHa trauka gyHkuyuja b: M — [0,1] C R waxko gaje by =1u
supp(b) c U.

Joka3. Ha ocHOBy JleMe @ rocroju kapta (W, @) Koja je 1leHTpUpaHa y p € M Tako fa je
W C U. IlocToju 0BOJBHO MaJIo € > 0 TaKBO fa je B3 (0) C ¢(W) C R". Heka je H: R" — R
3a n = dim M r1aTka ¢yHKIMja U3 Jleme @ caH(x) =13a|x]] <&0< HX) <13a
€ < ||x|| < 2e m H(x) = 0 3a ||x|| > 2¢. HoBa ¢yHKIMja f=Ho ¢: W — [0,1] C R je m1aTKa U
mofiprkaHa y @ 1 (B, (0)) ¢ W, Te ce 1o Jemu MOJKe IIPOAYKUTHU HYJIOM 110 b € F(M).

3aV=0"1(B:(0)) > pjebly =1, a cBakako Baxku supp(b) = ¢~ 1(B,.(0)) c W C U. O

dyHKIY)Y f € F(M) us Jleme 30BeMO uoméacima gpynkuuja (bump function) y p,
U OHA jeTHOCTABHO IIPOJy>KaBa JOMeH IJIaTKe QYHKITHje Ha IeJIOKYITHY MHOTOCTPYKOCT
M, 0 yeMy TOBOpH HapejiHa JieMa.
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1.6. Pa3dunjare jeanHuue

Jema 1.18. Heka je M mHolociupykocii u U okoauna twauke p € M. 3a f € §(U) docinoju
okonuHa V> puF € §(M) tuaxko ga je supp(F) CUu Fly = fly.

Jokas. IIpuMmeHa Jleme Iaje okoJMHY V > p 1 joMéacTty OyHKIUjy b € §(M) monp-
)kaHy y U ca bly = 1. dyrknyja bf € F(U) je mogprkaHa y 3aTBopeHoM supp(b) c U C M,
Te ce 110 Jlemu MO’Ke IIPOAY>KUTH HYJIOM /10 F € §(M) 3a Kojy Baku supp(F) C Uwu

Fly = (b)) lv = flv- 0

Kan y JleMu , Ta4dKy U3 OKOJINHE 3aME€HHNMO KOMIIaKTOM, ,Z[OSI/I] dMO Ba’KHY IIOCJ1e-
JTATLY.

Jema 1.19. Axo je K C U C M 3a mHoloctupykociu M, komuakiuaH K u otugopeH U, oHga
uoctuoju traiuxka pynkuuja f: M — [0,1] C R diogpacanay U ca fix = 1.

Jokas. 11o Jlemu , 3a cBako p € K C U mocToju 0TBOPeH V), > p U IJ1aTKa QYHKIIH]ja
Jo: M — [0,1] € RmoxpxaHay U ca fply, = 1. Pamunnja {Vp}pex je OTBOPEH IOKPHUBaAY
KoMIIakTa K Te MMa KOHayaH IIOTIIOKpUBAY {Vp,, ...,V }. ®yHknmja f: M — [0,1] C R
matacaf=1—(1—fp,)(1—fp,) - (1—fp,) je ounrienHo miaTka. Kako je f(x) # 0 ako I1ocToju
1 <i < kTaxko ma je f,(x) # 0, To je supp(f) € UU;supp(fp,) € U, omaxie je fiogprkaHa y U.
KonauHo, fly, =13a1 < i<k, Te360r K C Ui-‘zl Vp, BaKU flg = 1. O

Pasdujame jeIMHULIE je JeKOMIIOSHULIMja Y, A fo = 1 KOHCTaHTHe QYHKIIHje 1 Ha cymy
IJIaTKUX QYHKIMja f,. YodHUajeHo je Ia pafuMo ca deCKOHAYHUM CyMaMa, Tako J1a Cy
oBe QyHKIIY]je UHJeKCHUpaHe 110 HEKOM 6€CKOHAaYHOM CKYITy A ¥ IIPUPOJHO je 3aXTeBaTU
Ila 3a CBakKo p € M BaxH fy(p) = 0 3a cBe oCMM KOHa4yHO MHOro a € A. Cyma je Tajga
nodpo medpuHICcaHA Kao QyHKIHja HA M, a JIaTKOhy MOKeMO 3aJp>KaTh KPo3 HapegHy
neGuHUITH]Y.

Pa3séujarse jeguHuue (partition of unity) Ha MHOTOCTPYKOCTU M je dpamuiuja {fy}aeca
IaTKUX QyHKIWMja f: M — [0,1] C R, TakBa fa je pamMuanja Hocada {Supp(fa) }qca JTOKaI-
HO KOHAYHa ¥ BaXKH ), foa(p) = 1 3a cBako p € M. KaykeMo /1a je pasdujarbe jeJUHHIIEe
itogpeheno (subordinate) HeKOM IIOKpUBavy o1 M ako je paMuinja CBUX Hocada IIpopu-
Heme TOT ITIOKpHUBayva.

U3 nepuHULIM]je ciIeU 1A 3a CBAKO p € M mocToju a € A 3a Koje je fu(p) > 0, Te je
{supp(fa) }aca TOKpHBayu ox M. OBaj IIOKPUBAY je JIOKaJHO KOHa4vaH Te je (5eCKOHa4YHa)
cyma Y, fa(p) BOSPO meduHmcaHa. AKO je {Uq }acp TIOKPHBaY 07 M 1 SUpp(fo) C Uy BasKH
3a CBaKo a € A, Tafia KaXkeMo [1a je {fu }aecn TOAPeNeHO {Uy }qep Ca UCTUM CKYIIOM MHJEKCA
Kao U pasdujame jeguHulie. MeljyyTumM, ako je {fy }q4cp pasdujame jeguHulie nogpeheHo mo-
KpuBauy {Vg}gea, Tama je {SUpp(fa)}aca Mpodumberbe of {Vg}gep U MOXKEMO YIIOTPESUTH
Ipec/IvKaBabe Mpodumbera ¢: A — A Koje 3a/10Bo/baBa supp(fa) € Vy(q) 32 CBaKO a € A,
U IOOUTHU pasdujame jefUHUILle {Zaed’—l(ﬁ)fa}ﬁeA Koje je mopehero mokpuBauy {Vg}gea
Ca UCTUM CKYIIOM HMHJeKca.

Teopema 1.20. 3a ceaxku oilieopeH UOKpUsay1w MHOIOCIUpPYKoCu tociioju pasdujarse jegu-
HUue Koje My je tiogpeheHo.

/Jlokas. Heka je U/ 0TBOpeH II0OKpuBayu of M. Kaxko je 110 JleMu @ M JI0KaJTHO KOMIIaKTaH,
TO IIOCTOjU OTBOPEHO IIpOoQUIbee U’ 0ff U Koje ce cacTOjU Of, peJlaTUBHO KOMIIAaKTHUX
ckynoBa. Kako je 1o JleMmu M 11apaKoMIIaKTHO, TO II0CTOjH JIOKAJTHO KOHAYHO OTBO-
peHo npopumene V of U/, caMUM THUM U Off U.

IMocMmaTpajmMo ckyrt W = {U C M : Uje otBopeH u U C V3aHeko V € V}.CBakop €¢ M
MMa OKOJIMHY V € V), a Kako je 110 JleMu @ M perysiapaH, TO Ta4Ky p ¥ 3aTBOPEH CKYII
M\ V # p MO>XXeMO pas/iBOjUTH OTBOPEHUM JUCjYHKTHUM CKyIIoBUMa P> pu Q O M\ V.
U3PNQ=0umamoP C M\ Q,TeuP C M\ Q, ok u3 M\ V C Q ciemu M\ Q C V, Te BaXkKu
P C M\ QC V.OnaBpe je p € P € W, IIITO 3HAYH JIa je WV TIOKpUBaY off M, a CAMUM TUM U
OTBOPEHO IpodUmbehe of V.
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lnaBa 1. natke MHOTOCTPYKOCTU U NpecinKaBaHa

HoBa IipyrMeHa I1apaKOMIIAaKTHOCTH [jaje JIOKaJIHO KOHAYHO OTBOPEHO IPOQUIbeHe
W' ox W. Caza je W' = {Wpg}gcp IpodHbere 071 V = {Vg}qcp U 32 CBAKO B € A TIOCTOjH
®(B) € A Taxo fia je Wy C V(p), IITO JeUHUIITe IIpecIHKaBame ¢: A — A H MOKeMO

IIOCTAaBUTHU
Xo= |J wg,
Bed ' (a)

IIITO je 110 KOHBEHIIMjU IIpa3aH CKYII 3a eBeHTyaﬂHcﬂ’l(a) = (). Kako je W JIOKaJIHO KO-
HayHa ¢paMuIHja, 3a CBaKy Tauky p € M\ |J o (a) Wg moctoju okosiHa U > p Koja ceue
caMO0 KOHAaYHO MHOTO YJIaHOBA, perumMo Wy, ..., Wy. 3a octane Wpg je Tama WgNU = (),
opmakste ciaenu Wg € M\ U, Te Wg C M\ U 1 Baskut Wg N U = (). 360r TOra /[odujaMo jia je
U\ Uﬁequ(a) Wg =U\(WyU- -iWk) OKOJIMHA TauKe p, 0JaKJIe caeau f1a je M\ Uﬁequ(a) Wg
OTBOpPEH, OJTHOCHO | J o (a) Wpg je saTBOpeH. OnaBye je

Xo= | wg= |J WpcVa,
Bep ' (a) Beo ! (a)

Te 32 CBAKO & € A TIOCTOjH KOMITAKTHO X, Cafip>KaHO Y OTBOPEHOM V, 0fjakIe 1o JieMu
IIOCTOjU I7IaTKa QYHKIH]A fu € F(M) moppskaHa y V, U jeqHaka 1 Ha Xq. CyMa f= Y cn fa
je m1aTka GyHKITHja Koja je CByZa KOHauHa U HUje Hysla. KoHauHO, cyMa HOBUX QYHKIIHUja
fa/f]e cByna jenHaxa 1. O

IIpumep 1.36. YpI/ICOHOBa@ JleMa je I103HaTa U3 TOIIOJIOTHje U KajKe /1a je TOIIOJIOIIIKH
IIPOCTOP HOpMaJIaH aKo M caMO aKo Ce CBaKa [iBa HellpasHa JUCjyHKTHa 3aTBOpPeHa II07-
CKyIla MOI'Y pa3fBOjUTH HEeIPeKUAHOM QYHKIIHjOM y CMUCIY /1a IIOCTOjU HeIpeKHUAHa
¢yHKIHja Koja y3sruMa BpefHOCTH 0 Ha jeTHOM Of IBa II0/ICKyIla U BpeJHOCTH 1 Ha [py-
roM. Heka cy A ¥ B IBa IMCjyHKTHA 3aTBOPEHA IIO/ICKYyIla MHOTOCTPYKOCTU M. Ha 0CHOBY
Teopeme @ IIOCTOjH pasdujame jefuHUIe {Y,, Y} ogpejeHo 0OTBOPEHOM IIOKPHUBAUY
{M\ A,M \ B}. ®dynknuja ¢,: M — [0,1] C R je m1aTKa ¥ 3af0BosbaBa Y, [, = 0, Kao U
Y1 =1 — Yplp = 1, ITO faje IATKY Bep3Hjy YpUcoHOBe JeMe. [loceSHO, cBaka MHOTIO-
CTPYKOCT je HOpMaJIHa. A

IIpumep 1.37. Heka je f: A — R miaTka QyHKIMja Ha IIPOU3BOJ/BHOM IT0ZAcKynly A C M.
Tama 3a cBako a € A 110cTojH f; € §(Uq) TakBo fa je U, € M OoKoJIMHA Of a U f = f, Ha
U, N A. TIo Teopemu IIOCTOjH pasdujame jequHUIle {§,}qca IOAPeHeHO 0TBOPEHOM
nokpuBauy {Ug : a € A} of U = Uyeq Ua © M. Kaxko je f; € F(Ug) usupp(y,) € Uy modujamo
Yofa € §(U), wro Ham oMoryhasa fa gebunumemo F = Y-, 4 ¥ fa € F(U). 3a x € A umamMo
F(X) = Y qecaWafaX) = D qcafX)P(X) = fix). 3aTO cBako IIaTKoO f: A — R MMa IJIaTKO
npoayxeme F: U — R Ha 0TBOpeH cKyIl U D A.

AKO 10[IaTHO IIPETIIOCTABUMO [1a je A 3aTBOpPEH, Ta/ia II0CTOjU pa3dHjarbe jeJUHULle
{¥4, ¥, } nogpeheHo orBopeHoM nokpusauy {U, M\ A} og M. Kako F € §(U) usupp(y,) CU
nodujamo Y, F € §(M), Kok supp(y,) € M\AToBIauu Y [, = 1-9,[4, =1, Te oryga Y, F =f
Ha A. 3aTo ce cBaKa IvIaTKa QyHKIHja Ha 3aTBOPEHOM IIOZCKYITy of, M MO>Ke IIPOLY>KUTHU
Io ratke GyHKIHje Ha M. A

1.7 3agammu

3apmarak 1.1. [la jiv je IyIaTKa caryIaCHOCT KapaTa Ha M peJialiyja eKBUBaJIeHIYje 3a CBa-
KM HelIpasaH CKym M?

2TlaBes1 CamymioBIY YpbICOH (1898-1924), COBjeTCKM MaTeMaTHUap
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1.7. 3agaum

3aparak 1.2. /Jlat je ckyil M = R U {o0}, Kao ¥ pyHKIHje ¢ = Ig: M\ {cc} = R - Ru
Y: M\ {0} —» R, npu yemy je Y(x) = x3ax # 01 Y(oco) = 0. la 1 M ca aTsiacoM {@, Y}
YUHU IJIaTKYy MHOTOCTPYKOCT?

3amarax 1.3. Jlara je Tormostomnka moBpit M = {(x,y,z) ¢ R3 : x> + y> = 22 + r} c R3ca
peJIaTUBHOM TOIIOJIOTHjOM. 3a KOje BPeJHOCTHU ' € R II0CTOjU aTJyac ca KOjuUM M I1oCcTaje
IJIaTKa MHOTOCTPYKOCT?

3agarak 1.4. OzfpenuTy (IIITO IPUPOJHUjH) aTIac TaKo /Ia CKYI CBUX aQUHUX IIPaBUX U3
R? II0CTaHe IJIaATKa MHOTOCTPYKOCT.

3agarak 1.5. HcnuraTu fa Ju je dyHkiyja f: 82 — R gaTa ca f(x,y, z) = v/1 — z2 miaTka.
3agarak 1.6. /[okasaTH Ja je IpecjarukaBame f: RP? — R maro ca

Y. YZ+XZ+Xy
Xey:2) S
I0SpPOo AepUHUCAHO U IVIATKO.

3agarak 1.7. /lokasarH fia je mpeciaukaBame f: RP! — RP! matoca (t: 1) +— (t+1:1) 3a
teRu(1:0)+— (1:0)maTxo.

3aparak 1.8. /lokasaTu fa 3a cBako p € B" = B(0) C R" mocroju pudpeoMopdusam
f: B" — B" TakaB za je f(0) = p.

3amarak 1.9. /laT je ckyrt M = C U {cc}, ka0 U GpyHKIHje @ = 1c: M\ {o0} = C — C = R?
uyY: M\ {0} - C = R? npu uemy je Y(z) = 1/z3az # 0 u P(cc) = 0. lokasaTu ma M ca
aTyacoM {@, 1} YMHU IJIaTKy MHOTOCTPYKOCT Koja je qudeomopdHa ca S2.

3agarax 1.10. McouraTH /1a JId je pecankaBame f: FP! — FP! mato ca fit : 1) = (et2 : 1)
dateFuf(1:0)=(1:0) marko, raejeF =RumuF = C.

3aparak 1.11. Heka je f: M — R I03UTHBHA HellpeKUHa QYHKIHMja HAa MHOTOCTPYKOCTHA
M. JlokasaTu fia mocToju h € §(M) TakBoO fa 3a cBako p € M Baxxu 0 < h(p) < f(p).

3agarak 1.12. Heka je M MHOTOCTPYKOCT, A C M 3aTBOpeH HOACKYIL a f: A — (0,00)
1aTKo. /loKasaTH Jia II0CTOoju Iy1aTKo F: M — (0,00) TakBoO fa je F[4 = f.
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I'taBa 2

TAHTEHTHMUA ITPOCTOPH N ITPEC/INKABAIbBA

2.1 TaHreHTHU BEKTOpPH

HajUHTYUTUBHUjU HAUUH 3a JePUHHCabe TAHT€HTHOT BeKTOpa TUYe ce KPUBUX Ha
MHOTOCTPYKOCTH. Heka je y: (—€,€) — M IylaTKa KpHUBa Ha N-MHOTOCTPYKOCTHU M Koja
IIpoJIasy Kpo3 TauKy p € M, rfe je € > 0 MasId peasiaH 6poj. /IpyruM pedrMa, ) je IJIaTKo
IIpec/jIrKaBame 3a Koje je y(0) = p. TaHTeHTHU BEKTOP Ha MHOTOCTPYKOCTU M y Ta4yKHU p
MOJKe Ce BUJIETH Kao U3BOJ, KpUBe y y HyJIU. MehyTuMm, ako M HUje CMEIITeHO Y HEKOM
eyYKJIUZCKOM IIPOCTOPY OHAA M3BOJ )'(0) HeMma cMucia. CTaHZapAHa Uzeja je Usadpartu
Kapty (U,@) y p € M ¥ uieHTUQUKOBATH KPUBY y Ha M ca KpUBOM ¢ o Y Ha R™, Tako fa
TaHTeHTHU BEKTOP MOXKeMO 086po fJepuHMcaTH ca (¢ o y)'(0).

g
>

Kaxko pasinuute ri1aTke KpuBe Ha M Koje IIpoJiase Kpo3 p MOTY aTU UCTU TAHTeHTHU
BEKTOp, TO IIOCTOjU OUMIVIeHA peslaliija eKBUBaIeHIHje u3Mel)y lbUX. /[Be TaKBe KpUBe
Y1 BV, CY eKBHBaJIeHTHE aKo II0CTOju KapTa (U, @) y p 3a K0ojy BaXKU (@oy,)'(0) = (@oy,)’(0).
3a mpousBoJbHY KapTy (V, ) ypjep € UNV # () 1 ©UMaMo IJIaTKO w = P o ¢~ 1, Te

($oy1)(0) = (wooyy)(0) =w (D)) (9oy)(0)
= W' (@(p) - (@9 0¥,)'(0) = (wo@oy,)(0) = (Poy,)(0),

OJlaKJIe CJIe[IH la eKBUBaJIeHIMja KPUBUX He 3aBUCH O] U350pa KaprTe.
AJTepHaTUBHO, MOXeMo fepuHucaTu )’'(0): F(M) — R ca

YO = (foyy0) = W2V

t=0

U II0CMaTpaTH Besy usMelhy pasiuuutux fepununuja @: (¢ o y)’(0) — y’(0). 3a ekBUBa-
JICHTHe KpHUBe y; U ), je

(foy1)'(0) = (foe ") (@) - (9 oy1)'(0) = (fo ™) (9()) - (9 0¥2)'(0) = (foy,)'(0),

Te ® 3aBUCH CaMO Of KJIace eKBHUBaJIEHITHje KpUBe ).
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2.1. TaHreHTHV BeKTOPW

JedrHuIMja TAHT€eHTHOT BEKTOPA IIPeKO KPUBUX jeCTe BeOMa reOMeTpPHU]jCKa, ajIk HUje
0/IMax YOUJbHUBO OJJaKJIe II0THUYe CTPYKTypa BeKTOPCKOT IIpocTopa. MeljyTuM, Kako BaXKu
(af+ Bh) oy =a(foy) + B(hoy), TO je TMHEAPHOCT EBUAEHTHO CBOjCTBO QyHKIHje )'(0).
Ca gpyre cTpaHe, U3 (fh) oy = (foy)(hoy) ciepu

V'(0)(fh) = ((Foy)(hoy))(0) = (foy)'(0) - h(y(0)) + (hoy)'(0) - fiy(0))
=h(p)(Y'(0) () + fp)(v'(0)) (),

Te y'(0) 3ajoBOJ/paBa JIajSHImOB 3aKOH (IIpaBUJIO 3a U3BOJ IIPOM3BO/IA) Y TAUKHU p. /laKile,
¢yuknuja y'(0): (M) — R MMa CBOjcTBa KapaKTepHUCTUYHA 3a U3BOJ, R-IMHEapHOCT U
JIaj6HUIIOBOCT ¥ p, Te 3a peasHy QYHKIIHjY Ha §(M) ca TUM 0COSGMHaMa Ka)keMo Jia je gu-
Pepenuuparse y imauku (derivation at) p € M. OcoduHe Koje mocenyje y’'(0) MOTUBHIILY
HAac J1a yBeIeMO JeUHUIIMjY TAHT€HTHOT BEKTOpa Ha cjaefiehy HauuH.

TaHleHIIHU 8eKTNOP Ha MHOTOCTPYKOCTU My TaUKHU p € M je cBaKo AUpepeHIUpame
y Tauku p. CKylr TpM CBHX TAHT€HTHHX BEKTOPA Ha MHOTOCTPYKOCTH M y TauKu p € M
30BEMO illaHIeHIUHU tipociuop ox My p. [pyr'iM peurMa, YKOJIUKO je X: F(M) — R TaKBO
maX e TpM,tagasacBeaq, B € Ruf, h € §M)Baku tuHeapHocT X(af+ ph) = aX(f)+ pX(h)
u JlajouurioBoct X(fh) = f(p)X(h) + h(p)X(f).

Cadupame U MHOXKele CKaJlapoM YBOAVMO Ha IIPUPOJaH HauuH, OFHOCHO TaKo /1a
3aX,Ye Tp)M, feFMua c RBaxu (X+ Y)(f) = X(f) + Y(f) u (aX)(f) = aX(f). OBako
medunrcaHu X + Y u aX cy Takolje TAHT€HTHH BEKTOPH, Te je TpM BEKTOPCKH IIPOCTOP
Hax R.

ITo cBOjOj IPUPON MHOTOCTPYKOCTH Cy 3aKPHUBJbEHU IIPOCTOPHU, ¥ OHU MOI'Yy SUTH Be-
OMa KOMIUIMKOBaHU 3a M3y4yaBambe, 0K Cy BEKTOPCKH IIPOCTOPH jeTHOCTaBHU)U U IIO-
rOAHUjU 3a paj. KibyuHa ueja MHOQUHUTE3UMAJIHOT padyHa je JIMHeapHa allpOKCUMallu-
ja. TaureHTHH IPOCTOP T M je BEKTOPCKH IIPOCTOP M MOKEMO ra CXBaTUTH Kao Hajo0Jby
JIMHeapHY allpOKCHUMallijy MHOTOCTPYKOCTH M y TauKU p € M, Te Ta 4eCTO KOPUCTUMO
YMeCTO OpUTMHAIHe MHOTOCTPYKOCTH.

[IprpozHO, U3BOAM KOHCTAHTHE QYHKIIHje ce IOHUINTaBajy. 3a X € TpoM U je [TUHHUYHY
byHKOUjy 1 € §(M), u3 JlajdHuItoBocTtH je X(1) = X(1-1) = 1(p)X(1) + 1(p)X(1) = 2X(1), Te
Baxu X(1) = 0, 1ok 3a IPOU3BOJBHO a € R, TMHeapHOCT faje X(al) = aX(1) = 0.

Jema 2.1. Ako je f € F(M) KoHcluaHIlHa yHKUUja Ha MHoloctupykociuu M > p, inaga je
Xf=03aceaxo X € TyM.

TaHreHTHU IIPOCTOP je JedHUHICaH Y TEpPMUHUMA IJIATKUX QYHKIIMja Ha I1eJI0KYIIHO)]
MHOTOCTPYKOCTH, JTOK Cy KapTe y OIINTeM CJIy4ajy AeduHHCaHe Ha HEKUM OTBOPEHUM
IO CKyIIoBUMa. Mel)yyTUM, TaHTeHTHU BeKTOPH UIIaK /IejCTBY]Y JIOKaJIHO Ha §(M).

1Gottfried Wilhelm von Leibniz (1646-1716)
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lnaBa 2. TaHreHTHW NPOCTOPU 1 Npec/iMKaBaha

Jema 2.2. Akocefe F(M)uh € F(M) caaxcy Ha HeKOj OKOAUHU Tauke p MHOIOCTUpyKoCiiu
M, waga je Xf = Xh 3a csaxo X € TyM.

Jokas. Heka je f= h Ha HeKoj okosiuHU U > p. I1o JleMu II0CTOjHU QyHKIHUja b € F(M)
nojap>kaHa y U TakBa fa je b(p) = 1. Kako je (f— h)b = 0 Ha 11eJI0KyITHOM M, TO ©UMaMoO
0=X((f—h)b) =b(p)X(f—h)+ (f— h)(p)X(b) = X(f — h), ogakie caenu Xf = Xh. O

[IpeTxoHA JieMa je BeOMa BajKHa jep A03BOJbaBa I10jaM kutuile. dyHkumje f: U — R
U h: V — R, JIOKaJIHO eprHUCaHe Ha HEKUM OKOJIMHaMa GUKCHUpaHe Tauke p € M, cy
eKBUBaJIEHTHE aKO II0CTOjU HEKU O0TBOPeH oACcKyr W C U N V, Koju cafgp>Ku p, TaKas [ia
BaxU [Ty, = hly. Kitacy ekBuBasieHITHje TaKBUX QYHKITHja 30BeMO Kauua (germ) y p.

Kaxo pagumo ca IaTKuM GyHKI[HjaMa (3a pasiauKy o pyHKIMja Kiace CK ca k < o),
CBaKa JIOKaJIHO filehrHMCaHa IJIaTKa QYHKIIMja 110 JleMu % 1Ma eKBUBaJIEHTHY IJIaTKY
byHKIHjy neduHKCaHy Ha I1eJ10) MHOTOCTpyKoCcTH M. [IprMeTHMO Jja aKo cy U h mpoxy-
’Kerha €KBUBAJIEHTHUX IVIATKUX QYHKIIH]a, 10 JleMu 2.2 uMaMo Xf = Xh 3a cBako X € TpM.
Jlakjie, TaHreHTHU BeKTOp X € Tp,M je CYyIUTHHCKH JeGMHMCAH Ha KJIHIlaMa y p, Te KOPH-
CTUMO 03HaKy Xf U 3a pyHKIHje f € F(U) rae je U > p 0TBOPEH MOACKYII 07 M, Ioipasyme-
Bajyhu BpemHOCT 071 X y IPOU3BOJbHOj (CAMUM THUM U CBakoj) QyHKITUjHU U3 §(M) Koja je
eKBUBaJIeHTHa ca fy p.

Jla ducMo repuHMCaNIM TapIiHjaIHU U3BO/L HA MHOTOCTPYKOCTH, IIOTPESHO je 1a GyHK-
nyjy f € §(M) roia/seMo Hasaj, y eyKJIUACKU IIPOCTOP IIPeKo HeKe KapTe, a 3aTUM Y3MeMO
yoduuajeHe mmapryjaaHe usBoje. Heka je (U, ¢) KapTa Ha n-MHOTOCTPYKOCTU M y TauKU
p € MU HeKa cy X; = 710 ¢ 32 1 < i < nofgrosapajyhe xoopaiuHaTHe ¢yHKIUje. [Tapuu-
jaanu useog dyHkyje f € F(M) 3a 1 < i < n fepUHUIIIEMO Cca

0 of Ifoe™1)
000 = (5) 0= 5,01 = Vot oo))

Kako Hala gepuHHITUja IPOUCTHUYE U3 U3BOJA, TO OAMAaX L0SHjaMO JIMHEapHOCT U
JIajdHHUIIOBOCT, Te je (0;)p: §(M) — R TaHIeHTHH BeKTOp ox My p. llITaBuIIle, HCIIOCTaB/ba
ce Jla IapliyjajlHU U3BOU YHHE a3y TaHTeHTHOT IIPOCTOpa TpM

[Tos1asuMo of A/:;amapOBeE JeMe (JIema A ) I10 K0jOj aKko je U > a 0oTBOpeHa KOHBEK-
CHa OKoJIMHA y R", oHAa 3a f € §(U) nmocroje pyukumje [; € F(U)3a 1l < i < n Tako fa 3a

CBaKo x € U BaXKu .
a)+ Y (%) — (@) (),
i=1

pu gemy je li(a) = (0f/9m;)(a).
AnaMapoBa JieMa je 3aIrpaBo 0SJIHK IIPBOT pefia Te]JlopOBeE TeopeMe. HapemHa utepa-

IIFja pa3Boja JOBOU HAC /IO 0GJIMKA IPYTOT pefia,

a) + Z(ni(x) — ( ) + Z 7j(x) — 1j(a ll](x))

Q)+ Z W) 2@+ > @))(71i(x) — 15(@) I(x).

ij=1

e cy lj e §(U)3al<i,j<
Hekaje (U, @) KapTayp € M TakBa /ia je ¢(U) KOHBEKCHO (Ha IIpuMep 0TBOpeHa KyIJIa),
1 Heka je f € F(U). [IpuMeHa mpeTxoaHe popMyJIe Ha IJIaTKy QYHKIH]Y fo o1 € F(o(U))

Jacques Salomon Hadamard (1865-1963), ppaHIlyCKH MaTeMaTH4ap
$Brook Taylor (1685-1731), eHIJIeCKA MaTeMaTH4ap
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2.2. TaHreHTHa npecaMKkaBara

U Tayke a = ¢(p) ¥ X = ¢(q) [OHOCHU

7@ =)+ 300 — 3 2 L2 o)) + 3 (@ - X (@ - X P (P(@),
i=1 ! ij=1
OZHOCHO
f=fp)+> (x;i - ) + Z — x(p)) (L © 9),
i=1 ij=1

r7ie je jop mmatko3acBe 1 <i,j<n

To HaMm omoryhaBa fa uUCIIMTaMO BpeJHOCT Xf 3a IIPOKM3BOJ/bAH TAHTE€HTHU BEKTOP
X € TpM. IloueTHH 4IaH je f(p), IIITO je KOHCTAHTa Koja ce IOHUIITaBa 110 JleMu [1] Hs
JIaj6HUIIOBOCTH cJIefy fa X IIOHUIIITaBa [I0CJIeIby CYMY jep CBaKHU Of TPU LOSHjeHa uia-
Ha uMa dap jemaH ¢pakTop odsuka (x; — x;(p))(p) = 0. IIpeocTaje cyma y CpeiHH, TAE je

n

Xf:X(Z(xi—xl axl ) ZXxl< .>p7

i=1

oJlaKJIe 108ujaMo
X= ZXxl <8xl> (2.1)

"3 popmyste ([1]) CJIeH [a IapIikjaJaHu U3BOH (0;)p TeHePHIIy TAaHT€HTHH IIPOCTOP
T,M. Ca gpyre cTpaHe, l'IpI/IMeHOM napunjaJIHI/IX HU3BOJla Ha KOOpAUHATHe QYHKITH]je 10-
sujamo (0;)p(xj) = ;. Tama Y it A;(0;)p = O moBaauM A; = (A1(91)p + - - - + An(On)p) (X)) = 0 3a
cBako1l <j < n,tecy(d1)p,.-.,(0n)p TUHEAPHO HGBHBI/ICHI/I U CTOra YUHe a3y TAHTeHTHOT
mmpocropa. HapegHa TeopeMa CyMHpa IIPETXOAHY AUCKYCHUJY U YCIIOCTaB/ba OCHOBHY Be3y
Hn3Mel)y KooprHaTa ¥ TAaHTeHTHUX BEKTOpa.

Teopema 2.3. Heka je M n-mHolociupykocitt, a (U, ) kaptuay p € M ca x; = m; o ¢. Taga
uapyujanHu useogu (01)p, . . ., (On)p HuHe dasy sa TyM u popmyaa 2.1) saxcu 3a X € T,M.

BpaTuMo ce Ha mmoyeTax IIpUYe I7le CMO UMaJId IJIaTKy KPUBY V: (—€&,€) — M, KapTy
(U,p) yp = y(0) 1 Be3y ®@: (¢ o y)'(0) — y'(0) Koja He 3aBUCHU O] NU360pa eKBUBaJE€HTHE
KpuBe. PaHuje cMo IpUMeTH/IN /ia je y'(0) pudepeHIpame y p, 04HOCHO y'(0) € TpM.

[IpecnukaBamwe P je MHjeKTUBHO jep (¢ o y1)'(0) # (¢ o y,)'(0) 3HA4YHU K@ IIOCTOjHU HEKO
1< i< nTakBo faje (mio @ oyy)(0) # (70 ¢ 0 y,)'(0), oFHOCHO (¥(0))(x;) # (¥5(0))(xy),
ofakie caen y;(0) # y5(0). IlpecirkaBame @ je Takolje ¥ CypjeKTHBHO jep IMPOKU3BOJHHO
X € TpM 1o (2.1) uma 06K X = Y 1 | A;(9;)p 32 HEKe A4, ..., A, € R. To HaM omoryhasa jja
3a MaJIo € > 0 KOHCTPYHUIIIEMO KPUBY y: (—€,€) — M ca y(t) = o 1(o(p) + t(A1,...,An)), 32

KOjy BaKu
V'O = Fop)(0) = (Foo ) (D) - (A1,-... An) = X(f).

Ha oBaj HauMH IT0Ka3aJIu CMo Ja ce Tp M MorKe IIOMCTOBETUTH Ca KJIacaMa eKBUBaJIEHI[H]e
[JIATKUX KPUBUX KOje IIpoJia3e Kpo3 TauKy p.

2.2 TaHreHTHa Ipec/JIHMKaBamba

OcHOBHa H/ieja fuepeHIIHjaTHOT padyyHa je allpoKcUMaliyja IIaTKUX odjeKaTa JIMHe-
apHHUM odjekTMa. TaHTeHTHHU IpocTOp TpM je TMHeapHa alpoOKCHUMaIlMja MHOITOCTPYKO-
cTU M y Tayku p € M. HapeziHa Hjieja je allpOKCUMHUPATH IJIaTKO IIpecIvKaBambe usMmehy
MHOTOCTPYKOCTH JINHEapHOM TpaHCPOopMaIiyjoM TaHTeHTHUX IIPOCTOpa.
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lnaBa 2. TaHreHTHW NPOCTOPU 1 Npec/iMKaBaha

Hexa cy M u N MHOTOCTPYKOCTH, a f: M — N IJIaTKO IIpeciauKaBame. 3a X € T,M u
h € §(N) mpupo/HO MO>KeMO II0OCTaBUTH JIMHeapHO IpecaukaBame Tpf(X): F(N) — R ca

(Tpf1X))(h) = X(hof).
[ITaBuie, 3a hy, hy € §(N) je

Tpf(X)(h1hy) = X((hahy) of) = X((hy o f)(hz o f)) = (h1 o f)(p)X(hg o f) + (hz o f)(P)X(h1 o f)
= hi (f(p)) Tpf(X)(h2) + ha(f(p)) Tpf(X) (h1),

oJlakJiie ciaeu JIajdHUIIOBOCT y TauyKHU f(p), [OK je JIMHeapHOCT O4yuIefHa. Mo)keMo 3a-
KbYUHTH 1 je Tpf(X) nudepeHIupare y Tauku f(p) € N, ogHOCHO 1a BaxKu Tpf(X) € Ty N.
[IpeTxoHU pe3yyTaT HaM oMoryhasa Jja 3a IJ1aTko f: M — N ne¢uHUIIEMO illaHIeHIl-
Ho tipecaukaearse ofi fy Tauku p € M ca Tpf: TpM — Tpp,)N 1 Tpf(X)(h) = X(h o f), The je
X € TpMu h € §(N). TaHreHTHO IIpec/auKaBame Tpf je JTHHeapHO, a BpeJy HaIlOMEHYTH
/ia ra HEKU ayTopH 30By gudhepenyujan ofi f'y p, oK ce KOpHUCTe U 03HAKE dfp, f,, ¥ Dpf.

f

IIpumep 2.1. TaHreHTHO IIpec/IUKaBaKke UAeHTHYKOT IIpecauKaBama 1y: M — My He-
KOj TAYKH p € M je UIeHTUYKO IIpecrKaBame Ir,y: TpM — TyMjep3aX € TyMuf e §(M)
BaXH ((Tp(1m)(X))(f) = X(fo 1y) = X(f). A

H3Bop ci1okeHe QYHKITHUje MOJKe Ce jeJHOCTaBHO YOIIIIITUTU 38 MHOTOCTPYKOCTH, OJI-
HOCHO TaHI'eHTHO IIpec/JMKaBame KOMIIO3UIIHje jeTHAaKO je KOMIIOSUIIHjH TaHTeHTHUX
IIpecIuKaBama.

Jema 2.4. Akocy f: M — Nu h: N — P laaiuka Upecaukagara usmehy MHoIoCIpyKociiu,
maga 3a ceaxo p € M saxcu Tp(ho f) = Tgpyh o Tpf.

Jlokas. Pe3yaTaT TUPEKTHO CJIe[H U3 IIPaBOJMHH]CKOr pauyHa 3a X € TyM u l € §(P), re
podujamo Tp(ho f)(X)(I) = X(lo hof) = TpfiX)(lo h) = (Tp)h(Tpf1X)))(D). O

Kao nocireguiy umaMo 1a nupeomMopdusaM usMel)y MHOTOCTPYKOCTU UHAYKYje U30-
MopéusaM usMmely oaroBapajyhux BeKTOPCKUX IIPOCTOPA.

Jema 2.5. Ako je f: M — N gugeomopgpusam usmely mHoloctupykociiu u p € M, taga je
Tpf: TpM — Tfp\N usomopguszam usmehy 6eKimiopcKux upoctmopa u (TpH~t = Ty ).

Jokas. Kaxo cy fu f! tiarka, T0 I,y = Tp(Iy) = Tp(f ' o f) = Tpp)(f1) o Tpf Baku 1o
Jlemu @ a CJIMYHO 06UjaMOo U ]le(p)N = Tf(p)(]lN) = Tf(p)(fof_l) = Tpfo Tf(p) (f—l). O

JlupeKTHa II0CIeUIla IPeTXO/He JieMe je IJIaTKa Bep3uja TeopeMe 0 HHBapHjaHTHO-
ctu puMeHsyje (Teopema A.5), Koja Kake Ja M-MHOTOCTPYKOCT U N-MHOTOCTPYKOCT He
MoOry dUTH nudpeoMopdHe, OCUM y ciaydajy m = n. OpUruHaaHy TeopeMy (KaJ ped Iu-
dbeomMopdHe 3aMeHUMO ca XOMeOMOpPHE) HUje TaKOo JIaKo I0Ka3aTH, aJIM cajia BUAUMO Jia
HaM OHa HUje HeOIIXO/Ha 3a Hallly TeOpHjy INIaTKUX MHOTOCTPYKOCTH.

Axo je U oTBOpeHa IIOJMHOTOCTPYKOCT MHOTOCTPYKOCTH M ca MHKJIY3HjOM i, KaKo
y:(—€€ — Unioy: (—€€ — M CyIITUHCKHU IIpe/ICTaB/bajy UCTy KPUBY, 0O4EKYyjeMO
7la je TAHTEeHTHO IIpecUKaBamke UHKIIY3Hje n3oMopdusaM usMmelhy oxarosapajyhux ras-
TeHTHUX IIPOCTOPa.
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2.2. TaHreHTHa npecaMKkaBara

Jlema 2.6. Heka je U C M otugopeH 10ogcKyu ca UHKAY3ujom +: U — M. 3a ceako p € U,
aHieHiiHoO tpecaukasarse Tpr: ToU — TpM je usomopgusam.

Aokas. 3a f € §(U), mo JleMu IocToju npopyxemwe F € F(M) rogpxaHo y U Koje ce
c1a’ke ca f Ha HeKOj OKOJIMHH Tauke p. AKO je Tpu(X) = 0 € Tp,M 3a Heko X € TU, oHpa je
110 Jlemu 2.2 Xf = X(F[y) = X(F o) = ((Tp2)(X))(F) = 0 3a cBako f € §(U), mro gaje X = 0 u
mokasyje z1a je Ty MHjeKTUBHO. Kako je dim U = dim M To je T2 dUjeKiiyja, Te CaMUM THM
U usomopodusaM. O

IIpumep 2.2. Hexa cy M 1 N MHOTOCTPYKOCTH, & Tp;: M x N - M u ny: M x N — N Ka-
HOHCKe IIpojeKIivje IIporusBoga M x N. 3a cBako (p,q) € M x N, MoXeMO JieprHUCATA
npecyaukaBame 17: T, o (M x N) — TpM x TyN ca n(X) = (T(p,q)7tm(X), T(p,q)Tn(X)). ¥V cy-
IIPOTHOM CMepY, MOYKeMO ieGuHUCATH IpectrKaBambe 0: ToM x TyN — T, /(M x N) ca
0(Y,Z) = Tpu(Y) + Tqv(Z) tme je u: M — M x N pato ca u(x) = (x,q),av: N - M x N gaTo
cav(x) = (p,x). PauyH HaM fiaje

700 0(Y,Z) = (T(p.q it Tplt(Y) + Tqv(2)), Tp g n(Tpit(Y) + Tgv(2))
= (Tp(mag 0 W)(Y) + Tq(ar 0 v)(2), Ty(mty o ) (¥) + Tq(my 0 v)(2)) = (Y. Z),

OfiaKJie MOoSHMjaMo Jia BaXKH 77 o 0 = 11,1, 1,n, TE MOXKEMO 3aK/BYUHTH /1A j€ T CYPjeKTUBHO,
a kako je dim(Tp ¢ (M x N)) = dim(TpM x TgN) = dim M + dim N, To je 7 u3oMoppu3am
BEKTOPCKUX IIpOCTOpa. A

YV Hape[Ha [Ba IIpyMepa HaBOAUMO HeKe CIleldjaiHe cyJyajeBe y KOjrMa je TAaHTeHT-
HO IIpec/IMKaBambe jeTHaKO HYJIH.

IIpumep 2.3. Axo je f: M — N KOHCTAaHTHO IIpec/IMKaBame, oHfla je3a h € §(N)u hof
KOHCTaHTHO, Te 350r JleMe [1] 3a cBako p € Mu X € ToM Baxku (Tpf(X))(h) = X(hof) = 0.
3aTo 3a CBaKo p € M M KOHCTaHTHO IIpecauKaBambe f uMaMo Tpf = 0. A

IIpumep 2.4. IIpeTmocTaBUMO fa f € §(M) uMa JIOKaJIHH eKCTPeMyM (MUHUMYM HJIM
MaKCHUMyM) y Ta4KU p € M, Taja 3a IJIaTKy KpUBY y: (—&,€) — M 3a Kojy je y(0) = pu
cako h € F(R) mmamo (Tpf(y'(0)))(h) = y'(0)(hof) = (hofoy)'(0) = K'(flp))(foy)'(0) =0,
opakie ciegu Tpf = 0. A

Hako 10 cajla TaHTE€HTHHU IIPOCTOPHU W TaHTeHTHA IIpec/IMKaBama H3IJeflajy IIpu-
JIMYHO alICTPaKTHO, y JIOKAJIHUM KOOpAWHaTaMa CTBApH II0CTajy IIpakKTU4HUje. Heka je
f: M — N m1aTKo IIpecjiuKaBame u3Mel)y m-MHOTOCTPYKOCTH M U n-MHOTOCTPYKOCTH N.
Hexa je (U,p) kapTayp € Mcax; = mop3al <j<m,a(V,y)kaptayf(p) € Ncay; = mjoy
3a 1 < i< n.Ha ocHoBy dopmyute (2.1) 3a cBako 1 < j < m BaxXu

Tpf(‘;)"J')p ) ; (Tpf(jx)p) v <£’i>f<p> B ,Z:; w(”) <‘§'i>f(p) Bl

MaTpHuIia TaHTeHTHOT IIpecJrKaBama Tpf y OfHOCYy Ha 0Be KOOpAMHAaTHe ase je

Wby - G -
: i°
= ®)
d(ynof) d(ynof) < 0% 1<i<n, 1gj<m
D) T (D)

U 30BEMO je Jakodujeea Mampulga@ (w1 Jakodujan maipuua) of, f y Ta4KU p y OJI-
HOCY Ha KapTe ¢ H 1.

“Carl Gustav Jacob Jacobi (1804-1851), HeMauKu MaTeMaTH4ap
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Kako 3a ezreMeHTe JakoSHjeBe MaTpHIle BaXkKu

0yiof) O(rtio (Yofop™))

an o g

(p) =

(@(P)),

BH/IUMO Jla je TAHTeHTHO IIpec/IMKaBame 3allpaBo U3BOJ, KOOpAWHATHE pellpe3eHTalluje
y oarosapajyhoj Taukm, Tpf = ( o fo 9~1)'(p(p)), kao u pa je Tpf = f(p) y cay4ajy a je f
IpecIvKaBame U3Mel)y 0OTBOpeHUX II0/[CKYII0Ba eYKIUICKUX IIPOCTOpaA.

ITocedHO YKOIUKO je f=1y: M — M nodujamo Gopmyny

D\ Wi <‘9) 93
(mj)p > (a,), 2.3)

KOja IoKa3yje KaKo ce IIPOMEHOM KapTe MeHajy KOOpAUHaTe, 0K je JakodujeBa MaTpHUIlA
y 0BOM CJIyuajy 3aIIpaBo JakoSHjeBa MaTpHIa GYHKIIHje Ipesacka Y o @1y Tauku @(p).

IIpuMmep 2.5. PyHKIHja IIpesacka U3Mel)y IoJIapHUX U CTaHAapAHUX KOOpAUHATA Y Off-
roBapajyhuMm oTBOpeHHUM II0/ICKYIIOBUMA pPaBHU je farta ca (x,y) = (rcosf,rsin6). Heka
je p € R? nato mmosIapHUM KoopAuHaTama (r,0) = (3,77/2) 1 Heka je X € TpR? TaHT€HTHH
BEKTOD YHja je IIoJIapHa pernpeseHTanuja X = 2(9/0r)p — (0/00)p. KOHKpeTHHM pauyHOM
1o popmyiu (2.3) umamo

(i), 0 (3), 50 (), -0 (), 03 (3),- (3),

O _ox (0N O (0N _ g (0 TlON _ o9
<89)p_80(p) <8x>p+09(p)<8y>p_ 3sin o <ax>p+3cosz <8y>p_ 3<6x>p’

ofakye nodujaMo X = 2(9/0r)p — (0/00)p = 3(0/0X)p + 2(0/3Y)p. A

ITIpumep 2.6. BasKHO je IPUMETHUTH JJa KOOPAMHATHU BEKTOP (0;)p TAHT€HTHOT IIPOCTOPa
TpM mHe 3aBHCH CaMO OJf KOHKpPeTHEe KOOpPAHHATHe QYHKIH]je X;, Beh off I1eIOKYIIHOT KO-
OPAMHAaTHOT CUCTEMa, jep Ce U3BOJ A0SHja JrpepeHIITUpakheM Y OJHOCY Ha X; aJIU 0K Cy
IpeocTaje KoopAnHaTe ukcupane. Heka (x,y) o3HauaBa cTaHAapAHe KOOpAMHaTe y R?,
IIOK CYy HOBe KOOpJAMHATe (X,y) jaTecaXx =xuy =y + x. Taza je

(@), (), (5),” (%),

IIITO Ce pas/IMKyje Y CBaKOj TAuKH p € R A

2.3 CydmMeps3uje u umMep3Hje

Heka je f: M — N Iy1aTKO IIpecjiIuKaBame u3Mel)y MHOTOCTPYKOCTH. Kako TaHTeHTHO
npeciukaBame Tyf: TyM — Ty, N IIpeicTaB/ba Haj60/by TUHEAPHY allpOKCUMANH)y Of fy
TauKU p € M, To U3y4yaBamheM aJredapCKuxX 0COSHMHA IIpecaruKaBamba Tpf MoKeMo JocTa
TOra 3aK/bY4YMTH O caMoM f. HajBakHHja KapaKTepHUCTHUKA TaHTeHTHOI IIpecjIuKaBama
(kao JIMHeapHOT IIpecIruKaBamka) je ’erOB PaHI, jep OH He 3aBUCH 0] h3dopa dase. PaHl
ipecauxkaearsa fy Tauku p € M je paHI TAaHT€HTHOT IIpeCcIUKaBamba,

rang, f = rang Tpf = dim Im(T)pf).

AKo paHT IIpecIMKaBakka He 3aBUCH 0OJf U350pa Tauke p € M, Ka)KeMo J1a je f KoHcillaHill-
Hol paHia, a paHT oSeJie’kaBaMo ca rang f.
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2.3. Cybémep3nje n nmepsuje

PaHr JIMHeapHOT IIpec/IMKaBaka UMa IIPUPOHa ropkha OrpaHudera jep HUKaJ Huje
Behu Off IMeH3Hja KaKo JjoMeHa (rang, f < dim M), Tako 1 KojjoMeHa (rang, f < dimN).
VKOJIMKO ce JOCTUTHe T'OpHha I'PaHUIla 3a rang, fxaxxeMmo f1a je fityHol paHla y p, a aKo je
I,0JJaTHO KOHCTaHTHOI paHTra Ka>keMo /ia je f iyHol pania. HajpakHHja IIpecIvKaBamba
KOja u3y4yaBaMo Cy KOHCTaHTHOT paHra, a Mel)y lMa OHa Koja Cy IIyHOT paHra.

V ciayyajy ma je rangf = dim M, oZHOCHO [a je 3a CBaKo p € M mpeciaukKaBambe Tpf
HHjeKTHUBHO KaKeMOo 71a je f umep3uja (immersion) Wid uoiiaiare 1 Tajia ce fJI0KaJIHO
II0HAIlla Kao UHjeKTUBHO IIpec/vKaBamwe. Y ciiydajy fa je rang f = dim N, 0fHOCHO /ia je 3a
CBaKo p € M npecirKaBame Tpf CypjeKTUBHO KaXkKeMo Jia je f cydmepsuja (submersion) u
Ta/ia ce fJI0KaIHO II0HAallla Kao CypjeKTUBHO IIpecIvKaBame. HaltoMeHUMO Jja YKOJIMKO je
HEKO IIpecjInKaBambe UMep3Hrja Wik CydMep3Hja, Y CKIaAy ca HalloM e pMHUITHjOM YBEK
IoZpasyMeBaMo Jia je OHO IJIaTKO.

[IpoToTUIl UMep3Hje je MHKIy3Hja ¢: R™ — R" eyKIUACKOT IIPOCTOPA Y eYKIUACKHA
npocTop Behe quMeHsuje (m < n) gara ca «(Xq,...,Xm) = (X1,...,Xm,0,...,0). [IpoTOTHUIL
cySMepsHyje je Ipojeknyja 7: R™ — R™ eyKIUICKOT IIPOCTOPA Ha eYKJIHJCKU IIPOCTOP Ma-
e f1uMeHsuje (m > n) gara ca 7(Xq,...,Xn, Xn41,---,Xm) = (X1,...,Xn). LLITaBUIIIE, UCIIO-
cTraBJba ce (TeopeMa ) Ila je cBakKa MMep3Hja JIOKaJIHO MHKJIY3Hja, 0K je CBaKa Cyo-
Meps3Hja JIOKaJIHO IIpojeKIiyja.

IIpumep 2.7. CBaka peryJiapHa KpuBa y Ha MHOTOCTPYKOCTH je UMep3Hja jep ce HbeH Us3-
BOJ[ HUKa/[ He aHy/IHpa IIITo iaje rang y = 1. TloceSHo, y: R — R? mara ca y(t) = (cost,sint)
je UMep3uja, aju uako T;y jecTe UHjeKTUBHO 3a CBaKo t € R, y HUje UHjeKTUBHO. A

Jema 2.7. Heka je f: M — N Laaituko tpecauxkasaree usmehy MHOIOCIUPYKOCIIU U HEKA je
p € M. Ako je Tpf unjexiiueHo oHga p uma okoaury U tnaksy ga je f1; umepsuja. Ako je Tpf
cypjeKitiugHo oHga p uma okoaury U tuaxey ga je f1; cydmepsuja.

Joka3. Heka je dimM = m u dim N = n. Ako u3sadepemo Kapty (U,@) y p € M 1 KapTy
(V,¥) vy flp) € N, cBaka of, XMII0Te3a 3HA4YH Jia je JakoSHjeBa MaTpHIia O 'y OJHOCY Ha
¢ ¥ 1 IIyHOT paHra y p. [TocMaTpajMo HellpeKHUIHO IIpecjuKaBame T: U — R™™ naTo ca
T(p) = (Y o fo @~ 1)(p(p)). Kako MaTpHIle IIyHOT paHra 1o Ilpumepy Y He OTBOPEH
IIOZCKYII o7 R™™ To BbUX0BAa UHBEP3HA CJIMKa IIpU T 1aje OKOJIUHY O p I7e je JakodujeBa
MaTpHuIia of f IIyHOT paHra. O

TeopeMa 0 HHBepP3HOj QYHKIIUjU U3 peasiHe aHaause (Teopema ) Jlaje TO0BOJbAH
YCJIOB /1a I1aTKa QYHKIIMja Syie MTHBEPTUOUIIHA Ha OKOJIMHU HeKe TauKe U3 HeHOT JloMe-
Ha. Teopema o uHgep3HOj yHKUUjuU MOKe Ce YOIIIITUTH Y TEPMUHUMaA IJIaTKUX IIpe-
C/IMKaBara nu3Mel)y MHOTOCTPYKOCTH.

Teopema 2.8. Heka je f: M — N Laaiuko Upecauxkasaree usmelhy mHolociupykociuu. AKo je
T,f uneepiiuduHo 3a HeKy ayky p € M, inaga tiociioju okoauna U C M og p wakea ga je
fly: U — flU) gugpeomopgpuzam.

Aokas. Kako je Tpf dujekiinja, To je dim M = dim N = n. 3adepumo kapty (U, ¢) IleHTpU-
paHyyp € Muxkapty (V, ) neHTpupany y f(p) € N tako zia je flU) C V,aofo ! rmaTko.
Kako cy ¢ u i mudeomopdusmu, To je (Pofo 1) (0) = To(Yofo@~t) = Tgy o Tpfo Top !
uHBepTUSUIHO. TeopeMma [A.30 rapaHTyje okosiHy W C ¢(U) C R" ox, 0 TakBy fia je pe-
cTpUKIHja Yofoe 1, mudeoMopdrsaM Ha CBOjy CIHKY, Te je PeCTPHUKIIHMja of fHa @~ L(W)
mudeoMopdrizaM Ha CBOjy CIIUKY Kao KOMIIO3UITHja JudpeoMopPrizamMa. O

[IpecnukaBame f: M — N u3Meljy MHOTOCTPYKOCTH je 10KAAHU gudieomopdpusam
aKo CBakKa Tayka p € M uma okosinHy U TakBy fa je f(U) otBopeH y N, a fly: U — flU)
mudeomopdusam. KibyuHe ocoduHe JIOKaIHUX qudeoMopdrizama BUJe Ce y HapeIHOj Te-
OpeMH.
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Teopema 2.9. I[aitiko tipecauxkagarse f- M — N je noKkaaHu gugeomop@usam ako u camo
ako je u umep3suja u cydbmepsuja.

Joka3. Axo je f jokamHA grudeomopdrsaM TO 3a CBAKO p € M MMamo OKoJuHY U > p
TakBy 1a je fly: U — flU) pudeomopdusam, Ty (fly): TpU — Ty, fIU) je usomopdusam 1o
Jlemu R.5, amu je T0 u Tpf: TpM — Tgp) N 1o Jlemu .6, 11ITO /[0Kasyje fa je f u umepsuja
u cyomepsHja. OdpaTHO, YKOJIMKO je fuMepsHja v cydMepsHja To je T,f msomopdusam 3a
CBaKo p € M, Te TeopeMa Jlaje OKOJIMHY TadyKe p Ha K0joj je pecTpUKIHja of f mudeo-
Mopdu3aM Ha CBOjy CIUKY. O

YKOJIMKO 3HaMO Jia Cy MHOTOCTPYKOCTHU M ¥ N UICTUX TUMEH3H]a, JOBOJHHO je la UMaMOo

yCJIOB UMep3Hje WIN CydSMep3Hje 3a f, jep je OHa APYTU YCJI0B JUPEKTHO UCITYHeH U fje
JIOKaJIHH JrpeoMopdH3aM I10 Teopemn%

Ipumep 2.8. IpecaukaBame i: R — S! gaTo ca (t) = (cost, sin t) ¥Ma KOOpAMHATHE pe-
npeseHTanyje (y 0fHOCY Ha IIpojeKiuje xeMucepa) marTe ca t — COSt 3a TaUKe y KOjuUMa
jesint #0ut+— sint 3a Tauke y KojuMa je cost # 0, Te je ¢ joKaJaHU f1udeoMopdU3saMm.
3a MPOM3BOJBHO a € R pecTpuKuMja Y| ai2n): (@,a + 277) — S\ {¥(a)} je xomeomop-
dusaMm, a caMuM TUM U rdpeoMopdusam. Yiaona gynkuuja va U C S! je pecTpukIimja
HHBep3a Tor fudpeomopdusma 0 € F(U), Te je (U, 0) io Ilpumepy KapTa kpyra S! ca
CTaHJaPAHOM IJIATKOM CTPYKTYPOM. YKOJIHUKO HaeHTHOUKYjeMo 8! C C = R?, Taja 3a yra-
oHY QYHKIHjY Baxku e?) = z 3a cBako z € U. Cajja je JIaKO BHJIETH Jia je IIpec/INKaBame
f: 81 — S! maTo ca f(z) = z? IaTKoO, jep y HOBUM KapTaMa MMa Pellpe3eHTallH]jy AaTy ca
t — 2t + 2km 3a HeKo k € Z. A

IIpumep 2.9. Heka je 7: S — RP" KaHOHCKO KOJIMYHUYKO IIpecIrKaBambe Koje I1abe X
Yy BeTOBY KJIaCy eKBUBaJleHIje [x|] = {X, —X}, OMHOCHO 7T(X1,...,Xp11) = (X1 : ... Xpy1)-
AKO MCKOPHCTHMO CTaHAapAHe KapTe ¢; Ha RP" 1 muMa oarosapajyhe xapte Ha S™ Ko-
je cy mpojekiiyje xeMmucdepa Ha paBHU X; = 0, 10dHjaM0O KOOpPAUHATHE pellpes3eHTalluje
KOje Cy 10 Ha 3HaK jegHake nudeoMopdrsmy usmely B" u R" us IIpumepa , Te je 1T
JIOKasIHU nudeoMopdusaM, anu Huje sudeoMopdusam jep Huje dujeKnyja. JIOKaIHU TU-
dbeomMopdrsaM je HeIpeKUAHO IIpecIUKaBame, Te Kako je S KOMIIaKTaH, OH/ia je TO U
RP™. A

V ciydajy [ia je IIaTKo IIpecarKaBamkhe KOHCTAaHTHOI paHra OHO Ce MOKe JIOKaIHO 3a-
IIMCATH Y jeTHOCTaBHOj KAHOHCKOj GOPMH IIPOMEHOM KOOPAHHATA, IIITO BUAHUMO Y illeo-
pemu 0 KOHCIAHIUHOM PAaHly.

Teopema 2.10. Hekaje f: M — N Li1ailiko Upecaukagarse KOHCINAHIHOL paHla r = rang fus-
Mmehy mHoloctupykociiu M u N. 3a ceaxo p € M tiociioju kaptua (U, @) ueHitipuparay p € M
u kapiua (V, ) ueniupuparay f(p) € N tako gaje f(U) C Vuy Kojuma f uma KoopguHaitiHy
petipeseHiiauujy odSauxka p o fo @1 (xq, ..., Xr, Xpi1, ..., Xm) = (X1,...,Xr,0,...,0).

/Jlokas. 3a cBako p € M mocTtoju KapTa (Up, @) IleHTpupaHa y p € M u Kapta (Vq,9,)
neHTpupaHa y f(p) € N tako gaje filU;) C Vi u, ofo gol‘l IJIaTKO. Jakod¥jeBa MaTpPHUIIA OF,
fy TaukKu p UMa KOMIIOHEHTe 08JIMKa

oWiof)

o0x j

A(mioyofo (Pfl)
87'[]'

p) = (0)

3al <i<n=dmN,1<j<m=dimM. Kaxko je rang,f = r, To MO>keMO HUCIIEPMYTO-
BaTH ojiroBapajyhe xoopAnHaTe, OJHOCHO BPCTe U KOJIOHE JaKoSHjeBe MaTpHIle TaKo Jja
y TOpH-eM JIeBOM hOIIKY 1061jeM0 HHBEePTUSHUIHY KBa/IpaTHY II0AMaTpHU enar. dop-
MaJIHO, IIepMyTOBame KOOpAUHaTa je arudeomopdusaM Koju Hac 110 Jlemu [1.4 1oBogHU 10
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2.3. Cybémep3nje n nmepsuje

HOBHUX KapaTta (Ui, ¢,) 1 (V1,9,), y OGHOCY Ha Koje f MMa KOOpJUHATHY pellpe3eHTaIHjy
Y,ofo goz‘l, TaKo /ia je ImoAMaTpuUlla JakodHjeBe MaTpUIle of f Y p KOjy YMHe KOMIIOHEHTe

A(mioyofo (Pgl)
67‘[]-

(0)
3a 1 < i,j < r,ueBepTUdUIHA. [locMaTpajmMo ¢yHKIHjY 01 : R™ — R™ nepuHUCaHy ca

01(a1,...,am) = (Mo, ofo @, (a1,...,am), ..., TroPyofop, (as,...,am),ars1,- .., Am),

4Jyja JakodujeBa MaTpuIla y Tauku 0 € R™ je 6JIOK ropwkha TpOyraoHa MaTpPHUIlA

9 -1 9 1 9 -1 9 1
bl (o) . (o) TS (g) ... ImB ()
o, S . o, S o, S . o7, 4
ol (o) . PP (o) Ul g) ... 2o
0 0 1 0
0 0 0 1

Kako Ha fyjaroHa/ i UMaMoO paHUje OIKCaHy KBaJpaTHy II0JMaTPUILy paHra r, Kao U je-
AUHUYHY II0AMAaTPUILy pefja m — r, To je rang, 8; = m, Te 110 TeopeMH @ UuMaMo sude-
oMopdur3aM Ha HeKOj OKOJIMHU W 5 0. V IUTamy je JIeTHTUMHA IIpOMeHa KOOpAHHaTa
Koja Hac I10 JleMu @,qmao,qn o HoBe KapTe (Us,@3) yp € M, 1xe je Us = Uy N (pz‘l(Wl) u
@3 = 0100, y,, aKoja je TaKOle IeHTPUPAHA y p 360T P, ofo (pgl(O) = 0. HoBa KoopgyrHaTHa
peripe3eHTaIyja 3a fje obymKa

Yy ofo@st(b1,...,br,Ari1,...,am) = (b1,...,br,bri1, ..., bn),

rgejeb; =mio,ofo ¢2*1(a1, ...,am) 3a1l < i< n 360rTora je JakodujeBa MaTpunia ox fy
O/HOCY Ha HOBe KapTe OJIOK Z0Ha TPOyraoHa MaTpUIla

1 ... 0 o ... 0
o .- 1 o ... 0
8br+1 . 6br+1 8br+1 . 8br+1
8b1 oby 8ar+1 oam
Oby . Obp  Obn Obp
6b1 Bbr 6ar+1 aam

Kako Ha fujaroHajsy ©UMaMo HajIlpe jefUHUYHY II0AMaTpHUIly peja r = rangf, To IIpeo-
CTaje HyJa IIOgMaTpUIA, IIITO 3HAYU 1A by, 1, ..., b, He 3aBUce of a1, ...,an, Beh caMo
ox bq,...,br. To HaM oMoryhaBa /1a yBeZieMO HOBe IIpOMeHe KoopaAuHarTa 0,: R" — R" ca

Gz(bl, .. .,br,Cr+1, .. .,Cn) = (bl, . ,br,Cr_H — br+1(b1, .. .,br), .., Cp — bn(bl, .. .,br)),

Ha HeKoj okosimHA W, > 0 jep je oaroBapajyha JakodujeBa MaTpHIia 6JI0K I0EKa TPOyrao-
Ha MaTpHulla ca jeJMHUYHUM MaTpHIlaMa Ha AujaroHaan. Tako [0J1a3uMO [0 HOBE KapTe
(V, ) xoja je ienTpupaHa y f{p) € N, taeje V= Vin, (W) uh = 501, |y, Te 3a I0AaTHO
U=UsnfYV)u ¢ = @3]y odujamo TpaskeHy KOOPAUHATHY PEIIpe3eHTaIH]y

Yofoo Y(by,....,br,bri1,....,bm) = (b1,...,by,0,...,0),

IIITO 3aBpIIaBa I0Ka3. O
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lnaBa 2. TaHreHTHW NPOCTOPU 1 Npec/iMKaBaha

IIpumep 2.10. TeopeMa 0 KOHCTAHTHOM PaHIy YeCTO Ce IpUMeyje Ha UMep3uje U Cyd-
Mepsuje. Ha mpuMep, 0Ha I10Kasyje a cBaKa cCydMeps3Hja JIOKaIHO U3IJieja Kao IIPOojeKIiu-
ja y 0OTHOCY Ha IIOTO/THO n3adpaHe KapTe. Kako je IIpojeKiiyja 0TBOPEHO IIpecJInKaBambe,
IOK Cy KapTe tudpeoMopdr3MH, 3aK/byUyjeMo Jia je CBaKa CydSMeps3Hja 0TBOPEHO IIpeciIu-
KaBame. A

IIpumep 2.11. [la i ocToju cydMmepsyja f: 8™ — R™ 3a HeKe m, n € N? /lomeH M = S™ je
KOMIIaKTaH, Te 3a JIaTKo f: M — R riocMarpamo 711 o f: M — R, I7ie je 771 IIpOjeKIHja Ha
IIPBY KOMIIOHEHTY, IIITO JOCTH>Ke MaKCUMyM Ha M y HeKoj Tauku p € M. I[1Io [Ipumepy
BKU 0 = Tp(7110f) = Tppym10Tpf, asua Ty, 711 j€ CYpPjeKTUBHO, ofjakie Tpf HUje CyPjeKTUBHO,
a caMUM THUM f He MO>Xe SUTHU cySMepsHja.

[IlTaBuIlle, CBAKO HEIIPEKHUJHO IIpecIrKaBame ca KOMIIAKTHHUM /[OMEHOM je 3aTBO-
peHo (Jlema ), IIOK je cydMep3yja 1o IIpumepy OTBOPEHO IIpec/IuKaBame. AKO je
f: 8™ — R" cydbMepsHja, OHZA je crKa of, S™ Hellpa3aH OTBOPEH U 3aTBOPEH IIOJCKYII O
R, ogaksre ciaenu f(S™) = R", a KaKO OH HHUje KOMIIAKTaH TO CydMep3Hja f He IOCTOjH. A

Ipumep 2.12. Heka je f: S! x R — R? grebunucano ca f((x,y),r) = (€'x, e"y). AKo HCKOpH-
CTUMO yraoHy QYHKIIH]y 6 U3 HpI/IMep;% Kao KapTy Kpyra 8! To o81jaMo KOOpAUHATHY
perpeseHTariyjy fo (6 x 1g)~1(t,r) = (€' cost, e’ sint). 3aTo je fIJ1aTKO ca JaKOSHjeBOM Ma-
TPHUILIOM

T (Fo (8 % 1)) = (

—e'sint e"cost
e'cost e'sint)’

ymja je JeTepMUHaHTa —e?” # 0, IIITOo Aaje rang f = 2, Te je f cySMep3uja U JIOKaJIHH [ude-
oMopdur3am. A

Totio10wmKo cmewinare je XoMeoMopdr3aM Ha HeTrOBY CIIMKY. EKCIUIUITUTHH]e pe-
UeHO, y IIUTay je IIpecauKaBame f: M — N Koje 1aje xoMeoMopdusaM UsMel)y TOI10J10-
IIKUX IpocTtopa M u f(M), the f(M) C N HOCU peJIaTUBHY TOIIOJIOTHjY HacieheHy u3 N.
Kao 1oceiuiia, CBaKo TOIIOJIOIIKO CMeINTamke je HHjeKTUBHO U HEeIIPeKU/IHO.

Cmewinare (embedding) ninu yaaiare je Mep3Hja Koja je Takolje TOIIOJIOIIKO CMe-
mrame. /[pyruM pedrMa, CMelllTalke je MHjeKTHBHA (IJIaTKa) UMepsHja Ydju TOMEH je
mudeomMopdaH BeHoj cauii. OBaj IocedaH caydaj UMepsyje je IPUINYHO BakKaH U OMO-
ryhaBa HaM J1a yBeZileMO I10jaM II0JIMHOTOCTPYKOCTH.

IIpumep 2.13. IIo TeopeMU 0 KOHCTAHTHOM paHIy CcBaka umepsyja f: M — N uMa Koop-

OUHAaTHY pelpeseHTanyjy y QopMu UHKIYy3Hje (X1, ...,Xm) — (X1,...,Xm,0,...,0). 3aT0 3a
CBaKo p € M nocrtoju okosiHa U C M oft p TakBa [1a je f|y CMelllTambe, IIITO 3HAYH Jla CBaKa
HMep3Hja jecTe JIOKaJIHO CMeIlTambe. A

IIpumep 2.14. Heka je f: M — N uHjeKTUBHaA uMep3uja. OAroBop Ha IIUTame /1a JH je f
CMeIIITare CBOJU Ce Ha IpoBepy Aa i je f~1: fIM) — M HellpeKumIHO. Y3 JOaTHU YCIIOB
Iia je f OTBOPEHO MJIU 3aTBOPEHO IIpeCiIuKaBame, TO je OUUIJIeTHO UCIIYHeHO. YKOJIUKO
je M KOMIIaKTHO, fje 3aTBopeHO (Jlema ), Te je cMeIlITawke. YKOIUKO je dimM = dim N
oHjIa je fmokanHu qudeomopdusam (Teopema @), Te je f OTBOPEHO U CAaMHM THUM CMe-
IITame. YA

IIpumep 2.15. [1aTKO Ipec/IvKaBame y: R — R? maro ca y(t) = (2, t3) je TOIOJIOIIKO CMe-
mrame. MeljyTuM, Hako jecTe UHjeKTUBHO, OHO HUje uMep3Huja 360r y’'(0) = 0, 0fHOCHO
rang,y = 0. A
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2.4. TIoAMHOrOCTPYKOCTH

IIpumep 2.16. ITocMaTpajMo IpecIvKaBame y: (—ir,77) — R? maTo ca y(t) = (sin 2t,sint).
Kako 3a cBako t € (—m,7m) umMaMo )'(t) # 0, IIpecIMKaBame ) je UHjeKTUBHA UMep3yja.
MehyTuM, meroBa ciauka {(x,y) € R? : x> = 4y?(1 — y?)} je KoMItakTaH cKym y R?, anu
KaKo IOMeH HUje KOMIIaKTaH TO y HHUje TOIIOJIOIIKO CMeIlTalke, a CAMUM TUM HUje HU
CMeIlTarbe. A

Ipumep 2.17. Hekaje y: R — T? = 8! x 81 ¢ C? = R* gamoTaBame Topyca JaTo ca
y(t) = (€7, 2™ — (cos 27tt, sin 277t, cos 27ict, sin 27ct),

3a HeKU vpalroHasiaH ¢ € R\Q. Kako ce y’'(t) HUKaJ He IOHUIIITABA, ) je UMep3uja. Takohe
je ¥ MTHjeKTHUBHO jep y(tlé = y(ty) IOBJIAUU U t1 — ty € Z U C(t1 —ty) € Z, Te fodujaMo t; = t.
Ha ocHOBY /lupuxiieoBe? TeopeMe 0 allpoKCUMaIivju (Jlema ), 3a cBako € > 0 mocToje
I1eJI1 SPOjeBU M, n € 7 TaKBHU Jia je |cn —m| < €. Kako je ny>kvHa 1y>Ku Kpaha oz, Kpy>KHOT
JIyKa UMaMo

‘V(n) o V(O)| _ |(e2m'n782nicn) - (1, 1)‘ _ ’eZHicn - eZm’m’ < 2n|cn - m‘ < 27'[8,

Te je y(0) Tauka HaroMuiIaBamwa of y(Z). Mehytum, Z Hema Tadyaka HaroMujIaBamwa y R
IIITO JI0Ka3yje /1a y Huje xoMeoMopdU3aM Ha CBOjy CJIHUKY ) (R), Te y HUje CMeIllTambe.

Jpyru aprymeHr je fa y(R) HHje JIOKaJIHO ITyTHO II0Be3aH jep y KyIVIKL UMaMo IIpedpo-
JBO MHOTO IIapaJieIHUX IIpaBUX KoOje je CeHYajy, Of] KOjUX je cBaKa 3a cede (JI0KasHa)
KOMIIOHEHTa IIyTHe II0Be3aHOCTH.

Tpehu aprymeHT je fa cIMKa CMelllTalba He MOKe SUTHU IyCTa, JOK HUje TEeIlIKO I10-
KasaTH ja je civka y(R) rycra y T2. Heka je f: M — N cMellTame Koje HHUje cySMepsHja.
TeopeMa 0 KOHCTaHTHOM paHry faaje kapty (V, ) Ha N, rze je P = VN fiM) # () TakBO Ja
BaKH 1(P) C R™ x {0}. MehyTHM, 0HIa OTBOPEH CKYII L (1(V) N (R™ x (R™\ {0}))) Te>Ku
y V u He ceue P, Te f(M) HUje IyCcT y N. A

2.4 IIogMHOTrOCTPYKOCTH

MHore I103HaTe MHOTOCTPYKOCTH IIPUPOJHO Ce jaB/bajy Kao II0CKYIIOBU APYTUX MHO-
TOCTPYKOCTH. I'pyS0 roBopehw, II0JMHOTOCTPYKOCT HeEKe MHOTOCTPYKOCTH M je IO CKYII
P C M xoju ¥Ma COIICTBEHY CTPYKTYPY MHOTOCTPYKOCTH. Ta CTPyKTypa cTuYe ce U3 M
IIPeKo oiToBapajyhe MHKIIy3Hje Koja UMa HeKe Jjierie 0codrHe. IIogmMHOTIoCIupyKocin o
MHOTOCTPYKOCTU M je mojcKyn P C M Koju je MHOTOCTPYKOCT TaKBa Jja je oarosapajyha
UHKJIy3Hja +: P — M cMernrame. /[akie, IIOAMHOTOCTPYKOCT UMa peJIaTUBHY TOIIOJIOTHjY
HaceheHy 13 MHOTOCTPYKOCTH Koja je caip>Ky U IJIaTKy CTPYKTYPY Y OZHOCY Ha Kojy je
UHKJIy3Uja CMellTambe.

AKo je P mOIMHOTOCTPYKOCT off, M, Tazia je M améujeHiuHa mHolociupyKociu 3a P,
IOK je pa3nuka guMeHsyja dim M — dim P kogumen3uja of, P y M. [IofMHOTOCTPYKOCT

Peter Gustav Lejeune Dirichlet (1805-1859), HeMauKu MaTeMaTHUap
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lnaBa 2. TaHreHTHW NPOCTOPU 1 Npec/iMKaBaha

KomyMeHsHje 1 30BeMo xuiiepiiogpui. HartoMeHMMO J1a 3a 0BaKO iepHUHMICaAHe II0JMHO-
TOCTPYKOCTH HEKH ayTOPH KOPUCTe H3pase cmeuwtiieHa liogMHolociupyKkocii u pety-
AapHa llogmHolociupyKkociu. YV pejlakCHpaHUjoj BapUjaHTH KaJia je oaroBapajyha uH-
KiIysHja ¢: P — M uMmep3uja (He HY>KHO CMellITamke), Ka’keMo [1a je P fioinolisbeHa iog-
MHolociupyKociu.

IIpumep 2.18. V IIpumepy CMO TI0KAa3aJIH /ia je MHKIy3Hja »: 8" — R™1 rmaTka. OBor
IIyTa 3sTOAHUje je KOPUCTUTH 06HUYHe IIpojeKnyje us [IprumMepa , I7le je KoOpAUHaTHa
pelpeseHTalllja HUHK/Iy3Hje faTa ca

’LO(D:T:il(yl,... 7yn) = (yla"'?yiflvj:\/l _y% - _yrzlayiv"- >yn)>

Te JakoSujeBa MaTPHUIIA CaJPIKU N X N UAEHTUUKY II0AMaTPHILY, OfaKie je Tp: MHjeKTHUB-
HO 3a CBakKo p € §". /lakJie, : je HHjeKTUBHA UMepP3Hja, [I0K je S KoMIIaKTaH (3aTBOPEH U
orpa"uyeH y R"*1), Te je » cMemrrame 110 Ilpumepy ﬁ, oJlaKJIe cienu fa je S" mogMHoO-
TOCTPYKOCT o7 R+, A

IIpumep 2.19. [ToAMHOTOCTPYKOCTH KOgUMeH3Hje 0 MHOTOCTPYKOCTH M Cy TaAYHO OTBO-
PeHe IIOZMHOTOCTPYKOCTH 07 M. AKo je U C M 0TBOpeHa II0JJMHOTOCTPYKOCT Ca MHKJIY3HU-
joM+: U — M, Tazia je OUUIJIEHO fa je : cMellTame (U MMa peslaTUBHY TOIIOJIOTH]Y, 0K
je KoopJArHaTHa pelpe3eHTaIyja off + UIeHTUYKO), Kao U fa je KoguMmeHsHja 0, OHOCHO
dim U = dim M. OépaTHo, ako je :: U — M cMellITawe ca KoguMeH3HjoM 0, OHO je UMep3U-
ja, aJii ¥ cydMeps3Hja, Te 110 TeopemMu @ OHO je JIoKaJIHU frudeoMopdrsam, U3 yera cjiegu
Ia je U OTBOpEH IIOACKYII o1 M. A

[ToAMHOTOCTPYKOCTH YeCTO Ha/Ia3UMO y KOJIOMEHY HEKOT CMeIlTakha, 0 YeMY TOBOPH
HapeJHa TeopeMa.

Teopema 2.11. Ako je f: M — N cmewiuarse usmehy mHolociipykoctuu, iaga je P = f(M)
ca peaaitituHOM WOU0A0TUjOM WOUONA0WKA MHOIOCUPYKOCTIL U UMA jegUHCTUEEHY TAATUKY
ClpyKinypy ca Kojom uociuaje iogmHolocupykociu og N twako ga je f gugpeomopgpusam
usmehy M u P.

Jokas. Kako je f cMmelTame, O0HO je XoMmeoMopdusam usMel)y M u P. CBakoj kapTu (U, @)
Ha M nopmesbyjemo kapty (f(U), p of 1) Ha P, mTo ofpeljyje jefUHCTBEHY IJIATKY CTPYKTYPY
TaKBY 7ia je foarosapajyhu gudpeomopdusam ([Ipumep ). UHKI1y3uja P — N je KOMIIO-
suryja fo f~1 mudeomopdusma f~1: P — M u cMmernrama f: M — N, Te je CMeIITakbe, IIITO
3HA4H /ia je P IIOAMHOTOCTPYKOCT of, N. O

IIpumep 2.20. 3a HeKO QUKCUpPAHO p € N, IpecaukaBame f: M — M x N fgaTo ca
fix) = (x,p) je cMeluTamwe, Te je Kpumka M x {p} IIOZMHOTOCTPYKOCT of M x N Koja je
mudeomopdHa ca M. A

IIpumep 2.21. Heka cy M 1 N MHOTOCTPYKOCTH, a f: U — N Iy1aTko 3a oTBopeH U C M.
Taga je rpa¢uk I'(f) = {(x,y) e M x N : x € U,y = f(x)} mogMHOrocTpykoct ox M x N.
[IpecivkaBamwe y: U — M x N gato ca y(x) = (x,f(x)) je matko u Baxku y(U) = T'(f). U3
oy = 1y cneru Ty o Txy = 1,y 38 CBako x € U, Te je Txy UHjeKTHUBHO, a Y UMep3Hja.
UuBep3 of y: U — I(f) je HEIIPEKUTHO 7Ty (1, TE je y XoMeoMopdusam, ozakie je I'(f)
IIOAMHOI'OCTPYKOCT of M x N nudpeomopodHa ca U. A

HcrocTaBiba ce [ja Cy CBe IIOJMHOTIOCTPYKOCTH 3allpaB0 KPHILIKe, IIITO HAC JOBOJAU /10
HapezHe TeopeMe Koja IIpeficTaB/ba aJITepHAaTUBHY (M 3aIIpaBo Hajuemrhy) neUHULII]Y
II0MHOTOCTPYKOCTH.

Teopema 2.12. Ako je P iogMHOTOCIUPYKOCI gUMeH3Uje n 0g MHolociupykoctuu M, oHga 3a
c8aKy mauky p € P tioctuoju kapiua (V, )y p € M wnaxkea gaje Y(VNP) = (V)N (R"™ x {0}).
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Jokas. Axo je P C M IIOAMHOTOCTPYKOCT JTUMeH3Hje n, TO je MHKIy3Huja ¢: P — M cMme-
mrame. Kako je « mMep3yja, 110 TeopeMH 0 KOHCTaHTHOM paHry (Teopema ) 3a IIpou-
3BOJBHO p € P mocroje Kapte, (U, @) nentpupanay p € Pu (V,¢) nenrpupaa y p € M,
Tako ffaje U= o(U) CVHYor00 Y (Xq,...,Xn) = (X1,...,Xn,0,...,0). Kako je 2 TOITOJIOIIKO
cMelTame, a U C P 0TBOpeH, I10CcTOju 0TBOpeH W C M TakasB zia je U = W N P. AKo ca
: R™ — R" 0deJie)KMO IIPOjeKIHjy Ha IIPBUX n KoopauHarta, umaMo ¢(U) = o Y(U),
Teje C = P (R \ 9(U)) x {0}) C V 3aTBOpeH JUCjyHKTaH ca U. AKO | peCTpUKyjeMO Ha
oTBopeH V; = VN W)\ C, godujamo Y(V1 NP) =y(U\ C) = Y(U) = (V7)) N (R™ x {0}), Te je
(V1,¢¥ly,) kapTa y p € M Koja 3a/10B0JbaBa TPA’KEHHU YCJIOB. O

Kapre (V,¢) Ha M 3a Koje Baxku Y(VNP) = Y(V) N (R" x {0}) cy Kpuwka Kapiue ajai-
THpaHe 3a HOACKYII P C M 1 OHe IPUPOJHO HHAYKY]Y n-fuMeH3noHe KapTe (VN P, p) Ha
Pcayp = mo ¢, rme je m: R™ — R" mpojekiiyja Ha IIPBUX n KOOpAHHATA. AKo je (U, @)
Apyra KpHuIlika Kapra Ha M ¥ ¢p = 7T o ¢, HMaMO @p o lpgl = 1o (Qo ¢*1) oy, ITe je
J(X1,...,Xn) = (X1,...,Xn,0,...,0), IIITO je IJIATKO Ka0 KOMIIO3UIIHja IJIaATKUX IIpecaIuKa-
Bama. YKOJIMKO Y CBAKOj TaUKHU p € P IIOCTOjU KpHIIIKA KapTa, OH/la UHAYKOBaHe KapTe
yyHe IJIaJlaK aTjac 3a P, a jacHO je /1a IIpeKo wera P 1o6Uja peslaTUBHY TOIIOJIOTH]Y OF,
M. KoopayHaTHa pelrpeseHTaniyja UHKIysHje 1: P — Mje oo gb;l = j LITO je IJaT-
KO, IOK JakodHjeBa MaTpHIla CaAp>KU N X N ULeHTUUYKY [IOAMaTpPHULLy, Te je : UMep3Hja, a
II0CJIEIUYHO U CMellTakbe.

Jlakiie, KpHIIIKa KapTe Ha P MHAYKY]y IIPUPOJAH aTjiac ca KojuM P 11ocTaje IIogMHOTO-
CTpyKOCT off, M. MeljyTum, HcIiocTaB/ba Ce /ia je KOMILJIETaH aTJac II0JMHOTOCTPYKOCTH
jeIHO3Ha4yHO ofpeljeH.

Teopema 2.13. Heka je M mHoloctupykociti, P C M un € N. AKo 3a ceako p € P tioctioju
kapiua (V,y)y p € M inaxkea ga je Y(VNP) = (V) N (R" x {0}), oHga Gocitioju jeguHClligeH
KomuetiaH atuaac 3a P ca kojum tiociiaje iogMHoloctupyKocit og M gumeHsuje n.

Jlokas. Heka je P IIOMHOTOCTPYKOCT o7 M Koja ce cacTOju O CKyIa P 1 HeKOT JpyTor
aTyIaca Tako Jia je HHKIy3Hja i: P — M cMemTambe. Ta HHKIy3Hja IPIIHMKOM PeCTPHK-
IUje KojoMeHa Ha P = 7(P) mocraje i1: P < P, The je 1047 = 7. Kako je 7] HEIIPeKUIHO
(xomeoMopdr3aM jep je 7 cMernTame), a Yp oy o 9L = 7o (P 070 ¢~ 1) IIATKO 32 KAPTY
(U,p) Ha P ¥ KpHIITKA KapTy (V,¥) Ha M Koja UHAYKYje KapTy (VN P, Yp) Ha P, TO je ¢ IJIaT-
Ko 110 Jlemu . Kaxko 3a p € P Baxku Tpr = Tp1 0 Tpiy, a Tyt ¥ Tpe Cy HHjEeKTHBHA, OHJZIA je
TaKBO U Tpiq, IITO 3HAYH [1a je 1 UMep3uja. MehyTum 3dor dim P = dim P oHo je JoKaJHH
mudeomopdrsam, a Kako je dujekiyja, oHza je u qudeoMopdrsam, IIITO 3HAYH J1a PuP
HMMajy UCTH KOMILJIeTaH IIaflaK atJiac. O

Teopema IIpOHaJIa3y IIOJIMHOTOCTPYKOCTH Y KOJOMEHY IVIaTKOT IIpecarKaBama,
aJI MO>KeMO UX IPUMETHUTH U Y IOMEHY, jep Cy y IpaKCH II0AMHOTOCTPYKOCTH Hajuernrhe
IIpUKasaHe Kao CKYII pelllerkha jefHaYNHA WIN CUCTeMa jeJHadHa.

Teopema 2.14. Ako je f: M — N Laatuxo ltipecaukagarse KOHCIWAHIMHOL paHla r, waga je sa
ceako q < f(M), ckyi Hueoa P = f~1(q) iiogmHoloctipykociti og M KogumeHsuje r.
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lnaBa 2. TaHreHTHW NPOCTOPU 1 Npec/iMKaBaha

Jokas. Ilo TeopeMHu 0 KOHCTaHTHOM PaHIy, 3a CBaKo p € P rocToju KapTa (U, ¢) IleHTpHU-
paHayp € Muxkapra (V,¢) neHrpupaHa y q = f(p) € N, Tako ja fy 0fHOCY Ha BbUX UMa
perrpeseHTartyjy odauka P o fo @ 1(Xq, ..., Xr, Xpi1, ..., Xm) = (X1,...,Xr,0,...,0). Kako je
OUNP)={(X1,....Xm) € @(U) : xy =--- =Xr =0} = @(U) N ({0} x R™T), TO TeopeMa@
3aBpIaBa J10Kas. O

ITocedHO, aKo je fU3 IIpeTXOJHEe TeopeMe CySMep3Hja, TO je CKYII HUBOA II0AMHOIOCTPY-
KOCT KopMeHsHje dim N. 3a Tauky p € M Ka>keMo 7ia je pelyaapHa iauka axo je T,f cy-
PjeKTUBHO, JOK Y CYIIPOTHOM Ka>KeMOo JIa je Kpuillu4Ha ma4kKa. 3a Tauky q € N Ka>keMo
1ia je pelyaapHa épegHOCIL aKO H-eHa MHBEP3Ha CJIHKa f~1(q) cafp Ky camMo peryJiapHe
tauke. CKyIIl HUBOA [~ 1(q) je pelyaapaH cKyil HU8oa aKo je g peryaapHa BPeJIHOCT Of f.

Teopema 2.15. Ceaxu pelyiapaH CKyl HU80a L1ailikol Upecauxkasara usmeny mHolociupy-
KoCiliu je 0gMHOIOCIUPYKOCI HuUja je KoguMeH3Uja jegHaka gumMeH3uju KOgoMeHd.

Joka3. Heka je f: M — N I1aTKo Ipec/JIHKaBam€e 1 HeKa je g € N perysapHa BpegHocT. [1o
Jlemu [7] ckyn U = {p € M : rang,f = dim N} je OTBOpeH Y M M CafipKu fY(q). Ogatre
je fly cydMepsuja, Te je f~1(q) mogmHorocTpykoct of U mo Teopemu . Komrmosunyja
cMenrTama f~1(q) — U — M je Takole cMellITame, IIITO f0Kasyje TBpheme. O

Mpumep 2.22. Axo je pyHKIHja f: R™1\ {0} — R mata ca fixy,...,Xni1) = X3 + -+ + x,le,
Tazia je f cydMepsuja Te je 8" = f~1(1) mogMHOTOCTPYKOCT Off R™! mumenswje n. A

Ipumep 2.23. PasMOTPHUMO MOACKYII M = {(x : y : z) € RP? : xy = z?} C RP? Koju je
IIpe cBera J05po AeduHucaH jep (tx)(ty) = (tz)? 3a t # 0 BayKH aKO M CaMo aKo je xy = z2.

Takolje, J1aKo je IPUMeTHTH fa je f: RP? — R 106po gepHHUCAHO ca
2

vy Y2

oy 2) = e

Te i@ je M = f~1(0). V pBoj KapTH MMaMo IAaTKO fo 971 (x,y) = (x — ¥?)/(1 + x* +y?) ca
JakodujeBoM MaTpPUIIOM

—1y/ _ (AP pyP)—2x(x=y?)  =2y(14xP4yH)-2y(x=y?) | _ (1=xX*4y* 4207 —2y(14+x4xP)
(fo (p1 ) (X7y) - < (1+X2+y2)2 (1+X2+y2)2 ) - ( (14x2+y2)2 (1+X2+y2)2 ) ’

ITO je paHra 1 ocuMm 3ay = 0 1 x = +1, ofHOCHO 3a Tauke (1: +1:0) ¢ M.V npyroj KapTu
uMaMmo fo @, (x,y) = (X —y?)/(1+x? +y?), ca CAMETPHYHUM pe3ynTaToM. Y Tpehoj KapTu
MIMaMOo IJIaTKO fo 93 (x,y) = (xy — 1)/(1 + x? +y?) ca JakoSHjeBOM MaTPHUI[OM

2 2 2 2 2 3 2 3
(Fo 31y (xy) = (MEERIt) sl o) _ (sbosit spated)
IIITO je paHTa 1 0CHM 3a perierse cCucTeMa y+2x—x2y+y® = 0 u x+2y—xy?+x3 = 0. AKO IIpBy
jemHaYMHY ITOMHOKHMO €a X, a IPYTY ca y U casepeMo, 1osujamo 2(x% + xy + y?) = 0, 1mrro
je moryhe camo 3a x =y = 0 xoje oaroBapa tauku (0 : 0 : 1) ¢ M. /lakuie, fje cydMep3sHja,
OCHM Yy TPH KOHKpPETHe TauKe Koje He IIpUIIaZiajy M, a y cBakoM ciay4dajy M je peryjapHu
CKYII HUBOA U 3aTO ITOJIMHOTOCTPYKOCT Off RP?, A

HcriocTaBsba ce ia Y CBaKOj TAYKHU PETYJIAPHOT CKyIla HUBOA IMaMO JIETIO PACTaBJ/bakbe
TaHTe€HTHOT IIPOCTOpa.

Jlema 2.16. Ako je P pelyaapaH cKyil HUgoa liaitikol upecaukasara f: M — N, aga 3a
ceaxo p € P eaxcu TP = Ker Tpf.

Jlokas. Heka je +: P = f~1(q) — M mpupoaHa uHKIy3Hja. Kako je fIp = fo 2+ KOHCTaHTHO
jemHako q € N godujaMo Tpf o Tpr = Tpflp = 0, ogakie je Tpy(TpP) < Ker Tpf < TpM. IIoT-
rpocTop TpP uMa UCTy JUMeH3H]y Kao Ker Tpf, Te MOKeMO 3aK/bYUHTH /ia Cy jeIHAKH IIPU
IIPUPOJHOj HAeHTHOUKALMH Tpo(TpP) = TpP. O
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2.5. BekTopcka nosba

KoHITeNIT ToIMHOTOCTPYKOCTH HaM oMoryhaBa /la IJIaTKOM ITpecIHKaBamy usMel)y
MHOTOCTPYKOCTH PECTPHUKYjeMO JOMEH MM KOJJOMEH Ha HhUXOBEe ITOJIMHOTOCTPYKOCTH,
IIpu yeMy he pecTpHUKIIFja ocTaTU iaTka. HapaBHO, 32 peCTPUKITH]Y IOMeHa TO je 0UU-
IJIeTHO jep IMaMOo KOMITIO3HIIH]jY IJIaTKOT IIpec/IMKaBakha U MHKIY3Hje Koja je CMeIlTarbe.

Teopema 2.17. Heka je f: M — N Liailiko Upecauxkasarse, a P tiogmHolociupyKkocii og N,
OHga je pectupuxkuyuja f: M — P iiakohe traituka.

/Jloka3. Axo je fi: M — P mocMaTpaHa peCcTpHUKIH]ja, OHJIA je f = 10 f1, THE je I/IHKJIYSI/Ija
1: P — N cMerntarse. Koop/iHAaTHA perpeseHTanuja Ppofj o1 = mohofo ! je miaTka
3a kapty (U, ¢) Ha M u Kpuiika xapty (V, ) Ha N Koja MHAYKYyje KapTy (Vﬂ P, Yp) Ha P,
OK je fi HEIIpeKUIHO jep je : XoMeoMopdHr3aM Ha CBOjy CJIMKY. 3aTO je fi IJ1aTKo I10 JleMu
O

2.5 BekxTopcKa moJ/bpa

Y 0CHOBH, BEKTOPCKO I10/b€ Ha MHOTOCTPYKOCTH M je IIpecivKaBame p — X(p) Koje
CBaKoOj TauKH p € M iofie/byje TAaHTeHTHH BeKTop X(p) € TpM. Kako >KeJIMMO Jia TO JoJe-
JbUBam-€ Sy/ie IJIAaTKO JIOK p Bapupa y M, IIOTPeSHO je /la CBe TaHreHTHe IIpocTope Tp,M
3a p € M OKyIIMMO Y jeJMHCTBeHY 3ajeJHUYKYy MHOTOCTPYKOCT. TaHIeHIIHO pacaojerse
MHOTOCTPYKOCTU M je IUCjyHKTHA YHUja TAHTeHTHUX IIPOCTOpa o M,

™ = | | TpM = [ ({p} x TpM) = | J{(0.X) : X € TyM}.
peM peM pEM

EjleMeHT TaHTeHTHOT pacjojerma TM M0>KeMOo CXBaTUTHU Kao ypeheH map (p, X), Ihe je
p Tauka U3 M, a X TaHTeHTHU BeKTOp Ha M y p. TaHTeHTHO pacJjiojeme [0JIa3y y IIaKeTy ca
IIPUPOSHOM IIpojeKkijoM i7: TM — M peduHHCcaHOM ca 77(p,X) = p, KOja CBaKU TaHIeHT-
HH BeKTOp U3 TpM I1aj/be Y ¥er0By OCHOBHY Tauky p. HalloMeHHMO [1a je YecTO IIOr0JHO
nap (p,X) € TM uileHTUGUKOBATH Ca TAHTeHTHUM BeKTOpoM X € T,M, a BIaKHO 71~ 1(p)
ca TpM.

KesmmmMo fa op ckyria TM HaIllpaBUMO MHOTOCTPYKOCT, OJHOCHO IIPUPOSHO O/IeIUMO
magak atiac. Heka je (U, @) kapTa Ha M ca KOOpAWHATHUM QYHKIIMjaMa X; = 77; o ¢. 3a
p € U o Jlemu P.6 Basku TpU = TpM, Te je TU = | pey TpU = |pey TpM C TM. TaHTeHTHU
BeKTOp X € TpM y p € U je jeAMHCTBeHa JIMHeapHa KoMSHHarmja X = > 1 ; X(x;)(0;)p, IITO
Hac MOTHBHIIIE JIa IIOCTABUMO IpecrKaBame ¢: 71 H(U) = TU — @(U) x R" C R* ca

o(p.X) = (x1(p), - - Xn(p), X(X1), ..., X(Xn)). (2.4)
OBako leGUHHUCAHO @ je SHjeKITHja ca HHBEP30M

(7)_1(g0(p),/\17~-’ (p Z <8Xl> )

Heka cy (U, @) u (V, ) kapTe Ha M, Taga Ha TM nuMamo ozaroBapajyhe kapte (TU, @) u
(TV, l,b) CxynoBu ¢(TUN TV) = q)(Um V) xR'u lp(TUm TV) = ¢(UNV) x R" cy OTBOpeHU Y
R2", 0K 3a ITpeCIHKaBame Po @ : (UNV) x R — h(UN V) x R" BaxkH

Bo6 )OP). A, An (P > (%) )

:<w<p>,éai<axi> (o). Zﬂ( ) WW)

e o)) o)) §op Mmoo (p_l))(co(p))>7

o7t} OTt;
i=1

|
—~
<

[e)
aS)
\/H
)
=
=



lnaBa 2. TaHreHTHW NPOCTOPU 1 Npec/iMKaBaha

Te je 3aTO0 I1aTKo. Ha 0Baj HaUWH OpUTHHAIHU aTiiac 3a M MHAYKYje I1afak atac 3a TM.

Kako M uMa 1pedpojusB 1ogatiac, oHgarammMa u TM. 3a X € T,M u'Y € TyM 1pe je
p # q (uHa4e pajgu Jlema @) II0CTOje TPUBHjaIHO carjlacHe KapTe,pype Muyyqe M,
Te @ U ) ©UMajy JUCjYHKTHE JIOMeHe KOju pa3/iBajajy Tauke (p,X) " (q,Y), IIITO 0Ka3yje
XaycmopdoB yciIoB. 350r Tora TAHIeHTHO pacojerse TM ca HHAYKOBAaHUM aTjIacoOM jecTe
IJIaTKa MHOTOCTPYKOCT JUMeH3Hje 2.

Ceuerbe TAHTEHTHOT paciojema TM je cBako IIpeciiuKaBame X: M — TM 3a KOje BaKU
moX = 1y, rhe je m: TM — M npupojHa IIpojeKiyja. BeKiliopcKo 1o/6e Ha MHOTOCTPY-
KOCTH M je IJIaTKO Ceuere TaHTeHTHOI paciojera TM, OLHOCHO IVIaTKO IIpeC/IMKaBame
X: M — TM Koje cBaKoj Ta4uKu p € M nofie/byje TAHTeHTHU BEKTOP X, = X(p) € TpM. CKym
CBUX BEKTOPCKUX I10/ba HA MHOTOCTPYKOCTHU M odestesxkaBamo ca X(M).

Heka je (U, @) kapTa Ha M ca KOOpAWHAaTHUM QYHKIIMjaMa X; = 77; o @. Taza ceueme
X: M — TM viMa KOOpPAHHATHY perpeseHTaujy ¢ o X o ¢~ 1: ¢(U) — ¢@(U) x R™ Koja ce
3axBaJbyjyhu (@) MO’Ke U3pasutH ca ¢(p) — (@(p),Xp(x1),...,Xp(xn)) 3a p € U. CBaKo
ceueme X MOXKe ce IIOCMaTpaTH Kao IIpecjarKaBame Koje IJ1aTKoj] yHKIMjU f € F(M) mo-
nesbyje QyHKIHMjy Xf: M — R ofpeheny ca (Xf)(p) = Xp(f) Tama je Xp(x;) = (Xx;o9~')(9(p)),
omaksIe 3a v € ¢(U) uMaMo

(§0Xog™)(V) = (v,Xx1 0971 (V),..., Xxn 0 9~L (1)), 25)

Te je ceuere X IJIaTKO Ha U aKo U caMO aKo Ccy Xx; IyiaTke pyHKIHje 3a 1 < i< n.

3a cBako 1 < i < n feUHHUIIIEMO -TO KOOPGUHATUHO 8€KIMOPCKO losbe 0;: U — TU
ca 9i(p) = (0;)p, a KaKo je d;(Xj): p — (9;)p(X;) = 6;73a cBaKo 1 < j < n, TO je 9;(X;) € F(U), Te
UMaMo 0; € X(U) ka0 OCHOBHHU IIpUMeP BEKTOPCKOT I10/ba.

3a f € §(M), KoopAMHAaTHAa pelpe3eHTaryja of d;f je 1aTka QyHKITHja

8) po 0o )
p

Of o 97': 9(p) <8xl- o (@P):

ofaxJie ciienu O;f € F(U), BoK y Tauku p € U 3a ceuerbe X: M — TM uMaMo

X)) = Xp(f) = (prm) (5¢) >f= > %00 2 p) = (Z(an;{) ).
i=1 t/'p i=1 ! !

O/laKJIe Ha KOOPAMHATHO] OKOJIUHU U 106ujaMo
n
Xf=> " (Xx)f.
i=1

VKoymko je X € X(M), cedeme je IJIaTKO, Te UMaMo IJIaTKe XX;, ofakiie je Xf IJiaTko
Ha U, a Kako TO BaKH 3a CBaKy Kapry, fodujaMo Xf € F(M). CBaka IojefuHavyHa QyHK-
nuja X, : §(M) — R je nupepeHIrparse y p, Te he ce suHeapHOCT U JIajSHUI[OBOCT je/HO-
CTaBHO IIPOAYKUTH Ha IJIaTKO ceuyewe X: §F(M) — §(M). JIajdHUIIOBOCT 110 TauKaMa Jiaje
X(fh) = fiXh) + h(Xf) 3a cBako f, h € F(M), a ako je X 0AATHO U JINHEapHO, Ka>keMo Jia je X
gudepenuuparse, a [OKasaau CMO 1a CBaKO BEKTOPCKO I10J/be jecTe JUupepeHIIUpabe.

O6patHo, cBako fudepeHIupame X: §(M) — F(M) uHAYKyje qudpepeHIIUpabe y Tau-
KU p € M, Te je ca Xp(f) = (Xf)(p) 3a f € F(M) medrHmcaH TaHI€HTHH BEKTOP y p, a Ca-
MUM TUM U CeUele TAaHTeHTHOT paciaojewma X: M — TM. Kako y cBakoj KapTH (U, ¢) BaXKu
Xi = mio @ € §(U), 1o je Xx; € F(U), Te U3 (@) BHU/IMMO [1a je TO Cceueme IVIaTKOo Ha U,
a caMHUM TUM U Ha niesioM M. To KoMILIeTHpa [[0Kas [la BeKTOpCKa I10J/ba UMajy AyalHy
IIPUPOLY KOjy BUAUMO Y HapeJHOj TeOpeMH.

Teopema 2.18. JudepeHyuparba Ha MHOIOCIUPYKOCIUU Cy WAYHO L1AlKA CeHera HeHOl
WAHIeHIHOL pacaojersa.
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2.5. BekTopcka nosba

OcHOBHe onepalyje Ha X(M) yBOJAUMO Ha IIPUPOIaH HAaUWH. Cadupame U MHOXKEH€
ckaysiapoM, (aX + BY)(h) = a(X(h)) + B(Y(h)) 3a X,Y € X(M), a,B € R, h € (M), uuHe [a
X(M) 11ocTaHe BEKTOPCKHU IIpocTop Haz R. /lofaTHO, BEKTOPCKO I10Jb€ MOYKe Ce MHOKUTHU
ca f € §(M) nipeko jegHakoctH (fX)(h) = fX(h), koja yuHU fa X(M) dyme MOAysI Hafx IIp-
cTeHOM §(M). V ckiiamy ca yBeJJeHUM ollepalriyjaMa, aHaJaorHo ¢opmyau (2.1), rodujamo
pasJiarame IIPOMU3BOJ/FHOT BEKTOPCKOT I10Jba IIPEK0 KOOPJUHATHUX BEKTOPCKUX I10JbA Y
HEKOj KapTy,

& 9

ITpumep 2.24. Ako je V € T,M npour3Bo/baH TAHT€HTHH BEKTOP MHOTOCTPYKOCTH M > p,
TaJja II0CTOjH BEKTOPCKO I10Jbe X € X(M) TakBo fia je X, = V. 3dopoM Heke KapTe (U, @)
y p € M podujaMo KoopAWHaTHe QYHKIIHUje U oATrOBapajyhe dasHe TaHIreHTHe BeKTOpe.
Kako V = >, v;(9;)p Baku 3a Heke v; = V(X;) € R, To MoskeMo febpunHmcat Y € X(U) ca
Y =", v;0;, ra ducmo podunu Y, = V. Ilo Jlemu noctoju b € §(M) noxp>kaHa y U 3a
Kojyje b(p) = 1. Ako gedpunuiemo X = bYHa Uu X = 0 Ha M\ supp(b) nodujamo X € X (M)
U BaXXu X, = b(p)Yp = V. A

MHOXXeBe BeKTOPCKUX IToJka X, Y € X(M) yBogumo ca (XY)(h) = X(Y(h)) 3a h € F(M),
IIITO je O4yuIIeHO R-irHeapHOo. MeljyTtuMm, us JIajoHUIIOBOCTH 3a X U Y T06HUjaMO

XY(fh) = X(Y(fh)) = X(fYh + hYf) = fX(Yh) + (Xf)(Yh) + hX(Y]) + (Xh)(Y)).

[Ta>Xx/bUBUM ITOCMAaTpameM IIpeTXoaHe GopMyJie, youaBaMo [iBa UiaHa ,,BUIKa“, (Xf)(Yh)
U (Xh)(Yf). Kako y ommreMm caydajy HeMa pasJiora fia ce OHM Mel)ycodHO IToHUITe, XY
HeMa JIajoHUITOBOCT, Te HUje HU BEKTOPCKO Ilo/be. MeljyTuM, T T0JaTHU YWIAHOBU CYy
cuMeTpUYHHU 10 X U Y, a mokparuhe ce ako uspagyyHaMmo YX(fh) u oxysmemo ox XY(fh).
Jaxie, XY — YX nocenyje JIajoHUIIOBOCT U CAMUM THM jeCTe BEKTOPCKO I10Jb€, KOje 30BEMO
Komyinaiuop v Jlujeea 3aipaga u odesexaBamo ca (X, Y] = XY — YX € X(M).

KomyTaTop Ha X(M) IpUPOJHO II0Cefyje HeKe Jlelle ocoduHe. 113 came fnebUHUIM]je
crenu aHTucuMeTpyja [Y, X] = —[X, Y], LOK JIMHeapHOCT BEKTOPCKUX I10/ba JUPEKTHO II0-
BJIauM R-duymHeapHoCT [aX + BY,Z] = a[X,Z] + B]Y,.Z| u X, aY + BZ] = a[X, Y| + B[X,Z] 3a
a,pcRuXY,ZecXx(M).

MelyTuM, HaKo KOMYTaTOp jecTe R-dMIHeapaH OH HUje §(M)-duirHeapaH. Kako 3a
X, Ye X(M)uf, h e §M)numamo X(fY(h)) = fXY(h) + (Xf)(Yh), To nodujamo KopucHY pop-
MyJIy

X(fY) = XY + (Xf)Y,

M3 Koje JIJaKO MOKeMO HU3pauyyHaTH
[fX, hY] = fh[X, Y] + f(Xh)Y — h(Y )X. (2.6)
JoI11I jeTHO J1eTI0 CBOjCTBO BEKTOPCKUX I10JbA je Jakodujee ugeHimuiuein,
X, Y, Z)) + [Y, [Z.X]] + [Z,[X. Y]] = 0, 2.7)

Koju Baku 3a cBe X, Y, Z € X(M), IITO ce MO>Ke JIaKO ITPOBEPUTH, UJIH II0Ka3aTHU IIPUMEHOM
Jeme 3a rnogasiredpy X(M) anredpe CBUX JIMHeapHUX eHpoMopdusama End(F(M))
BEKTOPCKOT mpocTopa §(M) Hag nosbeM R.

Jujeea aatedpa (Hafg R) je BEKTOPCKU IIPOCTOP Haf R onpeMsbeH R-SUIMHEapHOM
aHTUCUMETPUYHOM OIlepaliyjoM [—, —] KOja 3a/l0BOJ/baBa JaKoSoHjeB UleHTUTeT. Kako Bek-
TOPCKa I10Jha Ha MPOKU3BOJbHOj MHOTOCTPYKOCTH M II0Ce[yjy CBe HaBeJleHe 0COSHHE, MO-
’keMo pehu f1a je X(M) JIujeBa airedpa.
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IIpumep 2.25. OfpeauMO CBa BEeKTOPCKa mojba V € X(R?) 3a Koja BaKu
0 0
— =V=|V,—]|.
-7

IbHMXO0B OIINTH 08JIMK je V = adx+boy, Tre cy a = a(X,y) ub = b(x,y) HeKe IJIaTKe QyHKIIH]e.
V3 mOYeTHUX yCJI0BA LOSUjaMO

b
8;(((18)( + bay) - (aax + bay)ax = g?(ax + gxay - aax + bay,
oa ob

U3 da/ox = aje a = fly)e*, nok u3 ob/0x = b ciegu b = h(y)e*. U3 —da/dy = a “MaMo
—f(y) = fly), Te je fly) = Ce™Y, nok u3s —ob/dy = b ciegu —h'(y) = h(y), ofakie cienu
h(y) = De™. OmaBpe nodujamo a = Ce* Y u b = De*Y 3a Heke KoHCcTaHTe C 1 D. TpakeHa
BEKTOPCKa I10Jba Cy 0dirKa V = e¥ Y (Cox+Doy), rie cy C 1 D IPpOU3BO/bHE KOHCTaHTe. A

IIpumep 2.26. Kako HUsmejajy KoopJUHaTHa BEKTOPCKA I10Jba /90X U 0/Jy Y TI0JIJapHUM
KOOpAWHAaTaMa, faTuM ca X = rcosf,y =rsinf3ar > 0, -7 < 0 < 7? /lUpeKkTaH padyyH
HaM Jaje
0 X0 O 0D g0 O XD NI 00 o
ar — or ox + aray - cos@ax +sm08y, 90 — 96 9x + 200y ~ rsm@ax +rC0898y'
Matpuila KoedpuliyjeHara je JakodSujeBa MaTpHUIla IIpOMeHe KOOpAUHAaTa, a U3 leHOT UH-
Bepsa

cos@ -—rsinf _1_1 rcos@ rsin0
sinf rcos6 ~ r\-sinf cosf )’

nodujamMo
0 o 1. .0 0 .0 1 0
&_cosea—;smeﬁ, @_smeaJr;cosG%.

A

Ba’xHO je UMaTH y BUAY [ia je KOMyTaTOop CBY/a jefHAK HYJIN Y /IBa CIIellHjaIHa cayda-
ja. Y IpBOM CiIy4dajy, Kao Imocjaefulia anTucumerpuje [X, X] = 0 Baku 3a cBako X € X(M).
IpyTH cily4aj TUYe ce KOOPAWHAaTHUX BeKTOPCKUX I10/ba U3 UCTe KapTe (U, ¢). [Tapriyjast-
HU U3BO/JHU IVIATKUX QYHKIIH]ja CY UCTH Y SHMJI0 KOM pefloCiIeny,

2 -1 -1
O _ 0 0, 0 (ofeet) N_ 9 (0feeH o),
8Xl'8Xj OX; 5‘)(] 0X; 87'[] ort; 87'[]
2 -1 2 -1 2
_9(foo )O(pza(fw >O¢: F
87'[1'871']' 6ﬂj8ni 8X]'8Xi
OflaKJie ciaemu
0o 0
a—xi,a—xj =0. (2.8)
IIpumep 2.27. TlocMaTpajMo ABa BEKTOPCKa IoJba y R,
0 B 9, 0
X‘ﬁ u Y_(1+X)8y'
PauyH fiaje
Xy =(1 +x2)8—2 road w ovx= (1 +X2)872
N X0y ay N ayox’
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2.5. BekTopcka nosba

oJlaKJIe 108ujaMo
X, Y| =XY-YX= ZXQ.
dy
Jla 1u je moryhe npoHahu HOBe KoopauHare (u,v) = f(x,y) TakBe Ja cy X 1 Y a1 Koop-
OUHAaTHa BEKTOPCKa I10Jba 0/0u ¥ 0/0v? IIpuMeTHMO Jia CY BeKTOPCKa I1o/ba X U Y CByZa
JIMHeapHO He3aBHUCHA, aJId TO HUje T0BOJbHO 05po. 13 (2.8) 3a KoopAHMHaTHA BEKTOPCKa
I10Jba BaXku [0/0u, d/0v] = 0, Tako Ja je OATOBOP HeraTUBaH. A

IIpumep 2.28. IIOHOBHMO IIPETXOJHH IIPHMEP 3a BEKTOPCKaA I10/ba y R? Ha 0TBOpEHOM
IOACKyIy T7e je xy > 0,
X 0 0 0
= yox + 3y’ Y= 2\/@5.

JlMpeKTaH pauyH II0Kasyje fa cy U XY u YX jegHaku 2/x/y(0/0X) ILJIyC HEKU IPYI'H U3BOLU
KOje He MOpaMo Jla pauyyHaMo jep yHaIIpeJ 3HaMo /ia he SUTH UCTH, ofiakiie je (X, Y] = 0.

OBoOr myTa UMa CMUCJIA TPAKUTU IIPOMeHy KOOpAWHATa X = X(U, V), y = y(U, V) 3a KOjy
je IOTpeSHO HaMeCTUTH

X0, 0 0 _xo o
yox 9y © Ou  ouox oudy
0 o oxo ayd

VYo =Y = T avax Tavay’

OoJlaKJie caeau
15)¢ X al _q 15)¢ B

9y _
ouy v =0

Toou %_2\/@’ v

Hajmpe BuauMo fa je y = u + C 3a HeKy KoHCTaHTy C. 3aTuM, 0x/x = du/(u+ C) maje
x = (u+ Of(v). Bame je (u+ C)f (v) = 24/(u+ O)ftv)(u+ C), omakie f(v) = +2,/f(v), Te
V/f = £V + Const, ogHOCHO f = (v + D)? 3a HeKy KoHCTaHTy D. /lakie, 3a IPOU3BOJbHE
KoHcTauTe C U D, mpoMeHa koopauHaTa X = (u + C)(v + D)2,y = u + C mgaje X = 9/0u,
Y = 0/0v u nodéujamo MO3SUTHUBAH OAT0BOP. A

IIpumep 2.29. PasMOTPUMO UCTO IIUTaKe Kao paHuje, OBOT IIyTa y CIy4ajy BeKTOPCKUX

110Jba
0 d 0 0
X=X——-y—, Y=Xx—+4y—.
Xay “Yox Xox 7Y%
HaxkoH 11170 ycTaHOBUMO J1a je [X, Y] = 0, M0>KeMO yBeCTH I10JIapHe KOOpAUHATe X = ' oS 6,
y =rsin6, mro je fodpo gepunucaHo 3ar > 0, —7 < 6 < 7. Taza HaM payyH jaje

o _oxo w0 _xo yo 1, o _oxo o _ o 0
or —orox oray rox ray r 88 o8ox  00ay  ox oy

Mo>keMO yBeCTH HOBY IIpOMeHY KOOpJAUHATa ca p = f(r), IIpu yeMy dyBaMo 6 Kao Apyry
KOOP/JHHATY, TAKO /1a 06HjeMO KeJbeHH 0dJIUK Y = 0/0p. Kako je

o 9p 9 9

noTpedHo HaM je f(r) = 1/r, ogHocHO f(r) = Inr + Const, ogakJie je r = CeP 1 IpoMeHa
KoopauHara mwiacu x = CeP cos 0, y = CeP sin 0, 3a 1ipon3Bo/bHY KOHCTAHTY C > 0. A
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2.6 I/106a/IHO TAHT€HTHO Npec/IUKaBame

Heka je f: M — N 1J1aTKo IIpecIrKaBambe u3Mel)y MHOTOCTPYKOCTH M U N. AKO 0djeiu-
HUMO TaHT'eHTHa IIpec/JIruKaBama of /'y CBUM TauKaMa U3 M, o0d1jaMo Iy106aIHO feprHU-
CaHo IIpec/JHKaBame H3sMel)y TaHIreHTHHX paciojema, If: TM — TN 1ze je Tf(X),) = Tpf(Xp)
3a cBako X, € Tp,M. OBako sedHHHCAHO IIpecjHKaBame If 30BeMO 1106a1HO WAaH-
leHIUHO TipecauKkaearse, a HEeroBa PeCcTPUKIIMja Ha CBAKU Off TAHTEHTHUX IIPOCTOpA
Tp,M C TM je yupaBO TaHI€HTHO IIpecIuKaBame Tpf.

[7106a/1HO TAaHTeHTHO IIpec/JrKaBame Tf rypa TaHreHTHH BeKTop X € TpM u3 foMeH
MHOTOCTPYKOCTH Y TAHI'€HTHH BEKTOP M3 KOJOMeH MHOIOCTPYKOCTH f,(X) = Tpf(X) Ko-
ju HasuBaMo lyparse (pushforward) on X. T'ypame BeKTOpa X M0>KeMO 0deJjiekaBaTH ca
Tpf(X), Tf(X) unu f,(X) y 3aBUCHOCTH 0] TOra Ha Koje Be3e YKeJIMMO /ia YKaKeMo, Te /ia JIA
JKeJIMMO /la HaIJIaCUMO OCHOBHY TauKy p = 77(X). [IppMeTHMO /1a 3a KAaHOHCKe IIPO0jeKIiHje
TaHTeHTHUX paciojewma ity : TM — M uny: TN — N BaKu ouuriefHa Besa nmyo If = fory,.

™ -7, N

an lnN

MTN

Teopema 2.19. [1106a1HO TWAHIEHIUHO UpecauKasarse je L1ailkKo.

Jokas. 3atmaTko f: M — N U IIPOU3BOJBHO p € M 1octojukapta (U, ¢) yp € M cax; = mjoQ
1<j<m=dimM) uxkapra (V,§)yfip) e Ncay; = mjotp (1 < i< n = dimN), rze je
flU) C Vtako 1a je Y o fo ¢! mratko. 3a ogrosapajyhe xapre (TU, @) Ha TM u (TV, ¢) Ha
TN ouurnegHo Baxxu Tf(TU) C TV. KoopAHATHY pelipe3eHTalyjy

YoTfod ' : (U) x R™ = h(V) x R"

IJI06a/THOT TAHTeHTHOT IIpec/ruKaBamwa Tf pauyHamo Kopuctehu popmysry (),
YoTfod ' Ay Am) = (Yo T ,m)t
($o1fod ) (9(p) M1 )= (¥ o 1) (p > (ax,> )
~ i 0 7 = " oWiof)
= A; — = A;
i (f(p)’jz; ’T"f(axj)p) v (f(p)’.z 12 or P )(8yl> )

mn o ofJo -1 mn o ofo -1
(<wofo¢1><¢<p>>,ZAja(”1 Vol (o)), 3 Ao Yol o0 ><¢<p>)),

67‘[]-

IIITO je IJIaTKO jep je TakBo Y o fo ¢~ 1, omakiie ciaequ aa je Tf IIaTKo. O

AKo je f: M — N KOHCTaHTHO IIpec/JIMKaBame oHja u3 [IpuMmepa uMaMo Tpf = 0
3a CBakKo p € M, te Baxku Tf = 0. IlITaBullle, Ba)Ku U 06part, ajid OUEeKUBAaHO CaMO Ha
KOMIIOHeHTaMa I10Be3aHOCTH.

Jema 2.20. Heka je f: M — N Laatuko Upecauxkasaree usmeny tiogesaHe MHOIOCIUpyKOCU
M u mHoloctupyxkocitiu N. AKo je 106a1HO aHleHuHO tUpecauxkasare Tf: TM — TN jegHa-
KO Hy/AU OH(ga je f KOHCIUAaHIUHO.

/Jokas. Kao u paHuje, 3a IIpOU3BOJBHO p € M dupamo Kapty (U,9)yp € Muxkapty (V,9)y
flp) € Ncaf(U) C VTako zia je o fo ¢! rmaTko. Ako Tf = 0 IPUMEHMMO Ha KOOPIHUHATHE
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2.6. TnodanHo TaHreHTHO Npec/nKaBamwe

BeKTope u3 TyM, To U3 popMmyie (@) IodujamMo

dyiof) O(mio(Yofop™))

an 87Tj

(@) =

(9(q) =0,

sacBak0 q € U,1<j<dimMmu1l <i<dimN. Ogaszie je Y o fo ¢~ KOHCTAHTHO Ha HEKO]
KYIJIU OKO @(p), Te je f KOHCTaHTHO Ha HEeKOj ITI0Be3aH0j OKOJIMHU TauKe p, 3a CBaKO p € M.
ITocMmatpajmo saTBopeH ckyl Q = f~1({f(q)}) Koju camp Ky HeKy PUKCHpPaHy Tauky q € M.
Kaxko cBaka Tauka U3 Q 1Ma [10Be3aHy OKOJIMHY Ha K0joj je fKOHCTaHTHO, TO je Q OTBOPEH.
JemuHU HenpasaH 3aTBOPEH U OTBOPEH IIO/CKYII II0Be3aHOT IIpocTopa M je camo M, Te je
fKOHCTaHTHO Ha I1eJIoM M. O

Hexa je f: M — N Iy1aTKoO IIpecjIvKaBambe U3Mel)y MHOTOCTPYKOCTU M U N. AKo IIpu-
MEHHMMO IJIOSa/THO TAHTE€HTHO IIpec/JInKaBamke Ha BEKTOPCKO I1o/be X € X (M), cBaka Tay-
Ka p € M uma cBoj oaroBapajyhu Bexktop Tpf(Xp) € Typ N. MehyTuMm, y onmureM ciaydajy
0BaKO He [10d1jaM0 BEKTOPCKO I10/be Ha N. Ha mpuMep, ako f Huje CypjeKTUBHO Taza I10-
CTOjU IIP0O&JIeM KOjH BEKTOp A0oZeIUTHU TaukaMa u3 N \ f(M). Ca fipyre cTpaHe, aKo f HUje
HHjeKTUBHO UMaMo f(p) = f(q) 3a HeKe pa3IuuuTe Tauyke p,q € M, aau He IIOCTOjHU pa-
3JIOT 3aIITO 61 BeKTOPH Tpf(Xp) U Tof(X4), KOjU IIpHIIaZajy HUCTOM TaHI€HTHOM IIPOCTOPY
TipyN = Tfq)N, SUTH jeTHAKHL.

V cayuajy la BeKTopcka nmoska X € X(M) u Y € X(N) uMajy 0COSHHY J1a 3a CBaKo p € M
Baxku Tpf(Xp) = Yyp), 32 X U1 Y KakeMo f1a cy f-ee3aHa (f-related) u mumiemo X ~y Y. Kako
(X(hof)(p) = Xp(hof) = (TofiXp)) () 7 (Yh) o f)(p) = (YR)(f(p)) = Yyip)(h) Bk 32 p € M T
h € §(N), To ©tMaMO HapeJHO TBphemwe.

Jlema 2.21. Heka je f: M — N Laaitiko Upecauxkasarse usmely MHOIOCIUPYKOCTU U HEKA Cy
X € X(M)uY € X(N) sexiiopcka tosa. Taga X ~¢ Y 8asicu ako u camo ako X(hof) = (Yh)of
savcu 3a ceako h € F(N).

IIpumep 2.30. Heka je f: R — R? maro ca f(t) = (cost,sint) u X = d/dt € ¥(R). [IpupogHO
ce TIOCTaBJ/ba MIUTAKLE JIa JIU MOCToju Y € X(R?) TakBo fa je X ~r Y. 3a MIOTEHIHjaTHO
pememe Y = u(x,y)(9/0x) + v(x,y)(9/dy) mo ¢opmyiau (2.2) iMaMo

v Tf<d> 8cost<8> +8sint<8) sint<a> +cost<a)
= t _ = — _— _— = — _ _ s
) dt), ot \ox ), ot \ay) s ax ) ) s

Te HaM je IOTPeSHO U(cos t,sint) = —sint U v(cost, sint) = cos ¢, IIITO BaXKU 3a U(X,y) = —y
U V(X,y) = X, IIpA 4eMy 108H1jaMo pellerwne Y = —y(9/0x) + x(9/9y).

[TpuMeTHMO Jja HaKo f HUje CypjeKTUBHO, Pelllehe II0CTOjU jep YCIIOB U3 lepUHUIIMje
TPUBHjaJIHO BaKU 3a TauKe Koje HUCY y CIUIH f(R). MeljyTuM, Tpa’keHO BEKTOPCKO II0Jbe
Y Huje jeHO3HAUHO ofipel)eHo, Ha IIpuMep Y = —y(x? +y?)(9/9x) +x(x* +y?)(0/dy) Takohe
HCIIyE-aBa yCJI0Be 3a7aTKa. A

Teopema 2.22. Ako je f: M — N gugeomopgpuzam usmelhy mHolocitipykoctuu M u N, twaga
3a ceaxo X € X(M) tioctioju jeguHctigeHo Y € X(N) twaxeo ga je X ~¢ Y.

Jokas. Kaxo je f dujexipja, To CBaKoM q € N cirefnyje jequHCTBeHO Y = Tri1 o fiXp1(q)),
ITO AeduHuUIIe ceyerhe Y = TfoXof 1: N — TN, Koje je IJIaTKO Ka0 KOMITO3HIIHja IJIaTKUX
(Tfje rmatko o TeopemMu ), Teje Y € X(N). O

JemuHcTBEHO Y € X(N) U3 IIPETXO/IHE TeOpeMe 3a Koje je X ~y Y 30BeMo typarse (push-
forward) 3a fon X € X(M) u odesnexxaBaMo ca f.X. [lakie, f,.X € X(N) je nebuHHCAaHO CaMO
3a fudeomopdusme f: M — N 1 MOxe ce padyHaTH popMyIoM (fiX)q = Tf(Xr1(q)), AOK 11O
JemMu 3a cBako h € §(N) iMaMo

((LX)h) o f = X(hof). (2.9)
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KibyuHa cTBap y Be3u Be3aHHX BEKTOPCKUX I10J/ba je HhUX0Ba capajiiba y OZHOCY Ha
KOMYTaTOp, 0 UeMy T'OBOPH HapeJHa TeopeMa.

Teopema 2.23. Heka je f: M — N Laaiiko Gipecaukagarbe usmely mHolociipykoctuu M u
N. Ako 3a eexttiopcka tona X1,X, € X(M) u Yy,Y, € X(N) saxcu Xy ~r Y1 uXp ~5 Yo, OHga
eaxcu u [Xl,Xz] ~F [Yl, Yz].

JAokas. 13 Jleme 3a h € §(N) moxxemo pauyHaTu X1 Xy (hof) = X1 ((Yyh)of) = (Y1Y2(h))of
u X,X1(hof) = (Y2Y1(h)) of, Te je [X1, X](h 0@ (Y1Y2(h)) of — (Y2Y1(h)) o f = ([Y1, Y2]h) of.
/lokas 3aBpIllaBa IIOHOBHA IIpuMeHa Jleme , aJI1 Y CYIIPOTHOM CMepy. O

VKOJIUKO Yy IIPETXO0AHOj TeopeMU ItoctaBuUMO audeomopdusam f: M — N, Taza Kao
IIOC/IeIUITY UMaMo 1ia 3a Xq, X, € X (M) Baku Jieria Gopmysia

filX1, Xo] = [fi X1, fiXo]. (2.10)

2.7 3agamu

3amaraxk 2.1. Y morypaBHH M = {(x,y) € R? : y > 0} C R? je Tauka p € M JjaTa KOOpAUHA-

Tama (x,y) = (0,2). U3pasutu TaHreHTHH BeKTop TpM > X = 4(8%)11 - (%)p IIPEKO (%)p u

(&) » ¥ TIOJIAPHUM KOOP/{UHATaMa.

3amarax 2.2. [Tokasartu a je f: RP! — R maTo ca fix : y) = xy/(x* +y?) 105po repuHICaHO
U IJ1aTKO. OfipeIuTH MaKCUMYM Of f Ha RP! ako mocToju.

3agarak 2.3. /la ik je KOMIIO3HUIH]ja /IBa IIpecJIrKaBakha KOHCTaAHTHOT PaHra YBeK KOH-
CTaHTHOT paHra?

3agarak 2.4. /lokasaTH /ia ce IIPOM3BOJbHO IVIATKO IIpecIuKaBambe U3Mel)y MHOTOCTPYKO-
CTHU MOJKe paCcTaBUTU Ha KOMIIO3UIIM]jy CySMep3Hje U CMelllTama.

3apgarak 2.5. 3a Koje m,n € N 11ocToju cydMepsyja f: RP™ — 8™ Koja HUje CypjeKTUBHA?

3amarak 2.6. Hexka je f: RP! — RP"3an c Nmarocafix:y) = (x":x"ly:. .. .xy" 1.y,
JlokasaTH zia je f modpo nepUHMCAHO U UCIIUTATH Jia JIU je CMeIllTame.

3agarak 2.7. Heka je f: RP! x RP! — RP3 mato ca f((x : ), (z : W)) = (XZ : XW : yz : yw).
JlokasaTH 71a je f modpo redUHUCAHO U UCIIUTATH [ia JIU je f UMep3uja, CydMep3uja WiIn
CMeIlTambe.

3aparak 2.8. 3akojer € Rjeckym M = {(x,y,z) e R : X2 +y?> =1, x> + 22 = r?} c R
jerHOIMMeH3HMOHa IIOMHOTOCTPYKOCT Off R3?

Bamarak 2.9. /lokasaru jia je {(x:y: z) € RP? : xy = z?} MOJMHOTOCTPYKOCT 07 RP?.

3aparak 2.10. Jokasatu gaje M = {((x1 : ... : Xpg1), (Y1 ¢ --- : Ynu1)) € RP" x RP" :
Z?jll x;y; = 0} mogMHOTOCTPYKOCT Off, RP" x RP™ 1 ofipesuTH dim M.

3amaraxk 2.11. 3a MHOroCTpyKocT M = {(X,y) € R? : x > 0,y > 0} C R? ofipe[TUTH BEKTOP-
cKko I1oJbe V € X(M) ako je

9 _2x+y2
ay’ | T yr ox

0
an,V] = 0.

3agarak 2.12. Oxpeautu V € X(R?) 3a koje je [0x + X3y, [0x, V]] = 0 = [V, 9] Tako fa BaXkH
V0,00 = (9x)0,0) + (9y) (0,00 X V(1,1) = 3(9x)(1,1) + 3(Fy)(1,1)-
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2.7. 3agauu

3agarak 2.13. OfgpesuTH CBe KOHCTAHTe € € R 3a Koje X, Y € X(R; x R, ) mara ca

s, s, 0 s,
X=(x+ 1)a + (ylny+y)@ U Y= (2x+c)8—x +Xy@
I03B0JbaBajy IIPOMeHy KOOpP/HMHATA, TaKo /a X 1 Y I10CTajy KOOpAUHAaTHA BeKTOpPCKa II0-
Jba.

3aparax 2.14. OgpeiuTH peasiHe KOHCTAHTe d U € 38 KOje BeKTOpPCKa Imojba XU Yy R xR

maTa ca

0 0 0 0
X_xax+2yay u Y_aax+x oy

I03B0JbAaBAjy IPOMEHY KOOp/IMHATA, TaKo /Ia X U Y II0CTajy KoOopJUHAaTHA BEKTOpPCKA I10-
Jba, a 3aTUM HahU TaKBYy IIpOMeHy KOOP/IUHATA.

3aparaxk 2.15. Axo je f: D — f(D) pudeomopdusam aat ca (x,y) = f(r,0) = (rcos 8, rsin9),
pu uemy je D, fiD) c R?, uspauyHatu (f1),(dx).

3agarak 2.16. Heka je Q = {(x,y) € R? : x > 0,y > 0} oTBOpeHa IIOAMHOTOCTPYKOCT
ogR?>u f: Q — Q maro ca (u,v) = fix,y) = (xy,y/x). llokasaTtu ja je f nnhpeoMopdusaMm u
HU3padyHaTH f, (X0x +Yoy) U f.(Yx).

3aparak 2.17. Heka je f: R — RP? mato cafx.y) = (x :y: N uX = x5 —y 5 € X(R?).
KOJIMKO MMa BEKTOPCKHX I0Jba Y € X(RP?) TakBHX f1a je X ~¢ Y? 3alImcaTy HEKO pellerbe
(axo mmocToju) 3a Yy CBe TpU CTaHJapAHe KapTe.
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I'maBa 3

TEH30OPCKA PACJ/IOJEIHA U I10/BA

3.1 BexTopcka paciojema

TaHreHTHO pacjoje’ke MHOTOCTPYKOCTH UMa COIICTBEHY IIPUPOHY CTPYKTYpPY IJIaTKe
MHOT'OCTPYKOCTH, IIITO je KOHIIENIT KOj! MOKeMO YOIIIIITUTH. I'pydo roBopehu, BEeKTOPCKO
pacJiojeme je GaMuIrja BEKTOPCKUX IIPOCTOPA, 110 jeflaH 3a CBaKy OJf TauaKa MHOTOCTPY-
KOCTH, CJIeI/beHUX 3aje/JHO Ha HeKH IVIaJlaK HauKH.

Heka je n-MHOrocTpykocT M éasa pacaojera U Heka je bukcupaHo r € N paHl pa-
caojersa. TlocmaTpajMo GaMHUIHjy peaTHUX BEKTOPCKHUX IIPOCTOpa E, JUMeHsHje I' UH-
IeKCHpaHUX I10 TayKaMa p € M, Te HeKa je poCiiop pacaojersa

E=||Ep.

peM

IIpojexkuuja pacaojersa je IpupoHa Ipojeknyja 1: E — M geduHucaHa ca 7(v) = p 3a
v € Ep. Kapiia pacaojersa Ha E je ripeciukaBambe ¢: 711 (U) — ¢(U) x R” 3a Koje IoCTOjH
kapTa (U, ¢) Ha M Tako Jia ce ¢ 3a CBako p € U pecTpUKyje Ha IMHEApPHU H30MOpdU3aM

Plg,: Ep=m'(p) = {@(p)} x R" =~ R".

Ainnac pacaojersa je T1afiak atsac 3a E Koju ce cacToju off KapaTa paciojera Ha E. CBa-
KM aTJIac pacjojerma 3a E oapelhjyje komilieinaH aiinac pacaojera Koju ce CacTOjH Off
CBUX KapaTa pacJojema Koje Cy cayIiacHe ca CBUM KapTaMa pacjojera U3 JaTor atiaca.

Bekxiuopcko pacaojerse (U4 L1aUKO peaaHo 8eKillOPCKO pacaojerse) paHra r Haj
M je raTKa MHOTOCTPYKOCT AHUMEH3Hje N + I Kojy reHepulille cKyIl E ca (KOMILIETHHM)
aracoM pacJiojera 3a E. /loflaTHU TOIIOJIOIIKHU YCI0BU U3 e UHUILIY]e MHOTOCTPYKOCTH
ayTOMaTCKH ce IIpeHoce ca dase paciyojera M. Kako M mMMa IIpedpojuB IIofaTiIac, To U
aTJIac pacjojerma MMa IIPedojuB IoAaTIIac, ITO OIpaBAaBa IIpedpojuBy 6asy. AKo je x € Ep
ny € Eqg3ap # q(ci1y4aj p = q ogmax pemnasa Jlema [1.5), TO II0CTOje OTBOPEHHM IMCjYHKTHH
Vp,Vq C M Koju paszBajajy p € V, u q € Vy, Te n-1(Vy,) u m~1(Vy) pasaBajajy x 1y, mTo
nokasyje Xaycnop¢oB yCIIOB.

[Ipojekityja paciojewa 1: E — M je TIaTKO CYpjeKTHUBHO IIpecjIvuKaBambe y KOjeM ce
KpHje CyILITHHCKa UHPOpMaIiFja BEKTOPCKOT pacojerma, Te ce uecTo rmoucrosehyjy. Ha-
PaBHO, KaJ| He II0CTOjU OIIaCHOCT Off 3a0YyHe, JIaKIIIe je II0MCTOBETUTH BEKTOPCKO paciIo-
jeme ca ’eroBUM IIPOCTOPOM paciojema E.

KibyuHa ocoSHMHa KapTe pPacjIojerha @ je ia ce y TaukaMa p € U pecTpHKYje Ha JIHHeap-
HU n3oMopodusam usmelyy eaakuna E, = n-1(p) Hap p Koje moceyje CTPyKTypy peasHOT
BeKTOPCKOT IIpocTopa ¥ R”. Kao 1IT0O MHOTOCTPYKOCT M JIOKAJIHO JIMYU Ha OTBOPEH IIOJ-
CKyII o7t R", TO BEKTOPCKO paciojere E Hax M JIOKaJIHO JIMYU Ha IIPOU3BOJ; OTBOPEHOT
IOJICKyIIa o R™ ¥ BeKTOPCKOT IIpocTopa R'.
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3.1. BekTopcka pacnojemna

7)) —2 p(U) x BT

nl l”«»w)

U—"— o)

3a QyHKIM]y IIpeJsacka 17) o g?)_lz PUNV) xR = yYUNV) xR, e cy (U,p) u (V, )
ozroBapajyhe kapTe Ha M, ©IMaMO 7Ty yny) o Y o (o’l =poplo Ty(unv)> OJAKJIE Ce BUTH A
je PyHKIIM]ja IIpesiacka 08JIMKa

Yod ' (x,V) = (Yop h)X),T(X)V),

rreje7: o(UNV) — GL(r,R). OgaBe cienu a je 3a IIpOBepy caryiaCHOCTH KapaTa pacJio-
jerba IO0BOJpHO UCIUTATH IJIaTKONhy IIpecIMKaBamba 7.

IIpumep 3.1. TaHTeHTHO pacjojermhe N-MHOTOCTPYKOCTHU M je OCHOBHU IIpUMeEP BEKTOP-
CKOT pacyojema. 3a Kaprty (U, ¢) Ha M MOKeMO0 IToCMaTpaTH IJI06aJHO TaHTeHTHO IIpe-
cmukaBawe To: TU — To(U) = ¢(U) x R, Koje ce y TauKU p € U peCcTpUKYje Ha IMHeapHU
usomopdusam Tp@: TyU = TpM — Ty @(U) = R™. Ako je (V,§) Heka pyra Kapta Ha M,
TO UMaMo Tp o (Tpp)~1 = op) (Yo ¢~ 1), omaksIe ciefM carIacHOCT KapaTa pacjojerha
Ty o (To) 1 (x,v) = (Y o 0~ 1(x), Tx(¥ 0 9~ 1)(v)) jep JakoSHjeBa MaTPHUIIA IJIATKO 3aBUCH Off
x. [lakJie, IIpOM3BOJbAH IJIaJIaK aTsiac 3a M reHepHlile aTyiac paciaojewa 3a TM, te je TM
BEKTOPCKO pacyojelme paHra n Hajg M. IIpyuMeTUMO [1a U3 jefHOCTaBHOT payyHa

CJIe[i4 la KapTe paciojema T oarosapajy kaprama us (@) KOje CMO OpUTHHAJIHO YBeJIu
KaJ| cMO ZebHHMCaJIN TAHTEHTHO paciojeme. A

IIpumep 3.2. HajjemrHOCTaBHUjH, aJId CBaKaKO BaykaH IIpUMep BEKTOPCKOT pacJojema je
lipouseog pacaojerse, Koje I0CTOjU 3a IIPOU3BOJHHY N-MHOTOCTPYKOCT M U cBaKo r € N.
V nurtamy je MHOTOCTPYKOCT E = M x R" fUMeH3Hje n + r ca IPUPOLHOM IIPOjeKITHjOM
Ty M x R" — M, my(p,v) = p. IIpousBoj pacjiojere paHra r Hag M CBakoj TauKU p € M
fofie/byje BJIaKHO Ep, = n];[l(p) = {p} x R" =2 R’, moK Cy KapTe pacjojema ¢ x lgr, I7e Cy
@ KapTe Ha M. IToceSHo, rumuHAap S x R je IpoU3BOJ paciojerbe Haj KpyroM St mytem
mpojekIje g : 81 x R — St A

IIpumep 3.3. Heka je P IOAMHOTOCTPYKOCT MHOTOCTPYKOCTU M, U HeKa je 77: E — M Bek-
TOPCKO pacjojerse. Tajia je leroBa pecTPUKIMja 7p: 77~ (P) — P Takolje BEKTOPCKO pa-
cIojerse, odesteskaBaMo ra ca E|p = 71~ 1(P) 1 KaXkeMo [ia je peciipukuuja of E Ha P. AKo
je (U,p)kapTtayp € M, a (Up,pp) KapTay p € P TakBa fa je Up C U, Taia o UHAYKOBaHe
KapTe ¢ Ha E 1o6ujaMo HHAYKOBaHY KapTy @p Ha E|p ca

Op=((9po9~") x L) 0 @lr1(y,y: T (Up) = @p(Up) x R,
IOK je GyHKIIM]ja IIpeJiacka @ po (¢p)~! mIaTKa Ka0 KOMIIO3HUIHja IATKUX QYHKIHja. A
IIpumep 3.4. Heka cy ig: E — M ¥ mip: F — N BEeKTOPCKA pacJiojera paHra ry v ry, OHza
je BUXO0B /leKkapToB IPoU3BOJ E x F BEKTOPCKO pacjIojere paHra ry + ro Hag M x N, unje

je BJIAKHO ¥ (p,q) € M x N BeKTOPCKH IIpocTop Ep x Ej. A
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naBa 3. TeH30pcKa pacsiojera 1 rnosba

IIpumep 3.5. Heka je M MHOTOCTPYKOCT, & 7ig: E — M U mip: F — M BEKTOpCKa pacJojerma
paHra ry 4 r, Hag M. BuiiHujeea cyma“ on E u F je BEKTOPCKO paciojerse E & F Hax M
YHje je BJIAKHO y Ta4YKH p € M nupeKTHa cyMa Ep ® Fp, OZHOCHO

EoF= | |(Ep®Fp)
pEM

ca OYUIJIETHOM IIPOjeKIUjOM JT = JTg o JT1 = JTp o TT3. 38 CBAKO p € M moctoju KapTa (U, @)
y p € M u KapTe pacnoje}ba ¢: ;1 (U) — @(U) x R u @: 1 (U) — @(U) x R™2, ogaxie
nepunumremo ®: 71~ 1(U) — @(U) x Rtz ca ® = (¢ o 71, Tgry o @ o 711, Mg, © @ o 7T,). Heka
je¥w: m~1(V) = (V) x R"1"2 npyro TakBo SI/I]eKTI/IBHO IIpec/jruKaBame, rze je (V. ¢) kapra
y p € M. Ako pyHKITHjaMa IIpeJacka lP oQ~ 'n Y o ! ogroBapajy iaTka IpecauKaBaba
T1: (UNV) = GL(r,R) u 73: 9(UN V) — GL(ry,R), oHIa GyHKIHjK Ipeacka ¥ o 1
ojarosapa mnpeciaukasamwe 7: 9(UNV) — GL(ry + rp,R) 11e je 7(p) = 71(p) @ T2(p) 610K
IYjaroHajIHa MaTpHIia ca 71(p) U T (p) Ha JUjarOHaJIH, LIITO je IJIaTKO II0 p U loKasyje 1a
je E & F BeKTOPCKO pacJiojere Haxg M. A

Heka cy mmg: E — M U mip: F — N BeKTOpPCKa pacjojerna. 3a IJIaTKO IIpec/IiuKaBame
®: E — F KakeMO Jia je (1alak) xomomopgdusam pacaojera ako IoCTOjHU IIpecIuKa-
Bambe f: M — N Koje 3a/10BoJbaBa 7y o @ = fo 1) TaKBO a je pecTpuKIuja @[ : Ep — Fpy,)
JIMHeapHa Ha BJIAKHMMa 3a CBaKo p € M.V ToM ciIy4dajy Ka>keMo [1a je f da3Ho upecau-
Kaearse o1 P, kao u 1a P itokpuea f.

]
E—F
g TTp

MT>N

IIpumep 3.6. Axo je f: M — N IJIaTKO IIpec/JIMKaBamke HU3Mel)y MHOTOCTPYKOCTH M H N,
TaJia je IJI06aJTHO TaHTeHTHO mnpecaukaBamwe Tf: TM — TN xomomopdusaM paciiojerma
KOje IIOKpUBa f. A

VKoIMKO je XoMoMopousam paciojewsa @: E — F gomatHo nupeomMopousaM (caMuM
TUM je U f ntudeomopdusam), oHza 3a P KakeMo /1a je usomopgdusam pacaojersa.

H3omopousam paciojema : E — M x R" ca mIpou3BoJ, paciaojemeM U3 [Ipumepa
30Be ce pusujaauszauuja ox E, a ako mocToju, 0H/la 3a BEKTOPCKO pacjojemne E KakeMo
Ia je iMmipueujaaro. CBaka KapTa pacjojerma ¢ reGuHUIITe H30MOpdH3aM pacyojermha

(@~ x 1pr)o@: Ely=n"Y(U) —» UxR",

KOjU 30BEMO /A0Ka1Ha mpueujaausauuja ox E Hax U. HapaBHO, CBaKO BEKTOPCKO pa-
CJI0jerbe je JIOKAJIHO TPUBUjaIHO Y CMHUCILY [ia TPUBHjaIM3aliyja II0CTOjU HaJl HEKOM OKO-
JIMHOM CBaKe Tauke U3 dase. MeljyTuM, He MOKeMO OUYeKHUBaTH Jja JIOKaJIHa TPUBHUjaIU-
3aIfyja II0CTOj! 3a CBaKM IOACKyIl U C M, ajIk aKo ce TO [leCH, KakeMo Jia je pacjojeme
inipueujanno Hag U.

BaskaH crreriyjasiaH ciay4aj jaBjba ce KajJ cy U E U F BeKTOpCKa pacjojema Haf, UCTOM
MHOTOCTPYKOCTHU M. V TOM CJIy4ajy 3TOAHO je KOPUCUTH HEeIlITO PeCTPUKTUBHU]JY Aedu-
HUIY]jY Koja moapasyMmena f = 1. Xomomopgusam pacaojerwsa Hag M je xomoMopdu-
3aM pacJiojerma KOjUu IIOKpUBa UAeHTUYKO IIpecIuKaBame o1 M 1 yuja je peCTpUKIHja Ha
CBaKoO BJIAKHO JIMHeapHa. AKO II0CTOju XoMoMopdu3aM paciojera ®: E — F Haxg M Koju
je Takohje 1 usoMopdrsam paciojerwma, oHa je © usomopguszam pacaojera Hag M u
Ka’xeMo 1a cy E u F usomopgnu nag M.

'Hassler Whitney (1907-1989), aMepHUK: MaTeMaTH4ap
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3.2. TlokpeTHn penepun

3.2 IIokpeTHH penepH

Ceuerbe BeKTOPCKOT paciojewma i1: E — M Haj, 0TBOpeHUM cKyrioM U C M je Iipeciu-
KaBame 0: U — E TakBoO Jja je T o 0 = 1y. 3aT0 CBaKoOj TaykKu p € U, ceyeme o Jo/iesbyje
eJIeMeHT U3 BJIaKHa Ey. FI3pas ceuerse [0/I1a3H U3 TeOMETPHjCKe HHTEePIIPeTAIlHje CIHKe
o(U) C E Kojy BUAUMO Kao IO/CKYII IIPOCTOPa pacyiaojera E. OCHOBHU IIpUMeD cederna je
BEKTOPCKO I10J/b€ Ha MHOTOCTPYKOCTH M, IIITO je IJIaTKO Ceuere TAHTeHTHOT pacsojema
TM Hax M.

AKO je 0 IJIaTKO ceyere BeKTOPCKOT paciojewa 7: E — M, Tajfia 17 o 0 = 1), II0BJIa4YHU
UHjeKTUBHOCT 07 0 U T0, Te U3 HEIIPpeKUJHOCTH Of 7T CJIefU Jia je 0 CMellTamwe, a o(M)
II0JJMHOTOCTPYKOCT OJ E. ITocedHO, CBaK0O BEKTOPCKO pacjojere 103B0/baBa KAHOHCKO Ce-
Yyerhe KOje 30BEMO HY1a ceUerse, Koje CBaKoj TauKH p € M nofesbyje Hyia BeKTop 0 € Ep,
IIITO Jlaje IPUPOLHO cMelllTarbe M — E.

IIpumep 3.7. Ceuere IPOU3BOJ paciojewma My : M x R"™ — Mje o: M — M x R" Koje uMma
06K 0 = (1, f) 3a HeKo IIpecivKaBamwe f: M — R’, Te je 0 IJIaTKO aK0O M CaMO aKo je
fTmaTko. 3aTo je IJIaTKO cevuere IIPON3BO/ MHOTOCTPYKOCTH paHra r HaJ, M CYIITHHCKHA
jeHaKo IJIaTKOM IIpecjuKaBawy f: M — R'. A

CKyIl CBUX IVIaTKUX cedewa off E Hapy U C M osHauaBamo ca I'(U,E), ok ako je U = M
KOpHuCTHUMO 03HaKy I'(E) = I'(M, E). IlpumeTumo fa je ckyil I'(U, E) BeKTOPCKH IIPOCTOP
HaJ Ry 0fHOCY Ha cadupare U MHOKeHe CKaJlapoM KOjH Cy fleQMHHCAHU 110 TaYKaMa ca
(c101+¢€202)(p) = €101(p)+C202(p) 3a 01,02 € I'(U,E), ¢1,c, € Rup € U.Kaoy cay4dajy Bex-
TOopckux nosba X(U) = I'(TU) = T'(U, TM), t71aTKa cedyersa o7 E MOTY Ce MHOKHUTHU IJIaATKUM
¢yukimjama f € §(U) ca (fo)(p) = f(p)o(p), Te je T (U, E) mopysn Haz nipcteHoM §(U).

Heka je M MHOTOCTPYKOCT JUMeH3Hje n, a U C M HeKHU leH 0TBOPEH II0ACKYIL. ITocMma-
TpajMoO BEKTOPCKO paciojewe i1: E — M paHra r. JIokaaHu GioKpeiHu peiiep 3a E Hafx
U je ypeheHa r-topka (04, ...,0r) IMIaATKUX ceuewa Hax U (o; € T(U,E)3a 1l < i < r) Ta-
KBa Jla BEKTOPH 01 (P), . .., 0r(p) YKHe da3y BlaKHa Ey 3a cBako p € U. [locedHO, JTOKaJTHH
IIOKpeTHH peliep 3a E Hag M 30BeMO 1106a1HU TiIOKpeiuHu petiep 3a E.

Hajuenrhe je rocMaTpaHO BeKTOPCKO pacjiojerhe dalll TAHTeHTHO paciiojewme (E = TM),
Te Taza 3a IIOKpeTHe peliepe 3a TM xKa>keMO Ja Cy UOKpeiluHU peliepu MHOIOCIpPYKO-
ciuu M. /[pyruM peyrMa, JIOKaJIHU ITIOKPeTHH pelrep MHOToCTpyKocTU M Haz U je ypeljeHa
M-TOpKa BEKTOPCKUX I10/ba Ha U uuje BpeJHOCTU y CBaKOj TauKU p € U uuHe 6a3y TaH-
TeHTHOT IIpocTopa TpM. 3a MHOTOCTPYKOCT KOja /{03BOJbaBa IJI0SAJHU IIOKPETHH perep
Ka’keMo [1a je lapaaneau3saduiHa.

IIpumep 3.8. Axo je (U, @) Ipou3BO/bHA KapTa MHOTOCTPYKOCTH M, a X; = 7T; o ) OLTO-
Bapajyhe koopauHaTHe QyHKIIMje, TaZla KOOPAHUHATHA BEKTOPCKA I10/ba YHUHE JIOKaJIHU

IIOKPEeTHU pellep MHOTOCTPYKOCTH
o9 9
oxy’ 7 Oxp

Haz U 1 30BeMO I'a KOOpguHailitHU loKpetHu petiep. HapaBHO, CBaka TauKa MHOTOCTPY-
KOCTH MMa OKOJIMHY HaJi KOjOM IIOCTOjU TaKaB JIOKaJIHU IIOKPeTHHU peliep. KoopauHaTHA
BeKTOpPCKa I10/ba Y OKBUPY HeKe KapTe oMoryhaBajy /fia ce BeKTOpPCKa I10Jba HU3pase Ha
3rojaH HaYMH. A
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naBa 3. TeH30pcKa pacsiojera 1 rnosba

IIpumep 3.9. CtaHmapaHa 6asa (eq,...,e:)3aR" ca E;(p) = (p,e;)3al <i<rupe M naje
IJI06aJIHU ITOKpeTHU periep (Eq,. .., Er) 3a IPOU3BOJ paciojerse M x R, A

IIpumep 3.10. Heka je 7: E — M BEKTOPCKO pacjojere paHra r. JlJokajgHa TpUBHjaIHu3a-
nmja ®: 77 1(U) — U x R" ox E Hag U C M TeHepHIIle IOKAJTHU IOKPETHH pellep 3aCHOBaH
Ha IIpumepy B.9, rie feduuumemo g; = @ 1o E;: U+ Esal <i<r. Kakojenm = myo®
HMMaMo 1o d; = To ® 1o E; = myo E; = 1y, Te je 0; ceuerbe, a OHO je IJIaTKO jep je ® audeo-
Mopo¢usaM. Kako ce @ pectpukyje y usomoppusam u ®oo; = E;, To je (01, . .., Or) JIOKATHHA
IOKpeTHU pernep 3a E Hax U 1 Ka)keMo Jia je Taj IOKPeTHU pernep ogloeapajyhu 3a ©.

YU —2— UxR’

OdpaTHo, ako je (01, ...,0r) JOKaJIHU IIOKPeTHHU pellep 3a E Hax U, OH/a je IIpecIuKa-
Bame @: 17 1(U) — U x R" gato ca ®(3°}_; 4;0:(p)) = (P, A1,...,Ar) 3a cBaKo p € U, JTIoKaIHA
TpuBHjanusaiyja ox E Hax U. A

N3 1IpeTX0/IHOT IIpHMepa BUAMMO [ je eT3UCTeHIIH]ja JIOKaJIHOT IIOKPETHOT perepa 3a
E Han U eKBUBaJIEHTHA Ca eT3UCTEHIIN]0M JIOKaJIHe TpUBUjaau3sanyje Hazg U. Kao mmocie-
ITUIly UMaMO HapeJHy TeopeMy.

Teopema 3.1. Bekilopcko pacaojerse E Hag MHoloctupyKociuu M je ipusujaHo ako u camo
ako uoctnoju t1odaHu uokpeitiHu peuep 3a E Hag M. IIoceSHO, aHleHIiHO pacaojerbe TM
je lipusujasnHo ako u camo axko je MHoloctupykocitu M iapaneausaduiHa.

IIpumep 3.11. MHOroCcTpyKoCT M JUMeH3Hje n ca atjiacoM oJf caMo jeHe Kapte {(M, @)}
HMH/YKyje IPUPOLHY II05aIHy TPUBHjaIU3aujy (¢~ 1 x 1gn) o ¢: TM — M x R", omakie
CJIe[IV [1a je TAHTeHTHO paciojerse TM TpUBHjaIHO, @ CaMa MHOTOCTPYKOCT M I1apaJiesiu-
3aduIIHa. A

IIpumep 3.12. Heka je G JIujeBa rpyna ca HeyTpasioM e € G. ITocmaTpajMo f: Gx TG — TG
sagaro ca f(p,X) = (TeLp)(X), Tm€ je Ly: G — G nudeomopdusam geduHmcaH ca Ly(q) = pq.
Taja je mpecaukaBame f~! I1oSajHa TPUBHjaIM3aIiija Kao nrudeomopdusam usmely TG
UG x T,G = G x RIMC Te je cBaka JInjeBa IpyIa IapajiersasuIHa. A

Heka je 7: E — M BeKTOPCKO paciiojewe. ITogpacaojere op E je moackyt D C E TakaB
[la je pecTpUKIHja 7|p: D — M BeKTOPCKO pacijojeme, a HHKIy3Hja +: D — E XOMOMOP-
¢usam paciojerma Hag M. [locedHo, guciupudyuuja Ha M je IoApaciojerke TAHTeHTHOT
pacJiojema, a lberoBa JUMeHsHja je paHr TOT IIoApaciojema. HapeaHa TeopeMa HaM [faje
KpPUTEPHjyM 3a IIPOBepPY [ia JIU YHUja HeKUX II0TIIPOCTOPa YUHU I10/[paciojeme.

Teopema 3.2. Heka je E 8eKlllOpCKO pacaojere Hag MHolociupykoctuu M u tipetitioctuagu-
MO ga 3a céako p € M umamo K-gumeH3UuoHuU auHeapHu uotutpociuop D, C Ey. Taga je
D = |pemDp .g E aogpQCAOJerbe og E axko u camo ako ceaka wadka us M uma OKOAUHY
U C M Hag Kojom Toctitioju 10KaHU UoKpetiHu petiep 3a D.

Joxa3. Kopuctumo IIpumep U Be3y HU3Mel)y JIOKaJIHUX TpUBHjaJIr3alyja 1 JOKal-
HUX IIOKPeTHUX peliepa. AKo je D Iofipaciiojere OHZA JIOKaJIHa TPUBUjaInU3alidja JIaKo
Ilaje TpakeHU JIOKaJIHU IIOKpPeTHU peliep 3a D. Ca apyre cTpaHe, Heka je (01,...,0k) JIO-
KaJIHU IIOKPeTHHU pellep 3a D HaJy HEKUM OTBOPEHUM II0[ICKYIIOM KOjU CafpXu p € M.
Mo>KkeMo ra JoIIyHHUTH 10 JIOKaJIHOT IIOKPeTHOT pellepa (01, . . ., 0r) 3a E Haj HEKOM OKOJIU-
HOM U of p. Taj Ji0KaJTHU IIOKPETHU pelep je 0AroBapajyh 3a JiokaJaHy TPUBUjaJIu3aLujy
®: 7171(U) — U x R" koja je gedpunucana ca ®(>.1_; 4;0i(q)) = (q, A1, . .., Ar). MehyTum, ®
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3.3. BekTopcka rnosba Ha chepu

masbe D N 1~ 1(U) y moackytr {(q,A1,...,Ax,0,...,0): q € U;Ay,..., Ak € R} C U x R, mmrT0
je mogMHOTrocTpyKOCT. IllTaBuIIe, MpeciukaBambe W: DN 1 (U) — U x RK gepunucano
ca W(Eﬁ‘zl Ai0i(q)) = (q, A1, ..., A) je JIOKaJIHa TpuUBHjanusanyja ox D, Te je D BEKTOPCKO
paciojeme. O

ITIpeTioctaBUMO J1a Cy 7ig: E — M U mip: F — M BeKTOpCKa paciojesbaugaje d: E— F
xXoMoMopdur3am paciaojerma Hag M. PaHnl o @ y TauKu p € M je paHT JIMHeapHOT IIpecu-
KaBama (I)[Ep, Te YKOJIUKO je OH HMCTH 3a CBaKo p € M KaxeMo 7jla ¢ UMa KOHCILaHIuaH
pani. ledpuHuinumo 1nogckyrnose Ker® CEuIm® C Fca

Ker® = | |Ker(®z,) u Im®= | | Im(®[g).
peM peEM

Kako Bi1akHa pacijojema CByJa UMajy UCTy AuMeH3Hjy, fa 6u Ker @ u Im @ Suuiu mmozgpa-
CJI0jera, HeOIXO0HO je a ¢ mMa KOHCTaHTaH paHT. MeljyTuM, BaKH ¥ 06part, Kao IIITOo ce
MO’Ke BHJIETH U3 HapeJHe TeopeMe Koja HaM oMoryhasa Jja 1o6H1jeM0 HOBa II0pacoje-
wa (Bugetu Jlu [81, Teopema 10.34]).

Teopema 3.3. Heka cy E u F geKiiopcka pacaojera Hag MHolociupykociuu M u HeKka je
®: E — F xomomopgdusam pacaojerba Hag M. Ako ® uma KoHcIlaHTilaH paHl, oHga je Ker @
uogpacaojerse og E, a Im ® tiogpacnojerse og F.

JAokas. IIpeTrnocTaBUMO a ¢ ©Ma KOHCTaHTAH paHr p. 3a IIPOU3BOJBHO p € M MOXKeMO
HU3adpaTH JIOKaJIHU IIOKPETHHU pellep (01, ..., 0r) 38 E Hag okoaiuHOM U > p. IIpecinkaBa-
waPoog;: U— F3al <1< rcymarka ceuewma of F Hag U. Kako Ta ceyema pasanumy
(Im @) |7, MOKEMO IIPEeTIIOCTaBUTHU (HAKOH IIITO UCIIPEeMeIlITaMO HH/IeKCe YKOJIHKO je I10-
TPeSHO) fa eeMeHTH @ o 01(p), ..., P o 0p(p) 4uHe dasy 3a Im(P|[f, ). U3 HENIPEeKUAHOCTH
OHM 0CTajy JIMHeapHO He3aBUCHU y HEKOj OKOJIMHU V 5 p, Te je 360T KOHCTaHTHOT paH-
ra (®ooq,...,9o00,) IOKaJIHU IIOKPEeTHHU pelrep 3a Im @ Hax V, mto gokasyje aa je Im @
nogpaciojeme ox F.

[TocMmaTpajmo mozpaciojeme Ey C Efy pasallHyTo ca d1,...,0,. Kako je XomomMop¢u-
3aM paciojersa @[, : Eg — (Im @) [ dujeKTUBaH OH je H30MOpdH3aM paciiojemna. ledrHH-
muMo xomoMmopdusaM pacinojera W: Ejy — Efyca® =1 —(P [EO)—l o ® nma SUCMO BUEIN
naje ®o¥ = 0 kako Ha Ej, Tako 1 Ha (Ker @) |,. Mehytuwm, Ej u (Ker @) [, 3ajeJHO pasalumby
Ely, Te W cBOje BpepHocTH y3uMa y (Ker @) [, omakiie je Im¥ = (Ker @) [, mogpaciojemne
on Ely, ITO foKasyje zaa je Ker @ mogpaciojemne of E. O

3.3 BekxTopcka nmo/ba Ha cpepu

[Iutame 0 TOMe KOJIMKO IIOCTOjU JIMHEapHO He3aBHCHUX BeKTOPCKHUX I10Jba Ha cde-
PH je KilacuyaH IpodiieM audepeHiiyjaaHe Torosoryje. Heka Span(M) € Ny o3HauaBa
MaKCHMaJlaH Spoj JIMHeapHO He3aBUCHUX BEKTOPCKHUX I10/ba HA MHOTOCTPYKOCTH M. Mu
CMO 3aHMHTEPeCOBAHM 3a BpeaHOCTH Span(S"~1), Tako /a mocMaTpaMo BEKTOPCKa I10J/ba
Ha chepu 8™ 1 C R™,

CBakoj Tauky x € S"~1 skeJTMMO Jla Ha IIaflak HAYKH J0JIeJIMMO BEKTOp V(X) TaHIeH-
TaH Ha X, OJHOCHO OPTOTOHAaJIaH Ha IIO3UIIMOHU BEeKTOpP Tauke Xx. Hysla BeKTOp je opTo-
TOHaJIaH Ha CBe, IIITO HaM He o/iroBapa (jep HapylllaBa JIMHeapHy He3aBUCHOCT), Te Tpa-
>KMMO BeKTOpCKa I10Jba KOja HUT/Ee HUCY HyJla. TAKBO BEKTOPCKO I10Jb€ MOKeMO (IJ1aTKO)
HOpMUpaTH fa rodujemo ||V(x)|| = 1 3a cBaKo x, II0cJIe yera ce moTpara CBOJU Ha IJIaTKa
mpecaukaBama V: 81 — §"1 takBa ma V(x) L X Ba>KH 3a CBako x € 81,

IIpumep 3.13. PasMOTPHUMO CTaHZAPAHU TOIIOJIOIIKY apryMeHT, I7je TPaKeHO BEeKTOp-
CKO II0Jbe V reHepuIlle XOMOTOIIH)Y hy(X) = x cos(mt) + V(x) sin(rrt) u3sMel)y UaeHTUYKOT
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naBa 3. TeH30pcKa pacsiojera 1 rnosba

hy = 1gn-1 ¥ QHTUIIOLATHOT IIpecIuKaBamwka hy = — lgn1. CTeIleH HelIpeKUIHOT IIpeCiIu-
KaBarba chepe S"~1 Ha caMy cede je MCTH 3a XOMOTOITHA IIpeC/IHKaBamba, Te je (—1)" (cTe-
IIeH aHTUIIOIAIHOT IIpec/InKaBamka Kao KOMIIo3uIlFja n pedJiiekcyja) jeqHak 1 (cTerneH
HUJIeHTUUKOT IIpecIMKaBama), OJaKile CJe/iH /ia je n IIapHo. 3aK/by4dyjeMo /ia 3a HellapHO
N TpaykeHo BEKTOPCKO I10Jbe He II0CTOjH, IITO Aaje Span(S2K) = 0. OBa TBpAma je Z05po I10-
3HaTa eopema o Heul/bamy jedica (hairy ball theorem) Koja Ka>ke ia He IIOCTOjU CBYZa
HeHyJIa HeIIpeKUTHO BEKTOPCKO I10Jbe Ha ITapHOAMMEH3UOHUM chepama, HIU CI050HU-
je peueHo, He MOKeMO II04Yelll/baTH jerka a Jja He OCTaHe Jja INTPYU HeKHU uyliepak. A

Ipumep 3.14. 3a TapHO N MOYKEMO HUIeHTUUKOBATH R" = C"/2, Te IoCcTaBUTH V(X) = iX
IIITO OUYMIJIETHO jeCTe BeKTOPCKO I10/be Ha CBUM cdepaMa HellapHe AVMeH3Hje, LIITO fiaje
Span(8%kt1) > 0.V crrerujasHoM ciaydajy 3a n = 2 I0SHjaMO IJI0SaTHH IIOKPETHH Perep
Ha Kpyry S! Koju ce cacToju off jeTHOT BEKTOPCKOT I10/ba AATOT ca V(X) = iX, IIITO MO>KEMO
OIIKCATH Kao jeMHUYHO TaHTeHTHO BEKTOPCKO II0Jbe KOje je yCMepeHO MaTeMaTHYKU
IIO3UTHUBHO. A

BekTopcko moJke Ha 81 ¢ R" M0OKeMO IIOTPasKUTH Y OSJIMKY V(X) = AX 3a HEKy
MmaTpuny A € R, Kako 3axTeBaMo AX L X, TO ©UMaMoO

X"Ax=0 (3.1

3a CBako x € 8", a camum TUM (0oroBapajyhuM ckaauparmeM) U 3a cBako x € R™. Ilo-
JIapH3aIiyjoM (@), 0= (x+YTAX+Yy) = xTAy + yTAx = xTAy + x"ATy = x"(A + ATy
Ba’kM 3a CBAKoO X,y € R", Te je A + AT = 0. [lakste, mocaeauia ycaosa (3.1) je aHTHCHMe-
TpuuHa MaTpuiia A = —AT. BakKu B 06paT jep aHTUCUMEeTPUYHA MaTpHIla A ITOBJIaYH
2xTAx = x"(A + AT)x = 0, Te 3aKJbYyUyjyMO /Ia TPa)KEHOM BEKTOPCKOM II0JhY jeTHO3HAUHO
o/iIroBapa HeKa aHTHCHUMeETpUYHa MaTpHUIla A.

JlomaTHo, Kako je V HOpMHUPAHO To BaXku || V(x)| = ||x||, mrTo mmoByaaun (Ax)T(Ax) = x'x,
omakure je x'(ATA—1)x = 0, mrro oaroBapa ycsaoBy (8.1) 3a maTpuiry ATA —1 Koja Mopa SUTH
a"HTHcuMeTpUUHa. MehjyTuMm ATA — 1 je oUHIIeHO CUMETPUYHA, OflakJle ciequ ATA = 1,
OHOCHO A? = — 1. Tpa’keHO BEKTOPCKO I10Jbe 3aBUCH Off aHTHCUMETPHUHE OPTOrOHAIHE
MaTpuIie A, a Kako je Taga (detA)? = det(4?) = det(—1) = (—1)", To MO’KeMO JOAaTHO
IIOTBPJUTH Jja HEIIapHO n He J[0JIa3: y 083HUp.

Axo ioctoje V..., Vi € X(S"1) Tako a cy BekTopH Vy ()é), o V() € T8V = xt u-
HeapHO He3aBUCHU 3a CBaKo x € 81, tama IpamE-IIIMuToBd mocTyIak KOHCTPYHIIE BEK-
TOPCKa I10Jba Ca YCJIOBOM f1a ¢y Vq(X), ..., Vi(x) MeljycoSHO opToroHasHu 3a x € S"~1. 350r
TOTa MOXXeMO IIPeTIIOCTaBUTH Jja 3a O[iroBapajyhe MaTpulie A, . .., Ay € R™" 1o1aTHO Ba-
KU Ax L Ajx3al <i#j<k. TomoHocu jenHaunHy x' (AjA;)x = 0, Koja momryT (B.1) moBJia-
YK aHTHCUMETPHUYHOCT 3a AJA;. Tako rodujamo —AA; = AJA;j = —(AJA))" = —A]TAl- = AjA,.
KoHauHO, IpeTX0/{HO HaBeJleH! YCJIOBU OIIUCYjy ce XYpPBUI0BOME peJaliijoM

KoOja Baku 3a cBako 1 < i,j < k.

KitacuuaH IIpos&JIeM je ofipeinTH Iapasennsadsuide chepe 81 ¢ R", 0[HOCHO OHE
3a Koje Baku Span(S8"1) = n — 1. Kopucrehu mMeTofie ajreSapcke TOIIOJIOTH]eE, Bor® u
MuHop [27], Te He3aBUCHO of BUX KepBep [75], qokasanu cy 1958. 1a cy jeiuiHe mmapaJie-
JmsaduiiHe cpepe oHe can € {1, 2,4, 8}. OBo IIUTame YCKO je II0BE3aHO Ca er3SUCTEeHIHA]jOM
HOPMMpPAHUX aJreSpU ca Jie/bermheM Hajl pea/lHUM dpojeBHUMa KOjUX YKYIIHO UMa YeTHU-
pH, a TO Cy: peasHu dpojeBU R, KOMIIEKCHU dpojeBU C, KBaTepHUOHU H ¥ OKTOHUOHU

?Jgrgen Pedersen Gram (1850-1916), 1aHCKH MaTeMaTH4ap
3Erhard Schmidt (1876-1959), HeMauKH1 MareMaTuJap
4Adolf Hurwitz (1859-1919), HeMauKu Mmaremaruyap

Raoul Bott (1923-2005), MahjapcKo-aMepHUKH MaTeMaTHIap
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3.3. BekTopcka rnosba Ha chepu

0. KOHKpeTHO, jeuHe mapaseansasuiane chepe cy S, 81, 83 u S7, xoje pemoM oarosapajy
airedpama R, C, Hu Q.

IIpumep 3.15. V ciayyajy n = 4 MOKeMO IIOCTaBUTH TPU aHTUCHUMETPHUYHE OPTOrOHAIHe
MaTpHIie KOje UCITy’aBajy XypBHUIIOBe pejaliyje () ca

0 -1 0 0 0 0 -1 0 00 0 -1
1 0 0 O 0 0 0 1 00 -1 0
A41=19 0 0 1" %=1 0 o ol ®=|lo1 0 o
0 0 1 0 0 -1 0 0 10 0 O

Ha oBaj HauMH [05MjaMO TPH OPTOHOPMHpaHa BEKTOpPCKa Iojka Ha S3, Te je chepa 83
napaJsiesnvisaduiHa. Huje Telko IpUMeTHUTH 1a MaTpUlle A1, Ay, A3 OATOBApPajy MHOKEHY
jeIMHUYHUM KBaTepHUOHUMA 1, ], k € H. JAN

AHTHCUMETPUYHE OPTOrOHAJIHe MaTPHULIe 3a KOje BaXKU (@) Cy He3aBHCHO I10CMaTpa-
su Xypsuti [73] u Pagon® [105] (takohe Bugetu Exmant [47]), 1ITO je yCKO II0BE3aHO ca
Xypeuu-Pagon ¢pynkuujom p: N — N Koja je mara ca

p(a-2%+¢) =8h+2° 3a 0<c<3 u 2fa (3.3)

IbrxoBa ajredapcka KOHCTPYKITHja Jajia je [0y IrpaHuiry, Span(S*—1) > p(n) — 1. Mehy-
THUM, AJlaMCE je UICKOPUCTUO COPUCTUIIMPaHe TEXHUKe TeOpHje XOMOTOIIHje Ja 61U OMO-
ryhrio KoHa4yHO peniewe 1962. roguHe [1]. OaroBop je fa He IIOCTOJU jOIII He3aBUCHUX
BEeKTOPCKUX I10Jba CeM OHHUX KoOja Cy Beh KOHCTpyHCaHa.

Teopema 3.4. 3a ceaxo n € N gaxcu Span(S™1) = p(n) — 1.

[oc/teiMuHO, jepHe MapajeansasiHe chepe S"~1 cy oHe 3a Koje je p(n) = n, 1ITO Ce
IemraBa caMo 3an € {1, 2,4, 8}.

IIpumep 3.16. Mako coepa S? C R3 He 103B0JbaBa CBY/Ia HEHYJIa BEKTOPCKO IT0Jb€, Ha Eb0j
II0CTOjU BEKTOPCKO I10Jb€ KOje je HyJIa Y TAYHO jeJHOj TauKU. CTepeorpadCcKoj IpojeKIiuju
Kojajemaraca@_(x,y,z) = (x/(1—-2),y/(1 —2z)) = (u,v) oArOoBapajy KOOpAMHaTHa BEKTOp-
CKa I10/ba 5

o 2

o € X(R*) m
I7ie je xq = uo@_. ipyrakapta, ¢_ (x,y,z) = (x/(1 +z),y/(1 +z)) = (i, V) carjacHa je ca ¢_
Ha 1peceky S% \ {p,,p_}, a Besa [jodSHjeHa U3 (@) Ij1acu

2 _ (o, (ju) 09 X(82\ {py)).

8x1

@) =0, 00w = (1 )

uz +v2 u? +v?

3ay; =Uo @, Hy; =Vo@, MOXXEMO H3padyHaTH

a)’1_3<a090+°¢:1) _Omw v 2 2 CyE- X
ox, ou O¢_—WO¢_—WO¢_—(V —U)°¢+—m7
Ay, 0o opll) - Opip o 2w gy o 2y

ox1 ou P = gy Ol v 00— CEW el = G

oJlaKJIe 10dujaMo

o 9y 0 Oy, 0  y—x* 0 —2xy 0

T+2)20:  (1+220

o1 Ox10y1  0x1 9y,

$Johann Karl August Radon (1887-1956), ayCTpHjCKK MaTeMaTHUap
"Beno Eckmann (1917-2008), IBajjapcku MaTeMaTHYap
8John Frank Adams (1930-1989), SpUTaHCKH MaTeMaTHUap
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naBa 3. TeH30pcKa pacsiojera 1 rnosba

Te ce BEKTOPCKO I10Jbe J/0X1 MOKe IIPOAY>KUTHU U Ha TauKy p.. KOHKpeTHOM QpopMyIOoM
9 2
(3%), =a=s"\ip)

V:
' (yz‘xza 200 )  sagesp)
q

(1+2)20y;  (1+2)720y;

ce V 105po JeduHMIIIE Y CBAKO] TAUKH chepe S2, a KaKo je IJIaTKO Y JIOKAJTHUM KOOP/IH-
HaTaMa OYHITIefHO UMaMo V € X(S?). HapaBHo, V,, = 0, ok je Vq = (9/9X1)q # 0 Ha

$*\ {p+}. A

HapaBHO, CBaKUX K JIMHeapHO He3aBUCHUX BEKTOPCKUX II0Jba Ha chepU pasalluiby
k-muMmeH3HNOHY TUCTPUSYITHjY. MeljyTuM, Hako cBaka AUCTpUSYIMja HUje ofpeljeHa Ha
Taj HAUUH HEKUM BEKTOPCKUM I10/bUMa, 3HaMO J1a chepa S™ nmos3BosbaBa K-JUMEH3HUOHY
HEeIIpeKUHY TUCTPUSYIIH)Y 3a 2k < m aKO U caMO aKo JI03BOJbaBa Kk JIMHEapHO He3aBU-
CHUX HeIIpeKUJHUX BeKTOPCKUX 110/ba (BULETU CTHHpOﬂE [115, Teopema 27.16]). OmaBze
UMaMO HapeIHy I1ocaenuny Teopeme @

Teopema 3.5. Cgiepa S 1 3a p(n) < k < n—1— p(n) He go360./6a8a K-gUMEH3UOHY GUCTIPU-
Syuujy.

3.4 KoBeKTopCKa no/ba

KowiaHieHIUWHU GiPOCiiop MHOTOCTPYKOCTH M y TaUKU p € M je fyaJlHU IIPOCTOP TaH-
TeHTHOT IIPOCTOpa,
oM = (T,M)" = Hom(TpM, R).

EjleMeHTH KOTaHT€HTHOT IIpocTopa T,M cy ilaHIeHiltHU KO8eKIWopuU Y p, IIITO CY JINHe-
apHe QyHKIHje wp: TpM — R. IIo y30opy Ha BEKTOPCKO II0Jbe, YKeJIUMO [[a MCTPaKMMO
IIpecIruKaBame w Koje he cBakoj Tauku p € M IJIaTKO J0e/IUTH KOBEKTOP wp Y P.

Ha nmpumep, 3a cBaky QyHKIU]Y f € §(M) neduHUIIEMO BeH gudiepeHuujaa df, Taxo
IITO TAUKH p € M fofienumMo KoBeKTop df, € T,M mat ca dfp(Xp) = Xp(f) 3a Xp € TpM.
TaHTeHTHO IIpec/JIMKaBamke Y 0BOM Ba)KHOM CIIEIUjaJTHOM cay4dajy f € §F(M) padyHamo y
HeKoj KapTHu (U, ¢) yp € M 110 (), opakiie fodujamo Tpf(9/0x;)p = (9f/0x;)(p)(d/dt)sp), TE
U3 JIMHEeaPHOCTU TaHTeHTHOT IIpec/IuKaBaba BaXku

Tpf(Xp) = Xp(f) (;it)ﬂp)

3a X, € T,M. OmaBze cyie/i1 1a aKO MCKOPHUCTHMO IIPeHOCTH HIeHTUHKALIHje TR =R,
Taja gubepeHyjal df, MpHUPOAHO MOKEeMO IIOMCTOBETUTH Ca TAHT€HTHHUM IIpeCIHKaBa-
meM Tpf.

Heka je M n-MHOTOCTPYKOCT, a (U, ¢) KapTa y IIPOM3BOJbHOj TAUKU p € M ca KOOpAHUHAT-
HUM QyHKIHUjaMa X; = T7; o ¢. IIo TeopeMu dBeKTopH (0/0x1)p; - - -, (0/0Xn)p UKHE da3y
TAHTeHTHOT mpoctopa TpM. Kako je (dx;)p(9/0xj)p = (0/0%;)p(X;) = &;3a1 < i,j < n, TO
KOBEKTOPH (dX1)p, - - . , (dXn)p YHHE 6a3y KOTAHT€HTOT IIpocTopa T, M Koja je fyaTHa JaToj
dasu 3a TpM. /lofaTHO, 3a wp € TyM u Xp € TpM, u3 (2.1) mmamo

wp(X) = wp (izngxpm) ((;i)p) - izngxpm) wp (ai)p - izn;wp (ai)p (Ax)p(Xp).

“Norman Earl Steenrod (1910-1971), aMepHYKH MaTeMaTHIap
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3.4. KoBekTopcCKa nosba

oJlaKJIe 108ujaMo

n
0
i=1 t/p
Teopema 3.6. Heka je M n-mHoloctupykoci, a (U, @) kaptiay p € M ca x; = m; o ¢. Taga
Kogektopu (dxy)p, . . ., (dxn)p UuHe 5a3y 3a T,M u (3.4) eascu 3a ceaxo wp € T,M.

Kaxko >keJIMMO Jia IIPeCIUKaBambe W: P — Wy dy/e IJIATKO II0TPeSHO je /1a H-eroB KOJ[0-
MeH SyZie MHOTOCTPYKOCT. [Io y30py Ha TaHTeHTHO pacjojerhe KOHCTPYHUIIEMO KOilaH-
leHIuHO pacaojere

T"M= | | ;M
peM
MHOTOCTPYKOCTH M Kao YHH]jy CBUX KOTaHTeHTHUX IIpocTopa. Kao y ciy4yajy TaHTeHTHOT
paciiojera, KOTAHTEHTHO pacijojeme Hje y IIaKeTy ca IIpojekuujom 7: T*M — M Koja je
IIPUPOJHO /faTa ca 71(wp) = p 3a Wp € T,M. CIMIHO KOHCTPYKITHjH TAHT€HTHOT Pacyojema
KOPUCTUMO KapTe (U, ¢) ca KOOpAUHATHUM QYHKIIHjaMa X; = 7T; o () 1a SUCMO HallpaBUJIU
KapTe paciojersa ¢@: 1 1(U) — ¢(U) x R" ca

) (Z Ai(dxi)p> = (@(p); A1, -+, An).
i=1

Axo je fb: a7~ (V) — (V) x R" jolll jeIHO TaKBO IIPeCIHKABakL€, OBOT IIyTa MHAYKOBAHO
kaptoM (V,¥) ca KoopguHaTHUM QYyHKIIHjaMa y; = 7T; o I, Tajia U3

(@xp =3 ((dxop ((fvj)p) Z i

j=1

($o@ )PP, A1, -, An) —z%( Ai(dx ) (Z (Zﬂ e ) dy;»)
i=1 i=1
8xl ! 8xl

—1 =1
Oprosapajyhe nmpecivkaBame 7: @(UN V) — GL(n,R) je odsuKa

oo . Zu(p)

Sip) - Z2(p)
IIITO je IJIaTKO, a 3aIIpaBo je IIpecIuKaBame Koje z € ¢(UNV) 11asbe y TpaHCIIOHAT JaKOOH-
jeBe MaTpHIie Ty.,-1(,) (@O ¥~ 1). 3aTo je T*M BeKTOPCKO pacjojerse ca aTIacoM Pacyojermba
KOjU YMHe KapTe pacjojerma ¢, a CaMUM TUM T*M je U IJ1aTKa MHOTOCTPYKOCT TUMeH3Hje
2n.

Ceuema KOTAaHTEeHTHOI pacijojerma Cy IIpecjivKaBawmwa w: M — T*M 3a Koja BaXu
7o w = 1p. KogeKimopcKo iio/be Ha MHOTOCTPYKOCTH M TeUHUIIIEMO Kao IJIaTKO Ce-
Yere KOTaHTeHTHOT pacjojera T M, a CKyIl CBUX KOBEKTOPCKHUX I10/ba 06esieskaBaMo ca
X*(M) = T(T*M).

Axo je (U, @) kapTa Ha M ca KoopAWHAaTHUM QYHKIIMjaMa X; = J7; o ¢, Tajia je CBaKo
cederbe W KOTAHTeHTHOT pacJiojerba T*U TnHeapHa KOMSHHAIHMjA W = Y 1, a; dX;, 32 HEKe
dyHKIMje a;: U — R. [JlaTKoha TUX KoepUIUjeHT GYHKIIMja 3aBUCU OJf IJIaTKOhe ceuema
jep 3a kapTy paciojema ¢ of T*U BaXku ¢ o W = (@, ay, . ..,an), T€ jé W IJIATKO aKO U CaMO
akojea;e§(U)sacBel<i<n
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naBa 3. TeH30pcKa pacsiojera 1 rnosba

Jema 3.7. Ako je (U, @) kaptua Ha n-mHoloctupyKkociiu M ca KoopguHatiHum gyHKyujama
X;, aga je ceuere w = > i, a; dx; KOWAaHIeHIUHOT pacaojera T*U L1alliko ako u camo aKo
cy cge koedpuyujeniu yHkyuje a;: U — R Lraitike.

3a f € §(M), MokeMo IocMaTpaTy gudepeHIyjal df Koju y okBupy Kapte (U, ) Mopa
Suty odsmka df = >iL; a; dx;. [IpEUMeHOM Ha KOOP/JUHATHE BeKTOpe 05HjaMo KoehHITH-
jeHT QyHKIHje

o~ (o)1= @ (a) - o (5) - 2 -

KOje Cy OUHIJIEZTHO IJIaTKe, Te UMaMO KOBEKTOPCKO IToJbe df € X*(M), Kao U JIOKAJTHO U3-
pakaBame,

df = Z 2 - ;. (3.5)

Ipumep 3.17. Iudepennujan dpyukimje f: R? — R gaTe ca f(x,y) = xy?sinx pauyHamo
o ¢opmyiu (B.5),

2 qi 2 qi
df = Jd(xy~ sin x) dx + Jd(xy* sin x)

_ 2 . .
o oy dy = y“(sinx + xcos x) dx + 2xy sinx dy.

A

IIpumep 3.18. Haxko je rudepeHIiHjasl IyIaTKe QyHKIMje KOBEKTOPCKO I10Jb€, II0CTOje KO-
BEKTOpPCKa I10Jba KOja HUCY AudepeHIirjal HeKe IIaTKe ¢yHKIHje. Ha IprMep, ako IIo-
croju f € §(R?) TakBo 1a je dx + xdy = df, ouma umamo 9f/0x = 1 u 9f/dy = X, omakiie
Hajupe ciret f(x,y) = x + y(y), a 3aTuM )’ (y) = X, IIITO je HeMoryhe. A

U3 popmyiie (@), IUPEKTHO Ce MOXKeMO YBEPUTH Jja sudeperHnujanrd: §(M) — X*(M)
HMMa Jielle 0OCOSHHEe U3 HapefHe JIeMe.

Jlema 3.8. 3a ceako f,h € F(M), l € F(R), a, B € R, saxcu opmyaa (@) Kao u

d(af + Bh) = adf + Bdh,
d(fh) = fdh + hdf
d(lof) = (I o f)df.

HapaBHoO, 3a KOHCTaHTHO f € F(M) je df = 0, mok df = 0 3a mmoBe3aHO M mOBJIa4YU
KOHCTaHTHO f, IIITO je Iocjaeguria Jleme @f

3a IIPOM3BOJBHO CeUerbe () KOTAaHTeHTHOT paciiojemha T* M 1 BeKTOPCKo ITojke X € X (M),
MIPUPOJHO AebUHUIIIEMO QYHKIH]Y w(X): M — R ca w(X)p = wp(Xp) 3a p € M. IIpoOH3BOJb-
Ha ¢yHKIMja f: M — R Iposasu Kpos w 360 w(fX), = wy(f(p)Xp) = fip)wp(Xy,) = (fw(X))p,
onakite ciaeru w(fX) = fw(X). V Hekoj kaptu (U, ¢) Ha M, u3 popmyia (8.4) u (2.1) Mmoxxkemo
H3padyyHaTu

n a n B n B B & 0
w(X) = ;w ((%q) dx; ;Xxfa)g = iJZ:lw (8)(l> Xx; dx; (8)9) = ;w (8)(1> XX

VKOJIHKO je w IJIaTKO cevemse, Jlema @ naje w(9;) € §(U), omakiie je w(X) rsraTKo Ha IIPOU-
3BOJbHOj KOOPJHMHATHOj OKOJIMHY, Te je w(X) € §F(M). OdpaTHO, aKo je w(X) € F(M) 3a cBaKo
X € X(M), To TI0OCeSHO BaXkH 3a 9, Te je w = > it 4 w(d;) dx; 1aTko 110 Jlemu B.7. /lakiie, Ko-
BEKTOPCKO I10Jbe w € X*(M) ce MOKe IIpelI03HaTH U Kao IIpeciuKaBame w: X(M) — F(M).
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3.4. KoBekTopcCKa nosba

Jema 3.9. Ceuere w KotiaHIeHIHOT pacaojersa T*M je 11ailko ako U camo axKo 3a c8aKo
X e X(M) saxcu w(X) € F(M).

Heka je f: M — N IyIaTKO IIpecjIMKaBame M3Mel)y MHOrOCTPyKOCTH M u N. /JlyajaHo
IJIOGAJTHOM TaHTeHTHOM IIpecaukaBawy f. = If: TM — TN Koje rypa BeKTope us M y N,
MO’KeMO IIoCMaTpaTH IIpecIuKaBamke Koje oKkpehe cTpesunyy U Bpaha HasajJ KOBEKTOpe
us Ny M. Iloeaauemwe (pullback) je npeciukaBame f*: T*N — T*M nepuHMCcaHO ca

(W) (Xp) = Wrpy (fi(Xp))

3a KOBEKTOP Wfp) € T}(p)NI/I BEKTOp X, € TpM y TauKu p € M.

3a pasJIMKy 0Jf BEKTOPCKUX I10Jba KOja Y OIIIIITEeM CJIy4ajy He MOXKeMO I'YPHYTH IJIaT-
KHUM IIpecuKaBambeM, KOBEKTOPCKa I10Jba Ce yBeK MOI'Y IIOBYhH IJIaTKUM IIpecarKaBa-
BeM. 3a w € X*(N) feprHUIIEMO Ho81aUere f*( Kao ceyerhe KOTaHTeHTHOT pacjojema
T*M tako ga je (f'w)p = f(wpp)) 3a p € M, ogHOCHO 1A (f*w)p(Xp) = W) (fe(Xp)) BaXKu 3a
CBaKo X, € Tp,M. Takolje ce MOTry IIOBJIaUUTH B QYHKIHje h € F(N) TaKo LITO JepHUHHIIIE-
MO f*h = hofe §(M).

JIema 3.10. 3a ratuko upecauxkasare f: M — Nu w, 7 € X*(N), e h € F(N) saxcu

f(dh) = d(f*h),
flw+7)=fw+fr,
fr(hw) = (Fh)(fw).

Aokas. TloBraueme U qudepeHIrjagl KOMyTHPajy jep 3ap € M u X, € T,M uMaMo

(ffdh)p(Xp) = (AN)sp) (f(Xp)) = (F(Xp))h = Xp(h o f) = Xp(f'h) = (A(f'h))p(Xp),

IOK IIpeocTasie Be jeTHaKOCTH JIaKo IPOoBepaBaMmo. O

Teopema 3.11. Axo je f: M — N taaiuko u w € X*(N) oHga je ffw € X*(M).

Jokas. 3ap € M umamo Kapty (U,@)yp € Mcax;=mjop3al <j<m=dimM u kapTy
(V,)yfip) e Ncay;,=mopsal <i<n=dimN, tako gaje flU) C Vuyofo ¢! miarko.
Kaxo je w|y = 3.1, a; dy; 3a Heke a; € F(V), To u3 (3.5) mmamo

Fo)le= Y Fa)fdy) = (Fa)dry) =Y (@ofdyiof) =S > (ao f)a()éxjf) ;.
i=1 i=1

i—1 i=1 j=1

Kaxo cy koepuiujeHT yHKIHje Y i 4 (a; o f)((y; o f)/0x;) I1aTKe, TO je f*w IIaTko Ha U 110
Jlemu B.7. Jakiie, f*w je IJIaTKO y CBAaKOj Ta4KH p € M, ofakiie ciefu f*w € X*(M). O

IIpumep 3.19. Heka je f: R3 — R? marto ca (u,v) = fix,y,z) = (x?y,ysinz), a w € ¥*(R?)
IaTo ca w = udv + vdu. [UpeKTHUM padyyHOM UMaMo

fo={fuw{fadv)+ (fv)[ffdu) = (uocf)dvof)+ (vofid(uof)
= (x*y)d(ysinz) + (ysinz) d(x*y) = x*y(sinzdy + y cos zdz) + y sin z(2xy dx + x* dy),

offakJIe JOSHjaMo f*w = 2xy? sin z dx + 2x*y sinz dy + x*y? cos z dz. A
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3.5 Tensopcka mosba

ITojaM TeH30PCKOT I10/ba Ha MHOTOCTPYKOCTH M YOIIIIITaBa II0jMOBe IJTATKUX PeaIHUX
¢yHKIHMja F(M), BeKTOPCKHUX IT0Jba X (M) U KOBEKTOPCKUX I10/ba X* (M), Te oMoryhasa joIII
KOMILJIMKOBaHHje 06jeKTe Ha MHOTOCTPYKOCTH. TeH30pH Ce jaBJ/bajy y MHOI'O Pa3IMYUTUX
08JIMKa, a BbUX0BA OIIIITa KapaKTepUCTHUKA je MyJITUINHeapHOCT.

Y HeKOM OIIIITeM CIy4ajy MO>KeMO II0CMaTpaTH MOy V HaZl IIPCTeHOM K, Kao U lheMy
nyasia”H mozxyu V* = Hom(V, K). Tensop tuna (r,s) € Ny x Ng Ha V je K-MyJITHJIMHEapHO
npecaukaBame A: (V)" x (V)* — K. Ckyn ¥%(V) CBUX TeH30pa THUIIA (I, S) Ha ) je MOLYJI
Haj K ca yoduuajeHUM JedpUHUIMjaMa cadupara U MHOKelba ca eJleMeHTOM U3 K.

TeH30pCKO 110/b€ A Ha MHOTOCTPYKOCTH M je TeH30p Ha §(M)-moxyiy X(M). To 3ampa-
BO 3HAYH /ia je §(M)-MyJITHIMHeapHO IIpeciIuKaBame

A: X*(M) x - x X*(M) x X(M) x --- x X(M) — F(M),

r S

TEH30pPCKO I10Jbe TUIa (1,S) € Ny x Ny. CaMuUM TUM, CKyIl T;(M) CBUX TeH30PCKUX I10Jba
Ha M tumna (r,s) je Mmoxyua Haz §(M).

IIpumep 3.20. TeH30pCKO I10Jb€ YOIIIIITaBa paHUje yBeleHe I10jMOBe. Y CIIelyjaJHOM CJIy-
gajy (r,s) = (0,0) TeH30pCKa I10Jba Cy IJIaTKe pyHKIHje Ha M, T)(M) = F(M). Ilo JleMu é
KOBEKTOpPCKa I10/ba w € X*(M) cy §(M)-JIMHeapHa IIpecIuKaBama w: X(M) — §(M), Tako
naje T (M) = x*(M). I1ITo ce BeKTOPCKHX I10J/ba TUYE, CBAKO X € X (M) ompeljyje TeH30pCKO
mosee X: X*(M) — (M) ca X(w) = w(X), 0K je ounyieiHa ospaTHa Besa Xf = df(X) = X(df)
3af € §(M). Tako gosujamo ueHTHOUKAIH]Y T4(M) = X (M), Te yoyAyhe KOPHUCTHMO UCTY
03HaKy, X = X € X(M), OJHOCHO 3a CBaKo w € X*(M) Baku X(w) = w(X). A

)

HcnuTuBame J1a je HeKO IpecinuKaBame A: X*(M)" x X(M)® — §(M) TeH30pCKO I10Jbe
CBOJIH Ce Ha IIPOBepY [a je OHO F(M)-IrHeapHO 110 CBaK0j KOMIIOHEHTH (OJHOCHO II0 CBa-
KOj IIPOMEHJbUBOj II0HA0C06). UeCTo je aJUTUBHOCT 10 KOMIIOHEHTaMa OYUIJIEHA, TAKO
Ila je CYIITUHCKO IIUTambe Jja JIU ce QyHKIMje U3 §(M) Mory usByhu uUcripes A Ha CBaKoj
KOMIIOHEHTH,

A((x)1, e, We X, ,in,. .. ,Xs) :fA(wl, e, We X1, ,Xi, R ,Xs).

IIpumep 3.21. JlepuHULITUMO IIpecarKaBame E: X* (M) x X(M) — §(M) ca E(w,X) = w(X).
OHO je ounIIefHO §(M)-TMHeapHO U I10 IIPBOj U 110 APYTroj KOMIIOHEHTH, Te je E € T1H(M).
A

IIpumep 3.22. 3a ¢puxcupaHo 0 # w € X*(M) gepunuinemo F: X(M) x X(M) — F(M) ca
F(X,Y) = X(w(Y)). IIpeciukaBame F je F(M)-IMHeapHO 110 IIPBOj KOMIIOHEHTH, ajIH je 110
IPYToj KOMIIOHEHTH caMo afuTuBHO, F(X, fY) = X(w(fY)) = X(fw(Y)) = (X w(Y) + fF(X,Y),
Tako Ja F HUje TeH30PCKO II0Jbe. A

IIpumep 3.23. CBako §(M)-MyJaTUINHeapHO A: X(M)S — X(M) IpUPOJHO Ce UeHTUPHU-
Kyje ca A: X*(M) x X(M)* — (M) xoje je mato ca A(w,Xy,...,Xs) = wAXy,...,Xs)) u
HMHJIYKYje TEH30PCKO moJ/ke A € T} (M). 350T Tora MOYKeMO KOPHUCTUTH KCTY 03HAKY, A = A,
Te IT0[pasyMeBaTH Jia BaXKu A € TL(M). A

3a TeH3ope Tumna (0,S) KaXkeMo Jla Cy KoeapujaHiltHu peja S, 10K 3a TeH30pe TUIIa
(r,0) Ka>keMo J1a Cy KOHilipaeapujaritiHu pefa r > 1. Ha mpuMep, peasiHe IJ1aTke QyHK-
ITHje ¥ KOBEKTOpPCKa I10J/ba Cy KOBAapHjaHTHH TEH30PH, I0K Cy BEKTOPCKA IT0/ba KOHTPA-
BapHjaHTHU TeH30pH.
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JIOK Ce MOTY caSHpaTH CaMO TeH30PH MCTOT THIIA, SWJIO KOja [Ba TEH30pa MOTY Ce MHO-
XKHUTH. 32 A1 € Tg (M) B A; € T (M) meduHUIIEMO Aq ® Ay : X*(M)"1H72 x X(M)$1752 — F(M)
ca

(Al ®A2)<0)1, R wT1+T27X17 s 7X31+Sz)
:Al(wlv R wl"17X17 s 7X81)A2(wr1+17 RN wT'1+T'27X81+17 cee 7X51+82)'

Taga je Ay ® Ay TeH30p TUIA (I'7 + 'y, S1 + Sp) KOJU 30BEMO MeH30pPCKU lipou3eog A1 1
Aj.IlocedHO3a A € TE(M)ufe §(M) uMaM0o A ® f = f® A = fA, [JOK ce I0AATHO y CIIy4ajy
A € F(M) TeH30pCKH IIPOU3BO/ CBOIU Ha OGUYHO MHOXee QyHKIHja y §(M).
TeH30opcku 1IpousBOf je F(M)-IuHeapaH, jep (141 + LA2) ® B = f1A1 @B+ f,A, @B
BaXKHU 34 f1,f, € §(M), A1,Ay € T(M), B € TZ(M), Kao U CJIMYaH HUEHTUTET II0 Y-
roj KOMIIOHeHTU. Takohe, IUPeKTHO U3 JebUHUIIM]je CIIeAU [a je TEH30PCKU IIPOU3BOJ,
acoryjaTUBaH, Te 3a TeH30pe A, B, C IpOU3BO/bHUX THUIIOBA YECTO IIHIIIEMO Se3 3arpaja
A ® B ® C. [IppuMeTHMO [1a 3a KOBapHUjaHTaH TeH30p A ¥ KOHTpaBapujaHTaH TeH30p B 110
neduHUIIUjU BaoKU A ® B = B ® A. MeljyTuM, nako QyHKIIMje KOMYTHUPAjy ca SHUJI0 UUM,
flA®B) = (fA)® B = A® (fB), TEH30pCKH IIPOM3BO/, Y OIIIIITEM CIy4ajy HUje KOMyTaTUBaH.

IIpumep 3.24. Ha KOOpAMHATHOj OKOJIMHU UMaMO (dx; ®dX3)(01,02) = dx1(01) dx2(d7) = 1,
Kao Hu (dXz & dX1)(81, 82) = d_Xz(81) dX1(az) = 0, TakKo 1a je dx; ® dx; % dxy; @ dx. A

ITo y30py Ha BEKTOPCKO U KOBEKTOPCKO I10Jbe, TEH30PCKOM II0/bY A Ha MHOTOCTPYKO-
cTa M Takolje M0oXkeMo [JOfleJIUTH BpeJHOCT Ap y CBaKoOj TaukKu p € M. HcrocTasJba ce fia
Ta BPeTHOCT A, He 3aBHUCH Off IIeJIOKYIIHUX BeKTOPCKHUX H KOBEKTOPCKHUX I10/ba, YaK HU
0]l BbUXOBUX BPeTHOCTH y HEKOj OKOJIMHU TauKe p, Beh NCK/bYUYMBO 0] BbUXOBUX I10je/IH-
Ha4YHUX BPeTHOCTH Yy CaMOj TaUKHU p.

Jlema 3.12. AKO HEeKO KOBeKIOPCKO Uo/be Wy, . . ., Wy UAU HEKO 8eKIOPCKO Uosbe X1, ..., X
uma epegHociu 0y inauxku p € M, tinaga 3a A € T,(M) saxncu A(wy, ..., wr,X1,...,Xs)(p) =0.

Joka3. Heka je (U,p) KapTayp € Mca x; = mio ¢ € §(U). Ilo Jlemu IIOCTOjH [TOMbacTa
¢yuknmja b € F(M) moaprxanay U ca b(p) = 1, mrTo omoryhasa mpopy»kera bX;(x;) € §(M)
U bo; € X(M), Te bw;j(9;) € (M) m bdx; € X*(M). 3 MyJITUJIMHEAPHOCTH TeH30pa UMaMO
jemHaKOCTHU

n n
b’A(.... Xj,...) =A(..,>_bXj(x)bd;,...) =D bXj(x)A(...,bd;...),
i=1 i=1
ln l n
P’A(...,wj,...) =A(...,> bwid)bdx;,...)=> bwid)A(..,bdx,...),
i=1 i=1

KOje pauyHaMo y Tauku p € M. Axo je (Xj)p = 0 3a Heko 1 < j < s, 10 je (bX;(X;))(p) = O,
ofakye cnegu A(. .., Xj, ... )(p) = 0. CacBUM CIITHYHO, (wj)p = 0 3a HEKO 1 < j < r MOBJIaYH
(bw;j(9;))(p) = 0, omake je A(...,wj,...)(p) = 0. O

Teopema 3.13. BpegHociu A(wy, . ..,wr,X1,...,Xs)(p) WweH30pa A € TL(M) y waukup € M
3a8UCU CAMO 0g UOjegUHAUHUX 8PEGHOCTUU (W1)p, - - -, (Wr)p, (X1)p; - - -, (Xs)p-

/ZOKL_B. Hexka je (w;)p = (W;)p 38 w;,@; € X*(M), 1 < i <ru (X)), = X)) 3a X;,X; € X(M),
1 <j < s. BpegHOCT pasyiuke

A(wl, . .,(X)r,Xl, PN ,Xs) *A(wl, PN ,wr,Xl, P ,Xs)
:A(w1 —W1,...,0r,X1,... ,Xs) +A(@1,wz —Wy...,0r,X1q,... ,Xs)
+ +A(@1, ,wr,X1,. ..,XS *Xs)

y Ta4KU p € M jegHaka je 0 jep ce CBaKU Of I' + S WiIaHOBa I10 JlemMu a”Hysqupayp. O
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JupekTHO 13 TeopeMe CJIEJY 1a TEH30PCKO MoJke A € T¢(M) uMa BPeIHOCT Ap y
CBaKoj Ta4YKH p € M, mTo je pyHKIHja Ap: (T,M)" x (TpM)* — R nepunrcaHa ca

Ap((w1)p, -5 (Wr)p, X1)ps - -, Xs)p) = A(wq, ..., wr,X7q,...,Xs)(P)-

JIako je IIpOBepHUTH R-MyJITHIMHEAPHOCT QyHKIIHje Ay, TAKO /1a PECTPUKITHAjOM TeH-
30pcKor 1mo/ba A € TH(M) Ha Tauky p € M modujamo TeH30p A, € TL(TpM). Kao 11To je
BEKTOPCKO I10Jb€ IJIAaTKO Cedyeke TAHTeHTHOI pacJojerma, TeH30PCKO ojbe A € TL(M) ce
MO>Ke II0CMaTpaTH Kao IJIaTKO Ceyelhe oirToBapajyher TeH30pCKOT pacjojema Koje CBaKo)j
TauKU p € M fofiebyje TeH30p Ap. [locedHo, 0Ba MHTepIIpeTalikja oMoryhasa [a peCTpHK-
U}y Ay TeH30pcKor nojsba A € T4 (M) Ha OTBOpEeH IoACKyln U C M BHAMUMO Kao 06po
ne@UHMCAHO TEH30PCKO I10/be Ha U, 0fHOCHO A € T4 (U).

Heka je (U, ¢) kapTa Ha n-MHOTOCTPYKOCTH M, a X; = 77; o ¢ lheHe KOOpJHUHaTHe QYyHK-
yje. KoopauHaTHe popMylte, (El]) 3a BEeKTOpCKa I10Jba U (3.4)) 3a KoBEKTOpCKa I10/ba, MOTY
Ce JIaKO IIPOIIMPUTH Ha TeH30PCKa I10Jba IIPOU3BOJbHOT THUIIa. KOMIlOHEeH e TeH30PCKOT
nosba A € (M) y ofHOCY Ha aTy KapTy Cy QyHKIHje

.. 0 0 0
1g...1
A]i]::A(dxll,,d.xlr,a)(,,a)( 68"([]),
J1 s
Koje ZeuHHIIIeMO 3a CBe UHAeKce 1 < iy,...,0r,j1,...,Js < N.

KoMITOHeHTe KOBEKTOPCKOT 110Jba W € T9(M) = X*(M) cy wj = W(J;), ¥ OHE Ce BUJIE Y
bopmyiu (@), w = ; wj dx;. CIMIHO, KOMIIOHEHTe BEKTOPCKOT II0/ba X € TH(M) = X(M)
cy X' = X(dx;) = dx;(X) = X(x;) ¥ OHe ce mojaBsbyjy y dopmymu (2.1), X = 37, X0,

Ipumep 3.25. VKOJIHKO je A € 1 (M) mpeficTaB/beH0 ca A: X(M)S — X(M) kao y [Ipumepy
, OHJIa CY FberoBe KOMIIOHeHTe ofipeljeHe ca

) ) )
A< >_ A=
({9Xi1 8Xi5 = i1...Is 8)(]

-, 04) = dx;(A(9;

jep jeA(de78i17" 1,...,81'5)) = ZkAﬁ...is dxj(ak) :A]lzl...is' A

IIpoM3BOJFHO TEH30PCKO IT0Jbe A € T4 (M) ce M0OKe U3pa3suTH IIPeKo KOMIIOHEHTH ca

A op X X) = Y (@ (@) (K (XARE (36)

s
1<iy,elr f1 e fs<N

Te aKO HUCKOPHUCTUMO (wy); = Wy (0;) = dj(wy) 1 (XiY = Xi(dx;) = dxj(Xy) modujamo

_ i.ir O 9
A= > Al axi1®-~-®87ir®dle®---®dxjs. 3.7)

1<l1 ..... lrJl,...,js<n
Mo>keMO IIPUMETHUTH fia Cy Y QUKCHPAHO0j KaPTH KOMIIOHEHTE CyMe TeH30Pa jeJHOCTaBHO
CyMe€ KOMIIOHE€HAaTa, 0K Cé KOMIIOHEHTE TEH30PCKOT IIPOKX3BOJa MOTY 3aIlCaTH Ca

(A B)1irsr — plwir | gl

Judsyst T Teds T staedsys

Ha ckymy TeH30pa IIOCTOjU HHTepecaHTHaA ollepalija Koja TeH30pe TUIIa (I, S) cadHja
y TeH30pe Tuta (r—1,s—1), a onmrra gedUHUITUja 3aCHUBA Ce Ha ciefieheM cIieriyjalHoM

CIIy4ajy.
Jlema 3.14. IToctuioju jeguHciiseHo §(M)-auHeapHo tipecauxasarse C: T1(M) — (M) lwakeo
gajeC(X®@w)=w(X)3aceeX e X(M)uw e X*(M).
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/loka3. YV KOOpJIMHATHOj OKOJIMHU U CBaKo A € T1H(M) ce o popmyH (@) u3parkana ca
A= Z?J-Zi A]‘. 0; .® dx;. Kako 3axTeBaMo C(0; ® dx;) = dx;(0;) = jj, TO MOpaMo JeUHUCATH
CA) = YL Al = >, A(dx;, ;). OBakBo C UMa TpakeHe ocoSHHe Ha U. 3a IpoIIupe-
e IIpec/JIrKaBaka Ha I1eJIy MHOTOCTPYKOCT IOBOJBHO je II0Ka3aTH Ja je oBa AepUHUIIH]ja
He3aBHCHa 0/f U3d0pa KOOPAMHATHOT CUCTEMa, Te IIpoBepa

9\ _ @’k Oxj Wk % , 9
2.4 (e 2,) = 2.4 ( = ox P02 gy, 8x) 2 % oy 4 (@ ax;)
- Yoy () - ZA( 2)

KOMILJIETHPA OJOKa3. O

[IpecnukaBame C U3 IpeTXOAHe ieMe 30Be ce (1, 1) koHipaKyuja 1 YMHU 0CHOBY 3a
OIIINITHjU CIy4yaj. HamMme, ako n3adepeMo jeJHO KOHTpaBapHjaHTHO MeCcTO0 1 < i < ru
jeqHo KoBapHUjaHTHO MecTO 1 < j < s 1 npuMeHUMO C Ha IIpec/IMKaBame

(wiv)(j) i—>A((1)1, e, W, X1, ,XS),

modujamo (1,1) TeH30p 3a QUKCHpPaAHE W4, ..., Wi 1, W1, WOr, X1, ., Xj1,Xj11,. .., Xs.
Tako ¥UMaMo (C}A)(wl, Wi, Wi, 0n X1, X 1, X, Xs) € §(M), oakite cile-
ou C}A € ng(M) U Ka)keMo Jia je C}A KOHupakuuja ox A Hap i,j. IIITo ce TUYe KOMIIO-
HEHTHU KOHTpPaKIiyje, UMaMo

ig\P1-Pr-1 _ P1--Pi-1Kpi--Proa
(CA) “s-1 Aql---qul kqj..qs—1"
k=1
IIpumep 3.26. KoHTpakIiyja TeH30pa MOXKe Ce BUIETH Kao YOIIIITewe Tpara. JIuHeap-
HU oriepatop L € End(V) Ha KOHAYHO-JTUMEH3NMOHOM BEKTOPCKOM IIPOCTOPY V UMa pe-
npeseHTaryjy L € T1(V) (Bugetu [Ipumep {3 -) YV ogHOCY Ha HeKy &asy (e1,....en) y V,

KOMIIOHEHTe TeH30pa 0/iT0Bapajy yJIasuMa MaTpHIle, jep Baku L(e;) = > ; L]l.ej (BUmeTH
[Ipumep ). 3aro je CL = 3 L§ = TrL, IITO 3HA4YU /[1a je KOHTpPaKIUja ox L jeqHaKa
Tpary of, L. VAN

[ToB1auew e KOBEKTOPCKOT I10J/ba YOIIIIITABAMO Ha II0BJIavyelhe KOBapHUjaHTHOT TEH30-
pa. Heka je f: M — N IaTKo IIpecInKaBambe nusMel)y MHoroctpykoctu. Ifoerauere Ko-
eapujaniitioi iiensopa A ¢ TV (N) mepuHUIIIEMO Ca

(fA) Xy, ..., Xs) = A(f(X1), ... fu(Xs))

3acBako p € M, X; € T,M.V cBaKoj Tauku p € M, moBaveme f*(A) faje R-MyJITHINHEapHY
¢yukmmjy us (TpM)* y R, 11To je (0, s) TeH3op Ha TpM. KoopguHaTHH padyH I1okasahe fa
je f*(A) KoBapujaHTHO TEH30PCKO I10Jbe Ha M.

Jlaksie, 3a r1aTko f: M — N u cBako s > 0 mMamo R-muHeapHo f*: TY(N) — TY(M).
JlofaTHo, 3a A € TY(N) u B € T(N) umamo f*(A ® B) = f*(A) ® f*(B). Takohe, 3a JIaTKO
h: N — P Baxu (hof)* = f* o h*: TUP) — TUM).

V omireM ciyd4ajy, IipeypeljiBame aprymeHara TeH30pa He MOpa OCTBapUTU HeKHU
OYeKHBAaHU Pasy/ITaT Ha HeroBy BpefHOCT. MeljyTuM, HEeKM TEH30pU He MeHajy CBOjy
BPEeJHOCT IIPUJIMKOM IIpeypeljBamka aprymeHara. 3a KOBapHjaHTaH WJIM KOHTpaBapH-
jaHTaH TeH30p (pefa dap 2) Ka’keMo Jja je cumMeillpu4iaH ako HheroBa BpeJHOCT 0CTaje
HeIlIpoOMeH-eHa [IPUINKOM 3aMeHe SUJIO0 KOja IBa apryMeHTa. YKOJIMKO CBaKa TaKBa 3aMe-
Ha IIPOy3pOKYyje IIPOMeHYy 3HaKa OH/Ia 3a Taj TeH30p Ka)KeMO /ia je AHIUCUMEeTUPUUAaH.
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naBa 3. TeH30pcKa pacsiojera 1 rnosba

CumeilipuuaH geo KOBapUjaHTHOT TeH30pa A pejia S je HOBU KOBapUjaHTHU TeH30P
Sym A pefia s KOjH je 1aT ca

1
(SymA)(Xy,...,Xs) = Sl Z:A(Xa(l)7 - Xg(s))s

" 0eSs

IJe je Sg cMMeTpHYHa Ipylla Of S eJieMeHarTa, OJHOCHO Ipylla IlepMyTaljdja CKyIla
{1,...,s}.JIako je BUzieTH Jja je Sym A cUMeTpH4YaH, Kao U ja je A CHMeTpuU4aH aKo U caMo
aKko je SymA = A.

AKO cy A ¥ B cMMeTpUYHU KOBapUjaHTHU TEH30PH, Ta/la A ® B y oniireM ciay4dajy HUje
cruMeTpHuYaH. MejyTuM, lbUX0B cumeilpu4an iipouseog AB = Sym(A ® B) jecTe cuMe-
TPHUYaH TEH30P, a JIaKO je IIPOBEPUTH Jja je OH KoMyTaTUBaH (AB = BA) u R-6WIMHeapaH
((aA + BB)C = aAC + BBC). IlocedHO, aKo Cy w U T KOBEKTOPCKa I10Jba, Ta/ia je

1
wr:i(w®r+f®a)),

a YecTo KOPUCTHUMO w? Kao Kpahy 03HaKy 3a CHMETPHYAH IIPOU3BO Ww.

3.6 H3BOJ TEH3O0PCKHUX IO0/ba

3a caja cMO pasMOTPHJIM CaMO aJIredapcKy CTpaHy TeH30PCKHUX I10/ba, Te je BpeMe /1a
yCII0CTaBUMO JUubepeHIIUja/lHU pauyH. #3609 TeH30PCKOT I10/ba HA MHOTOCTPYKOCTH M
je pamuirja R-IMHeapHUX IIpecIuKaBamba

V =V,: TL(M) - TL(M), (r,s) € Ng x N,

TAaKBHUX Jla 3a IIPOU3BOJbHA TeH30PCKa I10Jba A, B U IIpOU3BOJbHY KOHTPaKIHjy C Bake
jeqHaKoCcTH

V(A®B)=VA®B+A® VB, (3.8)
V(CA) = C(VA). (3.9

Ha ocHOBY fle¢puHUIH]e, U3BOZ, V je R-IMHeapaH, 4yBa TUII TEH30pa, II0IITYje JlajdHUIo-
BO IIPaBWJIO U KOMYTHpaA Ca KOHTpaKIxjaMa.

3afeF(M)jefA=f®A, tako ga Baxxu V(fA) = (VA + fVA. IloceSHo, y CIIeIiyjaaHOoM
cry4ajy (r,s) = (0,0), V§ je nudepeniuparme Ha TY(M) = F(M), Te IOCTOjH jeAUHCTBEHO
BEKTOPCKO IToJbe X € X (M) TakBo fa je Vf = Xf 3a cBako f € F(M).

Kako u3BOJ; TeH30pCKOT I10/ba HUje §(M)-IMHeapaH, y OIIITeM CIy4ajy BPeSHOCT Of
VAyTauku p € M He MOKe ce yOSH4YajeHO OpefUTH U3 caMmor Ap. MehjyTuM, oHa ce MosKe
Hahu U3 BpeTHOCTH 0] A Ha IIPOM3BOJ/bHO MaJsIoj OKOJIMHU Off P, & Taj JIOKAJIHU KapaKTep
HU3BOJja BUAMMO Y HapeHOM TBpljemy.

Teopema 3.15. Ao je V u3gog ieH30pCKo1 10/6a HaA MHoloctupykoctuu M u U C M otugopeH
uogcKyu, tmaga uocuoju jeguHciigeH useog Vy Ha U tiakae ga je Vy(Aly) = (VA) |y 3a ceako
ltieH30pCcKo Uosbe A Ha M.

JAoka3. 3a cBako p € U 110 JleMu II0CTOjH IToMbacTa GyHKIHja by € §(M) Koja je 110-
Ap>kaHa y U ¥ MIEHTHUYKH jelHaKa 1 Ha HEKOj OKOJIMHU V), > p. 3a MPOU3BOJ/LHO TEH-
3opcko noke T € TH(U) mumamo b,T € T[(M), mTo HaMm omoryhaBsa fa geduUHHUIIIEMO
(VuT)p = (V(bpT))p. Hajuipe ce MOKe IOKa3aTH Jla 0Ba AeQHHMIIM]a He 3aBUCH O]f H3-
dopa r1oMmdacrte pyHKIHje, Te fa Baxxu VyT € T5(U). HakoH Tora 1mpeocTaje a ce I1oKaxe
Ia je Vy U3BOJ TeH30pa Ha U, Ta uMa Tpa’keHe 0COSHHE peCcTpUKITYje, Kao U Jia je jeJUH-
CTBEH. O
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3.6. M3BOA TEH30pPCKMX NOJba

JlajoéHuUII0Ba popMyJia 3a TeH30pe (@) MOJKe Ce IIPe0SJIMKOBATH U YOIIIIITUTH. YIIope-
huBameM pyHKIHje A(w1, ..., Xs) € F(M) U3 (@) ca TeH30POM A ® W1 ® - - - ® X5 € Ty 15(M)
4yyje cy KOMIIOHEeHTe

i rl ls i ...'r S
AW ® - ©Wr X @ @ Xk = A (W1, - (W) (X)) (Xs)®,

BHUMO JJa HAKOH I + S KOHTPAKITHja, y KojuMa heMo yriaputH i; ca k¢, a j; ca l;, zodujamo
jemHaKocT

AWy, 05, X1,...,Xs) =C1C5...CICT .G ARw @ 200X - ®Xs),
oJakJie U3BOJ, IOHOCU
V(A(wl, . ,wr,Xl, “e ,Xs)) :(VA)(wl, .. .,wr,Xl, “ e ,Xs)

r
+Y AW, V..., 0, X1, Xs)
i=1 (3.10)

S
+Y AW, .., 0 X1, VX Xs).
j=1

U3 popmyiie () CJIe[IU [ja Ce WiIaH KOjU yKJbyuyje VA Mo)Ke U3pasUTU Y TePMUHU-
Ma u3BoJia V IIpUMeHEeHOT caMO Ha QYHKIHje, BEKTOPCKA I10Jba U KOBEKTOPCKA I10/bA.
IIITaBHIIIE, KAKO

(Vw)(X) = V(wX) — w(VX) (3.11)
BakU 3a w € X*(M) TO je JOBOJ/AHO 3HATHU CaMO U3BOJe QYHKIIMja U BEKTOPCKUX I10/bA.
HcrocTaBsba ce ja BayKM U 06part, OJTHOCHO J1a Off oAroBapajyhux naHdopmaiyja Ha §(M)
U X(M) 3aucTa MOXXeMO KOHCTPyHUCaTH U3BOJ, TeH30pa.

Teopema 3.16. 3a gailio sekiiopcko tose Vo : F(M) — F(M) u R-1uHeapHo lipecaukasarse
Vi X(M) — X(M) makeo ga Vi(fX) = (VHX + fViX eaxcu 3a cee f € F(M) uX € X(M),
tiocilioju jeguHciligeH useog V leH30pcKol tloba Ha M uuju cy VY u V] oglosapajyhu genosu.

Jlokas. JeJMHCTBEHOCT cIeay u3 popmye (B.10) Kojy KOPUCTHMO ja KOMILIETHPAMO V.
Hajmipe, 3a w € X*(M) 3or (B.11) Mopamo mocTaBuTH (Viw)(X) = Vi(w(X)) — 0(ViX),
OZlaKIIe je

(Viw)(fX) = Vo(w(fX)) — w(VefX) = Vi(fw (X)) — w((VeHX +fVX)
= (VN w(X) +V3(w(X)) — (VeHw(X) — fu(VeX) = AIVIw)(X),

IITO 3HauH fja Viw jecte F(M)-TMHeapHO 1 3aT0 BaXKU Viw € X*(M). Takohe je jeHOCTaB-
HO YOuuTH Aa V9 : X*(M) — X*(M) jecTe R-1uHeapHo. ITo popmynin (), ViAsar+s>2
U A € TL(M) Mopa SUTHU U3pakeHo ca

(VEA) (W1, ..., 0r X1, .., Xs) = VY (A(w1, ..., 0r, X1, ..., Xs))
r S
= A, Vo, wr X, Xs) =Y AW, w0 X VX X,
i=1 j=1

Te Ta Tako W AepuHUIIeMO. [la/be ce, Ka0 U paHuje, IIpoBepaBa fa ViA jecre F(M)-
MYJITUJIMHEapHo, OFHOCHO fa ViA € TL(M), xao u pga Vi: TL(M) — TL(M) jecte R-
JIMHeapHO. HapeHU Kopak je JUpeKTHa IIpoBepa fa Baxku V(A ® B) = VA® B+ A ® VB.

IIpeocTaje Z0KA3aTH a U3BOJ KOMYTHpa ca KOHTpaknujama. 3a C: T1(M) — §(M) uMa-
MO VC(X® w) = V(w(X)) = (Vw)(X) + w(VX) = C(X® Vw+ VX® w) = CV(X ® w), oiaKiIe
C u V KOMyTHpajy Ha TeH3opuMa 0dMKa X ® w. JIOKaJIHOCT off V mpedallyje IIpu4y Ha
KOOpJHHAaTHe OKOJIMHE, I7ie 3HaMO Jja Cy CBa TeH30pCKa I1oska Tuia (1,1) cyme TeH30p-
CKHUX IIpon3Boza. Ha Kpajy ce oBaj IIpoliec MoyKe IIPOIIUPUTH Ha KOHTPaKIyje TeH30pa
IIPON3BOJHLHOT THIIA. O

69



naBa 3. TeH30pcKa pacsiojera 1 rnosba

IIpumep 3.27. 3a cBako V € X (M), 10 IIPeTX0JHO] TEOPEMH I10CTaB/baMO U3BOJ, Ly TeH-
30pcKor 1mosba Ha M ca Ly(f) = Vf3a cBako f € §(M) u ca Ly(X) = [V, X] 3a cBako X € X(M).
VCII0BH TeopeMe Cy HUCIyHeHH jep (Ly)) = V jecTe BeKTOpCKO 1osbe, (Ly)g = [V, ] je R-
JIMHEeapHO, JIOK je ucnymweHa U jerHakocT Ly (fX) = [V, fX] = (VHAX + fIV, X] = (LyHX + fLyX.
OBaj usBoy Ly 30BeMo JIujee uzeog y onHocy Ha V. A
Jlema 3.17. Ako je X,Y € X(M) onga 3a JIujes useog eadxcu [Ly,Ly| = Lix y.

Joxas. Hajipe mpoBepaBaMo ¢popmyiy 3a f € F(M) = T9(M), e je

[Lx,Lylf = LxLyf — LyLxf = XYf — YXf = [X,Y|f = Lix y/f-

HaxoH Tora jokasyjeMo dopmyiy 3a V € X(M) = T4 (M), re KOPUCTHUMO JaKOSHjeB U/ieH-
tuTeT (2.7) 3a

LxLyV—LyLxV = [X7 [Ya W} - [Ya [Xa Vﬂ = [Xv {Yv W] + [Xv [V> ﬂ] + [Va [Ya)Q] = HX’ 1@ W = L[X,ﬂ V.
Kako ce [Ly, Ly] i Ly y) ca>xy Ha T)(M) 1 TH(M), 110 TeopeMm IIOBOJBHO je jOIII caMo
noKasaTH Ja je [Lyx, Ly] ©3BoJ, TeH30PCKOT 10Jba. [I0UeTHHU YCJIOBU Cy OUUIJIETHH, Te IIpe-
ocTaje za ce npoBepe ocoduHe (B.8) u (@). KoHTpaxkiuje komyTupajy ca Ly U Ly, Te je
[Lx,Ly]C = LxLyC — LyLxC = CLxLy — CLyLyx = C[Lx,Ly], JOK H3

LxLy(A ® B) =LxLyA® B+ LxA ® LyB + LyA ® LxB + A ® LxLyB,

noTBphyjeMo JlajdHuUIl0BO IIpaBuiIO [Ly,Ly|(A ® B) = [Lx,Ly]A ® B+ A ® [Lx, Ly|B, 11ITO
KOMILJIETUPA J0Kas3. O

IIpumep 3.28. PauyHu us foxkasa Jleme MOTY Ce JUPEKTHO CIIPOBECTH [0 Kpaja jep 3a
w € X*(M) = TY(M) u3

LxLyw(V) = Lx(Lyw(V)) — Lyw(LxV)
= Lx(Ly(w(V)) — w(LyV)) — Ly(w(LxV)) + w(LyLxV)
= XY(w(V)) - X(w([Y, V])) = Y(([X, V]) + w(LyLxV)

nodujamMo
(LxLy — LyLx)w(V) = (XY — YX)(w(V)) — w((LxLy — LyLx)V)
= [X, Y|(w(V)) - w(LixyV) = Lixyw(V),

IIITO Ce Jla/be YOIIllITaBa Ha IIPOU3BOJ/bHO TEH30PCKO I10Jbe A € T4 (M), TIe
LxLyA(w1, ..., Vs) =Lx(LyA(ws, ..., Vs)) — ZLyA(. L Lxw;, . ) — ZLyA(. L LxVj,. )
i j
=LxLy(A(w1,...,Vs)) =Lx > A(...,Lywy,...) —Lx Y A(...,LyV;,...)
k l
—ZLy(A(...,LXa)i,...))+ZZA(...,LX(L)1',...,Lyvl,...)
i l
+ZZA(...,Lka,...,LXwi,...)—|—ZA(...,LYLXwi,...)
i
= Ly(A(.. . LxVj,.. )+ > ) A(., Lywy, ..., LxVj, ...
ik

+ZZA(...,LYV1,...,LXV,~,...) +ZA(...,LYLXV-,...)
J
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3.7. 3agauu

IIOBJIaUHX
(LxLY — Lny)A((x)l, ey Vs) = (XY— YX)(A(wl, ey Vs)) — ZA( . (LxLY — Lny)(lJi, .. )
i
- ZA(...,(LXLy—LyLX)Vj,...)
j
=X, Y[(A(w1,...,Vs) = > _A(..,.Lxywi,...) = Y _A(...LxyVj,...)
i j
=LixyA(ws,...,Vs),

aJIi CBAKakKo je doJbe U Sprke U3dehu 0Baj HelloTpedaH payuyH. A

3.7 3amaummu

3amarak 3.1. /lokasaTu Jja Ha chepu S? C R3 IMOCTOjU KOBEKTOPCKO II0JbE KOje je Hys1a y
TAYHO jeJHO] TAYKH.

3amarak 3.2. Ha MHorocTpykocTd M = {(x,y) € R? : x > 0} mara je pyHkuuja f € §(M)
ca fix,y) = x/(x* + y?). UspauyHatu audepeHIyjaa df Kako y CTaHAapAHUM, TaKO U Y
II0JIAPHUM KoopArHaTaMa. OfpefuTH CKYII CBUX Tayaka p € My KojuMma je df, = 0.

3agarak 3.3. 3af: R? — R?, (x,y) = f(s,t) = (st,e!) M w = xdy — y dx uspauyHaTH f*w.

3agarak 3.4. 3af: R? - R3, (x,y,2) = f(0,0) = ((cos@ + 2) cos O, (cos @ + 2)sin 6, sin ) u
w = z? dx uspauyHaTH f*w.

3amarak 3.5. Heka je M MHOTOCTpPYKOCT B A € T9(M). [lokasaTu ja je SymA ¢ T9(M) je-
OUHCTBEHO CHMEeTPHUYHO TakBo fa je (SymA)(X, X, .., X) = A(X, X, ...,X) 3a cBako X € X(M).

3apmarak 3.6. [IokasaTu /1a je cCMMeTpHUUYaH IIPOKU3BO/L aCOIMjaTUBAH 3a CUMETPUYHE KO-
BapHjaHTHe TeH30pe.

3apmarak 3.7. Heka je M napaJsiesim3admiHa MHOTOCTPYKOCT JUMeEH3Hje 2 ca IJI0daJTHUM
IIOKPETHUM pellepoM (04, d,). IlpeciiukaBame det: X(M) x X(M) — F(M) je zaTo IIpeko
KOMIIOHEHTH BEKTOPCKHUX I10Jba Y OAHOCY Ha (01, 0,) ca det(X,Y) = X1Y? — X2YL. /la ;u je
det € TY(M)? la i1 IoCTOje w, T € X*(M) Tako fia je det = w ® 7?

3agaraxk 3.8. Heka je V M3BO/{ TeH30PCKOT I10Jba HA MHOTOCTPYKOCTH R" TakaB Jja 3a CBe
feFRY Ul <i<nBaxu Vf=0fu V(dx;) = dxs + dx;. OfpeiUTH OIIIITH 08JIUK 3a VX,
Ize je X € X(R"). IlocedHo 3anmucat Vo, U V.
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ItaBa 4

IICEVIO-PUMAHOBA METPUKA

4.1 CxaJapHHU IPOU3BOJ

Heka je V BEKTOPCKH IIPOCTOP HaZ, R KOHauHe AuMeHsHje. BuauHeapHa opma Ha
V je R-6unuHeapHa QyHKIIHMja &: V x V — R. 3a SUIMHeapHy ¢opMy g Ha V KaKeMo [ia je
cumeiupuuHa axo g(X,Y) = g(Y,X) Baku 3a cBako X, Y € V. /[pyruM peurMa, CHMeTpUY-
Ha dSuyIMHeapHa GopMa g Ha V je CMMeTpHU4YaH KOBapHUjaHTHU TeH30p peZa ABa Ha V. OHa
je jemuHCTBeHO ofpeheHa ofgrosapajyhom kBajgpatHoM ¢opMoM €: V — R Koja je faTa ca

ex = (X, X), 4.1)

jep je MoKeMO PeKOHCTPYHCAaTU KOPUCTehH IMoIapru3aliiOHU UIeHTUTET

1
gX,Y) = Z(8X+Y — &x_v), 4.2)

WU eKBUBAJIEHTHO 8(X,Y) = (Exiy — €x — €y)/2.

KaxeMmo f1a je cuMeTpHUYHa dUIMHeapHa ¢opMa g Ha V HegeleHepucaHa ako yCjIoB
ma g(X,Y) = 0 Baxxu 3a cBako Y € V moBiauu X = 0. /lomaTHO, ako 3a cBako X # 0 Ba-
KU g(X,X) > 0 oHAA je g lo3uiiueHo gedpuHuitiHo. CIMYHO, aKO 3a CBAKO X # 0 BaXKu
2(X,X) < 0 oHJIa je g Helalllu8HO gepUHUINHO. AKO je g TIOSUTHUBHO JeUHUTHO WU He-
raTUBHO e QUHUTHO Ka’KeMo [1a je § geqpuHUIHO, 10K je y CYIIPOTHOM Hege@PUHUTHO.
EBUJIEHTHO, aKo je g 1eMHUTHO OH/IA je ¥ HeJleTeHEPUCAHO, 0K 06paT He BaKU.

CkaaapHu 1ipous3eog g Ha V je HeJleTeHeprCcaHa CUMeTpUYHa SHIMHeapHa ¢opma
Ha V. KoOHaUHOUMEeH3HUOHU pealHU BeKTOPCKU IIPOCTOP V OIIpeEMJbEH CKaJapHUM IIPO-
HU3BOJIOM g Ha V 30BEMO Upociuop ca ckaaapHum iipousgogom (V, g). Kako ckajapHU
IIPOU3BOJ g U oArosapajyha kBagpaTHa ¢opma € 360r (@) u () HocCe jegqHaKe HHOOp-
Mallyje, paju jefHOCTaBHOCTH Ka)keMo J1a je (V, &) KeagpaiitHU 8eKillopCKU Wpociuop.
[ToceSHO, yHyiipawru Gipou3eog je II03SUTUBHO JeUHUTAH CKaJapHU IIPOU3BOJ, JOK
je y ToM cayuajy (V, g) apocimiop ca yHyiupaurbum ipou3eogom.

V npucyctBy Heke 6ase (Ey,...,Ey) O V, cCBaKa duwinHeapHa ¢popma g Ha V UMa Of-
roBapajyhy I'pamogy maiupuuy G ca enemeHTuma gi; = g(E;, Ej) 3a 1 < i,j < n. I'pamo-
Ba MaTpHIla CaJip>Ku KOMIUIeTHY HHGOpMAIHjy Of g jep U3 SUIMHEapHOCTH L08ujaMo
8y wiEi, > BiEj) = Yoij—1 @i;&y, LTO Ce y MAaTPUYHOj HOTAIK]H MOYKe 3aIIHCATH Ca
g(X)Y) = X'GY, tie X, Y € V M0>KUB/baBaMO Kao KoJIOHA MaTpurle. CHMETPUUHOCT O] g
OUMIJIETHO je eKBUBaJIeHTHA CUMeTPUYHOCTU ofiroBapajyhe 'pamoBe MaTpuile, G’ = G.
KoHauHO, yC/I0B HeJlereHEPHUCAHOCTU IoBJIauu det G # 0, IIITO 3Hauu fa je 'pamoBa Ma-
TpHUIla UHBEPTUSOUIIHA, O UeMy TOBOPH HapeaHa jeMa

Jema 4.1. CumetupuyHa SuAuUHeapHa opma Ha V je HegeleHepucaHa ako U camo ako je
weHa I'pamosa matpuua’y 0gHOCy Ha SU0 Kojy 6a3y 0g V UHEepiuuUSdU/IHA.

72



4.1. CkanapHu rnpon3Boj

/Joka3. Heka je G 'pamoBa MaTpuIia 3a g y ogqHocy Ha 6asy (Eq,...,Ep). AKo je detG = 0,
Tajla IIOCTOjH BeKTOp Y # 0 TakaB fa je GY = 0, mro noBiaaun g(X,Y) = X'GY = 0 3a
cBako X € V W HapylllaBa HejJlereHeprucaHOCT. O6paTHO, ako je detG # 0, Tama GY # 0
Ba)KH 3a CBaKo Y # 0, Te mocroju 1 < i < n 1akBo ja je g(E;,Y) = E]GY # 0, ofakie je g
HeJ/lereHepucaHo. O

IIpumep 4.1. OCHOBHU IIpUMeD YHYTPAIIKker IIPOU3BOJA je CTaHJapAHU CKaJlapHU IIpo-
H3BO/| €yKJIHJCKOT TpocTopa R" mat ca g(X,Y) = X'Y = ), X;y;, a eroBa ['pamoBa MaTpH-
I1a y O/THOCY Ha KaHOHCKY 6a3y je jetmHUYHA. HajjemHOCTaBHUjU IIpUMep HeleUHUT-
HOT CKaJIapHOT IIPOM3BOja je mat ca g(X,Y) = x1y1 — Xy, Ha R%. OBako gedHHUCAHO g
je ounIIeHO SUINHEeapHO, lerosa 'paMoBa MaTpuila G y OJHOCY Ha KaHOHCKY 6a3y je
oujaroHasHa ca 1 1 —1 Ha AujaroHasy, Te je G CUMeTpUYHa U MHBEPTUOUIIHA. A

Heka je (V, g) KBajpaTHH BEKTOPCKU IIpocTop. Hopma unu gyd#cuHa BeKTopa X € V
je HeHeraTuBaH 6poj || X|| = +/|gX,X)|, LOK je 1eroBa keagpaitHa Hopma £x = g(X, X),
Te je 3aT0 |ex| = ||X||?. 3HaK Off £x pasBpCTaBa CBe HeHyJIa BeKTope X € V Y TPU pasIHuuTe
KJIace, IIITO YKasyje Ha y3pOUHU KapakKiiep BekTopa. HeHyiia BeKTOp X € V je uipociuo-
paH (spacelike) ako ex > 0; epemeHncku (timelike) ako €x < 0; usompouaH (ceeii10CHU,
null) axko €x = 0. [TocedHo, BeKTOp X € V je gepuHuinan (nonnull) 3a €x # 0, a yKOJIHKO je
ex € {—1,1} (| X|| = 1) oHa je oH jeguHuuaH (unit).

HartomeHMMO Zja CMO y3pOYHHU KapaKTep HyJla BEKTOpa 0CTaBUJIN HeoipehjeHuM. IIpu-
POZHO, HyJIa BEKTOP Ce MOKe cCMaTpaTHh U30TPOITHUM, ajIv KaJ, KakeMo [1a je BEeKTOpP H30-
TpoIlaH mogpasyMeBaheMo /1a OH HUje HyJia. HeKU ayTopH, II0CeSHO OHU KOjU UeCTo pajie
y JIopeH110B0j reoMeTpuju (Ha ripuMep O’Hu [100]), cMaTpajy fa je Hyjia BEeKTOpP IIPOCTO-
paH. ITocienba MOTYhHOCT je 1a HyJla BeKTOP y Ce6U MMa CBa TPHU y3pOUyHa KapaKTepa
(BupmeTu Jlu [[79]).

Kaxxemo fia cy iBa BekTopa X,Y € V mehycodHo opiioloHaaHa axo je g(X,Y) = 0,
IITO odesieykaBaMo ca X | Y. CJIM4uHO, 3a MOACKYIIOBe A, B C V, KOjH Cy Hajuellrhe IIOTIIPO-
CTOPH, Ka’keMo Jia Cy opiioloHa Hu U nu1eMo A | B ako g(X,Y) = 0Baxu s3acBe X € A
U Y € B, aIpUpogHO MOXeMo mucatTu U X | A ako je Span{X} L .A. OpimoioHaaHu @ioiu-
uipociuop (W11 HOPpMAAAH UOTUTUPOCIOP) HEKOT IIOTIIpocTOpa W < V e UHUIIIEMO Ca
Wt ={XeV:X 1 W} <YV, To je MAKCUMaIHU IIOTIIPOCTOP Off V KOjH je OpTOTOHAIaH
Ha W.

V e MHUTHOM CJIy4ajy, OpTOTOHAIHU ITOTIIPOCTOP YW je IT03HAT Kao opiltoioHaAHU
KomiliemeHim o5V, jep Tafia Baxku V = W+W-. MeljyTiM, 3a Hele QHHUTHO g Y OIIIIITEM
cay4ajy W + W HHje I[eJIOKYITHO V, TaKo a OPTOrOHAJI W HeKaj HHje KOMILJIEMEeHT Off
W. V CcBakOM CJjIy4ajy, OPTOTOHAJ MMa HeKe A05pPOo II03HaTe OCOSHHE KOje UCTUUYEeMO Y
HapezHe [IBe JIeMe.

Jema 4.2. 3a lipoussosbaH UoMUpoCiiop VW KeagpaiiHol 8eKiiopcKol ipociopa V easicu
dimW + dim W+ = dim V.

Jlokas. Tlpogy>xumo &a3sy (Eq,...,Ex) 3a W mo &a3e (Ey,...,Ep) 3a V. Bektop X = > 1 | aiE;
IpHIajza W+ ako ¥ caMo ako BaxkH 0 = g(X, E;) = Y1 ; ;g 3a cBako 1 < j < k. [loSujeH je
XOMOT€eH cUcTeM of k = dim W JIMHeapHUX jefHa4YKHa ca n = dim ) HeIl03HaTHUX, aJIy 110
Jlemu {.1| BpcTe o7y MaTpHIle KoepHUIlMjeHaTa Cy JIMHeapHO He3aBHCHe, TaKO J1a je CUCTeM
paHra k, 11To IoBJIauH [ia CKYII pelllerha UMa JUMeH3Hjy n — k. MeljyTumM, cKyII pelemna
(ay,...,an) II0 KOHCTPYKIIHjH /Iaje Ta4HO cBe X € W+, Te je 3aTo dim W+ =n — k. O

Jema 4.3. 3a tottipociiop W KeagpaiiHol 8eKillopckol tpoctiopa V eaxcu (W)Lt = W.

Jokas. Kako je W 1 W+, To cBakako Baxku WW < (W+)+. Ca mpyre cTpaHe, 110 JleMu
umamo dim W + dim Wt = dim VY = dim W+ + dim(W+)+, te dim(W+)+ = dim W, omakie
ciemu (W)L =w. O
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3a moTIpocTop W KBaZpaTHOT BEKTOPCKOT IIpocTopa (V, g), peCTpUKIlHja CKaJIapHOT
IIPOM3BOAA gy, = &lwxw j€ CUMeTpUYHa SUINHeapHa ¢opMa Ha W. IllTaBuille, ako je g
IIO3UTUBHO JIeUHUTHO, OHJA je gy, II03SUTUBHO JeGUHUTAH CKaJlapHU IIPOU3BOJ Ha W.
MehyTum, ako je g HefleQUHUTHO OH/IA gy, He MOpa SUTH HeJleTeHepHUCaHO.

IIpumep 4.2. AKo je S € V IIPOCTOPHY, a T € V BpeMeHCKHU BEKTOp, OHZa JIAKO MO>KeMO
KOHCTPYHCaTH MU30TPOIIaH BEKTOP ca

No s 8D EVEET) - esery,

Es

jep je koedpurmjeHT y3 T pellierhe KBaJipaTHe jeJHAUNHE £, 7 = £s 4 2Xg(S, T) + x?er = 0.
AKO je g HeleQMHHUTHO OHJIa IIOCTOje U IIPOCTOPHU U BpeMeHCKH BEKTOPH, a CAMUM TUM
M U30TPOITHO N, Te 3a WV = Span{N} < V pecTpUKIHja g|,, HHje HeJlerTeHepHcaHa. A

OcobHHe peCTPHUKIIHje CKaJIapHOT IIPOU3BO/a KBaZpaTHOI BeKTOPCKOT IpocTopa (V, §)
IIPEHOCHUMO Ha IIOTIIPOCTOpP W, 3a KOjU KaKeMoO [1a je HegeleHepucaH, o3uiltueHo ge-
duHuman 1Iu HelailueHO gehuHUIIAH, AaKO je TaKBa KeroBa pecTpUKIyja g/, . Pa-
gukaa oxr WV je motupocrop rad(W) = W N W= u Moyke HaM IIOCJTY>KUTH 3a KapaKTepH-
3aIMjy HelereHepHrCaHUX II0TIIPOCTOpA.

Jema 4.4. Heka je VW uotuiipociiop KeagpaitiHol gexilopckol upocituopa (V,g). Taga cy
exguea/ieHIHU uckasu: rad(W) je wipusujanan, W je HegelenepucaH, YW+ je HegeleHepucaH,
V=Ww+Ww

Aokas. Tlo neduHUIU)Y, MV je HeleTeHEPHUCAH aKo je 0 jeMHU BEKTOP U3 )V OpTOrOHaIaH
Ha W, ogHOCHO 3a rad(W) = Wn Wt = {0}. U3 Heme;@ je radéW) = rad(W+), Te cy
He/[eTeHepPHUCAaHOCTH o1 W 1 W' ekBuBasieHTHe. 13 I'pacmanoBel popmysie uMaMo jes-
HakocT usMmehy dim(W + W) + dim(W n W) u dim W + dim W+, mirro je dim V o Jlemu
k.2 OnaBze cmemu a je V = W + W exBuBasenTHo ca rad(W) = Wn W+ = {0}. O

HapaBHO, KaKo je CKaJIJapHHU IIPOM3BOJI HefleTeHepHcaH, To je rad(V) = Y+ = {0}. Op-
TOTOHAJIHY JUPEKTHY CyMy 0dejie’kaBaMo ca &, Te 3a HeJlereHepucaH YW < )V MOXXeMO
mucaTu V = W o W,

CkaJlapHU IIPOM3BOJ, g HA V) Cce qUjaroHaju3yje jelTHOCTaBHOM IIpUMeHOM Jleme @
Kao 1 06uuHO, 3a CKyIl MeljyCOdHO OPTOrOHAJIHUX jeIUHUYHUX BeKTOpa Ka>keMo Jia je
OpiuoHOpMmupaH. CBaKU CKYII KOjU Ce cacToju of dim ) OpTOHOPMUpPAaHUX BeKTopa y V
CBaKaKO YMHU 6a3y y V U TakKBa da3a yBeK II0CTOjH.

Jema 4.5. Cgaku KeagpaitiHu 8eKWOPCKU UPOCIOP UMA OPTULOHOPMUPAHY SA3Y.

Jokas. Jlokas uie UHAYKIIMjoM 110 n = dim V), 10K je ciay4daj dim V = 1 ouuriiefad. 3an > 1
MO’KeMO H3adpaTH feGUHUTAH BeKTOp X € V (MHaue ey = 0 Baxkxu3acBe X € V, Tejeg =0
IereHeprcaHo), a lbeTOBUM CKaJIMpameM flodujaMo jequHUYHO E1 = (1/4/|ex])X. JegHOIU-
MEeH3HOHHU II0TIIpoCcTOp Span{E; } je HefereHeprucaH, Te je 1o Jlemu Q To ¥ Span{Eq}*.Ilo
MHIYKITHjCKOj XHUITOTe3H, II0CTOjH OpTOHOpMUpaHa 6a3a (Es, ..., E,) of Span{E;}+. Kako
BakH V = Span{E;}+Span{E;}+, Toje (Eq,Ey, ..., Ey) TPaKeHa OPTOHOPMHUpaHa 6asa. [

Heme¢uHHTaH CKaJlapHU IIPOM3BOJ, YECTO MMa JO0JJaTHO II0jaB/bHBambe &g, € {—1,1}
3a BEKTOpe U3 OpTOHOpMHUpaHe dase (Eq,...,Ep) Y GopMysaMa Koje oAroBapajy OHHUMa
3a ITO3UTHBHO JleUHUTAH CIy4daj. AKo je X = >, o;E; Taja je g(X, E;) = a;8(E;, Ej), Te
aj - g(X7 E])/g(E_]?E]) = 8Ejg(X7 E]), OlaKJIeE '[LOSI/I].aMO

n
X=> ergX E)E; (4.3)
i=1
'Hermann Giinther Grafmann (1809-1877), HeMauKy GU3HUUap, MaTeMaTHYap ¥ JUHITBUCTA
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Jlema 4.6. Ako je (Eq,...,Ey) oplioHOpMupaHa da3a KeagpaitiHol 8eKiliopcKol tipoctuopa
(V, g), lnaga ce c8ako X € V jeguHCili8eHO U3paxcasa opmyaom (@).

I'paMoBa MaTpuIla CKaJapHOI IIPOM3BOZA £ Y OJHOCY Ha OPTOHOPMUpAaHy 6asy
(E1,...,En) OV je nujaroHaIHa MaTpHUILA jep Baxku g = §(E;, Ej) = ;&g Kaj rox je To
3TO/ITHO, BEKTOpe Yy OPTOHOPMUPAHOj 6a3U ypehjyjeMo Tako ja ce HajIIpe I10jaBe HEraTUB-
HU 3HAITY, EF, = —13a1 < i< v,as3aTuM II03UTUBHH, €, = 13av < i < n.OpToHOpMHUpaHa
IoITyHa 6a3e U Jlajbe je Moryha y3uMajyhu oBe 3HaKe y 063Up.

HHgeKc ckajJlapHOT IIpoM3Bo/a g Ha V je HajBehu 6poj Ind(g) € Ny Koju je qruMeH3Hja
HeTaTUBHO JeUHUTHOT IIOTIIPOCTOPA Off V. bpoj HETaTUBHUX £, jeJHAK je MHAEKCY o1 &
IIITO YCIIOCTaBJba ciIefiehy TeopeMy II03HATy Kao Cuieeciiepoe 3aKOH UHepuujes.

Teopema 4.7. Bpoj HelallluBHUX Eg, He 3a8uUCU 0g Usdopa opiioHopmupaHe dase (Eq, ..., Ep)
Y K8agpatliHoM geKillopckom tpociuopy (V, g) U jegHAK je UHgeKCy og &.

Jokas. Ako je 7 < V HeraTUBHO JeQUHUTAH, a S < V IIO3UTUBHO AeUHUTAH, UMaMO
T NS = {0}, omakiie I'pacMaHoBa popMyJia fgaje dim 7 +dim S = dim(7 +S) < dimV = n.
[TotipocTop S = Span{E, 1,...,En} je IOSUTUBHO JeUHUTAH, IIITO Aaje dim 7 < v, JOoK
jedim 7 = v 3a HeraTUBHO feduHUTaH 7 = Span{E,,...,E,}, Te fodujamo Ind(g) =v. O

HHgeKc KBaipaTHOT BEKTOPCKOT IIpocTopa (V, g) IUMeHsHje n je UHeKC HeroBoT CKa-
JlapHoOT I1pousBoja v = Ind(V) = Ind(g), #oK je cuiHaimypa ypeheH niap (p, q) Koju Ipes-
CTaBJba SPOj HETATUBHUX E, U 6POj IOSUTHUBHUX £,. [Io TeopeMu , dpojeBU 0 < p,q<n
He 3aBHCe 0f U360pa OPTOHOPMHUpaHe dase U BAXKU P =V, =N — V.

Bpenu HartoMeHyTH 1a je (V, —g) Takolje KBaJpaTHU BEKTOPCKH IIPOCTOP, a 3a Hhera
Baku Ind(—g) = n — Ind(g). KBagpaTHU BeKTOPCKHU I1pocTopu (V, &) U (V, —g) pasMenyjy
dpojeBe y curHaTypu (curHarypa mnpsor je (Ind(g),Ind(—g))), aiu pasnuka usmehy Bux
HUje CYILITUHCKA, Te je yodUUajeHo Jla ce UHeKC HOpMUpa ca vV < N/2, IIITO 61 3HAYUIIO
Ila BpeMeHCKUX KOOp/AHAaTa HeMa BHUIIle O IIPOCTOPHUX.

Heka cy (V,gY) u (W, g") KBagpaTHH BEKTOPCKH IIPOCTOPH. KaXkeMo /ja IMHAPHO IIpe-
CJIMKaBambe L: V — )W UyBa CKaJapHH Ipou3Box ako g¥(LX,LY) = gY(X,Y) Baxku 3a
cBe X, Y € V. TakBO mpeciuKaBame L je 06aBe3HO WHjeKTHUBHO jep LX = 0 moByadu
gV (X,Y) = 03acBe Y € V omakiie cienu X = 0. HapaBHO, ako L UyBa CKaJIapHHU IIPOU-
3BOJ, OHJ]a UyBa U ofiroBapajyhe KBagpaTHe popMe, TOK 06paT Cjaeu U3 IIosIapusalyje.
JluHeapHa usometipuja je TUHeapHO SUjeKTUBHO IIpecIMKaBambhe Koje uyBa CKaJapHU
IIPOU3BO[I.

Jlema 4.8. JluneapHa usomeitupuja L: V — W tiociioju ako u camo aKko KeagpauHu 6eK-
wopcKu upoctuopu V u YV umajy uctty gumMeHsujy u UHgeKc.

Jokas. AKko je L 1ruHeapHa HU3oMeTpHja oHZAa je dim)y = dim )W U L nipecaiuKaBa OpTo-
HOPMMpaHY 6a3y 07 V y OpTOHOpMHpaHy 6a3y oz W, Te Teopema ¢.7 gaje Ind V = Ind W.
O6paTHO, MOKeMO IIpeypeauTH opToHOpMUpaHe 6ase (E1,...,Ep)ogV u (Fy,...,Fy) og W
tako ja je g¥(E;, E;) = gV(F;, F;), Te mebuHuCcaTH JUHeapHy u3oMeTpHjy ca L(E;) = F;. O

4.2 MH30TPONHU BEKTOPH

Y KBaJ[paTHOM BEKTOPCKOM IIPOCTOPY (V, £), HeHyJIa BeKTOp X € ) KOjH je OpTOrOHa-
JiaH Ha caMor cede (X | X) 30Be ce U30TPOIIaH BEKTOP. AKO je g neUHUTHO OHJA je HyJIa
BEKTOp jeJUHU BEKTOp Ca HOPMOM HYJIa, Te U3SOTPOIIHU BEKTOPHU II0CTOje caMo Y cayydajy
HeZleUHUTHOT g. CKYII CBUX U30TPOIIHUX BeKTopa {X € V : X # 0,&x = 0} 30BeMO uso-
imipouiHu KoHyc. Kako Hallla peaIHOCT yIJIaBHOM IIpUXBaTa cCaMo II03SUTUBHO e QUHUT-
HY MeTPHUKY, U30TPOIITHH BEKTOPHU CY IIPUJINYHO HE3TOJHU U UeCTO KOHTPauHTYUTHUBHH,
aJI¥ Cy ¥ KJbYYHH Y pasyMeBawy IICeyA0-PUMaHOBUX MHOTOCTPYKOCTH.

2James Joseph Sylvester (1814-1897), eHIJIeCKH MaTeMaTH4ap
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Jema 4.9. Ceaku KeagpaitiHu 8eKilOpCcKU Upocitiop V culHaitiype (p, q) Modice ce pactiasu-
u Kao optwioloHaHa cyma 'V = VT &V, ige je VT makcumanaH Uo3utiuéHo geguHuillaH
uotutipoctiop gumeHsuje ¢, a V- MAKCUMANAAH HelAUUBHO gePUuHUTAH Uotnipociiop gu-
MeH3uje p.

Aokas. Heka je (Ty,...,Tp,S1,...,Sq) OpTOHOpMHpaHa dasayVcaer, = —13a1 <i<p
mes, =13al < j < q. otnpoctopu V- = Span{Ty,...,Tp} u V* = Span{Sy,...,Sq¢} cy
MeljycoSHO OpTOrOHATHU B UMajy TPHUBHjasIaH IIpecek, Ipu ueMy je V = V' + V. O

Jlema @ Iaje pactaBbarbe N = S + T IIPOM3BOJBHOT U30TPOIIHOT N € V = VT &V~ ca
SevtuTev .U3VT LV jeg(S,T) =0,onakie cnequ 0 =ey = g(S+T,S+T) = g5+ €7.
VcaoB N # 0 moByiauu S # 0, Te £ # 0 U KOHaAYHO &5 = —&7 > 0. Jakiie, IpoU3BO/baH
usoTporaH N € V MOXKe ce pacTaBUTH Kao 36up N = S + T MeljyCOGHO OPTOrOHAaIHUX S U
T, ca eg = —e7 > 0. MehyyTuM, IpeTXOHO pacTaB/bake HUje jeIUHCTBEHO, YaK HU Y HUCTOj
paBHU Span{S, T}.

Jlema 4.10. Ceaxu usotupotuaH N u3 keagpattiHol 8eKOpCKOL Upoctuopa V Modice ce pactua-
guttucaN =S+ T,wakogajeS, TcVues=—er=1.

JAoka3. Beh cMo umasu pactaBpakbe N =S+ Tcag(S,T) = 0u eg = —er > 0. IlocmaTpajMo
S$1=05+(1-06)TuT; = (1 -0)S+ 0T 3aHeko 6 > 1/2. Taga uMamo S;,T; € V ca
Sl—I-Tl =S+T=Nu

2(S1,T1) = g(6S + (1 — 6)T, (1 — 0)S + 6T) = 6(1 — H)(es + e7) = 0.

Nosujamo fia je €5, = 0%es+ (1 - 0)%er = (6% — (1 - 0)%)es = (20 — 1)es > 0, oK g(S1, T1) = 0
IIOBJIAYH Eg, + €1, = Es,4+1, = N = 0 ¥ 3aTO &, = —€7, > 0. OBa KOHCTPYKI[H]ja, 38 CBAKO
0 > 1/2 naje HOBO pacTaB/bambe, Te 3a 0 = (1 + &5)/(2€5) > 1/2 godujamo €5, = —€7, =1, U
CaMHM TUM HOBO pacTaBJ/bakhe

N — 83+1S+83—1T n 85—1S+83+1T
2&g 2€g 2€g 2€g

ca TpakeHUM CBOjCTBUMA. O

IIpumep 4.3. HoBa pacTraB/barka Moryha cy ¥ BaH paBHHU Span{S, T}. Ako je dimV > 2,
Taja 1ocToju fepuHutad W € V Takas za je W L Span{S, T}. Keaumo a, B,y € R Tako fa
jeS1=aS+pT+yWutT;=(1-a)S+ (1-p)T— yW, mrto 0de3dehyyje S+ T1 =S+ T =N.
U3 §; 1L T; umamo

0=g(S1,T1) = a(l — a)es + B(1 - Ber — Yew = ((a — a?) — (B — B*))es — yiew,
H 3aTO0
Yiew = (a— B)(1 —a— B)es. (4.4)

Kako je

es, = aPes + BPer + yPew = (@ — Bes + (@ — B)(1 — a — Bes = (a — P)es,

IIOCJIEJELH YCIIOB £g, > 0 je MCIyH-eH 3a a > fB. M3adepuMo a + < 1 3a mpocTopad W nim
a+p > 13aBpeMeHCcKU W. OBo, 3ajeHO ca a > 3, IIpeMa () oZipehyje KOHauHe yCI0Be 3a
a ¥ . Ha Kpajy ©MaMo [1a CBaKo a U  KOjU Cy OrpaHUYeHHU II0C/IeAHbUM HejeJHaKOCTHMa
KOHCTPYHIITY HOBO pacTaBbame, Ine je y = ++/(a — B)(1 — a — B)es/ew. A
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3a IoTHPOCTOP KBAAPAaTHOT BEKTOPCKOT IIPOCTOpa KaXkeMo [1a je otlilyHO U3oiupo-
IlaH aKo Ce CaCTOjU caMO OJf BeKTopa uuja je HopMa Hysa. Kopucrehu unenturet (4.2)
BHU/IMMO Jla Cy CBAaKa /iBa BEKTOpa y IIOTIIYHO U30TPOITHOM IIOTIIPOCTOPY MeljycodHO op-
ToroHaJyiHa. Ofatiie caefy ia 3a CBAaKH IIOTIIYHO WU30TPOIIaH IOTIIPOCTOP W < V BaXKu
ghw = 0. 3aTo je W < W+ u mocsreppuso rad(W) = W.

Bpenu HalloMeHYTH [ia je pafyKaJl IIPOM3BOJBHOT IIOTIIPOCTOpa U < V MOTIIYHO U30-
TpomaH jep Baku rad(rad(i/)) = rad(i/). YV HajoIIITHjeM CJIy4ajy, CBAKKM KOMILJIEMeHTap-
HU IIOTIIPOCTOP W 3a rad(l/) y CMHCJy yoduUajeHe JIMHeapHe ajredpe JO0BOAU 0 paju-
KaJIHOT pasfaBajama U/ = rad(U) & W. Jlako je IIpUMETHUTH 1A je VWV fmajieKo oJf Tora fja dyje
jeIUHCTBEH, aIh OH je CBaKaKO HeJlereHepHCaH.

IIpumep 4.4. Heka je U/ IIpou3BOJ/baH IIOTIIPOCTOP KBAaAPaTHOI BEKTOPCKOI IIPOCTOpA
(V,g). IlpetioctaBUMO J1a je U = VW & N OpTOroOHaJIHA CyMa HejlereHepucaHor W < V
U IOTIIYHO u3oTponHor N < V. Hajupe mokasyjemo 1a je N jeIUHCTBEHO ofpeheHo. Ca
jemHe crpane umamo N < U, oK N L W, N maje N' L U, Teje N < U NU+ = rad(U). Ca
IopyTe CTpaHe, KaKO HeJlereHeprcaH U IIOTIIYHO U30TPOIIaH IIOTIIPOCTOP UMajy TPUBUja-
JIaH IIpecek, To “MaMo dimrad (/) = dim(W+rad(i)) —dim W < dim/ —dim W = dim V.
Kako je N < rad(i/) u dimrad (i) < dim N, To odujaMo jeqrHCTBEHOCT, N = rad(l{), I11To
Hac JOBOJY 10 PaJiUKaJIHOT pas/Bajama.

[TpeTIiocTaBMMO Jja IIOCTOjH jOIII jeJHO TaKBO pasJjaramwe, [ = Worad(U) = W erad (i)
3a HeKU HeJlereHepucaH VW' < V. Axo je (Eq,...,Ex) opToHOpMHUpaHa 6a3a 3a W, Tajia us
W < W @rad(U) moskemo pactaBuTH E; = E; + N; rie E; € W u N; € rad(U/). Mehytum,
Kako je g(E;, Ej) = g(E; + Nl-,E]’. +Nj) = g(Eg,E]’.), TO je (Ej, ..., E)) OpTOHOpMHpaHa dasa 3a
W, ipu ueMy W U W HUMajy UCTy CUTHATypy. Tako MHBapHjaHTHO YBOJAUMO CUIHATYpY
IIOTIIPOCTOpA U KBaZApaTHOT BEKTOPCKOT IIpocTopa V Kao ypeheHy Tpojky (p,q,r), Ihe je
(p, @) curHaTypa KBafipaTHOI BeKTOPCKOTI mpocTopa (W, glyy), ar = dimrad(i/). A

3a MOTIIYHO U30TPOIIaH MOTIpocTop W < Vje dim W + dim W+ = dim V 1o Jlemu ,
Te u3 W < W+ ciepu dim W < (dim V)/2. [lTaBuIie, fUMeH3Hja IOTIIYHO M30TPOITHOT
MIOTIIPOCTOpPa HUKAJ HUje Beha o HHAEKCa.

Teopema 4.11. 3a UotutiyHo usottipotiaH Uotlulipociiiop VW KeagpaillHOl 8eKIOPCKOL Upo-
ciuopa (V, g) je dim W < min(Ind(g),dim V — Ind(g)), a @locedHo saxcu dim W < (dim V) /2.

/Jokas. Heka je V = V't @&V~ pacTraBsbame U3 Jleme @ N3 I'pacmaHOBe popMysie UMaMO
jerHakocT dimW = dim(W + V) + dim(W N V") — dim V*. Kako Baxxu W + V't < V u
WnVyt = {0}, To godujamo dimW < dimV — dimV* = dimV~ = Ind(g). [locaeguyHo,
dimW < Ind(—g) = dimV — Ind(g). O

IIpumep 4.5. Axo je (V, g) KBajpaTHU BEKTOPCKH IIPOCTOP CUTHATYpe (P, ¢), OHZa OH UMa
oproHopmMmupany 6asy (Ti,...,Ty,S1,...,Sq), TAe cy T; BpeMeHCKH, a S; IPOCTOPHHU. I'pa-
Hura us Teopeme dl] Ce JIaKO JOCTH Ke KOHCTPYKIIHjOM IIOTIIYHO U30TPOIIHOT IIOTIIPO-
cropa Span{Sy + T1,Sy + Ty, ...,Sy + Ty}, Iie je v = min(p, q). Moryhe cy u MHore fpyre
KOHCTPYKIIHje, jep ce eJleMeHTH da3e MOr'y IIepMyTOBaTH, JOK Ce II0jeJUHaYHU eJleMeH-
TH MOI'Y MeB-aTH CYIIPOTHUM BEeKTOPOM. /[UMeH3Hja MaKCUMaJIHOT IIOTIIYHO U30TPOITHOT
IOTIIpOCTOpa of, (V, &) Ha3uBa ce Buiioe ungekcH. Mo>xeM0 IPUMETUTH Jja je BUTOB UH-
IleKC v 3alIlpaBo MawU of 6pojeBa Ind(g) u Ind(—g). A

CBakKH IIOTIIYHO U30TPOIIaH IIOTIIPOCTOP KBAZPaTHOT BEKTOPCKOT IIPOCTOpa UMa CBOj
HM30TPOIIaH CYILUIEMEHT 0 YeMY FTOBOPH HapeAHa TeopeMa (Ha IpumMep, BuzeTy Kinapk [41,
Teopema 6.2]).

SErnst Witt (1911-1991), HeMauky MaTeMaTH4ap
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Teopema 4.12. Heka je YV UOTIYHO U3OTUPOUAH UOTUPOCTOp KEAGPATUHOT 8eKIUOPCKOL
upociuopa (V, g). 3a ceaxky dasy (Ny,...,Nk) og W uocinoju oglosapajyha dasa (My, . .., M)
HeKol ToWilyHO UsoipouHol totutipocitiopa 0g V Koju ca YV uma wpusujanaH upecex mako
gag(N;,M;) = §;8axmusal <i,j<k

JAokas. lokas heMo U3BeCTU UHAYKIIHU]OM IIO K, Iie je ciy4daj k = 0 TpuBHjasiaH. [loctaBU-
Mo P = Span{Nq,...,N;_4}. Kako Span{N} Huje moTIpocTop of P, To P HHje HOTIIPO-
crop ox Span{N;}*, Te moctoju X € P+ TakBo 1a je g(X, Ny) # 0. Taga je

—&x 1
2B N < g N
MU30TpoIia ca g(Ny, My) = 1. IlotmipocTop Span{Ny, M;} = Span{Ny, X} < P! je Hemere-
HEepPHCaH jep UMa OpTOHOPMHUpaHy 5asy ((Ny + My)/v2, (Nx — My)/V'2). OmaBe je P 1OT-
IIPOCTOp HeflereHepucaHor Span{Ny, M;}+ Kojer mocMaTpaMo Kao KBaJpaTHU BEKTOPCKU
IIPOCTOP, T€ MPUMEHOM UHIYKIIHjCKe XUII0Te3e nodujeMo (My, ..., My_4), IIITO ca M) KOM-
IUIeTHpa dasy IOTIIYHO U30TPOITHOT IIPOCTOpa ca TpakKeHHUM CBOjCTBHUMA. O

My =

4.3 Ilceymo-PumaHOBe MHOI'OCTPYKOCTH

MeitipuuKu fieH30p WU MellupuKa Ha MHOTOCTPYKOCTH M je CUMeTPHUYHO KOBapHu-
JAHTHO TEH30pPCKO II0/be pefia ABa Ha M Koje je HeJlereHepHUCaHO Y CBAKO] TaYKKW U UMa
KOHCTaHTaH UHJIeKC. /[pyTUM pedyrMa, MeTpPHKa je IpecjuKaBame g: X(M)xX(M) — §(M)
KOje CBaKOj TauKH p € M IJIaTKO J0fesbyje CKaJapHU IMPOMU3BOJL &p: TpM x ToM — R Ha
TaHT€HTHOM IIpocTopy TpM, Tako ga uHZAeKC Ind(g,) He 3aBucu of p. Ilceygo-Pumarno-
ea mHolociupykociu (pseudo-Riemannian manifold, semi-Riemannian manifold) je MHOTO-
CTPYKOCT M oIlpeM/beHa METPUKOM g&.

Ctporo roBopehy, 1iceyzo-PumMaHoBa MHOTOCTPYKOCT je ypeheH nap (M, g). /iBe pasiu-
4uTe MeTPHKe Ha HMCTOj MHOTOCTPYKOCTH YCIIOCTaBJbajy pasUuuuTe IICeyao-PUMaHOBe
MHOTOCTPYKOCTH. YecTo ce felllaBa Ja Iiceyzo-PUMaHOBa MHOTOCTPYKOCT UMa II0Apasy-
MeBaHy KOHKpPeTHY MeTPHKY, Te je TaZia odesieyKaBaMO0 UCTO Kao U caMy IJIaTKy MHOTO-
CTPYKOCT.

3ajepHuuky uHAEKC 0 < v = Ind(gp) = Ind(g) = Ind(M) < dim M = n CBUX CKaJapHUX
IIPOM3BOJIA £, 30BEMO UHGeKC IIcey/0-PrMaH0OBe MHOTOCTPYKOCTH (M, g). Kako pasymka
usMelhly g u —g y 1ceyzo-PuMaHoB0Oj MHOTOCTPYKOCTH HUje CYIITUHCKA, He yMawyjyhu
OIIIIITOCT MOJKEMO IIPETIIOCTaBUTH Jja UHIEKC 3a/10B0OJbaBa v < n/2.

3aHMMJBUBO je IIOCMaTpaTU HeKe CIIellfjaiHe CIydajeBe y 3aBUCHOCTHU Of UHJEeKCa.
Hajuernthe ce usyudasa ciay4daj v = 0, e 3a M KakKeMo fia je PumaHoea MHOIOCIupPyKoCill.
Y oBOoM ciayuajy g je PumaHoeéa mewupuka, a KapaKTepHuile je To Ja je gp MOSUTHUBHO
meduUHUTAH CKaJapHU IPOM3BOA Ha TpM 3a cBako p € M. Ako je v = 1 # n oHfja je M
JIopeHuoea mHoilociipyKoCii®, a ogroBapajyha MeTpuka je J/lopeHuoea. Ilceyno-Puma-
HOBa MHOTOCTPYKOCT CUTHarType (v, V) je KaajHoea mHolociupykociu®?, oHa je 06aBe3HO
IapHe JUMeH3Hje, I0K 3a lbeHy MeTPUKY KakeMo Jia je KaajHoea 1iv HeyiupaaHa.

Heka je (U, ¢) KkapTa Ha Iicey0-PUMaH0BOj n-MHOTOCTPYKOCTH (M, ), TIe CY X; = TTjo @
IbeHe KoopuHaTHe QyHKIHje. KoMIIOHeHTe MeTPpHUYKOT TeH3opa g Ha U ¢y g = g(9;, Jj)
3a 1l < i,j < n, Te 3a BeKTOpcKa 1mosba X, Y € X(U) Baxxu

8X.Y)=g (ZX(Xi)aiv > Y(Xj)aj) = > g0, HX(X)Y(x5) = > gy dxi(X) dx;(Y),
i—1 =1

ij=1 ij=1

“Hendrik Antoon Lorentz (1853-1928), XoJaHACKH HU3HIAP
SFelix Klein (1849-1925), HeMauKy MaTeMaTH4ap
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4.3. TlMNceypo-PrumaHoBe MHOIOCTPYKOCTH

OgaKjie METPHUYKHU TEH30P MOKEMO M3pa3uTH Ca

n n
g=> gdxady =) gdxadx
ij=1 ij=1

r7ie je dx; dx; = (dx; ® dx; + dx; ® dx;) /2 cHMeTpUYaH IIPOM3BOJ KOBEKTOPCKHUX I10JbA.

IIpumep 4.6. HajjenHocTaBHUjU U HajBaKHUjU IIpUMep PrMaHOBe MHOTOCTPYKOCTH je
eYKJIUZCKU IIPOCTOp R" ca eyKAugcKkom meiipukom g Koja Ipe/icTaB/ba KJIacudaH yHY-
Tpallkb U IIPOU3BOJ, HA CBAKOM TaHT€HTHOM IIPOCTOPY I107, IIPUPOSHOM HUeHTUHKAIIU-
joM TpR™ = R V cTagAapfHHUM KOOpAHHaTaMa MO>KeMO 3aIlkcaTH

n
g= Sydxidx; = (dx;) + - + (dxn)?, 4.5)
ij—1

OJJHOCHO g;; = &y, IITO Aaje jefUHUYIHY I'paMoBy MaTpHUIly G = Lgn. Y&yayhe y S1I0 KoM
reOMeTpHjCKOM KOHTEKCTY eyKAugcKu upociop R" o3HauyaBa PUMaHOBY MHOTOCTpPY-
KocT (R™, g). A

IIpumep 4.7. V cTaHAapAHOj METPUIIU g U3 (@) 3a R", 3a 6m10 Koje 1 < v < n MOXKeMO
IIPOMEHUTH IIPBUX V 3HAKOBA U3 IIyCa Y MUHYC, IIITO HAC JOBO/IU 10 METPUUKOT TeH30pa
g=>"r &(dg)?rrenmamo &; = —13al1 <i<vue =+13av+1<i<n Pesyaryjyha
rceyzno-PruMaHoBa MHOroCTPyKoCT R = (R, g) je ficeygo-eyKaugcKu ipociuop UHEK-
ca v.IlocedHo, JIOpeHII0OBY MHOTOCTPYKOCT RY 3a n > 2 30BeMO tipocinop MuHK08cKol:, a
crenyjasiHo R mpezicTaBiba HajjeJHOCTaBHUJU IIPUMED PeTaTHBUCTHYUKOTL IIPOCTOP-Bpe-
MeHa. A

IIpumep 4.8. Bokepoea Mempuka[j IedrHUIIIe ce Ha HEKOM OTBOPEHOM IOACKYITY M Of
R?" ca yoSHUUajeHrM KOOpPAUHATAMA (X1, X2, . . . , Xon), IPEKO IpaMoBe MaTpPHIIE y OJJHOCY Ha

IIPHPOHU IJI0SaIHU IIOKPETHH periep (91, s, . . ., don) Ca
fin fiz .. fin 1.0 0
fiz foo . fonr 01 0
N\ fin fon --- fan 0 0 . 1
&=1"1 0 .. 0 00 .. 0l (26)
o 1 ... 0 0 0 . 0
o o ... 1 00 ..0

e ¢y fij = fij(x1, X2, - . ., X2n) 32 1 < i < j < nIIpoM3BoJ/bHE IIaTKe QyHKITHje Ha M. MaTpuIiia
U3 (4.6) je OUUIVIETHO CUMeTPUYHA U MHBEPTUOUIIHA (leTepMUHaHTa je (—1)" # 0).

YV Kpeupamwy Iiceyro-PUMaHOBE MHOIOCTPYKOCTH HEOIIXOZHO je 06e38eUTH KOH-
CTaHTHOCT MH/IeKCa 3a CBaK! II0jelUHAYHU CKaJapHU IIpoussoy,. 13 (@) ce jaCHO BUIU
1aje Wy = Span{(0n+1)p, (Ont2)p, - - - » (O2n)p} N-AUMEH3HOHH IIOTIIYHO H30TPOIIAH IIOTIIPO-
CTOP KBaJpaTHOT BEKTOPCKOT IIpoCcTOpa (TPRZ", gp) 3a CBaKy Tauky p € M. V3 Teopeme ﬁl‘
modujamo n = dimW, < Ind(gp) < dim M—dim W, = n,11To je Moryhe camo 3a Ind(g,) = n.
3axksbyuyjemo Ja je g KilajHoBa MeTpUKa, Te Ha pacliojiaralkby KMaMo OTPOMHY GaMUIHjy
1ceyo-PUMaHOBHUX MHOTOCTPYKOCTH (M, g) curHarype (n, n). JAN

$Hermann Minkowski (1864-1909), HeMauKH MareMaTruyap
" Arthur Geoffrey Walker (1909-2001), SpUTaHCKK MaTeMaTHdap
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YecTo ce yMeCTO MeTPpUUYKOI TeH30pa g ImocMarpa ofrosapajyha KBajgpaTHa HOpMa
ex = g(X,X) 3a X € TM Koja 110 () y IIOTIIYHOCTH ofipeljyje MeTpUUYKU TeH30p. OBa KBa-
npaTHa popMa € 30Be Ce gyHCUHCKU eaemeHin (line element) ox M 1 odesterxaBaMo je ca
ds?. Y TepMHHIMA KOOPUHATHOT CHCTeMa uMaMo ds? = > ; &ij dx; dx;, OFHOCHO

Ex = Zgz] dx;(X) dx;(X) = Zginin-
ij L

AKoO cy p u p’ 6IMCKe TauKe ca KOOpAHHAaTama (Xi,...,Xn) U (X1 + AXq,...,Xn + AXp)
y HeKOj KapTH, TaJa TAHT€HTHU BEKTOP Ap = ) ;AX;0; y p II0Kasyje allpOKCMMAaTHBHO
Ka p’. 360r Tora OueKyjeMo /1a KBajipaT pacTojama ds of p 1o p’ dyAe ampOKCUMAaTUBHO
|Ap|? = g(Ap,Ap) = 3 ;&ij(D)AX; AXj, Kao IITO ce /lerIaBa y $opMyIIn 3a ds?, 1IITO OIIpaB/aBa
Ty HeyoSHh4ajeHy O3HaKy.

Y IPUCYCTBY METPHUUYKOI TEH30pPa MOXXEMO T'OBOPUTH O OPTOHOPMHUPAHUM BeKTOp-
CKUM ITo/bMa. Heka je U 0TBOpEH IO/JCKYII IICey10-PUMaHOBe n-MHOTOCTPYKOCTH (M, g).
JIoKaAHu opiioHOpMUpaHu oKpeiHu peuep 3a M Hax U je JIOKaJIHU IIOKPETHHU pe-
nep (Ei,...,En) 3a M Hag U Koju y cBakoj Tauku p € U popmupa OpTOHOPMHUpPaAHY &a-
3y TaHTeHTHOT IIpocTopa T,M. Ha mprMep, KOOPAMHATHH IIOKPETHH pemnep (di, . ..,0) je
IJI06aJIHU OPTOHOPMUpPAHU IIOKPETHU pellep 3a (R", g).

IIpumep 4.9. TTocMaTpajMo 0TBOpeH moAckymr U = R? \ {0} ¢ R?. IlocTaBUMO jeJHHUYHO
BEKTOPCKO IoJbe Eq TAHTeHTHO Ha pajyjajiHe JIMHUje U jeJUHUYHO BEKTOPCKO I10/be Ej
TAaHTeHTHO Ha KPyroBe [IeHTpUpaHe Y KOOPAUHATHOM II04YeTKY. Tafia BEKTOpCKa I10/ba

gp-9__1 (o , 90\ _ 1o __ 1 (090 [0
Ymar T iz Vax Yay) TP rae T gz Vay Jox
YHHe JIOKaJIHA OPTOHOPMHPAHH IIOKPeTHH periep Haf U (BuzeTu Ilpumep 3a pauy-

He). Mehjytuwm, (Eq, Ey) He MO>Ke SUTU KOOPJUHATHU IIOKPETHU pellep y OJJHOCY Ha HEKU
M360p JIOKATHUX KOOPAMHATA jep BaXku [Eq, Ey] = —(0/00)/r* # 0. A

OpTOHOPMUMpPAHU IIOKPETHU pellepd Cy BeOMa KOPHUCHU Yy HM3y4yaBawy PHUMaHOBUX
U IICey/10-PUMaHOBHUX MHOTOCTPYKOCTH. 3a PUMaHOBY MHOTOCTPYKOCT CTBApH Cy jefHO-
craBHe jep 'paM-IIIMUTOB ITOCTYIIaK IJIaATKO KOHCTPYHUILIe IOKaJIHU OPTOHOPMUpPaHU I10-
KpeTHH pellep II0YeBIIIH 0] IIPOM3BOJbHOT JIOKAJTHOT ITIOKPEeTHOT pellepa. PUMaHOB C1y4aj
je JlaraH jep BeKTOPH YHje Ce HOPMe jaBJ/bajy Y UMEHUOIIMMa HUTle HUCY Hys1a. MehyTuMm,
y CiIy4ajy HefleQMHUTHE MeTPUKe IIOTPESHO je 1a M36erHeMO U30TPOIIHe BeKTOope, Te MO-
paMo SGHUTHU OIIPe3HHU.

Teopema 4.13. IIocitioju 10KA/THU OPTUOHOPMUPAHU UOKpeTuHU pellep Hag OKOJIUHOM C8a-
Ke tayke ticeygo-Pumaroge MHOIOCIUPYKOCTILU.

JAoka3. Heka je (M, g) nceyno-PruMaHOBa N-MHOTOCTPYKOCT, & p € M IIpOU3BOJ/bHA TayKa.
PasMOTPHUMO JIOKa/JITHA KOOPAUHATHU IIOKPETHH periep (dq, . . . , On) HaJ, HEKOM KOOPAHUHAT-
HOM OKOJIMHOM U > p ¥ IPOM3BOJbHY OPTOHOPMHpaHy dasy (Vq,...,Vy) y TpM. Kako 3a
HeKy MaTpuiry npeaacka A € GL(n,R) Baxxu (Vq,...,Vn) = ((01)p,-- -, (On)p)A, TO HOBH JIO-
KaJIHU IIOKPeTHH pernep (Xq,...,Xn) mocraBbaMo ca ((X1)g,---,(Xn)q) = ((01)q,---, (On)q)A
3a cBako q € U. Kaxko je gp((X;i)p, (Xj)p) = &p(Vi, Vj) = +£6;; 1 §(X;, X;) € F(U), TO 360T Helpe-
KHJHOCTHU I10CTOjU OKosimHa W C U off p y K0joj 3a cBako 1 < i # j < n BaXXu

3 1 1
18X, X;)| >a= 1 + 3n <1l u |gX;,X;)|<b= on
I'pamM-IIIMHUTOB ITOCTyIIaK oMoryhasa /ja MHAYKTUBHO KOHCTPYHUIIIeMO OPTOTOHAIHU II0-
KpeTHU perttep (Yq,...,Y,) Hag W Takas [1a 3a cBako 1 < j < k < n umaMo

3 1
|g(Y]7Y])’ >d:Z 144 |g(Y]7Xk)’ <C:ﬁ'
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4.4. ToBnavyere METPUYKMNX TEH30pa

Heka je Y; = X;. [IpeTriocTaBUMO /1a CMO UHAYKTUBHO IIOCTaBUIH (Y71, ..
2 <j < n4 1eGUHUIITUMO

.,Y;_1) 32 HEKO

j—1
g(Yla)(])
Yi=X — Y;.
J J i—1 g(Yia Yl) :
JacHo je fa Ha oBaj HauMH fodujamo g(Y;, Y;) = 03a 1l < i < j—1. lomaTHO CMO 06e35e/IHiTn
— (&Y, X))

0,11 = g ) — 5 ETH)? 7T

i=1

j-1 2
18(Y3, X)) c?
> 180X, X)) — ) m>a—nﬁzd,
1 )

i=

H

j-

Y;, X)g(Y:, X
o xS BT H)T X

8(Y}, Xi)| =

i=1 g(Ylei)
j-1
18(Y:, Xj)[18 (Y, Xi)| 2
< |g(Xj,Xk)\+iz; Y.YD <b+nz=c

3a cBako 1 < j < k < n, mTo cMo U xesenu. Kako je ||Y;]| = /Ig8(Y;, Yi)| € §(W) cByzma
HeHyJIa TO MO>KeMO II0CTaBUTH E; = Y;/||Y;|| € X(W) 3a cBako 1 < i < n, YuMe [06HjaMO
Tpa’keH! OPTOHOPMUPAHU JIOKaJIHU ITIOKPeTHHU pertep (Eq,...,Ey) Hag W S p. O

Bpeny HalloMeHYTH /ia YCJI0B KOHCTAaHTHOT MHJEKCca Y AeUHUIIU]U METPUUKOT TeH-
30pa Huje IIpeBUIle jak. HauMme, Kako Taj yCJI0B HUCMO KOPUCTIIIN Y A0Ka3y IIPeTXOLHE
TeopeMe, a IOLIIXA CMO /10 HellpeKUHUX pyHKIMja g(E;, E;) € §F(W) Koje Mopajy SUTH KOH-
cTaHTHe (1 win —1), To 3aK/by4yjeMo [1a je UHeKC KOHCTaHTaH Ha CBaKOj KOMIIOHEHTH
II0BEe3aHOCTHU Hallle MHOTOCTPYKOCTH.

4.4 IloBjIauelm€ METPHYKHX TEH30pa

Kaz mpaBUMO HOBe MHOTOCTPYKOCTH Off, CTapHX, YeCTO II0CTOJHU OAroBapajyhu HauuH
Ila ce Ha HOBOj MHOTOCTPYKOCTH M3Bejle MeTPHUKa U3 CTape MeTpUKe. Y Ty CBPXY IOTPeSHO
HaM je II0BJIa4YeHe KOBAapHjaHTHOT TeH30PCKOT I10/ba. Heka je f: M — N IJIaTKO IIpecyu-
KaBame HU3Meljy MHOTOCTPYKOCTH M U Icey0-PUMaHOBe MHOTOCTPYKOCTH (N, g). IloBJ1a-
yerbe MeTpuke g € TI(N) je f'g € TH(M) Tako [ja y CBaKoj TauKu p € M 3a X, Y, € T,M
“UMaMo

(f8)p(Xp, Yp) = &rip) (f(Xp). f(Yp)),

a KaKo je g CUMeTpPHUYHO TO je TakBO U f*g. MehjyTuM, aKo f HUje UMep3Hja OHJA f, HUje
HMHjeKTUBHO U 3a HEKY TauKy p € M rioctoju 0 # X, € Tp,M TakBo ja je f.(Xp) = 0, o gaje
(f8)p(Xp,Yp) = 0 3a cBaKo Y, € TpM, Te (f*g)p HHje HeJlereHepHcaHo. 350T Tora f*g Moke
SI/ITI/I MeTpHKa CaMO YKOJIHMKO je f UMep3Hja, ajli TO Y OIIIITEM CJIy4dajy HUje JOBOJBHO.

Ipumep 4.10. ITocMaTpajMo jeAMHUIHY KpyT S Koju je cMemTeH y R? IpHpofHUM cMe-
mraweM f(0) = (cos 0,sin 0), rie je 6 10KajHa KoopAauHaTa. [IoB1auee MeTPUYKOTL TeH-
30pa IIach f'g = f*(—dx? + dy?) = —(—sin 8 d6)? + (cos 6 dB)? = cos 20 d6?, mTo je mereHe-
pucaHo 3a 0 € {mr/4,37/4,5 /4,77 /4}, a Ty Meba U UHJEKC. A

MehytuM, y PUMaHOBOM CJIy4ajy UMep3Hja jecTe U T0BOJbaH YCJIOB. AKO je f, HHjeK-
THUBHO, OH/]a [IO3SUTUBHO e QUHUTHO g II0BJIaYU II03UTUBHO AeUHUTHO f* g, Te je f*g Pu-
MaHOBa MeTpPHUKa.
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Teopema 4.14. Ako je (N, g) PumaHosa mHolociupykocit, a f: M — N umep3uja, iuaga je
(M, f*g) Pumaroga MHOIOCIUPYKOCIL.

Heka je P IOGMHOTOCTPYKOCT IICe€yA0-PrUMaHOBe MHOTOCTPYKOCTU (M, g),a1: P — M
oaroBapajyha HHKIIy3Hja. YKOJIHKO je «*g MeTpUKa Ha P Tajia KakeMo 1ia je (P, +*g) uceygo-
-Pumanoea uiogmnoiocipykociu oz (M, g). TanreHTHH IIpocTop TP MOJKe ce BUIEeTH
Kao IOTIIPOCTOP of TpM, ajii HeMa HeKOr pasjiora 3allTo 61 OH MOPao SUTH HeJlereHepH-
caH y OfHOCY Ha gp, Kao IIITO HaM HMKO He rapaHTyje /ia YKOJIHKO je TO UCITYHeHO HMaMOo
KoHCcTaHTaH Ind(gp).

3axBaspyjyhu TeopeMu CTBapH Cy JI0CTa jeJHOCTaBHUje Yy PUMaHOBOM CJIy4ajy.
AKo je P IOZMHOIOCTPYKOCT PUMaHOBe MHOTOCTPYKOCTH (M, &) ca UHKIIY3UjOM ¢: P — M,
oH7a je (P,*g) PumaHoea iogmHolociupykociu of, (M, g). Kako y cBakoM p € P BaXXu
T,P < TpM, PUMaHOBY METPHKY :*g Ha P 0SHjaMOo je fTHOCTaBHOM IIPUMEHOM METPHUYKOT
TeH30pa &.

AKO 3HaMO KOOpJUHATHY pelipe3eHTaIUjy UMep3Hje, OH/la Ce MHAYKOBaHa PUMaHOBa
MeTpHKa MOJKe JIAKO U3padyHaTH. Y HEKOj KapTH ca KOOPAUHATHUM QYHKITHMjaMa X; BaXKU

fe=1 D _gjdqdx | => f(g)f (@)f (dxg) = (gjof) d(x;of)d(x;of),
i

ij ij
LIITO IIPUMeKYjeMO Ha HapeJHUM KOHKPeTHUM IIpUMepUMa.

IIpumep 4.11. Heka je f: R? — R3 maro ca flu,v) = (ucosv,usinv,v), IIITo je ©Mep3Hja
4yuja je CIMKa XeJIUKouI. MHIyKOBaHy MeTpPUKY f*g padyHaMo ca

g =f(dx*+ dy* + dz?) = d(ucosv)? + d(usinv)? + d(v)?
= (cosvdu — usinvdv)? + (sinvdu + ucosvdv)? + dv? = du® + (u® + 1) dv*.

A

TpaHcdopMariuja PuUMaHOBe MeTpHKe 110/l IPOMEHOM KOOPAMHATa MO>Ke ce IIoCMa-
TPaTH Kao UAeHTUYKO IIpecIuKaBakbe ca pa3IMYUTUM KOOpAMHAaTaMa y IOMeHy U KOZIo-
MeHy.

IIpumep 4.12. Eykinjcka MeTpuKa g = dx? + dy? Ha R? y IToJlapHUM KOOPAHUHATaMa Ce
padyHa Kao IoBJIauere HIeHTHJKOT IpecJuKaBamba. Kako je x = rcos@ uy = rsin 6, To
UMaMo
g = dx? + dy? = d(rcos 0)? + d(rsin 0)?
— (cos@dr — rsin8d6)? + (sin O dr + rcos 6 d9)* = dr? + r’>d6>*.

A

PuMaHOBa MeTpHKa IIopasyMeBa IO3UTUBHY 1eMHUTHOCT U OHA je Hajuellthe M3y-
JaBaHa MeTpUKa. JeffHa Jiella 0CoOdMHAa PUMaHOBUX METPHUKA je [ja UX UMa Y U300UJbY.

Teopema 4.15. Csaxa MHoToCIUpYyKOCI g0380/6a8a4 PUMAHO8Y MeTUPUKY.

/Jloka3. Heka je M MHOTOCTPYKOCT ca IaTKHUM atiacoM {(Uq, @,)}aca. 110 Teopemu
II0CTOjH pasdujame jefuHUILe (Y, )qca IT0APel)eHo 0oTBOpeHOM ITOKpHUBAYY {Uqg tqep. Y CBa-
KOj KapTH II0CTOj PUMaHOBa MeTpHKa 8, = @8 HUHAYKOBaHAa CTAaHJapJHOM €YKIUICKOM
MeTpUKOM U3 (4.5). 360T JIOKaIHe KOHAYHOCTH I10CTOjX KOHAYHO MHOI'0 HeHyJIa YaHOBa
Y OKOJIMHU CBaKe Tauke, Te § = >, Y, 8q AeOHUHHUIIIE CHMETPUYHO KOBAPHUjaHTHO TEH-
30pCKO moJbe pefa aBa. 3a 0 # X € TpM mmaMo gp(X,X) = > ;o Yo(P)(8a)p(X, X). Kako
jé CBaKH WiIaH HeHeraTHBaH, CyMa je HeHeraTHBHa, a 3860T ), ¥, (p) = 1, dap jemaH ox
a € Auma p,(p) > 0.3aTo Baxku gp(X,X) > 0, Te je g TOSUTUBHO e pUHUTHA MeTPHUKa. [
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4.4. ToBnavyere METPUYKMNX TEH30pa

Ba’kHO je IIPUMETHUTH Jja II0CTOjU OTPOMAaH U360p Y KOHCTPYKITUjU MEeTPHUKeE g 3a Jja-
TY MHOTOCTPYKOCT. KOHKpeTHO, pasHe MeTpHUKe Ha MCTOj MHOTOCTPYKOCTH MOI'Y UMaTH
IIPUJIMYHO pas3/IMuuTe reOMeTpHjCcKe 0COSUHe. Mel)yTUM, UCTH IIOCTYIIaK He pajgu y He-
neUHUTHOM C/Iy4ajy, HaKo M0>KeMO KOHCTPYHCAaTH MeTPUKY MH/IeKca V Ha CBaK0j KOOp-
OWHATHOj OKOJIMHU 3a CBaKo 0 < v < n. PasJior je Taj IIITO 36Up IBe MeTpUKe UHJIeKca V
MO’Ke SUTH JleTeHepHcaH, Te He Mopa Jia Sy/ie MeTpHKa.

IIpumep 4.13. Heka cy (M, gy) ¥ (N, gy) IICeymo-PUMaHOBe MHOTOCTPYKOCTH, Te HeKa Cy
Ty M XN — Mumy: M x N — N IpupofHe IIpojeKIiyje. Ha mporsBojs MHOTOCTPYKO-
cTu M x N MO’KeMo JleGMHHUCATH UPOU380g MeTUPUKY ca gy X gy = T (&m) + TN (&Nn).
AKO MCKOPHUCTHUMO IIPUPOJIaH u3oMopdusam T, o) (M x N) = T,M x TqN u3 IIpumepa

nodujaMo 11a je ogrosapajyha 'pamoBa MaTpuila dJI0K JUjaroHasHa I7ie Cy 6JI0KOBH I10je-
nuHauHe 'pamoBe MaTtpuite. [Iceyno-PuMaHOBY MHOTOCTPYKOCT (M X N, gy X £xn) 30BEMO
ticeygo-Pumamnoe itpouseog op, (M, gy) ¥ (N, gn). A

IIpumep 4.14. OminTyje of IIPeTXOAHOTI IIPUMeEPA, 3@ CBaKy CTPOro ITI03UTUBHY QYHKIIH]Y
f € (M) M0o>keMO0 II0CTaBUTH

&m Xr &N = Ty (8m) + (fo ar) Ty (8N)-

OBor 1yta I'paMoBa MaTpHIia y Ta4KH (p, q) je SJIOK AyjaroHa/lHa MaTpHUIia I7e je IIPpBU
6710k 'paMoBa MaTpulia 3a gy y Ta4KU p, a Apyru I'pamoBa MaTpulia of, gy y TauKU ¢
MHO’KeHa I[I03SUTUBHOM KOHCTaHTOM € = f{p) > 0. O4nIIeHO BaKe CHUMETPUYHOCT U He-
IereHepUCcaHoCT, KoK U3 Ind(cgy) = Ind(gy) ciiepu Ind(g) = Ind(gy,) + Ind(gy). Iceymo-Pu-
MaHOBY MHOTOCTPYKOCT M x¢N = (M x N, gy Xygn) 30BEMO y8pHyiu tipouseog (warped
product), ITo ce y ciay4dajy f = 1 cBoAY Ha CTaHAApAHU Iicey0-PUMaHOB IpOU3BOA. A

Hexka cy (M, gy) 4 (N, gy) IBe 1ceyLo-PuMaHOBe MHOTOCTPYKOCTH. [J1aTKO IIpecInKa-
Bame f: M — N usmMmeljy ogrosapajyhux MHOTOCTPYKOCTH je ficeygo-PumaHnoea umep3u-
ja yKOJIMKO 4yBa MeTpPUUKe TeH30pe, [*(gn) = &y, IIITO MOYKeMO eKCIJIMITUTHO 3allucaTh
ca

(&M)p(Xp, Yp) = (&N)sip) (Tpf(Xp), Tpf(Yp))

3a CBaKo p € MuXp,Y, € TpM. CBaKo TaKBO IIpeC/IMKaBaibe je HMep3Hja, IIITO OIIpaB/aBa
UMe U JOHOCH HejeqHaKoCTU dim M < dim N u Ind gy < Ind gy.

H3omeiupuja vi3 (M, gy) v (N, gn) je iceyno-PrumaHoBa uMmepsyja f: M — N Koja je Ta-
Kohe rudeomopodrsam. KaxkeMmo z1a cy rceyzo-PuMaHoBe MHOTOCTPYKOCTHU U3OMeTlUpuY-
He YKOJINKO II0CTOjU U30MeTpHja n3Mehy BHX. AKO je Iiceygo-PuMaHoBa uMep3Hja fcaMo
JIOKaJIHU [rudeoMopdrizaM 0HZIAa KaKeMO [1a je y MUTaky /1I0KAAHA usomeimpuja. Kako
je TakBo fBeh uMep3wuja, 3a JIOKaJIHY U30MeTpPH]y 110 TeopeMu @ IOaTHO BayKH jOIII CaMO
TO 7a je dim M = dim N.

JIako je yBUETHU J1a Cy KOMIIO3UIIHja [Be U30MeTpHje U UHBEP3 U30MeTpHje TaKolje
U30METpUje, Kao IIITO je TO ¥ U eHTUYKO IIpecjinKaBawke. BUTH U30MeTpUYaH je 3aTo pe-
JlaliFja eKBUBaJIeHIMje, Te MOyKeMO pehH /1a je ©soMeTpHja HapOo4uTa BpCTa IIpeciIruKaBa-
Ba Koja oMoryhasa I1ojaM usoMopdusMa y KaTeropuju Iiceyo-PuMaHOBUX MHOTOCTPY-
Koctu. IIceygo-PumaHoea ieomeiupuja npeicTaB/ba U3yyaBambe 0COSHUHA Iiceyno-Pu-
MaHOBUX MHOTOCTPYKOCTHU KOje Cy MHBapHjaHTHe y OJHOCY Ha JIOKaJ/IHe WU IJI0dajlHe
H30MeTpHje.

3a ¢pukcupaHy Iiceyno-PUMaHOBY MHOTOCTPYKOCT M, usometpHja f: M — M ce 30Be
usomeitipuja og M. CKyIl CBUX U3oMeTpHja o M yuHU rpyny Z(M), Kojy 30BeMO Ipyua
usometipuja ox M. 3HadyajHa jaka TeopeMa TBP/[H /ia Tpyna usoMetpuja Z(M) 1iceyo-
-PuMaHOBe MHOTOCTPYKOCTU M MMa CTPYKTYpY JIvjeBe Ipylle y OG4HOCY Ha KOMIIaKTHO-
-0TBOpPeHy ToIloJI0THjy [83, Ilocenuiia 2]. 3a PUMaHOBE MHOTOCTPYKOCTU OBY TeOpeMy
cy yctaHOBUIU Majepct u CtuHpopg 1939. rogune [91].

8Sumner Byron Myers (1910-1955), aMepUUYKH MaTeMaTH4ap
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lnasa 4. lNceyao-PnmaHoBa meTpuika

IIpumep 4.15. Heka je f: S! — S! garo ca f(z) = z2, e je +: 81 — C, Te S! ma PruMaHOBY
MeTpHUKY g = *g. Kako je fumepsuja, 1o TeopeMu @ je f*g PumaHoOBa MeTpuKa. /laKie,
fje PumaHoBa uMep3yja, aji Kako f Hyje qrubeomMopdrsaM TO OHA HUje U3oMeTpuja. A

IIpumep 4.16. Hexka je (), g) KBafipaTHU BEKTOPCKU IIPOCTOP AUMeH3Hje n. 1360p dase Ha
YV UH/IYKYyje SUjeKTUBHO JIMHeapHO IIpec/IuKaBame IIITO je XoMeoMopdrs3aMm usMely V u
R™, Te je YV MHOTOCTPYKOCT. II0CTOj KaHOHCKH JIMHeapHU usomopdusam X — Xz 13 V Ha
CBaKM TaHTEeHTHU IIpocTOop Tz KOjH je JaT Kao U3BOJ, I10 IIPaBILy

Xoh= 4

5 hZ+),

t=0

I1e Hac 87(Xz,Yz) = g(X,Y) moBogu 10 METPUYKOI TEH30pa Ha MHOTOCTPYKOCTH V Koja
TaKo II0CTaje IIcey10-PuMaHOBa MHOTOCTPYKOCT. AKO je f: V — VW JruHeapHa U30MeTpHja
Ha KBaJIpaTHUM BeKTOpCKUM IIpoctopuma (V,g¥) u (W, g"), Taga je

h(fiZ) + (X)) = X)) h

t=0

Tof(Xz)(h) = Xz(hof) = -

mrro faje T7f(Xz) = f(X)5z), omakiie cuenu

(&™) z(Xz, Yz) = 81y (f:Xz. £ Yz) = 81 ((X)12). [ V)siz))
=gV (fX),f(Y)) = g"(X,Y) = g (Xz, Yz),

Te je friceyno-PuMaHoBa uMepsyja. Kako je JiMHeapHO IIpecIvKaBambe IVIaTKO, IMHeap-
HU usoMopousaM fje nrupeomopdusam, Te je f usoMeTpHUja rUsMel)y 1iceyro-PuMaHOBUX
MHOTOCTPYKOCTH V U W. OfaBie cIef1 [ja je KBaZpaTHU BEKTOPCKU IIPOCTOP V JUMEH-
3Uje n U UHJEeKca V Kao IIceyZ0-PUMaHOBa MHOTOCTPYKOCT H30MeTpHUYHa ca R}. 3amnpaso,
KOOpPAWHATHU U30MopdU3aM SHUJI0 KOje OpTOHOPMUpaHe dase y V je U30MeTpHja. A

4.5 My3su4yku usoMmoppusmMu

Huje some uMaTH y BUJY [a Iiceyfo-PHMaHOBa MeTpHKa HHIyKyje U30Mopdu3aM
n3Mel)y BeKTOPCKHUX U KOBEKTOPCKHUX I10Jba. 3a ATy IIcey0-PUMaHOBY MHOTOCTPYKOCT
(M, g) MmoxeMo fedpuHMCATH IIpecIrKaBame b: X(M) — X*(M) Koje 30BeMO CHUSUAUUA
(flat), a Koje BEKTOPCKOM II0/bY X € X(M) Iofiesbyje KOBEKTOPCKO Io/be X° € X*(M) medu-
HucaHo ca X°(Y) = g(X,Y) 3a cBako Y € X(M).

3a MpOM3BOJEHY TAUKY p € M MOKeMO pPeCTPUKOBATH CHUSUJIUITY U NOSUTH IIpeCiu-
KaBame b: TM — T*M, OZHOCHO bp: TpM — T;M, Koje BeKTOp X), € TpM 11a/be y KOBEKTOP
X, € T;M nar ca X, (Yy) = gp(Xp, Yp) 3 cBaKo Y, € TpM.

VCII0B HeJleTeHepHUCaHOCTH CHMeTpPHYHe SHInHeapHe ¢popMe g, € T9(TpM) eKBHUBa-
JIeHTaH je ycinoBy Ker(hy) = 0, 0IHOCHO TOMe [ia je b, HHjeKTUBHO. Kako paguMo caMo
ca KOHaYHUM fuMeH3HujaMa To uMamo dim TpM = dim T;M = dim M, Te je HeiereHepuca-
HOCT eKBHBaJICHTHA YCJIOBY /1A je b, H3oMopdusaM. Kako je MeTpHKa yBeK HeJlereHepHca-
Ha, TO je CHU3WJINIIA U30Mopdr3aM usMel)y oiroBapajyhx TaHre HTHUX ¥ KOTAHT€HTHUX
IIPOCTOPA, OFHOCHO U3Mel)y BEKTOPCKUX ¥ KOBEKTOPCKHUX I10Jba.

ITorsreajmo IITa Ce feliaBa y KapTH (U, ) ca KOOpAUHATHUM QyHKITAjaMa X; = TT; 0 (.
Ako je X = "I | X'0;, Tazia ©MaMo

X = be( )dx Zg( ai ai)dx S gXid = 3 X dy,

ij=1 j=1
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4.5. My3nykun nsomopounsmm

e je X; = >, gini. Moskemo pehu f1a je X* 0SHjeHo off X CIIyIITamkeM HHJIEKCa, IITO
je 1 pasJIor 3aIlTo OIlepaliyjy 30BeMO CHUSHINIIA. MaTpUlla CHUSHUINIIE Y TePMHUHUMA
KOOpJAHHAaTHe dase je 3arpaBo ['pamMoBa MaTpHIia Of g.

Ca [ipyre CTpaHe, HHBEP3HH HU30MopdusaMm § = b~1: X*(M) — X(M) 30BeMo ioeu-
cuauua (sharp). I[loBucuinila KOBEKTOPCKO II0Jbe w € X*(M) 11ajbe y BeKTOPCKO I10Jbe
w* € X(M) TakBo Ja w(X) = g(w*, X) Baxku 3a cBako X € X(M). Y KoopAHHATaMa MaTPHIa
IIOBUCHJINIIE je MHBEP3HAa MaTPUIIH CHU3SUIIUILIE.

Kaxko je g HeflereHepricaHo, [[paMoBa MaTpuiia ca yJ1asuma gj; je HHBepTH§HﬂHa y CBa-
KOj TaUKH, Te II0CTOjH H>-0] MIHBep3Ha MaTpHIla ca yaasuma gk, rie je Z}’Zl g,-jgfk = §jx. KoM-
IIOHEeHTe WHBeP3He MaTpUIIe IJIaTKO 3aBHUCe Off II0UeTHUX KOMIIOHEHTH, Te Cy ¥ QyHKIIHje
gY rnatke Ha U. Kako je £ CHMETPHYHO, UIMaMO

n
Zg”‘SU = Zg (gag¥) = Z g%g1)gh = Sugh = 5",
=1

i,l=1 i,l=1

Te je MHBEP3 Takohe cuMeTpHyaH, g* = g¥. Camasa w = Y 1 w; dx; umamo w* = 31 1 Wd)
e je w = S | gYw; 1 KaxkeMo [1a je w OSHjeHO 0] W AM3aEHeM MHJEKCa.

[IpecnukaBama b: X(M) — X*(M) u §: X*(M) — X(M) cy my3suuku usomopgusmu,
CUMIIaTUYHO UMe KOje je IIpoliarupao (1 BepoBaTHO CKOBAO) Bep>1<eE [18].

BepoBaTHO HajBa’kKHUja IIpPUMeHA IIOBUCUJIUIIE je IIPOIIHpehe KJIaCUYHOT I'PaitjeH-
Ta Ha IiceyJ0-PUMaHOBEe MHOTOCTPYKOCTH. AKO je (M, g) nceymo-PuMaHOBa MHOTOCTPY-
KOCT M f € §(M), OH/ia je ipagujeHitt ofi f BEKTOPCKO I1oJbe grad f = dff € X(M) qoSujeHo u3s
madepeHnyjata df € X*(M) qusameM HHAeKca. [pagujeHT MOXKeMO U3pasuTyh GOpMyJIoM

g(gradf, X) = df(X) = Xf,

KOja BakM 3a CBakKo X € X (M), 0K y JIOKaJTHUM KOOpJHaTaMa UMaMo

of 0
gradf=dff = Z(Zgl] ( )) ox; Zg’]a)];axl

[TocedHO, 3a IPUPOAHE KOOPAHUHATeE IICeY0-eYKIUACKOT IIpocTopa R} KOOpAMHATHHU II0-
KpeTHH pellep je OpPTOHOPMHUPAH, Te ce GopMyJia cBoAH Ha gradf = Y"1 ; €;0,f0;, mTo faje
yoduuajeHy ¢opMyJIy 3a eyKIUACKHU IIPOCTOP Y KOjeM I'paZiijeHT UMa UCTe KOMIIOHEHTe
Kao u df.

CHU3MJIMIIA ¥ [TIOBUCHJIMIIA Ce MOT'Y IIPUMEHUTH Ha TeH30pe IIPOXU3BOJbHOT THIIA U Ha
SWJIO K0jOoj MO3UIIMjU NHeKca. Ha Taj HAUWH ce KOHTpaBapHUjaHTHU TEH30P IIPEeBOIU Y
KOBapHjaHTHH WM 05paTHO. Ha IIpuMep, y ciydajy TeH30pa A € T2 (M) MO>KeMO CHU3UTH
TOPEGY MH/IEKC TAKO /I JOSHjeMO0 KOBapHjaHTHHU TeH30p A” € TI(M) unje cy KOMIIOHEHTe
A = (A = Y11 SuAly

V omireM cayvajy CHUSHINUIA Mo)Ke IIpehu Ha ofroBapajyhu apryMeHT jep U3 jeiHa-
kocTH (B.6) mMaMo

A X )= xt @) =33 XY gl
i i j

A X )= @Al =3NS gt A
J j i

IIITO aHAJIOTHO BakKU U 3a IIOBUCH/IHIY. KoHKpeTHO, A’(X,Y,Z) = A(X",Y,Z) 3a A € T}(M)
uX,YzZecxM).

“Marcel Berger (1927-2016), ppaHI[yCKH MaTeMaTH4ap
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lnasa 4. lNceyao-PnmaHoBa meTpuika

CHU3WINIIE U IIOBUCUJINIIE TaKOlje MMajy Ba)KHY IIPUMEHY Jja IIPOAY Ke KOHTPaKIIHjy.
Ha npuMep, 3a CHMeTPHYaH KOBapHjaHTHH TeH30p A € T)(M) fu3arbeM jeJHOT HH/eKca
(cBeje/iHO Kojer jep je A cuMeTpruaH) UMaMo A? € T1(M), oakie IpPUMeHOM KOHTPAKIIH-
je modujaMo trg(A) = C(A*) € §(M), ITo je mpai ox A y ofHOCY Ha g. Y KOOpAHUHATaMa To
je trg(A) = C(AY) = Y1 Al = >tiet gYA;j, IITO ce y CIIydajy OPTOHOPMHUPAHe 5ase CBOJH
Ha 0d6M4aH Tpar MaTpHILe.

[TpruMeHa My3sUUYKUX U30Mopdrizama oMoryhasa Jja UCTPaKUMO I10]] KOjUM yCJIOBUMaA
HeKa N-MHOTOCTPYKOCT JI03BOJbaBa MeTPUKY yHAIIpe[ uKcHupaHor uHzekca 0 < v < n.

TeopeMa 4.16. MHoloclupyKocCili g0380/6A804 MEIPUKY UHGEKCa V aKO U CaMO aKO §o360-
/6asa V-guMeH3UOHY gUCTUPUSYUUJY.

Jokas. Heka je (M, g) iceymo-PUMaHOBa n-MHOTOCTPYKOCT MHeKca 0 < v < n. MoXeMo
n3adpary PuMaHoBY MeTpuKy g Ha M uyBectu T € T}(M) ca T(X) = (X°)f 3a X € X(M), re
je f moBUCHIIHITA Y OZTHOCY Ha g. /[pyTUM peurMa, MU KOHCTPYHUIIIEMO TUHEeapHH OIlepaTop
T: X(M) — X¥(M)TakaB fag(X,Y) = g(T(X),Y) Baxku 3a X, Y € X(M). Matpuna oz T'y ofHOCY
Ha g IokJama ce ca [paMoBOM MaTpHUIIOM 3a g, LITO Jjaje KapaKTepUCTUYHU I10JIMHOM
det(A1-T) = (A-1)""Y(A+1)".3aT0 je T+ 1 XoMOMOpdHr3aM TaHTeHTHOT pacjojerha Hal
M KOHCTaHTHOT paHra n — v, ITo 110 TeopeMu 3.3 JOHOCH V-TUMEH3UOHY AUCTPUSYIIU]Y
Ker(T + 1) Ha M. llITaBuIlle, uMaMo U fgekoMmiosurujy TM = Ker(T + 1) @ Ker(T — 1).

Ca pyre cTpaHe, ersUCTeHITHja V-AUMeH3HOHe JUCTpUdyrje D Ha PUMaHOBOj MHOTO-
CTpyKOCTH (M, g) TI0OBJIaUH €r3UCTEHITHjy KOMIUIEMeHTapHe TUCTPUSyIHje D+ TakBe 1a
BaXH TM = D & D' u ToM = Dp & Dﬁ 3a p € M. Taga MO’KeMO pacTaBUTHU MeTPHKY Kao
OUPEKTHY CyMy MeTPHKa pacJojerma g = gp d &p1, Ie Cy gp U gp . OAroBapajyhe pecTpHK-
I1yje, IIITO OMoryhaBa Jia HallpaBUMO MeTPUKY (—gp) & gp. UHEKca V. O

Haxo of cByJia HeHyJla BEKTOPCKOI I10/ba Ha MHOTOCTPYKOCTH JUPEKTHO 0dHjaMo
jeTHOOUMEH3HUOHY AUCTPUOYIHjY, 06paT HHUje OUUIVIeJaH MaKOo Cy BUXO0Ba II0CTOjama
Sd1MCcKo 1oBe3aHa. TexHUKaMa ajiredapcKe TOIIOJIOTHje MOJKe Cce II0Ka3aTH Jia je yCJIOB II0-
CTOjarba CBY/ia HeHyJla BeKTOPCKOT I10/ba HA MHOTOCTPYKOCTH M eKBUBAaJIeHTaH TOMe /ia
je M niayv HeKOMITaKTHa Wi uMma Oj1epoBy™ KapaKTepUCTUKY x (M) = 0, IITO je Tako-
he eKBUBaJIEHTHO €T3UCTEHIIHjHU jeJHOINMEH3N0He TUCTpudyyje Ha M (Bugetu O’Huut
[100, IIpomosurtuja 5.37]). 3d0r Tora, cBaka HeKOMIIaKTHa MHOTOCTPYKOCT Z103BOJbaBa Jlo-
PEHIIOBY METPUKY, JOK Cy Topyc U KiajHoBa Quallia jefyHe KOMIIaKTHe ABOJAMMEH3HUO-
He MHOT'OCTPYKOCTH 3a Koje TO Baki. KOHKpeTHY KOHCTPYKIIHjy JIopeHII0Be MeTpPUKe U3
BEKTOPCKOT I10/ba KIMaMO y HapeJHOM IIpUMepY.

IIpumep 4.17. IIpeToCcTaBUMO /1a IIOCTOjU CBY/Zla HeHYJIa BEKTOPCKO I1o/be X € X (M) Ha
MHorocTpykKocTd M. Ilo TeopeMu 4.15 MO>KeMO usadpaTu PUMaHOBY MeTpUKY g Ha M.
ITocMaTpajMo KOBapHjaHTHH TE€H30D g1, € T9(M) meduHucaH ca

2
gL—g—mXb®be

KOjH je OYUIVIEJHO CUMeTPHYaH. JacHO je fa BaXku g, (X, X) = —g(X,X) < 0, 1ok g(X,Y) =0
nosJsiaud g1.(Y,Z) = g(Y,Z). 3aTo je opTOroHasIHa 6asa KBaZpaTHOI BeKTOPCKOT IIpOCTOpa
(TpM, gp) KOja YKIby4yje BEKTOP X, TaKolje OPTOTOHAIHA dasa y OJHOCY Ha (gr,)p 3a CBAKO
p € M, 11TO l0Kasyje f1a je gz, JIopeHIl0Ba MeTpHKa. A

4.6 Mojei mpocTopHu

Ha pasBoj PumaHOBe U 1icey0-PUMaHOBe reoMeTpHje BeJIMKU YTUIAj] UMaJIH Cy Ofipe-
heHU BUCOKO CUMeTPUUYHU IIPOCTOPU Ha3sBaHU MO/l TpocTopu. OHU IIpe/icTaB/bajy Beo-

YLeonhard Euler (1707-1783), IBajjapcKy MaTeMaTHIap
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4.6. Mogen npoctopu

Ma [10dpe IIpuMepe, TaKo ja allCTpaKTHHje I1ceyo-PUMaHoBe MHOTOCTPYKOCTH MOYKEMO
yropefjuBaTU ca OBUM jeJHOCTaBHUJUM IIPOCTOPUMA U IIOTPAKUTHU 3ajeJHUUKE 0COOU-
He. [JIaBHa o/i/IMKa MOZeJI IIPOCTOpa je fa Cy OHKM BUCOKO CUMETPHUYHHY, IIITO 3HAYHU [a
I10Ce/lyjy BeJIUKY I'PYIIy U30MeTpHja.

HajBakHuja npuMeHa JIMjeBUX Ipyna y TeOMETPUjU YK/bydyje BbUX0BO [1€jCTBO Ha
MHorocTpykocTu. /Jejcinieo (cieBa) rpyne G Ha MHOTOCTPYKOCTH M je Ipec/IMKaBambe
0: G x M — M, rne O(h,p) decto ckpaheHo odesesxaBaMo ca h - p, Koje 3a70B0O/baBa
hy-(hy-p) = (hyhy)-pue-p =p3acBako hi,hy € Gup € M, 171€e je e jeTUHUYHU eJIeMeHT O[]
G. Axo je raTo fejcTBO of, G Ha M, 3a cBako p € M Ipyua usoimpoiutuje (Wi cinaduausa-
tuop) on Gy pjemnoarpyna G, = {h€ G: h-p = p} of G Koja ce cacToju Off CBHX eJleMeHaTa
Koju QHUKCcHpajy p. lejcTBo of G Ha M je C1080gHO aKo Cy CBU G, TPMBHjaJIHH, IIITO SHAYH
oa h-p = puosnauu h = e. Opduiia Tauxke p € M je ckyn G-p = {h-p : h € G} Tauaka
U3 M y Koje p MO>Ke SUTH IIOMepeHO IIpeKo ejleMeHaTa of G. /[ejCTBO je iupaH3uitueHo
aKo MMa Ta4vyHo jelHy OPSUTY, ILITO 3HAYH /la 3a CBaKHU [1ap Tavaka p,q € M rmoctoju h € G
TakBo aje h-p = q.

VKOIUKO je G JlujeBa rpy1a, 1ejcTBo 0: G x M — M je LaaimKo gejcitieo axo je 0 riat-
KO0. Y TOM cJIy4ajy, 3a cBako h € G, npeciukaBawe 0,: M — M gato ca Op(p) = h-pje
nupeoMopdusam, jep je 0, IIIaTKO Kao U HeroB UHBEP3 0 1.

Jla ducMo oImcasIu CUMeTpHje IIcey0-PUMaHOBe MHOTOCTPYKOCTH (M, &) II0J1a3uMO
O] ’beHe rpylie usoMeTpuja Z(M) Koja IpUpPoIHO AeduHUIIIe fTejcTBoO HA M ca f- p = f(p)
3a fe Z(M) u p € M. lllTaBullle, BpeJ HAIIOMEeHYTH /ia 3a CBaKoO f € Z(M), IJ106aJIHO TaH-
TeHTHO IIpecIvKaBame Tf mpeciukaBa TM y ceSe U peCTpHUKYje ce y IMHeapHy U30MeTPHU-
jy Tpf: TyM — Ty M 3a cBako p € M. Ilceyo-PuMaHoBa MHOTOCTPYKOCT M je xomoieHa
aKo rpyrma usomeTpHja Z (M) fejcTByje TpaH3SUTHUBHO Ha M, I1ITO 3Ha4H JIa 3a CBaKOp,q € M
rocroju usoMmetrpuja f € Z(M) Taksa za je f(p) = q.

I'pyua usoimpottuje on Z(M) y Tauku p € M je ¥eHa IIOArpyIIa 7, (M) Koja cagp>Ku CBe
feZ(M)3axkojejef(p) =p.3ap € Mufc I,(M), TuHeapHO IIpeciIuKaBame Tpf mame T,M
y cede, Te 05HjaMO U3ompouHy peupesenimauujy I,: 7,(M) — GL(Tp,M) xoja je maTa
ca Iy(f) = Tpf KaxeMo f1a je M usoiupoutHa y p € M aKo H30TPOITHA Pellpe3eHTaIiyja o
Ip(M) mejcTBYje TPAH3UTHBHO Ha CKYIIY je JMHHYHHX BeKTopa u3 TpM, IITO 3HAYH [a 3a
CBe jeIMHUYHE BeKTOope X, Y € TpM 1ocroju usomerpuja f € Z,(M) TakBa fga je f.(X) =Y.
[Iceymo-PuMaHOBa MHOTOCTPYKOCT je U30MpouHAa aKo je U30TPOIIHA Y CBAaKOj TAaUKH.

XoMoreHa Iiceyo-PuMaHOBa MHOTOCTPYKOCT reOMETPHjCKH H3IJIe/ia UCTO Kaf je II0-
cMaTpaMo U3 SHUJIO KOje TauyKe, TOK OHA Koja je M30TPOITHA U3IJIe/la MCTO Y CBUM IIpaBIU-
Ma. HapaBHO, XoMoreHa Iicey0-PMMaHOBa MHOTOCTPYKOCT KOja je M30TPOIIHA Y jeIHO]
Ta4yKH je U30TPOITHA Y CBAKOj TaAUKU. Mel)yTHM, UCIIOCTaBJ/ba Ce /ia je N30TPOIIHA IICey/0-
-PUMaHOBa MHOTOCTPYKOCT XOMoOreHa (BUieTH TeopeMy ).

Tpu mopesn mpocTopa PuMaHOBe reoMeTpHje Cy eYKIHUICKU IIPOCTOPH, chepe U XUIlep-
S0JIMYKU IIpoCcTOPHU. OCHOBHA U HajBaXKHUja MoJies PUMaHOBa MHOTOCTPYKOCT je eyKJIH/I-
CKU IpocTop R™ ca eyKIUICKOM METPUKOM g U3 (@) (IIpumep @). HammomeHuMO 114 je
[Ipumep I10Ka3ao Jia je CBAKU KBa/IpaTHU BeKTOPCKHU IIPOCTOP UHAeKca 0 U30MeTpHU-
4yaH ca (R", g). JJako je KOHCTpyHCaTH U30MeTpHje Ha PUMaHOBOj MHOTOCTPYKOCTHU (R", ),
jep cBaka opTOTrOHaJ/IHa JIMHeapHa TpaHchopMalirja Ha R" uyBa eyKIHUACKY METPUKY Kao
IIITO TO PaJH U CBaKa TpaHCJIaIHja.

HapemHu Moges IIpocTop je chepa S™ umja HHKIy3Hja : S* — R unaykyje Puma-
HOBY METPHKY £ = 2*g Ha S" K0jy 30BeM0 oKpyiaa meiipuka. Chepa (S, g) je PumaroBa
MHOT'OCTPYKOCT KOja je XOMOreHa ¥ U30TpPOIIHA.

IIpumep 4.18. JIMHeapHO /IejCTBO OpTOTroHAaIHe rpyme O(n + 1) Ha R™! uyBa u 8" u ey-
KJIUJCKYy MeTPHUKY, Te IleroBa peCcTpUKIIMja Ha S™ 1ejcTByje H30MeTpUUYHO. IlocMaTpajmo
ceBepHH o1 q(0,...,0,1) € 8" ca craHgapgHOM 6asoM (91,...,0n) ¥ T4S™. Heka je p € S"
IIPOM3BOJ/bHA TauyKa ca OPTOHOPMHUPAHOM dasoM (Eq,...,Ep) y TpS". Kako cy oBU dasHH
BEeKTOPHY TaHTeHTHU Ha cepy, OHU Cy OPTOTOHAJHU Ha p, Te je (Eq,...,Ey,p) OPTOHOP-
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MupaHa Sasa y TpR"1. Ao je f € O(n + 1) MaTpuIja 4uje Cy KOJIOHe YIIPaBO TH 5a3HU
BeKTOpH, OHJA f: (J1,...,0n11) — (E1,...,En,p), Te IocedHO f(q) = f(On11) = p. LlITaBuILeE,
KaKo f ejcTByje JIMHeapHO Ha Rl TaHreHTHO NpecinkaBame T,f: T;RY — TRy
CTaHapAHUM KOOpAWHaTaMa MMa pellpe3eHTaIlHjy Koja je JaTa ICTOM MaTPHUIIOM Kao U
f, opaxuie podujamo f.0; = E;j3al <i<n.

6n+1

Ha oBaj HaUWH CMO IIPOHAIILIU U30MeTPH]Y fKoja IIpeBOAU q Y p, JOK OPTOHOPMUpPaHY
dasy ol q rypa y usadpaHy OpTOHOpPMHUpaHy a3y of p, Te je 8" XoMoreHa ¥ U30TPOIIHA
MHOTI'OCTPYKOCT. A

[71aTko mpeciukaBawe f: M — N usMmel)y mnceyno-PUMaHOBUX MHOTOCTPYKOCTH
(M, gu) 1 (N, gn) je KoHgpopmHO aKo f*(gy) = hgy BaKU 3a HEKY II03UTUBHY QYHKIH]Y
h € F(M). Ako nnocToju KoHGOpMHHU AuPeoMopdursaM usMel)y Iiceyz0-PUMaHOBUX MHO-
TOCTPYKOCTH KaKeMo Jja Cy OHe KOHOPMHO eKeuealeHiliHe. [[Be MeTpUKe g U g, Ha
MHOTOCTPYKOCTU M Cy KOHHopMHe aKO II0CTOjU II03SUTUBHA QyHKIMja h € §(M) TakBa
Iaje g2 = hgy, OGHOCHO aKoO je UJeHTUYKO IIpecInuKaBame usMmely (M, g,) u (M, g,) KOH-
dopMHO. YV PUMaHOBOj TeOMETPH]H je II03HATO [JIa Cy ABe MeTPUKe KOHPOPMHE aK0 U CaMO
aKo TeUHUIIY UCTe YIJIOBe, 0K je nupeoMopdrsaM KOHPOPMHHU aKO M CaMO aKo 4yyBa
yIJIOBeE.

IIpumep 4.19. Cdepa je I0KaIHO KOHPOPMHO eKBUBAJIEHTHA eYKIUCKOM IIPOCTOPY, a
cTepeorpadcka Ipojeknyja je KoHpopmMHU fudeomopdusam usmehy §"\ {(0,...,0,1)} u
R™. PasMoTpUMO CcTepeorpadCcky IIpojeKiujy ¢ = ¢_ us [Ipumepa Koja je maTa ca

1

e e 4.7
1 Xn+1 (X17 7Xn)7 ( )

q)(Xla" XThXVH-l)

U YUjU UHBEP3 je

-1 1 2 2
ceYn) = 2y1,. ., 290, — 1+ Y2 - : 4,
¢ (Y1,--,Yn) 1+y%mﬂ%( V1, 20, —1 4+ Y1 +Yn) (4.8)

3a IIpOM3BOJBHY TAUKy S € R" 1 BekTOp V € TxR", U3

n+1 n+1

e T R

MO>KeMO M3pavyyHaTH UHAYKOBaHY METPHKY,

1

n+1

(@) 8V, V) =89, 'V, 0 'V) = g9, V.0, V) = ) (Vixio 9™ 1))?,

i=1

ITe je

; 24 4y2 ) — Y V(Y2 4+ ... 1 y2
Vixiop~1) =V 2yi _ A4yt +yn);/(yl) yl‘gozfﬁ +Yn)
1‘+y1 +Yn (1‘¥y1‘%'”'+yn)
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3a 1 <1i<n,camgogaTHUM

_ -1+y3+---+ya Vi + - +Ya
Vi ogrt) = v (LT OR) _p VO k)
1+yi+-+Yn (1+yi+---+yn)

Kaxo je V(y2 + - +y2) = 31 ; 2y;V(y;), TO ©MaMo

4
(1+yi+---+ya)*

A+ 4+ YRV - iVOR + -+ YE)?)
i=1

(e~ 1)"g(V.V) =

(VO +-- -+ 93

(V(y1))? + - + (V(yn))? 4 _
=4 = V. V).
A+ yi? A+ sV
,Z[pyI‘I/IM pedruMa, BaKu
0 4 B
(971)g = ,8,

(L +yf+-+yn)

I7le g perpes3eHTyje eyKIUACKY MeTPUKY Ha R, Te je 3aT0 oBa cTepeorpadcka IIpojeKIiyja
¢ kKoHGopMHU nudeomopdusaM. Ofasie cieu 1a je chepa 10Ka1HO KOHPHOPMHO pae-
Ha, IIITO 3Ha4UM /la CBaKa Tayka U3 S" MMa OKOJIMHY Koja je KOHQOPMHO eKBUBaJIeHTHA
HEKOM OTBOPEHOM IIO/ICKYITy Off R". A

Tpehy kyacy Mozes1 PUMaHOBUX MHOTOCTPYKOCTH UMHU XUIIEPSOIUYKHU IIpocTop H"
KOjH e GUHUIIIEMO Ca

H" = {X = (Xp,...,Xn) € R : g(X,X) = —1, Xo > 0}

Kao I1cey/i0-PUMaHoBY [IOMHOIOCTPYKOCT IIpocTopa MuHKoBcKor R = (R™1, g). Teo-
METPHjCKHU IJIe[IaHO, Y IIUTAY je TOPHU [1e0 IBO/IeJIHOT XUIIepSd0oI0H/ia KOjU je 3a/aT je[l-
HaYHHOM XZ — X3 — - - - — x4 = 1. IlocMaTpajMo IIaTKy QyHKIH]y f: R — R nepuHucamy
ca flX) = g(X,X). Kaxo je

AfelV) = Vaf = S X+ 0v) = S| (1) + 2080 ¥) + #AY)) = 28(X,Y) = 2K, ¥,

t=0 t=0

TO BakH dfy = 2(Xx)’, Te Txf1iMa panr 1 3a cBako X # 0, ofjakJIe cJeu fia je —1 peryaapHa
BpegHOCT of f. ITo TeopeMu , peryJlapHu CKyII HUBoa f~1(—1) je HOAMHOTOCTPYKOCT KO-
oUMeH3sHje 1, IIITo TaKolje BaKU 3a H1eroB 0TBOpeH 1oacKyIl H™. IllTaBuliie, 1o Jlemu
3a cBako X ¢ H" umamo TxH" = Ker Txf = Ker X’ = X*. 350r g(X,X) = —1 < 0, peCTpHK-
IMja aMGHjeHTHe MeTpHKe Ha X' je MMO3UTHUBHO AePUHUTHA, Te £ HHAYKYje PUMaHOBY
MeTpUKy h = +*g Ha H".

IIpumep 4.20. [IocMaTpajMo xuiltepdoauuky ciepeoipadgcky upojekuujy 7 us H" y

XureppasaH X, = 0 mpeko tauke (—1,0,...,0). I3 ;beHe popMmyIie
7T(Xp, X Xn) = 1 (x Xn)
0, ALy - -+ n—1+xo 1,---54n),

BHUJIUIMO 71a ||77(Xo, X1, - .-, Xn)|| = /(X0 —1)/(Xo +1) /1 Kag xo — +oo, Te je Im(7r) = B"
jeIMHUYHa OTBOpeHa Kyriia y R™. 3&6or Tora Hac gudpeomopdusam 7: H* — B" moBogu
10 ApyTor Mojesia Koju 3oBeMo ITounkapeoe Kyina mogea HB" = (B" (n~1)*h), tme je h
MeTpuKa Ha H.
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\\‘\\\‘\\\‘ N\t T [T Tl 7 /" /4 ,/4/
N i-fil'i:;:,‘/fi;/}/
[ 7 7

N %" 4
NN A2, A 7

s

HakoH 1m1To M3pauyHaMo UHBEP3,

_ 1
T 10)177))71):1_))%__yrzl(l_'_y%"i"“y%lvzylavzyn)?

Kao U paHuje, I0CTaB/baMOo IIPOU3BOJ/bHY TaUKy S € B" u BekTop V € TsB". U3

n n
0
1y _ -1 , _ ol
V= ;0 (7T, V)(Xl)(?xi = iEO Vixjom )8xl-’

nodujamo,
(T (V. V) = RV, V) = g(m 'V, V) = (Voo h))? + Zn:(V(Xi o h))?,
i=1
I7e je
Vogont) = v ( 2y ) A=Y= YRV + YV + YR
1-yt—- =i (1=yf—-—yR)?

3a 1 < i< n,cagogaTHUM

_ 1+y2+---+y3 VyZ+ - +y2)
Voo = V<1 3 —~--—y%> R
Opnasze je
(1 =y = = YRV +YVOR + -+ YE)?)
i=1
(VO1)2 + -+ + (V(yn))? 4 _
S s R s

IIITO Jlaje MeTPUKyY 3a HB",
h2 _ (ﬂfl)*h _ 4(d)’1)2 +ot (dYn)z
(1=yf = —yn)?

Ha oBaj HauuH 706uan cMo PuMaHOBe MHOTOCTpYKOoCTH H"
KOje Cy U30MeTpHUYHe.
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4.6. Mogen npoctopu

IIpumep 4.21. Heka je ¢: S"\ {q} — R" cTepeorpadcka mpojexriuja us [Ipumepa
ca popmyiiama (@) U (4.8), Te Heka je p: 8" — S§" poranyja gedpuHICaHA jefHAUUHOM
P(X1, .- Xn-1,Xn, Xn11) = (X1, Xn 1, —Xny1,Xn) KOja XeMucdepy {X,,1 < 0} mpeBogu y
xemucoepy {xn, > 0}. [locmaTpajMo gudpeomoppusam
Yp=gopop l:R"\ {(0,...,0,1)} — R™\ {(0,...,0,-1)}

U HBEer0BY pecTpUKLujy us Kyrmie B" Ha nmosynpoctop U" = {(zy,...,zn) € R : z, > 0}.
Taga mpeciiukaBame Y [gn: B" — U™ 10HOCH Tpehu MofieJ1 XUIIepSd0JIUUKOT IIpocTopa, ITo-
uHkapeoag ioayupociiop mogea HU" = (U™, (p~1)*hy).

Mo>keMo H3padyHaTH HHBep3 f=1 1 = @o p~1o @' y koopAuHAaTaMa,

flze,....zn) =@optooNzq,...,zp)

1

1 2 2

= 2Z21,...,2Zn, -1 +27+---+2

@op <1+z§+..-+zg( 1 n 1 n)>

1

= 224,...,2Zn1,—-1+22 + - 422, -2z

¢<1+4+~~+z# ! o ! v —22n)
1

= 221,...,2Zn 1, -1+ 22 +--- +72).
(1+Zn)2+Z%+~~-+Z27( 1 n-1 1 n)

n-1
3a ImpousBoJbHY TaukKy p € U™ nodujamo
n
PRI QI
0Zn — 0zn 0y
2L+ zn) —ZF =25 )y of ~ 4L+ 2n) X Zigy of

(M+zn)?2+25+---+25 )2

O/laKJIe 32 HH/IYKOBaHy METPUKY h3 = f*hy, y3 cMeHy z2 = z2 + .- +z2_,, uMaMo

o 0 0 0
hs <(‘9Zn’6zn) =h, (f*aznvf*m>

B 4 4((1 +zp)? — 22)%2 +16(1 + z,)%22
(- 01of) = = (Ynof)?)? (1 +2zp)* +2%)*
— 16 ((1+ zp)* 4 2%) _ 1

(L+ 202+ 222 422 — (-1 + 22+ 20))° 2}
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MelhytumMm, us popmysie (@) BUVMO J1a Cy MeTpHKe h; U g KoHQopMHe Ha B", nok IIpu-
Mep mokasyje zia je f~1 koupopmuu gudpeomopdusam usmely (B, g) u (U", g), omakiie
cIefy fa cy MeTpuke hs U g koHpopMmHe Ha U™. To je pasJior 3aIllITo HaM je JOBOJBHO Jia
uspauyHamo hs(V, V) 3a HeKo [06po M3adpaHOo BEKTOPCKO I10/be, Ha IIpuMep 3a V = 9/0zy.
OpmaB/ie KOHAYHO [061jaMOo

(d22)? + - + (dz0)*

hy = fhy = P 410
n

Kako cy PumanoBe MHorocTpykocT H", HB" 1 HU" cBe Meljyco8HO M30MeTpUYHE, UeCTO
KOPHUCTUMO jeTHOCTaBHY HOoTalyjy RH" 1a yKaskeMO Ha SHUJIO KOjU Off OBUX XUIIEPSOIUY-
KUX MO/JIesIa KOjU je y JaTOM KOHTEKCTY Haj3TOLHU]U. A

IIpumep 4.22. CuMmeTpuje o RH" ce Hajiakile BUze y Xutiepdosous Mozeny H". /lopeH-
uoea ipyiia O(1,n) je rpyIa JTMHeapHUX IIpecauKaBama 13 R ! Ha cede koje gyBajy Me-
TPUKY MHHKOBCKOT. CBaKH eJleMeHT U3 O(1,n) 4yBa XUIIepSoIous {xg — x5 — - —x% =1}
KOjH Ce cacCTOjH Of IBe KOMIIOHEeHTe Koje cy oapeheHe ca {xy > 0} 1 {xo < 0}. IToarpymna
07" (1,n) xKoja yyBa cMep BpeMeHa CacTOjH ce o] IIpec/IMKaBaba Koja 11a/by KOMIIOHEHTY
{Xp > 0} y cede, Te 3aT0 IejcTByje Ha H" Kao n3omMeTpuja. AHAJIOTHO MOKeMO IIPaTUTH
aprymeHTe us [Ipumepa Ia SHUCMO 3aK/BYUYMJIU Jia TIOCTOjU m3oMeTpuja us 07 (1,n)
KOja IIPOU3BOJbHY TAUKY ¢ IlIa/be Y IPOU3BOJ/bHY TAUKY p, a IIPOM3BOJbHY OPTOHOPMUpa-
Hy 6a3y 3a T;H" rypa y IpOH3BOJ/bHY OPTOHOPMHUPaHy a3y 3a TpH", Te je XUIIePSOoTHUKH
npoctop RH" XOoMOTeH U U30TPOIIaH. A

JeduHUIMje eYKIUCKUX, CPepPUUYHUX U XUIIePSOJIUUYKHUX METPUKA MOTIY Ce IIpHJIa-
TOJUTU TaKO JIa J0d1jeMO OCHOBHe Mo/ieJIe IICeyA0-PUMaHOBUX MHOTOCTPYKOCTH KOjH CY
XOMOI'€HHU U MU30TPOITHU. [IpBU IIpUMep je CBAKaKO IICeyA0-eYKIHUACKHU IIpocTop RY HH-
rekca v > 0 us Ilpumepa @p

3a ocTasie Mofiejie IIocMaTpaMo IICeyZo-PHMMaHOBY IIOJAMHOIOCTPYKOCT IICEY[0-ey-
KJIHZICKOT TIpocTopa (R, g) koja je mara ca M = {X € R . g(X,X) = ¢} 3a HeKu cka-
Jap ¢ = +1. CJIMYHO KOHCTPYKIIHjU XUIIepS0oIUUKOoT Moziesia H" moctaB/baMo QYHKITH]Y
f: R%! — ReafiX) = g(X, X). Taga Baxku dfy = 2X°, Te je ¢ peryiapHa BpeJHOCT o f OjaKJIe
je M = f~1(c) mMoMHOTOCTPYKOCT JUMEHS3H]je N, JOK METPUKY IIOBJIAUHMO K3 aMSHjeHTHE
MeTpuke g. Kako je TyM = Ker Txf = KerX’ = X' u g(X,X) = ¢, BUANMO /ia Ce€ UHIEKC
CMamyje 3a jelaH caM0 YKOJIHKO je ¢ < 0.

[Iceymo-PruMaHOBa MHOTOCTPYKOCT (M, +*g) 3a ¢ = 1 “Ma UHJIEKC V U 30BEMO je liceygo-
cgepa, 1ok 3a ¢ = —1 UMa UHAIEKC V — 1 ¥ 30BEMO je liceygoxuilepdoaAudKu upociuop.
[TocedHoO, ge Cuitiepoe ﬂpocmop@ je mceymochepa dS™ cmernTeHa y ]R’l’“, IOK IICeyI,0XU-
1epSoInuKy mpocrop AdS" cMernte y R) ™ 30BeMo aniiu-ge Cuiliepee ipociiiop. Ha
0Baj HA4YMH II0CTaBUJIA CMO TPU MOJeJ IIpocTopa JIopeHIloBe reOMeTpHje, a TO Cy IIpo-
CTOPU MUHKOBCKOT, fie CUTepOBH U aHTU-/ie CUTEePOBH IIPOCTOPH.

4.7 [y>KAHa M pacTrojame

Ha eyKJIMICKUM ITPOCTOPHMA 0JMaX MMaMO KOHIIEIIT pacTojamka u3Mel)y Tauaka, Ta-
KO [a fedUHUIIM}Y Ay>KUHe KpPUBeE OIlpaBaBa CyMa pacTojarba 3a J0SpYy IOJIHUTOHATHY
alpoKCcHUMaIyjy. PUMaHOBe MHOTOCTPYKOCTH HUCY YHAIIpel, METPUYKHU IIPOCTOPH, 0K
rcey0-PuMaHOBe MHOTOCTPYKOCTH (ca HeJleQMHUTHOM METPHUKOM) YOIIIIITE HUCY Me-
TPUYKU IIPOCTOPU. MeljyTuM, TO3UTHUBHO AeUHUTAH CKaJapHU IIPOM3BOJ] Ha TaHTEHT-
HOM IIpocTOpy PMaHOBe MHOTOCTPYKOCTH JOHOCHU KOHIIENT AYy’KHMHe TaHTeHTHUX BeK-
Topa. OfjaTiie IPUPOIHO T0SUjaMo MOTYhHOCT /la MepUMO IY>KUHY KpPUBe, IIITO HAM OMO-

1willem de Sitter (1872-1934), XoIaHACKHA MaTeMaTHyap, Usudap U aCTPOHOM
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ryhasa fja repuHUIIIEMO pacTojare u3Meljy Tauaka Ha [10Be3aH0j PUMaHOB0j MHOTOCTPY-
KOCTH KOja I10CTaje MeTPUUKHU IIPOCTOP.

Hexka je M ri1aTka MHOTOCTPYKOCT. Kpuea (Wiu Laaiuka iiapameinapcka Kkpuea) Ha
M je ryaTKO IIpecauKaBame y: I — M, tae je I C R HeKU O0TBOpeH MHTepBaJs. Kako je I
OTBOpPEHa ITI0OJMHOIOCTPYKOCT peaJsiHe Impase R, To MMa HIeHTHUYKY KapTy Koja ce CacToju
071 jeqHe KoopauHaTHe QyHKIMje u = 1;. Bp3uHa KpuBe y: I — M nepuHUCaHAa je Kao
rypame KOOPAMHATHOT BEKTOPCKOT 110Jba, Y = Ty o (d/du): I — TM. [IperiisHUje, KpUBa
y cBaKoM t ¢ I oziesbyje eexiop dp3une y'(t) € Ty M nepunucaH ca

v -aw (g) v (@)

rae je (d/du); € T:J] KaHOHCKHU 6a3HU BEKTOP Y ¢ KOjU IIpeciauvKana f € §(I) y ctapu 1odpu
u3Bof f(t) y CMHUCITy aHaIHU3e.

Ka>xeMo [1a je KpuBa y pelyaapHa axo y'(t) # 0 BaKuy 3a CBe t € [, IIITO II0BJIAYU [ je
y uMeps3uja. KoHIlenT peryslapHUX KpUBUX MOJKe Ce IIPOYKUTH Ha 3aTBOPeHe OTpaHU-
ueHe UHTepBaJe [a,b] C R. IIpecivkaBame y: [a,b] — M je pelyaapHu ceimeHiu Kpuee
aKo ce IIpofy’kKaBa Ha peryJjapHy KpHUBY Koja je nebuHHCaHa HAa HEKOM OTBOPEHOM HH-
TepBaJsly KOjU CaZp KU [a, b|. ONIITHje, HeIIpeKUHO IIpecuKaBame y: [a,b] — M je gouiy-
wineHa Kpuea (Wiu geo 1o geo pelyaapHu ceimeHiu Kpuee) us y(a) y y(b) yKoIuko
IIOCTOjX KOHa4aH HU3 a = ty < t; < --- < t = b 6pojeBa t; € R, KOju 30BeMO pasdujar-e
Of [a, b], TaKo /ia je PECTPHUKITHja )1 , . PETYIAPHHU CETMEHT KPHUBE 3a CBaK0 1 < i < k.

YobéruajeH! KOHIIENT U3 aHaIK3e 0 AY>KUHU KPUBe Y eYKJIHCKOM IIPOCTOPY IIPUPOJI-
HO Ce YOIIIIITaBa 3a I1Cey0-PUMaHOBY MHOTOCTPYKOCT (M, g). [locTojarhe MeTpuKe g OMO-
ryhaBa HaM JjJa MepUMO BeJIMUYNHY BeKTopa 6p3uHe. Bp3uHa Kpuse y € §(I) y HeKOj TaUKHU
t € I je MarHUTYyZ,a lbeHOT BeKTOpa dp3uHe y t,

DAGIES \/!gy(t)(V’(t),V/(t))\-

Kaxko je pacTojame Koje 06jeKkat Iipehe jeqHaKo HHTerpaJy Sp3vHe HaJl BpeMEHCKUM HH-
TepBajIoM, feQUHUIIIEMO gyHCUHY AYKa TONyIIITeHe KpUBe ): [a,b] — M ca

b
L(y) = / V(0 dt.

dyHKIHja Sp3HHe je OTpaHUYeHa U HellpeKHU/Ha CBY/a Ha [d,b] 0OCUM eBeHTYaIHO Y KO-
HayHO MHOI'0 TayakKa y KOjuMa y HHje IJIaTKa, Te je MHTerpaduiaHa y PuMaHOBOM (W1
JleSerosomi?) CMUCJIY, TaKO J1a je L(y) Kodpo nedruHUCAH KOHa4YaH HeHeraTUBaH dpoj.

Pentapameiuipusauuja xpuse y: I — M je KpuBa odimuka y = yo @: I' — M, r7e je
I' C R Heku uHTepBas, a ¢: I' — I nudeomopdusam. Kako cy uHTepBasIk IIOBE3aHU,
MOpa SUTH CTPOro MOHOTOHA (vutk pactyha miau omaziajyha) Ha I'. Kaxkemo j1a je y aapa-
Mmeiupusauuja yHaipeg axo je ¢ pactyha (¢’ > 0), 10K je napameiupusauuja ynasag
ako je onajgajyha (¢’ < 0).

Omurryje, pettapameimpusayuja nonyinTeHe Kpuse y: [a,b] — M je gonyiireHa KpU-
Ba OG8JIMKA y = Y o @, T1e je ¢: [c,d] — [a, b] xomeoMopdu3aM 3a KOjU IIOCTOjH pa3dHjame
C=1ty <ty < - <tx=dop[c,d] TaKBO ia je peCTPUKIHja @[}, .1 AueoMopPu3aM Ha
HeTOBY CJIMKY 3a cBako 1 < i < k. AKO U3BOJI ¢’ He MeH-a 3HaK Ka>KeMO Jia je ofaroBapajyha
pernrapamMeTpHsaliyija MOHOULOHA.

Ba)kHO je IPUMETHUTH Jja je Ay KHHA JIyKa JIOIyIITeHe KpUBe UHBapHjaHTHA Y OTHOCY
Ha MOHOTOHe peliapamMeTpHsanyje, rie 3a ¢’ > 0 uMaMo

ko g ko rot)
L(yo = o @) (t)| dt = (o) d(o(t)) = L(y).
(yoo) 2} / el 2} /q’ o V@l diow) = L)

2Henri Lebesgue (1875-1941), ppaHIlyCKH MaTeMaTHdap
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Haxko ce fy>KHHa JiyKa Ha PUMaHOBOj MHOTOCTPYKOCTH IIOHAIIlA CJIMYHO Kao Ha ey-
KJIUJICKOM IIPOCTOPY, V ClIy4dajy HefleQUHUTHe MeTpUKe M3pa3 Ly KMHa MOKe Hac HaBe-
CTH Ha CTpaHNIyTHUIly. Ha mprMep, M30TpOIIHA KpUBa MMa Ay>KUHY HyJIa. [la SucMo rsde-
IJIY IIOTeHIMjaIHe IIpodJieMe Iie HeHyJjla U30TPOIIHO )’ (t) ©Ma dSp3UHy HyJa, pOKycHpa-
hemMmo ce Ha PuUMaHOBY reoMeTpHjy.

Heka je (M, g) PumaHOBa MHOTOCTPYKOCT. Tazja momyliTeHa Kpusa y: [a,b] — M uma
IIO3UTUBHY Sp3UHY ||)/(t)|| > 0 3a cBaKo ¢t 0CHMM TadyakKa M3 oAroBapajyher pasdujama of,
[a, b]. IocMaTpajMo QyHKIM]Y S: [a,b] — R Kojy HasuBaMo fyHKUuUja gyi#cuHe ayKa of,
Y, a feGuHUIIIEMO ca

t
S(6) = L(Yliqq) = / 1Y (W] du,

IIITO je CBYy/ia HEIIPeKUHO, a II0 0OCHOBHOj TeOpeMU U3 aHaJIM3e je TJIaTKO IIerof je TOo Y,
ca U3BOZOM S'(t) = ||y'(t)||. Kako s'(t) > 0 Ba>ku 3a CBe IJIaTKe Tauke t € [a, b|, pyHKIIH]ja S
je crporo pacryha Ha [a, b). Taga meH UHBepP3 ¢ = s~ 1: [0,L(y)] — [a, b] ompelyje pemapa-
MeTpPH3aITHjy YHATIPe Y =y o ¢ Of J, TIe

SO Ys) |
o)l = [yl =

s—1(¢) s—1(t

YOI =1y (s ®) - s~ Ol = (

Y(
S'(

BaKH TZIETOJL je Y IJIaTKo. TaKBa perapaMeTpHU3aIiyja y UMa jeguHU4Hy SP3UuHy, TOK He-
Ha QyHKIIMja Ay KHHe JIyKa UMa jeJHOCTaBaH 08JIUK S(t) = t. 3a LoNyIlITeHy KPUBY jeiu-
HUYHe Sp3UHe YUjU je MHTepBaJI llapaMeTapa odsuka [0, b] 3a Heko b > 0 KakeMo Ja je
uapameiipu3zogaHa gyHcuHoOM AYKda.

Jema 4.17. Ceaxa gouywitieHa Kpuga Ha PUMaHo80j MHOIOCIUPYKOCITUU MOJH4Ce ce peuapa-
Melupu308aitiu gyHCUHOM JYKA jegUHCIL8EHOM pellapametupusayujom yHatipeg.

YBeqMO KOHIIEIIT pacTojara U3Meljy Tauaka Ha I10Be3aHOj PUMaHOBOj MHOIOCTPY-
KocTH (M, g). 3a CBaKH IIap Tayaka p,q € M 1ocTaB/baMoO UyiltHU Upociiop Qp ; CBUX
IOIIYIITEHUX KPUBUX U3 p y q. OBaj IIpOCTOP HHUje IIpasaH, IITO BUAUMO Y HapeaHOj Jie-
MH.

Jlema 4.18. Csake gge tuauke tiogesaHe MHoloclipyKociiu Moty ce tiogesaitliu gouywileHoM
Kpusom.

Joka3. TloBe3aHa MHOTOCTPYKOCT M je IIyTHO II0Be3aHa, Te Ce CBAKe /IBe TauKe p,q € M
MOTY II0Be3aTH HeIIpeKUHUM IIyTeM ) : [a,b] — M. I3 KOMIIaKTHOCTH, IIOCTOjU pa3duja-
Bea=1ty < <ty=Dbopla b] TakBoO #a je Y[}, , s CAAPXKAHO Y KOOPAMHATHOj OKOJIMHU
Koja je nudeoMopPHa eYKIHACKO] KYIJIH, 3a CBako 1 < i < k. Tazia, CBaKo Y[y, , ) MOXKEMO
3aMeHUTHU [IPaBOJIMHU)CKUM IIyTeM y KOOpAUHATaMa, IITO JOHOCH JOIIYIITEHY KPUBY U3
Pyq. O

[IpeTxo/Ha J1eMa HaM [[03B0JbaBa [ia A0dpo MeduHUIllleMO PumaHoeo paciiojare
d(p,q) nsmehy Tayaka p,q € M ca

d(p,q) = inf{L(y) : y € Qpq}.

IIpumep 4.23. THOUMYM Iy’KHUHe KpUBe y TeUHUIIHjU 3a d(p, ) He Mopa [ia Ce peajiu-
3yje. I[locmaTpajMo u3dyiieHy paBa R?\ {(0,0)} kao PUMaHOBY IIOAMHOTOCTPYKOCT 07 R
Pacrtojame nsmelyy Tauaka p(—1,0) u q(1,0) je d(p, q) = 2, ajii 0BO pacTojarbe Ce He peau-
3yje HUjeJHOM JIOIYIITeHOM KPHUBOM, jep CBaKH TakaB IIyT y R? mposiasu kpos (0,0). A

W3 nepuHUIMje TUPEKTHO ciaenu na je d(p,q) = d(q,p) > 0 u d(p,p) = 0. lomaTHO,
HejeHaKocT Tpoyrna d(p,q) < d(p,r)+d(r,q) 3acBe p,q,r € M ciiefu U3 YUEKEHULLE J1a Cce
IOIIyIIITeHA KPUBA U3 P Y  MOKe TOOGUTU KOMOUHOBaKkeM je[lHe U3 p VT U APyre U3 ry q
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4.7. Ay>XVHa 1 pactojare

(eBeHTyaJ/IHO Y3 IIPOMEHY BpeMeHa II0UeTKa llapaMeTpusaliyje), uvja Ay KUHa je jefHaKa
30Uy Ay’KUHA II0UEeTHUX JOIYIITEHUX KpUBUX. /la 6U (M, d) 10CTa0 METPUYKH IIPOCTOP,
IIOTPEeSHO HaM je joIll caMo J1a IoKakeMo fia d(p,q) = 0 1oByiauu p = ¢. /la SUCMO 0BO
I0Kasau YBOAUMO HapegHO TOIIOJIOIIKO TBpheme.

Jema 4.19. Heka cy X u Y otiosiowKu apocitiopu, ige je Y KOMUaKmlaH. 3a c8ako Heupe-
KugHo f- X x Y — R, gynkuuja h: X — R gaitia ca h(x) = minycyf(x,y) je godpo gepurucara
U HellpeKugHa.

/Joka3. 3a cBako ¢pukcupaHo x € X, pyHKIHja fy: Y — R mepuHumcaHa ca fx(y) = f(x,y)
je HeIlpeKHUHa ca KOMIIaKTHUM JIOMEHOM, OfjaKyle caeau 1a je fx(Y) KoMIlaKkTaH UHTep-
BaJI, Te fodujamMo h(x) = minfy(Y). 3a HempeKUZHOCT Of h TOBOJFHO je IIPOBEPUTH [ia
cy h™1(—o0,a) u h~1(b, c0) oTBOpeHH. JIako je BHAETH fa je h~1(—oo0,a) = mx o f1(—c0, a)
OTBOpEH, I7ie je x: X x Y — X (HellpeKHHa U 0TBOpPeHa) KAHOHCKA IIpojeKIiiyja. Ca fpyre
cTpaHe 3a CBaKo X € h™1(b, 00) Uy € YIIOCTOjU OKOJIMHA (X, Y) € nyXny C f~1(b, >0). Kako

je Y KoMIIaKTaH TO IIOCTOje Y1(X), . . ., Yk (X) € Y Tako faje Y C U Vi y;(x)» T€ I0SHjaMO

k(x)

k(x)
{x} xYC (ﬂ ny,»(x)) xYC U(Ux,yi(x) X Viyix) gfil(baoo)y
i=1

i=1

opaxte caefmu ia je h=1(b, o) = Uyep- 1(b,00) ﬂk(x) Uy y,(x) OTBOPEH. O

duUKCcHpajMO Ta4uKy p ca N-MHOTOCTPYKOCTHU M, Te HeKa je (U, ¢) KapTa IleHTpHUpaHa y
p ca KOOpAMHATHUM QYHKIIMjaMa X; = 77; o . EyK/Iu/icKa MeTprKa g Ha U feprHucaHa ca
§(0;,0;) = ;; MOHOCH €YKJIUJICKO pacTojambe d 1aTo ca

i=1

d(q.r) = \l > (xilq) — xi(r))2.

He ymamyjyhu ommrroct, KoopiHHaTHa OKOJIMHA U M0O>Ke Ce pelyKOBaTH Ha HEKY KY-
vy {q € U : d(p,q) < €} 3aMaio € > 0. Heka je f: U x 8" — R miaTka ¢yHKIIHja 1a-
Ta ca f(q,V) = g(V,V)(q) = 8¢(Vq, Vy), IPH ueMy HUieHTUDHKY]eMO (ay,...,dn) € S u
S, a;0; € X(U). Kako je $"~! kommakTaH, mprMeHa Jleme IIOHOCH 06PO e prHICa-
He HellpeKUHe N03UTHUBHe QyHKIHje U, v: U — R nepuHUCaHe ca

. . gq<Va‘/)

= min , V)= min V,V) = min >0,
#(q) = min fq,V) ng,mzlg"( V)= hm, Ay
&V, V)

v(q) = max f(q,V) = max V.V)= max = > 0.
@ Vesnflf(qv) gq(V,V)lgq( V) O#VGTquq(VaV)

To moBsIauu
1(q)84(V. V) < gq(V,V) < v(q)g,(V. V)

3a cBako V € T¢M, 1rTo HaM oMoryhasa Jja yIiopermo iBe MeTpUKe g M g 3a q € U. Heka
jey:[a,b] - M pomnyimiteHa KpuBa uspyq e Uu

c= min \/u(y(t)) >0, C=max/v(y(t)) >0.

tela,b] tela,b)

AKo y moTIIyHO Jie)XHu y U Tazia je

/ \/gy 0y dt>c/ \/gy (t))dt > cd(p, q).
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lnasa 4. lNceyao-PnmaHoBa meTpuika

Y cynpoTHOM, y HanyirTa U, 4 II0CTOjU HajMame S TAaKBO J1a Y(S) ¢ U, 1 IIOHOBO je

L) > [ oo Oyodse [ g0 0.y s e dp.q).

V cBaKOM C/Iy4ajy, ysuMameM uHGuMyMa ciaequ d(p,q) > cd(p,q). Ca Ipyre cTpaHe, aKo
je y IIpaBOJIMHU)CKH IIyT Y eYKJIHUCKOj METPHUITH g, TaZla OH JIeKH Y U 1 ©UMaMo

-~ b b
Cllp.q) =€ | /&y OV ) dt> [ \/g0 (0. (©)de=L) > dip.q).
a a
Kao mmocsienuity godujaMo

0 < cd(p,q) < d(p,q) < Cd(p.q), (4.11)

IIITO I0Kasyje f1a je d(p, q) > 0 3a q # p. lllTaBuite, () II0Kasyje /ia Cy eyKJIHCKO PacTo-
jame d 1 PUMaHOBO pacTojame d yIOpeJuBH Ha OKOJIHUHHU Off p, IIITO 3SHAYH [ja Cy MEeTPHU-
Ka TOIIOJIOTHja U TOIIOJIOTHja MHOTOCTPYKOCTH (Koja [[oJIasy O, eYK/IUACKOT pacTojama)
eKBUBaJIeHTHE.

Teopema 4.20. IIogesaHa PumaHo8a MHOIOCIUPYKOCI ca PumaHo8UM paciliojareem je me-
Wpu4KU UpoCiiop Huja je mettipu4ka twouooluja uctua Kao twouo10tuja MHOIoCUupyKoCctuu.

4.8 3apganmu

3apmarak 4.1. Heka cy V ¥ W IIPOCTOPH Ca YHYTPAIIIEBLUM IIPOM3BO/OM HMCTe KOHAYHe [IU-
MeH3Hje. AKO je f: V — VW IpecJrKaBame KOje UyBa KOOPAMHATHU II0YeTaK U pacTojama
(flo)=0u ||fix) — fly)|| = |Ix —y|]), oHAA je f TMHeapHa U30MeTpHja.

3amarak 4.2. Hekaje (V, g) HeleQMHUTAH KBaJpaTHU BEKTOPCKHU IIPOCTOP, a b cuMeTpuy-
Ha dwirHeapHa ¢opma Ha V. JlokasaTu Jja je b = cg 3a HeKO ¢ € R aKo ¥ caMo aKo je
b(N,N) = 0 3a cBaKud U30TPOIIaH N € V.

3agarax 4.3. Hekaje f: R? — R3 maro cafix,y) = (/1 + 2x2 + 2y2, x+y, x—y). UspauyHaTH
f*g 3a MeTPUKY MUHKOBCKOT g = —dx?+dx3+dx} € T(R3), Te Hokas3aTH ia je To PUMaHOBa
MeTpHuKa y R?.

3agarak 4.4. Jlokasatu jia je mceymochepa fuMeHsHje n, HHAEKCA V U [IOJIyIIpeyHUKa I
mudpeomopdHa ca RY x SV, /lokasaTH /ia je IICEeYA0XUIIEPSOJIUYKHU IIPOCTOP AUMEH3Hje
n, “UH7AEKCca vV U IoJIyIpedyHuKa r tupeomopdas ca R x SY.
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I'taBa 5

IIOBE3AHOCT

5.1 KoBapHMjaHTHU U3BOIH

YV 1iu/by yBOl)ela KpUBUHE Ha IICeyZ0-PUMaHOBUM MHOIOCTPYKOCTHMAa HEOIIXOZHO
je IIpoy4daBaTH reo/ie3njCcKe, IIceyao-PUMaHOBa YOIIIITeHha IIpaBUX JIMHUja. Y OpUTHHAJ-
HOM CMUCJIY, Te0/ie3H1jCKa je HajKpaha pyTa u3Mel)y IBe TauKe Ha IIOBPIIIH, Te /ielyje IIPU-
MaMJbUBO JleUHUCATU reo/[e3UjCKe Kao KpUBe KOje MUHUMU3Y]Y AY>KUHY, dapeM hu3Mely
dinckux Tavyaka. MeljyTuwm, 1iceyno-PumaHoBe MHOTOCTPYKOCTH ca HeleQUHUTHOM Me-
TPUKOM HUCY METPUUYKHU IIPOCTOPH, Te IbUX0Be reo/iesHjcKe He MUHUMU3Yjy pacTojamba.
Yak BMaKo OrpaHUYMMO II0CMaTpamka caMo Ha PUMaHOBe MHOTOCTPYKOCTH, II0OCTaBJ/bakbhe
MUHUMU3Yjyher cBOjCTBa 3a AeUHUITU]Y UMa BeJIMKUX TEXHUYKUX II0TelIKoha.

3aro heMo M3adpaTy U YOIILITUTH HEKY APYTy OCOSHHY IIpaBUX JIMHU]a. /lodap KaH-
OUZAT je CBOjCTBO Jia Cy IIpaBe JIMHUje jeJUHe KPUBe Y eYKJIHUCKOM IIPOCTOPY Koje umajy
IapaMeTpusaliyje ca ydp3ameM HyJIa, IITO IIPeHOCUMO Ha I1cey10-PuMaHOBe MHOTOCTPY-
KOCTH.

Heka je y: I — M KpuBa Ha IICey0-PUMaHOBOj MHOTOCTPYKOCTHU (M, g). BekTOp dp3u-
He y TPEHYTKY t € I IIpeficTaB/ba U3BOZ, Y’ (t), a HOBU U3BO/, )" (t) JOBOAY HAC 10 yop3ama.
/lakiie, TIOTPESHO je HAIIPAaBUTH KOJIMYHUK Ofly3uMameM BekTopa y'(t + h) € Ty nM
u y'(t) € Ty M, ITO HHUje 3TOHO jep OHU >KUBE Y PA3IMYUTUM MPOCTOPHMA. Y Cayda-
jy amcTpakTHe MHOTOCTPYKOCTH OBa pas/iMKa HeMa CMUCJIA, Te HaM je IoTpedaH HauuH
Ila YIIOpeUMO BPeJHOCTH BEKTOPCKOT I110/ba Y PA3/IMUYUTHM TadyKaMa, OJJHOCHO Jja II0Be-
JKeMO &JIMCKe TaHTeHTHe IIpocTope. Ta II0Be3aHOCT je JofaTHa MHGOpMaIitja Ha MHOIO-
CTPYKOCTH Koja oMoryhaBa gudepeHIMpamhe BEeKTOPCKUX I10/ba Ka0 U UHTEPIIpeTaliyjy
yop3ama KpUBe.

PasMOTpUMO HajIIpe JlelllaBama y eyKIUACKOM IIpocTopy R™. dyHKIH]Y f € §(R") Mo-
’KeMo frdepeHIMpaTH y TauKu p € R" y mpaBIty BekTopa X, € T,R" ca

Dy f = mﬂp + tX?) —flp)

= (foy)'(0) =y'(0)f = Xp(f), (5.1)

r7e je y(t) = p + tXp. Ha coiMyaH HaYMH BEKTOPCKO Io/be Y = S 1 | V19, € X(R") nudepes-
pamo ca
(P+Xp) —Y(p) _ (~yi YD+ EXp)0; — Y(p);

Y|
Dx Y =lim = lim
p t—0 t t—0 t

. . = (5.2)
= Dx,Yo; =) Xp(Y)d;
i=1 i=1

V ciyyajy Ipor3BOo/bHe MHOTOCTPYKOCTH M, KOja HUje HY>KHO CMeIllTeHa Y HeKH ey-
KJIAJICKHU IIPOCTOP, MOXKEMO UCKOPUCTUTH pesyaTtaT us (5.1) u qupepeHivpaTt QyHKITHU)Y
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naBa 5. lMoBe3aHOCT

f € §(M) y mpaBity BekTopa Xp € TpyM ca Vx,f = Xp(f). MehyTuwm, y omiirrem ciy4ajy He Io-
CTOjM KaHOHCKa dasa TaHTeHTHOI mpocTopa TpM, Te je pe3ysaTar U3 () HeyII0TPeS/bUB
oUpeKTHO. Kako He IOCTOjY KAHOHCKY HAYUH /1a ieGUHUIIIeMO AudepeHIIpamhe BEKTOP-
CKUX 110/ba Ha allCTPaKTHOj MHOTOCTPYKOCTH, KOPHCTUMO popMyy (5.2) la yCTaHOBHMO
ocoduHe Koje Dx, Y mocezyje y R™, 1a 5UCMO IIPEKO IHhUX 3aCHOBAJIH OIIIITY TEOPH]Y.

3a BEKTOPCKO 1oJbe X € X(R") ne¢punurnemo DxY ca (DxY)p, = Dx,Y 3a cBako p € R™.
Kaxko cmo us3 (@) ycTaHoBHIH (DxY), = >4 Xp(Yi)(ai)p, TO BEKTOPCKa I10Jba X U Y OHOCe
HOBO BEKTOPCKO II0Jbe

DxY = X(Y)9, (5.3)
i=1

U R-duyIMHeapHy SUHApPHY ollepanyjy D: X(R") x X(R") — X(R"). OunrnenHa je §(R™)-
JIMHEAPHOCT II0 IIPBOM apryMeHTY, JOK I10 IPyroM apryMeHTy uMaMo JIajoHUII0BOCT, jep
3aX,Ye X(R") u fe §(R") Baxku

n

Dx(fY) = S X(Y)0, = S (XAYD, + S fX(¥)0; = (XY + fDxY.
i=1 i=1

i=1

YoueHe 0coOSMHe HaC MOTHUBHUIIY /ia Ha IIPOU3BOJHFHOj MHOTOCTPYKOCTH yBeZeMO oIlepa-
II1jy II0BE3aHOCTH.

ITogesaHocin (koHeKkcuja, connection, affine connection, linear connection) Ha MHO-
TOCTPYKOCTH M je R-dMIMHeapHO IpeciauKaBame V: X(M) x X(M) — X(M) ca 03HaKoOM
(X,Y) — VxY, Koje je F(M)-IriHeapHO I10 IIPBOM apryMeHTY, a JIajSHUIIMBO 110 JPYIOM ap-
rymeHTy. CHM60J1 V YUTaMo ,,HadJ1a“ vl ,,ie1“, 10K VxY 30BeM0 KoeapujaHuHU U380g
on Yy omHocy Ha X.

3anmpousBo/bHO X, Y,Z € X(M) U f, h € §(M), MOXxeMo 3aItucaTé GopmMmysie KOBapHjaHT-
HOT U3BO/Ia Ha cJlefiehy HauMH. Kako je 11oBe3aHOCT §(M)-IMHeapHa 110 IIPBOM apTyMeH-
Ty, TO UMaMO

VixinyZ = fVxZ + hVyZ. (5.4)

[ToBe3aHOCT HHUje §(M)-IMHeapHa I10 IPYTOM apryMeHTY, Beh caMo R-JIiHeapHa,
Vx(Y+2)=VxY+ VxZ, (5.5)
IOK OZICTyIIarbe Of §(M)-TuHeapHOCTH BUAMMO KPo3 JIajGSHUITOBO ITPaBHUJIO

Vx(fY) = fVxY + (X)Y. (5.6)

MoTtuBalrroHa onepanyja D nepuHucaHa ca (@) CBaKaKo UCIIyH-aBa yCJIOBe TeQUHULIM]e
U 30BEMO je cilllaHgapgHa tioge3aHociu Ha R".

KoBapujaHTHH U3BOJ, Vyx y 0JHOCY Ha BEKTOPCKO ITojbe X € X(M) mpony>kaBa ce 3a
IIPOM3BOJPHO TEH30PCKO I10Jbe Ha M. IlpupomgHo umaMo Vxf = Xf3a f € §(M), nok VxY
bopmyrama (@) 4 (5.6) xoMmIuieTHpa ycioBe Teopeme , OJlaKJIe II0CTOjU jeJUHCTBEeH
HU3BOJ TEH30PCKOT I10Jba Ha M KOjH yOIIIIITaBa KOBapHUjaHTHU U3BO/,.

3a IPOM3BOJbHO TEH30PCKO IIoJbe A € TL(M) mMmamo VxA € T4(M), Te fomaTHO fnedu-
HHUIIIEMO IIpec/IuKaBame VA: X*(M)" x X(M)St1 — §(M) ca

VA(Q)1, cen e Y1, YS,X) = (VXA)(Q)1,. LW Y, Ys)

Kako je VxA € T (M) To VA jecTe §(M)-MyJITUINHEapHO I10 IIPBUX I' + S apI'yMeHara, a U3
(@) je §(M)-sinHeapHO II0 ITOC/Ie/[EbeM apryMeHTy. HoBO TeH30pCKo 1moke VA € T, (M)
mo&HjeHo HAa OBaKaB HAaUWH 30BeMO WOINIlYH KogapujaHitHu u3eog oxi A. Ka>keMo ia je

TEH30PCKO IoJbe A € TL(M) ilapaaenno axo je VA = 0.
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5.1. KoBapujaHTHU n3BoAN

IIpumep 5.1. 3a f € F(M) nmaMo (Vf)(X) = Vxf = Xf = df(X), Te je IOTIIyH KOBapHjaHTHU
U3BOJ QYHKIIH]e jefHAK BbeHOM fJudepeHIjany, Vf = df. lomaTHO, YKOIUKO je Vf = 0, To
je df = 0, a Kako ce g epeHIIrjasl IIOUCTOBehyje ca TAHT€eHTHUM IIpeCcInKaBakheM UMaMOo
Tf = 0, Te 3 moKasa Jleme @ BU/IVIMO /1a je fJI0KaJIHa KOHCTaHTa. /lakiie, ako je Vf = 0, To
je fI0KaJTHO KOHCTaHTHO, a 3a II0Be3aHy MHOTOCTPYKOCT M U IJI06aJIHO KOHCTAHTHO. A

Ipumep 5.2. KoBapujaHTHH TeH30p pefa aBa V2f = V(Vf) 30BeMo Xecujauﬂ] orx f. Ako ca
C odenerxxuMo (1, 1) KOHTpaKIHjy, pauyH faje

Vx(Vyf) = Vx(VA(Y)) = Vx(C(Vf® Y)) = C(Vx(Vf® Y)) = C(VxVf@ Y+ Vf® VxY)
= (VxVN(Y) + VAVxY) = VY, X) + Vo,

omakJe cienu VY, X) = X(Y(f)) — (VxY)f. A

HMaxo je moBe3aHOCT JedUHICAHA HA IJI05aTHUM BeKTOPCKUM IT0J/hHMa, OHA je 3alIpa-
BO JIOKQJTHU OTIEPaTOp, 0 YeMy TOBOPH HapeJHa TeopeMa.

Teopema 5.1. Hekaje V tiogesaHocii Ha MHoloctupykociuu M. BpegHOCIU 8eKTLOPCKOT T10/ba
VxYyp € M 3asucu camo og spegrociuu 3a 'Y € X(M)y OKOAUHU 0g p U 8pegHOCTU 3a
XeX(M)yp.

Jloka3. 3aBUCHOCT I10 KOMIIOHEHTH Y Kao M3BOJ, TeH30pa UMaMo y TeopeMu 3.15, 10K 3a-
BHCHOCT II0 KOMIIOHEHTU X BUAUMO y TeopeMu aKo 3a ¢UKCHpaHO Y mocMaTpamo
THM) > T: (M) — X(M) garto ca T(X) = VxY. O

Hexka je V € T,M TaHIeHTHHU BEeKTOp y TaukKK p = 71(V) € M, a Z € X(U) BeKTOPCKO
noJswe r7e je U C M okosivHa Tauke p. Teopema .1 Ham omoryhasa f1a 706po e GUHUIIIEMO
VvZ = (VxY)p, Te ¢y X, Y € X(M) 1pou3Bo/bHA BEKTOPCKA I10Jba 3a Koja BAXKU X, = VU
Yip=2Z

Heka je V 10Be3aHOCT Ha N-MHOTOCTPYKOCTU M, a (Eq, ..., E,) JIOKaJJHU IIOKPETHU pe-
Iep Haj OTBOpeHUM I1ojcKynoM U C M. Hajuenthe je To KOOpAMHATHU IIOKPETHU peliep
ca E; = 0;, aJIv je KOPHUCHO U3BECTHU PauyH y OIIIIITEM CIy4ajy. 3a 1l < i,j < n KOBapHjaHTHU
u3BOx Vg, Ej ce MOXKe H3pasUTH Y TEPMHUHHMA TOT IIOKPETHOT perrepa ca

n
VeE =) r{.;Ek.
k=1

Ha oBaj HauuH KodujaMo n® GyHKIIHja Ff} € §(U) xoje 3oBeMo Kpuciuiogenroeu cumodo-
aul o V y ofiHOCY Ha aTH TIOKpeTHH perep. AKo je X = S, XIE; u Y = >4 YE;, onpia
je

VxY =Vx(Y VE) = (XV)Ej+> VVs xp
j j J
= > XY)Ej+ ) X'VVgE =) (XYE+ > X'VTHE,
; i K ijk
OfaKJIe CJIeHu

n n
V¥V =Y (XY" +) Xiw'ﬂ;) E,.
k=1

ij=1

1Ludwig Otto Hesse (1811-1874), HeMauKy MaTeMaTH4ap
2Elwin Bruno Christoffel (1829-1900), HeMauky MaTeMaTH4Yap 1 QH3HIap
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naBa 5. lMoBe3aHOCT

IIITO 3HAYH /1A je II0Be3aHOCT Ha U y IIOTIIYHOCTH ojipeljeHa cBOjuM KpHucTOopeJI0BUM CUM-
dosimMa. V cily4dajy KOOpAHMHAaTHOT IIOKPEeTHOT pelepa, IIpeTXofAHa ¢opMyJia ce CBOAY Ha
jefHaKoCT

Vx¥=3) (X(Y(xk» +y X(x»Y(x,—)ré;) aik (.7)
k=1 ij=1

OJIaKJIe Cce JIaKO MOJKe 3aK/bYUYUTH JIOKaJIHOCT II0Be3aHOCTH U3 Teopeme El]

[TTaBuUllle, y cjIy4dajy Ja ce IJIaflaK a1yiac MHOTOCTPYKOCTH CaCTOjH OJf CaMo jeJHe Kap-
TE, (J1,...,0n) j€ NIOSAIHHU IIOKPETHH peIlep | KCIIOCTaBJ/ba Ce Ja IPOHU3BOJbaH U3S0p n’
IJIaTKUX QYHKIHja Ff-]‘. € §(M) riomohy jeqHaKOCTH (E?]) IepuHUIle IT0Be3aHoCT V. Haj-
IIpe BUAUMO Ja 3a X, Y € X(M) ounmienHo uMaMo VxY € X(M). Takolje je ounriesHa
R-striHEapHOCT 110 Y U §(M)-1uHeapHOCT 10 X. IIpeocTaje joIrr JIajdHUAIIOBOCT 110 Y IIITO je
jeHOCTaBaH IIPaBOJIMHU]CKH PaYyH.

IIpumep 5.3. Axo cBe KpucrodesoBe cuMboJie II0CTaBUMO fa SyAy HyJa, U3 opmylie
(6.7) mosujamo VY = > r_, XY, mrTo je craHmap/Ha moBesaHocT DY 3a M = R™. A

IIpumep 5.4. IIpousBoJbaH U350 IIaTKUX QYHKITH]ja Ff-]{ € §(Uq) reHepwuille II0BE3aHOCT
V@ Ha CBaK0j KOOPAHUHATHO] OKOJMHU U,. 3a pasdujame jeqUHULIE |, KOje je IIoApelje-
HO aTJacy MOKeMO IIOCTaBUTH VxY = ) 1, V{Y, mro Ham omoryhaBa ja KOHCTPYHIIIe-
MO IIPUJINYAH Sp0j II0Be3aHOCTH Ha MHOTOCTPYKOCTH M. [taTkoha ce j1ako BUAY, Kao U
R-JIMHeapHOCT 110 Y U §(M)-tmHeapHOCT 110 X. I1ITO ce Tu4ye JlajdHUITOBOCTH 110 Y, Hehe
CBaka JIMHeapHa KOMSHMHAaIIWja II0Be3aHOCTH YHHHUTH II0Be3aHOCT, au 360r » ¢, = 1

IMaMo Vx(fY) = Yo Yo VHIY) = So Yol (XNY +fVEY) = (X)Y + fVxY. A

5.2 Jleeu-UuBHUTA NIOBE3aHOCT

Heka je (M, g) 1iceyro-PuMaHOBa MHOTOCTPYKOCT M HeKa je V II0Be3aHOCT Ha M. Kaxe-
MO J1a je II0Be3aHOCT V metltpuuKa (WU [a 9YyBa METPUKY) aKo je g IIapaJjieJTHO TEH30PCKO
rosee, Vg = 0. 3a MeTpHUUKY I10Be3aHOCT 3a X, Y, Z € X(M) uMamo

IITo /:Laje cjiaramkbe METPHKeE g 1 II0BE3aHOCTH Vv,

[IpecnukaBame 7: X(M) x X(M) — X(M) pepuHucaHo ca 7(X,Y) = Vx¥ — VyX — [X,Y]
30BeMO op3uja. Top3yja je eBUIEeHTHO §(M)-SMIMHeapHO IIpecJaruKaBamke U CAMUM TUM
7 € T1(M) (BugetH IIpumMep ). KarxeMo [1a je I10Be3aHOCT cumetllpuiHa yKOJIUKO je
de3 Top3uje, ogHOCHO 7 = 0, To 3a X, Y € X(M) faje jeHAKOCT

X, Y] = VxY — VyX. (5.9)

Kaxko je xoMyTaTop KOOPpAUHATHHUX BEKTOPCKUX I10Jba jelHaK HYJIH, TO Ce CUMETPUYHOCT
II0OBE3aHOCTH OIJIe/[a ¥ jeTHAKOCTH V0 = V,0;, OTHOCHO y CUMeTpUjHU 1"5 = 1"]’-‘1. usMely

KpucTtodesoBUX cMM&0JI1a Y 0JHOCY Ha KOOPAUHATHU ITOKPETHH perep.
IIpumep 5.5. V IIpumepy 5.2 cmo ca VY, X) = X(Y(f)) — (VxY)f uspasuiu XecujaH GyHK-

myje f € F(M), omakiie ciaenu V3f(X,Y) — Vf(Y,X) = (t(X,Y))f, Te je CHMETPUYHOCT IT0Be-
3aHOCTH eKBHUBaJIeHTHA CUMeTPUYHOCTH XecHjaHa. A
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5.2. JleBu-YmBrTa noBe3aHOCT

YecTo 3axTeBaMoO /ia II0BE3aHOCT 3aZ,0BO/bH IIOC/IEAba [Ba YCJIO0BA, IITO /aje HOBU
KOHIIEIIT II0BE3aHOCTH Y KOjeM y4yecTByje MeTpuKa. Jleeu-Jueuinia ioeesaHociu® Ha
Iceymo0-PUMaHOBOj MHOTOCTPYKOCTH (M, £) je CMMeTpHYHa MeTpHUYKa II0Be3aHOCT. /[py-
I'MM peyuMa, JleBU-UMBHUTA II0OBE3AHOCT je IIpecankaBame V: X(M) x X(M) — X(M) koje
3a7l0BoJbaBa popMyJie (@), (@), (@), (@) u (@) 3acBakof,he F(M)uceX,Y,Z € X(M),
a HCIIOCTaBJba Ce /1a CBe BUX MOXKeMO 3aMeHUTH jeTHOM OIIIITOM jefHaKkoIhy. [TocMma-
TpajMo ciefehu uspas,

X(g(Y.2)) + Y((Z,X)) — Z(g(X, Y)).

Kako je V MeTpHYKa, HAKOH TPU IIpUMeHe Gopmyiie (@) nodujamMo
8(X,VyZ —VzY) — 8(Y,VzX — VxZ) + 8(Z,VxY + VyX).
Kako je V cuMeTpu4YHa, TPOCTPYKa IIpUMeHa GpopMyJie (@) naje

g(X, [Y7Z]) _g(Y7 [Z7JQ) _g(Zﬂ [Xv Y]) + 2g<VXY,Z)

OpmaB[e 1061jaMO jeTHaKOCT

28(VxY,Z) = X(g(Y,2))+Y(8(Z, X)) -Z(8(X, Y)) - 8(X, [Y, Z]) +&(Y, [Z,X]) + &(Z, X, Y]), (5.10)

Kojy 30BeM0 Kocuoea g‘iopmy/la@, a Koja je BeoMa KOpHCHa jep oxpelyyje JleBu-UuBuTAa
II0BE3aHOCT.

Teopema 5.2. IIpecauxkagarbe V: X(M) x X(M) — X(M) je Jlesu-Huguinia lo8e3aHOCIU ako U
camo axo 3a ceaxo X, Y, Z € X(M) saxcu Kocunosa gopmyna ().

/Joxkas. Beh cMo ce yBepuiu fa JleBu-UnBuUTa I10Be3aHOCT V 3a0B0o/baBa KocuiioBy ¢op-
MYVJIY, jep je U3BeJleHa U3 lbeHUX 0codrHa. OdpaTHO, OCTaje HaM Jla JoKakeMo GpopmyJie
(é), 6.5, (@), (@) 58 (@) IIOJT IIPETIIOCTaBKOM [ia () Ba’kH 3a cBako X,Y,Z € X(M).

Kopuctrhemo unmenuiry na g(V, X) = g(W, X) 3a ceako X € ¥(M) nosiauu V> = W’, Te
UV = W.VpexacrojehuM pauyHrUMa QpyHKIHje f € §F(M) ayToMaTCKU U3jIase UCIIpe]; TeH-
30PCKOT I10Jba g, JOK 3a KOMYTaTOp MOKeMO KOPUCTUTH CIIel[HjaIHe cay4dajeBe GopMmysie
(é). Ha rmpuMep, ripoBepa JlajéHUII0BOCTH (B.6), 3a cBaKo Z € X(M) faje

28(VxfY,Z) =X(8(fY, Z)) + fY(g(Z, X)) — Z(8(X.fY))
—8X,[fY, Z]) + g(fY, [Z, X)) + &(Z, [X, fY])
=X(f8(Y,2)) + fY(8(Z, X)) - Z(f8(X,Y))
—8X Y, 2] - (Z))Y) +f8(Y, [Z, X]) + 8(Z.fIX, Y] + (X)Y)
=2f8(VxY,Z) + (X)8(Y,2) — (ZNg(X,Y) + (X, (2f)Y) + 8(Z, (X)Y)
=2fg(VxY.Z) + 28((XNY,Z) = 28(fVxY + (X))Y, Z).

CuMmetpyja (@) CJIe[IV U3 jeJHOCTaBHOT pauyHa,

28(VxY —-VyX,Z)
= X(g(Y,2)) +Y(8(Z X)) - 2(gX,Y)) — gX,[Y,Z]) + 8(Y, [Z, X]) + 8(Z, [X., Y])
- Y(g(X,2)) - X(g(Z,Y)) + Z(8(Y, X)) + 8(Y, X, Z]) — &(X, [Z,Y]) - 8(Z,[Y, X])
=8(Z, X, Y)) — 8(Z,[Y,X]) = 28([X, Y], Z).

Ha ciimyaH HauMH J0Ka3yjeMo a () II0BJIAYM U IIpeocTasie popmysie (@), (@) u (@).
O

3Tullio Levi-Civita (1873-1941), UTaJIUjaHCKU MaTeMaTuyap
“Tean-Louis Koszul (1921-2018), ppaHIlycKy MaTeMaTHdap
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naBa 5. lMoBe3aHOCT

AKo yBezieMo IpecaiuKaBawe F(X,Y): X(M) — §(M) ca

F(X,Y): Z— X(g(Y,2)) + Y(g(Z, X)) - Z(8(X,Y)) - 8(X, [V, Z]) + &(Y, [Z,X]) + 8(Z, X, Y)),

HUje TeIlIKO II0Ka3aTH /a je oHO §(M)-IrHeapHo, IITO faje F(X,Y) € X*(M). ITo TeopeMu
, V je JleBu-UuBHTa ITI0BE3aHOCT aK0o U caMo aKo 2¢(VxY,Z) = F(X,Y)Z Baku 3a CBaKo
X,Y,Z ¢ ¥(M). OBaj yc/10B eKBUBasIeHTaH je ca 2(VxY)’ = F(X,Y) € X*(M), OZHOCHO ca

 rx, vy,

VxY =3

OJIaKJIe CJIe[TH eT3UCTEHITHja U je JMHCTBEHOCT JIeBU-UYUBHUTA IT0BE3aHOCTH.

Teopema 5.3. Csaxa ticeygo-Pumarosa MHOIOCIUPYKOCIL g0380/6a84 jeguHCIBeHY Jlegu-
-Hueuilia 1lo8e3aHOoCT.

JemuHCcTBeHY JleBU-UMBHUTA I10BE3aHOCT Ha IICeyx0-PHMaHOBO] N-MHOIOCTPYKOCTH
(M, g) MOXXeMO M3pasUTH TaKo IITO U3padyyHaMo KpucrodesroBe cuMdoJIe y IIPOU3BOJb-
HOj KapTH (U, ¢) Ha M. IlppuMeHOM KocuioBe popMyJie Ha KOOpAHWHAaTHA BEKTOPCKA I10/ba

nodujamMo
n

n
F(0,0) =Y F(0, 90 dx; =) <ax 8jt + % gll o gy) dx,
=1 =1 L

OJlaKJIe je

Tr@, o =

Vad) =

[\J\H

! "gzk 0,0, 0.,
IIITO HaM JJOHOCH €KCILIUIIUTHY (1)OpMYJIy

gt  Ogu 08y
i (951 O8u 95y
T2 Z (8xl 0X; 8xl> ' (5.11)

PasMOTpUMO IIOHAllIake jeAUHCTBeHe JleBU-UUBUTA II0Be3aHOCTU U3 Teopeme y
ajy usometrpyje f: M — N. Kaxko je f nupeomopdusam, To kopucrehu popmyte (2.9) u
(2.10), 3a cBako X, Y, Z € X(M) modujamo

X(gm(Y,2)) = X((fgn)(Y. 2)) = X(gn(LY . f.2) o f) = f.X(En(f.Y. . Z)) o,
guX, Y. 7)) = (fgn)(X,[Y,Z]) = gn(f.X. f[Y, Z]) o f = gn(fX, [fLY. fiZ]) o f.

V cBeTs1y TOra, KocuiioBa ¢popmyiia () nIaje

28n(f(VxY), f.Z) o f = 28m(VxY, Z) = 2gn(Vy.xfi Y. f.Z) o,

OJTaKJIe CJIeTH
f.(VxY) = Vs 4£.Y, (5.12)

IIITO 3HAYHU J1a ce JleBU-UUBUTA II0BE3aHOCT qyBa I/I3OMeTpI/IjaMa.

Jlema 5.4. [IolillyH KOBAPUjAHTUHU U380g MellpuuKe l08e3aHOCTuU KOMYTHUPA ca My3uu-
KUM U30MOpPHUIMUMA.

JAokas. TlocMaTpajM0O CHUSHJINILY, KOja CIIYIIITa p-TU KOHTpaBapHjaHTHU UHJIEKC, IIPOU-
3BOJHHOT TeH30pa A € T; (M), IJje 3a KOMIIOHEHTe BaKU

b il---ipflip+1-..ir o 11 lp 1llp+1 dr 11 lp 1llp+1 Ir o ll lp 1lp+1 Ar
(4 )jl---jsk - Ah Js 8K = Z<A®g>}1 Jskl =(C (A®g))]1 Jsk ’

l l
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5.3. lMapanenHo nomepare

opmakie cremn A’ = CA® g), tae je C = C°

s12 O/iTOBapajyha KoHTpaknuja. 3a X € X(M),
Kako je Vg = 0, UMaMo

Vx(A") = VxCA® g) = CVx(A®g) = C(VxA® g+A® Vxg) = C(VxA® &) = (VxA)’,

Te 1odujaMo

V(A ) (..., X) = Vx(A)(...) = (VxA)(...) = (VA)(...,Y’ ... X) = (VA)(...,X),

IIITO 3HAUH [ja CHU3H/IMIIa KOMYTHpPa ca KOBapHjaHTHUM U3BOJOM, V(A”) = (VA)’. Kako cy
IIOBUCHJINIIA U CHUSWUJIUIIA jeJHO IPYroM MHBep3 (Kazf ce IIpUMeRyY]jy Ha UCTY II03ULH)Y
HH/JIeKCa), TO UMaMo

(VA = (V(A®))F = (V(AH)* = V(47),

Te U IIOBUCHJINIIA KOMYTHpAa Ca KOBapHjaHTHUM H3BOJ[0M V (Af) = (VA)L. O

5.3 IIapajiestHO moMepame

Heka je y: I — M KpuBa Ha MHOTOCTPYKOCTU M, a y': I — TM meHa dp3rHa. Y OKBUPY
Heke KapTe (U,¢) y y(t) € M ca KOOpJUHAaTHUM QYHKIIHjaMa X; = 7T; o @, 3a QYHKIHUJY

fesM)je

o n o1 io(@ o n i O
yor= e = 3 W2 oy L ) - 5 L0y L4 o

i=1

Axo ca y; = X;oy 3a 1l < i< nobesexuMo KOMIIOHEHTe KpHBe, Ta/la ce Sp3uHa Y KOOpAU-
HaTaMa U3parkaBa ca

yi(t < > : (5.13)
Z Xt/ e

Bekinopcko uio/be gyaic Kkpuee y: I — M je r1aTKo IipecavkKaBamwe V: I — TM, TaKBO
na je V(t) € Ty M 3a cBaxo t € I, OJHOCHO BaXKH 7T o V = . CKYII CBUX BEKTOPCKUX I10Jba
Iy>K KpUBe Y 03HauaBaMo ca X(y) ¥ OH je jeraH MoAayJI HaZ §(I). OCHOBHU IIpUMep BEKTOp-
CKOT I10Jba AY>K KPUBeE ) je Sp3uHa Te KpuBe )’ € X(y), IIITO ce y KoOpJuHaTaMa n3parkaBa
dopmysoMm (5.13).

BesiuKy Ki1acy mpuMepa 1061jaMo U3 IIPOKU3BOJbHOT BEKTOPCKOT I1o/ba X € X (M), TaKo
IIITO 38 KPHUBY y: I — M 110CTaBUMO X, = X oy € X(Y), OMHOCHO Ba)Ku X (t) = Xy 3at e L
3aV e X(y) KaKeMo [1a je pogyHCUue8o aKo II0CTOjU BEKTOPCKO I10/be X Ha OKOJIMHU CIIUKe
Off y TakBO Jja ©UMaMo V = X,. MeljyTuM, YKOJIHKO je y(t1) = y(tz) H y'(t1) # Y'(t2) 3a Heke
t1,tp € I, Taga y' € X(y) oUHIVIeIHO HUje IIPOAYKUBO. [lITaBUIlle, Sp3rHa UHjeKTHUBHE
uMepsmje y: (—1,7) — R2, p(t) = (sin 2t, sin t) u3 IIpumepa .16 HUje TPOLy>KUBA.

IToBesaHOCT V Ha MHOTOCTPYKOCTH M HoHOCH oliepaTop V/dt: X(y) — X(y) uHje cy
IIPUPOJHE 0COSUHE HCKa3aHe jeJHAKOCTHMa

v VV VW

df
dt(f‘/) vy dt (5.15)
X,

3aV,We X(y),XeXM),fes.
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naBa 5. lMoBe3aHOCT

Teopema 5.5. Heka je V uiogesaHociu Ha mHoloctupykoctuu M, a y: I — M kpusa. Taga
uoctoju jeguHciugeH ouepatiop V/dt: X(y) — X(y) koju 3agososvasa opmyne (5.14), (ﬁ)
u(G.16) sacee V,W e x(y), X € X(M), f € F(I).

/Jokas. IIpeTriocTaBUMO /ia omepaTop V/dt 3aj0BoJbaBa HaMeTHYTe 0COSHHe. 3a IIPOU-
3BOJBHO ty € I mocmaTtpamo Kapty (U, @) vy y(tg) € M ca x; = 7m; 0 ¢. Y OKOJIUHHU [y TayKe
to € Itne je y(Ip) € U MOXKeMO JIOKaJIHO suTu V e X(y) ca V(t) = Z] 1Vi(©)(9)y(e)> TR
je v;(t) = (V(t))(x;). llpumeHoM popmyia (@) u (-) ,ILOSH]aMo

n

ZI‘/ Z gt (vj(9)y) = Z ( Vi) +v]§t(aj)y> ‘
j=

j=1

13 dopmyiie () Y3 JIOKaJIHO HU3pakeHo )’(t) IpeKo KOMIIOHEHTH y; = X; o Y U3 ()
HUMaMo

v(a) n n
a0 =Yyd =D viO(Vady = D Vilt Z TG () Gy,
i=1

i=1

O/laKJIe KOHaYHO TI061jaMo

%/“) = (V?<<t> ) w(t)y;(t)ri;(ya))) (D) y(o)- (5.17)

k=1 ij=1

TpasxeHU ollepaTop y TaukH ty, € I Mopa SUTH U3pakeH GOPMYJIOM () oJlaKJie ce-
U jeIHCTBEHOCT. IIITO ce er3suCTeHIIY]je TUYe, Y OIIIITEM CIy4dajy MOKeMOo HOKpUTH (1)
HeKHUM KOOPJAWHAaTHUM OKOJIMHaMa U fieprHucaTy oreparop ca (5.17) y cBakoj KapTH I10-
Haocod, rae Beh oKa3aHa jeIUHCTBEHOCT II0BJIAYU /la Ce BUIIIECTPYKe AePUHUITH]je CJia-
Ky KaJi TOJi ce KOOpMHAaTHe OKOJIMHe IIpeKJIaliajy. HapaBHo, IIpeocTaje 1a ce IIpOBepH /ia
0BaKo JledpHUHUCAH OIIepaTop 3aMcTa UCIyHaBa ocosuHe (5.14), (5.15) u (5.16). O

Koeapujaniunu uszeog on V € X(y) gysc kpuge y: I — Mje V' = VV/dt € X(y). 3a
V € X(y) KaXkeMo Jia je iapaeaHo gyadsc y y ogHocy Ha V ako je V' = 0. Hcriocrassba ce
Ila je BEeKTOPCKO IToJbe X € X (M) nmapasiesHo (VX = 0) ako je mapaJieJIHO Ay>K CBaKe KpUBe
Ha M.

IIpumep 5.6. HOCManajMo cTaHgapHy moBesaHocT DyY = o1 X(Y)9; Ha R" u3 dop-
MmyJe (@) 3a my je FU = 0, Te popmysia () maje V'(t) = > i_q Vi(t)(Ok)y(r)- OmaBae je
V € X(y) mapaJiejiHoO Iy>K KPHUBE Y aKO K caMO ako je v, = 03a cBako 1 < k < n, IITO 3HAYH
Ia cy cBe QyHKIIHje Vi, KOHCTaHTHe, OHOCHO /1a je V KOHCTaHTHO BEKTOPCKO II0Jbe YK
KpuBe. A

OcHOBHa TeopeMa 0 IapaJIeTHUM BeKTOPCKUM II0/bUMa KajKe Jla ce SHJI0 KOjU TaH-
TeHTHH BEeKTOP Y IIPOU3BOJbHOj TAYKHU Ca KPUBE MO>Ke jeTUHCTBEHO IIPOYy>KUTH Ha I1a-
paJIeJTHO BEKTOPCKO IT0Jbe YK ITeJIOKYITHE KPHUBe.

Teopema 5.6. 3a gatiy kpusy y: I — M, ty € Iueexitiop Vo € Ty, M, Goctlioju jeguHClligeHO
llapase/iHo geKiiopcko tiosve V gy y taxeo ga je V(ty) = V.

Jokas. TIpeTiocTaBUMO HajIpe zia je y(I) cagprKaHo y jefHOj KapTy. Y KoOpJHHaTaMma Te
KapTe KopuctuMo Gopmyay (5.17), ogakiie je V mapaJsieiHO Ay>K Y aKO M CaMO aKo 3a CBaKO
1 < k < nBaxxu
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Ca pyre cTpaHe, IO4YeTHH yCI0B V(ty) = V mmocTaje vi(ty) = Vo(xk) 3a 1 < k < n. odu-
jeH je IMHeapHU CUCTEM OOUYHUX IUdepeHIIHjaTHUX jefJHAUNHA Ca IIOYeTHUM YCJI0BOM,
OJlaKJIe cJIe Y er3sUCTeHIIH]ja U jeIUHCTBEHOCT pelllerna Ha I1esioM I. AKo y(I) HUje cagprka-
HO Y jeJHOj KapTH II0CMaTpajMo a Kao CyIIpeMyM CBUX b > t; 3a KOje II0CTOj! je JUHCTBEHO
Tpa’keHo I1apaJiesTHO BeKTOPCKO I10Jbe Ha [tg, b]. 3a b OBOJbHO 61U3Y ty, CJTUKA ) [ty, b] yIIa-
Ilay jeqHy KapTy, TaKo [ia je a > ty. AKO je a € I MO>KeMO U3adpaTu KOOPAUHATHY OKOJIUHY
KOja cajp>XU y(a — €,a + €) 3a HeKo € > 0. Taja Ha (a — €, a + €) IIOCTOjH ITapaJesIHO BeK-
TOPCKO I10Jbe W ca 1moyeTHUM yca0BoM W(a — €/2) = V(a — €/2). I3 jeJUHCTBEHOCTH Ha
3ajeJTHUYKOM JIOMeHY CIe[ iy ia je W IIpoay»Keme off V Koje IIpeJiasH a, I1ITO je KOHTPaJuK-
uja. CiMuaH IOCTYyIIaK IpUMeRYjeMO 3a BpeITHOCTU b Mame 07 ty. O

BekTopcko moJske V Iy>K KpHBe y U3 IIPETXO0JHEe TeopeMe 30BeMO Uapa/iesHo Uo-
mepare ot Vy nyx y. 3a a,b € I fepuHUIIeMO oliepaiiop iapaieaHol iomeparsa
Pb: Ty @M — Ty M ca PhV, = V(b), I je V mapasiestHo oMepazbe off Vg IyXK ).

3a 1oBe3aHOCT V Ha IIcey0-PUMaHOBOj MHOTOCTPYKOCTH (M, &) Ka’KeMo [1a je Komua-
inudu1Ha ca METPUKOM g aKO OIlepaTop IlapasesiHOT IIoMepamka 4yBa METPUKY. /lpyruM
pedyrMa, KOMIIaTUSUIHOCT II0BE3aHOCTH U MeTPUKe 3a CBaKy KPUBY ) U IlIapaJjieiHa BeK-
TOpCKa 1o/ba V, W € X(y) JOHOCH je JHAKOCT

Eyey(V(t), W(t)) = 8y ¢t,)(V(to), W(to)) = Const,

KOja je ouuIJIe/IHA II0CIeUIIa OIIIITH]e jeJHAKOCTHU

VW) . (5.18)

d A%
Jema 5.7. IlogesaHociut V uceygo-PumaHoge mHolociupykociuu (M, g) je kKomuaitudbuiHa
€a g aKo u camo ako 3a ceaxka gea gextopcka uosba Vu W gy kpuse y: I — M sadxcu ().

Jokas. Axo rsadepemMo OpTOHOPMHUpPaHy &a3y y Ty, M, a 3aTum Teopemom @ POy KU-
MO 6a3He BeKTOpe Ha ofroBapajyha napasiensa Eq, ..., E, € X(y), Taia KOMIIATUSHUIIHOCT
V H g 3a CBaKo t € I 1aje OpTOHOPMHUPAHY a3y (E1(t),...,En(t)) ¥ Ty M. 3a TPOHU3BOEHO
V=2 viEiu W=} wiE; umamo g(V, W) = 3, ; viw;8;i€; = >_; €viw;. Ca Ipyre CTpaHe U3
Ei=0umamo V' =37, VIEEUW =3}, W]'-Ej, omakte je g(V/, W) +g(V,W') = >~ &(Viw; +vwy),

Te J0dujaMo (). O

Teopema 5.8. IlogesaHociu V ticeygo-Pumaroge mHolociupykociuu (M, g) je komuaiuudui-
Ha ca g ako u camo axo je MetwpuuKa.

Joxkas. Heka je V xoMriaTudéuiHa ca g U X, Y,Z € X(M). 3a IIpOU3BOJbHY KPUBY ) 3a KO-
jy Baxxu y(0) = p, y'(0) = X, 1 BeKTOpCcKa no/ka V = Y),, W = Z,, us Jleme i?l HUMaMo
&Yy, 2y)) = g(Yy,Zy) + 8(Yy,Z)). Kaxo je

d d d
78 Zy) = 7(8(Y.Z) oy) = y. 7 (8(Y,2)) =y (1)(8(Y. 2)), (5.19)

TO 3a t = 0 modujamo

Xp(8(Y,2)) = 8p(Vx,Y,Zp) + &p(Yp, Vx,Z),

ILIITO JI0Ka3yje GpopMyry (@), Yy CBaKOj TaYKHU p II0HA0COS, Te je V MeTpHUKa.

O6paTHO, JOBOJHHO je IIPOBEPUTH TBphewe 3a KpUBe y Koje Y IIOTIIYHOCTH Jie)Ke Y He-
KOj KOOPMHATHOj OKOJIMHH. [IocTaBUMO da3Ha BEKTOPCKa I10Jba Ly>K KpuBe ca E; = (9;)y
uuspasumo V=3, v;E; u W =3, w;E;. Ha JIeBOj cTpaHH je

d Ny , d
sV W) = > (Ving(Eian) + Viw;g(E;, Ej) + Vindtg(Eian)> ;
ij=1
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IIOK Ha JIeCHOj UMaMOo

gV W) +g(V,W)=>Y" (VQng(Eian) +viw;g(EL, Ej) + viwig(E, Ej) + Ving(EbE{)> :
ij=1

O/laKJie ce BUIU [la je MOBOJbHO JI0OKAa3aTH TBpheme 3a da3Ha BEKTOpPCKa Iojba V = Ej,
W = E;. 360r ( ) IIpeoCTaje jOoIll fja ce JoKaKe

Y (0)(£(8:,0)) = &y (Vy 10 (0))yt)) + &yiey (D) yty» Vyr(9y)-

MehyTum, Kako je V MeTpHUKa TpakeHa KOMIIaTUOUIIHOCT CJIeIU U3 jeJTHAKOCTHU (@) 3a
BEKTOPCKO ITo/be X € X(M) TakBo fia je Xp = y'(0) y3Y = 0;, Z = 0;. O

Heka cy V,W € X(y) nmapasnenHa u a,f € R. U3 (aV + W) = aV' + pW' = 0 umamMo
PY(aV(a) + BW(a)) = aV(b) + BW(b), mTo H0Ka3yje aa je P2 muneapHo. Ako je P2(V(a)) =0
OHJIa U3 jeIMHCTBEHOCTH UMaMo V = 0, 1To gaje V(a) = 0, Te je P? HHjeKTUBHO 1 caMUM
TUM 6UjeKTUBHO. Majyhu y Buny Teopemy 5.8, mo1asuMo 10 HapegHe K/byyHe 0COdUHe
IapaJieJIHOT IIoMepamba.

Teopema 5.9. IlapasenHo uomeparse je AUHeapHa usomeiupuja y cayuajy Jlesu-duesuitia
lloge3aHOoCuU.

KoBapujaHTHH U3BOJ Ay>K KPHUBe MO>Ke Ce peKOHCTPYHCAaTH U3 ITapaJsIesTHOT ITIoMepa-
1a. [lohumo oj dasHuX BeKTOpa y T) (M U IpoayKumMo ux TeopeMoM 5.6 Ha ofiroBapajy-
ha rmapasesiHa BeKTopcKatosba Eq, ..., Ep € X(y), THe je E]’. =0uE(t) = PiEj(a)3al <j<n
W3 V =} ;Vv;E; uMaMo

n n n v;(t) — vj(a) (Pt)—lv(t) ~ V(a)
_ / _ / Y i j L
Vi(a) = Z(VjEj) (a) = Zvj(a)Ej(a) = lth; ‘ ﬁEj(a) _ ltg% a — '
Jlema 5.10. 3a gexilopcko tioswe V gy Kpuse saxcu
t\—1 _
H(a) — lim (Pa) V(t) V(Cl).
dt t—a t—a

5.4 TeoaesHujcKe KpuBe

Heka je V 110Be3aHOCT Ha MHOTOCTPYKOCTH M, a y KpuBa Ha M. IlojaM KoBapHjaHTHOT
MU3BOJIa Iy’K KpHUBe oMoryhasa HaM [ia JebUHUILIEMO ydp3aree Kpuse y ca (V') € X(y).
KaxkeMmo [1a je KpuBa y leoge3ujcka y ofHOCY Ha V YKOJIMKO HeMa yop3ama, (y') = 0.
/IpyIruM peumnma, reo/ie3HjCcKe MOKeMO OKapaKTeprcaTU Kao KpUBe uuja je Sp3uHa Iapa-
JIeJIHa Iy’ Te KpUBe.

KoBapujaHTHU U3BOJ Ay>K KpuBe 3a V € X(y) padyHaMO y HeKOj KOOpAHUHATHOj OKO-
suHu 110 popmysu (5.17). HakoH 3amene V = )’ UMamo v; = y]’. 3a 1 <j < n, Te podujamo

Vdf(t) = (yﬁ(t) +3 V}(t)yé<t)T§(V(t))) Gyo:

k=1 ij=1

T'eonesujcku yciioB ()Y')’ = 0 ycTaHOBJ/baBa CUCTEM 0OUYHUX JUdepeHIIHjaTHUX jeJHauYU-
Ha JIpyror peja,

Vr(®) + > ViOYIOTEy(6) = 0 (5.20)
ij=1
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3a cBako 1 < k < n, I1ITO Cy .10KaAHe leoge3ujcKe jegHavuHe. 3a IIPOU3BOJBHO &y € I,
II0CTOjU € > 0 TaKBO fa je y(ty — €,y + €) camprKaHO y HEKOj KOOPAWHATHO] OKOJIMHU, Te
je y reofiesmjCcKa aKo ¥ caMO aKo OiroBapajyha pecTpHUKIMja 3a7[0B0JbaBa JIOKAJIHE Teo/ie-
3HjCKe jeJHAaYUHe Y CBaKOj KaPTH YUjU JOMEH ceye CJIUKY Of ).

Teopema 5.11. Heka je V tiogesaHociti Ha mHoloctupykociuu M. 3a ceakop e Mu V e T,M
toctuoju otmieopeH uHitiepsan 0 € I C R uteogesujcka y: I — M 3a kojy je y(0) = p, y'(0) = V.
Ceake gee wakee leogesujcke ce cAaxcy Ha HUX080M 3AjegHUUKOM gOMEHY.

Jokas. 3.7061/1.qajeH TPHK je yBoherbe MOMONHUX QYHKITH]ja &y = V) KOje IIPeBo/ie JIOKAJIHE
reofesujcke jeqHaurHe (5.20) y eKBUBaJIeHTaH CUCTeM IIPBOT pefa,

Vi) = & (D),
Ek(t) == &OEOTEY(D),

ij=1

ca Aymio BehuMm dpojeM NIpOMeH/bUBUX U jefHaunHa. 1o HHKapE—JIHH/:LeJIO(l)E TeopeMu
(3a cucTteM 06UUHUX IUdepeHIIHjaTHUX jelHaYUHA IIPBOT pefia ca IIOYeTHUM yCJI0BOM)
3a HEeKO € > 0 II0CTOjU jeJUHCTBEHO pelllerne

C:(—&,8) > MR, {(t) = (y1(8), -, Yn(t), §1(0), - -, En(1))

ca II0YeTHHUM ycJIoBOM ¢ (0) = (p, V), Ife je TpakeHa reopesujcka y(t) = (y4(t),...,y,(0)).
[ITO ce je;MHCTBEHOCTHU THYe, HEKa CY ), V,: I — M iBe reofiesHjCcKe Koje 3al0B0Jba-
Bajy yy(0) = y5(0). 3a @ = inf{t € I+ t > 0, y;(t) # yo(t)} > 0je yy(t) = y}(t) Ha (0,a),
OJlaKJIe U3 HEeIPEeKHIHOCTH UMaMo Y (a) = yy(a). Cagacy t — yq(a+t) ut — y,(a+t)
reo/iesyjcKe ca IIOYETHOM SP3HUHOM Y (a) = y5(a), Te ce y; U y, CJIaKy Ha HEKOM 0TBOpe-
HOM MHTepBaJsly KOjU Cafip>KHU a, IIITO je KOHTpaguKIyja. CJIMuHe apryMeHTe KOPUCTUMO
3a BpeJHOCTH t < 0, IIITO KOMILZIeTHPa JI0Kas. O

l'eogesujcka y: I — M je maKcumaaHa ako He II0CTOJU Apyra reofesyjcka ca 0TBO-
PeHUM JOMEHOM KOjHu CTPOro cafp’ku I, TakBa Jia ce ca y ciake Ha I. I3 Teopeme
OUPEKTHO CIefu Ja 3a cBako V € TM IOCTOjH jeIMHCTBEHA MaKCHMaJIHa reo/iesHjcKa )y
cayy(0)="V.

YKOJIMKO je ;OMeH CBaKe MaKCUMaJsIHe reo/iesHjcKe Koja IIpoJiasv Kpo3 Tauky p € M Iie-
JIOKYITHO R, Ka>keMo J1a je M leoge3ujcKu KomiiaeilHa y ima4ku p. 3a 1icey10-PiMaHOBY
MHOT'OCTPYKOCT KakKeMo [1a je le0ge3ujcKu KOMilAeiHa aKo ¥ CaMo aKo je reo/[e3HjCKHU
KOMILIETHA Yy CBaKoOj CB0joj TauKu. [Ipumep II0Kasyje Jja II0CTOoje MHOTOCTPYKOCTHU
KOje HHUCY Ireo/ie3UjCKH KOMILJIIETHE.

IIpumep 5.7. IlocMaTpajMo IICey0-eYKINUACKU IIpocTop RI mHpekca v. Kpucrodesose
cuMboJie JleBU-UUBUTA I0OBE3aHOCTH pauyHaMo 110 ¢opmystu (5.11), anu Kako cy koedu-
IIUjeHTH MeTpUKe KOHCTaHTHH, TO je F{-j‘- = 0. 3a reomesmjcke y ©Mamo »_y V(1) (Ok)ye) = 0,
omakute je yy = 0 3a cBako 1 < k < n. /lakiie, reofiestjcke cy 0dHKa t — p + tV 3a Heke
p,VeRY. A

IIpumep 5.8. IlocmaTpajMo XUIIEPSOIMYKY I10JIypaBaH HU? = {(x1,X2) € R? : x5 > 0}
— (dx2 2\ /32 A

ca PUMaHOBOM MeTPHUKOM g = (dx} + dx3)/x} u3 llpumepa 4.21. KomroneHTe PUMaHOBe

MeTpHKe BUJle Ce U3 HaBe/JleHUX MaTpHIla,

_(1/x5 0 1 (X0
g_<0 1/x§>’ £ _(0 x2)

SCharles Emile Picard (1856-1941), ppaHIlycK: MaTeMaTH4ap
SErnst Leonard Lindeldf (1870-1946), puHCKH MaTeMaTHYap
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IIpBO pauyHaMo KpHCTOQ)eJIOBe cuMmooJie JleBU-UHUBUTA II0BE3AaHOCTH I10 GOPMYJIH (),
opaxute 350t g% = x%8,;, umamo

ogy ogy 0gy 1., (08k 0Ogu 08
k(98 08 _ 985\ _ 1,5 (0 ki 98ij
~2 Zgl <6xl ox; 8x1> 2%2 < ox; | ox; axk> ‘

Kako je

agab (1/X%) _ 2 6 b602
a )

=8 _
8XC ab®c2 8X2 X%

TO L0dUjaMO

1
I‘g- = —X—z(éjk&'z + 6ki6j2 — 6ij8k2)a

OJTaKJIe CJIeTH

1
T1=Ti, =T3 =0, Tj=-Tj,=-T} = X, (5.21)
T'eogesujcke y(t) = (y4(t),y,(t)) TPA’KUMO IIPEKO JIOKAJIHUX IeO0/[e3HjCKUX jeHauYHHa

(6.20),
1O+ D _YiOpiOTE(p(0) =0, y3(t)+ > yjO)yit)TE(y(t) =0,
i i

KOje 3aMeHOM () II0CTajy

1 1
Vi—2v1Va- =0, y3+((y)* - ()" - =0. (5.22)
Y2 Y2
JemHaunHe (-) permaBaMo TyMaueh# fBa ciayd4aja, Ije je jegHocTaBHHjU V) = 0, oI
HOCHO y; = C = Const. To 3al0Bo/baBa IIPBY jefHAYMHY, a [pyra I1ocTaje y; — (y’z)2 /Y, =0,
Te HaKOH JleJbema ca y, > 0 godujamo

Y3V2 = VaVs _ (V’z> o
(V2)? V2
OpaBpe je y,/y, = (Iny,) = D, Te Iny, = Dt + E 1 KOHa4HO y, = eP+E, Jlakse, mpBu THI

reofle3ujCKUX Cy KpUBe 08JIMKa

V(t) = (Cv eDt+E)7

IIITO IIpeficTaB/ba OTBOPEHE IOJIyIIpaBe HOpMaJsHe Ha X;-0CY.
V [pyToM cTydajy mMamo Y, # 0, Tiie U3 TIpBe jeiHaumHe dopmyste (5.22) cremu

)'/1/ )2 |),1‘ /
—2-= an —211’1)/ = (In = 0,
],1 ],2 ( | 1‘ 2) ( %>

ofakie je y; = Cy3. Kaja To 3aMEHHMO Y JPYTY jeHAuUMHY, II0C/Ie fesberba ca Y, > 0
HUMaMO
Ya\’

Y2V2 — V2V2+C2y2 <y2> L CH2 =0

(v2)?

YBohemeM cMmeHe f =y, /y, = (Iny,)’, jeqHaumHa mocraje f 4—C2y2 = 0, omakuie cienu f < 0

JudepeHnupameM godujamo f/ + 2C%y,y, = f' — 2ff = (f — f*) = 0, mTo fmaje f = f2 —
3a HEeKy KOHCTaHTy A > 0. PasaBajameM IIPOMeH/bUBUX U HHTETPAI[HjoM HMaMo,

_ 1 poafa) 1 f
B+/dt - A2 2 1- (A2 —Aarth<A>,
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opakie je f= —Ath(A(t + B)) = (Iny,)". lasbe je y, = r/(ch(A(t + B))), tne u3 f + C*y3 =0
rosujamo A% = C%r?. TloBpaTkoM Ha )} = Cy2 nodujamo y, = (Cr?/A) th(A(t+B))+L Jlakie,
[PYTH THII Te0/[e3UjCKUX Cy KPHUBE 08JIMKa

y(t) = (irth(A(t +B))+1, M) ,

3a Koje BaXKH (y; — 1) + y4 = r?, ImTo ¢y MOJIyKPYyroBH ca IeHTPOoM (1, 0) IOJIyIIpeyHHKa 7.

X2

AKX L

5.5 EXcnoHeHIHja/IHO Mpec/IuKaBame

Heka je V I1poM3B0J/bHA ITI0B€3aHOCT Ha MHOTOCTPYKOCTH M. ITo TeopeMu II0OYEeTHU
BeKTOp dpsuHe V € TM oxpehyje jeAMHCTBEHY MaKCUMaJIHy reo/Ie3tjCKy Yy ca y,(0) =V
U yy(0) = V. 3a 1yd/be pasyMeBambe reofie3sujCKUX HeOIIX0QHO je fia OATOHeTHEMO KaKo
ce OHe MeHajy KaJi BapupaMo II0YeTHU TaHTeHTHU BeKTop. I'eofiesujcke ca IIPOIIOPIIHU-
OHa/IHUM II0YeTHUM Op3MHaMa Cy SJIMCKO II0Be3aHe, 0 YeMy IOBOPH Hape[Ha JieMa O
pecKaIupamy.

Jlema 5.12. 3a ceaxko Ve TM u c,t € R sadxcu y.,(t) = yy(ct), kag 1og je Heka og clupaHa tue
jegHaxociuu gegpuHucaHa.

Jokas. TIpetmioctaBUMO € # 0 jep 3a ¢ = 0 06e cTpaHe jeTHAKOCTH Cy jeqHake 11V. [0BOJb-
HO je oKa3aTu ieMy y cIyy4ajy J1a je februHMUCcaHa [leCHA CTpaHa jeJHAKOCTH, jep 0dpar [10-
dujaMo Kafia rmapaMmeTpe V, t, ¢ 3aMeHUMO pefioM ca cV,ct,1/c. 3ay = yy: I - M gebuHu-
11eMO HOBY KpUBY Y: (1/¢)I — M ca Y(t) = y(ct), mpu yemy ogMax Baxku Y (0) = y(0) = V.
V Hekoj KapTH (U, @) ca X; = 77; o ¢ IIOCTaBUMO KOMIIOHEHTe y; = X; o Y U §; = X; o Y. Taga
je Yi(t) = (d/dt)y;(ct) = cy}(ct), Te mocedHO Baxku ' (0) = c)’(0) = cV. Kaxo je (y')'(ct) = 0,
TO UMaMO

k() + D WOBHOTEW (D) = cyk(ct) + ¢ Y yj(ct)yict)Ti(y(ct)) =0,
ij

ij
Te je i Teo/ie3HjCKa ca IOUeTHUM ycI0BoM ¥’ (0) = ¢V U jeTUHCTBEHOCT faje Y = V.. [

Heka je £ C TM CKyII CBUX TAHTeHTHUX BeKTopa V € TM TaKBHX [ia je reofiesHjcKa yy,
nepuHMCaHa Ha UHTepBaJy Koju cafp>xH [0, 1]. [IpeciinkaBame exp: £ — M neduUHHCAHO
ca exp V= yy(1) 30BeMO eKCilOHEeHUUja 1HO TIpecAuUKasarse, a ©ICTo UMe KOPUCTHUMO 3a
I5eTOBY PECTPUKIH]Y exXp,,: & = & N TpM — M 3a TaUKy p € M.

Jlema 5.12 HaM oMoryhasa /1a o[ 1octojehe MakCHMMaJIHe reofie3sujCcKe J0dHjeMO HOBY
reo/lesyjCKy 4vju he 1o0MeH MHTepBaJ SUTU IIPOM3BOJ/bHO BeJIMKH, TAKO IIITO JOBOJEHO
CMamHMO II0YeTHH BEKTOP. AKO je tV € &, Taja je y,,(1) re¢puHMCaHO, OfaAKIIe CJIeIH /1
reojiesHjCcKa yy, UMa 08JIUK

Yy(t) = Yev(1) = exp(tV).
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Jlakiie, MaKCUMaJIHa reofiesyjcka Koja IIposiasd Kpo3 p € M ca IIOUYeTHHUM BEKTOPOM
V e TyM je obinka t — exp, tV. OfaB/e CIeiH /ia ce IIpaBe JIMHYje TaHTeHTHOT IIpoCcTopa
TpM xoje mpoJiase Kpo3 KOOPAHMHATHU ITo4ueTak 0, € TpM ca exp,, CIMKajy Ha Teofie3HjCKe.
3a OBe reo/ie3HjCKe KaXkeMo Jia Cy pagujaaHe teoge3ujcke Kpos p, a aHaJIOTHO MOKeMO
TOBOPUTH O pajivjaIHUM I'e0/le31jCKUM CeTMEeHTHUMa U paJivjaIHUM reo/[e31jCKUM II0JIy-
IIpaBaMa Koje U3BUpPY U3 p.

CraHapaHU pesy/ITaTH 3a pellleha 0OMYHUX AUdepeHIHjaJHUX jefHaYMHA rapaH-
TY]y A expp, (V) I7TaTKO 3aBUCH U OF V 1 O/ p, TaKO /ia je eXp,, ;06P0 AeGHUHUCAHO U IJIATKO
y HEKOj OKOJIMHM KOOPJAHUHATHOT IovueTKa 0y € TpM.

Hexka je 7: I — TpM KpHuBa Ha TaHT€HTHOM IIPOCTOPY AedprHICcaHa ca 7(t) = tV. Jlako
je mpumeTHTH fia 3a Vo, = 7(0) € Ty, (TpM) uMamo

(To, €xXpp)(Vo,) = (To, €xp,)(7'(0)) = (exp, o7)'(0) = yy(0) =V,

ozaksie ce BU/H fia je T, exp,: To,(TpM) — TpM KaHOHCKO IIpecHKaBambe Vo, — V, IITO
je MIEHTHYKO IIpeCc/IuKaBame Mpu uaeHTuGuKanuju Ty, (TpM) = TpM.

Jema 5.13. Heka je p lipousgos/eHa tayka uceygo-PumaHoge mHolociupykociuu M. TaH-
leHUIHO TlpecAuKasaree eKCUOHeHYUjaMHOT UPecAuKasara exp, y KoopguHatitHoM UoHellKy
0p € TpM je ugeHiiuuko UpecauKkasarse upu KAHOHCKOj ugeHmu@ukayuju.

Kaxo je TaHT€HTHO ITpeciKaBambe Tp, €Xp, H30MOPOH3aM, TO TeOpeMa O HHBEP3HO]
¢yHkuju (Teopema ) IIOBJIAYH /1a je eXp,, JIOKAJIHH AupeoMopdH3aM y KOOPAHUHATHOM
IIO4YeTKY 0p.

Teopema 5.14. Heka je V tioge3aHocii Ha MHoloctupykociiu M u p € M. Taga tocitioju
okoauHa 0y, € U C TyM uokoauHap € U C M, tuako gaje expy, [y: U — U gugpeomopgduzam.

3a mmogckym U > 0 BEKTOPCKOT IIpocTopa V KaXkeMo Jia je 3e8e3gaciiol 0déauxka oxo 0
ako V € U mioBiauu fia tV € U Baku 3a cBako t € [0, 1]. IIpuMeTuMO fa je £, 3Be31acTor
odytuKa 0Ko 0, € T, M. YKOIUKO je foMeH U frudeomopdrsma us TeopeMe @ 3Be3JacTor
05JIKa 0K0 0p OH/Ia Ce FheroBa CIHKa U = exp, () 30Be HOpMAAHA OKOAUHA Off .

Heka je (M, g) niceyo-PUMaHOBa MHOTOCTPYKOCT AUMeH3Hje N U p € M IIPOU3BOJb-
Ha Tauyka. M360op oproHOpMupaHe &ase (Ej,...E,) KBagpaTHOT BEKTOPCKOI IIPOCTOpA
(TpM, gp) eKBUBaJIEHTaH je u3oMeTpuju L: TpM — R} matoj ca L(> i, a;E;) = (a1, ..., Qn).
Axo je U HOpMaJIiHa OKOJIMHA o p € M, Tafaje ¢: U — R" natoca® = Lo eXpI;1 [y KapTa
y p € M. 3a KOOpAHUHATE X; = 77; o () KaKeMO [1a Cy HOpMAa.AHe KOOpguHaiue 1ieHTprpa-
He y p € M. HopmaJsiHe KOOpAHUHaTe Cy BeoMa KOPHCHE jep JOHOCe BeoMa jeJHOCTaBHY
pellpe3eHTaIlljy Teole3HjCKUX.

Teopema 5.15. Hekaje (M, g) iiceygo-Pumaroga n-mHolocitipykocil, V weHa Jlegu-dusguiua
uogesaHociu, a (U, @) kapiua ca HOpMA/HUM KOOpguUHatulama ueHiupupaHum y p € M. Taga
3a ceaxko 1 < i,j,k < n eaxcu

Ti(p) =0, g;(p) = &by, Ag(p) = 0.

Joka3. CBaku BekTop 0 £ V =31 | V;E; € T,M ofipeljyje pajiuijasHy reofie3rjcKy yy Kpo3
D Koja je odHKa yy(t) = exp,(tV) 3at € Itne je 0 € I C R HeKH OTBOPEH HHTepBalL Y
HOPMAaJIHUM KOOPAMHAaTaMa LIeHTPUPAHUM Y p je ¢ o Yy (t) = L(tV) = (tvy,...tvy), OfAKIIe
BodHjaMo y;(t) = Xjo yy(t) = tv;3a 1l < i< n, IITO MOpPa 3a/l0BOJbUTHU JIOKAIHE Ie0/[e3H]jCKe
jenHaunHe (), Te BXKU ) _; ; vivjl"g.(yv(t)) =03a1l < k< n.TocBakako pagu 3at = 0rpe
je yy(0) = p, ojaxJie IpOX3BO/bAH U360P BeKTOpA (V1,...,Vn) € R" OHOCH

n
> viviTh(p) =0

ij=1
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3a cBe 1 < k < n. IlorozmaH u3dop je V = E; ogakiie 1odujaMo Fﬁ(p) = 0, a HaKOH TOra 3a
V = E;+ Ej umamo I (p) + Tii(p) + T}i(p) + Tj(p) = 0, omaxute cremu Tjj(p) + Ts(p) = 0, Te kKako
je V cuMeTpHUYHa [06HjaMO Fg(p) = 0, mITo 0Kasyje fa ce cBu KpucrodpesoBu cuMdoiu
aHyJINpajy Y TAUKH p.

[IpeocTasie ocoduHe je lako BumeTH. U3 V(X;) = (Y,(0))(X;) = (Xi o yy)'(0) = yi(0) = v;
uMamo V = Y"1, v;(0;)p, IITO 32 V = E; = (;)p KOHOCH &p (0}, ;) = €;6;. Kako je moBe3aHoCT
MeTpHYKa, TO BaXH gy = &(Va,0i, ) + (04, Vo d)) = Yy(Thay + Thi&u)» T€ 1 0kgyi(p) = 0
jep je V cuMeTpHUYHa. O

YV TeopeMu CMO ITOKasajy Jia cBakKa Tayka IIcey/o-PMMaHOBe MHOTOCTPYKOCTH
MMa HOpPMaJIHy OKOJIMHY. 3a HOPMaJIHy OKOJIMHY Ka)KeMo [ia je loUlilyHO HOPpMAAHA
aKo je OHa HOpMaJIHa OKOJIMHA CBaKe CBOje TauKe.

Teopema 5.16. Csaka tiauka ticeygo-PumaHoge MHOIOCTUPYKOCTUU UMA UOTHTUYHO HOPMA1-
HY OKO/UHY.

JAokas. IlosasuMo o HOpMaJIHe KOOpAUHaTHe oKoyiHe U C M Tauke p € M. [lepuHuilte-
Mo npeciuKaBame E: &y — Ux UcaE(q, V) = (q,exp, V), taeje &y = ENTU C U x R™. Jako-
dMjeBa MaTPHIlA TAHTE€HTHOT IIpecaruKaBamba off E'y Tauku 0, = (p,0) je JI0K foma TPo-
yraoHa MaTpHlia ca UeHTUYKUM MaTpUliaMa Ha AujaroHasau (gpyra of lbUX J0J1asu U3
Jleme 5.13) ¥ caMHM THM je MHBepTHUSMIIHA. I10 TeopeMH 0 MHBep3HOj yHKIHjH (TeopeMa

) mocToju okosimHa W C TU Tauke 0, TakBa fia je E|yy, fupeomopdrsaM Ha OKOJIHUHY O
(p,p) € U x U. Kako je E HeIpeKUHO, MO>KeMO IIpeTIIoCTaBUTH [1a je E|y (W) = U x Ue 3a
HeKo € > 0,tmeje Ue = {q € U: 31 (xi(q))? < €} eykInzcKa KyIyia y OfHOCY Ha HOpMaJIHe
KOOPAKHATE (X1, .. .,Xn). Heka je TeH30p b € T9(U,) fedUHUCAH CBOjUM KOMIIOHEHTaMa y
O/THOCY Ha HOpMaJIHe KOOpJUHAaTe ca

n
k
byj = 8= > TiXk.
k=1

OH je OUUIJIETHO CUMEeTPHUYaH U IIOSUTHUBHO JeUHUTAH Y P, Te MOKEMO CMalbUTH € > 0
TaKo /1a b 8y/ie ITO3UTHUBHO JeUHUTHO Ha 11e1oM U,. 3a IIPOU3BOJPHY TAauKy ¢ U3 TAKBOT
Ue m Wy = Wn TyM 3HaMoO 1a je Efy, Audpeomopdusam Ha {q} x Ue, IITO 3HAYH J1a je
exp, [w, MMpeomopdusam Ha U,, Te je U, HOpMAJIHA OKOJIMHA CBaKe CBOje TaduKe § YKOJIH-
KO JJOKa>KeMo Jia je W, 3Be3facTor 06I1Ka 0Ko 0.

Hekajeq#s e UsuE(q,V) = (q,S), ILITO 3HA4H Ja je yy: [0,1] — M reozesHjcka us qy
S. AKO ITI0CTaBUMO H-eHe KOMIIOHEHTe Ca y; = X; o Yy 3a 1 < i < n, Kopuctehu reoziesujcke
jenHaunHe () MO>KeMO U3padyHaTu

n n n
0 <2b(yy,yy) =2 byyiyj =2 (‘Sij —> yi(Tfo VV>> Vivi
k=1

ij=1 ij=1
n n n n n n
=23 WP =2 ) vy TEoyy) =23 (V)P 2> vivi = >_2yeri) = > _(vR)",
i=1 ij,k=1 k=1 k=1 k=1 k=1

oJaKJIe CIe[H fa je YHKIHMja > p_, Y2 KOHBEKCHA U He MO>Ke UMaTH MaKCHMyM Ha HH-
TepBaiy (0,1). 36or Tora je yy([0,1]) C U,, Te je Wy 3Be3gacTor odauka oko 0q u Ue je
HOpMaJIHa OKOJIMHA TauKe ¢ IIITO KOMILJIeTHpa /[0Ka3. O

5.6 Teopesujcke u MuHUMU3Yyjyhe KpuBe

Adeonlapameiuapcko ipecauKkaeare je JaTko npecaukaBame f: I x | — M, rae cy
I.] C R 0OTBOpeHHU UHTEePBAJIN. BEKTOPCKO I10/be AY>K KPUBE MOKEMO YOIIIITUTH Ha BeK-
TOpPCKa I0Jba Ly>K ABOIIapaMeTapCKOr IIpeciruKaBama. Tako, BEKTOPCKO moske Z € X(f)
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Oy>K f 3HauUW IJIaTKO IpeciauKkaBame Z: I x | — TM TakBo 1a je i o Z = f. [lapuujaiHe
dpsuHe (Jf/0t) u (0f/0s) cy BeKTOpCcKa 1osba ByX f = f(t,s) repuHMUCcaHa ca

5h(€.9) = Teof at) — (R0 g5 = Tof (55 o~ O

tmecyfs: I - Muf:J— Mpat ca fs(t) = f(t,s) = fi(s). Y HeK0j KOOpAHUHATHO] OKOJIHHH,
us (2.2) nmamo
of .0 af; o

ot T*ot ~ ot 8x ’

r7e je fj = x; o f, omaxye u3 popmyire () cenu
Vof ) ; ofi
ds ot Z (asat ot 05 T3 ° D | e

V caydajy cuMeTpUUHe II0Be3aHOCTH BaXKU Fij ofiakJIe JodujaMo

Jl’

vof Vof
459t = dids (5.23)

Heka je (M, ) riceyo-PuMaHOBa MHOTOCTPYKOCT, & V lheHa JIeBU-UUBUTA II0BE3aHOCT.
[IprMeTHMO Jja KakKo je V CUMeTpHUYHa, GopMyJia (-) Bayku. PUKCUpajMo p € M, Te HeKa
cy VW ¢ T,M Tako fa je 0 # V € &. PasMOTPHUMO JABOIIapaMeTapCcKo IIpec/IrKaBaibe
T: I x ] = TyM, 7(t,s) = tV + tsW U 1eroBy eKCIIOHEeHIHjaIHy CIUKY Y M, f: I x | — M,
f(t.s) = exp,(tV + tsW). Huje TellIKo IPUMETUTH /la MO>KeMO IIpoHahu MajIo € > 0 Tako
fia 3a uHTepBane I = (—€,1+¢€) ujJ = (—¢€,€) MaMo tV 4 tsW € &. 3a CBaKo s € J, KpuBa
fs: I — M, fs(t) = f(t,s) je peCTPUKI[Hja MAaKCHMAaJIHE Te0/Ie3HjCKe Yy, sy, TE HMaMO

af o of o 0
(4o =e(Z Dov=prsonvion Teo

MehytuwMm, yriorpedoMm Vg = 0 1 cuMmeTpHje () IodujamMo
of o Vv of o, of Vo
e (10) () e (2 5

ot° \ ot’ Os dtot’ 9s ot’ dt ds
(O VO 10 (O o) _
_g<at’dsat> - 263g<6t’ ot ) =&V HSW. W),
IIITO Jaje
of of of of _
g(or ) — &V sww) g (5. ) 0.0) = tg(V -+ sW. W),
Kako je
ot ot
E(t’ ) = (V+sW)wiesw, %(E §) = (tW)vitsw,
TO ©UMaMO
o 0 of
TVepr(Vv) TV epr OT(1 0) <6t> T(l 0) (Epr O’Z') <8t> 8t(1 0)

9 d of
TVepr(WV) =Ty Epr OT(l,O)T <88) = T(170)(epr OT) (38) as( 0)

Te je 3aTo
8exp, v(Tv expy(Vv), Ty exp,(Wv)) = g(V, W). (5.24)

OBaj pesyJsITar je 1mos3HaT kao I'aycoea aema.
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Jlema 5.17. Heka je (M, g) ticeygo-Pumarosa mHoloctupykoci, p € M u V,W € T,M tuako
ga 0 + V € &, aga eaxcu jegraxoctt (5.24).

HajBa)kHUjH ciIy4yaj TU4Ye ce [TI0Be3aHe PUMaHOBe MHOTOCTPYKOCTH (M, g), IIITO je Me-
TPUYKHU IIPOCTOP UMja je MeTPHUYKa TOIIOJIOTHja MCTa Kao TOIIOJIOIHja MHOTOCTPYKOCTHA
(TeopeMa @). dUKCHUpajMo TauKy p € M. V IIpocTopy ca YHYTpalllkUM IIPOU3BOLOM
(TpM, gp) meduHHIIIEMO WAHIEHIHe cfhepe U TiaHieHTliHe Kylae TI0JIyIIpeYHuKa r > 0
ca

Sr(0p) = {X € TyM : |X| =7}, By(0p) = {X € TyM: ||X] <1}.

3a IOBOJBHO MaJIo I, B(p) = exp, Br(0p) je HOpMasHa OKOJIMHA Off p, X OHJIa Ka’keMo Jia
je Br(p) leoge3ujcka Kyina (Wikd HOpmaaHa Kyiaa) y M 1ieHTpUpaHa y p, IOK 3a CBa-
KO € < I KaXKeMo Jia je Sg(p) = exp,S¢(0p) leo e3ujcka cdepa (L1 HoOpmaaHa ce-
pa) y M nieHTpupaHa y p. 'aycoBa jsiema (Jlema ) TBPAU 11a je reosesujcka chepa Sg(p)
OpPTOTOHAJIHA Ha CBe reofie3njCKe Koje U3BUPY U3 p, U oMoryhaBa /ia eKCIIOHEHIIHjaTHO
IIpecaIrKaBamkhe CXBaTUMO Kao pajujaiHy U30MeTpPH;]y.

3a JomyIITeHy KpUBY ): [a,b] — M PuMaHOBe MHOTOCTPYKOCTH M Ka>keMo fia je mu-
Humu3syjyha axo je L(y) < L(¢) 3a cBaky fonyiiTeHy KpuBy § us y(a)y y(b). HapaBHo, y
je MuUHUMM3Yjyha ako U caMmo ako je L(y) = d(y(a),y(b)) (mox yciIoBOM fia je M mmoBesaHa,
IIITO OBJIe U IIPeTIIOCTaB/baMo).

Teopema 5.18. Heka je B¢(p) leogesujcka Kylaa y Pumaroegoj mHolociupykocitiu M ueHitipu-
paHayp € Mup # q € Be(p). Pagujanna teogesujcka us p y q je go Ha petiapametpusayujy
jeguHciigeHa muHumusyjyha kpusa uspy q Ha M.

JAoka3. 3a jeIUHCTBEHY pajujaaHy reogesujcky y: [0,1] - Muspyq (y'(0) = expljl(q))
MMaMo Jla BaXKu L(y) = ||expl;1(q)|| =r < & Hekaje ¢: [a,b] — M pgonyiiTeHa KpUuBa Us p
y q. Heka je ay € [a,b] HajBehe t TakBO 11a je Y(t) = p, a by € [ap, b] HajMame t TaKBO 71 je
Y(t) € Sr(p)- 3at € [ag, bg] MOXKEMO U3pasUTHU

h(t) = exp,(p(H)V(1)),
e je p: [ag, bg] — [0,1] 1 V: [ag, by] — S(0p). Taga je
Y’ = Tovexp,o(pV) = Tovexpy(p'Vov + pVpy) = p'Tpyexp,(Vpv) + pTpv exp,(Viyy),
rme V' = VV/dt uma ocoduny 2g(V, V') = (g(V,V)) = (r?) = 0. TaycoBa JieMa II0BJIa4l
W ¥) = (p)g(V.V) +2p'pg(V, V') + p*g(V', V') = (p'r)* + p*g(V'. V) > (p'r)?,

Te je 3aTo

bo , bO bO
L) > / 19(8)] dt > / \p’r\dtw/ p'dt=rp(q)—Tp(p) =T.
ap Qo ap

nrTo fokasyje L(y) > L(y) = d(p, q).

Jla 81ucMo UMaJu jefHaKOCT L(Y) = r, HEOIIXOAHO je [ja BaXKU ap = a U by = b, a oHza
V' =0wup’ > 0.To 3HauH /ia je VKOHCTAHTHO JIOK p PacTe, Te je ) eKCIIOHeHII1jaIHa CIUKa
Iy>KH Koja craja 0p u expgl(q). Tako je ) MOHOTOHaA pennapaMeTpusalyja ofx y, Te UMajy
UCTY CIUKY, y([a, b]) = Y([a, b]). O

Teopema 5.19. Csaxa leogesujcka Ha PumaHo80j MHOIOCIUPYKOCTIU je I0KA/THO MUHUMU-
3yjyha.
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Jokas. Heka je y: I — M reofie3yjcka Ha PUMaHOBOj MHOTOCTPYKOCTH M nedpUHMCaHa 3a
HeKH oTBopeH uHTepBaJ l. 3a t € Itio Teopemu II0CTOjH IIOTIIYHO HOpMaJIHa OKOJIMHA
Us y(t).3aa,b c y1(U), Tauka y(b) ce HaJa3sH y HOPMAJIHOj OKOJIHUHH U IEHTPUPAHO]j y
y(a), Te je 110 TeopeMu pazujasiHa reomesyjcka us y(a) y y(b) MmuruMusyjyha usmelhy
Te ZiBe Tauke. MeljyTuM, peCcTpUKIIMja Of y Ha [a, b] je TaKolje reoie3ujCKu ceTMeHT U3 y(a)
y ¥(b) xoju ce Hanasu y U, Te ce Y [(, ;) ITOKJIAIIa CA TOM MUHUMH3YjyhoM reofie3njckom. [

W3 mpeTX0HUX TeopeMa BUIMMO Jia JIOKaJIHO II0CMaTpaHo, Teofie3ujcKa (0HOCHO He-
Ha pellapaMeTpusaliija) Koja cliaja [Be Tauke jecTe HajKkpaha TakBa KpuBa. MehyTum,
IJI06aJTHO II0CMAaTPaHo TO He MOopa /la BaXKH.

IIpumep 5.9. [TocMaTpajmo chepy, I7ie 3HaMO Jja Cy CIUKe Te0fe31jCKUX BeJIUKU KPyTOBU
cdepe, a IBe Tauke ca BEJUKOT KpyTa ofpelyyjy Ba JiyKa off KOjUX je jefaH Ay>KHU (0CUM
aKo HUCY y IIUTaky aHTUIIOJaIHe TayKe).

3aHUMJbUBU]H je CIy4aj [UJINHAPA I7e Cy CIUKe Te0fe3UjCKUX XeJIUKCH, TaKo Jja 3a
IiBe SJIMCKe TauKe II0CTOjU 6€CKOHAYHO MHOT'0 Te0/[e3UjCKUX (KOje UMajy pasInyuTe CJIU-
Ke) KOje UX CIIajajy, aJlk caMo je jefHa (o Ha peliapaMeTpusaliyjy) yuja ce CJIMKa Hajlasu
Yy HOPMAaJIHOj OKOJIMHU je/iHe Off TUX TadyaKa. A

Teopema 5.20. Ceaxa muHumusyjyha kpusa Ha PumaHo80j MHOIOCIUPYKOCIU je go Ha pe-
uapametupusayujy leogesujcka.

Jokas. Heka je ¢: [a,b] — M MuHUMHU3Yjyha AomIylITeHa KpHUBa [1lapaMeTpHU30BaHa Iy-
JKHHOM JIyKa. 3a CBako t € [a,b] 1mocToju MOTIIyHO HOpMaJiHa OKoJIvHa U; > Y(t), Te ce
ciuka Y([a, b)) MoKe ITIOKPUTU ca KOHAYHO MHOTO IIOTITYHO HOPMaJJIHUX OKOJIMHA. Y CBa-
KOj OKOJIMHU Uy, jefUHCTBEHAa MUHUMM3Yjyha KpHUBa je pagujaaHa reojiesmjcka, Te y 3a-
II0BOJbaBa reofie3yjCKe jeHaUMHe, a KAKO TO Ba’KU 3a CBAKy TadykKy Y je reogesujcka. [J

5.7 KOMILIeTHOCT

[Iceymo-PruMaHOBa MHOTOCTPYKOCT (M, g) je reofiesvjCcKu KOMILIETHA Y TaUKU p € M
aKo Ce CBaKa reofiesvjcka Kpo3 p deCcKOHau4HO IIpofy-kaBa. Kako je MmakcumasiHa reoje-
3HujcKa 3a HeKo V € TpM odyiuKa yy(t) = exXp,(tV), jacHO je fa je IPeTXO/{HH yCJIOB eKBUBa-
JIeHTaH ca TUM Jia je TpM noMeH of exp,,. Tako je M reo/ie3ujCKH KOMIUIETHA aKO U CaMo
aKo je 11eJIOKYITHO TM noMeH eKCIIOHEHITWjaTHOT IIpecjIrKaBama. Ha mpumep, oTBOpeHa
IIOJMHOTOCTPYKOCT U C R} IICeyn0-eyK/INUACKOT IIPOCTOPa HUje reofe3rjCKu KOMILJIETHA
jep IIocCToje reofiesujCKe Koje JOCTHIKY TPaHUIly 3a KOHAYHO BpeMe.

CBake [IBe pas/IMuUTe TauyKe IIOTIIYHO HOPMAaJIHE OKOJIMHE MOTY Ce II0Be3aTU MUHU-
MU3YjyhoM reo/ie3ujCKOM, IIITO je 0COSHMHA KO0ja He BaXKU 3a IIPOU3BOJbHE /1B TauKe PruMa-
HOBe MHOT'OCTPYKOCTU. MeljyTuM, aKo je MHOTOCTPYKOCT Te0/le3HjCKH KOMILJIETHA V je[I-
HOJj OJf TUX Tayaka, J0JIa3suMO JI0 HapeaHe JieMe.

Jema 5.21. Ako je p € M wwauka tioge3aHe PumaHoge mMHoloctupykociuu M wakea ga je
exp, gegpurucaro Ha yeaokyuHom TpM, oHga 3a ceako q € M Uociioju muHumu3syjyha teo-
gesujckauspy q.

Joka3. Heka je x TauKa (KOMIIaKTHe) reofiesyjcke chepe Se(p) y K0joj (HelpekuHa) GyHK-
nuja Se(p) > s — d(s,q) AocTrDKe MUHEMYM. Tana je X = exp,(eV), 3a HEKO jeJHHUIHO
V € TpM 1 M0oXeMO0 II0CMaTpPaTH Ieo/[e3HjCKy )y, Koja je 3a cBako t € R mepuHMcaHa ca
Yv(t) = exp,(tV). CBaka fOIyILITeHa KPUBA U3 P y  MOPa Jia IIpolje Kpo3 Se(p), Te je

r=dlp,q) = min (dp,s) +d(s,q)) = €+ min dis,q) = €+dx,q),

SESe(p) SESe(p

114



5.8. 3agauwn

ofakiie caegu d(x,q) =r —e. Ckynn I = {t € [e,r] : d(yy(t),q) = r — t} je HemrpasaH (360T
€ € I), 3aTBOpeH U OrpaHUUeH, Te JOCTH)Ke MaKCUMYM ty € I. 3ay = yy(tp) IIOCTOjHU TauKa
z reogesujcke chepe Ss(y) 3a 0 < § < r — ty y K0joj dyHKIHja S5(y) > S — d(S, q) LOCTHXKe
MuUHUMYM. [lodujamo d(z,q) =r — ty — §, oflaKyie UMaMO

d(p,z) >2d(p,q) —d(z,q) =r—(r—tg—6) =to + 6 =d(p,y) + d(y,q),

Tejed(p,z) =d(p,y)+d(y,q), IITO 3Ha4YX JjJa MUHUMMU3yjyha KprBa U3 p Y Z IIP0JIasy Kpo3
y. Kako je MurnMusyjyha kpusa 1o Teopemu reofiesujcKa, To je z = exp,((to + 6)V)
U 3aT0 tp + & € I, mITo je HeMoryhe, oCMM axKo je t, = r. Tako fodujamo y,(r) = q, Te je yy,
MUHUMU3Yyjyha reojiesujcka uspy q. O

Hexka je (M, g) noBe3saHa PuMaHoBa MHOroCTpyKoOCT. ITo TeopeMmu , M ca PumaHo-
BHUM pacTojarbeM YMHU MEeTPUUYKHU IIPOCTOP YHja je MeTpHU4YKa TOIIOJIOTHja jefHaKa To-
II0JIOTHjU o M. IIpUpOHO ce IT0CTaB/ba IIMTame J1a JIU je M KOMIUIeTHA Kao MeTPUYKHU
IIPOCTOP.

[IpetriocTaBUMO [11a je K C M 3aTBOpeH U OIrpaHUYeH IO CKYII METPUYKOI IIPOCTOpa
(M, d). Ao je M reofiesvjCKy KOMILIETHA Y TaUKU p € M, 110 JleMu 5.21| 3a cBaKoO q € M 110-
CTOjU MUHUMU3Yjyha reofiesvjcka us p y ¢, Te ce orpaHu4eH K HaJjla3u Y HEKOj JOBOJbHO
BeJIUKO] Teofle3HjCKOj KYIJIU Br(p). [lakite, mocToju r > 0 TakBo 1a je K C exp,,(Br(0p)), a 3a-
TBOPEH II0/CKYII KOMIIAKTa je KOMIIaKTaH. CKyII Tauaka KomnjeBorﬁ HU3a je OTpaHUYEH,
Te je IeroBO 3aTBOpeHe KOMIIaKTHO, IIITO 3HayH Ja KolnujeB HU3 MMa KOHBepreHTaH
II0JJHU3 U CAMUM TUM je KOHBepreHTaH.

Ha oBaj HaUMH CMO /I0Kas3aIH Ja ako je M reofiesujCKu KOMIUIETHA, OHJA je M KOM-
IUIeTHA Ka0 MeTPUYKHU IIpocTOp. Meh)yTUM, Ba’KH U 08par, I1ITO 3HAYH Jja Cy reo/iesujcKa
KOMILJIETHOCT ¥ MeTpHUYKa KOMILJIETHOCT eKBUBAJIEHTHHU I10jMOBH, IIITO je II03HAaTO Kao
XOH(])E—PI/IHOBE TeopeMa u3 1931. rogune [71].

Teopema 5.22. [IogesaHa PumaHo8a MHOIOCIIPYKOCI je leoge3ujcKu KOMUAeHA ako U
CAMO AKO je KOMU1ellHa Ka0 MetiupudKu upociuop.

Aokas. Hekajep € MuV € T,M jefTUHUYHHA BEKTOP, Te II0CMaTPaMO MaKCHUMaJIHy reo-
IesHjcKky yy : I — M. 3axBasbyjyhu TeopeMu uHTepBal l je oTBopeH. Heka je {ty}nen
KormvjeB HU3 TakKas fia je limp o th = b = sup! < oc. Kako je d(yy(t;), yy(tj)) < [t; — |, TO
je {yy(tn) }nen KolltmjeB HU3 y M, Te y3 IIPETIIOCTAaBKY Jia je M KOMILJIETHA HUMaMO TauKy
q = lim,_, yy(tn) € M. IlocToju € > 0 TakBO fa je By.(q) reofesyjcka Kyria. FsadeprumMo
a € RtakBo jaje 0 < b —a < & 1e 3a W = y},(a) mocTaBUMO TeofesHjcKy yy,. Taza je
Yw(t) = yyla+t), Te je y, medrHHCaHO 3a a + € > b, IIITO je KOHTPaLUKIIHja. 3aTO je UH-
TepBaJl I 3aTBOPEH, ofiaKJle caenu I = R, IIITO T0Kasyje fa je M je reo/ie3ujCKU KOMILJIETHO
Yy TaYKH p, a KAKO TO Ba>KH 3a CBAKy TauKy, M je reo/iesujCKu KOMILIETHA. O

5.8 3amaimu

3agarak 5.1. Heka je (M, g) PuUMaHOBa MHOTOCTPYKOCT, a P,Q € T9(M) mapasesHa TeH-
30pcKa Iosba. Ao je T € TI(M) meduuucano ca T(X,Y,Z, W) = P(X,Y)Q(Z, W) 3a cBaKko
XY, Z W e X(M), rokasaTH ja je 1 T 1apaJjieIHo.

3agarak 5.2. HaR® ca yoSHU4ajeHOM eyKJIHICKOM METPUKOM YBOJIMMO ITOBE3aHOCT V Koja
je y craHzapHUM KoopAuHaTaMa jgata ca I3, = 33 = T3, = 1u T3, = I3, = T3 = -1,
JIOK Cy CBH oCcTasi KprucTodeoBHr CHMS0JIH jefHaKy HyJIH. /la v je V KOMIIaTUSHIIHA ca

7 Augustin-Louis Cauchy (1789-1857), ¢paHI[yCKH MaTeMaTHIap
8Heinz Hopf (1894-1971), HeMauyKy MaTeMaTH4ap
SWilli Ludwig August Rinow (1907-1979), HeMauku MaTeMaTH4ap
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naBa 5. lMoBe3aHOCT

eYKJIUJCKOM MeTpUKOM? OfpeIUTH reofiesrjcKe y ofHoCy Ha V. /la v je V JleBu-UuBUTa
I[I0Be3aHOCT?

3aparak 5.3. Hanpasutu (besrrpaMu-KitajHOB) MoiesI XUIIepSOJIMYKOT IIPOCTOpa KOpU-
cTehu nieHTpasHy Ipojekujy c: HY — K koja Tauky P € H}! C R?” I1aJbe y IIpoziop
mpase OP Kpos xulleppaBaH X, = r. [IokasaTu fa je ¢ gupeomopdrsaM U HUspadyyHaTU
UH/IYKOBaHY MeTPHUKY y IIPUPOJIHUM KoopAuHaTaMa o K.

3aparak 5.4. OgpenuTu reozesujcke y besrpamu-KiajHoBoM fuck mozeiny (M, g), The je
M = {(x1,X2) € R? : x3 + x5 < 1},

_ X dd (adx £ Xpdxp)?
T 1-x-x (1-x3-x})?
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I'taBa 6

KPUBHUHA

6.1 TeH30p KpuBUHE

BarkHo UTame 1ceyzo-PuMaHOBe reoMeTpHje je [ja JIU II0CTOje JIOKaJIHe HHBapHjaHTe
KOje ce uyBajy U3oMeTpHujama. Heke KOpUCHe CTPYKType y JUpepeHIiHjaJHOj TeOMeTPUjU
HeMajy JIOKaJIHe HHBapHjaHTe. Ha IpuMep, CBaKo CBy/ja HeHyJIa BEKTOPCKO I10Jbe MOYKe
ce JIOKAaJIHO 3aIlMCaTH Kao IlaplidjajHU U3BOJ, Te Cy CBa OHA JIOKAJHO eKBHUBAaJIeHTHA.
Taxole, PuMaHOBe 1-MHOTOCTPYKOCTH Cy CBe MeljyCOGHO JIOKaJIHO U30MeTpUYHe ca R.
MelhyTum, chepa S? u paBad R? HHCY JIOKQJIHO H30METPUYHH, IIITO BUAUMO ¥ HapEIHOM
IIpUMepYy.

IIpumep 6.1. Axo Ha chepu S? C R3 §es saTBopeHoOr ckyIa {(x,y,z) : x < 0, y = 0} yBeje-
Mo cpepHe KOOpAHHATE ca

x=singcosh, y=singsinfh, z=cosoy,
3a MHKJIMHANH)Y 0 < ¢ < 7T ¥ asUMYT —7 < 6 < 77, IheHa MeTpHuKa Hacsehjena us R3 je
g = dx* + dy? + dz* = de® + sin® ¢ do*.
PauyH 3a KpucrodesoBe cumbosie JleBU-UHUBUTA [10BE3aHOCTU JOHOCHU
oo =Top =Thg=Tgg =0, Thy=ctgp, Tf=—sinpcosg,

OJlaKJIe Ce BHU/JM Jia Cy MepuaujaHu 6 = Const reofiesujcke Ha chepH, jep je OUUITIETHO Ja
KpuBe 06JMKa Y (t) = (t,0) 3a10B0/baBajy reofiesyjcke jeqHaurHe. Kako 3a KoBapHjaHTHe
M3BOJie KOOPJAHMHATHOT BEKTOPCKOT I10/ba Op BaXKU

vaq)aqp - O7 Vaea(p - Ctg(pag,

TO je OHO I1apaJIesiHoO Ay K CBaKOI MepHAvjaHa, ajlu v Ay>K ekBaTopa (¢ = 77/2). [locMaTpaj-
MO TauyKy p ca KoopauHaTtama (¢,0) = (71/2,0) 1 BeKTOp (Jp)p. AKO IIOCTOjH I1apaIeHO
IIPOJY>KeHe TOI BeKTOpa Ha HeKy OKOJIMHY TaduKe p TO je[HHO MOyKe SUTH 0, (IIapaJjie-
HO IIOMepamse Ay>K eKBaTopa, a 3aTUM Jy>K ofiroBapajyher MepuaujaHa), aiu Vo, # 0.
V eyKJIN/ICKOM IIPOCTOPY, CBAKU TAHT€HTHU BEKTOP MMa I1apasiesIHO IIPOoyKeme Ha I1e0
IIPOCTOpP, IIITO He Ba>KU 3a cdepy, Te chepa U paBaH HUCY JIOKAJTHO USOMETPUYHU. A

3a 1ceymo-PuUMaHOBY 2-MHOTOCTPYKOCT (M, g) II0CTOjU OUMIJIe/IaH IIOKYINaj 1a 3afaTH
BEKTOp Zp € TpM IpOay>KMMO Ha I1apajieIHO BEKTOPCKO MoJbe Z € X(M). V JIOKaJTHHUM
KOOpJAHHAaTaMa (X1, Xz) HeKe KapTe IleHTpUpaHe y p MO>KeMO II0CTaBUTH I1apasieIHO BeK-
TOPCKO II0Jbe IY’K X1-0Ce, & OHZa J0dUjeHe BeKTOpe IapajieJTHO IIOMEePUTH YK KOOPAHU-
HaTHUX JIMHUja KOje 4yBajy X; KOOPAMHATY. TaKO KOHCTPYUCAHO BEKTOPCKO II0Jbe Z je
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maBa 6. KpunBuHa

IapaJiesiHO Ay>K CBaKe X;-KOOpAHWHaTHe JINHUje, Kao U AyXK X;-oce. [IocTaBsba ce IUTale
Ia Jiu je Vo, Z = 0, OZHOCHO /1 JIM je Z IapajieJIHo Iy’>K X1-KOOPJUHATHUX JIMHHja Koje
HHCY caMa X1-0ca. YCI0B Vy,Vy, Z = 0 oipelhyje jeIMHCTBEHO I1apajiesiHo IIoMepame Vo, Z
Iy>K X2-KOOPAMHATHUX JIMHH]a 38 HEKH II0YEeTHH BeKTOD, aIk KaKo ce Vj, Z IIOHUIIITaBa
y Taukama x, = 0, To ciiegu Vp, Z = 0. Ca gpyre cTpaHe je Vy,Z =0, Te U Vp, Vy,Z = 0, IITO
pelraBa IIpodJieM YKOIHUKO Vy, U Vg, KOMYTHPAJy.

JlupeKTaH pauyH gaje Dy, Dy, Z = Dy, (3°;01Z'0;) = 3°; 0201710}, 32 cTaHAp/HY II0Be3a-
HOCT V = D y R?, Te KaKo ITapluujaaTHu U3BOAHU KOMYTHPAjy ciaefu Dy, Dy Z = Dy Dy, Z.
MehyTuM, TO He BaKH y OIILITEM CIy4ajy, jep Ta HEKOMYTaTUBHOCT KOBapHUjaHTHUX U3-
BOZa oMoryhasa JIOKaJIHO pasjiMKoBame coepe o paBHU us [IpuMmepa Elfﬂa OUCMO U3-
pasuIM HEKOMYTaTUBHOCT Ha KOOPAMHATHO MHBapHjaHTaH HauUWH MOKeMO I1ocMaTpaTHh
VxVyZ — VyVxZ, tie y R" umamo DxDyZ = Dx(>>; YZ10;) = 32, XYZ'9;, omaxiie osujamo fa
Baxku DxDyZ — DyDxZ = Y (XY — YX)Z'0; = Dy v Z.

IIpeTxoHa aHa/IM3a HAC MOTHUBHUIIIE /1a HA IICEYA0-PUMaHOBOj MHOTOCTPYKOCTH (M, g)
nebUHHUIIEMO oliepailiop kpueuHe R: X(M)3 — X(M) ca

R(X,Y)(Z) = VxVyZ — VyVxZ - VixyZ,

3aX,Y,Z € X(M), rze je V onroBapajyha JleBu-UuBUTa I10BE3aHOCT. /IpyTUM pedyuMa, o1re-
paTop KpUBUHE je IIpecarKaBame R(X,Y): X(M) — X(M) 3aaTo Kao pasiruKa KOMyTaTo-
pa HadJIu U HadJie KoMyTaTopa, R(X,Y) = [Vx, Vy] — Vix y). HaltoMeHHUMO /ja HeKH ayTopu
neQUHUITY oIlepaTop KpUBHHE ca CYIIPOTHUM 3HAKOM, IIITO je pasjrKa Koja CYyIITUHCKHU
HUje SUTHA, a/IU CBaKaKo Tpeda SUTHU ITa*K/bUB.

U3 caMe gepuHUIHje OUUIIEeTHA je aHTUCUMeTpHja

Kao U KeH ClleliyjaaHy ciaydaj R(X,X) = 0. [IoBe3aHOCT U KOMyTaTop Cy R-SMJIMHEeapHH,
Te je TaKaB U OIlepaToOp KpUBUHE R, OflaKJIe CIeJU aJlUTUBHOCT II0 CBA TPU apIryMeHTa.
[MITaBuie, R je §(M)-MyJATHINHeapHO. 3a §(M)-JIMHeapHOCT I10 IIPBOM apryMeHTy UMa-
MO,
R(X,Y) = [V, Vy] = Vixy = [fVx, Vy] — Vaxy—(vpx
=flVx, Vy] = Y)Vx = fVixy + (Y)Vx = fRX,Y),
IITO 360T (@) pagy U II0 APYyroM apryMeHTy. 3a Tpehu apryMeHT KOPUCTHUMO OCOSUHE
(@) u (@), oJlaKJIe T0SHjaMo
R(X,Y)(fZ) =VxVy(fZ) = VyVx(fZ) — Vix v(fZ)
=Vx(fVyZ + (YN)Z) — Vy(fVxZ + (X)Z) — (fVixnZ + (X, Y]f)Z)
=fVxVyZ + (Xf)VyZ + (Y/)VxZ + (XY)Z — fVyVxZ
— (YNVxZ — (XOHVyZ — (YXN)Z - N ixyZ — (X, YI)Z
=fVxVyZ — fNyVxZ — fV xyZ = fRIX.Y)Z.
JlakJie, orriepaTop KpuBHHE R: X(M)2 — X(M) je §(M)-My/ITHIHHeapaH, Te ra yOSHYajeHO
TPeTHpPaMo Kao TEH30PCKO II0Jbe R € Ti(M). BUIIECTPYKOM IPUMEHOM CHMETPHYHOCTH
II0Be3aHOCTH (@) nodHjaMo
RX,Y)Z+R(Y,Z2)X + R(Z,X)Y
= VxVyZ - VyVxZ — V[XMZ + VyVzX — VzVyX — V[Y,Z}X—l- VzVxY - VxVzY — V[Z,X]Y
= Vx[Y,Z] + Vy[Z X] + Vz[X.Y] = VxyZ - VyzX = Vizx¥
= [Xv [Y,Z]] + [Yv [Z’)Q] + [Z, [X7 ﬂ}v

Te U3 JaKoOHjeBOT UleHTHUTeTa (@) caenu

R(X,Y)Z + R(Y,Z)X + R(Z,X)Y = 0, (6.2)
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6.1. TeH30p KpMBUHE

mITo je opMyJia I1o3HaTa Kao BjanKujee ugeumumemﬁ].

Teopema 6.1. 3a oliepailiop KpusuHe R < . 3 (M) tliceygo-PumaHoee mHoloctupyKkoctiuu M,
gpopmyne (El]) u (.) sadce 3a ceaxko X, Y, Z € 3€(M)

l
V JIOKaJIHUM KOOpAHHATaMa UMaMo R(0;, 9j)0k = >, Rijkal (Bupmetu [IprMep ), Te
KOMIIOHEHTe ollepaTopa KpUBUHe MOXKeMO M3pasUTHU IIpeKo KprcTopesroBUX CUMSO0JIa.

Hs
R(0, (9]-)8k = va.va.ak — Vajvaﬁk — v[ahaﬂak

vaz TOm — Vo, Zr;’,gam
_Za am+2 KV 0,0m — Z Zr Vo 0m

m

:Z ijk— 5’m+z )61,
m
nodujaMo

R0, 0)0k =Y ((air}k - ajrgk) + > (TpT iy — TR )> a,

l m
OZlaKJIie Ba’KH1
Rl = — Tl + Z T/l — Tieljn)- (6.3)

CiyirrameM MHIEKCaA J0SHjaMo illeH30p KpueuHe R = R’ ¢ T9(M), mrTo je KOBapH-
jAHTHO TE€H30PCKO I10Jbe

R = Zlekldxi@de@dxk’@dxl
ij.kl

ca KOMITIOHEHTaMa Ry = >, glmRyk, pu yeMy 3a cBako X, Y, Z, W € X(M) Baxxu
RX,Y,Z,W)=gRX,Y)Z,W).
HUs (El]) OUPEKTHO CIed UIeHTUTET
R(X,Y,Z, W)= —R(Y,X,Z, W), (6.4)
ITOK Kao0 ITOCJIETUITY O () UMaMo upeu BjaHKujee ugeHiuuineiu,
R(X,Y,Z, W) +R(Y,Z,X,W) + R(Z,X,Y,W) = 0. (6.5)
Kaxko je JleBu-YuBUTa I0OBE3aHOCT METPUYKA, U3 (@) ciienu

8(VxVyZ,Z) + g(VyZ,VxZ) = Xg(VyZ,Z),
8(VyVxZ,Z) + g(VxZ,VyZ) = Y§(VxZ,Z),

I7le HaC y II0CJIeA1h0j jefHaKOCTHU 3aHUMajy caydajeBu W e {Y, X, [X, Y]}. OgaBre uMamo
R(X, Y, Z, Z) = g(VXVyZ — VyVxZ — V[XﬂZ, Z)
= Xg(VyZ,Z) - Yg(VxZ,Z) — g(VixyZ,Z)

— JXYg(Z.Z) ~ J¥XE(Z.Z) ~ 5[X.VIg(Z.Z) = 0.

'Luigi Bianchi (1856-1928), HTalujaHCKXA MaTeMaTHyap
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Te I10JIapu3aIivjoM U3
RX,Y,Z+W,Z+W)=R(X,Y,Z,Z)+R(X,Y,Z W) +R(X,Y,W,Z) + RX,Y, W, W)

nodujamMo

RX,Y,Z,W)=—-RX,Y,W,Z). (6.6)
TeopeMa 6.2. 3a ileH30p KpuguHe R < 52 (M) ticeygo-Pumaroge mHoloctupykociuu M, gop-
my.ne (), (@) u (@) sauice 3a ceako X, Y, Z, W € X(M).

CiiryHe 0COGMHe U3BOAUMO 3a IIOTIIYH KOBapHjaHTHU U3BOJ TeH30pa KpUBUHe VR.
Kako je

VRX,Y,Z, W, V) =V(R(X,Y,Z,W)) —R(VyX,Y,Z W) — R(X,VyY,Z W)
—RX,)Y,VyZ, W) —-RX,Y,Z VyW),
TO OCOGHHA (@) oaMax faje
VRX,Y,Z W, V)= -VR(Y,X,Z, W, V), (6.7)
IIOK je
VR(X,Y,Z,W,V) = —VR(X,Y,W,Z,V) (6.8)
MUpPEKTHA II0CJIeIUIla Of (@). W3 BUllleCTpyKe IpUMeHe () " (@) cjienu
VR(X,Y,Z W,V)+VR(Y,Z,X,W,V)+ VR(Z, X, Y, W, V)
= V(RX,Y,Z, W)+ R(Y,Z,X,W)+R(Z,X,Y,W))
—8(R(X,Y)Z+R(Y,Z)X +R(Z,X)Y,VyW) = 0,

Te 1061jaM0o KOBapHUjaHTHU U3BOJ IIPBOT bjaHKUjeBOT UjeHTUTeTa
VR(X,Y,Z,W,V) + VR(Y,Z,X,W,V) + VR(Z,X,Y,W,V) = 0. (6.9)
AKO UCKOPUCTHUMO (@) Ia ducmo uspauyHaiau VR(X, Y, Z, W, V), nodujamo
VR(X,Y,Z,W,V) =V(g(R(X,Y)Z, W)) — R(X,Y,Z, VyW)
—R(X,Y,VyZ, W) —R(VyX,Y,Z,W) — R(X,VyY,Z, W)
= &(VyVxVyZ — VyVyVxZ — VyVix v Z, W)

- 8(VxVyVvZ — VyVxVvZ — Vixy/VvZ, W)
—8(VvxVyZ - VyVvxZ — Vv xnZ, W)
—8(VxVv,vZ — Vv, yVxZ - Vixv,nZ, W),

IIITO Ce MOyKe 3aITHCaTH ca

VR(X,Y,Z,W,V) = g(L(X.Y.V) + T:(X, Y, V) + To(X. Y, V))Z, W),
rae cy 71, T, ¥ T3 febuHMCAHU ca

Ti(X,Y, V) = VyVxVy — VyVyVx — VxVyVy + VyVxVy = [V, [Vx, Vy]];

T2(X,Y, V) = VyVy,x — VyvxVy + Vv v Vx — VxVy,y + Vixy Vv — ViVix v
= [Vy, Vx| + [Vvur, Vil + [Vixy, Vvl

T3(X, Y, V) = V[XVVH + V[VVX,Y]'
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JakoéujeB upeHTUTET U3 Jleme IIpYMeeH Ha ajaredpy CBUX JIMHeapHUX eH/I0MOp-
¢éusama End(X(M)) moaysna X(M) Hag ripcTreHoM §(M), fmaje

7?[(X7 Yv V) + ﬂ(Y7 V7X) + 7?[(V7X7 Y) - [vVa [VX7 VY]] + [VX7 [VY7 VVH + [va [vVa VXH =0.
W3 jemHakoCTH (@) HMaMo
T2(X, Y, V) + T2 (Y, V. X) + T2(V, X, Y)
= [Voyv-vyv-wy: Vx| + [Vow-vix-x v, Vyl + [Veyx-vey-vx), Vvl = 0.
JemHaxocT (@) U JakodujeB UIeHTUTET (E?I) JIIOHOCe
T3(X, Y, V) + T3(Y, V. X) + T3(V, X, Y)
= Vixvy t Vivuxy T Ve + Vv + Ve + Vv

= Vix,vyv-vyV] T Vir,vyv-vix] T VIV, vyX-vyY|
= Vix,w,y)+1v,x,v))+v,vx) = 0.

Ob6jemmmaBameM IIPETXOTHUX pe3ysTaTa fodujaMo gpyiu Bjankujee ugeHimuiuein,
VR(X,Y,Z,W,V) + VR(Y,V,Z,W,X) + VR(V,X,Z,W,Y) = 0. (6.10)

Teopema 6.3. 3a UoitillyH KO8ApUjaHilHU U380 weH30 uguHe VR € TUM) tce-
ygo-Pumarose muolociupykociiu M, gopmyae (| ), (é) u (-) gadce 3a C8AKO
XY ZW,VeX(M).

Jlyro ¥ My4HO padyyHame KOjUM CMO JoKas3aJu UaeHTuTeTe us TeopeMme @ MOJKe ce
IIaMeTHUje YIIPOCTUTU. HarMe, Kako Cy y IIMTawkby TeH30pCKe jeHAKOCTH, 110 TeopeMu

} IOBOJBHO je II0Kas3aTU TBpheme y IIPOU3BOJbHOj TaUKU p € M. Ilpuje, 360T MyJITH-
JIMHEapHOCTU TeH30pa J0BOJHHO je GopMyJIy IT0Ka3aTH 3a dasHe ejleMeHTe y OJJHOCY Ha
HeKU IIOKpeTHU periep. Ako 110 TeopemMu YBE/IEMO HOpMaJIiHe KOOpAUHAaTe I[eHTPHU-
paHe y p, OCUM CTaH/ap/IHOT [9;, Jj] = 0, 1o TeopeMH JooaTHO UMaMo U

(Vod)p = Y _TED)(D)p = 0.
k

Ha nmpuMep, y HOpMaJITHUM KOOpAMHAaTaMa [IeHTPUPaHUM Y p 3a KOOpJUHAaTHA BEKTOPCKa
nosba X, Y, Z, W, V'y HeKOj OKOJIMHH Of p, 3a (@) HUMaMO ayTOMAaTCKHU

(VR(X,Y,Z,W,V) + VR(Y,Z,X,W, V) + VR(Z,X,Y, W, V))(p)
=V,(R(X,Y,Z,W) + R(Y,Z, X, W) + R(Z,X,Y,W)) = 0.

Hey1miopeuBo 6poKe U jeHOCTaBHUje [06Hja ce U ApYyry bjaHKUjeB e HTUTeT (),

(VR(X,Y,Z,W,V))(p) = (VIR(X,Y,Z, W)))(p)

8(Vv(R(X,Y)Z), W)(p) + §(R(X,Y)Z, VyW)(p)
8(VvVxVyZ — VyVyVxZ — VyVixnZ, W)(p)
g(VVVXVyZ VvVyVxZ, VV)( )

OJlaKJIe CJIeTH

(VRX,Y,Z,W,V)+VR(Y,V,Z W.X)+ VR(V,X,Z, W,Y))(p)
=8((VyVxVy — VyVyVx + VxVyVy — VxVyVy + VyVyVx — VyVxVy)Z, W)(p)
:R(V7X7 VYZ7 M/)(p) + ‘R(X7 Y7 sza W)(p) + R(Y7 V: VXZ7 W)(p) =0
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Heka je f: M — N usoMeTpuja usMmel)y mceyzo-PuMaHOBUX MHOTOCTPYKOCTH. Kako ce
JleBU-UMBUTAa [1I0BE3aHOCT UyBa Y CMUCIY popMyJie (), TO Ce YyBa U KpUBUHA KOjy OHa

UHIYKY]je,
f(R(X,Y)Z) = RIFX.[.Y)f.Z.

BeoMa je Ba’KHO pasyMeTH IIOHAIllalkhe U30MeTpHja U JIOKaJIHUX U3oMeTpHja. PasHu
KOHIIEIITH IIceyZ0-PUMaHOBe reomMeTpHje Koje CMO [0 cajia JebUHMCAIN Ce U30MeTpHja-
Ma 4yBajy y oarosapajyheM cMmucy. Kako cM0 KOHCTpyHCaId KOHIEIITe U3 METPUUKOT
TeH30pa YII0TPedOoM ajiaTa TeopHje MHOTOCTPYKOCTH, JOK U30MeTpHje UyBajy U ajaTe U
TEH30p, IIPUPOJHO je OUeKUBATHU [1a CY Y MUTaky U30MeTPUjCKe UHBapHjaHTe.

IIpumep 6.2. Heka je f: M — N jioKaJIHa ©3oMeTpHja usMely riceyno-PuMaHOBUX MHOIO-
cTpyKocTH. KoBapujaHTHU HU3BOJ Ay>K KPHUBeE ) Ce yyBa ca

vV VLV
Lol @ = &

3a Ve X(y) rre je (f.V)(t) = Tyf(V(t)) 3a cBako t. 360T TOTa, IMApasIeSHO IIOMEpPahe YK
KpHUBe ce UyBa ca

Tyw)f o Py = Pry o Ty(af,

rzie Py = Py, 03HaYaBa I1apasiesiHo moMeparse u3 y(a) y y(b) nyx y y M, a Py, 03Ha4aBa
napaJsesHo rmoMepame u3 f(y(a)) vy fly(b)) nyX fo y y N. 3aTo, aKo je y reofesujcka y M,
OH/IA je fo y reomesujcka y N, Wid KOHKPETHHje, Te0/ie3UjCKe ce YyBajy ca

foyv="Yrav (6.11)

KaJi rof cy ode crpaHe fgeduHUcaHe (JOMeH 3a Y(1,v MOXe duTH BehH of, JoMeHa 3a yy),
rze je yy(0) = p 1 yy,(0) = V. EKCIIOHEeHIIHjaJIHO IIPeCIUKaBamhe ce uyBa ca

foexp, = expyy,) oTpf, (6.12)

KaJl TOfI Cy 06e CTpaHe aedUHUCAHE. A

6.2 AJiredbapCcku TeH30p KpMBHUHE

V Teopuju nceyno-PUMaHOBUX MHOTOCTPYKOCTH, 3STOZHO je PaJUTH y UHUCTO ajaredap-
CKOM OKpy’Keny. PeyKiiyjoM Iiceyio-PruMaHOBe MHOTOCTPYKOCTH (M, &) Ha IIPOU3BOJb-
Hy TauKy p € M 1odHjaMo BeKTOPCKH IIpocTop V = TpM ca CKaJapHUM IIPOMU3BO/IOM gp,
a IIPUPOJHU TeH30PU 0BOJZe HaC 0 KOHIIEIITa ajlredapCKor TeH3opa KpUBUHeE. 3a TeH-
30p R € TY(V) Ha KBa/paTHOM BEKTOPCKOM IIpocTopy (V,g) KaskeMo fia je aaiedapcku
ilieH30p KpueuHe aKo 3a cBako X,Y,Z W € V 3aioBo/baBa CUMETpUje

RX,Y,Z, W)= —R(Y,X,Z, W), (6.4 moxoBBEHO)
R(X,Y,Z,W) = —R(X,Y, W, Z), (6.6 moxoBBEHO)
RX,Y,Z,W)+R(Y,ZXW)+R(Z X, Y, W) =0. (@ IIOHOBJHEHO)

Ba’kHO je HAIOMEHYTH J1a Ce 0Ba JepUHUIIM]jA JIEIIO caake ca TeopeMoM @ TeHsop
KpPUBHUHE IICeyA0-PUMaHOBe MHOTOCTPYKOCTH, PeAyKOBaH Ha IIPOM3BOJbHY TaudKy jecTe
ayiredapCKy TeH30p KpUBHHE. 350T TOTa, CBAKU pe3yJITaT KOjU BaXkKH 3a ajireSapCcKu TeH-
30p KpUBHHE MOJKe Ce IIPeHeTH Ha TeH30p KpUBUHE IICey0-PUMaHOBE MHOTOCTPYKOCTH.
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AKO TPHUMEHHUMO (@), 3aTHM (@) M KOHaYHO (@) u (@), HMaMo

2R(X,Y,Z,W) — 2R(Z, W, X, Y)
=R(X,Y,Z, W) - R(X,Y,W,Z) — R(Z,W,X,Y) + R(Z, W, Y, X)
—(-R(Y,Z,X,W) — R(Z,X,Y,W)) — (-R(Y,W,X,Z) — R(W,X,Y,Z))
— (~R(W,X,Z,Y) —R(X,Z,W,Y)) + (—R(W,Y,Z,X) — R(Y,Z, W, X))
= —R(Y,Z,X,W)—R(Y,Z,W,X) —R(Z,X,Y, W) + R(X,Z, W,Y)
+R(Y,W,X,Z)—R(W,Y,Z,X) + R(W,X,Y,Z) + R(W,X,Z,Y) = 0,

OZlaKJIe 1061jeMO CUMEeTpPH]y 110 IIapOBUMa
RX,Y,Z,W)=R(Z,W,X,Y), (6.13)

KOja Ba>kKH 3a CBako X,Y,Z, W € V ¥ Koja ce II0CJIeJUYHO IIPEHOCH U 32 TeH30P KPUBUHE
Ha MHOI'OCTpPYKOCTHU. IMajyhu oBO y BUAy, jerHakocT (6.6) U3 neduHUIMje aJiredapcKor
TeH30pa KpUBUHE MOKeMO 3aMeHUTH ca (6.13), jep (6.6) je nupekTHa 1ocaenuiia (6.4) u
(6.13).

Heka je R ajredapCky TeH30p KPpUBUHE Ha KBaJpPaTHOM BEKTOPCKOM IIpocTopy (V,g)
oTUMeHsHje n. Pajiu jerHOCTaBHU]jer U3pakaBakba, 0COSHHE CKaJIapHOT IPOMU3BO/ia IIPEeHO-
CUMO Ha caM TeH30p. Tako MokeMo0 pehu a je R PUMaHOB MM IO3SUTUBHO AepUHUTAH
(axo je Ind g = 0), pedpunutaH (Ind g = 0 uu Ind g = n), HepgeduHuTaH (1 < Indg < n-1),
JlopeH1ioB (Ind g = 1), n-muMeH3U0H (dim V = n), ¥ Tako Jasbe.

IIpumep 6.3. OCHOBHU IIpUMep ajredapCcKor TeH30pa KpUBUHE Ha KBaZ[paTHOM BEKTOp-
ckoM 1pocTopy (V,g) je cBakako R! € TY(V) nar ca

3a cBako X,Y,Z, W € V. Jlako je BuzieT: fa R! 3ajjoBoJbaBa Z, CUMeTpHje (@) Hu (@), Kao
U 11pBU bjaHkujeB ungeHtUTeT (6.5). A

Heka je J: V — V JIMHeapHU oIlepaTop Ha KBaZpaTHOM BEKTOPCKOM IIpocTopy (V, g).
3a J kaxeMo Jia je camoagjyHioeaH Ui cumetipuuaH axko g(JX,Y) = g(X,JY) Baxu
3a cBako X,Y € V. CacBUM CJIMYHO, | je KOCOAgjyHI08aH WU KOCOCUMETNPUUAH aKO
g(JX,Y) = —g(X,]JY) Baxku 3a cBako X, Y € V. CaMoajjyHIrOBaHU U KOCOa/[jyHTOBaHU €HJI0-
MopdUu3MU HaM oMoryhaBajy [ia o61jeMOo HOBe IIpUMepe ajiredapCKuX TeH30pa KpUBU-
He.

IIpumep 6.4. CamoagjyHroBaH eHaomMopousam J: V — )V KBaZpaTHOI BEKTOPCKOT IIPO-
cropa (V, g) TeHepHIIle aare5apcKy TeH3op kpuBuHe R € TY(V) nedpunucaH ca

R](X7 Yv Z7 VV) = gUXv VV)g(]Y, Z) - g(]X, Z)gUY, VV);

3a CBako X, Y,Z, W € V, IIITo ce JIaKo IIpoBepaBa. IIppMeTHMO f1a je R! criertujainu cyuaj
3aj=1-1. A

IIpumep 6.5. KocoanjyHrosaH eHpomMopdusaMm J: V — V KBaZpaTHOT BEKTOPCKOT IIPOCTO-
pa (V, g) TeHepHIIle aJre5apcKy TeH30p KpuBKHe R/ € TY(V) nebunwucas ca

R(X.Y,Z,W) = g(JX.Z)g(JY, W) — gJY. Z)g(JX, W) + 28X, Y)g(JZ, W), (6.15)
3acBako X, Y, Z, W € V, 11ITO ce JlaKO IIpOBepasa. A
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IIpumep 6.6. Heka cy Ry,..., Ry € TI(V) anreSapcku TeH30pH KPUBUHE Ha KBaJPaTHOM
BEKTOPCKOM IIpocTopy (V,g) H aq,...,a € R. Taga je

k
> aiR; € TY(V)
i—1

TaKolje ajiredapCcKu TeH30p KPUBUHE, jep OUUIVIETHO 3a/[0B0JbaBa jeJHaKOCTHU (@), (@)
u (@). Ha oBaj HauMH, HOBU aJIredapCKy TeH30p KPUBUHE MOKe Ce HallpaBUTH Kao JINHe-
apHa KOMSHHaIHja mocTojehux TeHsopa. IloceSHo, kKR! je anredapcKy TeH30p KPUBUHE
3a CBaKo k € R. A

Jlr3atbeM IT0CTIe/IEHeT HHIEKCa T05HjaMo agiuHu oltepaiop KpusuHne R = R* ¢ ‘Z% (V)

3a KOjH jeTHAKOCT

RX.Y,Z, W) = g(R(Xv Y)Z, VV),
Ba’KH 3a cBako X, Y, Z W € V. HaMepHO CMO KpO3 PeCTPUKIIH]Yy 3aAprKal HOTaIlHjy ca
MHOTOCTPYKOCTH, R 3a TeH30p KPUBHHE U R 3a OIlepaTop KpHUBHHE, IIITO HAM oMoryhasa
Ila IIpey3MeMo IJ106a/IHy TEPMUHOJIOTH]Y.

YecT HaUMH Jla Ce U3pasy ajaredapCKu TeH30p KPUBHHE R je IIpeKO0 KOMIIOHEHTH TeH-
30pa KpUBHUHE Rjjq = R(E;, Ej, Ex, E;) y OHOCY Ha HEKY 6a3y (Eq,Ey, ..., En) y V. Ucmocta-
BJba Ce JIa HaM je IoTPeSHO camo n?(n? — 1)/12 KOMIIOHEHTH, IIITO Ce€ BUIU U3 HapeIHe
TeopeMe (BUAETU BajHSeprE [123, cTp.142-143)).

Teopema 6.4. JumeHsuja upocitiopa aniedapckux WeH30pa KpusuHe Ha KeagpalHOM 8€K-
{OpCKOM TUpOCiiopy gumMeH3uje n jegnaka je n(n> — 1)/12.

/okas3. IlocMaTpajMo KOMIIOHEHTE R;j Kao mapose (i,j) U (k, ). Kako Baxxu (@) UMaMo
() He3aBHCHHUX IIapoBa Ha IIpBOM MecTy. Kako Baku (6.6) IMaMo HCTO TO U Ha APYroM
MeCTY. MGI’]Y"I:I/IM, TapoBH Cy TI0Be3aHH Ca (6.13), mrTo maje () + -+ + 2 + 1 moryhHOCTH.
[IpBU BjaHKUjeB UeHTUTET (@) foziaje () 3aBUCHHX KOMIIOHEHTH, Ha IIPHMeP TO CY Ry
3ai<j < k< L 3aro mpeocTajy R;j YMjH je Sp0oj He3aBUCHUX KOMIIOHEHTH je/{HaK

() +reer=(3)=30) () +2) - ()

_nn-1)(n*-n+2) nn-1)(n-2)(n-3) n*n*-1)

8 24 12

O]

JakoéujeB orepaTop U CPOLHU OllepaTOpH UIpajy 3HauajHe yJIoTe y Hallloj TEOPHjHU.
ITonapusoean Jakosdujee oliepaiiiop je THHeapHO IIpecIvKaBame J: V3 — V nepuHu-

CaHO Ca 1
J(X.Y)(2) = 5 (REZX)Y+R(ZY)X), (6.16)

3acBe X,Y,Z € V. Jakodujee otiepainop 3a X € V je IMHeapHO IIpecjIUKaBame Jy: V — V
nedpuHUCAHO ca Jx = J(X,X), a 4eCTo ra U3spakaBaMo ca

Ix(Y) = R(Y,X)X. (6.17)

Kaxko (@) noBy1auu g(Jx(Y),X) = R(Y, X, X, X) = 0 umamo Jx(Y) L X, Te je X' KooMeH
JakodujeBor omeparopa Jy. Y ciayuajy mebuHuTHOr X (€x # 0), opTOroHas X je HefiereHe-
pHCcaHa XUIepnoBpIIy V, oK (6.4) maje Jx(X) = R(X, X)X = 0. 3ato je JakodujeB oriepaTop
3a 1eUMHUTHO X € V IIOTIIYHO ofpeljeH CBOjOM pPeCTPUKIIHUjOM

jX = jxfxl : XJ‘ —>XJ‘,

2Steven Weinberg (1933), aMepHUKH TeOPHjCKH PU3HIAp
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KOjy 30BEMO pegyKo8aH Jaxkodujee ouiepaiuop.
Us (), 6.4 u (@) cnemu R(Y, X, X,Z) = R(Z,X,X,Y), Te je JakooHjeB ollepaTop caMo-
aJljyHI0BaH,
g(jx(Y),Z) = g(jX(Z)v Y)

Ciim4yHO, U3 (@) u (@) umaMo R(Y, X, X,Y) = R(X,Y, Y, X), omakiie nodujaMmo Komuainu-
duHoc JakodHjeBUX oIlepaTopa,

8(Ix(Y),Y) = g(Iv(X), X). (6.18)

Jlakiie, JakodujeBHU OIlepaTOPU Cy CaM0aJjyHIOBAaHU eHI0MOPPU3MHU Of V 3a KOje BaKu
KOMIIaTHUSOHUIHOCT ().

Hexka je (Ej,...,E;) HeKa OpTOHOPMHpaHa 6a3a KBaJpaTHOI BEKTOPCKOI IIPOCTOpPaA
(V,g) numeHsHje n. 3a cBakH BeKTop X = Y 1 ; X;E; uMamo Jx(E)) = Y.iLq e£.8(Ix(Ej), E)E;,
Te MOKeEMO M3pauyHaTH yJia3e MaTpHUIle 0ff Jx Y OLHOCY Ha JjaTy dasy,

n
(Jx)j = ee&(JIx(E)), Ei) = e R(E;, X, X, E;) = €5, Y RjpqiXpXq,
p.q=1

O/laKJIe Ce jaCHO BU/JM [la Cy OHU XOMOTeHHU II0OJIMHOMHU CTelleHa 2 (KBazpaTHe dopme)
ca n IpOMeHJ/bUBHUX X1,...,Xn. HapaBHO, TO TaKolje Ba)KH U Yy OJJHOCY Ha dase Koje HUCY
OPTOHOPMUpAaHe, jep je M~1 JxM HoBa MaTpHIIa Of Jx, T1e je M MaTpHIla IIpejackKa.

Jema 6.5. Yaasu maitupuue og Jx Cy XOMOIeHU UOAUHOMU ClllelieHa 2 y KoePuuujeHinuma
0g X.

Haxo cMmo JakodujeB oreparop AedrHUcaIU KopucTehy KBaJijpaTHU BEKTOPCKU IIPO-
CTOP V, B&’KHO je HallOMEHYTH JJa YBeK MOKeMO 3aMeHHUTH V = TpM, I7ie je p HeKa TaukKa
rcey0-PuMaHoBe MHOTOCTPYKOCTU M. Takohe, MO>KeMO IIPOAYKUTHU I10jaM JaKOdHjeBOr
oIrepaTopa Ha IeJIOKYITHO X (M) (Mau dapeM Ha TaHTeHTHO paciojere TM) U 3ap>KaTu
TEePMUHOJIOTH]Y.

6.3 CeknuoHa KpMBHHA

TeH30p KpuBUHE R 1icey0-PUMaHOBe MHOTOCTPYKOCTHU (M, g) je IIPUIUYHO KOMILIU-
KOBAaH, Te YBOJAMMO 4YeCTO KOpHUIllheHy jeJHOCTaBHU]jY BeJINUUHY KOjJy 30BEMO CEKIIMOHA
KpuBUHA. TaHleHIuHa paeaH ¢ HA M y TauKu p € M je IBOJUMEH3UOHU IIOTIIPOCTOP
TaHTeHTHOT ImpocTopa TpM. CeKuuoHa KpueuHa K HeJlereHeprcaHe TaHTeHTHe PaBHHU
o = Span{X, Y} y T,M je naTa ca

R(X,Y,Y,X)
exey — (8(X,Y))?

[IprMeTHMO /13 je UMeHHIaIl £xcy — (g(X,Y))? = g(X,X)g(Y,Y) — g(X,Y)g(Y, X) sarpaBo
meTepMHUHaHTa I'paMoBe MaTpHIIe 3a g[, y OfHOCY Ha 6a3y X, Y € T)M y o = Span{X,Y}.
Kako 110 geduUHUIIHjH IT0CMaTpaMO CaMO HeJlereHepHcaHe g, Halll UMeHuIall 110 JleMu

HUje Hysa. [llTaBullle, 3a PUMaHOBe MHOTOCTPYKOCTH OH IIpe/icTaB/ba KBaAparT II0Bp-
IIIMHe IapaJjesaorpamMa ogpehenor mapom Bekropa X, Y € TpM.

IToTpeSHO je IIPOBEPUTH [1a BPeAHOCT K(X,Y) 3aBUCH caMo 0ff (HeflereHeprcaHe) paB-
HU pasalnHyTe BeKTopuMa X 1 Y. Heka X; = aX + Y u Y; = yX + §Y uuHe npyry dasy y o.
[IpoMmeHa 6ase 3a SuyirHeapHy QopMy g aje

(80 B i = (5 B) (5% ) (5 %)

K(o)=kKX)Y) =
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Te je 3aT0 €x, €y, — (8(X1, Y1))? = (a6—Py)* (exey — (8(X.Y))?). Ca ipyTe cTpaHe, KOPUCTHUMO
cUMeTpHje o1 R, Te 1o6ujaMo

R(X17 Ylv Y17X1) = R(aX+BY yX+ 6Ya Y17X1)
= (aé — By)R(X,Y,yX + 8Y,aX + BY),
= (a8 — BY)*R(X,Y,Y,X).

Kaxko eTepMuHaHTa MaTpUIle Ipejacka HUje HyJla uMaMo aé — By # 0, ogakiie 106ujaMo
K(X1,Y1) = k(X,Y), IIITO 3HaUU Jja je CeKI[KOHA KPUBUHA 106P0 AebUHUCAHA.

HammoMeHMMO f1a 3a JBOJAMMEH3UOHY PUMaHOBY MHOT'OCTPYKOCT, IIOCTOjU CaMo jefHa
CeKIIMOHa KpUBHHA Yy CBAaKOj Ta4yKy, IIITO je Z0SPO IT03HaTa I'aycoBa KpuBHHA. CeKIlHo-
Ha KpUBUHA je peaJIHO-BpefHOCHa QyHKIUja AedrHMCcaHa Ha 2-'pacMaHUjaH pacjaojeny
Hax M. MehyyTuM, Hako ceKI[MOHa KPpUBHHA [Jleslyje jeJHOCTaBHUje 0Jf TeH30pa KpHUBUHE
R, 0Ha HIIaK caZp Ky KOMILJIETHY HUHOOPMALIH]y.

Hajripe M0>keM0 BHUJIETH [1a OIlepaTOp KPUBUHE 3aBUCH CaMO OJf JaKkodH1jeBUX OIlepa-
TOpa, jep Kopucrehu (6.1) u (6.2) umamo

RXYZ=RX,Y)Z+ (-R(Y,X)Z)+ (—-R(Y,2)X — R(Z,X)Y)
— (R(X,Y)Z +R(X, Z)Y) — (R(Y,X)Z + R(Y,Z)X)
_RX,Y+2)(Y+2) — R(X, Y)Y — R(X,Z)Z

CR(VLX+Z)(X+2Z) + R, X)X+ R(Y,2)Z
= Jy+zX — Ty X — TzX — Tx+zY + IxY + JZY.

Kakoje R(W,Z,Y,X) =RX,Y,Z, W) = g(R(X,Y)Z, W), uMaMO

1
RX,Y,Z, W) = ((JY+Z —Jy — I2)W — (Jysw — Ty — Iw)Z,X), (6.19)

IIITO II0Ka3yje a JakodujeBU OllepaTOpPH y IIOTIIYHOCTH Ofpel)yjy TeH30p KPpUBUHE.
Taxolje, TeH30p KPpUBUHE Ce [1a U3pasUTHU caMo IIpeKo BpegHocTu U (X, Y) = R(X,Y, Y, X).
Kako u3 nmosiapusarniyje

2R(Y,X,X,W)=R(Y+ W,X,X,Y+ W) - R(Y,X,X,Y) - R(W,X,X, W)

ciaequn

Toce R(X,Y,Z, W) = g(R(X,Y)Z, W) Mmo>Ke pacrircaTy momohy 18 ujraHoBa

6R(X,Y,Z,W) = u(X+W,Y+Z)—uX,Y+2Z) — u(W,Y +2)

_M(X+W’Y)+H(X7Y)+H(W7Y)
—UX+ W, Z)+ u(X,Z) + u(W,2)

—

Y+ W, X+2Z)+u(Y, X+ 2Z) + u(W,X +2)
+ ‘U(Y—f— WvX) - H(Y7X) - [.I(W,X)
+uY+W,Z) - u(Y,Z) - u(W,2),

I7ie ce 4 WwiaHa IIOHUINTaBajy y IapOBHUMa 3a KOHAYaH pesyJITaT,

6R(X,Y,Z W)= uX+W,Y+2)—uX,Y+2)—uW,Y+2)
X+ W, Y)+uW,Y) - uX+ W.Z) + uX,2)
~UY+W,X+2Z)+ulY,X+2Z) +uW,X + 2)
+u(Y+W,X) — u(W,X) +u(Y+ W, Z) — u(Y, Z).

(6.20)
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AJITepHAaTUBHO, MOYKEMO HU3padyyHaTHU

0

5 RX+sW. Y+ tZ Y+ tZ, X+ sW)

s=0
zlir% (RX,Y+Z,Y+tZ, W)+ RW,Y+tZ, Y+ tZ X)+ 2sR(W,Y + tZ,Y + tZ,W))
S—

—2R(X,Y +tZ,Y + tZ, W),

OJlaKJIe je

82

_— RX+SW,Y+tZ Y +tZ,X
5i0s X+sSW,Y+tZ Y+ tZ, X+ sW)

t=0,s=0

= 21tin(} (RX,Y,Z,W)+R(X,Z,Y,W) + 2tR(X,Z,Z, W))
_>
=2(RX,Y,Z, W)+ R(X,Z,Y,W)),
Te KopucTehu HeKe 0] cCMUMeTpHja U3pakaBaMo R IIpeKo y Ha Jpyrayuvju HauuH,

6R(X,Y,Z, W) = 2(R(X,Y,Z, W) + (—R(X,Y, W, Z)) + (—R(Y,Z,X, W) — R(Z, X, Y, W)))
— 2(R(X,Y,Z,W) + R(X,Z,Y,W)) — 2(R(X, Y, W,Z) + R(X, W, Y, Z))

2
B 628t (RX+SW.Y +1Z, Y +tZ X+ SW) — R(X +SZ,Y + (W, Y + (W, X + sZ))
$=0,t=0
2
= 0 (WX +SW,Y +tZ) — u(X + sZ,Y + tw)),
980t |s_¢ 1—9
oJlaKIe je
1 0
RX,Y.ZW)=2Z —— (U(X +SW,Y + tZ) — u(X + sZ,Y + tW)), (6.21)
6 9s0t|s_g -0

IITO je 1103HaTo U3 JIu [79, IIpomosuniyja 13.27].

OBUM cMO (Ha [jBa Ha4YWHa) I0Kas3aJu [1a CBEYKYIIHe BPeJHOCTHU 3a [ Y IIOTIIYHOCTH
ozapelyjy TeH30p KpUBHHe. Y cIy4ajy HeJlereHepHcaHe paBHU Span{X, Y}, leHa CeKI1o-
Ha KpuBHHa ofgpehyje u(X,Y) = R(X,Y,Y,X) = (exey — (g(X,Y))?)k(X,Y). MehyTum, Bpea-
HOCTH | Y IeTeHepHUCaHOM CIy4ajy exey = (g(X,Y))? cieme U3 HelpeKuaHoCcTH. HanMme,
3a U30TPOITHO X MOKeMO IIpoHahu IIPOK3BObaH BEKTOP Z 3a Koju je g(X,Z) # 0, Te 3a
0 # t € R mocMaTpaTy HeflereHepyUcaHy paBaH Span{X, Y + tZ} (jep je exey, iz — (8(X, Y +
(2))? = ~t%(g(X.2))? # 0), I7ie je

u(X.Y) = lim(u(X.Y) + 2R(X, Y, Z,X) + Cu(X, Z)) = im u(X. Y + 12).
— —

[Tocyenwu cay4daj IIpefcTraBsba JereHeprucaHa paBaH ca JeUHUTHUM X, Ie I10CTa-
BbaMo Z =Y — 0X3a 0 = g(Y,X)/ex na ducmo poduiu Z | X, omakiie je u(X,Y) = u(X, 2),
IIpHU 4YeMy je BpeZHOCT U(X,Z) Beh u3padyHaTa jep WIH je Z U30TPOIIAaH WU je paBaH
Span{X,Z} HenereHepucaHa. /lakie, iBa ajredapcka TeH3opa KpUBUHe KOjU UMajy jel-
HaKe CeKIMOHe KpUBUHE MOpPajy U CaMHU SUTH jeJHAKHU.

Teopema 6.6. Bpegrociuu u(X,Y) = R(X,Y, Y, X) y dotutyHociiu ogpehyjy tieH30p KpusuHe.
CeKkyuoHa KpuguHa y uotmiityHociiu ogpehyje ieH30p KpusuHe y iaukama ige je ckaaapHu
ipou3seog osHaiu.

Mako ceKITMOHa KpUBHHA H3IJIe/la jeJHOCTaBHUje Off TeH30pa KpUBUHeE, IheHa Ba-
>KHOCT IIPOU3JIa3U U3 UHEbeHUIIE /Ia I03HABaKe CBUX CEKITMOHUX KPUBUHA Y IIOTIIYHO-
cTu ozipelyje TeH30p KpUBHHe (Y TaukaMa I7ie je cKaJapHH IIPOM3BOJ II03HAT). OBO ce
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O/THOCH U Ha JaKoSHjeBe ollepaTope, Koju Takohe cazprke UCTe HHPOpPMaIlrje Kao U TeH-
30p KpuBHHe. OBH [08p0 IIO3HATHU pesy/ITaTH [ajy jeJMHCTBEHOCT TeH30pa KPUBUHE U
YUCTO CY ajiredapcke IIPUpPOZeE.

IIpupoHO ce ITOCTaBJ/ba IIMTalke er3sUCTEHIIMje TeH30pa KPUBUHeE 3a JjaTe JakoSHjeBe
orteparope. OBaj IIpodJieM je rocMaTpao U pemro AHapejuh® 2022. roguHe [11, Teope-
Ma 1], a Mu cireuiMo apryMeHTe U3 [[14], re cy ucrpaB/beHU IPOITYCTH U3 OPUTHHATHOT
paza, a caMa TeopeMa je yoIIIlITeHa Ha IIcey0-PUMaHOB CIy4aj.

[IpeTiocTaBUMO Jla 3HAMO CaM0aJjyHroBaHe eHZjoMopdu3sMe Ky Ha V 3a CBaKo fedu-
HUTHO X € V), KOjU CY KOMIIaTUOUJIHU Yy CMUCIY [1a BaXKU (). ITocToju 11 anredapcKu
TeH30p KpUBUHE R Ha (), g), TakaB fia je Jx = Kx 3a CBaKo feUHUTHO X € V?

ITocmaTpajmo yceiioB JxX = 0 KOju Bayku 3a CBe JakodujeBe omeparope. MehjyTuMm, KOH-
CTPyKIHja Kx = €x 1 Aaje caMoajyHTOBaHe eHjoMopdr3Me Ha V KOjU Cy KOMIIaTUOUJTHU,
g(ex1Y)Y) = exey = g(ey1X,X), anu ex 1 X = exX # 0 BaKH 3a feuHUTHO X € V. 3aTO
IoZajeMo IIPUPOIaH YCIIOB ia

KxX = 0, (6.22)

Ba’KH 3a CBAKO JepUHUTHO X € V.
[IpBU KOpaK je IPOAY>KUTU paMUIHjy Kx 3a cBako X € V. [IpUPOJHO IIPOLyKembe je
Ko = 0, 111T0o KoMILIeTHpa GaMUIHjy y PUMaHOBOM OKpy Xely. MeljyThM, ako je cKaJlapHU
IIPOM3BOJ HeZleHHUTAH, OHJA je IIOTPeSHO AedUHMCATH Ky 38 CBAKO U30TPOITHO X € V.
Hekacy X,Y, X+ Y, X — Y € V nepunutHu. KopuirhewmeMm (), us

8(Kx+vZ,Z) = 8(Kz(X+Y),X+Y) = g(KzX,X) + 28(KzX,Y) + 8(KzY,Y)
=8(KxZ,Z) £ 28(KzX,Y) + g(KyZ,Z),

cnepu §(Kx.vZ,Z) + 8(Kx_vZ,Z) = 2¢8(KxZ,Z) + 28(KyZ,Z) 3a cBaKo feduHUTHO Z < V. Ilo-
ﬂapnaaunja Z=V+ W/:(aje g((ICX+Y+’CX_y—21Cx— ZICy) V, W) =0, Ka/:;ro,u;je EVEWEVLW £ 0.
Axo je (Eq1,E,,...,Ey) opTOHOpMUpaHa 6asa 3a (V, &), OH/ia MO>KeMO ITIoCMaTpaTU OPTOro-
HasHy §asy (E1, 2E3, ..., nEy), IITO OMoryhaBa &, = iex, # 0 U &g,y jr, = i€k, +jeg, # 0 3a
1<i#j<n 3aro

Kxiy +Kx_y = 2Kx + 2Ky (6.23)

Ba’KU KaJTOf je ExEyex,yEx_y # 0.
JemHakocCT ( ) Hac MOTHUBHUIIIE J1a TeUHUIIIEMO K 3a CBaKO U30TPOITHO N € V ca

2KN = Knyx + Kn—x — 2Ky,

KaJrof je mecHa crpaHa AeduHMCaHa, IIITO OAMax I10Kasyje a je Ky caMoa/ijyHIroBaH eH-
moMmopousam ox V. 360r ( ), QKO je ExEyEN 1 xEN-_XEN+YEN-Y # 0, OHZIa ©UMaMoO

2(Kn+x + Kn—x — 2Kx) = (Kntx+y + Knix—y — 2Ky) + (Kn—x+v + Kn—x—y — 2Ky) — 4Kx
= (Knyx+v + Kn—x4y — 2Kx) + (Knyx—v + Kn_x-y — 2Kx) — 4Ky
= 2(Knyy + Kn—y — 2Ky),

Kaarom je EN4X+YEN+X—YEN-X+YEN—X-Y 7§ 0. Y CYIIPOTHOM, MOK€MO HCKOPHUCTHUTHU
Knix + Kn—x — 2Kx = Kntex + Kn—tx — 2Kex = Knyy + Kn—y — 2Ky,
I7ie t HUje KOpeH of
EXEN+XEN—tXENF X+ XEN—X+tXEN+X—tXEN—X— tXEN+Y+XEN—Y+tXEN+Y-txEN-Y-tx = 0,

IIITO je IIOJIMHOMMUjaIHa jefHaUYNHA cTelleHa 22. To oKasyje fga Ky He 3aBUCH 0Jf ©3dopa
X, Te je 3aT0 Ky B0dpo nepUHICAHO.

$Biagunia Aappejuh (1978), CpIICKH MaTeMaTHYap
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AKO yTIoTpeSuMo Z € V Koje 3a10B0JbaBa £y, zEN_zEz # 0, OH/IA jeTHAKOCT

28(KnX,X) = g((Kn+z + Kn—z — 2K2)X, X)
=g(Kx(N+Z),N+Z) + g(Kx(N—-Z),N - Z) - 28(KxZ,Z) = 2g(KxN,N)
Ba’KHU 3a CBAKO M30TPOITHO N H CBAaKO AeGMHHUTHO X, IITO 3HAYH /ja Cy €HIOMOPOHIMHU
Ky 1 Kx KOMIIATHSMIHE. Ca THM Ha My, BUAMMO Ja Ta UCTA jeJHAKOCT BaXKU KaJ Cy
N u X nsoTporHy. Ha Taj HauMH, JOSHMIM cMo Ky 3a cBako X € V, JIOK je Ta IPO/y»KeHa

damMuivja ocTrasa KOMIIaTUOUJIHA.
Heka je N € V U30TPOIIHO. 3a CBAKO X € V TaKBO Jla BaXKU ExEn, xEnN_x # 0, Kopuiithe-

meM ocosuna (6.22) u (6.18) mmamo
28(KNN, X) = §(KnyxN + Kn_xN — 2KxN, X) = —g(KnxX, X) + 8(Kn-_xX, X) — 28(KxX, N)
= —g(Kx(N +X),N + X) + g(Kx(N - X),N - X) = 0.

Axo je (Eq,E,,...,Ey) opToHOpMUpaHa 6a3a 3a (V, &), M0KeMO0 HallpaBUTH OPTOTOHAJIHY
dasy (mE{,mEy, ..., mEy), Tie je m > maxj i< |28(N, E;)|, 1a 81CMO0 OMOTYhHITH €, # 0 U
En+mr; 7 03a 1 < i< n, mto goHOCH KyN = 0.

Jlpyru Kopak IrocMaTpa KOMIIaTUOWIHY GaMUIINjy caM0a/ijyHIOBaHUX eHIoMOpdu3a-
Ma Kx 3a cBako X € V Tako 1a BaXXuU KxX =0.3acBe X, Y€V ut € R umamo

g(ICtXY7 Y) = g(’CYtX, m = tzg(KYx7X) = g(tZICXYa Y)7

e mostapusanyja Y = V + W naje g(KxV, W) = g(t?KxV, W) for V, W < V, Te KaKo je g
HeJleTeHePUCaHo, ciequ Ky = t2Ky, IIITO je IIPUPOJHO CBOjCTBO JaKOSHjeBHUX OIIepaTopa.
3acBeX,Y,ZeVute R, KopulthereM KOMIIaATUSUIIHOCTA UMaMO

8(KxevZ,Z) = g(Kz(X + tY),X + tY) = g(KzX, X) + 2tg(KzX, V) + t*g(KzY,Y)
= 8(KxZ,Z) + 2tg(KzX,Y) + t*g(KyZ, Z),
IIITO ITIOBJIAUHU
8(Kxyty — Kx — *Ky)Z, Z) = 2tg(KzX,Y) = tg((Kx+y — Kx — Kv)Z, Z).

Nonapusaruja Z = V+ W naje g((Kxyy — Kx — t2Ky)V, W) = tg((Kxyy — Kx — Ky)V, W) 3a
cBe V, W €V, Te Kako je g HeJleTeHEPUCAHO, 06UjaM0 yonIiewe of, (6.23),

Kxity — Kx — 2Ky = t(Kx.y — Kx — Ky), (6.24)
IIITO JOHOCH Ky, ¢y = tKxiy + (1 — t)Kx + (t2 — t)Ky. YIIOTpeSoM ocoSHHe (), IodHujaMo

0 = Kxrev(X + tY) = tKy y(X + tY) + (1 — )Kx(X + tY) + (% — O)Ky(X + tY)
= tKx+y((t = 1Y) + (1 = )Kx(tY) + t(t — 1)Ky(X)
= t(t — 1)(KxyyY — KxY + KyX),

mro3sate R\ {0,1} mosirauu
ICX+yY— KxY+KyX=0 (6.25)

zacBe X, Ye V.
VICKOpUCTHUMO KOMIIaTUSUIHY GaMMINjy caMOoa/jyHIOBaHUX eHjoMopdusaMa Ky Ha
V KOjH 3a/10B0/baBajy KxX = 0 f1a mebHUHHIIIEMO IIpecJrKaBame R: V* — R, umMuTHpajyhu

opmyy (6.19) ca
1
R(X, Y, Z, VV) = §g((]CY+Z — Ky — /Cz)W— (]CY-i-W — Ky — ]Cw)Z,X), (6.26)
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3acBe X, Y,Z, WeV. U3 (), aKo y3MeMO JIUMecC KaJl t Te>KU HYJIH, OHZa CJIeU

Ky ezW,X) — g(KyW, 0
8((Kyrz — Ky — Kz2)W, X) = 8Krsiz X)t syW.X) tg(KW, X) = T 8(KyyezW, X),
t=0
T€ je 3aTO jeJHaKOCT () eKBHBaJIeHTHA ca
10
R(Xa Ya Za M = g & g(ICY—H’ZW_ ICY+tWZ7X)' (627)
t=0
MehyTuwm, us
0
28(Ky+zW.X) = = (g(ICYthZXaX) +258(Ky+z W, X) + s°g(Ky1z W, W))
s=0
0
= 5| (8KriaW, W) + 258(Cy W, X) + $%¢(Ky12X. X)),
s=0
nodujamo
0 d
28(KypezW, X) = —| uX+sW,Y+tZ)= —| u(W+sX,Y+t2), (6.28)
s s=0 ds s=0

e je u(X,Y) = g(KyX,X) = g(KxY,Y) 3a cBe X, Y € V. JefHAaKOCT Ha JIeBOj CTPaHHU Y ()
roxkasyje za je (6.27) exkBuBasileHTHO Hallloj popmystu (6.21),

2
RX,Y,Z W) = 1o

6 Osot (UX + SW,Y + tZ) — u(X + $Z,Y + tW)). (6.21 moHOB/BEHO)

s=0,t=0

AebuHuija () 3a R je eKBUBaJIeHTHa Ca (), aJIM je II0TOMbA JIaKIlla 33 JOKa3HU-
Bame€ J1a je R ajredapCcKy TeH30p KpuBUHE. CBOjCTBO (@) clefy TUpPeKTHO U3 (6.21), 10K
je (@) rocjeauIia KOMyTaTUBHOCTHU Js0r = 0:0s. J€[THAKOCT Ha [1eCHOj cTpaHu Y (6.28) HaM
ImoMaJke 1a JJakO BUITMMO (@). Hs (), R(X,Y,Z je OUMIJIeJHO JIMHeapHO I10 X, ajIu
3axBasbyjyhu Beh joKa3aHUM CUMeTpHjaMa, Ife (6.13) ayroMaTcKu ciienu, R je MyJITHIIU-
HeapHO, IIITO I0Ka3yje /1a je R ajrebapCKu TEH30p KPUBUHE.

IIpeocTaje ma mmokakeMo f1a ¢y Ky 3a X € V JakodujeBU oIlepaTopu 3a R. 13 (),
KopuirtheweM g(JyW,X) = R(W, Y, Y, X) umamo 3g(JyW,X) = g2KyW — Ky, wY + KwY, X),
IIITO IIOBJIAYH

3TJyW = 2KyW — ICY+WY+ KwY.

Ha ocHOBY () umMaMo —Ky,wY = Ky, wW = KyW — KyY, Te je 3ato 3JyW = 3KyW
3acBe Y, W € V, mrto faje Jy = Ky. To KoHauHO 0Ka3yje ciaefehy TeopeMy (BumeTH [14,
Teopema 1] u [11, Teopema 1]).

Teopema 6.7. Heka je Kx 3a ceako gegpuHuitiHo X € V KomuawuduaHa amuauja camoa-
gJYHI08AHUX eHgoMOopPusama Ha KeagpaillHOM 8eKIWOPCKOM Upociiopy V Koja 3agoeo/ba-
8a KxX = 0. Taga Giocitioju jeguHclligeH anledapcKu WeH30p KpusuHe Ha V takas ga cy Kx
relogu Jakodujegu otiepaitiopu.

6.4 KoHCTaHTHa CeKIIMOHA KPUBHHA

HajjeHOCTaBHU)U CIy4aj IICeyA0-PUMaHOBUX MHOTOCTPYKOCTH IIPe/CTaB/ba IIPOCTOP
KOHCTaHTHe CeKI[MOoHe KpuBHHe. Heka je (M, g) 1iceyo-PiMaHOBa MHOTOCTPYKOCT TaKBa
maje k(o) = k(p) 3a cBaKy HeJlereHepHCcaHy TaHIeHTHY paBaH 0 < T, M ¥ HeKO QUKCHPAHO
k(p) € R. Ha ocHOBYy TeopeMe 6.6 TO jefHO3HaYHO ofpeljyje TeH30p KPpUBUHE R. PeCTpUK-
IIHja Ha TauKy p € M faje KBaJpaTHU BEeKTOPCKHU mpocTop V = T,M, Kao u oarosapajyhu
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are5apcKy TeH30p KpuBHHe. Heka je R = kR! € TI(V) asreSapcku TeH30p KpUBHHE U3
[IpuMmepa @ rzie je R! meduHmcaHo y (). Kako je R(X,Y,Y,X) = k(exey — (g(X,Y)?),
nuMamo K(X,Y) = k, Te TeH30p KpuBUHe Ha (M, &) UMa 08JIUK

R(Xv Y. Z, W) = k(g(Y7Z)g(X7 VV) _g(sz)g(Y7 W)),

Ifeje k € §(M). lllTaBuille, y AMMeH3HjU n > 3, UMaMo ciiefiehy 3aHUMJ/bUBY TeOpeMy KOjy
je IIocTaBuo Hlypg [112].

Teopema 6.8. Heka je (M, g) tioge3aHa ticeygo-PumaHo8a MHOIOCIUPYKOCIL guMeH3Uje n >
3. AKO ceKuuoHa KpusuHa k(o) He 3asucu og pasHu o < TpM, eeh camo og tauxke p € M,
OHga je K KOHCUWAHIUHO.

Joka3. CeKIioHa KpUBHUHA y CBAKOj TAUYKHU p € M je KOHCTaHTa K(p), Te TEH30p KPpUBUHE
Mopa duth R = kR!. Kako je V MeTpHUUKa II0BE3aHOCT, U3 Vg = 0 UMaMo

(VvR)(X.Y,Z, W) = V(g(Y,Z)g(X, W) — g(X,Z)g(Y, W))

— (&Y, Z)g(VvX, W) — g(VvX, 2)g(Y, W))
— (8(WY,2)8(X, W) — g(X,Z)g(VvY, W))
— &Y, Vy2)g(X, W) — g(X, VvZ)g(Y, W))
- 8Y,Z2)g(X,VyW) — (X, Z)g(Y,VyW)) = 0,

Te je R! mapasiesIHO TEH30PCKO IoJbe, VyR! = 0. OmaB/e ciaenu
VyR = Vy(k® R') = Vyk - R + k- VyR! = (VK)R!,
Te BaXKH
CyMa IIpeTXOHUX jeIHAaKOCTH Ce aHyJIHpa II0 IpyroM BjaHKHjeBOM HUIeHTUTETY (),
Te je
8(((Vk)g(Y,Z) — (YK)g(V.Z))X + ((Xk)8(V.Z) — (VK)8(X,Z))Y

3a cBaKo W, [IOK U3 HeJlereHepHUCAaHOCTH MeTpPHKe
(Vig(Y,Z) — (YK)g(V.Z))X + ((Xk)g(V,Z) — (VK)g(X, Z))Y + (YK)g(X, Z) — (XK)g(Y,Z))V =0

Ba’kH 3a cBako X, Y,Z, V € X(M). PeCTpUKII{jOM IIpeTXO[HE jeJTHAKOCTH Ha TaUKy p € M,
3axBaspyjyhu IIpumepy LodujaMo 1a

Zo(Vuk) Yy — (Ypk) Vi, Zp)Xp + 85 (XpK) Vp — (Vo) Xp, Zp) Y + 85 (Ypk) Xp — (XpK) Y, Zp)Vy = O

Ba)kKH 3a CBe Xp, Yp, Zp, Vp € TpM. Puxcupajmo Xp € TpM, Te Kako je n > 3, MOKeMO IIpo-
Hahu Y, V), € T,M TakBe Jja Cy BeKTOpH X, Yy, V) THHeapHO He3aBHUCHH. Ta JMHeapHa
HEe3aBUCHOCT IOHOCH HyJia KoeQUITHjeHTe y IIPETXOAHO] jeTHAKOCTH, IIITO fjaje

8p(Ypk)Xp — (Xpk)Yp,Zp) = 0.

OBa jeJHaKOCT BayKH 3a CBAKO Zp, Te HeJleTeHePUCAHOCT Off &, Aaje (Y,k)X, — (Xpk)Y, = 0,
JIOK JIMHeapHa He3aBMCHOCT moBjIauu Xpk = 0. Kako To Ba)ku 3a CBako p € M MMaMo
Xk =03aX € X(M), Te je 1o IlpuMepy El] k 1oxasHO KOHCTaHTHO. Kako je MHOTOCTPYKOCT
M 110Be3aHa, K je KOHCTaHTHO. O

4Friedrich Heinrich Schur (1856-1932), HeMauKu MaTeMaTudap
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ITIpocinop KoHCUlAHIUHEe CeKUUOHe KpUueuHe je 1iceyno-PuMaHoBa MHOTOCTPYKOCT
(M, g) 3a KOjy je CeKIMOHa KpUBHHA K(0) KOHCTaHTHA, I1ITO je eKBUBaJIEHTHO TOME [1a je
R = KR! 3a k € R. [Tof CKaJMparseM IT0[pasyMeBaMo IIPOIleC y KOjeM METPHUKY g MEEbaMO
METPUKOM g = Ag 32 HEKy KOHCTaHTy A > 0 (MHOXKere MeTpUKe HeTaTUBHUM SpojeM
HUj€e 3aXBaJIHO jep OKpehe CUTHATYypy ¥ TAKO €CEeHITHjaIHO Mekha MHOTOCTPYKOCT). HaKoH
ckasmpama godujamo R (X, Y)Z = AR (X, Y)Z, mok cy ogrosapajyhe Bese

~k

T, =Tk VxY=Vy¥, RX,Y)Z=RXY)Z K=x/A

/A

/laKJle, II0CTOje TPH CYIIITUHCKA CIy4aja 3a TeH30p KPUBHUHE IIPOCTOPAa KOHCTaHTHE CeK-
[MOHe KpuBHHe, R = R (cak =1),R=0(cak = 0) u R = —R! (ca k = —1). OgroBapajyhu
MO/IeJI IIPOCTOPH 3a PUMaHOBe MHOTOCTPYKOCTH CY, peZioM, chepa 8", eyKIHUCKU IIPOCTOP
R™ 1 xunepdosyku rpocrop H™.

Ipumep 6.7. 3a XUIIepSoIHUKy HoTypaBaH HU? us IlpuMepa 5.8 IMaJjIi MO H3padyyHaTo
811 =82 =1/(xz)%, ka0 u T}, =T, =T}, = 0,T%, = —T1, = —T3, = 1/x,. U3 popmyre (6.3)
nMamMo

Ripr = 01T3y — 917y + T34y — T14T% + T3, — T3 T3, =0,
R2,. = 0;T% — 9,T%, +T3.T%, —TLT%, + T2, 1%, - T2T%, =(1-1+1 2 -1 2
121 = 01131 — 02177 + 194174 121 +12117; 11095 = ( +1)/(x2)* =1/(x2)%,

OJHOCHO R (01,09)01 = (1/(X2)2)82. Baxxut R(01,09,01,02) = 1/(X2)4, Tejek = —1. A

Y PUMaHOBOj TeOMeTPHjH, CEKIIMOHA KpUBUHA K MO>Ke Ce BUJIeTH Kao HelIpeKHUHa pe-
asiHa QyHKIIMja Ha [[pacMaHOBOM paciiojerny ABOAMMEH3IUOHUX paBHU PUMaHOBe MHOIO-
CTpyKoCTH M. OpaTiie cjefu [a je K Ha KOMIIaKTHOM IIO/ICKYITY Off M OIrpaHUYeHO, O HO-
CHO K JIOCTH>Ke CBOje MUHUMAJIHE U MaKCUMaJIHe BpeiHOoCTH [22, Cekrimja 9.3]. 360r Tora
CYy I0l€e U TOpH-e I'PaHUlle CeKIMOHe KPUBHHE MHTEH3UBHO IIpoydyaBaHe y PUMaHOBO]j
reoMeTpUju.

MelhyTum, y 1iceyzo-PUMaHOBOj reoMeTpUjU, HeKa OIrpaHHUYena 3a K yoduyajeHo I10-
BJIaye /1a je K KOHCTaHTHO. Pa3MOTPUMO CeKIIMOHY KPUBUHY Y HEKOj UKCHUpPaHOj TaUKHU
rcey0-PMMaHOBEe MHOTOCTPYKOCTH. IIocMaTpajMo ajiredapcKy TeH30p KpUBUHE R Ha He-
neUHUTHOM KBAJpaTHOM BEKTOPCKOM IIpocTopy (V, g) AUMeHs3Hje n > 3.

Hexka cy A, B, X € V OpTOHOPMHPAaHU BEKTOPHU Ca €4 = Ep = —Ex. TaZla ©IMaMo

2
K(X 4+ 08.4) — RE+ eiiﬁ;XJr 6B) _ 0°k(B,A) - K(Xe,f)_—; 20RX.AAB) oo

AKO je K > m oTpaHHMYeHO 0703710, TaAa je 6*k(B,A) — k(X,A) + 20R(X,A,A, B) Behe o
m(6*—1)3a |6 > 1 uMame o m(6*—1) 3a |6 < 1, Te U3 HEIIPeKUAHOCTH MOPa SUTH HYyJIa
3a0=1u60= -1, mro noBnauu K(B,A) = k(X,A) U R(X,A,A,B) = 0.

AKO IIpOMEHHMO OpTOHOPMHUpaHe BeKTope Y Acht + Xsht, B,Asht + Xcht, 3a mpou-
3BOJBHO t # 0 UMaMo

0=R(Asht+ Xcht,Acht+ Xsht,Acht+ Xsht,B)
=R(X,A,A,B)cht—R(A,X,X,B)sht,

rme R(X,A,A,B) = 0toBiauu R(A, X, X, B) = 0. OBaj apryMeHT je opUTrHHaIHO fao Kyskap-
HU? [[77], ¥ IpeocTaio HYUje TEIIKO 3aBPIIUTH.

Ha nipuMep, MOKeMO y3eTu opToOHOpMUpaHy 6asy (Ey,...,En) y (V,8),Imeje Ey = X1
E, = A fa ducmo odunu Jx(A) = Y i €5, R(A, X, X, E;)E; = €aR(A, X, X,A)A. 3aT0, aKo je X
IIPOCTOPHO (BPEMEHCKO) OH/Ia CBAKH BPeMeHCKH (IIPOCTOPHMU) BEKTOP U3 X je COIICTBEHU

SRavindra Shripad Kulkarni (1942), HHIHjCKHA MaTeMaTHJap
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BEKTOp 07t Jx. [locedHo, AU E;+2A 3a i > 2 Cy HEOPTOTOHATHU COTICTBEHU BEKTOPHU U 3aTO
UMajy 3ajeJHUUYKY COIICTBEHY BPeJHOCT, IIITO JOHOCH Jx = ExU(X) 1y. 3a HeKy QYHKIU)Y
u. MehyTtum, (6.18) moByiaum exeyu(X) = eyexu(Y) 3a oproroHanHe X u Y, Te 3a TeGUHUTHE
BeKTope uMaMo U(X) = u(Y) = Const. OBaj apryMeHT /iaje KOHCTAaHTHY CeKIIMOHY KpUBU-
Hy IIITO JJ0Ka3yje HapeJHY TeopeMy Kojy je 1979. moctaBuo Kyikapuu [77].

Teopema 6.9. Heka je k fyHKUUja CEKUUOHE KpUBUHE HegePUHUTLHOT aledbapcKol ieH3opa
KpuguHe. AKO je K OlpaHuieHo 0go3io uau olpaHu4eHo 0go3go, itiaga je Kk KOHCIUaHWHO.

ITocimeguuHo, tomohy IllypoBe TeopeMe (TeopeMa @), aKo je QyHKIIHja CeKIHOHEe
KPUBHHE Ha I10Be3aHO0j HeleQUHUTHOj MHOTOCTPYKOCTU M quMeHsHje n > 3 SUJIO orpa-
HHUYeHa 07[03r0 WJIM 010310, Taja je M IIpoCTOp KOHCTaHTHe CeKI[HMOoHe KpuBUHe. Kyi-
KapHUjeB pe3ysITaT 61O je II0J1a3Ha TayKa 3a MHOTa UCTpakKuBamwa CeKI[HOHe KpUBHHE
HeJlepuHUTHEe (YyoduuajeHO JIOpeHII0Be) MEeTPHUKE.

[IpeTIiocTaBUMO /ia je CeKI[MOHa KpUBHHA Ha HeJleQUHUTHUM paBHUMa OrpaHU4YeHa
U 0/I03T0 U 0[103/10. 3aII0OYHKMO OJf OpPTOHOPMUPAHUX BeKTopa A,B,X € V TaKBHX Jia je
£p = Ep = —Ex U yIOTPedUMO jemHaKoCT (6.29). 3a |0| < 1 paBaH Span{X + 0B, A} je Hefe-
¢OHMHUTHA U 3aTO BaXKU —m < K(X + 0B, A) < m 3a HeKy KOHCTaHTy m > 0, IIITO Jjaje

—m(1 - 6%) < 0°k(B,A) — k(X,A) + 20R(X,A,A,B) < m(1 — 6%).

13 HenpexkupgHocTU Y 6 = 1 1 0 = —1, umamo K(B,A) — k(X,A) £ 2R(X,A,A,B) = 0, Te je
ocTaTak JjoKasa Kao y IpeTX0HOj TeopeMU. Ha 0Baj HAUMH J0OHUJ/IA CMO HapeHy TeopeMy
Kojy cy 1980. mocTtaBuiu /laxiiep u HOMHHYE [42].

Teopema 6.10. Heka je k fyHKUUja CEKUUOHE KPUBUHE HegePUHUTUHOT aaledbapcKol iieH-
30pa KpusuHe. AKO je K Ha Hege@UHUTTHUM PABHUMA OIpaHUHEHO U 0g0310 U 0g03go, haga
je K KOHCIUAaHIUHO.

HapaBHO, Kao 4 paHuje, ako je QyHKIIH]ja CeKI[MOHe KpUBUHE Ha HeJleQUHUTHUM PaB-
HUMa [10Be3aHe HeJleHHUTHe MHOTOCTPYKOCTH M quMeH3Hje n > 3 orpaHUYeHa U 0/10-
3T0 U 00370, TaZa je M IIpOoCTOp KOHCTAaHTHe CeKIIMOHe KpuBUHe. MeljyTuM, orpaHuye-
He CaMo Ca jefHe cTpaHe Ha HeleQUHUTHUM paBHUMa He II0BJIaYU /1a je K KOHCTaHTHA

dyHKIIHja.

6.5 PuuymjeB TeH30p

KoHTpakiiygja je BakKHa oIlepaliyja Koja HaM oMoryhaBa /ia o mocTtojehux TeH3opa
nodujeMo HOBe TeH30pe. Kako yecTo nMaMo IIOTpesdy a BPeLHOCT HOBOT TeH30pa y He-
KOj Ta4KH{ MHOTOCTPYKOCTH 3aIIHUIIeMO IITO jeJHOCTaBHUje, KOpUCTHheMO JIOKaJTHU Op-
TOHOPMUpPAHU IIOKpeTHU peltep (Eq,...,E,) us Teopeme . IbeMy nyasiHU IIOKpeTHU
Koperrep odeesxumo ca (Ej, ..., Ej), a Jako ce IIpoBepaBa Jia Baxku E; = eEiE? sal<i<n

3a HEKO TEH30PCKO IT0Jbe A, KOHTPaKIHja HOBOTI KOBapHjaHTHOI apI'yMeHTa II0TIIYHOT
KOBapHjaHTHOT U3BOJa VA ca HEKUM 0J] OpUTMHATHUX apryMeHaTa 30Be Ce gueepleHuuU-
ja u odesierxaBa ca div A. VIsIaBHOM ce yIIOoTpedJbaBa y [IBa CIellHjaIHa CIydaja y KojuMa
II0CTOjU jeJUHCTBEHAa JUBepreHIlyja.

V IIPBOM CJIy4ajy II0CMaTpaMo IIPOM3BOJFHO BEKTOPCKO IT0Jbe V € X(M) = T3 (M), the
I10CTaB/baMO

divV = C(VV) € §(M).

SKatsumi Nomizu (1924-2008), jarraHCKO-aMepUYKH MaTeMapHJap
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Y opTOHOPMHpPAHOM IIOKPETHOM peliepy 3a V = Zj WEj HMaMo

divv="> (VV) :Z(VEV) (E) ZE* Vi V) = Zé‘gg ViV, E)

Zegg<El,ZE E+ZWZF ) ZE +ZWF

V IpUpPOAHUM KoOpAnHaTaMa Ha R Baxku divV = 7, V!/dm;, miTo je yoSudajeHa ¢pop-
MyJ1a Ha R3.

IIpumep 6.8. /[uBepreHIyja rpagujeHTa IylaTke QyHKIMje [ € §(M) HasuBa ce Jauaa-
cujan’, Af = div(gradf) € F(M). ITo Jlemu 5.4 moBUCHINITA KOMyTHpa ca KOBapHjaHTHUM
HU3BOJIOM, Te je

Af = div(gradf) = C(V(df)) = C((Vdf)*) = C((VVf)?) = trg(VF),

oflaKJIe ciequ fa je JlarutacHjaH 3aIrpaBo Tpar XecHjaHa. Y OpTOHOPMHPAaHOM IIOKPeTHOM
periepy ©MaMo

Af = div(gradf) = > epEEf+ ) g (Ef)T}
i )
— trg(V2f) = Z epEEf - Z ex, (BT,

oflaKJjie y IIPUPOSHUM KOOpAMHAaTaMa Ha R} ©MaMo Af > €g,0%f/Om?, mTO Ce pefyKyje
Ha yosuuajeHy popmyury 3a R3. A
V npyroM cJjyd4ajy ImocMaTpaMo CUMeTPHUYHO KOBapHjaHTHO TeH30pPCKO I10Jbe A pefa

2, THe neUHUIIIEMO
divA = C((VA)*) € I9(M) = (M),

IIITO Y OPTOHOPMHUPAHOM ITIOKPEeTHOM pellepy pauyHaMo ca

(divA)(X) = Y (VA)(E X.E) =) g/(VA)X.E,E) = ) _ er,(VEA)(X, E).

Heka je (M, g) Iiceyo-PUMaHOBa MHOTOCTPYKOCT, SymA = A € TY(M) u f € §(M). Taga
je Y OpPTOHOPMHPAHOM IIOKPETHOM perepy

(VA X) = 3 €5 (VEA)XKE) = Y €5, ((VENAX.E) +(V5A) (X.E))

=A (X, Z EE, (EJ)Ei> +fZ er,(VEA) (X, Ey) = A(grad f, X) + f(divA)(X).

[TocedHoO, y ciyuajy A = g 3a f € F(M) godujamo (div(fg))(X) = g(gradf,X) = df(X), wro
Iaje KopucHy Gopmyry
div(fg) = df. (6.30)

Kaxko cy KoBapHUjaHTHU TeH30PU BUIIIET pefja IPUINYHO KOMILUIMKOBaHU, YeCTO je KO-
PHCHO KOHCTPYHCATH jeJHOCTaBHUje TeH30pe KOjU ca’KuMajy HeKe MHpopMalje. AKO
rohemo o KOBapujaHTHUX TeH30pa, IIOIIyT TeH30pa KpUBUHE R, MOKeMO I10CMaTpaTU
Tpar, OHOCHO KOHTPAKIIHjy IOBUCHINIIe. Beh cMo uManu R = R’, Te HaM je IIOTPeSHO
trg R = C(R*) = CR. MehyyTHM, HEOIIXOJHO je HaIJIACUTH KOjH KOBapHjaHTHH HH/eKc heMo

"Pierre-Simon Laplace (1749-1827), dpaHIlycKH MaTeMaTHyap, GU3HIap 1 aCTPOHOM
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yIIapUTH ca KOHTpaBapHjaHTHUM MH/IEKCOM. AKO ITOKYIIIaMO ca TpehuM KoBapHjaHTHUM
HH/IEKCOM UMaMOo

D Rie=2_0 8 Ry = =D 8 Ry == 3 Ry,
k k 1 Il k l

IIITO je Moryhe camMo aKo je >, ng = 0, Te Tpehu MHJEKC HYUje II0r0aH 38 KOHTPaKIIH]y.
IIpeocTaje u3d0p U3Mel)y IIPBOT U APYTOT HH/IEKCA, aJIH U3 CUMETPHje Rjjq = —Rjjig BaXKH
> R]?ik =—> Rijk Te ce 0Be MOI'YhHOCTH HeHyJla KOHTPaKIHje pasjuKyjy y sHaKy. AKO
Cce OIIpejleIMMO 3a IIPBU UH/JIEKC, fodHujaMo Puuujee meusopﬂ, Ric =trgR=CR € ‘Z‘Z) (M)
3a KOjU BaXK:

Ric(X,Y) =Tr(Z — R(Z,X)Y) =Tr(J(X,Y)).

PuuujeB TeH30p je oUUIVIefHO cuMeTpuuaH, Ric(X,Y) = Ric(Y, X), a ako ca

Rj=) Rij= & Ry,
l

Lk

06eJ1e’KMMO HeroBe KOMIIOHEeHTe, UMaMo Ric = ), jRij dx; ® dx;, ITO y OpPTOHOPMHUPaHOM
IIOKPETHOM pellepy faje

Ric(X,Y) = > erg(R(E,X)Y,E) = >  erR(E; XY, Ey). (6.31)

1

CkanapHa KpueuHa je Tpar PuuujeBor TeH3opa, Sc = trgRic = C(Ric%) € (M), Te 3a
Y BOKH SC = >8Ry = > ;1878 Ryjji, TNTO Y OPTOHOPMHUPAHOM ITOKPETHOM periepy

Tjiacu
Sc = Z gEieEjRijji-
i
Axo mocMaTpaMo JIOKaJIHA OPTOHOPMHUPAHU IIOKPETHU pellep y TaYKU p € M, 0HO-

CHO OpTOHOPMHUpaHy &asy (Eq,...,En) y TpM, M0OKeMO YIIOTPESHUTH CEKI[MOHY KPHUBHHY
Ila oIIuIleMo PryujeB TeH30P U CKaJIapHY KPUBUHY,

n ik
e, Ricy(Ey, Ex) = eg, > €5Ry(Ey, Ex, Ex E) = > k(Ey, E),

i=1 i

n i#f

SC(p) = Z eEigEjRp(EiijanaEi) = Z K(EI,E])

ij=1 ij
IIpumep 6.9. PuunjeB TeH30D je ofpeleH CEKITMOHUM KpUBUHAaMa, ajlk y OIIITEM CJIy-
4ajy cagp>Ku Mamwe nHpopMmalumja. MehytuMm, y MmaiuM aguMeHsujama (n = 2, 3) Puuujes
TEH30p y IIOTIIYHOCTHU o/ipeljyje TeH30p KpUBUHE. Y IVMeH3UjU n = 3 3a HeJleTeHepucaHy

paBaH o II0CTaBUMO OPTOHOPMUpaHYy 6a3y (Eq, E,, E3) TakBy fia je 0 = Span{Eq,E,}. Tazga
je ExRpi = 311 K(Ek, Ey), omakite cnefin k(0) = k(E1, Ez) = (€1R11 + €2Rg; — €3R33)/2. A

ITohumo opx fpyror bjaHKMjeBOT HAeHTUTeTa KOjU Ce MOKe U3PasUuTH KPo3 KOMIIOHEeH-
Te HOBOT KOBapHjaHTHOT TeH3opa T € TY(M) ca

Tijrim = ViRjxim + ViRkim + ViRijjim = 0,

r7ie je ViRikim = (VR)jkimi- HAKOH ABOCTpyKe KOHTPaKIHje, KopHcTehH Tpar II0 HH/eKCHMa
{ 1 M ¥ TPAT 10 MHACKCHMA j U |, BOXKH Y ; ,, 8™ 311 &' Tyjpm = 0. PauyH y HeKoj Taukm p € M

8Gregorio Ricci-Curbastro (1853-1925), ©TaJHjaHCKX MaTeMaTHJap
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U3BOAUMO IIPEeKO HOPMAJIHUX KOOpAMHATA I[[eHTPUPaHUX Yy TOj TauKU. Kako je Vg = 0,
Tpar KOMyTHpa ca KOBapHjaHTHUM U3BOJI0M,

> &MVE Y & Rum+ > &'VE D & Riim + VE, Y 8™ Y &Rijim =0,

Lm Jl Jil im im Jl
¥ 3aTo
ka Sc=2 Zglminka-
im

MehyTum, UMaMo

divRic(Ex) = > &™(VE,Ric)(Ex, Em) = > _ &™VE,(Ric(Ex, Em)),

im i,m

IIITO HAC JOBOJH 10 jefHAaKOCTH Vg, Sc = 2 div Ric(Ey). OmaBae uaeHTHTeT 2 div Ric = V Sc
Ba’KU Y HOPMaJIHUM KOOpJMHAaTaMa, ajiid KaKo je y IIUTawky TeH30pCKa jeJTHaKOCT BaKU-
he y 6110 K0joj 6asu. V IUTawy je UAeHTUTET KOjU JIe)KU Y OCHOBaMa OIIIITe TeopHuje
pesIaTUBUTETA, a KOjU 30BEMO KOHIlpakoeaH BjanKujee ugeHinuiuein.

Teopema 6.11. 3a ticeygo-PumaHogy mMHolociupykociu eaxcu 2 div Ric = d Sc.

3a 1ceyo-PuMaHOBY MHOTOCTPYKOCT (M, g) KaXkeMo [1a je AjMuuTlajuoeaE YKOJIUKO
je ’eH PuuujeB TeH30p IIPONOPIIMOHAIaH METPUIH, OJHOCHO YKOJIMKO je Ric = Ag 3a
HeKy KOHCTAHTYy A € R. VKOJIMKO M3By4eMO TParoBe, Sc = try Ric = trg(Ag) = Atrgg = An,
BHU/IMMO Jla AjHINIITajHOBA MHOTOCTPYKOCT UMa KOHCTaHTHY CKaJlapHy KPUBUHY.

IIpumep 6.10. YKOIIUKO je (M, g) IPOCTOP KOHCTAHTHE CeKIIMOHEe KPUBUHE K, TaZla UMaMOo

Rj=> "Ry = re™(gugyj— gigu) = (n — 1)kgy,

Lk Lk
OIHOCHO Ric = (n — 1)kg, Te je (M, g) AjHIIITajHOBA U BaKU SC = n(n — 1)K. A

PeslakcupaHuje, MoykeMo pehu fa je (M, g) AjHIIITajHOBA Y TaYKU p € M YKOJIHKO je
ojrosapajyhu anredapCcKku TeH30p KpUBUHE Y TOj TAUKU AjHIIITajHOB, OJHOCHO YKOJIUKO
je PuuujeB TeH30p CKaJlapHU YMHO>KaK MeTpHKe y p. [Ipy 0BUM JlepUHUIIMjaMa ©UMaMO
HapeHO 108po IM03HAaTO TBpheme 3a AjHIIITajHOBE MHOTOCTPYKOCTH (BueTH bece™ [20,
Teopema 1.97]).

Teopema 6.12. AKo je lioge3aHa ticeygo-PumaHo8a MHOIOCTUPYKOCUL gumeH3uje n > 3 AjH-
WINajHO8A y C8AKOj WAUKU OHGA je OHA AJHWIIAjHO8A.

JAoka3. Kako je (M, g) AjHIIITajHOBA Y CBaKOj Ta4KH, TO BaKU Ric = Ag 3a HeKy QyHKIIU-
jy A € F(M), Te ysuMajyhu TparoBe y ogqHOCy Ha g uMamo Sc = nA. 3 Teopeme @ U
dopmyute (6.30) modujamo

nVA =V Sc = 2divRic = 2div(Ag) = 2VA.

Jlakiie, 3a n # 2 BaxKu VA = 0, oakiie je A JloKaJiHa KOHCTaHTa Ha II0Be3aHOj MHOTOCTPY-
KOCTH, Te je 3aTO U IVI0dasIHa KOHCTAHTa, IIITO TaKolje BayKH 3a Sc. O

%Albert Einstein (1879-1955), HeMauKy TeOPHjCKA GU3HUIAD
1Arthur Besse, IiceyoH|M rpyIie GpaHIlyCKUX FeOMeTpHYapa Kojy je mpegsoauo Mapces Bepike
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IIpumep 6.11. V mpeTXoqHOM HoKa3y Mo>keMo usdehu kopuirheme Teopeme U -
PEKTHO pavyyHaTH Y OPTOHOPMHUPAHOM IIOKPETHOM petiepy (gi = 8 = €;6),

n n n n
ka Sc = Z 8i8jkaijji = Z gigj(_viRjkji — ijkl]l) = Z eiejViR]-kij + Z gjgiijikji

ij=1 ij=1 ij=1 Ji=1
n n n no n
=2 Zé‘i ejViRjkij =2 Zé‘i Z gﬂViRjkil =2 ZeiinRki = ZVERA,
=1 j=1 =1 jl=1 i=1
Te je 3aTo nVA = VSc = 2VA. A

Ilo Teopemu b.4 anreSapcku TeH30p KpUBMHE y IUMEHSMjU N = 3 MMa CBETa IIeCT
He3aBUCHUX KOMIIOHEHTH, /IOK 3a N = 2 IIOCTOjHU caMo jeHa. 350T Tora y MaJIUM TUMeH-
3"jaMa MOYKEMO JIOSUTU 3aHUMJbUBE pe3yJsITare.

IIpumep 6.12. CBaKU ABOAMMEH3UOHU airedapCKyU TeH30p KPUBUHE je AJHIIITAjHOB. Ka-
KO je n = 2, CBe KOMIIOHEHTE TeH30pa KpUBHUHE R;j = ) lgk’Rkiﬂ MOTY Ce U3pasuTHU caMo
TIPEKO Rygy1. IMaMo Ry = g%2Ry321, Riz = —g"2R1221, Roy = g Ri224, TIITO 3aTIpaBo faje
Ric = (Rq221/det g)g. A

IIpumep 6.13. 13 [Ipumepa @, PuunjeB TeH30p 3a n = 3 y IIOTIIYHOCTH Ofpeljyje cek-
IIMOHY KPUBUHY, a CAMUM THM U TeH30p KpUBHHe. IIoceSHO, aKo je ajredapcKy TeH30pP
KPUBHHE AJHIIITajHOB, OHJIa KMa KOHCTAaHTHY CeKIIMOHY KPUBHHY. AKO je T04aTHO MHO-
TOCTPYKOCT II0Be3aHa, OH/ia UMaMo IIPOCTOP KOHCTAHTHE CeKIMOHe KpUBUHE. A

6.6 PuuMjeBM UJEHTHUTETH

Heka je M 1miceyzo-PruMaHOBa MHOTOCTPYKOCT, a V HeHa IIPOM3BOJbHA II0BE3aHOCT.
YropehjuBameM KOMIIOHEHTH, 3a IIPOM3BOJ/AHO TEH30PCKO IoJke A € TL(M) U X, Y € X(M)
HUMaMo

il...ir _ lllr k _ T‘+1 lllr
(VxA) i =D (VA 1 X = (C (VAR X))y,
k
o/laKJIe 1061jaMo

VxA = CiH(VA® X),

a CaCBHM CJIMYHO MMaMO

(VirA)h = S (VEAS - X! = Cl(C(VPA e X) @ Y

]1]Skl s+1 S+2 J1--Js’
kil
IIITO Jaje
ViyA = C(Ch (VA X) @)
Kako Baxxu
VxVyA =VxCi 1 (VA®Y) = CH1Vx(VA®Y) = C,T1(VXxVA® Y + VA ® VxY)
=CL(CH(VARX) @ Y) + C1(VA® VxY) = Vi yA + Vy,vA,

TO J0dUjaMO
ViyA — VixA = VxVyA — VyVxA — Vy,y v,x4,

WY jeTHOCTaBHHje 3alUCaHO0 Vi y — Vi x = [V, Vy] — Vy,v vyx-
HajjemHOCTaBHUjU C/Iy4aj TEH30PCKOT oJka A € T4 (M) je m1aTKa pyHKIHja f € F(M), a
TaJ U3BefieHa popMyJia aje

VX, Y) — VY, X) = Vixf - Viyf = (—[X, Y] + VxY - VyX)f = 7(X, V)f,
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I7ie je T TOp3Hja, IIITO CMO Beh BUzesu y [Ipumepy @, Be3aHo 3a XecujaH QyHKIHje f.
YV KOHTeKCTy KPpHUBUHE, I10Be3aHOCT V je yBeK JleBU-UuBuTa. Tafia CUMETPUUHOCT O
V Ilaje CUMEeTPUYHOCT XeCHjaHa, V)zgyf = V%Xf, IIOK y CJIy4ajy IIPOU3BOJHFHOT TEH30PCKOT
I1oJba JOSHUjaMo
Viy— Vix=[Vx.Vyl - Vixy. (6.32)

Hape[HHU 110 jeqHOCTaBHOCTH CJIy4aj IIocMaTpa TEeH30PCKO IIojbe A € L (M) Koje je
BEKTOPCKO I1oJbe Z € X(M), a Tag, opmysia (), 110 e GUHUIIH)U Of R, IIOCTaje

VivZ— VixZ=R(X,Y)Z. (6.33)
V ciydajy KOBEKTOPCKOT I10Jka w € X* (M) uMaMo

(VxVyw)Z =X((Vyw)Z) — (Vyw)(VxZ)
=X(Y(w(Z)) — w(VyZ)) — (Y(w(VxZ)) — w(VyVxZ))
=XY(w(Z2)) — (Vxw)(VyZ) — w(VxVyZ) — (Vyw)(VxZ),

ofakiie us popmysie () IodujamMo

(Viyw — Vixw)Z =(VxVyw)Z — (VyVxw)Z — (Vix yw)Z
=(XY - YX)(w(Z)) — w(VxVyZ — VyVxZ) — [X, Y)(w(Z)) + w(Vx,yZ)
=—w(VxVyZ - VyVxZ - VixyZ) = —w(R(X,Y)Z).

Axo je R*(X,Y): X*(M) — X*(M) nipec/IuKaBambe eUHUCAHO Ca
(R*(X,Y)w)Z = w(R(X,Y)Z),
OHZIa U3BeleHa GopMyJia TOHOCU
Viyw — Vixw = —R*(X, Vw. (6.34)

PasMOTpPHUMO cafia OIIIITH cay4aj. Hajipe MpuMeTHUMO /ia 32 IPOM3BOJ/bHA TEH30PCKa
nosba A u B Baxxu VxVy(A ® B) = VxVyA ® B+ VyA ® VxB + VxA ® VyB + A ® VxVyB,
onmakuie u3 popmyure (6.32) mrodujamo

(Viy— Vix)(A®B) =(VxVy— VyVx — Vixy)(A ®B)
=(VxVy—VyVx — V[Xy])A ®B+A® (VxVy—VyVx — V[X,Y])B
=(Viy- Vix) A®B+A® (Viy— Vix)B.

[IpoM3BOJ/FHO TEH30PCKO IToJbe A € T4(M) MOKeMO 3aIllcaTH Kao CyMy TE€H30PCKUX
IIPOM3BOJia CaCTaB/beHUX UCK/BYUMBO 0/ BEKTOPCKUX U KOBEKTOPCKUX I10Jha, Te HajIIpe

3saVy,...,Vr e X(M) 1 Aq,..., As € X*(M), kopucTehu () Hu (), padyHamo

(vgfvy_v%,X)(V:l@®Vr®ﬁl®®ﬂs)
:R(X’Y)Vl®V2®"'®)\s+"'+vl®"'®Vr_1®R(X,Y)Vr®/11®-“®AS

Kako je (R(X,V)V))w; = Vi(R*(X,Y)w;) 3a 1 < i<, ook je (R*(X,Y)4)Z; = A(R(X,Y)Z;) 3a
1<j<s, tiecy w; € X (M) u Zje X (M), To modujamo

(Viy—Vix)(Vi®@ @V, @ ®As))(w1,...,0r, Z1,. .., Zs)
=V1(R*(X,Y)w1)Va(wz) - - - As(Zs) + -+ - + Vi(w1) - - - Vim1 (Wr—1) VH(R* (X, Y)wr) A1 (Z1) - - - As(Zs)
— Vi(w1) - Vr(wr) A (R(X,Y)Z1)A2(Z2) - - - As(Zs) — - - = Vi(wq) - - - As—1(Zs—1)As(R(X, Y)Zs).
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6.6. PnunjeBu ngeHTnuTeTn

OmaBjie cyiei KOHauHa GopMyJia 3a IIPOHU3BOJFHO TEH30PCKO ITo/be A € TH(M),

(ViyA = VixA)(w,. .., 0,2, .., Zs)
:A(R*<X, Y)wl, wWa, ... ,Zs) + - +A((Ul, ceey (,L)r_l,R*(X, Y)(L)r,Zl, - ,Zs) (6.35)
—A((L)l, .. .,wr,R(X, Y)Z1,Zz, .. .Zs) — —A((L)l, . ,Zs_l,R(X, Y)Zs),

a 30BeMO je Puuujee ugeHninuitein.

YoduuajeHo je fa mocMaTpamo ClieliyjajaHe ciay4yajeBe PUuMjeBOr UIeHTUTETA 3a je/i-
HOCTaBHMUja TeH30pCKa Itojba A € TL(M). Y jegHaKOCTUMA (@) A (6.34) umaju cMo CiIy-
yajeBe KaJl je A BEKTOPCKO MJIM KOBEKTOPCKO ToJke. 3a J € T1(M) dopmyaa (6.35) maje

(Vi — Vix))(0,2) = J[R*(X,Y)0,Z) — J(w, R(X,Y)Z),

Te aKoO J CXBaTUMO Kao §(M)-TuHeapHHU oreparop J: X(M) — X(M), nodujaMmo popMyry

(VxVy] — VyVx] — Vign))Z = R(X, Y)(JZ) — J(R(X, Y)Z). (6.36)
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ItaBa 7

JouI IICEVZO-PUMAHOBE TEOMETPHUJE

7.1 JaxooujeBa moJba
3a IIpoM3BOJHPHO BEKTOPCKO IT0JbE IY>K ABOIIapaMeTapCKor IIpecjIvKaBamha UMaMo Ha-
pelHy Be3y ca KPpUBHHOM.

Jema 7.1. Heka je (M, g) ticeygo-Pumaroga mHolociupykocil, a f: L x I — M geotiapame-
wapcko upecauxkagare. Taga 3a ceako V € X(f) saxcu

\VAAY \VAAY of of

—— V-0 V=R[Z, 2|V 7.1

dsdi’ ~ dids R(m’ar) (7.1
Jokas. V IuTawy je JIOKaJIHU pesyJsITaT, Te 3a CBAaKo (S,t) € L x I MOKeMO UCKOPUCTUTHU
JIOKaJIHe KOOpJAUHATE (X1, ...,Xn) AedUHNCAHe Ha HEKOj OKOJIMHU TaukKe f(s, t). AKO 03Ha-

auMo Vi (s, t) = (V(s,t))(Xx) ¥ fr = Xk o f3a 1 < k < n, MO>)KeMO U3padyyHaTH

\Y "o 0 AV
a2 (mvkaxk + det8xk> °of

OJlaKJIe je
VV., /(80,0 6. Vo oV VV 9
sdi’ = 2 (asat"kaxk "ot Kdsox, T os Kdtox, desdtaxk> °f
IIITO Zaje

\YAAY/ \VAAY/ VV 0o VvV 0o
G’ dgras’ 2" <dsdt8xk - dtds@xk> of
Ca mpyre cTpaHe, ©MaMoO

L/ N /Y 0

VvV o Vv ) V < 9f;
S A — o f7— | = 5= —=V o = ——V.o —+ —=—V s —
dsdtox, ds ot OXp ds i t o OXk i 0s Ot~ ax; OXi i ot ds = a5 OXk
" 0%; = 9fj of; 0
_ o, 9 iy 9
- satva%ax,fr ot 0s ¥ d Y b oxg

j=1 ij=1
IIITO IIOBJIAYH
VV 9 vva_”afaﬁ( 0 a)

vaxivaa 87)(1{ N va‘i vax OXp

ds dt ox;  dtds oxy = ot 0s

-0, (a a)a R<afaf>a

< 9t ds ax; 0X; ) Xy ds’ at ) o

ij=
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7.1. JakodujeBa nosba

Te KOHAYHO 1061jaMo

S S-S (e () ) (L)

O]

ITocmaTpajMo ABOIIapaMeTapcKo mpecaukaBame f: L x I — M 3a 1ceygo-PUMaHOBY
MHOTOCTPYKOCT (M, g), rie je L = (—€,€) 3a HeKko € > 0, a I C R je uHTepBas. OHO ofipe-
hyje ysmy>KHe KpHuBe f;: t — f(s,t), IOK IJIaTKa KpUBa Y = fy ©Ma II0CESHY Ba>KHOCT Kao
[leHTpaJIHa Y34y KHa KpHUBa. BapujauuoHo eeKiuopcko nosbe nyxX y je V € X(y) paro ca

of
V(t 0,t
() = 54(0,0).

Mu cMO 3aMHTEepeCOBAHH 3a CIIeITHja/IHU CIy4daj Kaji Cy AeJIMMUYHA IIpecIuKaBamba f
reojie3sHjCKe 3a CBAKO S € L ¥ KakeMo [ia je f eapujauuja Kpo3 ieogesujcke oz ). Y ToM
CJIy4ajy, 3a BapHjalfiOHO BEKTOPCKO I10Jbe V € X(y) KOPUCTUMO jeTHAKOCT ( ) u Jlemy
lﬂ;{a H3pavyyHaMo

va_vvw_vvw_vvw‘Rcym>w:4%wavw

dtdt” — dtdtds dtdsot dsdtat T \os’ ot) ot 9s’ ot ) ot’

3aTo, ako je y: I — M reopesujcka y Iiceyao-PUMaHOBOj MHOTOCTPYKOCTH M, OHZA He-
HO BapUjaliioOHO BEKTOPCKO I10Jbe | € X(y) 3a0B0O/baBa

J"+R(JY)y =0. (7.2)

JenHauuHa (@) ce 30Be Jakodujeea jegHauuHa, [OK BeKTOPCKO II0Jbe | € X()) LyK reo-
Ie3HjCKe y Koje je 3a70B0JbaBa 30BeMO Jakodujeego uiosve.

HcriocTaBsba ce f1a je JakodHjeBo I10Jbe | ofgpeljeHo CBOjUM II0YeTHUM yCJI0BHUMaA J(a)
U J'(a) 3a HeKo a € I. 13adepuMO IIpOU3BOJbaH I1apaJjieJIHi OPTOHOPMUpPaHU HOKpETHI/I
peliep (El, ...,En) my>x y. IIpoU3BOJBHO | € X(y) ce MosKe 3amtucaTH ca J(t) = > _; J;(t)E;(t) 3a
Ji € §(I), 1 <1< n, TeJakodujeBy jeqHauuHYy ([7.2) M0OKeMO U3pa3UTH ca

Y JIOE(0) + ) 8y (RU®).Y'(6)Y (1), Ei(t))Ei(t) = 0,
i=1

i=1

IIITO Jaje
n
;l + Z]]R(E]v yla ylaEi) oy = O,
j=1

3acBe 1l < i< nYOourawy je CUCTEM n 00UYHUX JudepeHIIUjaTHUX jefHadYUHa IPYTror
pena 3a n pyHkija J; € §(I). VBoherweM yodruuajeHux cMeHa V; = J; IIPeTBapamo ra y
eKBHBaJIeHTaH JINHeapHU CHCTeM IIPBOT pefia 3a 2n Hell03HAaTUX QYHKITH]a,

n
];: Vi7 V;: _Z(R(Ejuylvylin)oy>]j'
j=1
To I‘apaHTyje eFSI/ICTeHLII/ij u jeﬂI/IHCTBeHOCT peniemka Ha YHTaBOM HMHTEPBAJIY I ca 110-
wetrIM yenosuma Ji(a) = (Ei(a))* /(@) 1 Vi(a) = (Ex(@))" ((@).

Teopema 7.2. Heka je y: I — M leoge3ujcka y ticeygo-Pumarogoj mHolocupykociuu M. 3a
a € I u ceaxu uap eextuopa X,Y € Ty M tioctiioju jeguHctiieeHo Jakodujeeo tosbe | € X(y)
Koje 3agogosbasa uoueitiHe ycaoge J(a) =X u J'(a) =
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naBa 7. Jow nceyno-PrvmaHoBe reomeTpuje

TeopeMma[/.2je TeopeMa 0 er3UCTEHIINjU U je JUHCTBEHOCTH JaKOSHjeBUX I10Jba, T€ YBO-
IMO 03HaKy J} € X(y) 3a JakoSHjeBo I10Jbe TaKBO Jia BaXKu Jr(a) = X u (J¥)'(a) = Y. Ckym
CBUX JaKodHjeBUX I10Jba LYK reosiesujcke y: I — M,

JY) ={J%: X.Y € TyoM} C X(y),

MO>keMo ueHTuQuKOoBaTH ca )M x Ty M. lllTaBuine, 3a X,Y,Z, Ve TygMua,B € R
UMaMo

(aJx + Bl7)" = a(x)" + BJy)" = —aR(x. V)Y — BR(Uz. V)Y = —R(@x + Blz. V)Y,

INITO Z0Ka3yje fia je aJ¥ + BJY JakoSujeBo 10Jbe, JOK

(o + BIY)(@) = aX + BZ = Joy (@), (@ + BIEY (@) = a¥ + BV = oy hy) (@

TTOHOCH
Y+BV
ok + BT =Jox by

Taxo, J(y) 1mocTaje BEKTOPCKH IIPOCTOP AUMeH3Hje 2n usoMopdas ca Ty, M x Tyq)M.

HariomeHMMO /1a IIpeTX0Ha TeopeMa pajH 3a IIPOU3BOJBHO a € I, ajlu 1a SUCMO H3de-
IJIU JBOCMUCJIEHOCT, OCUM aKO HHUje HaIJIallleHo Jpyravyyje, IpeTnocraBbamo a = 0 € L.
HapaBHo, TpaHcianyja t — t — a He HapylllaBa YMEL€HUILY /1a je Y reole3rjCcKa HUTH [J1a je
J JakodujeBo I10be.

Beh cMo0 BUies1x 1a BapHjalliOHO BEKTOPCKO I10Jbe YK ) jecTe JakodHUjeBo I1osbe. Me-
hyTHUM BaXkKH U 08par, jep je CBAaKO JakodUjeBo I10/be AY>K Y HEKO BapHjaljiOHO BEKTOPCKO
I10Jbe IyXK ).

Teopema 7.3. Hekaje y: I — M leogesujcka y ticeygo-PumaHogoj MHolociupykociuu M, ige
je I komuakiuaH uHiiepgan. Ceaxko Jakodujego o be gyxc y jeciiie 8apujayuoHO 8eKILOPCKO
llo/be HeKe sapujayuje Kpo3s leogesujcke og .

Jlokas. Be3 ymMamema OIIITOCTH MOXKeMO IIpeTrocTaBUTH 0 € I. Heka je J¥ € J(y). U3a-
SepuMo IIaTKy KpUBY U: (—€,€) — M Tako ga Baxku Y(0) = y(0) u ¢’'(0) = X. 3adepumo
V € X(y) Tako ma Baxku V(0) = y'(0) u (VV/ds)(0) = Y. JlepuHUIIUMO BapHjaliydjy of y
ca f(s,t) = expy ) (tV(s)). Kaxo je I KOMIIaKTHO, JOMEH OJ eXp je 0TBOPEH IOJCKYII of TM
KOjU caJp>KU KOMITaKTaH CKyH {(y(0 ) V' (0)) : t € I}), Te 1OoCTOjU HEeKO 0 < § < € TaKBO /14
je f teduHUCaHoO 3a (s,t) € (—6,8) x
Kaxo je f(0,t) = expy)(t (0)) = eXp 0 (tY'(0)) = y(t), BUAMMO Ja je f Bapujaryja ox
Y, IOK je f(s,0) = eXPys)(0) = P(s). HeKa je W(t) = (0f/0s)(0,t) BapujaliiOHO BEKTOPCKO
mmosbe. Tama je W(0) = ¢¥'(0) = X, a cBaka y3/y>KHa KpHBa f; je reogesujcka ca (fs)'(0) = V(s),
IIOK ©UMaMo
vw Vv of Vv of vV
@t V7@ Gsar @Y = o

INITO JloKasyje J¥ = W. O

0) =Y,

HajouumiegHuju IIpuMep JakodujeBor 1oJka je y' € X(y), jep 3a0Bo/baBa () 3dor
Y)Y =0uR(®Y,Y)y =0, 1mTo je BapHjalloHO I10Jbe O BapHjanyje f(s,t) = y(s + t). Joi
jelaH jeqHOCTaBaH IIpuMep je J(t) = ty'(t), ITO je BAapHjallIOHO 0Jbe OF f(S, t) = Y((1+5)t).
MelyTuMm, 0BU IpUMepH JakoSHjeBHUX I10Jba Cy pellapaMeTpu3aliyje of y U He TOBOPe HaM
HUIIITa HOBO O IIOHAIlaky reo/iesujcKe ).

Jla SMCMO UCKJ/bYUYWU/IU OBaKBe HeBa’KHe IIpUMepe, Kaaroy )’ (t) Huje U30TPOIIHO MO-
»KeMO MCKOPHUCTHUTH pacTaBbambe T, M = Span{y’(t)} & Span{y’(t)}*+. Ako y’ HuI/le HUje
M30TPOIIHO, CBAKO V € X(y) ce pacTaB/ba Ha OpTOroHaMHy cymy V' + V1, riie je V' yMHo-
’Kak of )/, a V- HopMastHo Ha )'. KaskeMo Jia je V' iliaHIeHIliHO eKIloPCKO 1o /be NyXK
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7.1. JakodujeBa nosba

Y, IOK je V- HOpMaaHO eeKiliopcKo 1o /be yXK Y. AKO HCKOPHUCTUMO KOMIIaTHSHUITHOCT
ca METPHUKOM,

0= jtg(V% Y) = g(VHY. )+ g(VE, (v)) = g(VY), YY),

BUAMMO ja je (V*)’ Takole HOpMaJIHO Ha )/, a ciuHo je (V') mapaJjesHo ca .
JaxodujeBo moske | Koje 3amoBosbaBa J(t) L )/(t) 3a cBako t € I 30Be ce HOPpMA/THO
Jaxodujeeo ttowe, a Ha paclioyiaralkby UMaMo HapeJHY TeOpeMY.

Teopema 7.4. Heka je y: I — M leoge3ujcka y ticeygo-Pumarogoj mHolociupykociuu M.
Akoje] € J(y), luaga je ek8UBANEHIUHO: | je HOPMANHO JaKodujeso Uosbe; | je opitiolIOHA/HO
Ha Y’y gee pazauduilie wauke; u J u J' cy opitioloHa HU Ha Y’ y jegHoj auku; u J u J' cy
OpiiolOHANIHU HA Y’ €8Yga gy y.

JAokas. TlocmaTtpajmo f: I — R gato ca f(t) = g(J(t),y'(t)). JakodujeBo I0Jb€ je HOPMaJIHO
axo 1 camo aKo je f=0.3a ] € J(y) umamo f' = (g(J.y")) = g(".y') = ~&(RU.Y)V.Y) =0,
IITO 3Ha4UH 7a je f(t) = ct+d 3aHeke ¢,d € R. Kako je g(J',y') = ¢, umamo J' | Y’ aKo U caMO
akojec=0,m0K ] L Yyt e lBaXd ako U caMo akKo je ct + d = 0, IIITO je JOBOJHHO J1a JIaAKO
KOMILJIETUPA J0Kas3. O

3amHTepecoBaHU CMO 3a JaKodHjeBa I10J/ba Koja UIllue3aBajy y KOHKpeTHOj Tauku. He-
Ka je y: I — M reofesujcKka y Iceyzno-PUMaHOBOj MHOTOCTPYKOCTH M, Ife je I KOMIIaK-
TaH MHTepBaJ Koju caap>xu 0. Ha ocHoBy TeopeMe [7.2, IPOKM3BOJbHO [aKOSHjeBO II0JbE
J € J(y) TaxBo maje J(0) = 0je J = JX 3a HeKko X € T, 0)M. Ilo Teopemu [1.3, ] je BapHjary-
OHO II0Jb€ Of] BapHjalitje Kpo3 reofiesujcke of y, Ife y JoKasy mnogemraBsamo yY(s) = y(0) u
V(s) = y'(0) + sX, ma SUCMO TOSUIU BapHjaIiujy

fs,t) = exp,,) (t(y'(0) + 5X)).
To Ham oMmoryhaBa fia ©3padyyHaMo

0,
J(t) = ajsc 0,t) = (Tt(y’(O)JrsX) eXpy(0)> (EX) ¢y (0)+5%)

o (Ttmm eXPy(O)) (X)ey0);

IIITO Zjaje eKCIUIUITUTHY GOPMYIIy

Jo(t) = (Tty’(O) eXpy(O)) (tX)ty(0), (7.3)

r7ie (tX)ey0) € Ttyr(0)(Ty0)M) KAHOHCKH O/irOBapa BEKTOPY tX € T) (o) M.

V HOpMaJHUM KOOpAWHAaTaMa, KOOpAWHATHa pelpeseHTalldja eKCIIOHEHIIWjaJHOT
IIpec/IvKaBama je UeHTUYKa, Te Y HOpMaJHOj OKOJIMHU 0f )(0) Koja cagp>KU CJIUKY Off
¥, f MOKeMO eKCILIMITUTHO 3amucatH ca f(s, t) = (t(y1(0) + sJ4(0)), ..., t(y5(0) + sJ(0))), Te
nodujaMo

Jo(t) =t>_ Xi(0)y),
i=1

rae je >4 Xi(;)y(0) KOOPAUHATHA PellpeseHTaIuja of X.

IIpumep 7.1. Heka je (M, g) IpoCTOpP KOHCTAHTHE CEeKIIMOHE KPUBUHE K, OflaKJle UMaMOo
R = kR1. YV ToM ciyuajy JakoSujeBa jeHauMHA () nocraje J'+xk (g, V)-8, y)y") =0,
Te 3a Te0/le3UjCKy jefUHUYHE SP3UHE )Y Y M, HOpMaJIHO JaKoSHjeBO I10Jbe [ 3a710BOJbaBa

J'+ k] =0.

Hexka je E Ipon3B0JHHO I1apaJIesiHoO jeIUHUYHO HOPpMAaJIHO BEKTOPCKO I0Jbe IyXK Y. Pa-
3YMHO je mpodaTH J(t) = a(t)E(t) 3aHeko a € F(I). HakoH 3aMeHe 1061jaMo Jia je a pelllerhe
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mudepeHyjanHe jeqHauuHe a’ + ka = 0. [IpertoctaBumo J(0) = 0, IITO faje II0YeTHU
yciioB a(0) = 0, Te cy peliewa a(t) = ¢ - hg(t), e je

t ifk=0,
he(t) = { 90 if e > 0,
sh(ty/—k)

a ¢ IIPOoM3BOJbHA KOHCTaHTA. Tako cMo modmiu | = chyE. JegHOCTaBaH padyH II0Kasyje
J(0) = ch,(0)E(0) = cE(0), jep h,.(0) = 1 yBeK Baxxy, 10K je ||J'(0)|| = |k|, jep je E jeIUHUUHO
BEKTOPCKO II0JbE. A

PasmoTpuMo | = J5 € J(y), the umamo J(0) = 0 u J'(0) = X. Kako je J" = —R(], Y)Y,
takohje umamo J”(0) = 0. ispauyHajmo TejsiopoB pasBoj of ||J(t)||? oko t = 0. 3a moueTHe
KoedUIlMjeHTe T06H1jaMOo

8U.1)(0) = g(j(0),J(0)) = 0,
&T.D)'(0) = (&(".]) +&8T.J))(0) = 28(J'.])(0) =
(8U.D)"(0) = 28(".))(0) + 28(J',])(0) = 28(X, X) = 2,
(&7.1))"(0) = 2g(".])(0) + 6g(]".J)(0) = 0

3a IIpou3BOJBHO Y € X(y) pauyHaMo

gJ", ¥)(0) = (g(J".¥))'(0) — gJ"(0),Y'(0)) = (&(=R(J, Y)Y, ¥))(0) = —(&(R(Y.¥)y".])) (0)
- _g((R(Y’ y/)yl)/(0)7](0)) - g(R(Y7 y/>y/7]/)(0) - _g(RU,’ y/)yla Y)(0)7

o osJsavuu J”(0) = —(R(J,y")y’)(0). OBo HaM IToMa’ke /ia U3padyyHaMo HapeaHU Tejio-
POB KOeQHUITHjeHT.

(87.1)"(0) = 2gJ™.](0) + 8g(",J)(0) + 68(",]J")(0) = 8g(J",]')(0)
= —8g(R(, Y)Y, X)(0) = —8gy0)(R(X,¥'(0)),¥'(0), X) = -8k (y'(0),X),

rre je k(y'(0), X) ceknimoHa KpuBUHA paBHHU 0 = Span{y’(0),J'(0)} < Ty oM. TejiopoB pa-
3BOj Ziaje
1
2 _g2_ 1 4 5
VI = & - 3@ + O (),
IIITO II0BJIaYH

1
@)l =t - gr(@)t + O (t%). (7.4)

Cazma cMo0 y MOTYhHOCTH Jja aMo0 Be3y UsMeljy reofiesvjCKUX U KpUBHUHE. JaK0d1jeBO
noJbe JX € J(y) je BapHjaIfHoHO I10Jbe 0/ Bapujaruje f(s, t) = exp,, o) (£(y'(0)+sX)), uraro je
dopmysioM (7.3). UHTYUTHUBHO, popmyia ([7.4) 11oKasyje KOJIUKO dP30 Ce IIHPe reofie3ujcKe
Koje 1ouuny U3 y(0) U TaHTeHTHe Cy Ha paBaH o = Span{)’(0), X}. JIokaJyHo, 3a k(g) > 0
pajujaiHe TeoJe3HjcKe Cce IITHpe CIIOpHje HeroIH Imoayipase y TpM, Tok ce 3a k(o) < 0
OHe IITHpe SprKe HeroJM Iosymnpase y Tp,M (BugeTH geTakbe y /o Kapmo [34, IIpumMesda
5.2.11)).

JIaKo je IIPOBEPUTH 1A je IIPOCTOpP J4(y) CBUX JaKOSHUjeBUX I0Jba | € X(y) TAKBUX J1a
Baku J(a) = 0, jegaH n-AUMeH3HOHHU IIOTIIPOCTOP O J (V), IIITO ce dasupa Ha U3dopy JIu-
HeapHO He3aBHCHHX BekTopa J'(a) € Ty M. Kako je TaHTeHTHO IPeCc/JUKaBamkhe eKCIIo-
HEHI[HjaTHOT ITPeCIMKaBakbha JIMHEeApHO JIAKO je BUIETH /1a Cy BeKTopH J'(a) € Ty qM 1u-
HeapHO He3aBHUCHHU aKO U CaMO aKo Cy JakodujeBa 110Jba | € J,(y) IMHeapHO He3aBHCHa.

Jema 7.5. Hekaje y: I — M leoge3ujcka y ticeygo-Pumarogoj mHolociupykociuu M u a € I
Ako Ji € Ja(y)3al1 <i<keN, ongacy]Ji(a),...,Ji(a) € TyqM auHeapHo He3a8UCHU aKo u
€camo ako cy J1,...,Jix € Ja(y) AUHEAPHO He3a8UCHU.
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Jokas. TIpeTIocTaBUMO Jia Cy J; TUHeapHO He3aBUCHU U Jla BaXKH ) _; a;f;(a) = 0 3a Heke
a; € R. Kouctpyumemo | = > ;ayf; € Ja(y) Koje 3amoBoJbaBa J'(a) = 0, Te TeopeMma
nossauu | = 0, omakiae 0 = J(a) = ) ;a;(a) gaje a; = 0. OdpaTHO, IIPETIIOCTABUMO /i
cy Ji(a) muHeapHO He3aBHUCHU M ia BaXKH ) ; a;f; = 0 3a Heke a; € R. lupepeHIIMpameM
modujamo »; af; = 0, IITO ITOBJIAYH y ; a;fi(a) = 0, Te Jodujamo a; = 0. O

[IprMeHa JakodUjeBUX I10/ba MOXKe HaM OMOTI'YNHTH /1a KUCIIMTAaMO KaJj je eKCIIOHEeHIU-
jaJIHO IIpec/JIHrKaBame JIOKaJIHU frudeoMopdrsaM, OJHOCHO Ja HaljeMo Bese n3Meljy CUH-
I'yJIapyuTeTa eKCIIOHEeHIIHjaTHOT IIpec/IMKaBamka U JaKodHjeBUX I10/ba.

Heka je y: I — M reopesujcka y nceyzno-PiMaHOBOj MHOTOCTPYKOCTH M AUMeH3Hje n.
Ka’keMo /1a cy [iBe pasjin4yuTe BpeAHOCTH TapaMeTpa a, b € I KonjyloeaHu niapameiupu
Iy>K y aKo II0CTOjU JakoSHjeBo Itoske 0 # J € X(y) TakBo fa je J(a) = 0 = J(b). Buweciupy-
Kocili KOHjyTallyje je MaKCUMaJIaH 5P0j TAKBUX JIMHEAPHO He3aBUCHUX JaKOSHjeBUX I10-
Jba, IIITO je 3aIIpaBo JUMeH3Hja IIOTIPoCcTopa Jup(Y) = Ja(y) N Tp(Y).

YecTo ce KaXke J1a cy Tauke y(a) u y(b) KoHjyloeaHe Iy>K y aKO Cy a U b KOHjyroBaHU
napaMeTpH AyX y. MeQjyTuM, ako y UMa caMoIlpeceKe, 0Ba e pHUHUIIM]a II0CTaje TBOCMU-
CJIeHa jep He 3HAMO KOjH IIPOCTOP Jq(y) Tpeda y3eTH 3a Tadyky y(a) y cjaydajy fa BakKu

y~(v(@) # {a}.

IIpumep 7.2. [TocMaTpajMo ICeyA0-eyKIUACKU TpocTop Ry, rme R = 0 JOHOCH JaKOSHjeBy
jeqHauuHy J” = 0. Cry4aj J(a) = 0 = J(b) toBy1auu | = 0, Te KOHjyroBaHe TayKe He I10CTOje.
A

PasMoTpUMO TaHTeHTHO JakodujeBo moJbe J 1aTo ca J(t) = (t — a)y’(t). Kako je y’ cByza
HeHyJa, BaXU | € Ju(y) u] ¢ Jp(y) 3a b # a. OmaBze je dim Jy(y) < dim J4(y) = n,
IIITO IIOBJIAYH Jia BUIIIeCTPYKOCT KOHjyraIiyje He 1mpesasyu n — 1. [opmwba rpaHuIia ce MoyKe
oocThhy, IIITO BUAMMO Y HapeIHOM IIpUMeEDY.

IIpumep 7.3. PasMoTpuMO jemMHUYHY chepy S* C R™ 1 1mrTo je mpocTop KOHCTaHTHE
cekirioHe KpuBUHe 1. Ha ocHoBy IIpumepa 3HaMo 7a J(t) = (sint)E(t) 3amoBo/baBa
J € Jo(y) 3a IpOU3BOJLHO ITapasiesIHO jeIUHUYHO HOPMAJIHO BEKTOPCKO I1o/be E € X(y).
[IITaBuUIlle, TaKBO ] 3am0Bo/baBa J(771) = 0, Te je 3aT0 J € Jor(y), IUTO 3HaUU fa cy y(0) u
HeHa aHTUIIOja/IHa TadyKa y(77) KOHjyroBaHe Iy>K y ca BUILleCTpyKolthy n — 1. A

Teopema 7.6. Hexkajey: [0,1] — M leoge3ujcKku ceimeHill y ticeygo-Pumarogoj mHolociupy-
kociuu M taxo gajep = y(0) u V=y'(0) € & C TpM. Tauka y(1) je KoHjylogaHa ca p gyxc
y ako u camo axo je V kputttuiHa Wavka og exp,. llmasuwe, sulectiipykoclit KoHjylayuje
jegraxa je dim Ker(Ty expy,).

Joka3s. PasMOTPHMO ITPOHU3BOJBHO | € Jo1 (). Kako je Jo1(y) C Jo(y) ©MaMo ] = JX 32 HEKO
X =J'(0) € TyM, trie jenHaunHa (7.3) mobauu (Tyexp,)(Xy) = J(1) = 0. 3ato je Jj € Jo1(y)
aKo M caMo aKo je Xy € Ker(Tyexp,), Te Jlema [/.§ KOMILIETHpa Jj0Ka3. O

HamomeHMMO [1a perrapaMeTpHU3aIifjoM Yy (t) = y,(1) us Jleme 5.12 umaMmo fa cy y(0)
U ) (t) KOHjyroBaHe Jy>K y aK0 U CaMo akxo je ty’'(0) KpUTUYHA TadKa Off eXp,,.

Ha ocHoBy TeopeMe [7.2, jeTHHCTBEHO JaKOSHjeBO IIOJbE je IIPUPOIHO opeljeHo CBOjoM
II0YeTHOM BpeJHOILIThY U I0UeTHUM U3BOA0M. MeljyTuM, ako Tauke y(a) 4 y(b) HUCY KOH-
jyroBaHe, OH/ia MOKEMO OJIPeIUTH jeTUHCTBEHO JaK0d1jeBo IT0J/be TAKO IIITO 3a/1aMo J(a)

uJ(b).

Teopema 7.7. Heka je y: I — M leoge3sujcka y uceygo-PumaHogoj mHolociupykociuu M.
Ako y(a) u y(b) 3a pasauquiue a,b € I Hucy KoHjylogaHe gyxcy, oHga 3a c8ako X € Ty M u
Y € T, M Gioctiioju jeguHctugeHo | € J (y) takeo ga eadxcu J(a) = X u J(b) =Y.
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Jokas. JleUHUIITNMO JIMHEAPHO IpecinkaBame f: Ja(y) — Typ ca fiJ) = J(b). Kako a 1
b HuCy KOHjyroBaHUu apaMeTpy, J(b) = 0 moBsauu J = 0, IITO 3HAYHU /2 je f UHjeKTUBHO.
Kako cy 4 JoMeH U KOJJOMeH O f CTe JUMeH3Hje n, TO je f u3oMopdrsaM. 3aTO IIOCTOjU
J1 € Ja(y) TakBo fa je J1(b) = Y. CacBUM CJIMYHO, IIOCTOjH ], € Jp(y) TakBoO fa je Jr(a) = X,
Te]=]1+ ], € J(y) 3amoBosbaBa J(a) = X u J(b) = Y, Kao 1ITO je TpakeHo. AKo je K € J(y)
IPYro TaKBO JaKOOHjeBO I10Jbe, OHZla [ — K € J()) ulllue3saBauy a uy b, Te nodujemo J = K,
IIITO JI0Ka3yje je JUHCTBEHOCT. O

7.2 Ilceymo-PMMaHOBe NIOAMHOIOCTPYKOCTH

Heka je (M,g) mceymo-PuMaHOBa MHOTOCTPYKOCT, a (M, g) meHa Iceyao-PuMaHoBa
ITOJMHOTOCTPYKOCT. AKO je :: M — M oiroBapajyha MHKJIy3Hja, OH/IA je OHAa IIceymo-Pu-
MaHOBa uMepsHja U M je ollpeM/beHa MHAYKOBAaHOM METPUKOM g = +*g. JKestmo fa uc-
Tpa*kKKMO peJialiyje usMel)y rceymo-PUMaHoBe reoMeTpHje Off IIOAMHOIOCTPYKOCTH U OHE
0/l aMOHjeHTHe MHOTOCTPYKOCTH.

3acBakop € M, TaHTeHTHH IIpocTop TpM je HeJlereHepHCaHH IIOTIIPOCTOP KBAIPaTHOT
BeKTOpcKor mmpocTopa (TpM, 8p), Kao IIITO je TO U I-er0B OpTOroHan NpM = (TyM)* xoju
30BEMO HOPMAAHU UPOCIuop y p. 3aTo ce aMOUjeHTHU TaHTeHTHHU IIPOCTOP pacTaBba
Kao OpPTOTrOHaJIHA AUpPeKTHa cyMa

ca ogroapajyhum npojeknujama 7' : T,M — TpM u tt: T,M — NpM, Te cBako X € Tp,M
VMa je[JHHCTBEHO U3pakaBambe X = X' + X+, rre cy X' = ' X € TpM, X+ = ntX € N,M.
PasMoTpUMO améujeHiliHO aHIeHIHO pacaojerse

My = | | ToM,
peM

IIITO je BEKTOPCKO paciiojelhe Kao pecTpukiuja ox TM (IIpumep @). 3a fmaTy Tauky
p € M, nocroju okosuHa U off p y M Koja je cMmemniTeHa y M, Te MO>KEMO MCKOPUCTH-
TH KpHIIKa KoopguHate U3 Teopeme Jla HallpaBUMO OPTOHOPMHPAHU IIOKPeTHU
perep (01,...,04,5;) KOjH je mputarohen U y cMHCIY fa pecTpHKIfHje of o; Ha U 3a
1 < i < dim M dopmupajy JIOKaJIHU OPTOHOPMUPAHU ITIOKPETHU pertep 3a M. PeCcTpUKIU-
ja mocaeaebux dim M — dim M BeKTOPCKHX 110Jka 0; Ha M 3a dim M < i < dim M ¢popmupa
JIOKa/IHU IIOKPeTHH petep 3a NM = | |,y NpM, mrro 1o Teopemu 3.2 IocTaje IIofpacoje-
e KOje 30BEMO HOPpMAAHO pacaojerse of, M.

[IpuMeHOM 71" ¥ 71" y CBaKoj Tauku o M, IoSHjamMo ABa XOMOMOpH3Ma pacjojersa,
inaHieHiuHy tpojexuujy 1’ : TM[,; — TM ¥ HOpmaaHy upojexkuujy 7' : TM[,; — NM.
Ca pyre cTpaHe, IJ1aTKa ceuewa X(M) = X(M)[y = T(TM|,;) aM&U1jeHTHOT TAaHTE€HTHOT
paciojerma MOTy Ce paCTaBUTH Ca

X(M) =xM) o x(M)*, (7.5)

e je X(M)* = T'(NM) cKyIl IJIaTKHX Ceuelha HOPMAaJIHOT paciojera. Omasae, X(M) u
X(M)+ Mo>keM0 BHIETH Kao IIOAMOYJIe o1 X (M), 10K TaHTeHTHE i HOPMaJIHe IIpojeKIfHje
IoHOCe oAroBapajyhe mpojekIfuje Moy 1a Koje pactaB/bajy X € X(M)kao X = X' + X' ca
X" cx(M)nXt e x(M)*L.

Heka je V JleBu-UuBUTa oBe3aHoCT Ha (M, g), a V JleBH-UuBHTA II0Be3aHOCT Ha (M, g).
3acBakop € M u X € X(M) IoCTOju oKoJMHA p € U C M u mpoayxeme X € X(M) ox X[y
360r JIOKaJTHUX 0CO6HMHa I10Be3aHoCcTH (Teopema El]), ofgrosapajyha pecTpukiiyja gyx M
ox VxY = (VgY)[) € X(M) He 3aBUCH Off Ipoaykewma X, Y € X(M) 3a X,Y € X(M). Hpu-
POJTHO ce TI0CTaBJ/ba ITUTakbe KaKo ce VyY pacTaBsba ca (@) Ha TaHTeHTHY ¥ HOPMAaJIHY
KOMIIOHEHTY.
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[Mohumo on X, Y, Z € X(M) ¥ BbHXOBHUX IIpofy>kema X, Y, Z € X(M). IlpumeHoM Kocuio-
Be popmyuite (5.10) 3a V, gy>k M 3a cBako Z € X(M) uMamo

28((VxY)'.Z) = X(8(Y,2)) + Y(8(Z,X)) - Z(g(X.,Y)) — §(X.[Y.Z]) + &(Y,[Z,X]) + 8(Z, X, Y)).

Jlakiie, TAaHT€HTHU [ie0 je JleBU-UMBUTa II0BE3aHOCT, Te KaKO je OHA jeJUHCTBEHA J0dUja-
MO

(VxY)" = VyY.

Ca pyre CTpaHe, CHMETPHYHOCT II0Be3aHOCTH V IIOBJIAYH fa je (VxY)' CHMeTPHUYHO
jep Baxku (VxY — VyX)+ = [X, Y]+ = 0. Kako je (VxY)! F(M)-1uHeapHo 110 X, OHO Mopa
outH §(M)-muHeapHo 10 Y. Jpyia ocHoeéHa hopma (WU ileH30p 06.AuUKa) je TIpeciu-
kaBame II: X(M) x X(M) — X(M)* koje mepuuuiiemo ca II(X,Y) = (VxY)*. V nuramy je
CUMETPUYHO §(M)-OUINHeapHO IIpecIruKaBabe, TAKBO J1a 3a cBako X, Y € X¥(M) umamo
pacraB/bame

VxY = VyY +II(X, Y), (7.6)

Koje 30BeMmo I'aycoea gpopmyaa.
3a cBako N € X(M)+, npyry ocHOBHY popMmy Il umje Cy BpeAHOCTH BEKTOPHU MOKEMO
3aMeHHTH jeJHOCTaBHHjoM $popMoM hy € T9(M) Koja je faTa ca

hN(Xa Y) = g(H(X’ Y)?Ma

U 30BEMO je CKaiapHa gpyia oCHO8Ha iopma of My ofHOCy Ha N.

JlusameM HHJeKca JOSHjaMo TeH30pcKo moske Ay = (hy)* € THM) Koje ce MOXxe
IocMaTpaTy Kao §(M)-JIMHeapHO IpecjuKaBame Ay: X(M) — X(M) 3agaTto GopMyJIOM
An(X)f = (hy)*(df, X), IIITO 3HAYM A IPUPOAHO BaXKH (hy)f(w,X) = w(s(X)). [IpecamrkaBa-
Ibe Ay 30BeMO ollepailiop odauka y ogHocy Ha N € X(M)+, a Kako je

hn(X,Y) = ()X, Y) =) X;(hy)¥(dx;, ¥) = > gy dx;(X) dx;(AnY) = g(X, AyY),
i ij

TO 3a cBe X, Y € X(M) Baxxu

g(XuANY> = hN(Xv Y) :g(H(X7 Y),IV)

Kaxko je hy cuMeTpHUyaH, Ay je caM0OaJjyHIOBaH, Te je 3aTo g(AnX, Y) = g(X, AnY).

V ommtujeM caydajy ImocMaTpaMo II0Be3aHOCT V KOjy pecTpuKyjeMo Ha M Kao IIpe-
ciukaBame Vi X(M) x X(M) — X(M). 3a X,Y € ¥(M) u N € X(M)*, ny)xk M umamo
g(Y,N)=0,Teje

0 =Xg(Y,N) = g(VxY,N) + &(Y, VxN) = g(II(X,Y),N) + g(VxN., Y),

OJlaKJIe CJIeIN jeTHaKOCT

8(VxN,Y) = —g(II(X,Y),N) = —hy(X,Y) = —g(AnX, Y). (7.7)

KOja je II03HaTa II0], UMeHOM BajHiapinieHoea gﬁopmy/laﬁ] 3aro je TaHreHTHAa KOMIIO-
HeHTa off VxN jemHaka —AnX. Ca Ipyre cTpaHe, HOpMaJIHa KOMIIOHEHTA V)L(N (VxN)*
nebHuHHUITe KOMIIaTUOUIIHY II0Be3aHOCT Ha HOPMaJIHOM pacjojerny NM, Kojy 30BeMO HOp-
MmanHa noeesaHociu. Onase ce BajurapreHoBa ¢popMysia MOJKe 3aIIMCaTHU ca

VxN = —AxX + VgN. (7.8)

Julius Weingarten (1836-1910), HeMayky MaTeMaTH4ap
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3aHMMJBHBO je TI0CMaTpaTH Besy usMel)y ofiroBapajyhux oreparopa KpuBUHe R U R,
uinu usMel)y TeHsopa KpuBUHe R U R. KopuctuMo l'aycoBy dopmyuty (7.6) 1 BajHrapTeHOBY
bopmyay (7.8) ma 3anUIIEMO

VxVyZ = VxVyZ + VxI(Y,Z) = VxVyZ + (X, VyZ) + Vx II(Y,Z) — Ay 2 X
3acBe X,Y,Z € X(M), Te ofaTiie ©UMaMO
ﬁ(X, Y)Z :V;ﬁyZ — ﬁﬁXZ — ﬁ[XﬂZ
=VxVyZ + (X, VyZ) + Vx (I(Y,Z)) - Ay X
— VyVxZ — (Y, VxZ) — Vi (I(X,Z)) + Anx.2)Y
- VixyZ - 1(VxY,Z) - 1I(VyX, Z)
=R(X,Y)Z + Anxz)Y — Any X + (Vx (Y, Z) — (Vy) (X, Z),

I7e je
(Vx )Y, Z) = Vi (II(Y, Z)) — II(VxY, Z) — II(Y, VxZ).

TaHreHTHa KOMIIOHEHTa je
(RX,Y)Z)" = R(X,Y)Z + AnxzY — AnyzX,

IIITO HAKOH y3UMama CKaJlapHoT ImpousBoja ca W e X(M) noHocu I'aycogy jegnauduny,

R(X,Y,Z, W) =R(X,Y,Z, W) + g(I(X, 2), II(Y, W)) — gAI(X, W), I1(Y, Z)). (7.9)

HopMmasiHa xoMnoHeHTa je Kogauujeea jegnauuuaﬂ (i Kogauu-Majnapgujeea
jeguauuuaa),
(R(X,Y)Z)* = (Vx I)(Y,2) - (Vy (X, Z).

Ca gpyre cTpane, 3a N € X(M)+ umamo
VxVyN = VxVyN — VxANY = Vx VyN — Ag. yX — VxAnY — II(X, AnY),
OJlaKJIe je
R(X,Y)N =VxVyN — VyVxN — Vg yN

=VxVyN — Ag.nX — VxANY - I[(X, AyY)
— Vy VN +Ag. Y + VyANX + (Y, AnX)
— VixnN + AnVxY — AyVyX

=R (X, Y)N + (Y, AxX) — II(X, ANY) + (V¥A) (X, N) — (VxA)(Y,N),

I7e je
(VYA)(X,N) = VYANX — ANVyX — AginX.

TadredTHa KOMIIOHEHTA JOHOCH
(R(X,Y)N)" = (VyA)(X,N) — (VxA)(Y,N),

IIITO je eKBUBaJIeHTHO KozarjeBoj jerHaunHU. HopMaiHa KOMIIOHEHTa ce 30Be Puuu-
jeea jegnauuHa,

(R(X,Y)N)* = RY(X, V)N — II(X,ANY) + II(Y, AnX).

Delfino Codazzi (1824-1873), UTaIHjaHCKA MaTeMaTH4ap
3Gaspare Mainardi (1800-1879), uTa/lMjaHCKKX MaTeMaTH4ap
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V3uMajyhu cKkaysapHH ITPOU3BOJ ca P € X(M)+, umamo
R(X,Y,N,P) = RY(X,Y,N,P) — g([An,Ap)X,Y), (7.10)

IIITO je TaKolje PuunjeBa jefHauYNHA.

l'aycoBa jefHauyMHa je TeH30pCKa jefHa4YKMHa, TaKO /ia 0CTaje BaJMHA KaJl 3aMeHUMO
BEKTOpPCKa I10/ba MHAWBUIyaJITHUM TaHT€eHTHUM BeKTOopuUMa. Yiiorpeda 'aycoBe jegHauu-
He y TeQUHUIINjU CeKITUOHEe KPUBUHE Jlaje Hape/He Be3e UsMel)y CeKIIMOHUX KPUBUHA K
ox M u k o M, mrto Takohje 30BeMo I'aycoea jegnauuHa,

g(II(X, X), (Y, Y)) - Z(IL(X, V), IL(X, Y)) 711

Ipumep 7.4. TI03UIMOHO BEKTOPCKO To/be N = Y1, x;0; Ha chepu S}~! — R" je HOp-
MaJIHO Y CBaKOj TauKH (Xy, ..., Xn) € SF~! Kao mocsexuria Jleme . Ca mpyre cTpaHe, 3a
JleBu-UnBHUTa 110Be3aHOCT V y R”, 3a cBako X € X(S! 1) umamo VxN = S, X(x;)9; = X.
dopmyia (@) moBstaur g(II(X,Y),N) = —g(VxN,Y) = —g(X,Y), Te 380T ey = r? 1oSujamo
ma Baxu I1(X,Y) = —g(X, Y)N/r%. KoHauHo, jeqHaunHa (7.11) 3a K = 0, IoHOCH kK = 1/r2. A

K(X,Y) =K(X,Y) +

l'aycoBa ¢popmyJia (@), MOJKe ce IIPUJIArOJUTH Jla O Ce YIOPeAW/Id YHYTpallbU U
CIIOJbAIIIM KOBApPUjaHTHU U3SBOAU Iy K KpHUBe. 3a KpUBY y: I - MU Y € X(M) umaMo

VoY = VY + 1Y/ (1), Yo y(1)),
oflaKJIe CIIeJH B
TR0 = 0+ T (0), ¥y (0).

Y crergjasiHoM ciIyvajy Yy, = Y/, jodujamo GopmyJry 3a ydpsame of y,

vy vy ) oo
i = dr + I0(y", y"). (7.12)

Kao moc/ie/iuiia IIpeTXo/iHe jelHaYMHe, KpuBa y y M C M je reofiesujcka ofi M ako B caMo
aKo je BeHO ydp3ame y M cByZjla HOpMaJIHO Ha M.

IIpumep 7.5. Beauku Kpyi Ha chepu S} je kpyr II N S} Koju ce goduja y IIpeceKy ca IBO-
IMMeH3MOHOM paBHH II Koja IIpoJiasy Kpo3 KOOPAMHATHHU modeTak y R™1, Ako je y mapa-
MeTpHu3aliyja KOHCTaHTHe Sp3uHe of I1 N S), Tazma cy y' ¥ y” MeljycoSHO OpTOTOHAIHU U
TaHTreHTHU Ha [1. MeljyTuM, IO3UITMOHO BEKTOPCKO II0Jbe je TaKolje TaHreHTHO Ha I1 1 op-
TOTOHAJIHO Ha Y’ # 0, Te Cy II03UIIMOHO BEKTOPCKO I10Jbe U )" KOJIMHEeapHU Y CBaK0j TAUKHU
KpHBeE, OTHOCHO y” je HOpMaJIHO Ha SI' ¥ caMUM THM Y je Teo/ie3ujcKa Ha chepu. OSpaTHO,
CBaKa HEKOHCTAaHTHA Ie0/[e3HjCKa y ce MO)Ke JOOUTH Ha 0OBaKaB Ha4uWH. AKO je II paBaH
KpO03 KOOpAWHATHU I10YeTak U y(0) Ha Kojy je y’(0) TaHT€HTHO, OHZja II0CTOjU OATr0Bapajy-
ha mapamMmeTpusarja KOHCTaHTHe Sp3uHe ox IIN S 1 ocTaTak ciequ Us jeJUHCTBEHOCTH
reofiesyjcke. A

3a 1ceymo-PUMaHOBY IIOJMHOTOCTPYKOCT M Iiceyio-PHMaHOBe MHOTOCTPYKOCTH
(M, g) Ka>keMo [ia je GioiltityHO feoge3ujcka axo je cBaka reojiesujcka y M Takohe reo-
nesujcka y M. U3 dopmyste (7.12) saxsbyuyjeMo fa je M IOTIIYHO TeofiesHjcka aKo M caMo
aKo ce xrpyra ocHoBHa ¢opma II anysimpa.

Heka je (M, g) 1iceymo-PrumMaHOBa MHOTOCTPYKOCT. ITocMaTpajMo CKyIl CBUX QUKCHUX
Tauaka ® = {p € M : f(p) = p} 1ipu usoMmetpuju f € Z(M). Kako je ® nHBep3Ha CIUKa
oujaroHase y M x M T1aTKOT IIpecjvKaBama p — (p,f(p)), To je ® C M 3aTBOpeH. AKO
p € © HUje M30JI0BAaHA, TO IIOCTOjX HOPMaJIHa OKOJIMHA U = exp,(U) O p Koja CajiprKu
HeKO p # q € ®. AKo je Yy, jefMHCTBEHA pajyjajHa reofiesyjcka U3 p y ¢, OH/a je TO U
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Yo, fv) = foyyus (), OflaKJIe CIeM Y qy) = Yy~ 3aTO je¥ ={VeTM: Tf(V)="V}
3aTBOPEH HeTPUBHjaIaH MOTIIPOCTOp of TpM.

3a q € ®NU, pagujasiHa reofesyjcka U3 p y q je yy rae je V = eXplj1 qusaro Ve W,
OdpaTHo, 3a V € ¥ NUnMaMo foy, = Y1500 = Vv opaxiie je foyy(1) = yy(1) = exp,(V) € @.
To moxasyje exp,(¥Ni) = ®NU, mTo 3HAUHU /A je @ MOAMHOTOCTPYKOCT 071 M, a KaKo CBaKa
pazujasHa reofiesujcka y Kpo3 p € ® 3agoBosbaBa foy =y, TO je ® IOTIIYHO reojie3ujcKa.

TeopeMma 7.8. Cgaka ioge3aHa KOMUOHEHINa cKyla PuKCHUX auaxka upu usomempuju
liceygo-Pumaroge mHoloctupykociuu M je tiottittyHo leoge3ujcka logMHOIOCTUpyKocilt og M.

ITceygo-Pumanoea xuiiepuiogput je Iiceyno-PUMaHOBa IIOAMHOTOCTPYKOCT KOIU-
MeHs3Hje jefgaH. Heka je (M, g) miceymo-PruMaHoBa XUTepIIoBpIn y (M, g). ITo e bUHHUIIH]H,
CBaKH TaHTeHTHH IIpocTop TpM je HeJereHepHcaH IOTIPocTOp of TpM Koju MMa KOH-
CTaHTaH MH/EKC, Te je Ier0B KOMILIEMeHTapaH IIpocTop Ny M Takohe HeJlereHepHcaH, U
3a ¥eroB KOHCTaHTHH HHJeKC Ind Ny M KarkeMo /ia je KouHgekc of M. KOMH/IEKC IICeyI0-
-PuMaHOBe xunepIrioBpiiu je vuiau 0 uiau 1 v oH ofpeljyje 3HaK ox M, IIITO je 3HAaK CBAKOT
HeHyJIa HOpMaJIHOT BeKTopa. 36or Tora kouszekc 0 (Ind M = Ind M) maje sgn M = 1, 1ok
kouHeke 1 (Ind M = Ind M — 1) maje sgn M = —1. HapaBHO, CBaKa XHIIEpPIIOBPII y PuMma-
HOBOj MHOT'OCTPYKOCTHU je PUMaHOBa ca 3HaKoM 1.

IIpumep 7.6. [ocmaTpajmo cayuaj § # M = f1(c) 3a Heko f € F(M) 1 ¢ € R Tako Ja
je gradf cByma HeHys1a Ha M. Kako gradf # 0 Ha M moBiaum df # 0 Ha M, BUZHUMO
Ia je M peryjapHU CKyII HUBOaA U I10 TeopemMu , M je xumeprmospir o M. Kako je

g(gradf,X) = dfiX) = Xf,af = cHa M, TO je gradeopMaJIaH Ha M. 3aro je M niceyno-
-PrMaHOBa XUIIEPIIOBPII 0 M aKo ¥ caMo ako g(grad f, grad f) ©Ma KOHCTaHTaH 3HAK Ha
M.V ToM ciy4dajy 3HaK of M je KOHCTaHTHU 3HaK of g(gradf,gradf) a gradf/||gradf] je
jeIMHUYHO HOPMAaJIHO BEKTOPCKO I10Jbe Ha M. A

TIpumep 7.7. OCHOBHH IIPUMepH IIcey0-PUMaHOBHX XHIIepIIoBpIIH y R cy mceymo-
chepe U ICeyI0-XUIIEPOSOJIMUKH IIPOCTOPU U3 CeKiyje @ KOjH Cy 3a HeKo ¢ # 0 3afa-
HcaM = {X € RV . g(X,X) = ¢} = f1({c}), tme je f(X) = g(X,X). Ox paHHje 3HAMO
dfy = 2X° wrto maje grad f = 2P, rzie je P = 3, X;0; IIO3UIFIOHO BEKTOPCKO I10Jbe. [Tociemny-
HO, g(gradf, grad f) = 4g(P, P) = 4f, m1To naje g(grad f, grad f) = 4c Ha M, Te je M 1iceyno-Pu-
MaHOBa XUIIePIIOBPIIL A

3a xumepoBpir M C M, KOPUCTUMO jeJHHHYHO HOPMAJHO BEKTOPCKO I0/be N €
X(M)™*, 11ITO je JIOKaJIHO je IMHCTBEHO 0 Ha 3sHaK. Kaj mera uUKCHpaMo, KOPHCTHMO HO-
Tarujy A = Ay 3a omeparop odsimKa y ogHocy Ha N. Umamo II(X,Y) = eyhy(X, Y)N, mok
l'aycoBa ¢popmyJia (@) rocraje

VxY = VxY+ Z(AX,Y)N.

Ca pyre cTpaHe, Kako je 28(VxN,N) = Vxg(N,N) = 0, cienu na je VxN TaHTeHTHO Ha M,
Te ce BajurapreHoBa ¢popmysia (@) penykyje Ha

VxN = —AX.

Hexka je M XUIIepIIOBPII eyKJIUICKOT IIPOCTOpPa. Y CBaKOj TayKu p € M, olepaTop
0&JIHKa S je caMO0a/ljyHroBaH eH/oMop$H3aM TaHIeHTHOT IpocTtopa TpM. Takas omepa-
TOp (BakHa je TeUHUTHOCT METPHUKE) MMa peajslHe COIICTBEHE BPEJHOCTH Aq, ..., Ap, U
II0CTOjH OpPTOHOpPMHpaHa dasa (Ej,...Ep) 3a Tp,M Koja ce CaCTOjH O] COIICTBEHUX BEKTO-
pa 3a s, oHOCHO SE; = AE;3a1 < i < n.V 0BOj 6a3u ¢y U h U S fUjarOHaIHU ¥ IMaMO
h(X,Y) = > ; A X'Y.

CoricTBeHE BPEIHOCTH OJ S 30BeMO L1ae8He KpueuHe of, M y p, IOK Cy oiroBapajyhu
COIICTBEHH IIOTIIPOCTOPH La1aeHU iipasuu. OHY Cy HE3aBUCHU O M3dopa dase, aIu IJIaB-
He KPpUBUHE MeKajy 3HaK YKOJIUKO OKpeHeMO HOopMaJjlaH BeKTop. [J1laBHe KpUBUHE [ajy
OIIHC JIOKQJTHOT O8JIMKA CMEIIITeHe TTOBPIIIH.
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Ha pacrmosiaraky ©MaMo JiBe KOMOHHAIY]je IJTaBHUX KpUBUHA KOje MMajy BaXKHY YJI0-
I'y 3a eyKJIHJICKe XUIIepIIOBPIIU. [aycoBa KpUBUHA je NepuHHCcaHa ca K = dets, 0K je
cpeAma KpuBuHa H = trs/n = trgh/n. [letepMrHaHTa ¥ Tpar Cy MHBapHjaHTe, Te y TepP-
MUHHMa INIaBHUX KpUBUHA UMaMO K = Ay - - Apn U H = (A1 +--- + Ap) /.

7.3 CHMeTpHYHH IPOCTOPH

[71aBHA OfjIMKa HajJIelIIUX ¥ HajBaXKHUJUX IICey0-PUMaHOBUX MHOTOCTPYKOCTH je
BHUCOKA CUMeTPUYHOCT (MMajy BeJIUKY I'pyIlly usoMeTpuja). [loBesaHa Iiceymo-PruMaHoOBa
MHOTOCTPYKOCT (M, g) je A0KaAHO cumeilpuiaH upociiop ako je CBaKo p € M U30JI0Ba-
Ha QUKCHA TauKa HeKe UHBOJIYTUBHe JIOKaJIHe U30MeTpHje of M. YV IuTamy je (IJ106aIHO)
cumeilpu4aH Upociiop axko je CBako p € M H30/I0BaHa QUKCHA TauyKa UHBOJIYTHUBHE
UusoMeTpuje ox M.

IIpeTIIOCTaBHUMO /ia II0CTOjH HHBOJIyTHBHA H30MeTpHja S € Z,(U) cap € U C M Kojoj je
p “30JI0BaHa $UKCHA Tauka. Taga u3 s? = 1y caepu (Tps)? = 17,M, IITO HAKOH OIy3MMaa

A*1 mocTaje
(Tps — A1)(Tps + A1) = (1 — A1,

T€ Y3SUMameM JileTePMUHAHTEe BUIUMO /1a KAPaKTePUCTHYHH II0JTUHOM o[ TS 110 A fesiu
IIOJIMHOM (1 — A)"*(1+ A)"™". MehyTuMm, cinydaj det(T,s — 1) = 0 HHje Moryh jep Taja II0CTOjH
Henyna V € TpM TakBo ja je Tps(V) = V, omakie ( ) TIOBJIAYH Jia je Yy(t) = exp,tV
dUKCHa TaukKa O] S 3a CBAaKO JOBOJFHO MAJIO t, IIITO je Y CYIPOTHOCTH Ca TUM [ia je p
M30JI0BaHa GUKCHA TayKa. 360T Tora je —1 jeiiHa COICTBEHA BPeAHOCT Off TS, OHOCHO
det(Tps — A1) = (14 A)", mro gaje (Tps + 1)" = 0. IllTaBuIe,

0= (Tps + 1) = (Tps + 1) 2((Tps)* + 2Tps + 1) = 2(Tps + 1) 1 = 2" Y Tps + 1),

ojakJe fodujamo Tps = — 1.

YcaoB Tps = — 1 110 popMyIu () faje s(exp,(V)) = expy,) (Tps(V)) = exp,(-V) 3a
V € TpM, mto jegHosHauHO ofpehyje s. Buprmo fa s okpehe reojiestjcke Koje USBHUPY U3
pjep BaXxku S(yy(t)) = yy(—t), IIITO HaC MOTUBHIIIE [Ia yBeleMO HapeaHy AebUuHUIH]jy. I'eo-
gesujcka cumeimpuja y p € M je tupeoMopdrsaM f HeKe OKOJIHUHE O] p KOjU QUKCHpa
Ty TaukKy (f(p) = p) ¥ oKpehe reosesujcke Kpo3 1wy, OGHOCHO f(y(t)) = y(—t) BakKu 3a reo-
nesujcky y ca y(0) = p. 3a cajja cMo I10KasaJIy ia Hallla MTHBOJIYyTUBHA U30MeTpHja S jecTe
reofiesvjcka CUMeTpHja.

OdpaTHO, IIPeTIIOCTaBHUMO /1A je freofiesujcka cuMeTpujay p € M. Opmax je Tpf = — 1
jep mmamo Tpf(V) = (fo yy)'(0) = (V_V)/(Oﬁ —V. AKo je f ©U3oMeTpHja Ha HEKOj OKOJIH-
HU U C M Tauke p, oHJa je 110 TeopeMu CKYII CBUX QUKCHHUX TayakKa of f IIOTIIYHO
reo/iesyjCcKa IOJAMHOIOCTPYKOCT P o1 M 4Uju je TAHT€HTHHU IIPOCTOP Y P CKYII CBUX QUK-
cHUX Tadaka of Tpf us TpM. U3 T,f = — 1 ciepu TpP = {0}, Te je P mrickpeTHoO. llITaBuIIIe,
f* je n3ometpuja ca f2(p) = p u Tpf* = 1, Te Mopa sutH f2 = 1. 3aT0 je f HHBOJIyTHBHA
U30MeTpHja K0joj je p U3010BaHa QUKCHA TauKa, OfaKJle 061jaMo HapegHO TBphembe.

Teopema 7.9. IIceygo-PumaHo8a MHOIOCTUPYKOCIU je N0KA/THO CUMEeTUPUHAH UpOoCiliop ako
U Camo ako je leogesujcka cumetitipuja y c8axkoj imavku JI0Ka/Ha usometipuja.

CuMeTpHUaH IIPOCTOP MMa OCOSHHY /1A Ce reo/ie3rjcKa CUMeTpHja y CBaK0j TauKH IIPO-
Imy>kKaBa Ha M30MeTPH]y I1eJIOKYITHOT IIpocTopa Ha cede. CHMeTPUYHU IPOCTOPHU Ce MOTY
mocMaTpaTHh Ha MHOTO0 PAa3JIMYNUTHUX HauMHa. AJIreSapCKy orrc oMoryhwuo je Kaprany® ga
pasBHje TeopHjy PUMaHOBUX CHMETPUYHUX IIPOCTOPA YjeAUEeHY ca TEOPHjOM IIOJTYIIPO-
cTUX JIujeBUX I'pyIia IIITO je BOAWJIO [0 IIOTIIyHe Kiacupukaruje us 1926. rogune [32, 33].

*Elie Cartan (1869-1951), ppaHIlycKH MaTeMaTH4dap
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JemHa copucTUIMpaHa HHBapHUjaHTa CUMEeTPUYHOT IIPOCTOpPA je paHi, IIITO je MaKCH-
MaJIHa JUMeH3Hja II0TIIYHO I'eo/le3HjCKe paBHe IIOJMHOTIOCTPYKOCTH. PaHT je yBek dapeM
jemaH, IOK jeJHAKOCT Ba)kKU KaJl Cy MaKCUMaJIHe paBHe IIOAMHOIOCTPYKOCTH IeojiesHj-
CKe, Te je y TOM CJIy4ajy CeKIJMOHa KPUBUHA UJIH II03SUTUBHA (KOMIIaKTaH THUII IIPOCTOPA)
WU HeraTUBHA (HeKOMIIaKTaH THUII IIpocTopa). Melyy riceyj0-PUMaHOBUM CUMETPUUYHUM
IIPOCTOPHMA, OHU Ca PAHI'OM jeJJlaH Cy II0CeSHO 3aHUMJbUBH.

Ca pyre cTpaHe, MO>KeMO II0CMaTpaTH KOCMOJIOTHjCKU IIPUHITUII KOjU KasKe /1A je IIpo-
CTOpPHA AUCTPUSYIIYja MaTepHje y YHUBep3yMy XOMOIreHa ¥ U30TPOIIHA Ha JOBOJLHO Be-
JIMKOj CKaJIi. XOMOreHa IIcey10-PuMaHOBa MHOTOCTPYKOCT H3IJIe/ia TeOMETPU)jCKU UCTO
KaJ je IIocMaTpaMo U3 CBaKe Tauke, 0K M30TPOIIHA UMa reOMeTpPHjy KOja He 3aBUCHU OF,
IIpaBalia IrocMarpama.

Teopema 7.10. XomoleHa PumaHo8a MHOIOCIUPYKOCIU je KOMU/1elluHA.

/Jokas. Heka je y,: I — M MaKCHMaJIHa reo/iesHjcKa jefTUHUYHe SP3UHE KOja He MOXKe Jja
ce IPoAy»KH, mTo 3sHauu: 0 € I, y1,(0) =V, ||V|| = 1M a = sup I < cc. 3a IPOU3BOJEHY TaUKy
p € M, 110CTOjHU AOBOJBHO Masio 0 < r < a TakBO [Ja je By, (p) reomesujcka Kyria. ITocma-
TpajMo u3soMeTpHjy f: M — M Koja CIUKa yy(a—r) Te HeKa je W = (T, a—nf)(Yy(a—r)).
M3oMeTpuja uyBa reofiesujcke, Te 1o GopMyaIu (&]) BaXKH [ o Vyp(a—r) = Yw» IITO je me-
¢uHMCcaHO dapeM Ha (—2r, 2r). 3aT0 (—2r, 2r) IIpUIlaZia [OMEeHY Of Vyota—r) = ftoyy, amm
KaKo je yy(t) = y%(a_r)(t +r—a)sate [0,a), To ce yy IIpoAy>kaBa Ha I U [a,a + r), LLITO je
KOHTpaAuKIyja. OBUM CMO II0Ka3aJIu Jia je XoMoreHa PUMaHOBa MHOTOCTPYKOCT reojie-
31jCKH KOMILJIETHA, Te je 110 X01$p-PHUHOB TeopeMU KOMILJIETHA. O

MehyTuMm, XoMoreHa Iiceyio-PUMaHOBa MHOTOCTPYKOCT He MOpa SUTH KOMILJIETHA,
IIITO BUJUMO Y HapeTHOM IIPUMEPY.

IIpumep 7.8. Heka je M jecHa mmostypaBas {(u,v) € R? : u > 0} ca JIOpeHI[OBOM METPHKOM
g = 2dudv. IIpousBo/bHO (a,b) € M ce usoMeTpujoM (u,v) — (u/a,av) IpeciuKasa y
(1,ab), mITO Ce masbe U3OMeTPHUjOM (U, V) — (uU,v — ab) mpeciaukasa y (1,0), IIITO goKasyje
na je (M, g) xomoreHa. MehjyTuM, U30TpoIIHa reofiesujcka y(t) = (t,0) ©¥Ma MaKCUMaJIaH
noMeH (0, c0), Te (M, g) HUje KOMILJIeTHA. A

PrMaHOBa MHOTOCTPYKOCT M je gee-titauke XxomoleHa aKo Ce CBaKH I1ap Tadyaka Mo-
’Ke TpaHCcPopMUCcaTH y CMHUCJIY OfroBapajyhe usomMeTpHje y SHJI0 KOjU I1ap Tayaka ca uc-
THUM pacTojakbeM usMeljy sux. To sHauU fa rpyna usoMerpuja Z(M) fejcTByje TpaH3U-
TUBHO Ha eKBHU/IMCTAaHTHUM IIapOBUMa Tadaka. CeriyjajaH cay4daj, Kaj je IIpBa Tauka y
napy ¢uKcHpaHa JjoKasyje Jja je [Be-Tayke XoMoreH M XOMOIeH U I10CeSHO KOMILJIEeTaH.
MelyTuM, BaKu Hape/iHa TeopeMa Kojy je 1ao Bombﬂ [124, Jlema 8.12.1].

Teopema 7.11. IIogeszaHa PumaHo8a MHOIOCIUPYKOCIU je U30TUPOUHA AKO U CAMO aKO je
gee-iiauke XomMoleHa.

Joka3. Heka je M nBe-Tayke XOMOTeHa, By(p) reo;gesnjCKa KyIjla IIeHTpUpaHay p € M u
0 < & <r.3ampousBo/bHOX,Y € §1(0p) je d(p, exp, €X) = exp €Y), re mocToju f € Z(M)
TaKBO fia BXH f(p) = p U f(exp, €X) = exp,, €Y, ayu U3 ( ) ] ]e (exp, €X) = exp,(f.(€X)),
onakiie ciaen f, (eX) = €Y, Te u f,.X = Y, 11TO 3HAuH /1a je M U30TPOIIHA.

Heka je M M30TPOIHO. 3a IIPOM3BOJLHY I'e0[e3HtjCKy Yy, ca p € M,V € Tp,M mocToju
nsoMmerpuja f € 7, Koja je okpehe, f,V = —V, Te je M KOMILZIETHO ¥ XOMOoTreHo. [lTocMaTpajMo
X1,X2,Y1,Y2 € M ca d(x1,y1) = d(X2,y2). I3 XOMOTreHOCTH IIOCTOjH fi € Z(M) ca fi(X2) = X3.
113 KOMIUIETHOCTH, UIMaM0O MUHUMU3Yjyhe reofie3ujcke Yy , Vx, : [0, 1] — M TakBe fa BaXKu
Y1 = expx, (X1) B f1(y2) = exp,, (Xz). 360r || X1 = d(X1,y1) = d(x2,y2) = dx1. fiys) = 1%,
HU30TPOITHOCT JIOHOCH f; € le (M) ca f,,X, = X;. Jlodujamo f, o fi € Z(M) 3a Koje BaKu

*Joseph Albert Wolf (1936), aMepHUKH MaTeMaTHYap
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Lfilx2) = f2(x1) = x1 ¥ fofi(y2) = faexp,, (Xz2) = expg, (f2,X2) = exp, (Xi) = y1, IWTO
IoKasyje 1a je M 1Be-TauKe XOMOTeH. O

/IBe-TauKe XOMOTEeHU IIPOCTOPH CY HajIIpe U3ydaBaiu BYCEMaHE 1942. [81]u BI/IpKXO(l)B
1944. ropune [21]. [To3HaTa je IOTIIyHa KIacupUKallMja OBUX IIPOCTOPA, KOMIIAKTHE je
kiacudukoBao Baurd 1952. [122], 10K je HEKOMIIaKTHE PEIINO Turcd 1955. roguHe [117].
Kao mmociegunia kiacudukalyje, I03HaTo je fia je JIOKaJIHO JBe-Tauke XOMoreHa PuMa-
HOBAa MHOTOCTPYKOCT WJIM paBHA WU JIOKAJHO M30MeTPUYHA CUMETPUYHOM IIPOCTOPY
paHra jegaH (BUgeTH Xesracontd [70, p.535]). 3a geTasbe 0 ABe-TauKe XOMOT€HUM IIPOCTO-
puMa mperopyuyjeMo Bosida [124, cTp.293-300] u XesracoHa [[70, cTp.535].

Teopema 7.12. /lge-luauke xomoleHe Uiose3aHe PumaHose MHOIOCUUpyKoCiiu cy usome-
wpuyuHe (go Ha xomoueitiujy) HeKOM 0g cregehux : eyKAugckKu upocuop; cepa; peantu,
KOMU/NEKCHU UAU K8ATEPHUOHCKU, UPOjeKTUUSHU UAU XUllepSoauUuKu upociuop; uau Kejau-
jeea@ UpojeKiuueHa uau xuuepdoauUuKa pasaH.

[TpensHuje peueHO, KilacupUKaIvja ABe-TaukKe XOMOTeHUX IIpoCTopa je ciaefeha:

* R"=E(n)/0(n) 3an > 1, eyKJIUICKU IIPOCTOP;
« S"=80(n+1)/80(n)3an > 1, chepa;
* RP"=S0(n+1)/0(n) 3an > 2, peaJiHu IIpO0jeKTUBHH IIPOCTOP;
« CP"=S8SU(n+1)/U(n) 3an > 2, KOMIUIEKCHHU IIPOjeKTUBHU IIPOCTOP;
* HP" =Sp(n+1)/Sp(n) x Sp(1) 3a n > 2, KBaTepHUOHCKHU IIPOjeKTUBHU IIPOCTOP;
« OP? = F,/Spin(9), KejtujeBa IIpojeKTUBHA paBaH;
« RH" = SO'(n+1)/S0(n) 3a n > 2, pea/IHU XUIIEPSOIHYKH IIPOCTOP;
« CH" = SU'(n+1)/U(n) 3a n > 2, KOMIUIEKCHH XUIIePSO0JIMIKHI IPOCTOP;
« HH" = Sp'(n+1)/Sp(n) x Sp(1) 3a n > 2, KBaTePHUOHCKHU XUIIePSOIHUIKHU IPOCTOP;
« OH? = F;/Spin(9), KejujeBa XHUIepSoInIKa PaBaH.
MehyTum, 3roJfHO je IPUMETUTH [ia II0CTOoje caefehu usomopdusMu (M3oMeTpHje 10 Ha

XOMOTETH]y) y MaJIuM guMeHsHjama: RP! =~ S1, CP! =~ §2 HP! =~ §4, QP! = S8, CH! ~ RH?,
HH! ~ RH4, OH! ~ RHS.

SHerbert Busemann (1905-1994), HeMauKo-aMepPHYKHA MaTeMaTH4ap
’Garrett Birkhoff (1911-1996), aMepHUKH MaTeMaTHUap

8Hsien Chung Wang (1918-1978), KHHeCKO-aMePUUKH MaTeMaTH4ap
Tacques Tits (1930), Sesrujcko-ppaHIlyCKH MaTeMaTHdap
YSigurdur Helgason (1927), HCIaHACKH MaTeMaTHYap
" Arthur Cayley (1821-1895), SpUTaHCKHA MaTeMaTHUap
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I''maBa 8

OCEPMAHOBH TEH30PU

8.1 OcepMaHOBH yCJIOBH

Heka je R anredapCKu TeH30p KPUBHHE Ha KBaJ[paTHOM BEKTOPCKOM IIpocTopy (V, g).
KapaKTepHCTUYHU ITOJIMHOM JaKoSHjeBOr ollepaTopa 03HavyaBaMo ca

wx(}() = det()l 1 —‘_7)().

Kaxxemo 11a je R epemeHcKu OcepmMaHo8 aKo wy He 3aBUCH O[] jeIUHUYHOT BpeMeH-
cKor X € V. KaxeMmo f1a je R uipocinopHo OcepmaHo8 aKo Wy He 3aBUCH O] je JTUHUUYHOT
IpocTopHoOr X € V. IIpupoiHo, R je OcepMmaHoe aKo je ¥ BpeMeHCKH U IIPOCTOPHO Ocep-
MaHOB. MeljyTUM, UCIIOCTaBJ/ba Ce /1a Cy BpeMeHCKO0 OcepMaHOB U IIPOCTOPHO OcepMaHOB
eKBUBaJIeHTHe 0coduHe (BuaeTu Teopemy 8.1).

OcepMaHOB yCJIOB je eKBUBaJIeHTaH KOHCTaHTHOCTHU (MOryhe KOMILJIEKCHUX) COIICTBe-
HUX BPeJHOCTH JaK0oHMjeBUX ollepaTopa padyHajyhu BUIIIeCTPYKOCTH. IIpBOSHUTHO je 610
YCIIOCTaBJ/beH y IIO3SUTUBHO AePUHUTHOM CJIy4ajy, IIITO OMOoryhaBa AujaroHaau3alujy
Jako6ujeBor orepaTopa Kao CaM0a/[jyHroBaHOrI oneparopa. Mehytum, 3a HeleQrUHUTaH
CKaJIapHHU IIPOU3BOJ, COIICTBEHA CTPYKTypa CaMO0a/jyHI0BaHOI oIlepaTopa Huje oxpele-
Ha HeTOBUM KapaKTepUCTUYHUM II0JIMHOMOM (Y OIIIIITEM CJIy4ajy, JakodujeBU oIiepa-
TOPH HUCY AUjaroHaIu3aduIHM), Te JKopsaHoBa HopMaiHa ¢popMa Ipeysuma K/bYUHY
yiory (Bumetu CeKiiyjy @).

Japa yorrera OcepMaHOBUX yC/I0Ba Y TAYKH TUYY Ce COIICTBEHE CTPYKTYpe Jako-
dujeBux oneparopa. Kaxxemo 11a je R epemencku 2Kopgan-OcepmaHoe ako JKopraHoBa
HOpMaJIHa ¢popMa Of Jx He 3aBUCH OJf jeJUHUYHOI BpeMeHCKOoT X € V. KakeMo f1a je R
tipocinopHo >KopgaH-OcepmaHnoe axo JKopraHoBa HOpMaJHa ¢opMa of Jx He 3aBUCH
O/l je AMHUYHOT IIPOCTOPHOT X € V. Kao u paHuje, R je 2KopgaH-OcepmaHOoe axo je U Bpe-
MEHCKHU U IIpocTOopHO JKopaaH-OcepMaHOB. BpeMeHCKH U IIpocTopHU KopraH-OcepMa-
HOBHU yCJIOBH, 3a Pa3jIMKy OJf OPUTHHAJIHUX OCcepMaHOBUX YCJI0Ba, HUCY eKBUBaJIEHTHU
(BuzmeTu TeopeMy ).

HajjeqaocTraBHUjU ciy4aj sKopgaH-OcepMaHOBOT R 3a HeleQUHUTHO g TUYe Ce JUja-
rOHaJIM3adUIHUX JakodUjeBUX OllepaTopa, IITO 3HAUYH Jia ce oaroBapajyha JXKopmaHoBa
HopMaJsiHa popMa cacToju of dim V 6710K0Ba BesIMUMHE jefiaH. KaxkeMo 71a je R Jakodu-gu-
jaloHaausaduaaH axko 3a CBaKo eGUHUTHO X € ) II0CTOjU OPTOHOPMUpPAaHa COIICTBEeHa
dasa 3a Vy ogHOCY Ha Jx. JaKOSHU-IUjarOHaIN3ad UJIHU ajIredapCKyu TeH30pU KPUBUHE CY
HajIIpUSIKHUjU e QUHUTHOM ciIydajy. MeljyTuM, 0Baj yCJI0B je Ha HEKU HAUUH IIPUPO-
naH, jep ’KoppaH-OcepMaHOoB R Koju Huje KiajHoB (dimV # 2Ind g) Mmopa duTu Jakodu-
-IyjaroHaan3aduiIaH (BUAeTU ['MIKU U HBanosall [60]).

KarkeMo /1 je ayiredapCKu TeH30p KpUBHHE R K-KOpeHa ako pelyKoBaH JaKOSHjeB oI1e-
paTop Jx Ma TadyHO K pas/IMUUTUX COIICTBEHUX BPeJHOCTH (padyyHajyhu KOMILJIEKCHe

1Raina B. Ivanova
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8.1. OcepmaHOBU ycnoBun

KOpeHe) 3a cBakU fepuHUTaH X € V (Bumetu AHapejuh [10]). HapaBHo, cBaku OcepMa-
HOB R je k-KopeHa 3a HeKO GUKCHUpaHo Kk € N.

IIpumep 8.1. Heka je J: V — V KOCOaJjyHIOBaH eHA0MOpP$HU3aM KBapaTHOT BEKTOPCKOT
rpocropa (V,g) nsumeHsuje n. Ha ocHoBy IIprmepa @, TaKBO | TeHepHullle ajaredapcKu
TeHsop kpuBuHe R € T0(V) ca (6.15). 3a oroBapajyhu omepaTop KpHBHHE BaXku

RI(X,Y)Z = g(X,Z)]Y — g(JY, Z)JX + 28(JX,Y)]Z,

oJlaKJIe ITOC/IeTUUHO JaKOSHjeB OIIepaTop 3a/[0B0/baBa

TEY = RI(Y, X)X = 3g(JY, X)JX — gUX, X)JY = —3g (Y, JX)JX,

OZTHOCHO
7 —3gx1 Ha Span{JX}
R Ha Span{/X}+ "

AKO JIOZaTHO IPETIIOCTaBUMO Jia J> = ¢ 1 BaK{ 3a HeKy KOHCTAaHTY ¢ € R, OH/a [OSH-
jamo erx = g(JX,JX) = —g(X,J*X) = —cex. JacHO je ja ciIydaj ¢ # 0 IIOBJIaYH

wx(A) = det(A1 —7%) = 2™V (A — 3cex). (8.1)

Cryuaj ¢ = 0 faje gx = 0, Te JJ unrdesasa Ha Span{JX} + Span{J/X}* = Span{JX}*. Axo
je JX = 0 umamo j}]( = 0. Y cympoTHOM je JX u3oTpomaH, Span{J/X}+ < Ker((j)]()") je ne-
reHepucaH IIOTIIPOCTOP JUMeH3Hje n — 1, Te Jlema noBsayy dim Ker((j)]()”) >n—1,

IIITO JJOHOCHU Ker((j)]()”) = V. To moKasyje /1a Cy CBe COIICTBEHe BPeHOCTH HyJIa ¥ CIIy4ajy
¢ = 0, Te (8.1) Ba>kHu y cBaKOM ciy4ajy. dopmysia (El]) IoKasyje J1a je wx(A) KOHCTaHTHO
Ha IIceypo-cpepama, Te je K OcepMaHOB a/ireSapcKy TeH30P KPUBUHE.

3aro, CBaKM KOCOA/[jYHIOBaHH eHIoMopdr3aM J 3a Koju je J> = c1, reHepuire Ocep-
MaHOB aJITe5apCKU TeH30p KpuBHuHe R/, [loceSHO, CBaKH OPTOrOHAIHHU KOCOA/[jYHIOBaHH
eHrioMopdusam (c = —1, KOMILJIEKCHA CTPYKTypa Koja 4yBa &) U CBaKM aHTU-OPTOTOHAJI-
HU KOCOaJljyHr0OBaHU eHZjoMopdu3aM (¢ = 1, Ipou3BOJ, CTPYKTypa) foHoce OcepMaHOB
aJredapCKy TeH30P KpUBUHE. A

Heka je R mpocTopHO OCEpMaHOB aJredapCKy TeH30p KPUBUHE Ha KBaJ[paTHOM BEK-
TOPCKOM IIpocTopy (V, g) IuMeHsHje n. KapaKTepHUCTUYHU II0JIMHOM JaKOSUjeBOr oIlepa-
Topa wx(A) = det(A 1 —Jx) He 3aBUCH O[] je JUHUUHOT IIPOCTOPHOT X, Te Cy KoeQUIHjeHTHU
01 Wy KOHCTAHTHH, OJaKJIe I10 (@) us Jleme 11ocToje KoHcTaHTe Cq1,Cy, ..., Cy TaKBE
ma Tr(Jy) = C; Ba>KH 3a CBAaKO 1 < j < n ¥ CBaKH jeIMHUYAH MPOCTOPHU X. EBHUIEHTHO
Ba’kU U 06par, Te je R IpocTopHO OcepMaHOB aKo ¥ caMO aK0 TaKBe KOHCTAHTe II0CTOje.

Kako je
; 2j J ; J
Tr(Jx) = Tr (\/|£X| (jX/M) > — ex Tr ((jX/\/g) > :
Hallle jeJHaYMHe ce MOI'Y IIPOAY>KUTH 3a IIPOCTOPHO X ca
Tr(JxY = (ex)/C;, (8.2)

3acBako 1l <j<n

JemHauuHa R(Z, X+ tY)(X+tY) = R(Z, X)X +t(R(Z,X)Y +R(Z,Y)X) + t>*R(Z,Y)Y ce Moxe
3aIMcaTH IIpeKo I10JIapr30BaHOT JakosHjeBOr ollepaTopa ca

Txrey = Jx + 2T (X,Y) + Ty

3acBako X, YeVuteR.
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naBa 8. OcepmaHOBV TEH30pPWU

AKO je X BpeMeHCKH, Y € X IIpocTopaH | |t| > \/—€x/€y, Tafa je €x. ¢y = €x + t2ey > 0
IIITO II0BJIaYH /ia je X+ tY mpocTopaH. Y 0BOM ciIy4ajy 3a IIpocTopHO OcepMaHOB R UMaMo

Tr((Jx + 2tT (X, Y) + CTyY) = Tr((Txv)) = (Ex4v)/ G = (ex + trey) G,

IIITO JOHOCH

2j oo
> = Y (]) e itenice, 53)
i=0 i=0

3a HeKe KOHKpeTHe JIMHeapHe orepaTope Lo, Ly, ..., Ly;. Kako II0JIMHOM cTelleHa d ©Ma

HajBullle d HyJa, JOK UMaMO 6€CKOHaYHO MHOI'0 TaKBUX t J1a (@) Ba’kH, IIOJIMHOMHU Y
(8.3) cy jemHakw, Te Cy jefHAKH U BbUXOBH KOeQUIMjeHTH. EBUIEHTHO BaxKu Lo = (JxV,
Te je 3aT0 Tr(Jx) = (ex)C; 32 CBaKK BpeMeHCKH X.

Ha ciimyaH HauuH, JIaKO je BUJIETH /1a je R BpeMeHCKH OcepMaHOB aKo ¥ caMo aKo I10-
CcToje KoHCTaHTe C; TaKBe Jia () Ba’KH 3a CBakKo 1 < j < n U cBaKo BpeMeHCKO X. Tako cMo
IoKasasIy fa IpocTopHO OcepMaHOB R jecTe BpeMeHCKH OcepMaHOB, [IOK Ce 05paT L0du-
ja Ha cIM4aH HauuH. 3aT0 CYy IIPOCTOPHO OcepMaHOB U BpeMeHCKHU OcepMaHOB eKBUBa-
JIEHTHH YCJIOBH Y CIy4ajy HeJleUHUTHOT g, IIITO Cy IIPBOSUTHO JloKa3auu ['apcuja-Puo,
Kymesn, Backes-Adast® 1 Backes-JIopenso 1999. ropyine [64].

Teopema 8.1. HegedpuHuiliHu anleSapcku tieH30p KpUguHe je upocitiopHo OcepmaHos ako
U Camo axo je epemeHcku OcepmaHos.

[TocyiefUUHO, anredapCKu TEH30p KpUBHHE je OcepMaHOB aK0 ¥ CaMO aKo I10CTOje KOH-
craure Cy,...,Cn TakBe f1a je Tr(Jx) = (ex)C; kaaron je X ne¢uHUTAH. AKO PaSMOTPHUMO
KoepHUIHjeHTe KapaKTepPUCTUYHOT II0JIMHOMa,

wx(A) = detAl —Jx) = A"+ 0 AV - 4 01 A + O,
BHU/IMMO [1a jelTHaYMHAa ([AE) us Jleme naje
MOm + 01 Tr(Jx) + Om_2 Tr(Jx)* + -+ + 01 Tr(Jx)™ ' + Tr(Jx)™ = 0,

3a cBako 1 < m < n. HakoH 3aMeHe UMaMO

Om 1 ( Om—

1 Om-—2 01
= Ci+ "2 cov...0o 1.4
(e m 1+ — L2+ +8X 1t m>7

(ex)m1 (ex)™
Te je UHAYKIIHjOM Oy /(€x)™ KOHCTAHTHO 3a 1 < m < n. OzaBze je

1 det(exA1 —Jx) wx(€xA)  .n , 01,n-1 On-1 On
mtAn—j)— - LI OUE S A+
( ex X (ex)n (ex)" Ex (ex)"1"  (ex)"

IIOJTMHOM ca KOHCTaHTHUM KoedHUITHjeHTHMa IIITO JJoKa3yje HapeHY TeopeMy.

Teopema 8.2. Anledapcku WeH30p KpusuHe je OCepmMaHo8 aKko u camo axko je UoAUHOM
det(A1 —Jx/ex) He3asucaH og gepuHUiiHOl gexitiopa X.

3axBasbyjyhu Teopemu 8.2 OcepMaHOB yCJIOB He MOpaMo BHUIIIe IJIelaTyh KPos3 JBe He-
3aBHCHe KOHCTaHTHOCTH Pas/IMUYUTHUX II0JIMHOMA, jeZfHe 3a IIPOCTOPHE jeIUHUYHE, a [IPY-
re 3a BpeMeHCKe jeIMHUYHEe BEeKTope, Beh MO CBe TO 08je JUHUIIN KPO3 jeJUHCTBEHU I10-
JIMHOM KOjH je KOHCTaHTaH 3a CBaK! ieGUHUTAH BEKTOP.

3a cajza jegHaynHaA () Ba’KU 3a eUHUTHE X, a ouniegHOo U 3a X = 0. 130TpomHoO X
ce 110 Jlemu pacraBpa caX =S+ T, 11e je s = —€7 > 0. 3a n > 2 nocToju AeUHUTAH
Y € Span{S, T} . Kakoje Y | X ©UMaMo ex sy = g(X+tY,X+tY) = t’ey # 03at # 0.Ilo Jlemu

2Maria Elena Vazquez-Abal, ImaHcka MaTeMapadapKa
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8.2. AjHLWITajH, uBajwTajH, k-LITajH TeH30pU

@ yJla3u MaTpHUIle Of Jx CY XOMOTeHHU IIOJIMHOMU CTelleHa 2 y KoeQUuiljeHTUMa of X, Te
je Tr(Jx,¢y) IIOJIMHOM CTeIleHa 2j, a CaMHUM THUM HeIIpeKUJHO 110 t. Kaz t ortazia Ka HyJIH,
+

Tr(Jx+tv) = (Ex+ev/C; = t¥ (ey) C; moHOCH

o SN
Tr(JxY ltl\rBTr(jX—&-tY)] lt{%t (ev/C = 0.

Opmasge je Tr(Jx) = 0 = (EX)ij, IIITO IIPOAY>KaBa jeJHauUUHY () 3a CBaKo X € V U MOTH-
BHIIIe HAC /1a YBeleMO HapeaHy feUHUIIY]Y.

3a anredapCKu TeH30p KpUBUHE R Ha KBaipaTHOM BEKTOPCKOM IIpOCTOpY (V, &) KaxKe-
MO [J1a je k-witiajH aKko 110cToje KoHcTaHTe Cq,. .., Cy TAaKBe Ja

Tr(Jx) = (ex)C (8.4 monoBmmeno)

BakM 3a cBako 1 < j < ku cBako X € V. [IpeTX0HHU paudyH [oKa3yje ciefehy TeopeMy
(Bumetu I'miku [57, Jlema 1.7.3]).

Teopema 8.3. AslebapcKu lieH30p KpugUHe gumeH3uje n je OcepmaHo8 ako U Camo axo je
N-WinajH.

IMocenuuno, OcepMaHOB ajreSapcKv TeH30p KPUBHHE 3aj0BojbaBa Tr(Jx) = 0 3a
U30TpoItHO X U 1 < j < n, IITO 3a KoeQUIUjeHTe O Wy Jaje 01 = 0y = --- = op = 0.
WMajyhu To y BUY, 32 CBAKU U30TPOIIAaH X BaXKH wx(A) = det(A 1 —Jx) = A", omakire ciiemu
HapejHa nociaenulia (Bugetu 'miiku [57, Jlema 1.7.4]).

Teopema 8.4. AKo je R OcepmaHog astledbapckKu tWeH30p KpUusuHe, iaga cy cee CoucitigeHe
gpegHocitiu og Jx 3a usotupouaH X jegHaxke HyAU.

8.2 AjHiuTajH, HBajUITajH, kK-IITajH TEeH30pU

OcepMaHOB ajiredapCKU TeH30p KPUBHHE R Ha KBaJ[paTHOM BEKTOPCKOM IIPOCTOPY
(V,g) nuMmeHsHje n > 3 je n-ITajH. [IoficeTUMO ce IIPeTX0LHE H/ieje Koja IIOUHEe Off, Jx i1y,
IJle k-11ITajH yCJIOB II0BJIAYY J1a

Tr(Jx + 26T (X, Y) + 2 JyY = Tr(Txsev) = (Ex1evVCj = (ex + 2t8(X,Y) + tPey) G (8.4)

BakH 3a cBako 1 < j < kucBe X,Y € V, t € R. HajjegHocTaBHUjU CIy4aj je kK = 1 Koju
IOHOCH je[THaKe II0JIMHOME,

Tr(Jx) + 2t Tr(J (X, Y)) + 2 Tr(Jy) = €xC1 + 2tC18(X,Y) + t?eyCy,

Te je C18(X,Y) = Tr(J(X,Y)) = Ric(X, Y), mTo maje Ric = C14. 3aTo je ajnredapckKu TeH30
KPUBHHE AJHIITAjHOB aK0O U CaMO aKo je 1-IITajH, IITOo je pasJior 3a1lTo cy KapreHTep#,
l“pejE u BI/IJIMOPE [36] myxoBUTO Ofadpasn UMe K-1I1TajH 3a yoIIlITewkhe. HarMe, Kako uMe
CJIaBHOT ¢prsvyapa AjHINTajHAa HAa HeMAayKOM 3Ha4U jeJlaH KaMeH, YOIIIIITeheM TI06H1jaMo
[BajIITajH (IBa KaMeHa), fpajiITajH (TpU KaMeHa), ¥ TaKo J1aJbe.

PasmoTtpumMmo oproHOpMUpaHy &asy (Eq, Es, ..., Ey) 3a (V,g), Ile yBOAMMO CKpaheHUIle
g = &g € {—1,1} 3a 1 < i < n. Kopucrehu jegrakoct (6.31)), AjHIITajHOB YCJIOB faje
C1g(X,Y) = Ric(X,Y) = YL &R(E;, X, Y, E;), Te 3aT0 > i ; &Rjyi = C1Ex8xy BaXKH 3a CBe
1 < x,y < n,1ze ¢y Ryiy = R(E;, Ej, Ey, Ep) 32 1 < i,j,k, I < n kommnoHeHTe of R. Onasye, 3a
AJHINITajHOB aJredapCcKu TeH30p KpUBUHE R Bake popMyJie

> giexRix = Const = Cy, (8.5)

1<ign

3paul Carpenter, SpUTaHCKHA MaTeMaTH4ap
“Alfred Gray (1939-1998), aMepHUYKH MaTeMaTH4dap
SThomas James Willmore (1919-2005), eHIJIeCKX MaTeMaTH4yap
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Z giRixyi =0. (86)

1<i<n

Teopema 8.5. Ako je R AjHWiNaGjHO8 anledapcKu ieH30p KpusuHe gumMeHsuje n, iwaga y
OPTUOHOPMUPAHO] 5A3U jegHAKOCTUU (@) u(B.6)saxcesaceel < x#y<n

BpaTtuMo ce Ha jefHauYUHY (@) U pasMOTPUMO IIO jeJHOCTaBHOCTH HapeaHU CIIy4aj
k = 2. He yMamwyjyhu OIIIITOCT IIpeTIIocTaB/baMo X | Y, Te jefHa4YMHa I10CTaje

Tr(Jx + 2tT (X, Y) + 2. Jy)? = Tr(Jx1ev)? = (Ex11v)*Co = (ex + t2ey)*Cy.

JemHaKM IOJIMHOMM MMajy MCcTe KoebHIlMjeHTe, Te mopenehu koedurujenre ys 1, t u t2
modujamMo
Tr(Jx)* = (ex)*Ca,
Tr(JxJ (X, Y)) + Tr(J (X,Y)Jx) = 0,
Tr(JxJy) + 4Tr(J (X, Y))* + Tr(JyJx) = 2ex€vCa,
JIOK Cy 3560T cuMeTpHje 1o X u Y, jeqHaurHe odHjeHe nopehemeM Koedurujenara ys t3
U t* cyBHUIIIHE.
3a mpousBoO/bHU eHAoMopdu3aMm J Ha V, U3 (@) crenu J(Eq) = ;i €&(J(Eq). E)E;,
Te MaTPHUIIA 0 J y OJHOCY Ha HU3adpaHy dasy uMma eneMeHTe (J)pq = £p&(J(Eq),Ep) 3a
cBako 1 < p,q < n. JlogaTHoO, 3a eHgoMopdusme J U K Baxxku Tr(J7K) = Tr(KJ), mTo HaM
oMoryhasa Jja U3pauyyHaMo Tparose KOHKpeTHUX eHioMopdr3ama,

Cy = (6x)?Cy = Tr(Jg,)* = Y (TB)ij(TE)ji = Y _ €i8(JT (E)). E)€i&( Tk, (Ei), E)
ij i j

- ZS XXlej ixxj — Zeej D(X] )
ij

0 = Tr(Jg,J (Ex, Ey)) + Tr(J (Ex, Ey) JE,) = 2Tr(Jg, J (Ex, Ey))
=2) fiijxigj%(Ruyj + Riyg) = 2 ) _ €i&RingRinyj.
ij ij
2ex8yCy = Tr(Jg, Jg,) + 4 Tr(JT (Ex, Ey))? + Tr(Jg, J,) = 2Tr(Jg, Jg,) + 4 Tr(J (Ex, Ey))*
=2 EiRpiRiy +4) gi%(ijyi + Rjyxi)gj%(waj + Riy)
ij i
=2 €i&RuoyRoyj + > €i8j(Rinyj + Riyy)".
ij L
OpmaB/e 1061jaMO jeTHAKOCTH KOje Cy KapaKTepHUCTHUUYHE 3a IIBAjIITAjH R,

Z Sigj(Rixxj)z = Const = Cy, (8.7)
1<ij<n
Z giSjRixiji)glj = 0, (88)
1<ij<n
2 Z giijixijiyyj + Z gigj(Ri)glj +Riyxj)2 = 28X8yC2. (8.9)
1<ij<n 1<ij<n

TeopeMma 8.6. Axo je R usajuitiajH anledbapcKu WeH30p KpUsuHe gumeHsuje n, agay op-
WOHOpMUpPAHOj dasu (@) (@) @®.7, (@) u (@) gaxcesacgel < x#y<n.
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Heka je R OcepMaHOB aJiredapCKy TeH30P KpUBUHE Ha KBaJ[paTHOM BEKTOPCKOM IIpO-
cropy (V,g) numensyje n. ITo Teopemu 8.3, R je n-muTajH. Y CBeT/Iy TOra, KOHCTaHTHe
COIICTBEHe BPeJHOCTH (Ca BUIIECTPYKOCTHMA) Off, Jx AOJATHO Aajy KoHcTaHTe Tr(Jx)K 3a
k > n, mrTo rpoxpy>kaBa R Ha k-111TajH 3a cBako k € N. OzaTire,

Tr(Jx + 2t7 (X, Y) + 2 Jp)* = Tr(Tx1er)* = (ex1ev)*Ci = (ex + tPey)*Ck

Bam@aa cBe k € N, t € R, 1 Meljyco6HO opToroHasiHe X, Y € V. OB0o Hac Bpaha Ha jejHauu-
Hy (8.3),

2k K /p .
. B » oo
>odtrity = - () o ieniae,
i=0 i=0
KOja Ba’KM 3a KOHKpeTHe JIMHeapHe olieparope Lg, Ly, ..., Ly. [locedHO Baxku Tr(L;) = 0
3a HeIlapHe i, Kao "
k
Tr(Lay) = () (e P e PG (8.10)

3a cBe 0 < p < k. Beh cmo Bugenn Ly = (Jx), mro mosmauu Tr(Jx)K = (ex)KCy. Cegehe
110 jeTHOCTaBHOCTH je

Ly =2((JT)rTX, V) + () 2T X N Ix + -+ T (X, ) (Ix)ED).

Kako je

k-1
ZTr ) T X Y)(Tx)) = Y Te((Tx) (Tx) T (X, Y)) = KTr((J%) N T (X, V),
i=0

TO J0d1jaMO
1
Tr((Jx) 1T (X.Y)) = 53 Tr(Ly) = 0.

OmrrH ciy4daj, 3a X = Ex, Y = Ey ca X #y, je IPHIHYHO KOMILIMKOBAH,

1
Z 811 glk lzXXl1Rl3XXlz : Rl.kXXik,1 E(Rll)gllk +RllyXlk) = O (8‘11)

l17 7lk

VKOJIMKO IIPeTIIOCTaBUMO [ia je R Jakodu-IujaroHaju3aduIaH, Uinu dapeM [1a je Jr,
IyjaroHajan3aduIaH, TO II0OCTOjU OPTOHOPMUpaHa corcTBeHa dasa (Eq, ..., E,) y ogHOCY
Ha Jg,. Y TOj 8a3su je Rpxxq = 0 3a CBe p # ¢, Te ominTa jefHakocT (8.11) mMa cMucIa caMo
3aly =1 =--- =1k, OAAKIJIE ]€

=5 Z Rio) ™ (Rixyi + Riyxi) = D _ €i(iRixi)* " Riryi- (8.12)
i

VKOJIMKO 03HAUYMMO CEKIIIOHE KPUBUHE Ca Kjj = &;€Ryj; = K(E;, E;), Taia ©IMaMo

JeEi = €p8(Tr,(E)), Ep)Ep = > €pRixpEp = EiRixxiEi = ExKxiE;.
p p

Heka je {A1,A2,...,Am} = {A: det(exA1 —Jg,) = 0} criexTap omeparopa &xJE,, Tajia 3a CBa-
KO 1 < a < m MO)XeMO I'PyIIHCaTH 3ajefHO TaKBe 1 < [ < N [1a BaXHU Ky; = Ag. MHOXKeH®eM

(-) ca (ex)*1 umamo

0=> &i(eiExRiod) Rigi= > > & byi = Y. (AW,

i 1<as<mky;=2Aq 1<a<m
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rieje Wa = 3 3, €iRixyi- JeTHAKOCTH Zfl”:l()ta)kflwa =03a1l < k < mwMory ce 3saniucaTu
ca

1 1 1 Wl
Aq Ay Am W,
AA o A Wi | —o.
Aptot o At ) \Wh

OBaj cucTeM jefHaYWHA MMa JA0SPO IIO3HATY BaH,ILepMOH,ILOByE MaTpHUILy, Koja je TeHepu-
CaHa pas/IMYUTHUM SpOjeBUMa U3 CIIEKTpa, Te je 3aTo lheHa JleTepMUHAaHTa

A=V(A,....An)= ] (A—2a) #0.

1<a<b<m

35601 TOra je Halll XOMOTeHU CUCTeM UHBEPTUOU/IaH U UMa jeIUHCTBEHO TPUBUjaIHO pe-
mieme, 1to faje W, = 0 3a cBako 1 < a < m, Te BaKu ciefieha Teopema.

Teopema 8.7. Heka je R OcepmaHog anledapcKu WeH30p KpusuHe u Heka je (Eq, ... Ep)
opitioHopMupaHa coticiigeHa asay ogHocy Ha Jg,. Taga 3a cee A € R uy # x saxcu

Z giRixyi =0.
Kyi=A

3a/Ip;KUMO IIPeTX0AHY HoTalujy (X = Ey, Y = EycaX # Y, Ryxg = 03ap # Q u
IIocMaTpajMo Hape[HU I10 jeJHOCTAaBHOCTH Ciy4daj L,. HUje Telko BUZeTH [ja BakKu

Ly= > (PH(I)T+4 D (IPIXY)(IITXY)(Tx) =P+S.
p+q=k-1 p+q+r=k—2

PauyHawmo Tpar of, L, = P + S. Tpar npBor 4jaHa je jefHOCTaBaH,

TrP= > Tr((JxPJv(Jx)?) = kTr((J) 1 7y) = kie) ey > Kyilig)< .

p+q=k-1 1<ign

MelyTuM, Tpar Apyror WiaHa je IPHINYHO KOMILTUKOBAH,

TrS=4 Y  Tr((GxPIXV)(TxITX Y)(Tx)")

p+q+r=k—2
=4 > (s+1)Tr((Jx)°T X, Y)(ITx)T (X, Y))
s+q=k-2
=2k > Tr(IxPJIX V) (Ix)ITX,Y))
p+q=k—2
1
Ek Z Z p+1 Rlxxi)p(ijyi+R]yx1>(ijxj)q(Rixyj+Riyxj)
p+q=k-2 1ij
1
=§’<(<‘:‘x)k_2 > eiEi(Rugj + Ry)® DY (k)P (k).
1<ij<n p+q=k—2

HeoIxo/1HO je TUCKYTOBATH CIy4ajeBe, y 3aBUCHOCTH Off TOTA /1A JIK CY Ky; U Kyj jeTHAKH,

Z (Kxi)p(Kxj)q =

p+q=k-2

_ k—1
(k) ! | (Ky) e _‘
K‘xi*Kxj Kxj*Kxi 1f KXl # KX]

{(k D)2 if Ky = Ky

8Alexandre-Théophile Vandermonde (1735-1796), dpaHIlyCK\ MaTeMaTHUap, My3HJuap 1 XeMUUap
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8.2. AjHLWITajH, uBajwTajH, k-LITajH TeH30pU

Kopucrehu cumeTpujy uMaMo

(K‘xj)k_1

o .
Kxj — Kxi

k-1
2 (Kxi) " 2
> igj(Rigy + Riyg)* == — = > £8(Riy + Riyy)
1<ij<n Xt X 1gjign
Te je 3aTO

3 K. k=1
TrS :k(SX)k 2 Z glgj(Rugl]+Rl))X])2’£. xi)

KxﬁéKxj

1
+ ik(gx)kfz D €ij(Rigj + Riyy)*(k — 1) (1)< 2.
Kxi:Kxj
Ca zpyre cTpaHe, jeTHAKOCT () 3ap =1 moHOCH
€
Tr(Ly) = k(ex)* eyCe = k_~ Tr(7x)* = k(e ey Y (k)"
X

1<i<n

Xxi = Kxj

OBa jeZJHaKOCT, 3aje/IHO ca IIPeTXOAHMM pauyyHHUMa, HaKOH JleJberba ca k(ey)K—2 maje

_ (ki) K1
Exty ) (k) =&xgy Y Kyi(ka) T+ Y £i8j(Rugy +Riyxj)2ﬁ
1<i<n 1<i<n Kyi 7Ky X Xj
1 2 k—2
t3 > &igj(Rigj + Riyyg) (k= 1) (k)" .
Kxi:Kxj
Mo>keMO0 06jeAUHUTH YIaHOBE y OJHOCY Ha CIIeKTap {Ai,...,Am} OF xJE, Ha SHCMO J10-

Suau

~ 1
St (exsy > (Kyi—/\a)+2m > 2 gigj(Rij+Rinj)2>

1<as<m Kxi:Aa b+#a Kxi:Aa K'ijAb
k-2 [ 1 2| _
+ > k=DA (5 > D €i&i(Rugj + Rigg)* | =0.
1<a<m Kyi=Aa Kxj:)ta
VKOJILKO II0CTaBUMO
1

Us=¢exgy > (Kyi—Aa)+ Y o Y > &E(Rugj + Ryy)?,

Kxi:Aa b#a Kxi:Aa Kxj:Ab

1
Wa=75 D > i&Rog;+ Ry’

Kxi:/‘{a Kxj:Aa

Tajia Hallla je[fTHaKOCT I10CTaje

ST AT+ > (k=D)AL WL =0,

1<asm 1<a<sm

mTo 3a 1 < k < 2m 1oBoAu 1o MaTpUYHe jefHAUNHe y ciefieheM 086/IUKY,

1 1 0 e 0 U

A o Am 1 . 1 .

A3 A2 21 2Am U,

A A 32 322, w, | =©
Azm-1 AZm=1 o (om — 1)A3m2 em-— A2 ) \w,,
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naBa 8. OcepmaHOBV TEH30pPWU

Kaxko je (m + a)-Ta KoJ10Ha U3BOJ, a-Te KOJIOHE, HaIll CUCTeM MMa JIeTepMUHAHTYy A 13Be-
IeHy U3 BaHZIepMOH/I0Be IeTepMHUHAaHTe Kao

Al PV A & )
08108, -+ 08

Elzﬁlv"'zfm:Am

Ca gpyre cTpaHe ©UMaMo

VAr, o Am &1 &m) = [[(6a = 20) [T = Aa) [T (€ — £a) [T (85 — 2a) [T (80 — 20),

a a<b a<b a<b a<b

2]

I7ie HAKOH 5~ \ ¢ —, TIP’KHBHU CaMO YJIaH Ca U3BOJIOM Of (¢4 — Aa)- 3aTO je
a ~a—

A=TT =20 [T = 20) [T (A — Aa) [ (Aa — ) #0,

a<b a<b a<b a<b

U CHUCTEM HMa jeIUHCTBEHO TPUBHjaJHO pemewe U, = W, = 03acBako 1 < a < m. To
Hac IOBOJU 10 HapeJHe TeopeMe Kojy je 1ao AHnpejuh 2006. ronuHe [3] (BuzeTu Takohe
[16]), 11TO je yominTere pesyaraTa KOjU je OpUTMHAIHO M3/105KKM0 Pakuh! 1998. rogune
[106] (BuzmeTu Takole [107]), a moKpuBa febUHUTAH CIyYaj.

Teopema 8.8. Heka je R OcepmaHo8 anledapcKu WeH30p KpusuHe u Heka je (Eq,...,Ep)
opitioHOpMupaHa coticiigeHa dasay ogHocy Ha Jg,. Taga 3a cee A € R uy # x sajxcu

Y D Eitj(Rigj + Ryyy)® = 0.

KXl':A Kxj:)L

Heka je R JIopeHI10B BpeMeHCKHU OCepMaHOB ajIredapCKy TeH30p KpUBUHE TUMeH3Hje
n > 3. I[TocMaTpajMo jequHUYHE BpeMeHCKH T € V. Kako je T < V MO3UTHUBHO e QHUHHU-
TaH IIOTIIPOCTOP, 110 JleMu A.21l OH UMa OPpTOHOPMUpAHY colicTBeHy &asy (Vi,...,Vy_q)
y ogHocy Ha Jr. Taga JrV; = AV;Baxku3al < i < n— 1, e cy 0,A4,..., A, Kope-
HU KapaKTepUCTUUYHOI I1oJMHOMa det(A 1 —Jr) U 3aT0 He 3aBHUce of, T. 3a IIPOU3BOJBEHO
X =Y"!a;V; € T+ nosmjamo

K(T,X) — g(jT(X)a)Q _ _2?2—11 Cll-z/li

— )
€réx Y a?

IIITO IIOBJIaYH OTpaHHUYEH:a

— max A; <k(T,X)<— min A;.
1<i<n-1 1<i<n—-1
CekIlMOHa KpUBHUHA HeZleQMHUTHUX PaBHU je OrpaHUYeHa, Te U3 TeopeMme cyIeny fa
je Kk KoHCcTaHTHO. l'apcuja-Puo, Kymenu u Backes-Adasl Cy HCKOPUCTUIIN 0Baj apryMeHT
1997. ropune [63] 1a 6u modmiu ciaenehy Teopemy.

Teopema 8.9. JIopeHU08 8pemeHCKU OcepmaHo8 aledapcKu WeH30p KpUgUHe UMda KOH-
CUAHTIHY CEeKUUOHY KPUBUHY.

MehyTuwm, fa 6u Bakuiia Teopema @, IOBOJBHO je IIPeTIIOCTaBUTH Ja je R 11BajIlTajH
yMecTo OcepmaHOB. Heka je R I1BajIlITajH a/iredapCKu TeH30p KPUBHHE Ha (), &) IUMeH-
3uje n. 3a IPOU3BOJHFHY OPTOHOPMHUpaHY 6a3y U 1 < x # y < n, kopucrehu (8.9) u (8.7) us
Teopeme @)I/IMaMO

2 > &g RujRyyi+ Y €i&j(Rixyj + Riypx)* = €x8y Y &&j(Rixx)* + (Riyy)?).

1<ij<n 1<ij<n 1<ij<n

"3opan Pakwuh (1964), CpIICKH MaTeMaTHYap
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8.3. YeTBOPOAMMEH3VIOHM LBajLLITAjH TeH30pU

Opaspe je
Z Ei&j ((Rlxy] -+ RlyX])z - gxgy(‘gXRiXXj — gyRiyyj)2> =0,

1<ij<n
IIITO 3a £x€y < 0 Mmocraje

Z Ei&j ((Rixyj + Riyxj>2 + (Rixxj + Riyyj)2> =0.

1<ij<n
IIpeTmocTaBUMO 0AATHO fa je (V, g) JlopeHIoB (Ind g = 1), 171e £x&y < 0 mIoBIauM fja &; = 1
Ba’KH 3a CBaKo I ¢ {x,y}. IIpeTX0oAHy CyMy pacTaB/baM0 Ha YeTHPU UJIaHa,
D & ((Rtxyj + Riyy)” + (Rixg + Riyyj)z)
ij¢{xy}
+ Y0 (B (Ram) + Rigg)?) + &8 (Ryy)? + (Rypry)?))

i (ngX(RnyX)Z + &x€y(Ryyxy )% + EyEx(Ryxyx) + gygy(Rwa)z) =0,

I7le CBHU YWIAaHOBHY OCUM IIPBOT HIYe3aBajy. 3aTo je

> ((Rogy+ Rigag)? + (Rig + Riyy)?) = 0,
D)

T€ Riyyj + Riyxj = 0 ¥ Ryyyj + Ryyyj = 0 Bakui 3a cBe 1,] ¢ {x,y}. IlocedHo, 3a i = j UMaMO UCTe
CeKI[MOHe KpUBHUHE

K(Ej, Ex) = Kix = €i€xRixxi = €i€yRyyyi = Ky = K(E;, Ey),

KaJi TOJ Cy I, X,y Pas/IMUUTH Ca £xEy = —1, Ha IpUMep &y = —1.

Jla KOMILTeTUpaMo JT0Ka3 KOPUCTUMO HapeIHU apryMeHT KOjH je 1ao AHapejuh 2018.
ropuHe [9], a Koju 3Ha4yajHO cKpahyje J0Ka3s, IIITO IPeTXOJHU ayTOpPU HUCY youuau. Kako
je 1IBajIITajH 110 e UHUITUJU AJHIIITAjHOB, 3a QUKCHUPAHO X 1 [ # X, jefHaKoCT (8.5) maje

Ci=Ky+ > Ky=Ky+ > Ky=(n—1)ky,
YA#LX YA#ILX

OflaKJIe je K, = Ky = Cq/(n — 1) 3a cBaKy OPTOHOPMHUpAaHy 5a3y, Te R ©Ma KOHCTaHTHY
CEeKIIMOHY KpUBHHY. Ha 0Baj Ha4WH JOSWIN CMO CJlefiehy TeopeMy KOjy Cy OpUTHHAHO
IIOCTaBUJIU Bna;xnhg, bokan® u I'miku 1997. roguHe [23].

Teopema 8.10. Ceaku JIopeHUu08 UsajuiliajH anledapcKu WeH30p KpUsuHe UmMa KOHCIUAaHl-
HY CEKUUOHY KPUBUHY.

8.3 UYeTBOpPOAMMEH3HOHM L[BAjLITAajH TEH30PH

Heka je R 4eTBOPOJUMEH3HOHU I[BAjIIITajH aJiredapCKy TEH30p KpUBUHE Ha KBajIpaT-
HOM BEKTOPCKOM IIpocTopy (V, £). Ha ocHOBY TeopeMe [6.4, 4eTBOPOJUMEH3HUOHH aJiredap-
CKU TE€H30p KpUBHHE UMa [[BaJieceT He3aBUCHUX KOMIIOHEeHTH. OHe ce cacToje Off II1ecT

8Hosuma Braxkuh (1959-2005), CPIICKK MaTeMaTHIap
“Hena Bokas (1947), CpIICKa MaTeMaTH4apka
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naBa 8. OcepmaHOBV TEH30pPWU

KOMIIOHEHTH O8JIMKA Kxy = Ryxxy = Rxyyx, ABaHaECT KOMIIOHEHTH 0&/IHKA Uy = Ry,
Te JIBe [oaTHe KOMIIOHEHTe JaTe ca p = Ry3q2 + Ri432 U @ = R1243 + Ryg23, I€ (X,Y,Z,V)
peacTaB/ba mepMyTanyjy of (1,2, 3. 4). [TociiequuHo, KOMIIOHEHTE Rq934 U Ry324 CY ZaTe

caRyz3q = —(P+2q)/3 U R34 = —(2p + q)/3.

Kaxko 110 Teopemu m CcBakKu JIOpeHII0B I1BAjIIITajH ajiredapcKy TEH30p KpUBUHE NMa
KOHCTAaHTHY CeKIIMOHY KPUBHHY, 6€3 I'ySUTKA OIIIIITOCTH MO>KEMO IIPETIIOCTaBUTH Jia Ba-
KU £1E9E384 = 1.

Us (@), 3a 1 < x < 4, UMaMO CUCTeM YeTUPH jeJHAKOCTU:

€1E2K12 + €1€3K13 + E1E4K14 = C1, E€2E1K12 + E2E3K23 + €2€4K24 = (1,
£3E1K13 + €3E2K23 + €384K34 = C1, E€4E1K14 + €4E2K24 + €4E3K34 = Cq,

Ca PEHICIHEM E9E3Ko3 = £1E4K14, E9E4Kpg = E1E3K13 U E3E4K34 = €1E2K12. O,U;aB,U;e IrI[OSI/I].aMO
K23 = K14, Ka4 = K13, K34 =K12. (8.13)
Us (@), 3a 1l < X #Yy < 4, UMaMO0 HapeJHUX II1eCT jeJHAKOCTH

Ugg = —€184ll14, Uzg = —E€1E3MU43, Uy = —E1&2Uyy
Mgz = —€3E4lzy, Uyp = —E284llyy, Ugzy = —E2E3Uy3.

(8.14)

Us (@), 3a 1 < x < 4, ;1odujaMo YeTHUPH jeJHAKOCTU

K3y 4 K25 + K3y + 2808303 + 289€40135 + 28384143, = Co,
Kiy + K53 + K54 + 261835, + 281€41455 + 283845, = C3,
Kis + K33 + K3y + 261823, + 26184413, + 262641451 = Co,
K3y + K5 + K34 + 2818055 + 2818305, + 2€2830% = Co,

IIITO Ce, HAaKOH YIIoTpede () 154 (), CBOZIH Ha

2 2 2 2 2 2
€837y + E284U73 + E3E4UTH) = E1E3U, + E1E4UY3 + E3E4UTY,

2 2 2 2 2 2
= E182l3y + E184ll73 + E284ll73 = E1E2ll54 + E1E307, + E2E301y,
U1 JJOHOCH PEIIeEbe E,E30U3, = €1E4435, E2Ea1425 = €183U2,, £384142, = €16,3,. TaKo HOSHjaMO
2 2 2 2 2 2
Hz3 = U1y, Hog = Hi3,  H3zq = Uip. (8.15)

U3 gBOCTpyKe IpuMeHe GpopMmyie (@) I0SHjaMOo peJialiyjy

D EiERigj(ExRiy + yRipj) = &x D EigiRingRinj £ & D E€RyyiRyi =0,

1<ij<n 1<ij<n 1gjisn

U3 KOje, y ciIydajy n = 4, 3a X = 2,y = 3, ©UMaMo

—€1€4(D + Q) (E2llp3 £ E3l3y) + (F1 — 1)(Eallpgllsy + E1li31 1)
+ Up4(E2K12 £ E3K13) + Uy (E2K24 £ E3K34) = 0.

[IpMeHa () u (), TO CBOJH Ha
(1 F1) (—e3ty3(P + q) + Uy4(E2K12 — €3K13)) = (£1 + 1)€a(Upalizg + Uysly3),

Te OflaTyIe BayKH
Uggllzy + Uisllis =0, (8.16)
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8.3. YeTBOPOAMMEH3VIOHM LBajLLITAjH TeH30pU

3ajefHO ca
—E3lly3(P + q) + Uy4(E2K12 — E€3K13) = 0. (8.17)

V3BeneHe popMyIie Cy BaJHHE Y IPOU3BO/bHO] OPTOHOPMUPAHOj a3y, Te Bake U 3a
CBaKy IepMyTarujy uHaekca. 1s ( ), 3a mepMmyTanyje (1,2,3,4), (1,4,2,3) u (1, 3,4, 2),
nodujamo

Upgllzg = —H13lyp,  U3gllp3 = €38all1pllyy,  Upsllps = —€3E4U14lLq3-

U3 () BH/TUMO J1a KOMIIOHEHTE [y3, Usy Y Usz,, Y TOM PEIOCTIEY, OATOBAPajy KOMIIOHEH-
TaMa [y, Uy3 ¥ Up9, MOTYhe ca CYIIPOTHUM 3HaKOM. AKO je U;, # 0, OHJa IIOCTOjH 3HaK
s € {—1,1} Tako Ja je U,3; = —E3Sly,, JOK OCTaJIe IBe peJialiyje caefe U3 U3BeeHHuX Gpop-
MyJIa, IIITO Jaje

U3 = —€3SUqy, Mg = E4SUy3,  Hzg = —E4SUqp. (8.18)

[IITaBHIlle, aKO 3a SHJIO KOjy HEHYJIa KOMIIOHEHTY IIOCTaBUMO S y CKJIAZy Ca (), OHJIA
HU3BeJieHe pesallyje JOHOCe IpeocTasle jeTHaKOCTH Y (). To mokasyje a y CBUM CJIy4a-
jeBHMMa II0CTOjU 3HAK S (aKO Cy CBe KOMIIOHEHTe jefHaKe HYJIU JOBOJ/baH je IIPOMU3BO/bAH
HU350p 3HaKa) TaKaB Jja BaXKU ().

ITpeocTaje HaM Jja UICKOPUCTUMO (@). 3ax =2,y =3 modujamo

AU, + 2818913, + 28084103, + 2e18313, + 2e38403, + AUE, + 2e283K5,
+ 2K12K13 + 2K24K34 + 4€1E4lly3 gy — 2E1E4(P + q)2 = 2€9€3C,.

Kopuntheme (8.13), (8.14) u (8.15), To cBoziu Ha

2Uy + 28182173 + 2€1€304, + £283KTy + 2K12K13 — E1€4(P + @) = £283C,
IIITO JaJb€ II0OBJIaYH
2283014 + 2626413 + 2E3E4llTy + KTy + 262E3K12K13 + (P +q)° = Co.
Tako /101a3UMO /10 BayKHOT U/IeHTUTEeTa
(p+ Q)% = (e2K12 — £3K13)°. (8.19)
Kaxko OH Ba’ku y IIPOKM3BOJbHOj OPTOHOPMHUPAHOj a3H, TaKohje UMaMo

—D — q = R1234 + R1324 = r4(€2K12 — €3K13),
q = R1423 + R1243 = —2R1234 + R1324 = '3(€4K14 — €2K12), (8.20)
P = R1342 + R1432 = R1234 — 2R1324 = I'2(€3K13 — €4K14),

3a HEKO Iy, 13,174 € {—1,1}. Ongrosapajyha cyma je
(rj — )€K + (e — 1) €jKyj + (I — 1) €Ky = 0,
rre je (i,j, k) mepmyrarimja of (2,3,4). AKo je r; = 1j = —I, OH/Ia BaXH £;K1; = £jK1j. Y TOM

cay4ajy, y jesHakocTuMa (8.20) MO>KeMO 3aMEeHUTH ', Ca —T'g, IIITO IOHOCU 'y =T'3 =Ty =T.
[TocequyHoO je

&1Cq &1Cq
TR1234 = €2K12 — 3 TRy349 = €3K13 — 3 TR1423 = €4K14 — —— (8.21)
Ca HaIIOME€HOM [a Ba’XH € C1 = €9K19 + €3K13 + €4K14.
KonauHno, popmyia (8.16) 3a Tpu mepMyTaiyje oapehyje Besy usMmel)y s v r, Tako Jia je
§ = I' OCHM aKO je Uy 4(€2K12 —€3K13) = 0, lUy3(€2K12 —E€4K14) = O U Uy (E3K13—E4K14) = 0. 3aTO,

JeIHY CJIy4aj y KOjeM He MOXKeMO 3aK/BYYHTH S = I' je KaJj IMaMO [y, = {3, = 0 # Uiy,
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naBa 8. OcepmaHOBV TEH30pPWU

U ExK1x 7# EyK1y = £;K1, 3a HEKY IIEPMYTaIH]y (X,y, Z) Of (2, 3,4). PopMyJie BaXke Y CBaKoj
OPTOHOPMUPAHO] a3y, Te OKpeTamheM CMepa jeJHOT 6a3HOI BEKTOPa, U S U Mekhajy 3HaK.

3bor Tora, nmosiasehu of ejleMeHaTa MaTpHile JakoSHjeBOT ollepaTopa 3a IIpBU da3sHU
BEKTOP Y IIPOU3BOJbHOj OPTOHOPMHUPAHOj 6asH,

0 0 0 0

0 &K1z E2lyy E2lq3
0 3144 €3K13 E3l59
0 eqlly3 E4llyy E4K14

CcBe KOMITOHeHTe off R cy oapelere dopmyrama (8.13), (8.14), (8.18) u (8.21)) 0 Ha 3HaKOBe
s U r. lllTaBullle, aKO je IOTPESHO, MOXKEMO OKPEeHYTH CMep IIPOKM3BOJBHOT 6a3HOT BeK-
TOpa Aa SUCMO IIOCTaBUJIHU S = 1, TOK ce CJIy4aj S # I jaB/ba CaMO y IIPUCYCTBY pPeasIHOT
JKopzmaHoBor 6J10Ka Kao 1ITO je oItrcaHo y (8.24). MaJjio cMO IIpUJIarofWUIIU jefHAUNHE Ka-
KO SHCMO yoMU/IH JIOPEHI[OB cIy4aj (U, = 0 U ex€yKxy = C1 3a X # ), U3 UeTa JO5HjaMo
cesiehu pesysTar KojH je mpefcraBuo AHzpejuh 2025. roguse [[12].

Jg, =

Jema 8.11. 3a uipouseo/bHy opitioHOpmupary dasy, tociioje 3Hakosu s,r € {—1,1} wa-
KO ga 1uetlieopoguMeH3UOHU UBAjULIUAjH anledapcKu lieH30p KpUueuHe 3agogosbasa ciegehe
peaavuje:

E2E3Kp3 = €1E4K14, E2E4Kp4 =E1E3K13, E3E4K34 = E1E2K12,
—E3Slp3 = EaSUU3py = —E€283My1 = Hyg,  — E2SUyp = E4Sllpy = —E284l31 = g3, (8.22)
—E4Slzy = E3Slyz = —E€3E4lly = U1y, P = T(E3K13 — €4K1a), ( =T(E4K14 — E2K12).

I'1aBHa 1IpegHOCT JIeMe je To 1a BayKH y IIPOU3BOJbHOj OPTOHOPMUPAHOj dasu. Me-
hyTuM, ako ajredapCKy TeH30p KPUBHHE 33/10B0JbaBa yCIOBe (), TO He MOpa Jja 3Ha-
Y J1a je TeH30p IIBAjIITajH. 3a 06paT TBphemwa, yodSUUuajeHo je JUCKyToBaTHU JKopaHOBY
HOpMaJIHy GOpMy pelyKOBaHOT JaKkoSHjeBOr ollepaTopa.

PasMOTpUMO 4eTBOPOAMMEH3UOHU [1BajIITAjH aJredapcKy TeH30p KPUBUHE Ha KBa-
IpaTHOM BEKTOPCKOM IIPOCTOPY CUTHATYpe (2, 2). [lmoHupcku papg [24] 1UCKyTyje ueTu-
pu MoryhHocTH 3a KopZaHoBy HOpMaIHY GOpMY TPOAMMEH3HMOHOI CaM0a/jyHIOBAHOT
eHaoMopousMa A = jEl: E{ — E{ 3a IPOM3BOJbHU jeJMHUYHHU BeKTOp E;, KopucTehn
TeopeMy .

Tumn [a oaroBapa AyjaroHaaM3adUIHOM eHIoMOP$H3MY, a Y TOM CIy4ajy II0CTOjU dasa
e = (E,,E3,E4) of Ef TakBa /ia eHioMopdH3aM A U CKIapHU IIPOU3BOJ g UMajy MaTpHIIe

a 0 0 &g 00
[Ale = (0 B 0) ; [gle = (0 €3 O) ;
0 0 vy 0 0 g

3a Heke @, f,y € R. be3s yMamwema OIIITOCTH, MOKeMO U3adpaTU OPTOHOPMHUpPaHy 6a3y
(E1,Eq,E3,E4) TaKO 1a BaXKHU (U4 = 43 = Uy = 0 U €3 = &4. IIpumMeHa ( ycar = &
IOHOCU

Uiy = U3 = Hya = Ugg = Ugg = Ugg = H3q = U3y = Ugq = Ugq = Hgp = Hg3 =0,
Kg3 = K14, K4 = K13, K34 =Ki12, P =K13—K14, {=Ki2+Kig,

(8.23)

I7e je

Rives — —2K12 — K13 — K14 Ring, — —K12 = 2K13 + K14 Risre — K12 — K1z + 2K14

Tur Ib oproBapa eHoMOpPGH3MY KOjU MMa KOMILIEKCHY COIICTBEHY BPeHOCT, a Y TOM
CcIy4ajy IocToju 5asa e = (E,, E3, E4) of Ef TakBa ja je

a B O g 0 0
[Ale = (B a 0) ) [8le = (0 €3 0) ;
0 0 y 0 0 &g
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e je f # 0 U g, = —€3. MOXKeMO IIPETIIOCTAaBUTHU €3 = €4, jep ¥ CYIIPOTHOM MO>KEMO
pasMeHUTH BeKTope Ey 11 E3 M 3aMeHUTH  ca —B. Y TOM ¢/1y4ajy, II0CTOjU OPTOHOPMHUPaHa
dasa (E1,E,,Es,E4) TaKBa 1a je K13 = —K12, Uy3 = U19 = 0, U4 # 0 €3 = &4. [IprMeHa ()
cas =r =& JOHOCHU

Pip = H13 = Uy = Upg = U3q = U3q = Hgp = My3 =0, Ugg = —Usp = —lly3 = U1 # 0, (8.24)
K23 = K14, K34 = —Kzq = —K13 = Ky2, — P =q=Ki2+ K,
I7e je
1 2
Rizsa = —3 (K12 + K1a),  Rizza = 5(Kiz +Ka),  Ruazz = 5(Kz + Kug).

Tun II oxroBapa KopZaHOBOM &JI0Ky BeJIMUMHE [IBA, @ Y TOM CJIy4ajy IIOCTOjU dasa
e = (E,,E3,E4) of E{ Taksa jia je

A1 0 0 v O
[Ale=10 A O, gle=|v 0 0].
0 0 vy 0 0 &

Axo nnoctaBuMo Fy = E, F Es U F3 = E; + E3, nodujaMo

1
AF, = AE, F ALy = AL, T AE3 F By = APy F 5 (F2 + Fs),
AF3 = AE) = AE3 = AEZ :E}lEg +E) = )\Fg + %(Fz +F3),
Tako fay 6asu f = (Fy, F3, E4) ©UMaMoO
)LJF% i% 0 F2v 0 O
A= ¥ ax% 0], gf=| 0 £2v 0.
0 0 vy 0 0 &

AKO HOpMHpaMO Vv Tako Jia je |[v| = 1/2, oHfia 3a € = +£SgnVv y3 CMeHy a = +A 1061jamMo

a-3 3 0 - 0 0
[Af=esgnv| -1 a4+l 0], =0 € 0.
0 0 vy 0 0 &

bes ymamema ONIITOCTH, Y 0BOM CJIy4ajy II0CTOjU OpTOHOpMUpaHa dasa (E1, Ey, Es, E4) ca
€3 =€ TaKBa laje Ky = U — B, K13 = U+ B, tly3 = gy = 0, —iyy = 4 = F1/2 # 0 3a HeKH
3HaK + € {—1,1} u B € R. IIpumeHa (8.22) ca s = r = &4 JOHOCHA

Hiz = H13 = o1 = Hog =H31 = H3q = Hap = Hg3 = 0,
#41:—1132:—H23:H14:—H:i%7 P=u+B—K, q=p—-pB+xK (8.25)
K3 =Kia =K, Ky=Kiz=U+pB, Ksa=Kiz=U—p,
I7e je
Rig34 = 'B;K — U, Riza= K;ﬁ — U, Rigz= é(K - B).

Tun III oxroBapa KoptaHOBOM 6JI0KY BeJIMUMHE TPH, a Y TOM CJIy4ajy IIOCTOjU dasa
e = (E,,E3,E4) of E{ TakBa jja je

A 10 0 0 v
[A}e(o A 1), [g]e(o % 0).
0 0 A v 0 0
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Axo mocTaBuMO Fy = Ey T E4, F3 = Ey + E4 u F4 = +/2E3, joSujamo

AF, — AE, % AEy — AEy ¥ AEs T Es — AFy 5 —F,.

V2
AF3 = AE, + AEy = AEy + AE, = E3 = A3 + iF4,
V2
1
AFy = V2AE5 = V2AEs + V2E; = AF4 + ﬁ(Fz + Fs3),
Tako fay 6asu f = (F,, F3, F;) UMaMo
A0 w2y 0 0
A= 0 A % , ge=| 0 =*2v 0 |.
1 1
L 1 2 0 0 2v

AKo HOpMHpaMO Vv Tako a je |[v| = 1/2, 0Hza 3a € = sgnv U + = 1 fodujamo

A0 £ 00
[Alf= 01 71‘ vzl E=10 € 0],
-5 7 A 0 0 ¢

YV 0BOM CiIy4ajy IIOCTOju OpTOHOpPMUpaHa 6asa (Eq, E;, E3, E4) TaKBa ia je K13 = K14 = —K12,
Uig =0, —liy3 = Uy, = V2/2 ca €3 = &4. Tlpumena (8.22) ca s = —&4 TOHOCH

Upg = Uggq = Uygy = —Ug3 = — Uy = —U3zg = —Hyz = U1,
Hig = U3 = U3y = gy =0, p=q=0 (8.26)
K13 = K14 = K23 = K24 = —K34 = —Kj2,

I7ie je Ri234 = R1324 = Ry423 = 0.

Cymupajyhu pesysrare us [24] u [65], 3aK/pydyjeMo [1a je 4eTBOPOAUMEH3HUOHU I1Baj-
IIITajH aJredapCKy TeH30p KpUBHHe R curHarype (2,2) OcepMaHOB aK0o ¥ caMO aKo II0-
CTOju OpTOHOpMUpaHa dasa (Eq, Ey, Es, E4) TaKkBa JJa Ba)KH je[lHA OJf YeTUPU MOTYNhHOCTH
(8.23), (8.24), (8.25) mru (8.26). [Toce5HO MO 3aHHTepPeCOBAHH 3a aKO CMep 0BOT TBpljeba,
O/THOCHO JI0BOJBHOCT OBUX YCJIOBA Jja R 6y/e IiBajITajH vuian OcepMaHOB.

OBO ce ejleraHTHO MOKe ITOCTUhUM Ha Ha4YWH KOjH je IipenyioeH y [30, Jlema 3.2], rie
cy XKopgaH-OcepMaHOBY TeH30pH KOHCTPYHCAHU IIOMONyY ITapaKBaTepHUOHCKe CTPYKTY-
pe. AJITepHaTUBHO, 0BO MO>KEMO JUPEKTHO BepHUPHUKOBAaTH TAaKO IIITO IIOCTABUMO X =
aEy + bE, + CE3 + dE4 ca €3 = &4, Te U3payyHaMo Jx | (Jx)? [OK IIOKyIIIaBaMo Jia U3BY-
yeMo paKTop £46x = ¢ + d? — a® — b?. HakoH 1mrro uspauynamo Tr Jy, Tr(Jx)? u Tr(Jx)3,
KapaKTepUCTUYHU II0JIMHOM /108HjaMo ca

L (Tr 707 — Tr(gw)?)x
1
3

wx(x) =x3 — (Tr Jx)x* +

2
+ (—1 Tr(Jx)® +

- (Tr(3)(Tr ) - (Tr 7).

6

IITo omMoryhasa fja UCIIUTamo fja v je R OcepMaHOB.

Jla SMCMO TI0jeTHOCTaBIJIM PadyH, YeCTO pa3MaTpaMo TeH30p R’ = R + AR! ymecTo R,
3a HEKO IIOTOfHO A € R. HoBU TeH30p R’ 3aip>kaBa KOMIIOHEHTe OS8JIMKA [i,,, K0 U p U
(, MOK TpaHC/IHpPa KOMIIOHEHTE ExEyKyy. Kako R’ UyBa COIICTBEHY CTPYKTYPY JaKOSHjeBOT
olepaTopa JOK TpaHC/IHpa HheroBe COIICTBEHe BPeJHOCTH, R’ je OcepMaHOB aKo ¥ caMoO
ako je R OcepMaHOB.
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3aTuil Ia, mocMaTpamo TeH30p R 1aTy () cakyy = 0,Kq3 = KU K14 = U, Te paYyHAMO

—kc?—ud?® (—x+u)cd kac—ubd xbc+uad
Ty =€ ( (—k4+u)ed —xd*—uc* kad+ubc Kbdyac)
X —kac+ubd —kad—pubc ka?+ub? (k—u)ab |’
—kbc—uad —xbd+pac (k—up)ab xkb*+ua?

—k%ac+u®bd —x%ad—u?bc k*a®+u*b®* (k*—u?)ab

—Kk22—p?d? (—k*+u®)cd x*ac—u*bd x*bc+uad
)
—k%bc—ptad —x*bd+y?ac (k*—u*)ab x2b*+ua?

2 —Kk2+4+u2Yed —Kk2d?—p*c? k*ad+u®bc k*bd—u*ac
(Jx) 848X(( u®) u u u

mto faje Tr Jy = —ex(K + W), Tr(Jx)? = (ex)?(k? + u?) u Tr(Jx)® = —(ex)3 (k3 + p3). 3aro je
wx(X) = X(X + €xK)(X + exl), IIITO T0OKa3yje 7a je R OcepMaHOB, Kao 1 R + k1,R!. IllTaBuIIIe,
cJIy4aj IyILIOr KOpeHa K1y = K13 C€ MOYKe IIPUKasaTh ca Kk = 0, Tae uMaMo (Jx)? = —&exiJx,
T€ je X(X + €xll) MUHUMAaJTHHU TIOJTMHOM 0T Jy. 3aT0 cy U R ¥ R + K1, R! JakoSu-ujaroHau-
3adWJIHHU, Te YCIOBU () oxapelyjy KopmaH-OcepMaHOB ajredapCKy TeH30p KPpUBUHE.
3a Tur Ib, mocMaTpaMo TeH30p R gaTy (8.24) ca K12 = 0,K14 = KH Uy, = U, Te pa4yHaAMO

(ac—bd)u+cdx  2adu—c*c  —(a?4+d?)u+bck (cd—ab)u—ack
(cd—ab)u+bdx (a®*+d?)u—bck  —2adu+b*k  (ac—bd)u—abk

—2bcu—d?k  (ac—bd)u+cdk (ab—cd)u—bdx (b*+c?)u+adk
jX =& ’
—(b*+c®)u—adk (ab—cd)u+ack (ac—bd)u—abx  2bcu+a’k

—(ac+bd)u?®—bdx? bck? (a®—d?)u®—b*k? (ab+cd)u?+abx?

(b® =) u?+d*k* —(ab+cd)u?—cdk? (ac+bd)u?+bdk? —adk? )
9
adx? —(ac+bd)u?—ack? (ab+cd)p?+abk? (b —c?)u?—a’k?

2 —(ab+cd)u?—cdx? (a?—d*)u?+c*x> —bcx? ac+bd)u?+ack?
(JTx) 848X( ( o ( u ( o

mrro gaje Tr Jy = —&xk, Tr(Jx)? = (ex)%(k? — 2u?), kao u

Tr(Jx)® = ea(ex)?((2bcu® — d?k3) + (—2adu® — c*k®) + (2adu® + b*k3) + (—2bcu® + a®x3))

= —(ex)°K

OmaBfe je wx(X) = (x + exk)(x? + (ex)?u?), mITO JOKa3syje 1a je R XKopmau-OcepMaHOB KOjU
MMa KOMILIEKCHY COIICTBEHY BPETHOCT. 3aTO je R + k12 R! Takohe XKopman-OcepMaHOB, Te
yCJIOBU () ozpelyyjy >KopraH-OcepMaHOB ajiredapCKy TeH30p KpUBUHE.

3a Tuil II, mocMaTpaMo TeH30p Ry () ca K14 = K = 0, Te pauyHaMo

(a+d)(b—c)u—(ab+cd)B  —(a+d)*pu+(a*~d*)B (a+d)*u (a+d)(b—c)u+(ac+bd)
(a-+d)(b—c)u—(ac+bd)B —(a+d)*u (a+d)?u+(a>~d?)B  (a+d)(b—c)u+(ab+cd)

— (b= 2ut(b*—c))B  (a+d)(b—c)u—(ab+cd)B (a+d)(c—b)u-+(ac+bd)B —(b—c)2u
Jx ( g )
(b—c)*u (a+d)(c—b)u—(ac+bd)B (a+d)(b—c)u+(ab+cd)B  (b—c)*u+(b*—c*)B

U (Jx)? = £4€xA, TIE je

2(b—c)?u+(c2-b*)B  2(a+d)(c—b)u+(ab+cd)B 2(a+d)(b—c)u—(ac+bd)p 2(b—c)%u
A 2(a+d)(c—b)u+(ab+cd)B  2(a+d)%u+(d?—a?)B —2(a+d)%u 2(a+d)(c—b)u—(ac+bd)B
| 2(a+d)(c—b)u+(ac+bd)B 2(a+d)?u —2(a+d)*u+(d*—a*)B  2(a+d)(b—c)u+(ab+cd)p |’
—2(b—c)%u 2(a+d)(b—c)u+(ac+bd)B 2(a+d)(c—b)u—(ab+cd)B  —2(b—c)?u+(c>—b?)B
mTo faje Tr Jx = —2¢exB, Tr(Jx)? = 2(ex)2B* u Tr(Jx)® = —(ex)3B°. OBo foKa3yje ma Baku
wWx(x) = X(x + £xpB)?, Te je R OcepMaHOB, IIITO BayKK 1 3a R — kR'. Kako cMo Beh U3yumin
cJIy4aj 3a THII la, 3HaMO [1a He IIOCTOjU AUjaroHaJIu3admiaaH Jy 3a HeKO e QUHUTHO X, IIITO
3Ha4H 1a cy ¥ R 1 R—kR' JKopaan-OcepMaHOBH ca jefTHUM KopIaHOBHUM §JI0KOM BEJIHUH-
He JIBa. 3aTO YCJI0BU () oapehyjy XKopgaH-OcepMaHOB ajredapCKu TeH30p KPUBUHE.
3a tun 111, mocmaTpaMo TeH30p Ry ( ) ca K12 = 0. [UpeKTaH padyyH JOHOCH

o c(b—c)+d(d—a) 2c(d—a) (a—d)(b+c) a(a—d)+c(c—b)
Jx = Eallyy ( b(b—c)+d(d—a) (d—a)(b+c) 2b(a—d)  a(a—d)+b(c—b)

2d(b—c) ¢(b—c)+d(d—a) b(c—b)+d(a—d) (a+d)(c—b)
(a+d)(b—c) a(d—a)+c(b—c) a(a—d)+b(c—b) 2a(c—b) )
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(c=b)(a—d) (a—d)? —(a—d)?* (c—b)(d—a)

(c=b)*  (c—b)(a—d) (c~b)(d~a) —(c-b)? )
(c=b)*  (c—b)(a—d) (c~b)(d—a) —(c-b)?

—b)(a— —d)?  —(a—d)? (c—b)(d—
(T%)? = 84#%28X((C b)(a—d) (a-d) (a=d)* (c-b)(d—a)

II'TO TIOBJIAYH (Jx)® = 0. Jlako je BHIETH Jia (Jx)* = 0 moBiauu b = ¢ ¥ a = d, au oHJA
je ex = 0. 3aTo je R OcepMaHOB I7ie ce Jx cacToju of JKopZaHOBOT 6JI0Ka BeJIMYUHE TPU
3a cBaKo meduHUTHO X € V. IlocedHo je R XKopgaH-OcepMaHOB, IIITO Ba>KH U 3a R + K12R!.
3aTo yCI0BU () oapelyjy KopmaH-OcepMaHOB ajredapCKy TeH30p KpUBUHE.

Jema 8.12. Ako anledapcKu ilieH30p KpUugUHe Ha K8AgpaitiHOM 8eKIOPCKOM UpPOCitiopy cut-
Haiype (2,2) 3agoeosasa Heku og ycaoea (8.23), (8.24), (8.25), uau (8.26), oHga je ilieH30p
Kopgan-Ocepmaros.

Heka je R 4eTBOPOJMMEH3NOHU IIBAjIITAjH aJredapCcKu TeH30p KpUuBHUHE. Kao mocJie-
nuria Jleme , aKo je R KiiajHOB 0Hpia je R JKopzaH-OcepMmaHoB. Ha ocHOBY Teopeme ,
HCTO TO Ba)KU Kaf je R JlopeHIIOB. [IpeocTaje pasMOTPUTH ciiydyaj PUMaHOBOT R, a Taja je
Jx YBeK aujaroHaan3aduiHo. CJIMYHO CIy4ajy 3a TUII [a, MoykeMo u3adpaT OpTOHOPMU-

pany 6asy (E1,E,, Es, E4) TaKBY [ je Uy, = Uy3 = U5 = 0. I3 Jleme UMaMo

Uyg = Uyg = g = Upy = Upg = Upgq = Uzq = Ugy = Usq = Uyg = Uyp = Uy3 = 0,
K23 = K14, K24 =K13, K34 =Kj12, P =K13— K14, (=K14—Kiq2.

Kao u paHuje, mocMaTpaMmo TeH30p R ca k12 = 0, K13 = K, K14 = |, T€ pauyHaMO

kc24ud?  (k—u)ed —kac+ubd —xbc—uad
Ty = (k—p)ed  kd*+uc* —kad—ubc —xbd+puac
X =\ —xac+ubd —xad—ubc ka*+ub> (k—pyab |’

—kbc—uad —kbd+pac (k—u)ab  kb%+ua?

k22 4u2d?  (k2—p®)ed —x%ac+u*bd —x*bc—yad
(J )2 _e (k2—pu?®)ed Kk *d®4+p*c? —x%ad—u’bc —x*bd+u?ac
X) = €X\| _2ac+u?bd —x’ad—p2bc k*a?+u?b?  (K:—p2)ab |’

—Kk?bc—p?ad —k*bd+y?ac (k*—u®)ab k2b%4u?a?
r7ie je ex = a® + b? + ¢ + d2. OgaBge mosujamo Tr Jx = ex(k + 1), Tr(Jx)? = (ex)*(k* + u?) u
Tr(Jx)? = (ex)3(x3 4 u?). 3aT0 je KapaKTEPUCTHUHHU IIOJTUHOM Wx(X) = X(X — £xK) (X — ExU),
IIITO JTOKa3yje /ia je R OcepMaHOB, Kao IIITO je TO U R + k12R!. Cymupajyhu mpeTxo/He
pesyJiTaTe, T0SHjaMO HapeIHy TEOPEMY.

Teopema 8.13. YeiigopogumeH3UOHU anledapcKu ieH30p KpUusuHe je UsajuliliajH ako u
camo ako je KopgaH-Ocepmaros.

8.4 IIpuHIMI Aya/THOCTH

Hexka je R OcepMaHOB ajiredapcKy TeH30p KPUBHHe Ha [I0SUTUBHO e QUHUTHOM KBa-
IpaTHOM BEKTOPCKOM IIpocTOpy (V, &) AUMeHsHje n. 3a jeJUHUYHe BeKTope X, Y € V Ipu-
POLHO Ce jaBJba UMILIUKAIIY]ja

KY=2Y — X=X, (8.27)

KOja 3HauajHO MOyKe YIIPOCTUTHU HeKe pauyHe. 3a jequHUYaH X € V), JleMa Jiaje opTo-
HOPMHpaHy corcTBeHy 5asy (Eq,...,E,_1) y X+ TakBy ia JxE; = A;E;Baxku3al <i<n—1.
IpousBosbHO Y = Y1 aiE; € X sazoBosbasa g(JxY,Y) = Y1 a?A;, Te ce cBe cexiguo-
He KpUBUHe Haslase usMehy min; A; ¥ max; A;, Ipu 4eMy JOCTHIKY OBE eKCTPeMHE Bpe/I-
HOCTM Ta4yHO Taja Kaj cy X ¥ Y jefaH IpyroM COIICTBEHU BEKTOPU. 350T Tora TBpheme
() BakU Kaf je A eKCcTpeMHa (MUHUMYM HMJIM MaKCUMyM) COIICTBEHA BPeJHOCT JaKo-
SHUjeBOT oIlepaTopa, IITOo je ucKopucTruo Yu 1988. rogune [37, Jlema 3]. IllTaBuiile, Pakuh
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je UCKOPUCTHO UMILTUKAITHJY () Ia GopMyJIHIlIe U JOKaXKe IIPUHITUII AyaJTHOCTH 1998.
roguHe [106, 107].

MehyTumM, y HeleQUHUTHOM CJIy4ajy UMILIMKAIHja () je HeIlpeli3HA Y CIy4ajy
Ia X ¥ Y nIpunasajy pasiuuuTUM jefIUHUYHUM Iiceyro-chepama. CTame ce KMCIIpaBba y
ck1agy ca TeopemoM 8.2 moMohy HapeHe HMILIMKaIHje Kojy je fao AHapejuh 2006. To-
nuHe [3] (Bumetu Takohe [16]),

JxY = SxﬂY = JyX= EY}(X. (8.28)

360r KoMIIaTUSHUIIHOCTH g(JyX, X) = g(JxY,Y), Kaaron cy X 1 Y jeraH IpyroM COIICTBe-
HU BeKTOpH, O/iroBapajyhe coricTBeHe BpeJHOCTH Cy UCTe, Te U3 (8.28) M0KeMO UCKIbY-
UUTHU A yBol)eleM eKBUBaJIeHTHe UMILIUKaIlHje,

Y je comcTBeHU BEKTOp Of Jx — X je COIICTBEHHU BEKTOp Of, Jy. (8.29)

Ba’kHO je (II0TOTOBO aKo ce §aBUMO 06paTHUM IIpodieMoM U3 CeKijyje @) UCIIATaTH
OIITHMAaJIHO IIPOAY KeH e 3a Halll (X oMeH U3 (8.29). KopucTuMo TpH BpCTe LyaJaIHOCTH
Yy 3aBHCHOCTH OJf TOT JoMeHa. AKo (8.29) Ba>ku 3a MeljycoOdHO OpTOTOHaIHE jefUHUYHE X 1
Y, Kao 11ITO je TO ciyyaj y opuruHaaHoj febuHunuju (Bugetu Pakuh [106, 107]), ka>kemo
Ia je R caado Jakodu-gyaaaH. Ao ( ) BaKU 3a CBe X, Y € V ca €x # 0, KakeMo Jia je
R Jakodu-gyanan vy ja R 3agoeosbasa ipuHyuil gyaaHocinu (Bugetu Auapejuh u
Pakuh [17]). KoHauHo, aKo () Ba’KH Ca jeIUHOM peCTPUKIUjoM X # 0 (KOHLIEIIT y KOjeM
UMILTHKaIYja () HeMa pecTpUKIHUje Ha X U Y), KaKeMo [1a je R nioiiityHO Jakodu-
-gyanaH.

ITo reduHULMjH, IIOTIIYHO JaKOSHU-AyaslaH II0BJIa4YH JaKoSHU-AyasaH, 0K JakodHu-1ya-
JIaH II0BJIAYH CJ1ad0 JaKodHU-yasaH. PasMOTpUMO ApyTe Bese U3Meljy 0BUX iyaJIHHUX 0CO-
duna. Kako je

JX/\/@(Y/\/@) = EX/\/@A(Y/\/H)

eKBUBAJIEHTHO ca Jx(Y) = exAY (MHOXeme ca |ex|/|€y| # 0), UMaMO IIpaBOJIMHU]jCKO IIPO-
oy>Keme Ca jeJTHHUYHUX Ha IeQUHUTHE BeKTope. YCIIOB Mel)yco6He OPpTOrOHaJTHOCTH Jia-
KO Ce yKJIalka KopUulltheleM HapeJHe jieMe Kojy je U3105Kuo AHnpejuh 2010. rogune [5,
Jlema 2].

Jema 8.14. Ako umiiaukayuja () sadicu 3a cee mehycobHo opiioloHasiHe X u Y ca ex # 0,
aga oHa 8axcu ca jeguHoM pectupukuyujom x # 0.

JAokas. TIpetmiocTaBUMO [1a je JxY = exAY 3a €x # 0 ca g(X,Y) # 0. OpToroHasHa 1eKOM-
nosuryja Y = aX + Z ca g(Z,X) = 0 mosiauu a # 0. Kaxko je

0=g(IxX,aX+2Z) = g(Tx(aX + 2),X) = glexA(aX + Z),X) = g(exAaX,X) = (eX)ZaA,

TO €x # 01 a # 0 moByiave A = 0. OpaBze je JxZ = Jx(aX + Z) = exA(aX + Z) = 0, Te 360r
g(Z,X) = 0 u ex # 0, 1IpeTmiocTaBKe jieMe fajy JzX = 0. lodujamo

TvX = TJax1z(X) = aR(X,Z2)X + R(X,Z)Z = —aJxZ + JzX = 0,
IITO oKasyje JyX = 0 = eyAX. O

V ciay4dajy fa je R Jakodu-iyjaroHaJ IM3adWIaH, Halll IOMeH Ce eKBUBaJIeHTHO MOXKe
OpOayKUTU Ha CBe X, Y € V ca x # 0, 11ITO je U3y10°kKu0 AHApejuh 2006. roguHe [3, TeopeMa
3.1] (BumeTu Takohe [16, Teopema 3.2] u [5, Teopema 2]).

Teopema 8.15. Ao je R Jakodu-gujaloHaau3adunaH anledapcku WeH30p KpusuHe, iwaga je
R Jaxobu-gyanaH ako u camo ako je caado Jakodu-gyanaH.
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Jokas. TIpetmioctaBUMO Zja BaxKu JxY = exAY, g(X,Y) = 0, ex # 0 u ey = 0. Kako je R
Jako&u-ujaroHa M3asHIaH To je Ker(Jx — exA1) > Y (YOIIIITeHH) COIICTBEHH IIPOCTOP.
ITo Jlemu @ OH je HeJlereHepHcaH, Te Jlema 03BOJbaBa leKoMnosunujy Y =S+ T,
Tako la Baxu S, T € Ker(Jy — exAl) m &g = —er = 1.3a 6* # 1, S + 6T je e UHUTHO 350T
Esio7 = Es + 0%er = (1 — 6%) # 0. BekTopu S + 0T, S u T cy feGUHUTHH, OPTOTOHAIHH
Ha X, COIICTBEHU BEKTOPH O Jy KOjU OJIr0Bapajy COIICTBEHOj BPEHOCTH £xA, Te cada
Jakodu-myasmHOCT faje

TsrorX = EspoTAX,  TsX = €sAX, JrX = e7AX.
Opaspe je
s107AX = TsorX = TsX + 02 TrX + 207 (S, T)X = £sAX + 0%epAX + 207 (S, )X,
ITo 3a cBako O ¢ {—1,0,1} mossiauu 7 (S, T)X = 0. Taza je
JvX = Tso1X = T X+ IrX + 2T (S, T)X = €sAX + e7AX = 0 = egyAX,
ILIITO JI0Kas3yje () 3aX | Yuex # 0. KoHauHo, Jlema yKJIamka yeaoB X L Y. O

Heka je R Jakodu-gujaroHanusaduiad OcepMaHOB alredapCcKyu TeH30p KpUBUHE Ha
KBaJI[paTHOM BeKTOPCKOM IIpocTopy (V, g) AUMeHsHje n. 3a CBaK0 QUKCUPAHO jeJUHUYHO
X = Ex € V II0CTOjU OPTOHOPMMpPAaHa COIICTBeHa 6asa (Eq,...,En) 3a V y ogHOCy Ha Jx.
3a cBaku KopeH A € R ox det(exA 1 —Jx), mocTaB/baMo A = {1 < j < n: &ERy = A} 1
npuMenyjemo Teopemy B.8, Te odHujaMo

Y €i€j(Rigj + Riyg)* =0,
ijeA

3acBel <y#x<n

ITop IIpeTIIocTaBKOM /ia Jxy HeMa U30TPOITHUX COIICTBEHUX BEKTOPA, CBAKU COIICTBEHU
IIPOCTOP CACTOjH Ce Off BEKTOPA KOjU CY UCTOT THII, £;€; = 1 BOXKU 3a {,] € A, IIITO IIOBJIaYX
> ijen(Rixyj + Riyyj)* = 0. OpaBlie BaXKu Ry + Ryyyj = 0 3a cBe i,j € A, Te TIoceSHO 3a i = j
HMMaMo R;y,; = 0 3a cBako i € A. Kako je CBako z y HEKOM A ©UMaMo Ry;zy = 0 3a CBe y # X,
Te 3aT0 ycioB Jg E; = exAE; noBnauu Jg,Ex = Zp EpRyzzpEp = ExRxzzxEx = €;AEx, IITO
I0Kasyje 1a je R Jakodu-yasiaH.

Teopema 8.16. Heka je R Jakodu-gujaloHauzaduiaH OcepmaHos anledapcku teH3op Kpu-
8UHe taxkas ga Jx Hema U30ipouHuUX colcilieeHUX sexitiopa 3a cee jeguHuuHe X. Taga je R
Jaxodu-gyanaH.

Teopemy je moctaBuo AHapejuh 2006. roguHe [3, Teopema 3.4] (BumeTH Takohe
[16, [Tocienunia 3.5]) 1 0Ha MMa 3HavajHe Iocuegurie. Ha mpumep, OcepMaHOB R ca CBUM
PasIMYUTUM COIICTBEHUM BpeJHOCTHMaA 3a JaKooHjeB OIlepaTop je 06aBe3HOo JaKoSU-IU-
jaroHasiM3aduiiaH ca jeJHOAUMEH3UOHUM COIICTBEHUM IIPOCTOPHMA, Te je 3aTO JaKooU-
-IyanaH. IIppMeTHMO [1a ce 0BO TBphjeme IIpe Mo>Ke BH/IeTH Kao Itocaenuna Teopeme @,
HeroJyu TeopeMe B.8.

V cBakoM ci1y4ajy, HajsHauajHUja I10CcIeJulla 10J1a3u y [eQUHUTHOM CJIy4dajy, KajJ U30-
TPOIITHU BEKTOPH He ITOCTOje U CBaKO R je JakoSHU-IHUjaroHaIU3adMIHO. 3aTO je CBaKu Pu-
MaHOB OcepMaHOB R Jakodu-[yasiaH, IIITaBUIIlEe OH je IIOTIIYHO JaKoSU-AyasiaH. Harmome-
HIMO [1a je 0BO BaKHO TBphemwe (3a1paBo ynbeHUIly f1a je PuMaHoB OcepMaHOB R cy1a60
Jaxkodu-nyanaH) ripBu fokasao Paxkuh 1998. rogune [106, Teopema 2.5] [107, Teopema 1.1],
IIOK je KaCHUje Apyrauyrju nokKas usnoxuo ['viaku 2001. rogune [57, Teopema 3.1.2].

Teopema 8.17. PumaHos OcepmaHOo8 anledapcKu lieH30p KpUusuHe je UotlilyHo Jakodu-gy-
anaw.
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CBaku OcepMaHOB TeH30D je IIBAjIITajH, a Y AUMEH3UjU n = 4 pauyyHU Ce 3HauajHOo I10-
jeqHOoCTaB/bY]y 360T MaJIOT dpoja KOMIIOHEHTH TeH30pa KpuBUHe. [IpeTriocTaBUMO Jia je R
YeTBOPOJUMEH3NOHH I1BajIITajH aJredapCKyu TeH30p KPUBUHE U IIpey3MUMO HOTaIlljy
U pesyirare us Cexnuje 8.3.

AKo JxY = exAY BaKH 3a jefuHUUYHe Meljyco6HO opTOoroHasHe X, Y € V, OH/ia je Hajjex-
HOCTaBHHUje padyyHaTHU Y OpPTOHOPMUpPAHOj dasu (Eq1,Ey,E3,Ey) 3a V1aeje Ey = X, E; =Y.
HpeTHOCTaBKa jElEZ = 81AE2 aje K12 = Ry112 = 8182)(, Uig = Ry113=0m Uiz = Ry114 = 0,
OlaKJie () (mu omutHje ( )) maje Uy = Rigpa = 0 H Uy, = Rigpzs = 0. IMamo
jEzEl = &1K12E1 + 83[124E3 + 84[.123E4 = &yAEq, IITO ,uaje JyX = eyAX.

OBako CMO Zi0Kas3aJM [ia je CBaKKW YeTBOPOJAUMEH3HUOHH I1BAjIIITajH ajJredapcKu TeH-
30p KpUBHHE CJIad0 JaKodM-/IyasaH, IIITO je pe3yJITaT KOj! je OPUTHHAJIHO II0CTaBHUO AH-
npejuh 2006. roguHe [3] (BumeTu Takole [16, Teopema 4.1]), 0K je IIpe3eHTOBAaH jeLHO-
CTaBHUjHU J10Kas3 U3 [5, Teopema 3].

[IpetnioctaBuMO fa JxY = €xAY Baku 3a meljycodHO opToroHasnHe X, Y € V, rfe je
X jemuHUYaH, a Y usorponad. IlocraBumo E; = X. Jlema @ pacraB/pa Y = E; + E3 ca
Mel)yCOGHO OpTOTOHAJIHUM jeJUHUYHUM E, U E3, KOjH Cy OPTOrOHAIHU Ha X, Tako Jia je
£, = &, = —&3. I3adepumo BeKkTOp E4 Tako fa je (Eq, Eq, E3, E4) OpTOHOPMUpaHa 6asa 3a V,
IIITO je IIOro/iHa 6as3a 3a ITocMaTpame KOMIIOHEHTH TeH30pa R.

s ycnoBa Jg, (Ez+Es) = £1A(E2+E3) 08HjaMO €5K12+ E2ll14 = E1A, E3K13+E3ll14 = €14,
Uqs + — 0, oflaKJIe je Kq3 + K13 = —2{1,. AKO je R 1iBajInTajH, u3 (8.14) /ey tys = Us,,
IoK (B.18) maje Uy, = €4Stz = —E4Sllqy = Ugy. Ca re cTpae u3 (8.17) u (8.15) uMamo

Uos(D + q) = —ly4(K1z + K13) = 203, = 2455, oK (8.19) naje (p + q)* = (K1 + K13)* = 43,
IIITO IOHOCH P + q = 2Uy3 = Uy3 + l3,. KaKo je

JEy+EsE1 = €1(K12+ 214 +K13)E1+€2(— s+ Usa)E2+€3(Ugs — U3a) E3+E4(Uys — (D+q) +Usy)Es,

TO IIPETXOAHU Pe3yaTaT 4ajy Jg,+e,E1 = 0 = €g, g, AE1, OBHOCHO JyX = eyAX.

IToKa3agd cMo Jla MMILIMKaIHja (8.28) Baxku 3a Meljyco5HO opToroHanHe X u Y rie
je X neduHUTHO, Te ce 110 JleMu YCJIOB OPTOTOHAJTHOCTH MOKe UCK/BYYUTH, OflaKIIe
modujaMo HapeIHy TeopeMy Kojy je mao AHnpejuh 2010. ronuse [5, Teopema 4].

Teopema 8.18. Ceaxku uellieOpOGUMEH3UOHU UBAJUWLIUAJH aNleSapCKU ieH30p KPUBUHe je
Jaxkodu-gyanan.

HapaBHo, OcepMaHOB R je IBajIITajH Te je 3aTO CBaKU UeTBOPOAUMEeH3N0OHH OcepMa-
HOB aJITeSapCKU TeH30p KPUBUHE JaKOSH-TyasIaH.

8.5 Kmasu-Kiimdpopaoru TeH30opH

TOPCKOM 1IpocTopy (V, g). OHH yKbyuyjy R us3 () u R u3 (6.15), r7ie je J KOCOa/[jyHroBaH
eHpomopdusam ox V. Kako mro je rokasaHo y [Ipumepy 6.6 cBaka JIrHeapHa KOMOUHa-
nyja

ITogceTUMO Cce IIPBUX IIPHUMepa ajredapCcKux TeH30pa KEI/IBI/IHe Ha KBa/IpaTHOM BeK-

m
R =R +> R (8.30)

i=1
je Takohe ajiredapCcKu TeH30p KpPUBUHE, TNie CY Jq,. .., m KOCOAAjyHIOBaHU eHJ0MOpbU-

sMHOAVH ;€ R3a0<j<m.

Kaugopgoea gamuauja panra m je aHTUKOMyTaTUBHa paMUIHja KOCOAjyHIOBa-
HUX KOMIUIEKCHUX CTPYKTypa J;3a 1 < i < m. Anredapcke TeH30pe KpUBHUHE 06JIMKa ()
KOju cy rtoBe3aHu ca KitmpopmoBoMm pamuiinjoM yBeo je 'k 1994. roguHe [56] (BugeTu
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Takohe [61]). Mu pasMaTpaMo yOIIlITekhe, aHTUKOMYTaTUBHY GQaMUIH]y eHI0MOopH3a-
Ma J; TAKBHUX J1a je J# = ¢; 1 3a Heke ¢; € R. OBH eHZOMOPOH3MH HCITYEaBajy YOIIIITeHe
XypBHUII0Be peJialiyje,

Jij +Jii = 2¢i65 1, (8.31)

3a 1l < i,j < m. Anredapcku TeH30p KpUBHUHE R je kea3u-Kaugopgoe axo nMa 086JIUK
(@) U 3a70BoJsbaBa (8.31)). oBaj KOHIENT yBeJU cy AHApejuh U JIyKHh@ 2019. roguHe
[13]. V cnermmjasiHOM ciry4dajy I7e je ¢; = —1 3a cBe 1 < i < m, TeH30p R je Kaugopgos.

Jlodpo je to3HaTo 1a je KimudopaoB anredapcku TeH30p KpuBUHe OcepMaHoB. O6par,
MeljyTumMm, jecTe IyS0K pesyaTaT. Ha ocHOBY pesysarata HukosajeBckor [96, Cexiuja 2],
y PUMaHOBOM OKpy’Kely CBaKU PuMaHOB OcepMaHOB ajireSapCKU TEH30p KPUBUHE je
odaBe3HO Kitnpopzos. OBO BaKi Y CBUM IMMeH3HjaMa OCUM 3a n = 16, Te U y MHOTUM
cay4yajeBUMa I7e je n = 16.

PasmoTpumMo KBa3u-KinpopmoB ajnredapCKu TeH30p KPUBHUHE R ¥ IPOM3BOJbAH BeK-
TOop X € V. Kako je cBako J; kocoagjyHroBaHo, umaMo g(J;.X,X) = 0. To mojegHOCTaBIbYje
JakodujeB onepaTop KOjHu y3uMa 08JIHK,

IxY = R(Y,X)X = Ho(g(X’X)Y_ g(Y>X)X) + Z Buig(]iYaX)]iX>
i=1

Te je 3aTo

m
TxY = Uo(exY — 8(Y, X)X) — 3 ug(Y JX)JiX. (8.32)
i=1
[IITaBuUIlle, youiuTeHe XypBUIEBe pesaliyje () noBynave g(J;X,J;X) = 0 ¥ grx = —Ci€x
3a 1l <i#j< m. AKo 1edHUHUIIIEMO

Frt=A{X, 1 X, ..., ] X}

3a 1l <t < m,rodujamo
TIx(JiX) = ex(Uy + 3ci;)JiX,
jXZ :gXuOZa

3acBako 1 <i<muzec Fi.

Ba’kHO je pasyskoBaTH cay4daj ¢; # 0,1 <1 < kop ciayuaja¢; = 0, k < i < m. 3a ze-
GUHUTHO X, CKYII Fj CaCTOjH ce oJ Mel)yCOGHO OpTOrOHaTHUX AeGUHUTHUX COIICTBEHUX
BEKTOpa, Te Cy U Span Fy U F;- HelleTeHepHUCaHH, 0K je Span(Fp \ Fi) MOTIIYHO H30TPO-
IIaH IoTHpocTop. U3 HHKIIy3Hje Fi- N Span(Fm \ Fix)= < Ker((Jx [;kL — Exlip 1)) ciemn fa
je

Fin Ker((Jxl 7 — €xlg 1)t < Span{Ji1X, . .., JmX}.
MehyTuM, yOIIIIITeHU COIICTBEHU IIPOCTOP je HeJereHeprcaH (Jlema ), Kao U BeroB
OPTOTOHAJI, KOjU He MOKe SUTHU Cafip>KaH Y IIOTIIYHO M30TPOIIHOM IIOTIIPOCTOPY, OCUM
aKo je TpuBHjaaH. 3atTo je Ker((Jx [ka — exlly 1)) = Fit, omakue je

k
1
det (x1 — ) = x(x — )" < T~ (ot + 3t
i=1

KOHCTAaHTHO. Ha ocHOBY Teopeme , TO II0Ka3yje f1a je R OcepMaHOB (BUzeTH AHIpejuh
u Jlykuh 2019 [13, Teopema 2.1]).

Teopema 8.19. Ceaxu keasu-Kaugopgos aniedbapcku tieH30p KpuguHe je OcepmaHos.

9Karapuna Jlykuh (1994), cpIicka MaTeMaTHUapKa
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JlomaTHo, YKopgaHoBa HopMaJsHa GopMa of Jy ©Ma KPUTHUYAH /e Ha F;-, T7ie je
m(Jx[rr — €xbo 1) € Span{/i;1X, ..., JmX} C Ker(Jx|rL — exilo 1).

Opatie je (Jx!| FL — Extho 1)? = 0, Te je peCTPUKIIMja HUJIIIOTEHTHA Y [Ba Kopaka. Cie[u
Ia kBasu-KimmoopaoB R He pomyinTa JKopaHoBe 6JI0KOBe BesinurHe Behe of 2. Ca pyre
cTpaHe, IIpumep npukasyje XopgaH-OcepMaHOB TeH30p KpUBHHe uuja JKopgaHoBa
HopMaJsiHa ¢opMma nMa KopzaHoB 610K BestrurHe 3. To 3HA4UH /1a 06paT He BaKU y CUT-
HaTypH (2, 2), rme OcepMaHOB R He Mopa 6UTH KBasu-Kiudopros.

Cazma ciegyMo apryMeHTe Koje cy fanu AHnpejuh u Jlykuh 2019. roguse [13], miTo
yOIIlITaBa IIPeTXoaHU pax AHApejuha u Pakuha [[17], y iiby IIpoBepe [ja JIU je KBasu-
-Kimudopmos R = yyR! + S, y;Ri Jakodu-nyanan. Heka je X € V 1eUHHUTHO U IIPETIIO-
CTaBUMO [1a je Y COIICTBEHU BEKTOP Off Jy, TaKO J1a JxY = £xAY Bakul 3a HeKo A € R. Tazja

() IJOHOCH
ex(A — Uo)Y = —1o8(Y, X)X — 3 Z (Y. JiX)JiX, (8.33)

i=1

IOK IIpOMeHa ysiora3a Xu Yy () naje
m
TvX = flo(evyX — £X,V)Y) = 3> wg(X, ;Y)J;Y. (8.34)
i=1

V cay4ajy A # Uy, jesHaKoaT () HaM oMoryhaBa Jja ©3pasuMo Y ca

—1o8(Y, X) T g, JiX)
Hr TP ey (8:35)

AKO TO 3aMEeHUMO ¥ () nodujaMo

_ —U8(Y, X) " w8(Y,JiX)
T = Ko (”Xg(x’“ (MX 2> M’f"))

S —Ho8 (Y, X) " wg(Y,JiX)
— 3§yig(X,]iY)]i (&MX 3jzzl M]]X) .

OBO ce [1aJbe I10jeJHOCTaBJbYje ca

_ Ho8X, Y))?\ | Bueg(X.Y) <
TyX = Uy <8Y+ ;X(A_#O)> eXO)L o) ;Hl 8(Y.JiX) + 8(X. JiY)) JiX

T Z ZH 8 (X, iY)8(Y, [iX)]ifiX.

Ex
11]1

Kaxko je cBako J; KOCOaJjyHr0BaHO, Cpe/Iih1 WIAaH Ha IeCHOj CTpaHU HecTaje. [lITaBuIlle, 3a

1< i) < mpenammja (X, J)Z(Y, JXJJX+ g X, Y)Y, JX)JJX = 0 emamumee
YHaKpCHe WIaHOBe Y BOCTPYKOj CyMH. IlocIeIMIHO TOSHjaMo

- H(gX. v)* 9 = Y2
JyX = <[J08y+ ex(A — o) ex(A— tlo) ;.ui (g(Y,JiX)) Cl) X

Te je 3aT0 X COIICTBEHU BEKTOP O Jy.
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V CyIIpOTHOM, Kaf je A = U, jeHaKOCT () ce CBOIU Ha

Log(Y, X)X +3> wg(Y,JX)[iX =0. (8.36)

i=1

PasnBajameM HMHJeKca Tako flaje ¢; # 03al1 < i < ku¢; = 03a k < i < m, BULUMO Jia
je 3a cBako nepuMHUTHO X moTmpocTop Span{X,/iX,...,JixX} HemereHepucaH AUMeH3H]e
k+1wu oproronanaH Ha {Ji1X, ...,JmX}. 3a TakBO X, jemHaKocT (8.36) moHOCH 1;8(X, J;Y) =
ug(Y.J;:X) = 03a1 < i< ksajegso ca pg(Y,X) = 0. Taxo ocTaje > ;" 1 18(Y,JiX)[iX = 0,
7oK (8.34) mocraje JyX = eyloX — 3> 1k, 1 18X, JiY)]iY.

YV ciyuajy m = k + 1, roprsa pestaryja ce cBoau Ha Uy 1£(Y, Ji+1X)Jk1X = 0, mrTo $op-
cupa Uy 18(Y, Jxkr1X) = 0. [TocaefuuHO J06HjaMO peJtaliyjy IyaJaHoCcTH, JyX = eyl X. OBO
yCIIOCTaB/ba HapeqHU pe3yaTaT (BumeTH [13, Teopema 3.1]).

Teopema 8.20. Csaku keasu-Kaugopgos anledbapcku ieH30p KpUBUHe ca Hajeule jegHum
uHgekcom i ca ¢; = 0 je Jakodu-gyanaH.

MehyTuMm, TBpleme BUIlle HUje TaAYHO aKo II0CTOje dap ABa Taksa J; ca ¢; = 0. Heka je
(Ty,...Tp,S1,...,Sq) OpTOHOPMHpPaHa dasa KBaJpaTHOI BEKTOPCKOT mpocTopa (V, g) CHr-
Hartype (p, q). AeduHuinumMmo engomopdusam J ox ) ca

JT1 =Ty + S, = —JS1, —JT2=T1+81=]S,
JT3 =Ty + Sy =—JS3, —JT4=Ts+S3=]S,
JTs = =]JTp =]Ss =JSe = --- = JSq = 0.

I[IpaBOJIMHU]CKH je IIPOBEPHUTH /1A je ] KOCOa/ljyHroBaH ca J> = 0, Te KOHCTPYHIIIEMO aJire-
Sapcku TeH30p KpUBHHe ca R = R/. Iheros JakoSujeB omepaTop je mo GpopMyIu () natT
ca JxY = —3g(Y, JX)JX, ojakiie cjaefy 1a My je KapaKTepUCTUYHU ITOJTUHOM XP 4. VKOJTUKO
je JX # 0, ogza ’KopzaHoBa HopMaJsiHa GpopmMa off Jy UMa UMa TavyHO je/laH OJIOK BeJIUYU-
He 2, 10K 3a JX = 0 uMaMo0 Jx = 0 ¥ TaKBU &6JI0KOBU Ce He I10jaBJ/byjy. AKO 3alIUIIIEMO
X =3V aT;+ 31, BS;, Bunumo na JX = 0 Basku aKko U caMo akKo je a; = f§; 32 CBaKo
1 < i < 4. OBaj yCJIOB ce HUKAJ He [eltaBa 3a f1eUHUTHO X € Span{Ty,..., T4, S1,...,S4},
JIOK YBEK Ba’kM 3a IPOMU3BOJBHO X € Span{Ts,...,T,,Ss,...,Sq¢}. V cllelriujaJHOM cIy4ajy
4 = p < q, OcepMaHOB TeH30p R = R/ je Bpemencku KopgaH-OcepMaHOB, aly HHje IIPo-
cropHO ’KopzaH-OcepMaHOB. Tako 106HMjaM0 pe3yJITaT IIOIIYT OHOTI KOjH Cy JaIu [MIKY U
MBaHoBa [59, Teopema 3], kao u I'miku [57, Cexumja 3.2].

Teopema 8.21. Ilocitioje spemeHcKu KopgaH-OcepmaHnosu anlebapcku WeH30pu KpuguHe
Koju Hucy upociuopHo >KopgaH-OcepmMaHosu.

3a KOHCTPYKIY]jy IpuMepa KBasu-KimdopzoBor TeH30pa R Koju HUje JakoSHU-fyasiaH,
rope; Beh edUHICaHOT KOCOA/[jyHIOBaHOT eHpoMopdusma J ca J> = 0, mo TeopeMu ,
II0TpedaH HaM je SapeM jOIIl jeZlaH KOCOa/jyHroBaHu eHaoMopdusam K ca K? = 0. Heorr-
XOJIHO je CTBapHy YpeAUuTH TaKo /ia II0CTojU feduHUTaH X TaKaB Jia cy JX u KX JiHeapHO
3aBUCHU. Y UCTO BpeMe MOpaMo 06e35eIUTH U aHTUKOMYyTaTUBHY penanujy JK = —K]J.
YBOAMMO TaKaB eHJoMopdusaM K of V ca

KTy =T, +S8,=-KS;, —KI;=T1+81=KS$
KTs =Tg +Sg = —KSs5, — KTg =Ts5+ S5 = KSs
KT3=KTy=KT; = --- = KTy = KS; = KSy = KS; = - - = KSq = 0.

HoBu enpoMopdusam K je HalpaBJ/beH II0 y30py Ha J, TaKo a BeKTOpU T3, T4, S3, S,
Membajy yuore ca Ts, T, Ss, Sg, THM pegoM. 35or Tora je K KocoamjyHrosad ca K2 = 0 u
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roxaTHoO uMaMo JK = KJ = 0, IITo 3a/{0B0/baBa 3aXTeB aHTUKOMYTAaTUBHOCTH. YKOJIMKO
neduHUIIIEMO
R=FR —RK

Teopemu B8.19.

13 (8.32), JakoSHjeB orepaTop of R 3agioBosbaBa JxY = 3(g(Y, KX)KX — g(Y, JX)JX). Kako
jeJT1 = KT1 = T +S,, To cmepu Jr, Y = 0 3a cBako Y € V. Ca fgpyre cTpaHe,3a Y = T + V28,
UMaMo

OHJIa ,ILOSHI'aMo KBasu-KimdopoB anredapcku TeH30p KPpUBHHE R KOjH je OcepMaHOB I10

g(Y,JT1) = g(Y,KT1) = g(Tz + V254, T, + Sp) = -1,
Te je 3ato JyTy = 3(g(Y,JT1)JY — g(Y,KT;)KY) = —3+/2(T5 + S3). Tako go5ujaMo

T, (Ta+V284) =0, Ty, 35, (T1) = —3V2(T3 + Sa),

IIITO IeMOHCTpHpa /ia R Huje JakoSu-AyasaH. llITaBuIlle, 0Baj KOHTpAIpUMep Cagp KU Me-
hycoSHO opToroHanHe jefrHHYHe BekTope X = Ty U Y = T, + /2S5, 3a KOje IPUHIHII
IyaJTHOCTHY 1ajia.

Teopema 8.22. IIoctuoje keasu-Kaugopgosu (u 3aitio OcepmaHosu) anledbapcku tieH30pu
KpuguHe Koju HUcCy Jakodu-gyaaHu.

[IpBU NOKyIIaj KOHCTPYKIHje OcepMaHOBOT ajredapCKor TeH30pa KpUBUHE KOjU HU-
je Jakodu-nyanaH odjaBsbeH je 2019. roguHe y [13, Teopema 3.2]. V Toj KOHCTpyKIuju K
je HalpaBJ/beH II0 Y30py Ha J TaKo [ia ce caMO BeKTOpPH S, U S5 Memajy. Hakasioct, 0Baj
OpPUT'MHAJIHU IIpUMep He 06e3deljyje yCI0B aHTUKOMYTaTUBHOCTHU 3a | U K, Te 108UjeHU
TeH30p HUje HU KBasu-Kimmdopaos Hu OcepMmaHOB. MI1ak, 0OCHOBHA H/ieja je UCIIpaBHA U
Hallli payyHU HaKOH yBohewa K IIpaTe OpUTHUHAIHU IIPUCTYII TOTOBO JOCI0BHO.

Heka je R xBa3u-KimidopoB anredapCcku TeH30p KpUBHHe. 3a HeHyJIa BeKTop X € V U
0o, . ..,0m € R 11IOCMaTpajMo pesarujy

00X+ 01X+ +0p X =0. (8.37)

3acBakoa = (ay,...,am) € {0,1}™ nedpuHUIIEMO eHIOMOPdU3aM J* = i .. . Jit u (—1)% =
(—1)@t-+am TIppmeHoM (—1)4% Ha (8.37), modujamo Y 1 (—1)%0%J%X = 0, T/Ie YBOAHMO
e; = (6i1, 962, - --,0im) Ca IOJAaTHOM KOHBEHITHjOM €y = (0,...,0), Tako fa je Jé = J; u J% = 1.
Kako je (—1)%J%J% = (—1)%++0m(c;) %%+ 33 1 < i < m, I7ie ce a + e; pasaHKyje o1 a camo
Ha [-TOM MecCTY, 3a cBako a < {0,1}™ rodujamo jefHAKOCT

m

D (1) () Ug A = .

i=0

Ha 0Baj HauMH /[0JI1a3MMO /[0 XOMOT€HOT CHcTeMa of 2™ JIMHeapHHUX jelHauYMHa ca 2™ He-
TIOSHATHX, 35 Mop/PX = 0, Trie je

Meaq = (_1)a1+---+am607
Ma(aiel-) = (_1)ai+---+am(ci)aiei’

3al < i< m aycynpoTHoM Mg = 0. Cag mocMaTpaMo KBaipaT OBe MaTpHILe. theroBu
eJIeMeHTH Cy IaTH ca

(Mz)aa = MaaMaq + Ma(aiel)M(aiel)a +oot Ma(aiem)M(aiem)a = 9(2) - C192 — .= Cmefnv
(Mz)a(aiei) = MaaMa(aiei) + Ma(aiei)M(aiei)(aiei) = 07
(Mz)a(aieiiej) = Ma(aiei)M(aiei)(aieiiej) + Ma(aiej)M(aiej)(aieiiej) = 0;
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IIOK je Y CyIIPOTHOM (Mz)aﬁ = 0. Tako je M? qujaroHaJHO ¥ BasKU
(det M)? = det(M?) = (65 — c163 — - - - — cB2)*".

3a detM # 0, crcTeM [[03BOJbaBa CaMO TPUBUjaNHO pelieme X = 1 X = - = [ X = 0.
Kako je X # 0, Mopa 6utu det M = 0. To foka3syje HapeJgHY TeOpeMy KOjy Cy IIOCTaBUIN
AHpnpejuh u Jlykuh 2019. roguse [13, Teopema 4.1].

Teopema 8.23. Heka je {]1,...,]m} k6asu-Kaugopgosa pamunuja ca ]i2 =cil3al<i<m
AKo 3a HeKU HeHya seKiuop X u 0y, . .., Om € R s8adxcu peaavyuja 0pX+ 011X+ - - +0mfmX = 0,
oHga je 05 — 107 — - — 6% = 0.

ITocedHO, ako je R Kimudopaos, oHza je ¢; = —13a cBe 1 < i < m. IIo Teopemu
yci10B 0pX + 01J1X + - - - + OJmX = 0 moBJ1auu 03 + 65 + - - - + 62, = 0, mTo Aaje H; = 0 3a cBe
0<i<myrejeckyn{X, X, ..., JnX} TuHeapHO He3aBUCaH. IIo TeopeMu , R je Jakoou-
-myasaH. Caf, IIPETIIOCTaBUMO Jia je Y COIICTBEHU BEKTOP Off Jx 3a U30TPOIIaH BeKTop X.
Tapa Teopema naje JxY = 0, u () ce cBogu Ha (8.36) moHocehn u;8(Y,J;.X) = 0 3a
1 < i< m,s3sajegHo ca uyg(Y,X) = 0. Ciregt JyX = €yl X, Te je X COIICTBEHH BEKTOP Of Jy.
OBoO ycrocTaBJ/ba HapeJHU pe3ysTaT Koju je xaT y [13, Theorem 4.2].

Teopema 8.24. Cgaku Kaugopgos asledbapcKu itieH30p KpuguHe je UoWuyHO Jakodu-gya-
JlaH.

Heka je R xBasu-Kiimdopzos anredapcku TeH30p KpuBHHe. KocoajyHroBaHU eH/0-
Mopou3Mmu ca J¢ = 0 Memajy JKoplaHOBY HOPMAJIHY $OpPMYy 0ff Jx Te 3aTO HUCY KOM-
IaTUSUJIHU Ca IIPUHITUIIOM yaJIHOCTH, Kao IITO cMO Beh npumeTwsin y TeopeMu .
VKJIOHUMO TaKBe TaKo IIITO II0OCTaBUMO m = Kk, oCTaB/bajyhu caMO OHe J; KOjU Cy ayTo-
Mopdu3Mu. He yMarsyjyhu omIToCT, HAKOH CKaJIHpara cBakor J; ca (1/1/|c;|)J;, Mo>keMo
IIpeTIIoCcTaBUTHU ¢; € {—1,1}. Taja Ka>keMo [ia je TakaB R nioay-Kaugopgoe. IlpaBoiu-
HUjCKHU je IIPUMETUTH Jia o1y-Kiimdopaos R jecTe Jakodu-aujaroHaar3aduaaH, Te 3aTo
u JXoppaH-OcepMaHOB.

[TocieguuHoO, IIocMaTpamMo GaMuInjy {Jy, . . ., Jx} AaHTUKOMYyTaTUBHUX KOCOA/jyHI0Ba-
HUX OPTOTOHAJIHUX U aHTUOPTOTOHAJIHUX OllepaTopa Ha V. OHHU Cy 3alIpaB0O KOMILJIEKCHE
CTpyKType (¢; = —1) u IpousBof CTPYKType (¢; = 1). Ba’KHO je HAIIOMEHYTH Jja IIPOU3BO/L
CTPYKTYpe J; Mebajy CUTHATypy, 380T £.x = —&x. 3aTO, CBaKU I0J1y-KiudpopoB R Koje
Hyje KitajHoB jecTe Kiupopos.

Hexka je R mosry-KimndopzoB ajiredapCcKu TEH30p KpUBUHE Ha KBA[paTHOM BEKTOPCKOM
apoctopy (V, g). 1o Teopemu , R je Jakodu-IyasiaH U HapeJHU KOpaK je UCIIUTaTH /ia
JIY je R IOTHyHO JaKodu-IyasaH. PasMOTpUMO IIOYeTHU yciaoB JxY = 0 3a u3oTpomaH
BeKTOp X € V. AKo mocTtaBUMO 0y = uyg(Y,X) u 0; = 3u;g(Y,JiX)3a1l < i < m, oHza je
00X + 01J1.X+ - - - + OJmX = 0. Offatie je

0F = 108 (Y, 00X) = —110 3 0ig(Y.JiX) = ~to ) 5 -
i=1 i=1 1
1ok Teopema ITOHOCH
m m 2
o
0= i =—llyy = (8.38)
- — 3y,
i=1 i=1
Te 3aTO UMaMO m
Ho \n2
> e+ 3% =0 (8.39)

i=1

[TuTame fa jiu je R IOTIIYHO JaKoSHU-AyasiaH CBOZAY Ce Ha TO Jia JIA [I0YETHHU YCJIOB YBEK

naje JyX = eyuoX —00Y + 01/1Y + - - - + On/mY KOje Mopa SUTH IIpOIIOPIIOHAIHO ca X. OBO
opMax Baxku Kag 0; =0jesacBe 0 <i<m.
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AKo cy cBH dpojeBH (3¢;l; + Up)/U; 32 1 < @ < m IIOSUTUBHY, WX CBU HeTaTUBHU, OHJa

je 01 = --- = 0 = 0 jeIUHO pelllerse jefHAUNHE (). 3amMeHa y () oHpa maje 6y = 0,
IIITO YCIIOCTaBJ/ba HapeaHy TeopeMy U3 [13, Teopema 4.3].

Teopema 8.25. Heka je R tiony-Kaugopgoe antedapcku itieH30p KpuguHe leHepucaH uosy-
-Kaugopgosom gpamunujom {J1, ..., m}, ige]l.2 =¢13al<i<m Ako (3cu;+ ty)u; > 03a
ceel <i<m, uau (3c;u; + Ug)it; < 03aceel <i<m,oHgaje R UoliyHO Jakodu-gyanaH.

I[IpeTIIoCTaBUMO /Ia IIOCTOjH SapeM jefHa IIPOMU3BOJ, CTPYKTypa J = Ji. Kako je J2 = 1,
uMamo (J —1)(J+ 1) = 0. 3aTo je (x — 1)(x + 1) MUHHUMaJ/IHU IIOJIMHOM Of, ], IIITO II0Ka3yje
na J Hema JKopiaHoBe 8JIOKOBe M CaMUM THUM je IUjaroHaaInu3aduiaHo. AKO JX = +X U
JY = +Y3anHeke X,Y € V, oH1a g(X,Y) = g(£X, +Y) = g(JX,JY) = —g(X,Y), mrTo dpopcupa
X 1 Y. 360r TOra Cy COIICTBEHH ITOTIPOCTOPHU Ker (J+ 1) IIOTIIYHO U30TPOIIHY, Te J0dHjaMOo
nexkommosuryjy V = Ker(J— 1) @ Ker(J—1). Y oBoM ciyuajy, ckym {X, 1.X, ..., JmX} 1IOCTaje
JIMHeapHO 3aBHCaH 3a HeKo X € V, Te ce apryMeHT KopHirtheH y okasy Teopeme 8.24 He
MO’Ke BUIIle IIPUMEHUTH.

3a nosry-KimndopoB TeH30p R KaxkeMo Jia je aHinu-Kaugopgoe axo je c; = 1 3a cBe
1 < i< m.YToMm ciayuajy, TeopeMa IIOBJIAYHU Ja U3 01/1X + - - - + On/mX = 0 MOpa SUTHU
02 + ..+ an = 0, 1ITO 1MOKasyje za je CKyt {J1X,...,JmX} JIMHeapHO He3aBUCaH 3a CBaKO
H30TPOITHO X € V. 3aTo0 1o TeopeMu 4.12 II0CTOjH U30TPOITHU CYyILIEMEeHT My, ... My, TaKO
fia BaXu g(J;:X,M;) = 6 uM; | Mj3acBel<ij<m.

3acBako 1 < k < m, II0CTOjU U30TPOIIAaH COIICTBEHU BEKTOP X TakKaB /1a je [ X = X, IIITOo
Iasbe IoBJIavH [ My = —Mj. Y TOM ciiydajy ©UMaMo

TxY = — (3 + Up)8(X, V)X - 3> ug(JiX, Y)JiX.
i#k

Teopema pefyKyje MOryhHOCTH 3a KOHCTPYKIIHjy aHTU-KiidopoBor TeH30pa Ko-
j¥ HUje IOTIIYHO JakodU-AyasiaH. HajjeqHoCTaBHYje je 000PUTH YCJIOB Te TeopeMe Kaf je
3l + Uy = 03a Heko 1 < k < m. Heka je cag Z € Span{/1X,...,JmX,My,...My}+. OHzA
umamo Jx(My + Z) = 0. Ca gpyre cTpaHe,

Im+zX = Ug€zX — Uo(My + Z) + 3y Jx(My + Z) = Uo€zX + 3y (Z + JiZ).

AKXo je n > 2m, OHJia IIOCTOjU e GUHUTHO Z K Y TOM CIIy4ajy Juy, +zX HHje IIPOIIOPIIHOHAI-
HO ca X, IIITO IT0Ka3yje Za R HUje IOTIIYHO JaKodU-AyaJIaH.

Teopema 8.26. Heka je R = y,R' + S, y;Ri aniu-Kaugopgoe aniedapcku fieH30p Kpu-
8UHe gumeHsuje n. Ako je 3u;, + Uy = 03a Heko 1 < k < mun > 2m, oHga R Huje totuityHO
Jaxodu-gyanaH.

IIpumep 8.2. Heka je | KocoaAjyHroBaHa IIPOU3BOJ, CTPYKTYpa Ha KBaZpaTHOM BeKTOp-
CKOM IIPOCTOPY A¥MMeHsHje n > 2. Taga je R = 3R! — R/ OcepMaHOB, ajli He U IOTIIYHO
Jakodu-nmyanaH. A

Ha ocHoBy TeopeMme , jenyHa rpeocTtasia MOryhHOCT 3a KOHCTPYKIIH]y TaKBOT IIpU-
Mepa je cy4aj Kaj 3a j # k iMaMo

(34 + to) (B + o)ttty < 0.

. . ) .
Kako je (Jjcost + Jxsint)® = J#cos® ¢ + Jisin™ t = 1, TO CJIefj|t ia 3a CBaKO ¢ € R IOCTOjH
M30TPOIIaH BeKTOP X TaKaB Jla BasKH

X = JiXcost + JiXsint.
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Axo momaTHO y3MeMoO Y | [;X 3a cBako i # j, k, OHia yCJIOB I10CTaje
Uo8(Y, X)X + 3u;g(JiX, Y)J;X + 3w (kX Y)JkX = 0,
IIITO Ce CBOJU Ha
((yo cos?t + 318X, Y) + (up sin t cos t)g(JiX, Y))]]-X
+ (1 cos tin )g X, ¥) + (1o Sin”  + 34408 UiX, ) ) JiX = 0.
Hreja je u3adpaTtu t € R TakBo fa je g(J;X,Y) # 0 # g(JiX,Y) u

Hocos®t+3u;  uysintcost <g(]jX,Y))_<O>
U costsint yosin2t+3yk ghX,Y)) \0/)"

VCJIOB 3a leTEPMUHAHTY Aaje Lol sin®t + pol, cos? t + 3y = 0, IIITO je eKBUBAJIEHTHO

ca
(3 + Uo) L2 Ui (3 + Uo)

, sin“t :
o (1 — i) o (Mg — 1)

[IpuMeTHMO [1a Cy U3pasH ca JlecHe CTpaHe CUMETPHUYHHU U Y 30Upy fajy 1, a Takohe cy
II0OSUTHUBHU jep Baku

(o) (o) o = (et) (o) - () =

350r Tora MO>KeMO y3eTH

cos®t =

L [+ o)

t =cos”
Mo (1 — i)

. Y= (upcos® t + 3u;)M; + (g sin t cos t) My,

ma sucmo poduu JxY = 0. 3a Z € Span{/1X, ..., JmX, My, ... My}+, umamo Jx(Y + Z) = 0.

Ca gpyre cTpaHe je JyzX = JyX+ UoezX — 8(X, Y)Z + 3u;8(;X, Y)J;Z + 38 Ui X, Y)JxZ. Taxo,
ako je JyX « X, oHz1a Jy, zX HYje IIPOIIOPIIMOHaJIaH ca X 10K roj je Z neGUHUTHO.

Teopema 8.27. Heka je R = yyR! + S, y;Ri animu-Kaugopgos aniedapcku lieH30p Kpu-
8UHe gumeH3uje n. AKo je (3u; + o) (3ux + Uo) Uil < 0 3a Heke j # kun > 2m, onga R Huje
totityHo Jakodu-gyanaH.

8.6 Jakooém-aAya/THU TEH30pH

V IpeTX0/iHOj CeKITHjH A0Ka3aJIu CMO fia cy OcepMaHOBH ajirebapCKy TeH30pU KPUBU-
He JaKoSU-IyaIHU 110/ IIPeTIIOCTaBKOM MaJIoT UH/ieKca WU CUTHe JuMeHsuje. YV Puma-
HOBOM OKpYyXewy (Ind g = 0), cBaku OcepMaHOB R je IIOTIIYHO Jakoodu-ayasaH (TeopeMa
). V JlopeH110BOM OKpyXewy (Ind g = 1), cBaku OcepMaHOB R Ma KOHCTAaHTHY CeK-
UOHY KpuBUHY (Teopema ), Te je 3aTO IOTIYHO Jakodu-ayasaH (Teopema ).

V ciayuajy nuMmeHsuje n = 4, cBakd OcepMaHOB R je Jakodu-gyasaH (Teopema ).
MehyTuM, yeTBOpOAUMEH3NOHU OcepMaHOB R He Mopa SUTHU IOTIIYHO JaKoSHU-AyasaH
(ITpumep @), Te je IIaBHO IUTale odpaTa Ja Jiu Jakodu-1yasaH R 06aBe3HO II0BJIAYH J1a
je R OcepMaHOB.

Hajpe mpuka’kMO eJleMeHTapaH U eJleraHTaH [[0Kas Jia je CBaKU PUMaHOB Jakodu-
-IyasaH R dapeM AjHInTajHOB (AHApejuh u JIykuh 2024 [15]).

Jema 8.28. Ceaxku PumaHosg Jakodu-gyanaH aniedapcku eH30p KpuesuHe je AjHWIajHos.
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Joka3. 3a IIpoM3BOJbaH jeJUHUYHU BeKTOP E1 € V II0CTOJU OPTOHOPMHUpPAaHa COIICTBEHA
dasa (Eq,...,En) y V y ogHOCy Ha Jg,, Te IIOCTOje CKaJapH Aq,...,Ap € R KOjU 3aBHCe O
E,, Tako ga Jg, E; = AE; Baku 3a 1 < i < n. AKo je R Jakodu-iyasiaH OHJIa BaXkKu Jg.E1 =
A;Eq, Te IocMaTpajyhH IIOBUCUIINIY PUYHjeBOr TeH30pa Kao JMHeapHHU OIlepaTop UMaMo
Ric! = Jg, + - - -+ Jg,, Omakiie je Ric*(Ey) = (A +- - -+ An)E1. 3aTO je cBaKH jeuHUIHE Ey € V
COTICTBEHH BeKTOP of Ric’, Te cy cBe comcTBeHe BpeHOCTH off Ric? HcTe, IIITO OBIAYH fia
je A1 + -+ Ay KOHCTaHTHO, U [j0Ka3syje fa je R AjHIIITajHOB. O

V pelliaBamy 06paTHOT IIpodieMa BeoMa je KOpHCHa HapeHa YHUBep3aJHa jeMa Kojy
je moctaBuo AHapejuh 2009. roguHe [4, Jlema 1].

Jema 8.29. Ako je Jx(Y) = exAY u Jy(X) = eyAX3a X L Y, tuaga 3a cee a, B € R saxcu

Tax+py(EYBX — €xaY) = €4x, pyA(EyBX — €xaY).

Jloka3. V IUTawy je mocaeIuIa IpaBoJIMHU]jCKOT pauyHa,

Jax+py(EyBX — exaY) = R(eyBX — exa¥, aX + BY)(aX + BY)
= (exa’ + eyf*)R(X, Y)(aX + BY)
= Eax1pY(BIY(X) — aJx(Y)) = €ux4pyA(EYPX — €xaY).
O
ITocMaTpaMo 06paTHU IIPOdJIeM Y CUTHUM JUMeH3HjaMa. [[oOUHUMO ca TPpOAUMEH3HU-
OHUM JaK0dU-yaITHUM aJireSbapCKUM T€H30pOM KpUBHHe R. Kako TpogUMeH3UOHU AjH-

IIITajHOB R “Ma KOHCTaHTHY CeKITMOHY KpUBUHY ([Ipumep ), O04YeKyjeMO HapeaHy Te-
opeMy KOjy je u3y10xuo AHapejuh 2009. ronuHe [4, Teopema 1].

Teopema 8.30. TpogumeH3UOHU JaKoSU-gyanaH anledapcku ieH30p KpUusuHe uma KOoH-
CUUAHIUHY CEeKUUOHY KPUBUHY.

Joka3. Heka je (Eq,E;, E5) IporU3BOJ/bHA OPTOHOPMUpPaHa da3a y V, TakBa Jia je €, = £s.
Kaxko JakodujeB oriepaTop [Jg, UMa MaTPUILY

0 0 0
Jg, = |0 &R2112 €2R3112 |,

0 &3Rz113 €3R3113
KapaKTePUCTUYHHU [IOJMHOM H>-eTOBOT PeyKOBAHOT JaKoSHjeBor oreparopa Jg, je

@, (A) = A* — (€2Ra112 + €3R3113)A + £283R2112R3113 — €263R3112R0113.
JlucKpUMHHaHTa D KBafipaTHe jefHaunHe Wg, (A) = 0 je

D = (£2Rz112 + €3R3113)% — 4€283R9112R3113 + 4€263R3112R2113
= (€2R2112 + €3R3113)% + 4(Ra113)% > 0.

3a D > 0 Hama KBa/ipaTHa jefHaYMHa MMa /iBa pasjiMuuTa peajHa KOpeHa, KOju [ajy
ZBe pasIMYUTe COIICTBEHE BPEeSHOCTH Off, fgl, Te II0CTOje [iBa jeJHOAUMEeH3HNO0HAa COIICTBe-
Ha 1ipoctopa. Y cyripotHoM, D = 0 1aje €2R5112 = €3R3113 U Ry113 = 0, Te je jEl oujaroHasaH
Ca JBOCTPYKHM KOPEeHOM M UMaMoO JABOJAMMEH3HUOHU COIICTBEHHU IIPOCTOP. 3aTO IIOCTOjU
OpTOHOPMHpAaHa colicTBeHa dasa (Eq, Ey, E3) y omHOCy Ha JE, .

Kako je R Jakodu-fyajiaH, E1 je COIICTBEHU BEKTOP 0f Jg, IIITO MCITyH-aBa 3axTeBe JleMe
, Te je £2BE1 — €1aE; COTICTBEHU BEKTOP O[] Jur, + g, LLITABUIIIE, 3a q, B € R 171e BaXKu
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a’eq + B*ey # 0, 1 aE; + BE, U £,8E; — €1aE, cy IeQHHUTHHU U MeljyCOSHO OpTOTOHA-
HU. Kako je qulJrBEz CaMOAa/ljyHIOBaH, Juk, 1 g, £3 jé OPTOrOHaIaH U Ha £, 8E — 810!E_2 U Ha
aE1 + BEy, Te je E3 COTIICTBEHU BEKTOP OFf Jur, + gk, - V13 Jakodu-nyanHoctu akq + BE; je corr-
CTBEHH BEKTOP Off Jg,, IIITO je Moryhe caMmo ako je Span{Eq, E;} IBOZUMEH3HOHHU COIICTBE-
HH IIPOCTOP Of Jg,. CJIMYHO, MOKEMO [0Ka3aTH Ja je Span{Ey, E3} COIICTBEHH IIPOCTOP O
JE,- OnaBjie ©UMaMoO €1€3R 221 = €2€3R)337 = €1€3R1331 = K U Ry113 = Ry223 = Ry332 = 0. OBe
jeqHaurHe y IIOTIIYHOCTHU ofpelyjy R, Te OH UMa KOHCTaHTHY CeKIIMOHY KpUBUHY K. [

Heka je R 4eTBOpPOJUMEH3HOHU JaKOOH-IyaslaH ajiredapCKy TeH30p KpUBUHe Ha (V, ).
[IpeTIIOCTaBUMO /ia IIOCTOjU HEKO AepUHUTHO X TaKBO [1a je Jy AujaroHaanu3aduiaH. Taxa
II0CTOjX OPTOHOPMHUpPAaHa CoIICTBeHa dasa (Ey, Eg, E3, E4) yV TakBa a Jg, E; = €1A1;E; BaXKH
3ai=2,3,4. He ymamyjyhH OIIIIITOCT IIPETIIOCTABUMO €3 = &4.

Kako u3 Jakodu-yaJlHOCTH caefu Jg,E1 = €2412E1, TO je Jp, UHBapHjaHTHO Ha Jepu-
HHUTHOM IOTIPOCTOPY Span{Es, E4}. 3aTO je Jg, AHjaroHaJIH3adHIHO ca ABa MeljycoSHO
OpTOroHaJIHa COIICTBeHa BeKTopa asEs + asE4 ¥ £4a4E5 — €3a3E,4 32 HEKO a3, a4 € R Tako
naje a%sg + aﬁe4 # 0. OmaBpe ciee IIPOIIOPITMOHATHOCTH

a3¢, (Ez) + @57k, (E2) + 2a3047 (E3, E4)(Ez) o< Es,
a5 Tz, (E2) + a§Tx, (E2) — 283843047 (E3, E4)(E3) o Es,

Te je 3aTO
(8384(1% + ai)jgs (Ez) + (8384(1421 + a%)jg4(Ez) x Ey.

Opaspue, Jg,E, L E4 3ajemHo ca Jg,(Span{Ey, E4}) C Span{E,, E;} (13 Jg,E1 = €3A13E1)
noBJjaauu Jg,Ey o Ej, Te je Jg,E4 o E4. lodujaMo Jg,Es o« E3 U Jg,E4 o E4, OJJaKje ce
BHU/IM Jla Hallla dasa JHjaroHajusyje cBe oreparope Jg,, Jg,, Jis, JE,- 1aKO JOJIa3SUMO [0
JeEj = ei)ti]-Ej, I1e je )Ll-]- = )le- 3acBel <i,j<4.

OBaj 3aKJ/by4dax JIOIIYIIITA jeJHOCTAaBHE pauyyHe,

1 1
J(E1,E2)(E3) = €i5 (Ra12i + R3p11)Ei = 5 €4(R3124 + Raz14)Ea,
i

IIITO Ba)K! y CBUM IlepMyTalijamMa UHjeKca us ckyna {1, 2, 3,4}. Kaxko je

JarEy +ayE, (E3) = (a3€1A13 + a5€2A93)E3 + a1a2€4(R3124 + R3214)Ea,
JarEy +ayE, (Ea) = (a3€1A14 + a5€2A24)Eq + a1a2€3(Ra123 + Raz13)Es,

HaKOH CMeHe Q12 = R3124 + R3214 = Ra123 + R4213, ©MaMO

JarEr+ayE, (@3E3 + QuEq) = (a3(a2e1A13 + a§€rA23) + Qa102630Q12)E3
+ (ag(a%e1A14 + A5E2M24) + A301A2€4Q12)Es.

[ToTpedHO je AUCKYTOBATH ABa CIy4aja, Q12 # 01 Q12 = 0.
. . . 2 2

Hajmpe oo _eTHO(:TaBI/IMo na je Q12 # 0. 3a cBe aq,a; € R Tako J1a je aje + asey # Q,

110 Jlemu je ja1E1+a2E2 (82a2E1 — ElalEz) = ea1E1+a2E2)t12(82a2E1 — SlalEz). 3arTo II0CTOj€
R je a2 2 0 E E E E;. O j
as, a4 € R TaKO 71a je a5€3 + aj€q # 0 ¥ Ju,F, 1a,E,(A3E3 + @4E4) o< a3E3 + a4E4. OfaBze je
2 2 2 2

as(az(ajeiAiz + az€2A23) + Qua102€3Q12) = a3(Ag(A{E1A14 + A3E2A24) + A3A1A2€4Q12),

IITO IIOBJIAYU

a3y (a%e1(A13 — A1a) + a5€2(A3 — Aza)) = Q1a,Q12(a5€4 — dje3).
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8.6. Jakodu-ayanHu TeH30pU

MelhyTuM, JakoSu-AyaJTHOCT IIOBJIAYH /1a je a1 Eq+ayEy COIICTBEHU BEKTOP Of Ju,Es+a,Ey> T€
380T Q34 = Ry341 + R2431 = Ry342 + R1432 = Q12, MOKEMO KOPUCTUTU CUMETPUUHY GOPMYJILY
Ila 105ujeMo

a10z(a3e3(A31 — A32) + a5€4(Agy — Ag2)) = a3a4Qq2(ades — adey).

Pecka/iMpajMo ca aq = X, a; = 1 M a3 =y, ay = 1, IIITO 3HAUM JIa 3a CBAKO X (ca X% # —&1&,)
IIOCTOjH y (ca y? # —&3€4) TAKBO /1A je

(£4Q12X)y? — (81X*(A13 — A1a) + €2(Aa3 — A24))y — €3Q12X = 0,
(£3(A13 — A23)X)y* — (Q12(€2X* — 1))y + €4(A14 — A24)X = 0.

Kaxko pemema (KBafipaTHe jefHauYMHe 110 y) Uy Y HapoBUMa (MeljyCOGHO OpTOrOHAJIHU
COIICTBEHU BEKTOPH), IIOCJIe/ihe [IBe jefHauUHe /1ajy UCTa pellena, II1TO II0BJIaYu

£4Q12X = Ke3(A13 — Az3)X,
e1X*(A13 — A1g) + €2(A23 — Agq) = KQ1p(€2X* — &1),
—&3Q12X = Keg(A1a — Aza)X,

3a deCKOHaYHO MHOI0 X ¥ HeKO K = K(x) € R. OgMax je A13 — Ag3 = —(A14 — Agq), IITO faje
A13 + A1g = Ag3 + Azg.
JlomaTHO BaXkKu
£3(A13 — Ags)(E1X* (A13 — A1) + €2(Aa3 — A24)) = £4Q7,(€2X* — £1),
Te IIOJIMHOMUjasIHa jeJHauYMHa
(e163(A13 — A23)(A13 — A1a) — £2€4Q%,)X° + €283(A13 — A23)(A23 — Aga) + £1€4Q, =0

MMa 6eCKOHa4YHO MHOTO pelllera, ojfaKkile CIen

(M3 — A23)(A13 — As) = €1€28384Q7,,

(A3 — A23)(Ag3 — Ags) = —€12€38405,.
3aTo je A3 — Ayq = Agq — Agg, IIITO 33j€THO €A Aq3 + A1q = Ay + Ay3 IOBJIAYHA

Az =2Aq4 K A1q=Ag3.

IIITaBHIIIEe, *MaMO
(A3 — A1a)* = €1€2€3€4Q3,, (8.40)

M3 Yyera 0IMax CJIefu £1E€2,€3€4 = 1, IIITO 3HAUU 11a Qo # 0 Huje Mmoryhe y JIopeHII0BOM
OKPYXKeHY.

Ilpehjumo caza Ha cay4daj Qip = 0, Ie BaXKH Jo, £, 1a,E, (E3) = (a2€113 + adeaAz3)Es,
o/laKJie JaKOSHU-IyaJIHOCT /iaje

2 2
a1£1/113 + a282/\23
ale; + ase,

alegﬁlgEl + azggﬁngz = jE3 (a1E1 + azEz) = &3 (a1E1 + azEz),

IIITO ITIOBJIAYH )(13 = /\23. Ciiu4HoO, ja1£1+a252 (E4) = (a%81A14 + a%82A24)E4 ,z[aje A14 = )(24.
3ak/pydak AucKycHje je ma Qq2 # 0 maje A3 = Ayy ¥ Ay = A3, IOK HHa4Ye Q1 = 0

IOHOCHU A13 = A3 U Ay = Ayy. CIMUHe 3aKJ/bYUKe 06UjaM0 KOopHUcTehu cuMeTpHje 3a

Q13 = Ro134 + R2314 ¥ Q14 = R3142 + R3412 Y OBHOCY Ha Q12 = R3124 + R3214. Ciy4aj Q13 # 0
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naBa 8. OcepmaHOBV TEH30pPWU

/:Laje AIZ = Ag4 n 114 = 123, JOK Q13 =0 JOHOCH 112 = Azg n )l14 = )l34, Kao IIITOo Q14 75 0 /:(aje
A13 = Aoa ¥ A1 = A3g, OK Q14 = 0 TOHOCH Aq3 = A3q ¥ Agp = Apa.

Cny4aj Q12 = Q13 = Q14 = 0 ogMax faje A;z = A;3 = A1a = Ag3 = Aza = Azg, IOK
jemHaunHa 0 = Rip34 + Ro314 + R3124 = Ri234 + (Q13 — R2134) + (R3412 — Q14) = 3Rq234 CII€-
¥ U3 IIPBOT BjaHKMjeBOT UIEHTUTETA, Te je Rizzs = —Ri3xs = 0. OmaBze je R = Aq2R1,
Te je R KOHCTaHTHe CeKI[MOHe KpUBUHE. [[puMeTUMO /1A je 0BO jeAVHU MOr'yhu ciaydaj y
JIOpEeHIIOBOM OKpYKeHY, jep ako je Qq; # 0 3a Heko 2 < [ < 4 ogmax, 360T (), BaKHU
E1E2E3E4 = 1.

Kaxko 1ipBu bjaHKUjeB UeHTUTET faje Q1; + Q13 + Q14 = 0, TO oCcTaIM cIyyajeBU UMajy
dapeM iBa o7 Q12, Q13 ¥ Q14 KOjH Cy pasiMuUTH off HyJie. OflaB/e je OUUIJIeTHO J]a Y CBAKOM
caydajy (padyHajyhu U oHaj ca Q12 = Q13 = Q14 = 0) Baxxu

A2 = A3a, A3 =An, Ay =As.

3axBaspyjyhu popmyau () Koja BaXkd 3a Q17 # 0, Kao U ¥0j CUMETPUYHUM PopMyJia-
Ma, JOJJaTHO UMaMO &1€,€384 = 1 U jemHaunte (A4 — A13)2 = Q,, (A2 — Aa)? = Qi
(M3 — A12)* = Q% jep 3a eBeHTyamHO Qp; = 0 BaOXH Ayj = Ax = Ay = Ay, I7e je
{i,j,k} = {1,2,3}. Mewajyhu, yKOJIHKO je IIOTPedHO, 3HAK jeJHOT BEKTOpa y HaIlloj dasHy,
MO’KEMO IIOCTaBUTH

AMa—A13 =Q12, A1z —A1a = Q13, A1z — A1z = Qua.

Ha mmpumMmep, ako je Q12 # 0 Tama Ayg — A3 = —Q12, HAKOH IITO 3aMeHUMO E4 ca —Ey,
maje A1q — A1z = Q2. Caja, axo je Ay — Ay # Q13 TO je A1y — A1y = —Q13, ¥ lo5Hjamo
+(A13 — A12) = Q14 = —Q12 — Q13 = A1z — 2414 + Aq3. KaKo je Aq4 # Aq3 TO Clieiy A4 = Aqp, TE
je Q13 = 0 = A13 — A14. Tako godujamo

Mg — A13 = Q12 = —R1324 + R1a32 = R1234 — 2R1324,
A2 — Ag = Q13 = —R1234 + R1a23 = —2R1234 + R1324,

Te je 3aTo
2

2 1
Ri234 = *37(12 + >

:13/\13 + ;AM, Ry3z4 = ; 37(13 - 5114-

Ha oBaj HauMH H3padyHaIM CMO IIOCIe[a Ba o/ 20 He3aBUCHUX KOOPAUHATHUX
KOMITOHEHTH TeH30pa KpUBUHe (BueTH TeopeMy [6.4), IITo y IOTIyHOCTH ofpehyje R.
PauyHu cy ypalleHU y 3aBUCHOCTH O TPU IapaMeTpa Aqy,A13,A14 € R, IOK Of paHUje
MMaMo 6 He3aBUCHUX YWIAHOBA 06JIMKA Rjj; = Ajj = A ¥ jo1ir 12 1bUX 08/HKa R = 0, T71e
je{i,j,k 1} ={1,2,3,4}. CBaxu nosy-Kimnpopmos anredapCcKu TeH30p KpUBUHE je u Ocep-
MmaHOB (Teopema @) U Jakodu-nyasnaH (Teopema ), TaKo [Ia je OCHOBHA HJieja KOH-
cTpyucaTH 1oJy-KiandopoB anredapcku TeH30p KpUBHHe KOjU he MIMaTH KOMIIOHEHTe
jelHaKe KOMIIOHEHTaMa HallleT R, Te he U3 jeTHO3HAYHOCTH CJIeJUTHU fia je R OcepMaHOB.

AKo je curHaTtypa fepUHUTHA, He yMawyjyhu OIIIIITOCT MO>KeMO IIPETIIOCTaBUTH /1A je
&1 = & = &3 = & = 1, Te yBeCTH KBaTepHUOHCKY KiudoproBy pamunujy {J1,J,J3} maty
ca

A1g +

JiEv = Ey, J1iEz = —E1, JiEs = Es4, J1Ea = —E3,
J2E1= E3, JoE; =—E4, Jo2Es=-E1, J2Ey= Ey,
JsE1= Es, JsE; = Es, J3Es=—E;, JsEs=-E,

I7ie je Halle R nHAYKoBaHO KitmdoproBum

A Az, Ay,
R= ="K = 7R = 7R,
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AKO je curHaTypa HeyTpaJiHa, MO>KeMO IIPeTIIOCTaBUTH €1 = & = —1,63 = & = 1, Te
YBeCTHU I1apaKBaTepHUOHCKY I1oy-KiupoproBy bamunujy {J1, /2, Js} Barty ca

J1iE1 = —E;, J1Ey = Ei, J1E3= E4, J1E4= —E3,
JoE1 = Es3, JoE;= E4 JoE3= Ei, JoE4= Es,
J3E1 = Ei, J3E; =—E3, J3E3=—E;, J3E4= E;q,

Iie je Hallle R MTHAYKOBaHO 1oay-KiudoproBum

R— _th + )g?’RJZ + /1314R]3.

3
[IpeTxogHa pasMaTpama [0Ka3yjy HapeLHy TeopeMy Kojy je 1ao AHzapejuh 2018. rogu-
He [9, Teopema 4.2].

Teopema 8.31. Ceaxku ueilOpoguMeH3UOHU JaKodU-gyanaH anledbapcKu WeH30p KpusuHe
maxas ga je Jx gujaloHaau3adu/1aH 3a Heko ge@uHuitiHo X je OcepmaHos.

[TocyenuuHO, cBaKW PUMaHOB 4eTBOPOJUMEH3HUOHU JaKooH-AyasaH R je OcepMaHOB,
IIITO je BapHjaHTa OBe TeopeMe KOjy Cy OpPUIHHAaIHO Jokasaau bposoc-Backes® u Mepu-
HOR4 2012. roguHe [29]. logaTHO, MOXKEMO IIPUMETUTH [la CBaKU JIOPEHIIOB 4YeTBOPOIU-
MEeH3HOHH Jakodu-iyasiaH R MMa KOHCTaHTHY CEKIIOHY KPHUBUHY.

Ha ocHoBy Teopeme JlopeHIt0B OcepMaHOB TE€H30p KPHUBHHE MMa KOHCTaHTHY
CeKIIMOHY KPUBHHY, TaKO /ia je IIPUPOJSHO UMAaTHU ciefiehy TeopeMy KOjy Cy IIOCTaBHJIN
Anpnpejuh u Pakuh 2015. roguse [17, Teopema 4.1].

Teopema 8.32. JlopeHU08 UOTIIUYHO JaKkodU-gyanaH anledbapckKu teH30p KpusuHe Uma KOH-
CUTUAHIUHY CEeKUUOHY KPUBUHY.

Jokas. Heka je T jefMHUYHU BPeMEHCKU BEKTOP y JIOpEHIIOBOM KBaZIpaTHOM BEKTOP-
ckoM mpocTopy (V,g). Taga je T mMO3SUTHBHO JedUHUTAH, Te je Jr JUjaroHaIH3asHIaH.
Heka je (Sy,...,S,_1) OpPTOHOPMHUpaHa COIICTBeHa §a3a 3a T+ y ogHocy Ha Jr. Taja [06H-
jamo JrS; = €rA;S; u Jakodu-myanHocT maje Js, T = €s,A;T 3a cBako 1 < i < n — 1. Kako
je

Ires, T =R(TTES)(T+S;) = FI1Si + TIs, T = A(T £ Sp),

Ires,Si = R(Si, T S)(T+S) = TIrSi F Is, T = FA(T£Sy),

TO je Jr+s, HHBapHjaHTaH Ha U; = Span{T,S;}, Te KaKo je caMOaJjjyHIOBaH, OH/Ia je UH-
BapHjaHTaH U Ha ;- = Span Uji{Sj}- PecTpukiuja Jros, fuii je mujaroHasIM3adMUIIHA Kao
CaMO0a/ljyHTOBaHHU OIlepaTop Ha AeUHUTHOM IIPOCTOPY. AKO je M teUHUTAH COIICTBEHU
BEKTOP Off Jr+s, 141, Tafd Jris,M = uM 3ajeiHO ca yCI0BOM ITOTIIYHE JaKOSH-1yaTHOCTH
raje Iu(T+S;) = {1(T + §;). MehjyTUM 13 KOMITIaTUOUITHOCTH,

Uuéy = g(jT:I:SiMa M) = g(jM(T:l: Si)7 T+ Sl) = veT:I:Si = 07

Te je u = 0 m 3aT0 Jris,M = 0. IlocitequyHo je Jris, = 0 Ha uii, omakie Jris,Sj = 0 BaXKU 3a
cBe 1 <i#j<n-1 Taga peranuja Jrys,S; = 0 ¥ OTIIYHA JaKOSH-IyaTHOCT IIOBJIaYe /ia
je T+ S; COIICTBEHU BEKTOP Off, Js;- Kaxo jeg(T, T+ S;) = —1 # 0, coricTBeHU BeKTOpU T U
T+ S; om Js; HECY OPTOTOHAJIHH, Te HUMajy UCTY COIICTBEHY BpeLHOCT. Tako je JsSi = AiSi,
IITO ITOBJIAYU A; = A; ¥ R ©Ma KOHCTAHTHY CEKIIMOHY KPUBHHY.

AJNITEPHATUBHO, U3 Jris, = Jr + Js, = 2J (T, S;) modujaMo Jrys, + Jr-s, = 2(JIr + Ts,)-
3aTo Jr4s,S; = 0 moByauu Js.S; = —JrS; = A;S;. Vopehyjyhu oBy jeiHaYuHy HaKOH (i, ])-
cuMeTpuje JsS; = A;S; 1 HAKOH 0COSHHe JaKOSH-yalmHOCTH Js,S; = A;S;, JIAKO 3aK/bydy-
jeMo maje A; = Aj3al < i#j<n-1,mro goKasyje fa R ©Ma KOHCTaHTHY CEKIIHOHY
KPUBUHY. O

1 Miguel Brozos-Vazquez, IIITaHCKH MaTeMaTH4Iap
12Eugenio Merino, IIMaHCKKA MaTeMaTH4ap
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naBa 8. OcepmaHOBV TEH30pPWU

Heka je R Jakodu-iyjaroHaIM3aduIaH ajaredapcKy TeH30p KPUBHUHE Ha KBaJ[paTHOM
BEKTOPCKOM IIpocTopy (V, g). PA3SMOTpUMO aHaJIMTUYKY KPUBY y: I — V nedUHUCAHY Ha
0TBOpPeHOM HHTepBay I C R U fepUHUIIMMO jeHOIIapaMeTapcKy GaMUInjy caMoasjyH-
TOBaHUX eHJoMopusama A(t) = Jy ) 3a t € 1. Ha ocHOBY Jleme ﬁ) eJIeMeHTH MaTpHuIle
Jy(t) CY XOMOT€HH II0JIMHOMH CTeIleHa 2 y KOMIIOHeHTaMa o/ y(t), Te Cy 3aT0 aHATUTHIKH
Ha I. Ca apyre cTpaHe, Kako je R JakoSHU-/[MjarOHATN3a0HIaH, CBAKO J) ) ©Ma XHIIepSo-
JIMYKU KapaKTepPUCTUYHU II0JIUHOM.

VcsioBu Teopeme CY UCITYE€HH, IIITO JJOHOCHU aHAJIUTUUKY QYHKIIH]Y COIICTBEHE
BPEJHOCTHU A: [ — R U aHaJIUTUUYKY KPUBY COIICTBEHOT BeKTopa V: I — ) Tako fa

Ty V(t) = A V(1)
Baku 3a t € I. OmaBje cieau

R(V(),y(t), y(1), V(1)) = &(Ty(0) V(1), V(1)) = A(O)g(V(1), V(1)) = A(t)€v(e)-

AKo0 y3MeMO0 U3BOJI Y OTHOCY Ha t, J0SHUjaMo

28(Jy V(0), V(1)) + 28(Tvoy¥ (1), ¥ (1) = X' (0g(V(1), V(1)) + 2A(0)g(V(1), V'(t)),

IIITO JOBOJU JIO UJIeHTUTEeTa

28(Tveyy(0),Y'(0)) = evpA'(t). (8.41)

[IpeTtmocTaBuMO /a je R OcepmMaHOB. COIICTBEHE BPeJHOCTH 33/J0B0/baBajy A(t) = &)C
3a HeKy KoHcTaHTy C € R, Te umamo A'(t) = 2g(y(t),y'(t))C. 3ameHa Tora y () IOHOCH
&(TviyY(0),Y'(1) = ev(n&(¥(1),y'(1))C, Te modHjamo

Tviy Y (t) — ey Cy(t) Ly'(¢). (8.42)

[IpeTnocTaBUMO Jja BaXku JxY = exuY 3a HeKO 4 € R ¥ BekTope X,Y € V, 11e je ex # 0
U Y # 0. 3a IPpOU3BOJBHO Z € V fAebUHUIIIEMO KpPUBY y: I — V ca Y(t) = X + tZ, t7e je
I = (—6,6) 3a Hexo maso § > 0. Cama pauyH 3a (8.42) y t = 0 maje JyX — €y)CX L Z
3a cBakKo Z € V. HeqlereHepHCcaHOCT CKaJapHOT IIPOU3BOJA MOBJIAYU Jy)X = Ey()CX.
KoHcTpykiyja us TeopeMe A.26 mo3BosbaBa modeTHe ycaoBe V(0) = YU A(0) = exu = €xC,
IITO JOHOCH JyX = eyuX. To mokasyje 1a je R JakoSHU-IyasiaH.

Ob6paTHO, IIPEeTIIOCTaBUMO Ja je R Jakodu-fgyasaH. Taza, 3a cBakHd JepUHUTAH BeEK-
TOP (€) IMaMO Ty V(1) = (Evio/Eye)A(DY (1) U3 B.4T) mosmjamo 2ey A()g(V(8), V' (1)) =
eV(t)ey(t))U(t), IIITO Ce II0jeTHOCTaBJbyje Kao

A /
Ev( <8V<(tt))> =0. (8.43)

durkcupajMo BeKTOpe X,Z € V Tako J1a je €x = &z # 0 ¥ HeKa je sgng(X,Z) # —sgney.
Aebunuiremo kpuBy y: I — Vceay(t) = (1 - )X+ tZ, toejel = (—6,1 + §) 3aMaio 6§ > 0.
VeiroB 3a g(X, Z) maje ey # 03acBet € I jep &, = ((1- )2 +t2)ex+2(1-t)tg(X,Z) # 0.1Io
TeopeMH II0CTOje aHaMUTHYKe QYHKIH]e A;: [ — R M aHATUTHYKA MIpec/juKaBamba
Vi:I — V,3a1 < j < n, tako fa je (Vy(t),..., Va(t)) oOpTOHOPMHpaHA dasa off V 3a CBe
t € L Jy)Vj(t) = A(t)Vj(t). Us (8.43), cako A;j(t) MOpa UMaTH 08JIHK Aj(t) = €,()C 3a
Heke KoHcTaHTe C; € R, Te mocedHO Baxku 4;(0) = A;(1) 3a cBako j. To moBi1auu fa Jy U
Jz UMajy UCTHU KapaKTepPUCTUYHHU I10JUHOM. [IprMeTHMoO fa je J; = J_z, Te Ce YCJIOB
sgn g(X,Z) # — sgn £x MOXKe UCKJ/bYUYUTH, IIITO J0Kasyje fa je R OcepMaHOB.

Teopema 8.33. Jakodu-gujaloHanusadbunan anledbapcku iieH30p KpueuHe je OcepmaHo8
aKo u camo ako je Jakodu-gyaiaH.
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8.7. TpUHUMM OPTOroHaIHOCTK

[IpeTx0HA TeopeMa je IIOCIeAUIia OIIIITHjer pe3yyTaTa Koju Cy Jaau HUKojiajeBCKU
u Pakuh 2016. rogune [98]. KoHKpeTHO, cBaku JXoppaH-OcepMaHOB aaredapcKyu TEH30P
KpPUBHHE je Jakodu-yasiaH [98, TeopeMa 1], 10K je ITOJIyIIPOCT ajiredapCKy TeH30P KPUBU-
He OcepMaHOB aKO0 ¥ CaMO aKo je Jakodu-ayasiaH [98, TeopeMa 2]. HamtomeHMMO TaKolhje fa
je PUMaHOB asiredapcKy TeH30p KpuBHHe OcepMaHOB aK0 U CaMO akKo je JakoSHu-IyaJsiaH,
IIITO je CIeryjajaH cay4daj Teopeme , KOjH Cy IPEeTXO0HO JoKa3aau HukosiajeBCKU U
Pakuh 2013. roguHe [97, Teopema 2.1].

8.7 IIpMHIMII OPTOrOHA/IHOCTH

3a ayredapCcKy TeH30p KPUBUHE Ha KBAJ[paTHOM BEKTOPCKOM IIPOCTOPY Ka’kKeMo /ia
je Jakodu-opinoioHaraH aKo 3a cBe MeljycO6HO OpTOroHaJIHe BeKTope X U Y Baku Jia je
JaxkodujeB oriepaTop oz X IIpUMeH-€H Ha Y OpTOTOHAJIaH Ha JakodujeB oliepaTop of, Y mpu-
MemeH Ha X. [IojaM JaKoSH-OpTOrOHAIHOCTHU Cy yBesd AHapejuh u JIlykuh 2024. roguHe
[15], a ucrmocTaBsba ce fa je 0Ba 0COSMHA TECHO II0Be3aHa ca OcepMaHOBUM TeH30pHUMa
(taxohe Bumetu [84] u [12]).

HcrocTaBsba ce J1a je HaBeeHU YCJI0B J0BO/bHO BEPUPUKOBATH 3a jeJUHUUHE BEKTO-
pe, Kao IIITO BUAUMO Y HapeaHOj jieMU (BugeTH [84, Jlema 2.1]).

Jema 8.34. Axo JxY 1 JyX eadcu 3a cee melyco6HO OpiliolOHAIHE jegUHUUHE 8eKillope X U
Y, oHga je R Jakobdu-opitioloHaNAH.

JAokas. TloTpedHO je mokasaTu fa JxY L JyX Baku 3a CBe Mel)yCOGHO OpTOTrOHAaJIHe
X,Y € V. MoXeMO IIpeTIIOCTaBUTHU J1a cy X U Y JIMHeapHO He3aBUCHU jep Y CYIIPOTHOM
BaXXu JxY = 0. AKO je HeKd o7 X WiH Y feUHUTAH, MOXKEMO ra HOpMUpaTH U 3aMeHUTHU
ra IpoOHOpPIMOHAJIHUM jeJUHUYHUM BeKTOpoM. To pelrraBa ciayyaj Kajg cy u X u Y nedpu-
HUTHU.

Cap pasMOTpUMO cily4aj Kaf je X jefiHU4YaH, a Y usorpoIiaH. 1o Jlemu , MO>XeMO
pactaBUTH Y = S + T, te ¢y S, T € X mMeljycOSHO OPTOrOHAIHH jefUHUYHH BEKTOPH.
[IpetmiocTaBKa JeMe naje JxS L JsXu JxT L JrX, Te 3aTO 3a CBakKo t € R uMaMo

g(Tx(S + tT), TsyerX) = 8(TxS + tIxT, JsX + 2tT (S, T)X + t*JrX) = At* + Bt,

e je A = g(JxS, IrX) + 8(IxT, 2t 7 (S, T)X) u B = g(JxS, 2t 7 (S, T)X) + g(JIx T, JsX). 3a cBaKo
t # +1, BexTop S+ tT je nepuHUTAH, Te Jx(S+tT) L Js, X, ITO ITIOBJIaUU A = B = 0. 3aT0
jeg(Jx(S+T),TJs.tX) = 0, ogHOCHO JxY L JyX.

[IpeocTaje ma pemirMo ciay4daj rae ¢y U X U Y usorporHu. [Io Teopemu IOCTOjH
U30TponaH BeKTop M Takas 1a je g(Y,M) = 1u X | M. IloctaBumo S = (Y+ M)/2 u
T=(Y-M)/2.08pajees = —er=1/2uS L T L X | S. [IpuMeHa IIpeTXOLHOI CIy4aja,
3a cBe t € R IMMOHOBO 05ujaMo g(JTx (S + tT), Jsy7X) = At> + Bt. 3a t # +1, BekTop S + tT je
nebUHUTAH, Te IIPETXOIHU PasyJITar aaje At? + Bt = 0, IIT0 T0HOCH A = B = 0. 3aMeHOM
t =1 godujamo JxY L JyX. O

Heka je R JakooM-OpTOrOHAJIaH ajJredapCKy TeH30p KpUBUHE. AKO je X | Y 3a Heke
X,Y € V, oHia 3a cBako t € R Takolje iMamo X + tY L eytX — exY. PauyH faje

Txrer(EvtX — exY) = (ex + eyt )R(X, Y)(X + tY) = exy.or(tTyX — TxY)
jgy[X_gXY(X+ tY) = (8)( + Sytz)R(Y, X)(Sth — EXy) = €X+ty(8Ythy—|— 8xjy)().
Kako je 7xY 1 JyX, JakoSH-OPTOTOHAIHOCT JOHOCHU (8X+tY)2(£Xt8jyX — &ytegy) = 0. 3a

IeGUHUTHO Y, MO’KEMO HM3aSpaTH IIPOM3BOJBHO t # 0 TAaKBO Ja je t? # —ex/ey. To maje
OCHOBHU UJIEHTUTET

EXE 7yx = EYE 7y y- (8.44)
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ITo cumeTpHjH, () Takohje BaXKH KaJ je X 1eMHUTHO, [IOK je Y ClIy4ajy &x = &y = 0 TO
TPUBHjaJIHO 3a/J0BO/bEHO. 3aTO UeHTHUTeT (8.44) Ba>ku 3a cBe MeljycOSHO OPTOroOHaIHe
BeKkTOpe Xu'Y.

O&paTHO, IPeTIIOCTaBUMO [1a () Ba’KH 3a CBe Mel)ycodHO opToroHasiHe X u Y. 3a
X | YucBako t € R Tazla MaMo

Ex+ Y8 (Teptx—exy(X+1Y), Teytx—e, v (X+1Y)) = €cpex—e, v&(Tx+tv(EvtX —€xY), Tx1ev(EvtX —€xY)).

To moHOCH
(ex1ev)38(extIxY + exTvX, eyt IxY + exTvX) = (Exiev) Exevg(tTvX — TxY, tIyX — JxY),

Te 3aTOo
(extev)? ((EY)thEJXY + (ex)*ex + 2exevtg(IxY, JYX))

= (ex1v)exey <t2£JyX + €y — 2tg(IxY, jYX)) :

Kopuithewem (), TO ce CBOJM Ha (£xy)3exeytg(JxY, JyX) = 0. 3a medunHuUTHE X, Y € V
MO>KeMO n3adpaTut # 0 TakBoO /1a je Ex+ t’ey # 0, 1rTo oHOCH JxY | JyX. KoHauHo, JleMa
II0Kasyje Ja je R JakodHU-0pTOrOHaJIaH U J0SUjaMO HapeaHy JIEMY.

Jlema 8.35. AsledapcKu lieH30p KpUsUHe je Jakodu-opitioloHAAAH AKO U CAMO AKO ExE 7,x =
EYE 7,y 8AJCU 30 c8e MehycoSHO opilioloHa/He eeKinope X, Y.

Caj, MO’XeMO PasMOTPUTH IUTame fa JU PuMaHoB OcepMaHOB aJredapCKyu TEH30P
KPUBHHE MOpa SUTH JaKOSHU-0PTOroHasaH. [IpeTmocTaBuMo fa je R = p R + S, y;Ri
Kiudopros, niu omTyje KkBasu-Kiumupopmos, e J, . . ., Jm YAHU aHTUKOMYTaTUBHY Qa-
MIJIH}y KOCOa/[jyHIOBaHUX eHJ0MopdH3aMa KojH 3a70Bo/kaBajy J2 = ¢;13al1 < i< m.
JaxoéujeB omepaTop y3srMa 08K U3padyHar y (8.32),

TxY = to(exY — gV, X)X) - 33 wg(Y.JX)TX.
i=1

3a X | Y pauyHaMo

§(IxY, JyX) = & (ﬂoSXY 3 Z wg(Y, JiX)JiX, UoeyX —3 Z #jg(XJjY)]jY)
i J

=9 wug(Y.JX)gX JY)gUX.J;Y) =9 ug(Y.JiX)g(Y.JiX)g(Y.JJiX)
ij

i

= g > wg (Y JX)g(Y. JiX)g(Y, JJ; + JJ)X) = 9 _ ufcig(Y,JiX)*8(Y, X) = 0,
ij i

IIITO IT0Kasyje 7ia je R JakoSU-OpTOroOHaIaH U JOHOCU HapeIHy TeopeMy (BuzeTH [[15, Teo-
peMa 2] u [84, Teopema 2.1]).

Teopema 8.36. Ceaxu keasu-Kaugopgoes anledbapcku tieH30p KpusuHe je Jakodu-opitiolo-
HANaH.

JemuHY npyru mosHaTH IIpuMepHd PuMaHoBUX OcepMaHOBHUX T€H30pa Cy ABa-KOpeHa.
IIpeTiocTaBUMO /ia je R aBa-KopeHa PuMaHoB OcepMaHOB aredapCKu TEH30P KPUBUHE.
Tama mocToje /iBe pasjMYUTe COTIICTBEHE BPEHOCTH A1, A; € R Tako /ia 3a CBaKo HeHyJIa
Y € YV umamo pexkommnosunyjy V = Span{Y} & V1 (Y) &V, (Y), tme je Vi(Y) = Ker(Jy — €yA; 1)
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3ai=1,2. PactaBUMO IIpOM3BO/FHO X | YKao X = X3+ X, caX; € Vi(Y)u X, € V,(Y). Kako
je JyX = ey(A1 Xy + A2X3), modujamo

g(IxY, JyX) = eyR(Y, X1 + X0, X1 + Xo, A1 X1 + A2X0)
= €y(A2 — A)R(Y, X1 + X2, X1, X5) = ey(Ay — A1)(8(Tx, Y, X2) — g(Tx, Y, X1)).

Ha ocHoBy Teopeme , cBakd PuMaHOB OcepMaHOB TeH30D je JaKodu-[yasiaH, OfaKie
podujaMo g(Jx, Y, Xz) = g(ex,AM1Y, Xo) = 0 u g(Jx,Y, X1) = 0. 3aT0 je JxY L JyX, IITO fOKa-
3yje Aa je R Jakodu-OopTOTOHAJIaH.

Teopema 8.37. Ceaku gea-kopeHa OcepmaHO8 aledbapcKu eH30p KPUsuHe je Jakodu-op-
OTOHANAH.

JKesMo 1a UCIIMTaMO 1107 KOjUM YCJIOBUMA JaKOSH-OPTOTOHAIHOCT II0BJIAYH JaKOOH-
-IyasHoCT. [IpeTrioctaBuUMoO fa JxY = exAY Baxku 3a Heko A € Ru X 1 Y, e je ex # 0.
Kaxo je g(JyX, X) = g(JxY,Y) = exeyA, modujamo JyX = eyAX + Z 3a HeKo Z € Span{X, Y}+.
Ha ocHOBy Jleme , 1a SUCMO HM3BeJIU JaKOSHU-IyaJHOCT JOBOJBHO je II0Ka3aTH Jla BaXKU
Z=0.

AKoO je R Jakodu-opTOroHasaH, Taja () TOHOCH £x((ey)?A2ex + £7) = ey(ex)*A’ey,
mro ¢opcupa £z = 0. Heka je W € V nmpousBo/baH BeKTOp opToroHasaH Ha X. Kako je
Y+ tW L X 3acBako t € R, JaKOSH-OPTOrOHAJIHOCT IOBJIa4YH Jy wX L Jx(Y + tW), u 3aTO

RX, Y+ tW, Y+ tW, JxY + tTxW) = 0.

KoedunujeHT of t y oBoM uspasy je R(X,Y,Y, 7xW) + exAR(X,Y,W,Y) = 0, Te fodujamo
JyX L JxW — exAW, IIITO ce MOyKe 3aIIkcaTH ca

Z 1 (jX — 8)(/1 ]l)W (845)

Hekajeu e Rcau #A.3aW € Ker(Jx—exu 1) umamMo Z L ex(u—A)W, Te Z L W, ogaxie
cinenu Z | Ker(Jx — exu1). IlltaBuie, 3a W € Ker(Jy — exu 1)1 peanumja () Iocraje
Z 1L (Jx—exu 1) WHex(u—A)W. Akoje Z L Ker(Jx—exu 1)X, onga cnegu Z | W. Kopucrehu
UHAYKIU]Y 110 K, 3aKk/byuyjeMo faje Z | Ker(Jx—exu1)™. 3aTo je Z opTOroHasaH Ha CBaKU
YOIIIITEHU COIICTBEHU BEKTOP Of Jx KOjU OATOBAapa COIICTBEHOj BPELHOCTH Pa3IUu4UTOj
o exA. ITo TeopeMu cienu na je Z € Ker(Jxy — exA 1)

JIema 8.38. Heka je JxY = exAY3aHeko A € Ru X 1Y, ige je ex # 0. AKo je R Jakodu-op-
MOIOHANaH anlebapcKu WeH30p KpusuHe, oHga je JyX = eyAX + Z, 1ge je Z | X usoiuipoiiaH
youuwitieHu coucigeHU 8eKillop 0g Jx Koju oglosapa coucilieeHoj epegHoctuu exA. Ilinasu-
we saxcu Z L Im(Jx — exA1).

ITocedHO, y PUMaHOBOM OKpYKemy YCJIOB £, = 0 ogmax maje Z = 0. lllTaBuiie, 1o
Teopemu @?ICBaKH PruMaHOB JakoSoH-opTOroHasaH R je OcepMaHoB. Tako 106HjaMo Ha-
penHU pesyirat U3 [15, Teopema 1, I[Tociegunia 1].

Teopema 8.39. Ceaxku PumaHog Jakodu-opitioloHaNaH ailedbapcku eH30p KpusuHe je Ja-
KoSU-gyanaH, e 3aiio u OcepmaHos.

Omurtyje, HeKa je R JakoSH-AMjaroHaIM3adWIaH JaKOdU-OPTOroHalaH aaredapcku
TeH30p KPUBUHE. YKOJIMKO YCIIeMO Jia II0OKa>keMo /ia je R ci1ado Jakosu-yaiaH, oHja Teo-
peMa @oSe%ehyje Ia je R Jakodu-nmyasaH, Te u3 Teopeme @Icne,uu Iaje R OcepMaHOB.

a 8CMO 0BO OKOHYAJIH, IIPETIIOCTABUMO [ia je Y je[HHUYaH BEKTOP U IPUMEHUMO Jlemy
@. Axo je dim Ker(Jx — exA 1) < 2, oHpa je (Jx — €xA 1) N Y- HeilereHepHUCcaH ITOTIIPOCTOP
OUMeH3HUje HajBUIIIE je[laH, ofakJiie ciaenu Z = 0. YV quMeHs3UjU n = 4, IIpeocTasu CIy4daj
dim Ker(7x — exA1) = 3 moBJauH fia je R jemaH-KopeH. MeljyTuM, cBaKH JaKoSH-IHjaro-
HaJIM3adoWIaH jeJlaH-KOpPeH TeH30p Mopa SUTHU KOHCTaHTHE CeKI[HOHe KpUBUHE (BUETH
Cex1iujy ). Taxko godujamMo HapeIHU pe3yJsITaT, OpUTUHAIHO [I0CTaBJ/beH ¥ [84, Teopema
3.2].
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Teopema 8.40. Ceaxku 4eilieOpOGUMEH3IUOHU JaKOSU-gUjaloHAAU3ASNAAH JaKOSU-0pTOTOHA-
AaH anlebapcku ieH30p KpuguHe je OcepmaHos.

Heka je R JakoSHU-OpTOroHasIaH ajredapCKy TeH30p KpHUBHUHe Ha JIOPeHI0BOM KBa-
IpaTHOM BEKTOPCKOM mpoctopy (V,g). 3a BpeMeHcko T € V u HeHysa X € T+, uMaMo
exJrX = exR(X, )T = RX, T, T. X)X+ Pu erJxT = erR(T,X)X = R(T,X,X,T)T + Q, tne
P,Q € Span{T,X}*. [IpuMeHOM () I051jaMo

&
(RX.T.T.X)%+ ° = exeqpx = eregr = (ROOLX X T)2 + L.

II'TO BOJM Ka PeJIaLlUjH £p/Ex = €o/er. MehyTHM, KaKo je €7 < 0, x > 0 To je Span{T, X}*
IIO3SUTUBHO e HMHUTAH IIOTIIPOCTOP KOjU cajp>Xu P u Q, ogakiie ciaegu P = Q = 0.

Axo ¢pukcupamo BpeMeHCKo T € V, Tafia P = 0 moBy1auu JrX o X, Te je CBaKo HeHyJIa
X € Tt comcTBeHM BeKTOp 07 Jr, M IOCJIUYHO UMaMo Jr = &rkrl 3a Heko kr € R.
CJIMYHO, aKO UKCHPaMO IIPOCTOPHO X € V, Tama Q = 0 moByauu JxT o T, Te je CBaKo
BpeMeHCKo T € X' COIICTBEHH BEKTOp Of Jx. 3a HeHysa Z < Span{T,X} TakBo Ja je
&z < —€r,u Tu T+Z cy BpeMeHCKHU BeKTOPH KOju HUCY MeljycodHO opToroHaHu. Kako cy
Jaxo6ujeBHU ortepaTopu caMoajyHroBaHu, T U T+ Z, Kao U Z, Cy COIICTBEHU BEKTOPH Of Jx
KOjH OZiT0Bapajy UCTOj COIICTBEHO] BpeAHOCTHU £xKx = &(JIxT, T)/e7 = 8(JIrX,X) /€T = ExKT.
Cafia je JlakO 3aK/BYYHMTH []a 3a CBaKo MeQUHUTHO X € V, MOCTOjU Kx € R TakBo [a je
Jx = ExKx 1. B

Ha oBaj HauMH 106HujaMo JIOpeHIIOB R TakaB J1a Jy UMa jeJUHCTBEHY COIICTBEHY BpeJ-
HOCT 3a CBako AebuHUTHO X € V, Te 10 TeopemMu R rMa KOHCTaHTHY CEKIIMOHY KpHU-
BUHY. HapaBHO, HUje HEOIIXOHO J1a KOPUCTUMO OBY TeOopeMy jep Kx = Kr Ba’KU 3a CBe
MeljyCcO6HO OpTOroOHaJIHE, IIPOCTOPHO X ¥ BpeMeHCKO T, Te HUje TeIlIKO TUPEKTHO 3aKJ/by-
UUTHU 1a R “Ma KOHCTaHTHY CEeKIIMOHY KPUBUHY.

Teopema 8.41. Ceaku JIopeHU08 JakoSU-optOIOHANAH aaledapcKu WeH30p KpusuHe uma
KOHCIWAHTIHY CEKUUOHY KPUBUHY.

Heka je R JakodU-OpTOTOHAaIaH ajredapCKy TeH30p KpUBUHE U HeKa je (Eq, ..., Ep) op-
TOHOPMHpAaHa dasa 3a V y OJHOCY Ha CKaJIJapHU IIPOU3BOJ g, I7ie je & = &g, € {—1,1} 3a
1 <i<n 3ax#y umamo Ex L Ey, Te JaKOSHU-OPTOTOHATHOCT 10BJIaYH J, Ey | Jg, Ex.
Kako je Jg,Ey = R(Ey, Ex)Ex = ) _; €iRyxxEi, MOSHjaM0

n
> €iRyxxiRyyyi = 0. (8.46)
i=1

Ca Apyre CTpaHe, OCHOBHHU UJIEHTUTET () Ce MOJKe 3aIlhMCaTH Ca

Ex Z eiRYy: = &y Z EiRS i (8.47)

ApyTy jeHaKOCT U3BOJUMO U3 () TaKO IITO MocTaBUMO X = Exu Y = Ey + tE,. 3a
PA3IUIUTE X, Y, Z, TO JOBOAH 110 > ; &i(Ryxxi + tRzxxi) (Ryyi + t(Rxyzi + Ryzyi) + t*Ry;zi) = 0 32
cBe t € R. AKO y3MeMO0 KoeQUITHjeHT Of t o0dujaMo

n n
Z giRyxxi (nyzi + szyi) + Z giszxinyyi =0. (8.48)
i=1 i=1

CiuuHo, ntocTaB/bajyhu X = ExuY = Ey + tE; + SE, 3a pasj4uTe X,y,Z,V, Te OHJa
y3uMajyhu KoeQUIlHjeHT 0f ts, JoSrjaMo
n n n
Z giRyxxi (szvi + vazi) + Z EiRzxxi (nyvi + vayi) + Z EiRyxxi (nyzi + szyi) =0. (8.49)
i=1 i=1 i=1
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AJITepHAaTUBHO, MO>KeMO MMOCTaBUTH X = Ex +tEy u Y = E; + SE, 3a pasJIn4uTe X, y, Z, V,
Te y3eTU KoeQUITHUjeHT Of tS I7e 10d1jaMo

n n
Z EiRgxxi (Ryzvi + Ryvzi) + Z ei(szyi + Rzyxi)(szvi + vazi)
= = (8.50)

n n
+ Z givaxiRyzzi + Z 8i(vayi + Rvyxi)szzi =0.
i=1 i=1

8.8 HuCKOZMMEH3UOHH JaKOSH-OPTOrOHAJIHHU TEH30PH

Heka je R TpoJMeH3HUOHHU JaKOSU-OPTOTOHaJIaH ajiredapCKy TeH30p KPUBHHE Ha KBa-
IpaTHOM BEKTOPCKOM IIpocTopy (V, &) U HeKa je (Eq, E,, E3) opToHOpMUpaHa dasa ox V. I1o
Teopemu , R vMa 1eCT He3aBUCHUX KOMIIOHEHTH: TPH 08JIMKA Kyy = Ryyyx ¥ TPH 081U~
Ka U, = Ryxxz, 7€ (X,y,Z) 03HaUaBa IrepMyTanujy oz (1,2, 3).

Cana, (8.46) mocTaje uu, = 0, Aok (B.47) moctaje k%, + exgzu = Kb, + £,,4%, MITO
MIOBJIAYH Ex[l2 = eyy§ 3a pasjin4uTe X,Y, z. 3ato je y, = 0 3a cBako x. [IppmeTuMo f1a cy
Ey +tE; u £;tEy — &yE; MeljyCOSHO OPTOrOHA/IHK K 06a OpTOroHaaHa Ha Ey. 3a cBako t € R
3aTo 106HjaMOo

0 == R(Ey + tEZ7EX7EX7 SztEy - gy.Ez) = (gztz - gy)yx + (82K)9) - 8ykxz)t == (EZK)O} _— Sykxz)t

OpaBpe je €169K 12 = €1€3K13 = €2€3K33, LIITO IIOKa3yje 1a R MMa KOHCTAaHTHY CEKIIUOHY
KpuBUHY. O6paTHO, CBaKU TeH30P KOHCTAaHTHE CeKIIMOHEe KPUBHUHE je JaKOSH-OPTOroHa-
JiaH. 3aTO 0d6MjaM0 HapeaHy TeopeMy, Koja je marta y [84, Teopema 3.1].

TeopeMa 8.42. TpogumeH3UOHU ANleSapCKU ieH30p KPUBUHE je JakoSU-opiioloHANaH aKo
U CaMo aKo UMa KOHCIAHIIHY CeKUUOHY KPUBUHY.

Heka je R 4eTBOpPOJMMEH3HUOHH aJIredapCKy TeH30p KPUBUHE Ha KBa/IpaTHOM BEKTOP-
CKOM IIpocTopy (V, g) U HekKa je (Eq,E,, Es, E;) OpTOHOPMHUpaHa 6asa og, V. 3aap>xkahemo
HOTAaI’jy Kojy cMo yBesd y Cekuuju B8.3, e R nMa BajieceT He3aBUCHUX KOMIIOHEHTH:
IIeCT OSJIMKA Kyy = Ryyyx, ABAHAECT OOJIHKA [, = Rzxx, T€ /IBe /lofjaTHe KOMIIOHEHTe
D = R34z + R1432 ¥ @ = Ri243 + Ry423, TH€ (X, Y,2,V) 03Ha4YaBa IrepMyTarujy of (1,2, 3,4).

AKo je R 1BajIIITajH, OH/Ia JUPEKTHA IpuMeHa Jleme B.11 naje

Je B2 = €2R2112E2 + €3R2113E3 + €4R2114E4 = €2K12E5 + €304 E3 + €4043Ey,
Jg,E1 = €1R1221E1 + €3R1223E3 + €4R1224Ey = €1K12E1 + €384SU13E3 — €4E3SU 4 Ey.

3aTo je g(Jg,E2, Jg,E1) = (€3l414)(€3E4Sl13)€3 + (Eally3)(—E4E3Sl14)€4=0. Kako ce Jlema
IIpUMeRyje y IIPOU3BO/bHOj OPTOHOPMUPAHOj a3y, To ciaefu na JxY L JyX BaKu 3a CBe
MeljycodHO OpTOroHa/IHe jeJUHUUYHE BeKTope X U Y. /lakile, CBaK! YeTBOPOAUMEH3UOHU
[IBajIIITajH ajredapCKu TeH30p KPUBUHE je JakodU-OpTOroHasaH (BugeTH [12, IIpormosu-
nuja 4)).

Ob6paTHO, HeKa je R 4eTBOPOJUMEH3NOHHU JaKOSH-OPTOTOHAJIaH ajJredapCKyd TEH30P
KpUBHHE. M0OKeMO MCK/BYUYHTH JIOPEHIIOB C/Iy4aj U IIOCTaBUTH ExEyE,Ey = 1, jep CMO Taj
cJIy4aj pelinyiv Kpos Teopemy . YV Ha11oj HoTaljyu UIeHTUTEeTH () u () rocrajy

Ezllxzly; + Evllyyllyy = 0,
2 2 2 2
ExEzlly; + ExEvllyy = EyEzlly, + EyEvllyy.

JlomaTHo, () naje Evblyylly; = Ezlbyyblyy + E2Kxzllyy — EyKxyllyy + Evlly, (Rxyzv +Rxzyv) = 0. 360r
Uxollzy = —EvEyllyy 4y, MOSHjAMO

uxy(g\huyz + SXuzy) + xuyv(eZKXZ - gnyy) + SV;UXZ (nyzv + szyv) - 0, (8.52)

(8.51)
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mTo ode3deljyje 24 jeTHaKOCTH.
KoHauHoO, (8.49) moHOCH

EyKxy (Rxzvy + vazy) + €2Kxz(Rxyvz + vayz) + EvKxy (nyzv + Ryzyv)

(8.53)
—Ezllwlzy — Evllxztyy — Eyliylly; — Evllyyllyz, — Eylizlyy — Ezlxyllzy = 0,
IOK () IOHOCH
Uz (EyKyz — ExKxz) + Uyy(EvKxv — E2Kxz) — (Eyllyy, + Evlhyy) (Rxzvy + Rxvzy) (8.54)

+ zgyuyx‘uxv - nguxytuxv + styzyuvz - zgzuzyuzv - EVInyuvx - 8}’yyzuzv =0.

PasMOTPHMO cJIy4aj Kaj Jx 3a HeKHU jeffuHIYaH X = E; € V uMa YKoplaHOBy HOpMaJIHy
dbopMy Koja ce cacToju of jemHor JKopaHOBOT 6Ji10Ka BesrurHe 3. Kao 1ITo je BUljeHO y
Cexkiuju @, II0CTOjU OPTOHOPMUpaHa 6a3a TaKBa Jia je

—Kiz =K1z =Kig = A, {3 =0, [y =—3=m=V2/2,

Ca €&l =& = —&3 = —&4.
pumeroM (8.51) go5ujamMo p,; = 0, p2, = m? (3a x = 1,y = 2) ¥ Uz, = 0, %, = m?
(Bax =1y = 3)cayy = —lUy3 (3ax =1,y = 4). HakoH Tora fodujamMo Uy, # 0 (3a

X = 2,y = 3), IITO NOBJIAYH iy = 0, 3, = pi,, u3, = pi, BGax =2y =4ux =3,y = 4).
JIOMATHO LUy ll3s = Uyq gy (38 X = 2,y = 3) Haje Wy = U5, U3y = U5, 45, = m*, IITO BOJH Ka

Uig = Ug3 = H3p = Uygy =0, IJ%4 = lv‘%4 = lv‘%s = ;“%z = l‘%1 = “4213 = 114212 = H%l =m?,

Caly = —Uyp K 34 = Ua1l31-

[TpumenoM (8.52) 3a nepmyrtanyje (1,2, 4, 3),(1,3,4,2),(2,1,3,4)u (3,1, 2,4), nodujamo
Hag = Uogs Haz = —H3g, U3q = U3 ¥ gy = —[iyp. lepmyTanuje (1,4,3,2) 1 (1,4,2,3) gajy p =
q = 0. KonauHo, nepmytanyje (2,4,1,3), (2,3,1,4) u (3,1,4,2) moBJave Ky = A, Ky3 = A U
K34 = —A.

be3 yMamema ONIITOCTH, IIPETIIOCTABUMO Uy, = [l15, JEP ¥ CYIIPOTHOM, aKo je II0Tpesd-
HO, MO>KeMO OKpeHYTU cMep of E, y opToHOpMUpaHoj 6a3u. Ha oBaj HAUMH ofpeuIn
CMO CBe KOMIIOHEHTe TeH30pa R U JodHjaMo ycoBe ( ), Te 110 JlemMu UMaMo Jia je
R KoppaH-OcepMaHOB.

Jlema 8.43. AKo je R 1eii80poguMeH3UOHU JaKOSU-0pTOIOHANaH anledapcKu eH30p Kpu-
8uHe tnakas ga Jx uma KopgaHosgy HopmasHy (hopmy Koja ce cacitioju og jegHol 2KopgaHo-
801 6/10Ka eeauvuHe 3, 3a HeKo geduHuitiHo X, oHga je R XKopgaH-OcepmaHos.

PasMOTPHMO CJIy4aj Kaj Jx 3a HeKHU jeffuHI4YaH X = E; € V uMa YKoplaHOBy HOpMaJIHy
dopMmy Koja ce cacToju of fBa JKopaHoBa dy10Ka. Y TOM CI1y4ajy II0CTOj¥ OpTOHOPMHUpaHa
dasa (E1,Ey,E3,Ej)cae; = € = —€3 = —€4 TaKBa J1a je

Uiy = U3 =0, pq4 #0.

[IppuMeHOM (), modujamo Uy, =0(Bax =1y =2), u;; =0(@Bax =1,y = 3). Hakon
TOTa KIMaMO Uy, = [y = 0Bax =2y =3)upd, =y, =3, #0Bax =1y =2u
x=1y=3).Jameje , =3 =0Bax=2y=4ux=3y=4) uui = ui,. Onasze
MMaMo

Hip = 1y = Hp1 = lpg = Hzy = Hyg = Ugp = g3 =0, Uiy = 33 = U5, = Uiy # 0.

be3 ymMamema OIIITOCTH IIPETIIOCTABUMO Uyz = —[ll14, JEPY (;JIytIajy Ugz = Uq4 MOKEMO
OKpeHyTH cMep of E4. YBeJMMO 3HaKOBe S, € {—1,1} TaKo [1a je Uz, = Sy U lUyq = Illqa.
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ITIprMeHa () 3a mepmyranyje (1,2,4,3) u (2,1, 3, 4) naje Ka3 = K14, 0K 3a IIepMyTa-
nyje (1,2,4,3), (4,3,1,2),(1,3,4,2) u (4,2,1, 3) nodujamo

K12 +K1a =(, K34+ K14 =—-8rq, K13 —Kia=—SpP, Ko4—Ki4=T1D.
[IpuMeHOM () noSHjaMo

— K12P + K139 — K14(P + q) — Uzpllyy + Uagllyy = 0,
— K12P + K24q — K23(P + q) — Uoglyy + Uagllyy = 0,

Te je 3aT0 pq = —uZ, WM r = —s = 1.

[IpumenoM (8.54) sa mepmyranuje (1,2,4, 3), (1,3,4,2), (2,1,3,4) 1 (2,4, 3,1) rodujamo

U4(K14 — Kog) + Uy (K13 — K14) + (Ug3 — U3p)P = 0,
U14(K1a + K3a) — Uy (K12 + K1a) + (Ug3 — H32)q = 0,
Upz(Ka3 — K13) + U3y (K2a — K23) + (Ugq — Ugq)P = O,
Up3(Ka3 + K3q) — Uzp (K12 + Ka3) + (U4 — Hg1)9 = 0,

U ofiaTiie
s+)(r+1)p=0, (s+1)(r+1)gq=0, (s—-1)(r-1)p=0, (s—1)(r—1)q=0,

Teje (S+r)p=(s+r)q=0,mTo fajer = —sunup =q = 0.
Tako cBakako UMaMo I = —S, OJIaKJIE je K34 = K12 U K4 = K13. Ha 0Baj Ha4WH 061jaM0

Hip = My = Hpy = Hog =Mz = Hsq = Hap = Hy3 =0,
SUgy = —Slyy = —Upz = 14 # 0, Koz = K14, K34 =K1z, K4 =Kq3 (8.55)
p = —S(K13 —K14), =K1z +Ki4.

HaromMmeHMMO [ja UMaMo K1p + K13 = ¢ — Sp. IUCKyTyjeMo Moryhe oIIyje, jefHy ca
s=-l,uppyrycas=1upq=—ui,

Pa3sMOTPHMO C/Iy4aj Kajl Jy 3a HeKHU jequHHYaH X = E; € V uMa JKop/iaHoBy HopMaJl-
HY $OpMYy Koja ce cacTojH of peasHOT YKOpZaHOBOT 6J10Ka (Ca KOMILUIEKCHUM COIICTBEHUM
BpeJHOCTHMaA) BeJIMUMHe 2 U jefHUM >KopiaHOBUM 6JI0KOM BesinuuHe 1. OBaj ciy4aj 10-
3BOJhaBa OPTOHOPMUpPaHY &a3y (Eq,Ey, E3,E4) ca &y = €, = —€3 = —€,4 TAKO J1A je

K13 = —K12, Mo =U3=0, U4 #0.

ITppMeHHMO (). MMaMo q — Sp = Ky + K13 = 0, Te oTyza pq = sp?. Kako pq = —u?
HUje Moryhe 3a s = 1, godujamo s = —1. Tako fodujamo yciaose (8.24), Te je 110 JleMu ﬁ
R JXoppaH-OcepMaHOB.

Jlema 8.44. AKo je R ueitieopoguMeH3UOHU JaKoSU-OpTOIOHANAH anledapCcKu WeH30p Kpu-
8UHe Takas ga Jxy uma XKopgaHogy HOpMaAaHy opmy Koja ce cacitioju og gea KopgaHoea
b/10Ka ige je jegaH og rux peanaH KopgaHoe 540K geuvuHe 2, 3a HeKO geouHUitiHO X, OHga
je R JKopgaH-OcepmaHos.

PasMOTPHMO CIyuaj Kafl Jx 3a HeKH jefuHMuan X = E; € V uMa )KopJjaHOBy HOpMaJIHy
dopmy Koja ce cacToju of jerHOr JKOpIaHOBOT &JI0KA BeJIMUWHE 2 U jeHOT JKopIaHOBOT
o10Ka BesiuuHe 1. OBaj cyyaj 103BO/baBa OpTOHOpMUpaHy 6asy (Eq, Eq, E3, E4) 3a KOjy je
&1 =&y = —€3 = —€4 TAKO 1A je

1

1 1
Klzzi(ﬁ—i)a K13=3F(7(+§), Uiy = Uy3 =0, #14215’

3a HeKH 3HaK + € {—1,1}.
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PasMmoTpumo ciay4aj s = 1, rae 3HaMO J1a () IOBJIAYH pq = —u2,. V TOM CIyd4ajy,
q—p = Kiz +Ki3 = —2§iy, # 0, Te 3ato (q — p)* = 4uj, = —4pq, wTo Aaje (p + q)* = O m
IIOBJIAYH p = —( = [U1,. TaKO B0SHjaMO

Uig = U3 = Hgg = Ugg = Ugq = Ugg = Hggp = Ua3 =0, — Uy = Uy = —lg3 = Uyy F#
K23 = K14, K34 =Kj12, K24 =K13, D= —(q = Uy,

0 (8.56)

I7e je
1 1 2
Ri34 = FH14s Ri324 = —3tha; Ryg03 = gtha-

Jla d1CMO YIIPpOCTUIIU padyyHe, ITI0cMaTpajMo TeH30p R KOjU je fAaT ycJIoBUMa () ca
K14 = 0¥ yy, = u. PauyHu 3a X = aEq + bE; + cEs + dE4 TIOKa3yjy

(b—c)? —(ab+bd+cd—ac) ab+bd+cd—ac b*—c?
—(ab+bd+cd—ac a+d)? d?—a? —(ab+bd+cd—ac
Tx = €40l ( ) (a+d) ( ) 7

—(ab+bd+cd—ac) a’—d? —(a—d)? ab+bd+cd—ac
c2—b? ab+bd+cd—ac  ab+bd+cd—ac —(b+c)?

IIITO JOKasyje Aa R yak HUje HU AJHINTAJHOB, Te 3aTO OPUTHHAIHU TE€H30P R — K14 HUje
OcepMaHOB.

HcrocTaBsba ce Ja Hamre jemHaxocTH (8.51), (8.52), (8.53) u (8.54) He ommcyjy Jaxo-
SM-OPTOTrOHAJIHOCT Y IIOTIIYHOCTU. OBaj IIpUMep 3a0BO/baBa CBe Hallle jeJHaKOCTH, Te
YBOAUMO HeKe Jierle BeKTope X = E; + E; — 3E3 + 2E, u Y = —4E; + E; + E3, I1ie 06a
3a7i0BoJbaBajy ab + bd + cd — ac = 0 U 10jefHOCTaBJ/bYjy pauyHe. Umamo X | Y, anu
JxY = —64E + 12E, — 4E3 — 32E, HUje opToroHasaH Ha JyX = 64E; + 64E3 — 8E,. OBO
HUCKJbyUYyje cIy4daj s = 1, KOjU HUje JakodH-OpTOrOHAaJIaH.

[IpeocTaje HaM [1a pasMOTPUMO CJay4daj S = —1, rie UMaMoO p + q = K13 + K13 = F1 =
—2Uy4 # 0. IIpuMeHOM (8.55) y TOM ciIy4ajy ZOoSHjaMo ycIoBe (@), Te je 110 JleMu @ R
Koppan-OcepMaHOB.

Jlema 8.45. AKO je R ueitieopoguMeH3UOHU JaKoSU-OpTOIOHANAH anledapCcKu WeH30p Kpu-
8UHe Takas ga Jxy uma XKopgaHogy HOpMaaHy opmy Koja ce cacitioju og gea KopgaHoea
ba0Kaige je jegaH og wux oduuaH XKopgaHog 5,10k eeauduHe 2, 3a HeK0 geuHUtiHO X, OHga
je R 2KopgaH-OcepmaHos.

PasMOTPHUMO IIPeOCTaaH CAydaj Ife je Jx AujaroHaju3asSHIaH 3a HeKU jefMHUYaH
X = E; € V. Kako cM0 y IIpeTX0/JHOj aHaIUu3U UCLPIIeJIA CBe OCTasle MOT'YhHOCTH, 3a-
K/by4yjeMo [1a je R Jakodu-mujaroHanmsadwiaH. OBy CUTyallljy CMO Beh paspelimiu y
Teopemu 8.40. KOMSHHOBaeM IIPeTXOHHX pe3y/ITaTa [05SHjaMo HOBY KapaKTepH3aIiyjy
OcepMaHOBUX TE€H30pa Y JUMEH3HjU YUeTUPH, KOJy je ycrrocTaBuo AHpejuh 2025. rogyHe
[12, Teopema 1].

Teopema 8.46. YeilisopogumeH3UOHU anledapcKu ieH30p KpUueuHe je Jakodu-opitioloHa-
JIaH aKo U camo ako je OcepmaHos.

8.9 IIpocrt-KopeH OcepMaHOBH TEH30PH
[TocMaTpajMo k-kopeHa OcepMaHOB airedapcKu TeH30p KpUBHHE R Ha KBaJpaTHOM
BeKTOPCKOM IIpoCTopy (V, &) IUMeH3Hje n KojeM je
wx(A) = det(A1 —Jx) = A(A — exAq)"t -+ (A — exAx)*k

KapaKTepUCTUYHHU II0JIMHOM JaKOSHjeBOT oIlepaTopa, a (A — exAq)H - - - (A — exAx )k MUHHU-
MaJIHH II0JIMHOM O roBapajyher peyKoBaHOI JaK0dHjeBOr oIlepaTopa. Y OIIITeM CIyva-
jysHamo ma 1 < y; < v;BaKH 3a 1 < i < Kk, IOK 3a JakodH-AyjaroHaIM3adMJIHO R (Ha
mpuMep 3a PUMaHOB R) Baxku i; = 1.
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CBM caM0aJljyHIOBaHHU JUHeapHH oIlepaTopu KL = Jx —exA; 1 3a 1 < i < k ca Jx ©UMajy
3ajeTHUYKe YOIIIITeHE COIICTBEHE IIPOCTOPE,

Ker(lC}} — Ex(Aj — Al) ]1).“]' = Ker(jX — ExAj ]l)l'lj,
3a 1 <j < k. CBaka iBa TakBa ollepaTopa KOMyTHPajy,
Iy = I = (%)% — ex(Ai + A) Tx + EXAN L,

Te Cy 3aTO BbUX0Be KOMIIO3UIIY]je TaKol)e caMoa/jyHroBaHe. To Hac MOTHUBHIIIE 1a 3a CBAKO
nebuHUTHO X € V fepUHUIIIEMO CaM0a/[jyHr0OBaHU JIMHeapHU orepaTop L(X): V — V ca

L(X) = (KR)F2(ICj)Ha - - (KK)H.

V u3a&paHoj OpTOHOPMHUPAHOj 6asu (Ey, ..., Ep) 3a X = Y"1 | x;E; moSujamo

n

g(lC&(Ea),Eb) = Z (Raqu - gagpaabaqui)xpxqa
p.q=1

Te Cy 3aTO eJIeMeHTH MaTpurie L(X) XOMOreHH II0JIMHOMH CTelleHa 2(U, + - - - + ). Mely-
THM, 33 1eUHUTHO X € V, 360T

k .
V = Span{X} & (&) Ker(k%)",
=1

JIaKO je BUAETHU ia

k ;
Ker L(X) 2 (D Ker(Kk )"
j=2

Ba)KU Ca JOAATHUM L(X)X = (—ex)Het T2 A5% - - ALRX.

Y 0B0j CeXIHjHU UCTParKyjeMo caydaj V1 = 1, IIITO 3HaYH IIPOCTY COIICTBEHY BPEeLHOCT
A1, The je L(X) = (ex)#2™ k(A — A2)H2(Aq — A3)#s--- (A3 — Ap)Hx 1 Ha Ker(Ky)*. Axo je
AAz--- A # 0, IOCMaTpaMoO HOBH aJreSapCKy TeH30p KpuBuHe R = R — A R! ymecTto
OPUTHHAJIHOT R, IIITO je cTaHAAapAHU TPUK. OaroBapajyhu pefyKoBaHU JaKodHjeB ollepa-
TOp J4 Ma HCTe COIICTBEeHe IIPOCTOPE Kao IITO UX UMa Jx, JIU Cy COIICTBEHE BPEHOCTH
ITOMepeHe TaKo Jia Bayku Ay = 0, mrto he omoryhuru L(X)X = 0.

Ha oBaj HauuH, 3a CBaKo JeGUHUTHO X € V, UMaMO CaMO0a/JjjyHroBaHy MaTpuity L(X)
paHra jelaH TakKo /ja Cy (heHU eJIeMeHTH L;; XOMOT€HH IIOJIMHOMHU CTereHa 2 (U, + - - - + Uy)
II0 N IPOMEHJ/bUBHUX Xi,...,Xp. CBaKa IMOAMAaTPHUIlA pefia ABa Y MaTPUIIM PaHra jefiaH je
CHUHTyJIapHAa IIITO fjaje

Li(X)Lj(X) = Ly(X)Lji(X)

3a cBe 1 < i,j < n. Mehjytum, L(X) je caM0oaZijyHr0BaHO IITO IIOBJIAYU

&iLij(X) = §(L(X)E}, E;) = §(L(X)E;, Ej) = &;Lji(X),

Te je 3aTO
&:i€;Li(X)L;(X) = Lyj(X)*. (8.57)

AKO pUKCHUpaMO HeKHM MOHOMHUjaTHU IopefakK (Ha IIpuMep JIeKCUKorpapCcKu) Taja I1o-
CTOjH jeJMUHCTBEeHU MOHUYHU (KoeuUIlHjeHT HajBeher MoHOMa je 1) G(X) Koju je Hajsehu
3ajeTHHYKH JIeJTUTeb 3a CBe L;;(X). [lepMyTOBareM 6a3e MOYKEMO ITOCTaBUTH

&ili(X) = 0,G(X)Q;(X)P;(X)?,
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rme cy P;(X) 1 Q;(X) HeKu HeHyJ1a IOJIMHOMU 3a 1 < i < m, y3 gomaTtHO L;(X) = 0 3a
m < i< n oK je g; € {—1,1}. MejyTuM, TakBa JeKOMIIO3UIIMja je jeJHCTBEHA 10 Ha
3HaK o7 P;(X) YKOJIMKO II0CTaBUMO 7ia je Q;(X) MOHMYaH SecKBajpaTaH. 3aTo

0:0;G(X)*Q;(X)Qj(X)Py(X)*P;(X)* = Lyj(X)*
noByIavuu Q;(X) = Qj(X) = Q(X)uo; =0 =03al <i,j<m,Teje
&iLij(X) = &Lji(X) = 04€i&G(X)Q(X)P;(X)P;(X),

e je o; € {—1,1}. Ca gpyre cTpaHe, Ha OCHOBY () BaKH L;; = 0 Kaaroxje m < i < nuim
m < j < n, ITO MOKeMO TpeTupaTy Kao P;(X) = 03a m < i < n ¥ OPOAY>KUTU UHJIeKCe Ha
m = n. Kako cy CBU ejleMeHTHU MaTpulle fe/bUBU ca G(X)Q(X) To Mopa dutH Q(X) = 1.

Jpyra mogMaTpHuIia peja Ba faje
Ly1;(X)Lij(X) = L1j(X)L(X),
OflakJie CJIeIN 01;0;; = 01j0;, AJIK KAKO je 0; = 0; = 0, TO UMaMO J;; = 001;0j, OflaKJIe
frodujamo &;L;j(X) = 0G(X)aq;P (X)O'1] i(X). Kako cy rmosiiHOMM P;(X) jeqMHCTBEHU /10 Ha
3HaK, MO>KeMO UCKOPUCTUTHU 01;P;(X) ymecTto P;(X) 1a ducMo 106UIu
&iLij(X) = 0G(X)P;(X)P;(X)
3a cBe 1 < i,j < n. [IpeTx0oAHA jeJHAKOCT IIOBJIaYU

n

LX)(lzn;Pi( ) ZP L(X)E; = ZP > LiX)E;

j=1

= ZZP (0&;G(X)P;(X)Pj(X))E;

j=1 i=1
(X) Z &Pj(X)* (Z Pl-(X)Ei> .
j=1 i=1

Taxo je > ; P;(X)E; cOIICTBeHH BeKTOPp 0f L(X) K0ju oAroBapa IIpoCTOj COIICTBEHO] BPe-

HOCTH
n

X)> gP(X)* = Lj(X) = TrL(X).
j=1

j=1

IllTaBuIre, > i, P;(X)E; je CONICTBEHH BEKTOP OF f)’( 3a €x(A; — Ax) U Takohe concTBEHU
BEKTOp 071 Jx KOjU O[iroBapa COIICTBEHOj BPeTHOCTHU £xA1. MehyyTum,

0G(X) z": giPi(X)* = TrL(X) = (ex)*2 ™ (A — Ag)¥2 -+ (g — Qg
i=1
mTo ffaje G(X) = (ex)S = (€1X% + - - - + €xX2)" 3a HEKH I1e0 5poj s > 0, Te je 3aTo
o an gPi(X)? = (ex)% (A1 — Ag)H2 - -+ (Aq — Ap)Hx, (8.58)
rmejed= Uy + -+ U —S.
MaKo CMO OPUIMHAJIHO II0CMAaTpaId caMo JAeduHUTHe X, P; Cy XOMOT€HH IIOJTMHOMM

creneHa d < U, +- - -+ U, Te P;(X) mocToju 3a cBako X € V. To HaM oMoryhasa fia KOHCTPY-
HIIIeMO IIpecJIuKaBame P: V — )V ca

n
! Pi(X)E;.

P _ i
O =T (= A 25

196



8.9. TlpocTt-kopeH OcepMaHOBU TeH30PU

YKOJIUKO je X neuHUTHO, P(X) je 1eMHUTHO U OPTOTOHAIHO Ha X, IIPU YeMy BakKu
jXp(X) = 8XA1P(X), (8.59)
IOK jeJHaKOCT () JIOHOCH
epen) = 8(ex)%, (8.60)

rge je § = asgn((A; — Ay)Hz -+ (A7 — Ax)#x) PUKCHpaH 3HAK.

Heka je R XoppaH-OcepMmaHOoB. OHjia je R Jakodu-myasaH (BUAETH KOMEHTap II0Cie
Teopeme @) Te jefTHaKOCT (-) naje JpxX = Epx)A1X, a IOCIEIUYHO 110 JleMu - 3a
cBe a, f € R uMaMo

Jax+pp(x)(Epcx) BX — exaP(X)) = €qx ppx)A1(Epx) BX — €xaP(X)).

OmaBpe, 3a neduHUTHO a X+ BP(X) mrodujamo P(aX+BP(X)) « epix)BX—€exaP(X), IITO 3HAYU
Ila IIOCTOjU KoeQUITUjeHT IIponopiroHasHoCcTU 0 # Kx(a, B) € R TakaB [ja BaXKu

P(aX + BP(X)) = Kx(a, B)(aP(X) — B(epx)/€x)X).

3a pukcHupaHo X = ) ; x;E; iMaMo ¢uKcHrpaHo P(X) = > ; p;E;, Te 3a cBako 1 < i < n BaXKu

Pi(...,ax; + Bpj,- - -)
VIAL = Ag)H2 - (A — AT

oflakJie ce BUAU 11a je Kx(a, B) HeIIpeKUIHO, Kao parfoHaJ Ha QyHKIIHja 110 a U B, I7e je
a? + B*8(ex)41 + 0, ITO je eKBUBAIEHTHO ca THM J1a je aX + BP(X) feGHUHHUTHO, OTHOCHO
maje aP(X) — BS(ex)?1X neduHUTHO.

Kako je P;(—X) = (—1)%P;(X) 3a cBako 1 < i < n, ToO ©MaMo P( ~-X) = (-1)4P(X). 350r
TOra, Iopex ouuriesHor Kx(1,0) = 1 umamo u KX( 1,0) = (-1)41, Y3 (8.60) mosujamo

Kx(a, B)(ap; — BS(ex)*xy),

d-1
(Ky(a, )y — —SPaxipp) _ S(@ext Fep)? <a28x+/328P<X>>

EaP(X)-Blepy /ex)X  Ep(xy (A% + ﬁZEP(X) /€x) €x

oflaKJIe ce BH/IM /ia 3a TTapHo d yBek BaxkH a® + B*8(ex)T1 > 0, Te je momeH off Ky HOBe-
3aH ckyn R? \ {(0,0)} umja cIMKa HHje ToBe3aH CKyIr 360r Kx(1,0) > 0, Kx(—1,0) < 0 u
Kx(a, ) # 0. 360r Tora je d HeIlapHO U Ba*KU P( -X) = —P(X)
JlomaTHO MMaMo Kx(a, B) Sx(a, B)(a? + B*S(ex)?1) T, 1me je Sx(a, B) € {—1,1}. 3aro
je Sx(a, B)(a® + B*S(ex)®1) 2" (ap; — BS(ex)®'X;) XOMOTeH IIOJIMHOM 110 @ 1 B CTelleHa d,
a meros KoedpuiyjenT y3 a? je pukcupad u UsHOcH Sx(a, B)p;, Te U350POM i 3a Koje je
p; # 0 modujamo 11a je Sy KOHCTAaHTHO. 3aTo je Sx(a, B) = Sx(1,0) = 1, ITO HAC JOBOIH IO
bopmyite
P(aX + BP(X)) = (a® + B*8(ex)™ )T (aP(X) — BS(ex)?'X). (8.61)

Haromenumo fa popmysia () Takohje BaKu U Kaf je aX + FP(X) u3oTpoImHo (Taza
Mopa duth § = —1), jep U3 HEeIPeKUIHOCTU II0JIMHOMMUjATHOT IIpec/IinKaBakba UMaMo
P(aX + BP(X)) = 0. IlocesHo, dopmyna (8.61) 3a a = 0, f = 1 moBIaUH

d+1

PP(X)) = (8(ex)" )T (—8(ex)® )X = -6 (ex) T'X. (8.62)

Jlema 8.47. Heka je R k-koperna 2KopgaH-OcepmaHog aniedapcKu ttieH30p KpusuHe Ha (V, g)
uuju pegykosaH Jaxosujes otiepaiiop Jx uma Upociily couCiigeHy 8pegHOCIT ExAq, JOK Cy
U; 3a 2 < i < k suwectupykociuu Hy/1a MUHUMAHOL ToAuHoma. Taga aocmoju XOMOTeHO
U0NUHOMUJATHO TipecauKkasarse P: )V — V HeulapHol ciietieHa d < [, + - - - + U TaKeo ga 3a
ceako gegpuHuiiHo X € V 8adxcu (8.59), (8.60) u (8.61).
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Hajuenrthu ciy4aj Jleme pasMarpa Jakodu-gujaroHaanu3aduIaH R Iie UMaMo [U; =
13a1 < i < Kk [OK je HajBOKHHUjU CIy4aj PUMaHOBOT R I7ie OAATHO BaXkKH & = 1 3a
1 <j < n, omaxte (8.60) maje § = 1. Kao moc/reAuILy, Z05HjaMo HapeIHY JIeMy CIMUHY OHOj
KOjy je moctaBruo HukosiajeBcku 2003. roguHe [92, Jlema 2.1].

Jlema 8.48. Heka je R PumaHog k-kopera OcepMaHoe antedapcKu thieH30p KpusuHe Ha (V, g)
yuju pegykoeaHu Jakodujee ouepaitiop Jx uma Upociity coucitigeHy 8pegHociti exA1. Taga
tocitioju XOMOIeHO UONUHOMUJANHO TpecauKkasarse P: V — )V HellapHol citietieHa d < k — 1
WakKeo ga 3a ceako Henyaa X € YV ucee a, f € R saxcu

JxP(X) = exMP(X), epx) = (€x)%,
d—1

P(aX + BP(X)) = (a* + B*(ex)* )7 (aP(X) — B(ex)? 'X).

8.10 PumanoBu OcepMaHOBM T€H30pHU

Heka je R ajiredapCKy TeH30p KPUBUHE Ha II03SUTUBHO e QUHUTHOM KBaZipaTHOM BeK-
TOPCKOM ITPOCTOpY (V, ) IuMeHsHje n. AKO je A € R cOTICTBeHa BPeJHOCT PeyKOBAHOT Ja-
KOSHjeBOr orepaTopa Jy 3a cBako X € 8" 1 = {X € V: ex = 1} C V, K0oja ©*Ma KOHCTaHTHY
BHUIIIECTPYKOCT 1, Taja je

Jx — Alys

XOMOMOp$H3aM TaHTEeHTHOT pacjojera Hax S"~1 ca UaeHTHQUKAIHjoM TS~ 1~ xl Ka-
KO OH MMa KOHCTAaHTaH PaHT n — r, 1o Teopemu B.3, Ker(Jx — A 1x.) je Ioapacojemse of
TS 1. To Hac [OBOAM /10 HApeHe KOPHCHE JIEMe.

Jlema 8.49. Heka je R PumaHog aniedapcku wer—tsop KpusuHe gumeHsuje n. Ako je A € R cou-
cilléeHa 8pegHOCITL 8ULECTIPYKOCIIU T 0g Jx Ha S, onga je Ker(Jx — A Ly, ) r-gUMeH3UOHA
guciipudyuuja Ha 8™ 1.,

Ha ocHoBYy Teopeme @, 8" 13a p(n) < k < n-1- p(n) He gomyITa K-TUMEH3HOH
OUCTPUSYLIHjY, Ie je p XypBUIl-Pas0H QyHKIIHMja 1aTa je[HAUNHOM (@). 3aro Jlema
pe/yKyje MoryhHOCTH 3a BHIIIECTPYKOCT COIICTBEHUX BPEIHOCTH Off Jx Ha S™ 1,

Teopema 8.50. PumaHos OcepmaHo8 anledapcKu ieH30p KpueuHe HeluapHe gumeH3suje
UMQa KOHCUAHIUHY CEKUUOHY KPUBUHY.

/oka3. OcepMaHOB YCJIOB IIOBJIAYH /Ia CBaKa COIICTBEHA BPEHOCT A Pe[yKOBaHOT JaKo-
SujeBor omeparopa Jy 3a X ¢ 8" ! uMa KOHCTaHTHY BHIIECTPYKOCT I, IIITO oMoryha-
Ba Jia IIpUMeHHUMO JleMy - UumeHuna fa p(n) = 1 BaKu 3a HellapHO N UCKJ/bYYY-
je BHIIIECTPYKOCTH I 3a Koje je 1 < r < n — 2, IIITO HAac ocTaB/ka ca r = n — 1, te je
Ker(Jx — Aly.) = TS™ 1. 3ato Jx = A1 Baxku 3a cBako X € S 1, Te R UMa KOHCTaHT-
HY CeKIIMOHY KPUBUHY A. O

[TocMaTpajMo HapeHU jeJHOCTaBaH CIy4aj, KajJ je JuMeHs3uja 0d1uKa n = 4m+ 2. Jle-
Ma U YhbeHUIla p(4m+2) = 2ocraB/baHaccar € {1,n—2,n—1}. He mocroje fBe CoII-
CTBEHe BPeHOCTH A U [/ UHja je BULIeCTPYKOCT 1, jep Tama Ker(Jx— A1) & Ker(Jx—u1) ge-
buHUIle TBOAUMEH3UOHY JUCTPUSYIIH]Y IIITO HUje Moryhe. 3aT0, MJIM UMaMO KOHCTaHT-
HY CeKIIMOHY KPHMBHUHY Kao paHUje, MM UMaMO [IBe PasjUuUTe COIICTBEHe BPeJHOCTHU
4Juje Cy BUIIECTPYKOCTH 1 U n — 2.

Teopema 8.51. Pumarog OcepmaHo8 anledbapcKu ieH30p KpUuguHe geocCilipyKo HeulapHe
guMeH3Uje UMa KOHCIUAHIIHY CeKUUOHY KpusuHy uau je Kaugopgoes pawia 1.
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Joxas. Heka Jy IMa TaqHO JjBe COIICTBeHe BPeHOCTH, IPOCTY COIICTBEHY BPeHOCT £xA
U Ex| YHja je BUILIECTPYKOCT n— 2. [I[puMeHOM Jleme KOHCTPYHIIIEMO XOMOT€HO I10JIU-
HOMMUjaJIHO IIpecIvKaBame P: V — V cTerteHa d = 1 (1ITO 3Ha4H Jia je P IMHeapHO) TaKBO
na jXP(X) = exAP(X) BaXKH ca €px) = €x. llITaBuIlre, P je KOMILJIEKCHA CTPYKTypa Ha V jep
U3 jeTHAKOCTU () nMamo P? = — 1. JlofgaTHo, aKo mmocTaBuMo Y = aX + BP(X) + Z 3a
Z € Span{X,P(X)}+ = Ker(Jx — exu 1), ouza je X € Ker(Jz — ezu 1) = Span{Z, P(Z)}+, mro
nopstaum X L P(Z). Onasfe je g(P(X),Y) = Pepx) = Pex = —g(X.P(BP(X))) = —g(X,P(Y)),
Te je P KocoamjyHropaHo. Kako Halll OpTOroHaJIHU KOCOaJjyHIOBaHU eHJoMopdus3am P
Ha V jeHO3HA4YHO o/ipeljyje JakodujeBe omepaTope, OH jeJHOSHAYHO O/ipeljyje ¥ TeH30p
KpUBHHE. 3aT0 je jequHo perese Kirdopmos R = uR! + (u — A)/3RP. O

Beh cMo BUpenu fa 3axBasbyjyhu Jlemu JIAKO JI0Ka3yjeMO IIPeTXOJHY TeOpeMy.
MelyTuM, 0Baj cilydaj MO>Ke Ce PelIUTU U JUPEeKTHUM padyHHMa Kao IITo je To Yu opu-
ruHasHo ypaauo 1988. rogune [37, Cekiuja 2]. Takohe je 3aHUMJ/BUBO pelllelke Koje Cy
nanu Iapcuja-Puo, Kymesnu u Backes-JlopeHso [65, Jlema 2.1.4]. V HapegHOM IIpUMepYy II0-
KasaheMo Heke pauyHe da3upaHe Ha lbUXOBUM H/jlejaMa.

Ipumep 8.3. Heka Jy Ma TauHoO [jBe COIICTBeHe BPeJHOCTH, IIPOCTY COIICTBEHY Bpej-
HOCT ExA ¥l BPETHOCT Ex/I YHja je BUIIECTPYKOCT N — 2. [J1aTKa jeJHOAUMEH3HUOHA IUCTPU-
dynuja Ker(Jx — A1) aje BEKTOPCKO II0Jbe J : g1, g1 TakBo fla je X — JX € X. Heka

e Uy = Span{X} @ Ker(Jx — exA1) = Span{X,JX} u Uy = Ker(Jx — exu1). Ilo TeopeMu
@YHMaMo Y e L{)% aKO U caMo ako X € L{;, oK JleMa m IOAaTHO faje Y € Ux ako U
caMo ako X € Uy. 3ato je J(Xcos O + JXsin ) = +(JX cos 6 — Xsin 0) r7e je 3HaK oxpeheH us
HeIIPeKUAHOCTU U BpeJHOCTU y 6 = 0,

J(XcosO +JXsin0) = JXcosO — Xsin 0,

Te IOCAeUYHO HoSujaMo J(—X) = —JXu J*> = — 1.

Kopuctumo ckpaheHurie ¢ = cos 0, s = sin 6 ga uspauyHamo J(X cos 0 + Ysin 0), re je
Ye Uy . UsY € Uy = Uz umamo X, JX € Uy, Te je JY L {X,JX,Y}. 3a Z € Span{X,JX,Y,JY}*
HMaMo Z € Uy NUy, Ofakie je X,Y € Uy, Te cX + SY € Uy 1 3aT0 Z € Ugy oy = Uy oy, y)- 32
cBako Z < Span{X,JX,Y,JY}+ umamo Z L J(cX + sY), Te J(cX + sY) € Span{X,JX,Y,JY}. Ca
Ipyre cTpaHe UMaMo

Tex+sy(SX —¢Y) = R(sX — cY,cX + sY)(cX + sY) = R(X,Y)(cX + sY)
=SJyX — cJIxY = u(sX — cy),
ILIITO 0JaTHO faje J(cX + sY) L Span{X, Y} u noHocH J(cX + sY) € Span{JX,]Y}.
IloctaBUMO J(cX + sY) = aJX + BJY, e jea = a(@) u B = B(6) ca a® + B> = 1. 3a
aJX + BJY € Ucx, sy AMaMO X + SY € Uyx gy, TITO Jaje Jox pry(CX +8Y) = A(cX + sY). 3aTo
je
a* Jix(cX + SY) + B> Tjy(cX + sY) + 2aBT JX,JY)(cX + SY) = A(cX + sY),
a?(cAX + suY) + B*(cuX + sAY) + aB(R(cX + sY,JX)JY + R(cX + sY,JY)JX) = A(cX + sY),
(1 — A)(B*cX + a®sY) + aB(cR(X, JX)JY + SR(Y, JX)JY + CR(X,JY)JX + SR(Y,JY)]X) = 0.
Kaxo X,JX, cX + sY € Uy noBiiaun JY € Uy N Uz N Ugg, gx BMaMo J (X, JX)JY = 0, mTo
naje R(JY,X)JX + R(JY,JX)X = 0. AKo yK/byuuMO IIpBU bjaHKHjeB UJEHTUTET N0SHjaMO
jemHakocT R(X,JX)JY = 2R(X,]JY)JX, Te ciiuuHo U R(Y,JY)JX = 2R(Y,]JX)]JY. OnaBze usBupe,
(1 — A (B*cX + a®sY) + 3aB(cR(X,JY)JX + sR(Y,JX)]Y) = 0.
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Kako je R(X,JY,JX,X) = 0 = R(Y,JX,]Y,Y), y3uMajyhu ckaslapHU IIpOU3BOJA ca X U Y 106U-
aMo
] (U — A)B*c+3aBsR(Y,JX,JY,X) = 0
(U — A)a’s + 3aBcR(X,]JY,JX,Y) = 0
Te je 3aTO
(1 — A)B*c* = —3aBscR(X,JY,JX,Y) = (u — A)a’s>.
OmaBze BaxkH a’s® = B2c2, mrTo fmaje a? = cos? @ u B = sin® 6. [IoHOBO, Ha OCHOBY HeTIpe-

KHUJTHOCTH JJ0SHjaMOo
J(XcosO +Ysin@) = JXcosO + JYsin 0,

LIITO 0Kasyje 1a je J muHeapHo. IIpoayxeme J(tX) = t/(X) 3a t € R geduHUIIIe eHIOMOP-
¢usaM J Ha V, ¥ TaKO Jajke... A

8.11 IIpUHIMII DPONOPIIMOHATHOCTH

Heka je R k-kopeHa JakoSoH-IjaroHaIN3ad UJIaH ajrebapCKy TeH30p KPUBUHE Ha KBa-
IpaTHOM BEKTOPCKOM IIpocTopy (V, &) Tako Aa

Wx(A) = det(A 1 —Jx) = (A — exA1(X))"* ... (A — exAx(X))""

BakH 3a cBe febuHUTHe X € V U HeKe CKajape Vi,...,Vx € Nu A1(X),...,Ax(X) € R,
Koju cy ypehenu ca A{(X) < --- < Ax(X). [[pyruM pedmMa, Jxy MMa COIICTBEHe BPeIHO-
CTH exA1(X),. .., ExAx(X) ca BUIIECTPYKOCTHUMA V1, ..., Vi, TUM pefoM. /e UHUIIUMO V;-
OUMeH3UOHe (YOIIIITeHE) COIICTBEHE IIPOCTOpPE

Vi(X) = Ker(Jx — exAi(X) 1)

ox jX 3a cBako fe¢puHUTHO X € V U 1 < i < k. Ha 0Baj HauuH, 3a CBaKo JeGUHUTHO X € V
HMaMO JUPEKTHY OPTOTOHAHY IeKOMIIO3UITUjY

K
V=DVX), (8.63)
rge je Vo(X) = Span{X}.

KaxeMo f1a je k-KopeHa JaKooU-[WjarOHaJIN3adUIHO R Jakodu-uipoiiopuuoHaaHO
aKo 3a CBaKH I1ap AeUHUTHUX BeKTopa X, Y € )V ©UMaMO IIPOIIOPIMOHATHOCT

SX(SY()’ Eyy. .- Eyk) = <‘.3,'Y(<‘I:'X07 Exyse e 8Xk)

e cy X = Zl oXiuY= Z] o Yj pacTaB/barba TakBa 1a X; € V;(Y) u Y; € V;(X

Y PUMaHOBOM OKpPY>KeHY, BayKaH CIIellyjaJIHU CIy4daj, Ige Y € Vi( a HeKo 1<i<k
nosJsauu X € V;(Y), IoBe3saH je ca JakoSHU-AyaTHOM UMILIUKAIIUjOM ( ). JacHo je ,z;a je
PrMaHOB JaKOSH-TIPOIIOPITMOHAIAH R c1ado Jakodu-yasnaHs, 1o TeopeMu OH je Jako-
du-/yasiaH, Te je Ha OCHOBY Teopeme OcepMaHOB, ca A;(X) = A;3al1 <i< k.

Jx Jy
X% Y
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JakoSHu-TIponopIiioHaJIHOCT 38 PuMaHoBe OcepMaHOBe TeH30pe OTKPUO je AHpejuh
2022. ropuHe [[11], 1OK je yOIIIIITEWk€ Ha IICey0-PUMaHOB cry4aj u3iokeHo y [14]. OcHOB-
Ha Hjeja je duia IocMaTpaTH JaKOdU-IIPonopIioHasiaH OcepMaHOB ajiredapCcKu TeH-
30p R, ¥ MCKOPUCTUTH JxV = &xA;V ma mepunHumeMo KxV = exu;V 3a IporsBo/bHE
Uy, ..., U, € R. HapaBHO, HEOIIXOAHO je pomaTh KxX = 0, mTo sHaud U, = 0. Ha oBaj
HauyuH, T0S6WIHU CMO eH0MOpdU3Me Ky 3a CBaKo JeUHUTHO X € V 3aAprKaBajyhu 11o-
cTojehe COIICTBEHE IIPOCTOPE U MeHajyhu UM COIICTBEHE BPELHOCTU.

Kaxo (8.63) pactaBma Y =S¥ Y;uzZ =S¥ Z ca¥; z c Vi(X)3a 0 < i<k umamo

k k
g(KxY,Z) = (ZKXYI,ZZ) =ex > Wg(Y,Z) =ex > gy, Z) = g(Y,KxZ),

ij=0 j=0

IIITO 3HAYH /1A je CBaKO Kx caMOa/jyHIOBaHO.
Kaxko je R JakoSH-IIpOIIOPIIOHAIaH, aKo pacTaBUMO JleUHUTHe BeKTope X, Y € V ca

X=YF XuY =YY raKo ga Baxxu X; € V;(Y) u ¥; € Vj(X), 0HJIa je exey, = £yEyx, 3a CBe
0 < i< k. Jodujamo

gKxY,Y) =g (ZexulYl, Y) = eXZulg Y, Y) = exzuley,

i= O

8KyX.X) =g (Z SYIJiXbX) = SYZ#ig(XbX) = 8YZ Hi€x;;
i—0 i=0 i=0

Te KOMITaTUOUIIHOCT g(KyX, X) = g(KxY,Y) Baxku 3a gepuHutHe X, Y € V. Tako cMO UC-
IIyHWIU ycaoBe TeopeMe B.7, IIITO 1aje HapeAHy TeopeMy (BuzeTH [14, TeopeMma 2] u [11,
Teopema 2]).

Teopema 8.52. Ao Uocitioju Jakodu-UpouopyuoHaNaH ]aK06u gu]aLOHa./lu3a6u/laH k-
KopeHa anieSapcku MeH30p KpusuHe makas ga je det(A1 —Jx) = Hl 1(A — exAp)Yi, Tnaga
3acee l,..., U € Ruocmoju Hosu OcepmaHos anledapcKu WieH30p KpusuHe twaxkas ga je

det(A1 —Jx) = TTE 1 (A — expy)”.

CBaku PumaHOB JaKoSHU-IIpOIIOpIIMOHANaH R je OcepMaHOB, a HCIIOCTaBJ/ba Ce Ja
Cy CBH II03HATHU IIpUMepu PruMaHoBOr OcepMaHOBOT R JaKOSHU-IIPOIIOPIIHOHAIHN. Kako
eyXo = 8(X, Y)Y u exYy = g(Y, X)X yBeK Baku, 106H1jaMo

EyEx, = (g(X, Y))z = ExEy,- (8.64)

CBaka /IBe-TauKe XOMOTeHa MHOTOCTPYKOCT HEKOHCTaHTHE CeKITMOHe KPUBHUHE je IBa-
-KOpeHa. Y TOM clIy4ajy k = 2, 360T €x = &x, + €x, + €x, U €y = Ey, + €y, + Ey,, JeFHAKOCT
(8.64) moHOCH

ExEy, — EyEx, = EyEx, — ExEy,.
Ca mpyre cTpaHe, g(JxY,Y) = g(JvX, X) naje ex(A1€y, + Az2€y,) = ey(A1€x, + A2€x,), T€ je 3aTO
A1(exey, — €vex,) = A2(Evex, — ExEy,)-
MehyTum, Kako je A1 # Az, U3 IIPeTXOJHUX jeTHAKOCTH JO0SHUjaMO
8X8Y1 — 8y8X1 =0= SYeXZ — 8X8Y27
IIITO IIOBJIAYH E£y(Ex,, £x,, £x,) = Ex(€y,, €y, €y,) U Jaje ciefehy Teopemy.

Teopema 8.53. Csaku gea-kopeHa Jakodu-gujaloHaauzadunaH Ocepmaros anledbapcku
WeH30p KpusuHe je Jakodu-upotiopyuoHaNaH.
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IIpeTxomHYy TeopeMy je rao AHzapejuh 2022. roguHe [11, TeopeMa 3], ajIu je CyIITHHCKHA
y IUTaky JieMa O €J1ad0j AyaJTHOCTH KOjy je 0djaBuo UcTH ayTop 2010. roguHe [6, lema 5.6]
(BupmeTu Takohe [8, Jlema 9]), ITO Ce MOKe cMaTpaTH 3a IipeTeuy IIPUHITUIIA IIPOIIOPIIHU-
OHaJTHOCTH 38 OcepMaHOBe MHOTOCTPYKOCTH.

MehyTumMm, Hako je cBaka mo3HaTta PumaHoBa OcepMaHOBa MHOTOCTPYKOCT WJIM jeJaH-
-KOpeH WJIU IBa-KOpPeHa, TO Hyje cIy4aj ca PuMaHoBUM OcepMaHOBUM ajire5apCKUM TeH-
3opuMa KpuBHuHe. CpehoM, cBakH II03HATH IIpuMep PuMaHOBOr k-KopeHa OcepMaHOBOT
aredapcKor TeH30pa KpUBUHE 3a K > 2 je Kimudopaos.

Heka je R nosy-KimudopzioB, Te caMUM TUM U JaKOSH-AWjaroHansaduiaH Ocepma-
HOB. AKO pacTaBUMO Y = aoX + Y, afi X+ Pu X = BY + Y1, BJiY + Q, 1he je
P e Span{X, 1 X,...,JmX}* 1 Q € Span{Y,J1Y,...,JmY}, oHza JO0SHUjaMO

—Ciexte = grxr = 8(Y.JiX) = —8(X. JiY) = —&1,vB; = CievpPy

3a 1 < t < m,mro aje e2a? = €27, opakie je eyep 1y = —CigLP; = —Cieka? = exeqyx. Beh
282 _ o242 ua (R :
MMaMOo 5, = €505 U3 (), Te IIpeocTaje

m m
2 p2 2 2 2 2 2 2
EyEg = EyEx — EyBy + €Y g CiBi = exey — €505 + €% E cia? = exep,
i=1 i=1

IIITO je OBOJbHO J1a 3aK/bYUYHMMO [1a je R JaKoSH-IIpoIlopIioHanaH (BugeTH [[11, Teopema

4]).

Teopema 8.54. Ceaxu tiony-Kaugopgoe anledbapcku itieH30p KpusuHe je Jakodu-upouopuu-
OHANAH.

Heka je R PumaHOB k-KopeHa OcepMaHOB ajredapCKu TEH30p KPUBUHE Ha KBajpar-
HOM BEKTOPCKOM IPOCTOpPY (V,g) AUMEH3H]je n, TaKo Ja je wx(A) = Hi-‘zl()t — exAy)Vvi. Tlo
HukosajeBckoM [92, 93, 94, 95], cBaku Takas R je Kimudopaos, ocum 3an = 16, cav; = 7
wii v; = 83aHeKo 1 <i< k.

Heka je R PuMaHOB JakodU-IIpOIIOpIIHMOHAIAH K-KOpeHa 3a kK > 3 Koju Huje Kimdop-
[IOB, IIITO ITOBJIAYX n = 16. M0oXXKeMO ypeJHUTH BUIIIECTPYKOCTH Ca V1 > V3 > ... > Vi, T€
3aKJ/bYUYUTHU Jia je v; = 8 wiu v, = 7. Ha ocHOBY Teopeme , I10CTOjU HOBU OCcepMaHOB
aJredapcKy TeH30p KPUBUHE TaKaB [a je wy(A) = Hle(}t — Exl;)"t 3a IIPOU3BOJbHE CKa-
Jape U, ..., Uy € R. ICKOPHUCTUMO U, = Aj ca l; = A; 3a 1 # 2 fa SUCMO HalpaBUJIH Ry,
Te U, = Ay — Ay ca y; = 03ai # 2 ga SUCMO HalIpaBUIU R,. JIako je 3aK/bYUYHTH [a Ba-
XU R = Ry + Ry. MehjyTum, R; je (k — 1)-KopeHa OcepMaHOB Ca Vmax = V1 + Vg, T€ je 3aT0
Kiudopros, ocuMm y ciy4ajy

V1:7,V2:---=V9:1, (8.65)
IIOK je R, 2-KopeHa OCepMaHOB Ca Vmax = N — 1 — vy, Te KitndopzoB, 0cCUM y ciay4dajy
vVi=vy=7,v3=1. (8.66)

360r TOra, aKo UCK/byUYHUMO CJIydajeBe () u (), R = Ry + R, je cyma pgBa Kiu-
doproBa TeHsopa. Mehjytum, Ry U R, MMajy KOMIIaTUOUJIHE JaKOSUjeBe ollepaTope, Te
aKo je J; KOMILIEKCHA CTpyKTypa u3s Kimdopgose pamuinuje paHra vs + --- + Vi U3 Ry,
a J, KOMILIEKCHa CTpyKTypa us Kiudopgose pamuinje paHra v, U3 Ry, Taga [1X L bX
BakH 3a cBako X € V. 3aro godujamMo g(J1/2X,X) = 0, IIITO HaKOH IloJlapu3alyje faje
g(J1 X, Y) + g(J1J.Y,X) = 0 3a cBe X,Y € V. OgaBze umaMo g((J1J2 + JoJ1)X,Y) = 0, Te 110-
CIIeJUYHO [1]2 + J»/1 = 0, IIITO 3HauH [1a je yHUja Hamux KinupopnoBux paMuiirja Takohe
KimmdpopmoBa pamuiinja, Te je R Kimudopzmos.
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8.11. MpnHUMN NPONOPLMOHAIHOCTU

[ITaBuIlte, ciay4yaj () je Takohe Kitnpopaos, jep ce Ha CIMYaH HaYWH Kao paHUje
MOJKe pacTaBUTH Ha Ba KiimpoproBa TeH30pa, R KOjU fleUHUIIIE U, = s = Aj Ca ll; = A;
3ai+# 2,3 4Ry KOjU fleQUHHUIIIE U, = Ay — Aq, U3 = A3 — Ay cay; =03ai+# 2 3. Taga je Ry
7-kKopeHa OCEpMAaHOB Ca Vmax = 9, 0K je R, 3-KopeHa OCepMaHOB Ca Vipax = 13, Te Cy 3aTO
oda Kiudopona.

Ca gpyre cTpaHe, IIpeocTaau cay4aj v1 = 8,v, = 7 je HanoMeHyo HukosiajeBcku [95,
TeopeMma 1.2], Koju je 06jaBUO TBphjeme fa je TakBa OcepMaHOBa MHOTOCTPYKOCT JIOKAJIHO
nsoMeTpruHa ca OP? wim OH? (au TpeSa SUTH Ma’K/bUB jep J0Kas Huje faT). HamoMe-
HUMO Jia Cy Y IUTawy jeiiHe I103HaTe OcepMaHOBe MHOTOCTPYKOCTH Koje Hucy Kiudop-
noBe. OcTaJjie IIOTeHIUja/IHE KOHTpaIIpUMepe KOjU Cy JaKOSU-IIPOIIOPIIMOHAIHU Tpeda

TPa’KUTH y CIydajy (8.66).

Teopema 8.55. Ako je R PumaHo8 Jakodu-upotiopuyuoHANaH anledapcKu teH30p KpUusuHe
Koju Huje Kaugopgos, oHga je R 2-kopeHa ca guwecitipykociuuma 8 u 7, unu je 3-KkopeHa ca
suuwectupykoctuuma 7, 7 u 1.

[IpeTxomHY TeopeMy je mao Auapejuh 2022. roguHe [[11, TeopeMa 5], a 0Ha MOXKe SUTH
KOpHCHA y pelllaBaky OcepMaHOBe XUIIOTe3e. Tako je K/bYUHO IIUTaK€ [a JIL MOKEMO
II0Kas3aTH /ia cy OcepMaHOBHU ajiredbapCKy TEH30pU KPUBUHE JaKOSU-IIPOIIOPITUOHATIHU.

203



I'maBa 9

OCEPMAHOBE MHOI'OCTPYKOCTH

9.1 IIpuMepu OcepMaHOBHX MHOI'OCTPYKOCTH

Heka je (M, g) riceyo-PumMaHOBa MHOTOCTPYKOCT, @ p € M IIpou3BoJbHA TauKa. CKyII
CBUX jeIMHUYHUX BeKTOopa us TpM,

SpM = {X € TyM : |gp(X, X)| = 1},

y PUMaHOBOM OKpPY’Kery 0JroBapa TaHTeHTHOj chepu Sq(0p). MehjyTHM, YKOIHKO je g He-
neUHUTHO, SpM HHje HH KOMIIAKTHO (XHIIepdoJia y JUMEHSUJH 2, XUIIEPSOIOUS, Y TH-
MeH3HUjH 3), Te je 3aXBaJIHO I10CMATPaTU IIPOCTOPHE U BPEMEHCKe BEKTOpe 3acedHO (Teo-
MeTpHjCKa pasivKa usMehy jeHOLe/THOT U IBOIe/THOT XUIIepsdosIona). 360T Tora yBOAHU-
Mo 11ceygo-chepe

SpM={XeTpM: gp(X,X) = -1},

S;M = {X € T,M: gp(X.X) = 1},

pu uemy je SpM = S, M U S;M. IIITaBuUIIlEe, YeCTO HAa MHOTOCTPYKOCTH ITIOCMaTpaMo IIce-
ymo-chepHa paciojema {X € TM : grx(X,X) = Const}, IIITO CYy XUIIEPIIOBPIIIM TAHTE€HT-
Hor paciojesa TM. Tako yBOAUMO 8PEeMEHCKO jegUHUYHO TAHIeHIHO pacaojere
S™M = | |,cp Sp M 1 lipoCitiopHO jeguHUUHO WlaHIeHTIHO pacaojetbe STM = | |, Sy M,
Kao U ’bUXOBY YHHJY SM =S M USTM.

ITo Teopemu , KJIacupHUKaliyja Be-TaukKe XOMOTeHUX IT0Be3aHUX PUMaHOBUX MHO-
TOCTPYKOCTH YK/byuyje: R", 8", RP", CP", HP", OP?, RH", CH", HH" 1 OH?. JIoKaJIHe 130Me-
TpHje JIOKaJIHUX [IBe-TauKe XOMOTeHUX IIpocTopa M [1ejCTBYjy TPaH3UTHUBHO Ha ChepHOM
pacJsojesy SM, Te 3aTO TaMO QUKCHPAjy KapaKTepUCTUYHU II0JIMHOM JaKOSHjeBOr OIle-
paTopa. Taxko 706HjaMo YOIIIITeke JIOKATHUX [iBe-TaukKe XOMOTeHUX PUMaHOBUX MHOTO-
CTPYKOCTH KOje 30BeM0 PumaHoge OcepmaHo8e MHOIOCIupyKociiu, y KojuMa Kapak-
TEePUCTUYHU II0JIMHOM (M/IX eKBUBaJIEHTHO, COIICTBEHE BPeHOCTH U BbUX0BE BUIIIECTPY-
KOCTH) JaKoSHjeBOor ollepaTopa Jx He 3aBUCH 0f X U3 jefIUHUYHOT TAHTeHTHOT pacJjojemba.

HepocraTak Ipyrux npuMepa ycmepuio je Ocepmasa [101] ga pasMuiiba 0 06paTHOM
TBphewy. [IuTame fa jix odpaT Baku (cBaka OcepmaHoBa PMaHOBa MHOTOCTPYKOCT je
JIOKaJIHO JiBe-TauKe XOMOTeHa) II03HATO je 110 UMeHOM OcepmaHoea xuuoiuesa. [Ipse
pesyiraTte 0 OcepMaHOBO] XUIIOTE3U U3JIOXKHUO je Yl [37], xoju je yCTaHOBUO II03UTHU-
BaH OJITOBOP 3a MHOTOCTPYKOCTHU JUMeH3Hje Koja HUje /IheJLI/IBa ca yetupu. Hajsehu mpo-
I'pec y pelllaBamky XUII0Te3e HAUMHUO je HukostajeBcku® [92, 93, 94, 95], xoju je moxasao
XUIIOTE3Y y CBUM CJIy4ajeBHUMa, U3y3eB MHOIOCTPYKOCTH AUMeH3Hje 16 Yhju pefyKoBaH
JaxkodujeB onepaTop UMa COICTBEHY BPEAHOCT BUIIIECTPYKOCTH 7 UJIH 8.

1Quo-Shin Chi (1955), TajBaHCKO-aMePHYKHA MaTeMaTH4ap
2Yuri Nikolayevsky, aycTpa/ujcku MaTeMaTH4ap
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9.1. Mpumepun OcepMaHOBUX MHOIOCTPYKOCTU

OBaj KOHIIEIIT ce MOJKe IIPOIIMPUTH Ha IICey10-PUMaHOBe MHOTOCTPYKOCTH. KaxkeMo
Iia je ricey0-PuMaHoBa MHOTOCTPYKOCT (M, g) Ocepmanoea Uiy inodaano OcepmaHo-
ea, YKOJIMKO KapaKTepUCTUYHU II0JIMHOM wx(A) = det(A1 —Jx) JakodujeBor omepaTopa
Jx He 3aBHUCH off u3dopa X € TM, kako Ha S~ M, Tako 1 Ha ST M.

YecTo je IIOTOAHO U3ydyaBaTHU HeKe reOMeTpHjCKe IIPOdIeMe Y YUCTOM airedapCcKoM
OKpPY>Xemy. PelyKoBameM Iicey10-PUMaHOBe MHOTOCTPYKOCTH (M, g) Ha TauKy p € M fio-
IIyIIITa HaM Jja PajKMo Ca aJareSapcKUM T€H30POM KPHUBHHE R, Ha KBaJ[paTHOM BEKTOP-
ckoM 1pocTopy (TpM, gp). AredapCKy IIPUCTYII JOHOCH Marbhe PeCTPUKTHUBAH KOHIIEIIT
MHOTOCTPYKOCTH Y KOjeM je KapaKTepUCTUYHU II0JIMHOM JaKodUjeBOI ollepaTropa KOH-
CTaHTaH KakKo Ha S, M, TaKo 1 Ha S;M, 3a CBaKo p € M, ajii MO>Ke BapHUpaTH Off TAUKe 10
Tauke. Ka’xeMo [1a je 1iceyzo-PumMaHoBa MHOTOCTPYKOCT M imauka iio inauka Ocepma-
HO6a axo je oAroBapajyhu aareSapcky TeH30p KpHUBHHE R, OcepMaHOB Y CBaKOj TaUKH
p € M. HapaBHo, I7106a/IHO0 OcepMaHOBa MHOTOCTPYKOCT je CBaKaKo TauKa I10 Tauka Ocep-
MaHOBAQ, IOK 06paT He BaXkKu (BUzeTH [25]).

KaxeMo [fa je riceynmo-PuMaHOBa MHOIOCTPYKOCT M mauka o mauka >Kopgau-
-Ocepmanoea axo je ¥keH ojropapajyhu aaredapcky TeH30p KpUBHUHE Ry XKopgaH-Ocep-
MaHOB 3a CBaKy TauKy p € M, 10K je LrodaHo 2KopgaH-OcepmaHoea axo je JKopraHo-
Ba HopMaJsHa ¢opMa 0ff Jx KOHCTaHTHa KakKo Ha S™M, Tako 1 Ha STM. Kaxxemo f1a je M
Jaxodu-gujatonaausaduana axo je R, JakoSH-AHjaroHaIM3adMIHO 3a CBAKO p € M.

Ka>xeMo 11a je 1iceyzo-PumaHoBa MHOTOCTPYKOCT (M, ) k-KopeHa aKo je ¥’eH TEH30pP
KpPHUBHHe k-KOpeHa y CBaKoj TauKH, OJHOCHO aKo peJlyKoBaH JaKoSHjeB oIlepaTop Jy UMa
Ta4YHO K pas/IMUYUTUX COIICTBEHUX BPEIHOCTHU 3a CBaKU fepuHUTaH X € TM.

IIpumep 9.1. Kao 11TO CMO paHUje HaIJIaCUIY, IBe-TaUKe XOMOreHe I10Be3aHe PMaHOBe
MHoTrocTpykoct# (R, 8", RP", CP", HP", OP?, RH", CH", HH", OH?) cy rmodamHo Ocepma-
HOBe. A

IIpumep 9.2. [IpocTOpU KOHCTAaHTHE CeKIIMOHEe KpUBUHe AUMeH3Hje n > 3 (13 Cekiiuje
) IMajy oiroBapajyhu ajaredapcKy TeH30p KPUBHHE 06/IMKa R = kKR! 3a HeKy I108aIHy
KOHCTaHTY K € R. OnaBpe je R(X,Y)Z = k(g(Y,Z)X - g(X,Z)Y), Te 3a repuHuUTaH X 1 Y € X+
UMaMo
IxY =R(Y, X)X =k(gX,X)Y — g(Y,X)X) = exkY.

360r Tora Jx = €xkly. BakKM 3a CBaKo JleHMHMTHO X, INTO II0Kasyje Ja pefyKoBaHH
Jako&HjeB oIepaTop Jx HMa CaMo jeHy COIICTBEHY BPeJHOCT £xK Ha Iiceylo-chepama
ex = Const # 0. OgaBfie je wx(A) = A(A — exk)" ! KapaKTEePHCTUYHH IIOJUHOM Of T,
IIITO je KOHCTAHTHO Ha 06a jefJHHUYHA TAHTeHTHa pacJojerna. Kao mocefura, IpocTopu
KOHCTaHTHe CeKIMOHe KpUBHHe Cy IJI0d6alHo OcepMmaHoBHU. IlocedHo, topen Beh Bulje-
Hux PumaHoBux 1pocropa (R", §™, RP", RH"), ©MaMo Iicey0-PUMaHOBe MOZeJI IIPOCTOpe
u3 Cekriryje k.6 kao 1rro cy R%, dS™ u AdS™. A

HapesHU KOHKpEeTHHU IIPUMeEpPH /103B0/baBajy HaM Jja Ha Jiell HaYWH MIYCTPYjeMo Ha-
mre nepuHuIHje. lapcuja-Puo, Kymesu u Backes-JIopeHso [65] cy KOHCTpyHcaaIu paMUIu-
jy TIceymo-PUMaHOBHX MHOTOCTPYKOCTH (M, g), Tie je M = R4, a (X1, X2, X3, X4) yoSHUuajeHe
KOOpJHuHaTe, IoMohy HapeZHe 'paMoBe MaTpHIle

X3f1 a 10

| a xi, 01

£=1 1 o 0o O
0 1 00

KOja je aTa y OZHOCY Ha CTaHJapAHU IJI0da/IHU IIOKPEeTHHU penep (01, 0y, d3,04) 38 M, T
cy fi = filx1,x2) K fo = fo(X1,X2) IIaTKe peasiHe QYHKIIM]je KOje 3aBUCe CaMO O X1 U Xy,
IOK je a € R. V muTawy je crenujaaHu ciaydaj BokepoBe MeTpuke us IlpuMepa @, Te
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maBa 9. OcepmaHOBE MHOMOCTPYKOCTW

je 3aTo (M, g) riceyo-PUMaHOBa MHOTOCTPYKOCT UH/eKCa Ba, OAHOCHO KitajHoBa MHOTO-
CTPYKOCT fuMeH3Hje 4. KpuctodesoBu CUMS0JIHU CY AaTH GOpMyIOM

-1 Z gl (Ogﬂ Ogu _ 0gij> 7 (5.11 moHOBBEHO)

ox;  0X;  0x

T/le CY 8 y/Ia31 MaTPHIE g U3 (El]), IOK cy g¥ y1asu B0j MHBep3He MaTpHIle,

00 1 0
. |00 o 1
8 = 10 —X3f1 —a
01 —a —X4f2

KoHKpeTaH pauyH /iaje cBe HeHys1a Kpucrtodesose cuMmboIie:

8f 1

T =— fla T = E Bx 2 Xaff,
T =— 2X3gf1 + afl, I3, =I3, = 5X g){lz
T, =I5 = X gﬁ T3, = *fz,
T3, = —5X gfz +safy, Ty, =5X gfz + 5 Xaf5,
If; =I3 = Efla I3, =T, = fz.
V3 momoh ¢popmyiie
Rige = 0l — T + > _(TThy — TRThy), (6.3 mosOBIBEHO)
m
Ha/Ia3uMO CBe HeHyJla KOMIIOHEHTe oIlepaTopa KpUBUHE:
R(D1,0)0y = ;gf —-Z 3f1 f1
+ % (Zx 52];1 + 2%, (;9}1“2 + Oy~ 2a) 1 afl Xy 8f2 aflfz) on.

10 15)
R(01,02)02 = zafz O+ 5 4fz fZ 54—

- % <2x gj{fl + 24 gxfz +xafa g f1 o+ (Xafs —2a)£21 —af1f2> s,
R(01,02)03 = — ;gflzasv R(01,02)04 —;;92347
R(O1 001 =5 PL00 R(01.00)0 = - 5 P2
R(8y, 04)01 = — 32:2104, R(8y, 0a) s _;gflag

[IpeTX0HHU padyHU Jajy MaTPHUIly JaKOSHjeBOT omeparopa Jx 3a X = Z?Zl a;0; Kao

SJIOK MaTpUIy
A 0
\7X - (B AT> 9

206



9.1. Mpumepun OcepMaHOBUX MHOIOCTPYKOCTU

I7e je
1 ofi 1 ..0h
A |27, 27%0x,
1ok 1 O
2°20x; 2 Yoxg
Kako je eTepMHUHAHTa S§JI0K TPOyraoHe MaTPHIlE IIPOMU3BOJ IeTePMUHAHTH HheHUX -

jaI‘OHaJIHI/IX 5JIOKOBa, KapaKTE€PHUCTHUYHHU IIOJITMHOM O[] jX He 3aBHCHU Ol MaTpHIIe B,
wx(A) = det(A1 —Jx) = det(A1 —A) det(A1 —AT) = (det(A1 —A))%.
Kako je

_e ! Oh [ Of
det(A1-A)=A"— 2Aa1a2 <8x +6x1

HUje TeIlKO 3aK/bYUYUTH /1A je KapaKTepUCTUYHU II0JIMHOM Wy (A) KOHCTaHTaH Ha IICey/0-
-chepamMa caMo aKo
0 8

aXZ 8X1 N

Ba’k{ Yy CBAKOj TauKU U3 M. AKO IIpeTIIOCTaBUMO (), uMaMo wx(A) = A%, Te je (M, g)
rodasHo OcepMaHOBa IICey/[0-PUMaHOBa MHOTOCTPYKOCT.

ITocmaTpajmo JKopmaH-OcepMaHOBe yCI0Be 38 0Be MHOTOCTPYKOCTH. 3aXxBasbyjyhu
MaJioj fuMeHsHju of M, JKoppaHoBa HopMasiHa popMa of Jx MOJKe Ce OIIMCATH y Tep-
MUHHUMaA HBeT0BOI MUHUMAJIHOT IIOJIMHOMA [ly. YKOJIMKO PeCTPUKTHUBHUJH YCIIOB

ofr  ofr
57)(2 = ox; 0 9.3)

Ba)KH Yy HEKOj TaUKH U3 M, Tajia cy ¢opMyJie omepaTopa KpUBHHE MHOTO jeZTHOCTaBHUje
U KOMIIOHEHTe oIlepaTopa KpUBHHE V TOj TAUKH Cy HEHyJIa caMo 3a

R(01,09)01 = i (2 38f1 + 2x E)fz af1f2> Os,

ot A ox2
P P*fy )
R(Dy, )0 x5 I 4 2x T2 g
.00, =~ (205 T+ 20Tt —ap
OpmaBre je
0 0 00
1 0%y 8%f, 0O 0 00
Jx = 4(2 3 ox,? +2X4a X1 f1f2> & aja; 0 0
aa, —-ai 0 0

u Jx* = 0.V TaukaMa Koje 3a/[0B0JbaBajy (@), yCJIOB

52
0°fi L o, fz
8

X1

naje Uy(A) = A. Y cynmpoTHOM, Jx = 0 BayKK caMoO 3a a1 = dp = 0, ai cBako X = 303 + A40s
je U30TPOITHO, OflaKJIe Uy(A) = A% BayKM 3a cBaKo JileUHUTHO X. KoHKpeTHe OcepMaHOBe
MHOT'OCTPYKOCTH MOTY Ce 3aZ,aTH IIOTOHUM H360pOM 3a fi, fo ¥ a.

—afifs =

IIpumep 9.3. 3afi(x1,X2) =1, fo(x1,X2) =11 a =1Baxu

h W _ 2X3 f1+z ‘9f2

— = —a —-1+#£0.
oxy  0xq 8x 8 fifs =17

3a medMHUTHO X, JOSHjaMO [y (A) = A% y cBaKoj Tauku u3 M. OBa MHOTOCTPYKOCT je IJIo-
dastHo JKoppaH-OcepMaHOBa, aJIk HUje JaKoSHU-AUjaroHaIn3aduIHa. A
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maBa 9. OcepmaHOBE MHOMOCTPYKOCTW

IIpumep 9.4. 3a f1(X1,X2) = X1, fo(X1,X2) =1 U a=1Baxu

o  ofs 0 f1 *f
I _ T2 _ 2
0Xo 0X1 ’ 3 + X48

5 — afifs = —

YV oBOM ciryuajy, 3a 1eUHUTHO X, UMaMOo HX(/\) = Ay Taukama ca x; = 0 ¥ Uy(A) = A
y TaukKaMma ca X; # 0. OBa MHOTOCTPYKOCT je 106asiHO OcepMaHOBa U TauKa II0 TayKa
Koppan-OcepMaHOBa, aiu HYje 1106aaH0 KopgaH-OcepMaHoOBa. A

Pajiyi KOMILJIETHOCTH U HEKHX TO0JaTHUX IIpUMepa MOKeMO U3padyHaTU paHUje yBe-
neHy MaTpuy B. IToz yciaoBoM (9.2) iMaMo

_10fi (may —af B_ bi1 by
T 20x; \ @2 —ajap)’ ba1 bz)’

Iae cy
0*f1 *fh 1,
b11 = 2a2X3 e E Xagox, T 409N
1 0,
-1 (20!10!2X3f1 + a5Xafy — a5Xaft + 4apas + 2aa§) 6?2’
*f 1 *f 1
b1, —Ealazxs o 2a1a2x48x %, Zaalazflfz
1/, 2 o
+ = <2a1x3f1 + a1azX3fy — araxxaf1 + 2a1a3 + 2aa,a; — 2a2a4) -
4 aXZ
b —laax@—laa Zfl —laa arfif:
1 2 o
- = <a1a2x4f1 + 2a5Xafy — a1aXx3fy — 2a1a3 + 2aa1az + 2a2a4) _
4 8x2
0*f1 | 1 a2x 0*f1 1,
b22 2a1x3a— 3 2 8X16X2 + 1aa]flf2
L1 ofi
4 (2a1azx4fz + @3x4ft — ABXsfy + 4agay + 2aa1> %
[IpaBOJIMHMjCKY payyH Jaje
0 0 0O
g2 A 0\ 0 0\_1_(ofi 0 0 00
X =\BA+A™B (A"2) “\BA+A™B 0) ~ 4%\ ox, a2 aja; 0 0’
aa, —-ai 0 0

Kao u

. 0 0\
Iy = ((BA +ATB)A o) =0

3a cBako X € TM. 3aTo 3a cBako AeUHUTHO X YCJIOB

ofh _ O

00Xy 0X1
TIOBJIAYH [y (A) = A3, IITO 103BOJFaBa HOBe KOHKpETHE IIPHMepe.
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9.2. Wyposu npodnemu

IIpumep 9.5. 3a fi(X1,X2) = X2, fo(X1,X2) = —X1 K a = 1 BaXXu

00Xy 0x1

I _ af2:1;féo.

3a 1edHHUTHO X UMaMO [ix(A) = A® y cBaKoj Tauky U3 M, IITO flaje APYrauHljy IPHMep

rodanHo JKoppaH-OcepMaHOBe MHOTOCTPYKOCTH. A
IIpumep 9.6. 3a fi(Xx1,X2) = X1X2, fo(X1,X2) = —%X% U a = 1Baxu

oh I P fz 14

o, oxy = X1, 2X3 8x 5 +2X4 6 —afify = —2x4 + §X1X2-

YV 0BOM ci1y4ajy Uy(A) 3a feUHUTHO X Bapupa Of TauKe [0 Tauyke. To MoXke SUTH A3 (3a
Tauke ca x; £ 0), Wi A% (3a x; = 0,4 # 0) wn A (3a X, = X4 = 0). KOHCTpyHCaHa MHOTO-
CTPYKOCT je Iy106ay1HO OcepMaHOBa U Tauka I10 Tauka KopgaH-OcepmaHoBa. A

9.2 IllypoBM IIpOdIEMU

YV 0BOj CeKIIMju pasMaTpamo IIcey0-PuMaHOBe MHOTOCTPYKOCTH M UCTPakyjeMo pe-
3yJITaTe IoBe3aHe ca lllypoBUM TUIIOM IIpodseMa KojU cy dasupaHu Ha Teopemu (.8. Ka-
’KeMO Jia je IIceyn0-PruMaHOBa MHOTOCTPYKOCT (M, g) k-uiniajH ako je ’eH TeH30p KPUBU-
He K-11ITajH y CBaKoj TauKu of M. /IpyTuM peuuma, (M, g) je k-1lITajH aKo II0CTOje IJIaTKe
¢yukumje C; € F(M) TakBe /1a

Tr(J¥) = (exYCi(p

Baku3acBep € M, X € T,Mul <j < k. J)KesiIMo Jia IPOyYHMO Ja JIH ¢y pyHKIHje C;
0daBe3HO KOHCTaHTHe, Te TaKBe IIpodsieMe 30BeMo IIlypoBU mpodiieMu (BugeTH 'UiIKu
[57, Cexiuja 1.13]).

HajjenHocTaBHUjU ciay4daj pasMarpa ¢yHKIH)y Cq, ITle je HapeJHa TeopeMa 3alpaBo
opyrauyje samnucaHa TeopeMa

Teopema 9.1. Ceaka Uioge3aHa 1-WINAjH MHOIOCIUPYKOCIL gUMEH3Uje N # 2 uma KOH-
ctuaHiuHo Cq.

KaxeMo0 1a CHMeTpHUYHO A € Sg (M) uma Illypoeo ceojciueo ako 1ato A = fg 3a HEKY
¢yHKIMjy f € (M) mosJsiaud fia je f KoHCTaHTHa (BUaeTH KaprenTtep 1980 [35, I1aBa 2]).
Ha ocHOBYy Teopeme PuunjeB TeH30p uMa lIIypoBo cBOjCTBO ocuM 3a dim M = 2.

JleDMHUIIIIMO 3aHUMJ/BUB CHMETPHYaH KOBapHjaHTHH TeH30p Q € TJ(M) TaKo IITO y
OKOJIMHU HeKe TayKe II0CTaBUMO

Q(va) = Z 8i8j8kR(X>Eiij>Ek)R(Y7Eian7Ek)a

1<ijk<n
rae je (Eq,...,Ey) OpPTOHOPMUpPAHU JIOKAJTHU ITIOKPETHU perep HaJl TOM OKOJIMHOM. AKO je
(F1,...,Fn) HEKY IPYyTH OPTOHOPMUPAHHU JIOKAJIHU IIOKPETHU pellep, TO je Besa ca CTapuM

pertepoM E; = Y, mFt, ogHOCHO Fp = >, m"PEy, Ipu ueMy Baxku y_, m;m®? = &;, (uHBep-
3Ha MaTPHIA) U g;My; = g(E;, Fp) = em®. Kako je 3, emymy; = >°; euMpym™ = £,8py, TO
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maBa 9. OcepmaHOBE MHOMOCTPYKOCTW

HnMaMoO

> eigjerR(X, Ey, Ej, Ex)R(Y, Ey, Ej, Ey)

ik
= &igier Y MpimgMuR(X, Fp, Fq, Fr) Y mymymyR(Y, Fy, Fy, Fy)
ijk p.q,r u,v,w
= Y R(X,Fp,Fg,Fr)R(Y,Fy, Fy, Fw) > My Y &Mgimy; Y &My
D,q,1 UV, W i j k
= epeqerR(X, Fp, Fq, Fr)R(Y, Fp, Fq, Fy),
p.qr

Te je Q 10dpo JedpUMHMCAHO jep He 3aBUCH 0J] ©360pa OPTOHOPMUPAHOT peliepa.

OBa IIpUpo/iHa MHBapHjaHTa je ajredapCKy HajjeJHOCTaBHUja II0CJIe CKajapHe U Pu-
yyjeBe KpUBUHE, U IIOMUIbe ce Kof becea 3 1978. rogune [19, cTp.164-165]. YKOIHUKO
yBeZIeMO

er = ||IR|* = trg Q,

Ta/ia UMaMo ciaefiehy jemy.
Jema 9.2. 3a AjHwinajHO8y MHoOlOCIUpPYKOCI 8axcu Veg = 4 div Q.

Joka3. Y opTOHOPMHPaHOM JIOKaJIHOM IIOKPETHOM peIlepy UMaMo,

(diVQ)(Ek) = Z eiinQ(EkaEi) = Z Sigpqurin(Rkpquipqr)

1<ign 1<ip,q,r<n
1<i,p,q,r<n 1<i,p,q,r<n

3a AJHIIITajHOBY MHOTOCTPYKOCT BaXKU R;; = €;6;;C1, Te je VR;; = 0. 3aT0 U3 () caenu

il il
> &ViRpgr= Y &(~VrRipig— VeRipr) = Y &'ViRpg— Y. &'VqRipn
1<ign 1<ign 1<il<n 1<i,l<n
== VEerq - VEqur == 0,
ofjaKJIe HecTaje APYTU WIAH, ) 1), o r<n EpEqErRKpqr X 1<icn EiViRipgr = 0. Tazia je,

(divQ)(Ex) = > €i€pEqerRipgrViRipgr

1<i,p,q,r<n
1
=9 Z €i€p€qErRipgr(—ViRpigr — VpRikgr + ViRkpqr)
1<ip,q,r<n
1 1 s 1
=5 > €iEpEErRipgrViRipgr = 1 > €iEpeeEr Ve (Ripgr)® = 1 VEER:
1<ip,q,r<n 1<ip,q,r<n

O]

I'pej 1 BuiMmop [66] cy AjHIIITajHOBY MHOTOCTPYKOCT (M, &) IUMeHsHje n > 4 Ha3BaId
cyliiep-AjHuinajHoea axo 3a/l0Bo/baBa Q = fg 3a HeKo f € §(M). V ToM ciay4ajy, y3suMmajy-
hu TparoBe y offHOCY Ha g IMaMo £ = fi, Te je 3aTo 110 (6.30),

divQ =divfg = Vf= %VaR.

U3 Jleme E ciaenu
1 1
EVSR - HVSR,
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9.2. Wyposu npodnemu

ITo faje Veg = 0, Te je 3aT0 €g KOHCTAHTHO. BUIMMO f1a y AJHIIITajHOBOj MHOTOCTPYKOCTH
Q uma [IIypoBoO CBOjCTBO, 0OCUM Yy ciIy4dajy n = 4. /lofaTHO, Cyllep-AjHIIITajHOBa MHOTOCTPY-
KOCT ;MeHsHje n = 4 je neduHKCaHa Kao AjHIIITajHOBA MHOTOCTPYKOCT Ca KOHCTaHTHUM
ER.

ITocmMaTpajMo 2-1ITajH MHOTOCTPYKOCT (M, g) muMeH3Hje n. Y OpPTOHOPMUPAHOM JIO-
KaJIHOM IIOKpeTHOM penepy (Ey,...,En), Teopema @ 3a1 < X #y < n Jaje jefHaKOCT

®.9, ,
2 Z giejRixijiyyj + Z eigj(Rixyj + Riyxj) = ZSXSyCZ.
1<ij<n 1<ij<n
KopunrhemeM cuMeTpuje  ; ; €;€(R le]) =2 i E&i(R lyxj)zx TO II0CTaje
> &g (RijRiyyj + RigjRiyx + (Rtxyﬂz) = &x€yCa.
1<ij<n

[ToMHOXUMO TOCa &y U CyMHUPpajMO I10 MH/IEKCY Y 3a CBe y # X. /l0/1ajMO0 ¥ O y3SMUMO CJIy4aj
Y = X Ha JIeBOj CTPAHU, 0K } ;i €i&j(Rixxj)* = C2 Baku U3 (8.7), Te ©IMaMO

—3€XC2 + Z EyEiEj (Rixijiyyj + Rle]RlyX] + (Rlxy])2> = Z EXCZ,
1y,ij<n Iysny#x
oJlaKJIe je
Z syeiej (RLXX]Rlyy] + Rlxy]RlyX] + (szy])2> = (n + Z)SXCZ. (9.4)
Igy,ij<n

[IpoAMICKYTYjMO IIOHA0COS WiIaHOBE Ha JIEBOj cTpaHU. KopucTuMo AjHIIITajHOBE GopMyIe
(8.5) u (8.6) 3a mpBU uiIaH,

Y &EERuwRyy = Y EERig D &Ryy+ D Rivi ) &Ry

1gy,ij<n 1<i#j<n 1<y<n 1<ign 1<y<n
2
= Z Rixxi : SiC1 = 8XC1'
1<i<n

3a IpyTu 4iaH y (@) KOPHUCTHUMO CI/IMeTpI/Ije U IIpBU bjaHKUjeB UeHTUTET,

Y &yEiERig Ry = Z €y€i€j(Ruipy Ryjiy + RiyjRoyi)
1y,ij<n 1<y ij<n
5 > &€ (Ruiy(—Ruyj — Rugi) + Ry Ryyi)
1gy,ij<n
1 1
=9 Y &EERayRay = 5 Q(Ex, Ex).
1y,ij<n

[Tocseqwmy WiIaH je jefHOCTaBaH,
2
Z 8y8i8j<Ri)gzj) = Q(Ex, Ex).
1gy.ij<n

HakoH 3aMeHe y () HMaMO

1
exCh + SQ(Ex Ex) + Q(Ex. Ex) = (N + 2)&xCa,

OJlaKJIe je
2
Q(Ex, Ex) = gex((n+2)C - ch.
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TlocJte TToJIapU3aliyje TO JOHOCH

2
Q=2((n+2)C - Chg.

Te je 3aTo

2
er = gn((n+2)C; - ch.

Hamu pauyHu 10Kasyjy fa je 2-I1TajH MHOTOCTPYKOCT AUMeH3HUje n > 4 cylep-AjHIITaj-
HOBAQ, ILIITO IIOBJIAYH /Ia je €g KOHCTAHTHO, Te je KOHCTAaHTHO U C,. /lofaTHO, Ha OCHOBY
[IpuMmepa , Ry nuMeH3HUju n = 3 ©Ma KOHCTaHTHY CeKIJMOHY KpUBUHY. MeljyTuM, 110-
CTOje IPo&JIeMH Y IIPE0CTAIMM JUMeH3HujaMa jep C; He MOpa SUTH KOHCTAHTHO 3a N = 2
U £ HEe MOpa SUTH KOHCTAHTHO 3a n = 4.

Heke Bapujaniyije HapeQHOT pe3ysITaTa, yIJIaBHOM pecTpUKOBaHe Ha PUMaHOBO OKpY-
Keme, Mory ce Hahu y bece [19, cTp.164-165], I'tiky, CBaHE, BaerKeE [61, Teopema 2.4],
I'miku [57, Cekyja 1.13, cTp.75-78], Tapcuja-Pro, Kynesnu, Backes-JIopeHso [65, cTp.10-
15].

Teopema 9.3. Ako je (M, g) ioge3aHa 2-WUAjH MHOIOCTUPYKOCTU gumeH3ujen ¢ {2,4}, oHga
je Co KOHCIUAHIUHO.

9.3 JemaH-KOpeH MHOI'OCTPYKOCTH

Heka je R k-kopeHa ajredapCKu TeH30p KPpUBHHE Ha KBaJPaTHOM BEKTOPCKOM IIPO-
cropy (V,g). [locMaTpajMo JakoSujeB omepaTop Jx 3a HeHyJ1a BeKTop X = > i, X;E;. Ene-
MEeHTH HeroBe (peayiHe) MaTpPUIEe Y OJJHOCY Ha HEKY OpTOHOpMHUpaHy &asy (Eq, ..., Ep) cy
XOMOT€eHEe IT0JIMHOMUjasTHe QyHKITHje cTelleHa IBa Y KoeQUITHjeHTUMA Xq, . . ., Xp,

n
(Tx)ab = €a8(JIx(Ep),Ea) = €a Y RpjaXiX;.
ij=1

Kaxko yc/I0B k-KOpeHa II0BJIa4YH Jia Ce COIICTBEHEe BPEJHOCTH He IIpecellajy, BUILECTPYKO-
CTHU COIICTBEHUX BPEJHOCTH Ce He Me:ajy 10K X Bapupa. Ha ocHoBY TeopeMe A.28, To HaM
oMoryhaBa Zja 03Ha4MMO COIICTBEHE BPeJHOCTH TaKo Jla 3aBUCe aHAJIUTUYKHU O] KOOPAH-
HaTa of X(Xq,...,Xn) # 0.

HajjeqaocTaBHUju ciaydaj k = 1 je Be3aH 3a jegaH-KOpeH MHOIOCIPYKOCIliU 111TO
je pasmarpao AHxpejuh 2018. rogune [9, Cexiiyja 5]. Heka je R anredapCKu TeH30p KpU-
BUHe Ha (V, g) TaKaB /la pe/lyKoBaH JaKoSHjeB oIlepaTop Jy MMa caMo jelHy COIICTBEeHY
BPEeIHOCT Ex/ly 34 CBAKO AeMHUTHO X € V. HalloOMeHMMO [ia je y 0BOM CJIy4ajy Ta je[JHHa
COIICTBEeHA BPeJHOCT 06aBe3HO peasHa.

V PUMaHOBOM OKpY>Kekby AosujaMo X+ = Ker(Jx — Exlix 1x1 ). 3aTO 3a Meljyco6HO op-
TOroHaJIHe flepuHUTHE X, Y € V umamo Jx(Y) = exuyY u Jy(X) = eyuyX, Te je

Exeylly = 8(JxY,Y) = exeyk(X,Y) = g(JyX, X) = ex€ylly,

IIITO IIOBJIAYH KOHCTAHTHY CEKI[MOHY KPUBHUHY Uy = Uy = K(X,Y). ICTH [0Ka3 IIpoJia-
31 U 3a JaKOSU-UjaroHaIn3aduiHo R (BumeTH [65, p.102]). KonauHo, mpumeHa IllypoBe
Teopeme (TeopeMa @) IIOBJIAYM HapegHy TeOpPeMY.

Teopema 9.4. IIogesaHa jegaH-KOpeH JakodU-gujaloHanu3adu/iHa MHOIoCUupyKoCil gUMeH-
3ujen > 3 je ipocitiop KOHCIAHIHe CeKUUOHe KpuguHe. IloceSHo, tiogesaHa PumaHosa je-
gaH-KOpeH MHOIOCIUPYKOCi gumeH3uje n > 3 je UpoCilop KOHCIAHIHe CeKUUOHe KpUBUHe.

3 Andrew Francis Swann, JaHCKH MaTeMaTHhy4ap
“Lieven Vanhecke, 5e/IrHjcKy MaTeMaTHUap
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9.4. /iBa-kopeHa OcepmaHOBe MHOIOCTPYKOCTU

ITocmaTpajMo UCTHU IIpodJieM Y JIOpeHII0BOM OKPYKery. Y 0BOM CJIydajy MO>KeMOo KO-
PUCTUTH YUIEHULY 71 je Jr AHUjarOHaINu3adHU/IHO 3a CBaKO BpeMeHCKO 1. 3a IIpoCTop-
HO X OPTOTOHAJIHO Ha BPEMEHCKO T MOKeMO IIPUMEHUTH Jy, v = Jx + 2tT (X, T) + t>Jr
Ha IpOM3BOJBHO A € Span{X,T}+. Taza je Jx.r(A) = €xierly 7 38 €xyer < 0, IOK je
Jx(A) =aA + B, J(X,T)A = BA+ Cu Jr(A) = eruA, tie B,C € A+. Tako Baxxu B + 2tC =0
3a cBe |t| > \/—&x/€r ITO TOBJIAaYH B = C = 0, Te je A COIICTBEHHU BEKTOP OF, Jx. 3aTO je Jx
IYjaroHaIM3adUIHO 3a CBaKO IIPOCTOPHO X ¥ Kao paHHUje Mopa SUTHU KOHCTaHTHe CeKITU-
OHe KpuBHHe. To 0Ka3yje HapeHY TeopeMy Kojy je mocTaBuo AHpejuh 2018. roguHe [9,
Teopema 5.1].

TeopeMa 9.5. Ceaku JIopeHU08 jegaH-KOpeH anledapcKu WeH30p KpUGUHe UMA KOHCTUAHT-
Hy CeKUUOHY KpueuHy. ITogezaHa JIopeHU08a jegaH-KOpeH MHOIOCTUPYKOCI guMeH3uje n >
3 je Gipociiop KOHCTUAHTIHe CeKUUOHe KPUBUHe.

[TpodsieM jemaH-KOpPEH aarebapcKor TeH30pa KPUBUHE Y BUIIIUM CUTHAaTypaMa je MHO-
ro KOMIIMKOBaHUjU. Ha mpumMep, y Cexkiiyju &1] BUJIeJIM CMO HeKe I106a/1HO OcepMaHoBe
jemaH-KopeH MHOTOCTPYKOCTH KOje HUCY JaKoSU-IHujaroHaInu3aduiHe.

JlolaTHO, IIPeTIIOCTaBUMO [1a je jelaH-KOpeH MHOTOCTPYKOCT Tayka I10 Tauka OcepMa-
HOBa, Ca je[[HOM COIICTBEHOM BPeJHOCTH exi(p) € R ox Jx 3a X € TpM. Kako je CBaku
OcepMaHOB R AjHIITajHOB UMaMo £xCq (p) = Tr(Jx) = ex(n — 1)u(p). Ilo Teopemu El], I10-
BesaHa 1-mTajH M IUMeHsUje n # 2 UMa KOHCTaHTHO Cy, Te je 3aTO |/ KOHCTaHTHO Ha M
U 3601 Tora je M rmodasHo OcepMaHOBa.

Teopema 9.6. IIoge3aHa jegaH-KopeH tauka o wauxka OcepmaHo8a MHOIOCIUPYKOCil gu-
MeH3uje n > 3 je L1odbasiHo OcepmaHosa.

9.4 /IBa-kopeHa OcepMaHOBEe MHOIOCTPYKOCTH

ITocmaTpajMo HapegHU ciy4aj, k = 2. Heka je (M, g) II0Be3aHa Tayka I10 Tauyka OcepmMa-
HOBa MHOTOCTPYKOCT AHMeH3H]je n TaKBa /ia Y CBaKoj TauKu p € M 3a X € T,M oAroBapajy-
hu pefrykoBaH JakoSHjeB omepaTop Jy MMa TagHO JIBe PasJIHuUTe COICTBeHe BPeHOCTH
exA(p) U exi(p) uUje Cy BUIIIECTPYKOCTH pesloM a(p) U 7(p).

Ha ocHoBy TeopeMe 8.3, OcepMaHOB a/iredapCKU TeH30p KPUBUHE 3a N > 3 je n-IITajH.
360r Tora mocroje atke ¢yHknuje Cq,. .., Cyp € F(M) TakBe 1a

(exVCi(p) = Tr(J¥) = (ex) (a()(A(D)Y + T(p)(u(P)Y).

Ba’ku 3a cBako 1 <j < n.

Beh 3Hamo f1a je C; KOHCTAaHTHO 3a n # 2 (Teopema @), Kao U 1a je C, KOHCTaHTHO
3an ¢ {2,4} (Teopema @). 360r TOra yCJIOB n > 5 UCKJ/bYYyje HeXKe/beHe CIy4yajeBe, Te
UMaMo KOHCTaHTHe U C; U Cy. IlocTaBuMO Cy = n — 1 ¥ I10CMaTpajMo CUCTEM jeJHAUYNHA
3aje{0,1,2}:

a(p) +7(p) = Co,
a(p)A(p) + T(p)u(p) = Cy,
a(p)AP)* +T(P)uPp)* = C;
V3 mpBe [iBe jefHAUHHE UMaMO
_ C—Cou C; — CoA
A—u u—A "’

Te HaKOH 3aMeHe y Tpehy jefHauyKHy caegu
C1<)( +u)— C()A[,l = Cy.
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Kaxko je 7 > 1 umamo C; — CyA # 0, Te mpeTXO/iHA jeTHAYMHA Jaje

G- CiA
U= —con
[IpeocTtasie PyHKIHje MOIY Ce U3pa3sUTHU IIPeKo A Ha ciefiehu HauuH
5 CoCa- C2 (- CoA)?
CoA? — 2C1A+Cy’ CoA2 —2C10+Cy

OpmaB/ie KOHKPETHO O Jlaje HajBUIIIEe IBE BPeJHOCTHU 3a A, IIITO Cy pelllerha oAroBapajyhe
KBaJ[paTHe jemHauynHe. Kako cy BpeTHOCTH 3a 0 I1eJix 6pojeBH 1 < 0 < n — 2, TO CJIefu fa
A MOXKe y3eTH HajBHIIIE 2(n — 2) KOHKPETHUX BpeHOCTH. U3 C;(p) = a(p)A(py + t(p)u(py
MOYKeMo BH/eTH Jia Cj(p) 3a j > 2 MOJKe y3eTH HajBHIIIE 2(n — 2) KOHKPETHUX BPEHOCTH.
®ynkimja Ci(p) je 1aTKa, Te U HEIIPEKHU/IHA, T€ 3aTO MOYKe Y3eTH CaMo jeIHy BPE/IHOCT.
3aTo je C; KOHCTAHTHO Kao IIITO je CJAyYaj U ca CBUM OCTaiuM ¢yHKImjama (o, 7, A 1 ),
IIITO J0Ka3yje fa je M rmodasHo OcepMaHOBa.

OBaj pesyJsiTaT Ba)kKy U y CIy4ajy KOMIUIEKCHUX COIICTBEHUX BpeLHOCTHU. IlocTojamme
KOMILJIEKCHe COIICTBeHe BpeHOCTH a(p) + iB(p) of, Jx HOBJIauH Aa je a(p) — if(p) Kao KOH-
jyraT Taxkolhe KopeH KapaKTepUCTUYHOTI IIOJIMHOMA Ca UCTOM BHIIIECTPYKOCTH (n — 1)/2.
Taga umamo C; = (n — 1)a(p) u C; = (n — 1)(a(p)? — B(p)?), mITO HOBJIAaYH fa Ccy a(p) U
B(p) Takohe koHcTaHTe. KOHCTaHTe a U § 1ajy KOHCTaHTHE COIICTBEHe BPeJHOCTH U 3aTO
“MaMo I106astHOo OcepMaHOBY MHOTOCTPYKOCT.

Teopema 9.7. Csaka Uloge3aHa gea-KopeHa wadka 1o wavka OcepmaHosa MHolociupy-
KoCll gumeHsuje n > 5 je 1106as1Ho OcepmaHo8a.

[TocToju BapujaHTa TeopeMe @ KOja 3aXxTeBa KOHCTaHTHE BUIIIECTPYKOCTH 0 (p) U T(P)
(Bunmetu 'apcuja-Puo, Kymenu, Backes-JlopeHso [65, cTp.10-16]), aix Beh cMo BUeu ia
0Baj 3aXTeB HUje HEOIIXO/aH jep je o 11eo0 dpoj o AebUHUIHUU Kao LITO je AHpejuh I10-
Kasao 2013. roguHe [/, Teopema 2.1].

9.5 /IBa-KopeHa PUMaHOBHU TEH30pH

Heka je R 1Ba-KOpeHa ajiredapCKy TeH30p KPUBUHE Ha II03UTUBHO IeQUHUTHOM KBa-
IpaTHOM BEKTOPCKOM IIpocTopy (V, ) suMeHsHje n. Taza, pelyKoBaH JakodujeB omiepaTop
Jx 32 HeHyJIa X € V UMa TauHo /IBe COIICTBeHe BPeHOCTH Exlly U ExVx C4 KOHCTAHTHUM
BUIIIECTPYKOCTUMA, Te KAPaKTEPUCTUYHHU ITOJIMHOM JaK0dHjeBOr ollepaTopa IJIacu

wx(A) = det(A1 —Jx) = A(A — exiy)P (A — exvx)?

3a puKcupaHe IIPpUPOAHE dpojeBep >q>1cap+q=n—1.

®oKycHpajMo ce Ha jequHUYHY chepy S = 81 = {X € V : gx = 1} C V. [TocmaTpajmo
Jx— Uy 1x1 Kao IJIaTKK XOMOMOP)H3aM TAHTeHTHOT pacJiojerha Hajl S ca HeHTHUKAIIH-
joM TxS = X*. Kako je OH KOHCTaHTHOT paHra ¢, Ker(Jx — Ux 1y.1) je moppaciojeme ox, TS
(Bugetu Teopemy [3.3), OHOCHO p-IUMeH3HOHA AUCTpUSyLYja Ha S. Ha cjiMyaH HauuH,
Ker(Jx — vx 1x.) je g-TMMeH3HOHa AUCTpUSYIHMja Ha S. 3a p(n) < k < n—1— p(n), S mo
Teopemu @ He JIoNyIITa kK-TUMeH3U0HY JUCTPUSYITH]Y, IIITO HAC 0CTaBJba ca

q < pn), (9.5)
r7e je p XypBui-PasioH pyHKIHja U3 (@).
HejemguakocTt (9.5) 3Ha4ajHO peAyKyje MOT'YhHOCTH 3a BUILIECTPYKOCTHU p U q. Ha mpu-

Mep, 0/iMax yYKJIaka HellapHo n 360T p(n) = 1, Te n MoOpa BUTH IapHO, IIITO je IIPUMETHO
AHpnpejuh 2022. roguHe [10, Teopema 3]).
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9.5. [lBa-kopeHa PnMaHOBUK TeH30pKn

Teopema 9.8. He lioctioju HellapHOgUMEH3UOHU PumaHoe gea-KopeHa anledapcKu WeH30p
KpueguHe. I[ToceS5Ho, He Uocilioju gea KopeHa PumaHos8a MHOIOCTUPYKOCTL HellapHe gUMeH3U-

je.

He ymamyjyhu omTocT M0o>KeMo IIPETIIOCTaBUTH [y < Vy, jep Y CYIIPOTHOM II0CMa-
TpaMo —R Kao HOBH aJiTeSapcKU TeH30p KpUBUHe. 3a CBaKU HeHysa X € V TeQUHUIIIEMO
COIICTBeHe IIPOCTOpE,

M(X) = Ker(Jx — extiy Ly1), N(X) =Ker(Jx — exvx Ly.),
rge je dim M(X) = p u dim M (X) = ¢, IITO JOIIyIIITa OPTOHOPMHpPAHY JAeKOMIIO3UIIH]Y
Xt =MX)aNX).

3a HeHyJsa X,Y € V KOjH 3a/10B0J/baBajy Y € M(X), MoxxeMo0 pacTaBUTH X = M + N Tako
najeMe M(Y)uN e N(Y). 36or

g(Ix(Y),Y) = glexuyY,Y) = exeyliy,
g(Jv(X),X) = g(eyuyM + €yvyN,M + N) = eyeplly + EyENVy,

UMaMo Exlly = Eyly + (Ex — Em)Vy, T€ je IIOCTIeJUIHO

Vy — Ux
ey =Ex— =, (9.6)
M va_uy
IIITO J1aje
< Vy — Uy <1
Vy — Uy

Te 0TYZA Uy < Uy < Vy. Y CIMYHOM MaHUDY, Y € NV (X) oBi1auu

I

) Vy —
SNZSXM U 0<X7M7<1

~X
Uy —Vy Vy — Uy

Te je 3aTO Uy < Vx < Vy. OfjaB/ie UMaMo

O%YGM(X) = Uy < Uy < Vy,

9.7
0£A£YeNX) = uy<vx<vy ©-D

Pectpuxiyje ifs: S - RUV|g: S — R cy HelpeKugHe QYyHKIMje HA KOMIIAKTY, Te CY
HUX0Be CJIMKe 3aTBOPeHU UHTepBaiu. U3 Jix/ex = Jx/Ex BaXu U(tX) = u(X)sacse X # 0
ht € R. Ogatie, 3a HeHyJIa X € V JOCTHOKEMO Uy € [Unin> Umax] © VX € [Vmin, Vmax), IIITO
oMmoryhasa f1a repuHUIIIEMO

U= (lin) U{0}, W =V (Vimax) U {0}

Ako 0 # Y € M(X)Baxxu 3a 0 # X € U, oHza (@) naje Y € U, [ok (@) I10BJIa4YU
EM = €x, OMHOCHO X = M € M(Y). Ha c/tmyaH Ha4uMH TO MO>KeMO IIOHOBUTHU 3a Y € N (X)
U X € W. Tako foéujaMo HeKy BpcTy PakurheBor IIpUHITUIIA [yaJIHOCTH I7ie CY COIICTBEHe
BPEIHOCTH eKCTPEMHE,

0AYeMX)NO0#A#XeU — 0#XeMY)ANO0#Yel,

0LYENX)AO£LXEW = O0£XeNY)AO0£YeEW. (9:8)

VKosmuko uMaMo U Jx(Y) = exAY u Jy(X) = eyAX 3a HeHys1a Mel)yCOSHO OPTOroOHaJIHe
X, YeVuAleR, tana 3acse a,f € R, mo JleMu UMaMo

Jax+py(EyPX — exY) = €qx, pyA(EyBX — exay). 9.9)
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Ha ocHOBYy popmyiie (@), Ye MX)caX € UYnioBnaun X € M(Y)caY € U, Te (@)
OOHOCHU eyPpX — exaY € M(aX + BY) ca aX + BY € U. 3aT0o 0 # U € U noBauu Span{U} &
M(U) C U, mu mocmequuno U+~ C N(U), kao B ogroBapajyhu aHasor 3a W,

0£A£UceU = Span{U}eM(U)CU,

0£WeW = Span{W}aN(W)CW. (9:10)

Kako je dim(Span{U} &M (U)) = p+ 1, dim(Span{W} &N (W)) = ¢+ 1 1 IpUTOM BaKu
dimV=p+q+1>(p+1)+(q+1), 'pacmarHoBa popMyJia [aje HETPUBHUjaJIaH IIpecekK,

0 # (Span{U} & M(U)) N (Span{W} N (W)) CUNW. (9.11)

dopmyia () JOIyIIITa 1a Kao II0YeTHH Kopak y3sMeMo 0 # A € U/ NV, Te UICKOPUCTUMO
H-er0Ba JIela CBOjCTBA Uy = Upin ¥ VA = Vmax-

3b6or TeopeMe P.§, n MOpa SUTH ITapHO, Te pasMaTpaMoO HapeIHH II0 jeTHOCTaBHOCTH
CIy4aj Iae je JUMeHsHja n Ba IIyTa Hemap. Y TOM ciay4dajy je p(n) = 2, Te HejeTHAKOCT
(9.5) maje q = 1, ITo 3HAUU IIPOCT KOPEH.

IIpeTIiocTaBUMO [ia je jefHa COIICTBEHA BPeJHOCT IIPOCTa, OHOCHO J1a BaKU ¢ = 1. AKO
Zo0laMo joIr p > n/2 (IITO UCKJbyYyje caMo n = 4), Tajga u3 'pacMaHoBe GpopMyJie CBaKa
IBa M IIpoCcTOpa MMajy HeTpUBUjaIaH IIpeceK. 3aTO 3a HeHyJia BeKTope X, Y € U/ IoCToju
0#Se MX)NM(Y), Te (0.8) moHOCH X, Y € M(S)caS €U, Te () naje Span{X,Y} C U,
IIITO JJ0Ka3yje Jia je U IIOTIIPOCTOP O V.

KesmmMmo fa moka>keMmo J1a je U KOHCTaHTa, UM eKBUBaJIeHTHO 1a je U = V. IlpeT-
II0CTaBUMO JIA CYIIPOTHO, U/ # V, Kako je U/ IOTIIPOCTOpP, TO IIPUMEeHOM () HUMaMo
dim# =n — 1, ogakie je

04XeUd = U=Span{X}eoMX) A Ur=N(X). 9.12)

3amoyHuMo ca0 # A € UNW U3 (). 3a0#£Zc N(A) =U+, us (@) umMamo A € N (Z)
caZc W, teje M(A) = M(Z) = Span{A,Z}+.3a0 # B ¢ M(A) = M(Z) umaMmo B € U, Te je
o (0.1%), Z € U+ = N(B). Taga g(J3(Z), Z) = g(J7(B), B) maje vg = i, = c. MeljyTum, ako cy
B u Z jenuHu4yHY, oHza U3 (9.9) BaXxku

Jzcost+Bsint(BCOSt —Zsint) = c(Bcost — Zsint),

IIITO ITOBJIa4U U(t) = pu(Zcost + Bsint) = ¢ wiu v(t) = v(Zcost + Bsint) = ¢, 3a CBako
t € R. dyHKIHUje I, v: R — R cy HenpeKkugHe ca i < V U U(0) = v(1r/2) = ¢, ofakie je
R = i~ }(c)Uv~}(c) AuCjyHKTHA yHHja Hellpa3sHUX 3aTBOPeHMX CKyII0Ba, IIITO HHje Moryhe.

To mokasyje ma Uy = u Mopa 6UTH KOHCTaHTa 3a ¢ = 1, ocMM ako je n = 4. OBo HaMm
omoryhaBa /ja yBeZieM0 HOBH aJIrTe5apCKH TeH30p KpUBHHE R = R — uR, rneje R € TI(V)
TeH30p KOHCTaHTHe CeKI[MOHe KPUBUHE je/laH, faT ca (). OBaj TPUK II0Mepa COIICTBe-
He BPeJHOCTH, Te KapaKTepUCTUUYHU II0JIMHOM HOBOI JaKOSHjeBOTI oIlepaTopa II0CTaje
det(A1 —Jg) = A" (A — ex(vx — p)).

/la He KOMIIMKYjeMO CTBapH IIpeBUIlle, 3apKkaheMo IIpeTX0HY HOTaIH]jy U IIPeTIIO-
CTaBUTH Jla Jx UMa IIPOCTY COIICTBEHY BPeJHOCT ExVx > 0, TOK CYy CBe 0CTaJie COIICTBEHE
BPEIHOCTH jefiHaKe HyJIU. To CYIIITUHCKY 3HAYU []Ja OPUTUHAIHU PelyKOBaHU JaKooHjeB
oIIepaTop .Jx MMa IPOCTY COIICTBeHY BPeIHOCT £x(Vx + ), HOK APYTH KOPeH ex/l KMa BH-
IIeCTPYKOCT n — 2.

IIpocTa comcTBeHa BpeJHOCT MOTHUBHIIIE HAC ja MOSJUOUKYjeMOo Hjieje u3 CeKijyje @
M3adepruM0O IpOU3BOJ/bHY OPTOHOPMHUpaAHy 6asy (Eq,...,E,) y V. Taja 3a cBako HeHyJa
X =Y, xE; € V, JakoSujeB oreparop Jy je paHra jefjaH, TakaB /ja Cy eJIEeMEHTHU HeT0Be

MaTpuIle J;(X) KBagpaTHe GopMe y n IPOMEH/bUBUX X1, . . ., Xn. CBaKa IIOMATPHUIIA Pefia
IIBa Y CUMETPHUYHO] MAaTPUIU PaHra je/laH je CUHIyJIapHa IIITO Jaje
Ji(X)Jj(X) = Tj(X)* (9.13)
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3a cBe 1 < 1,j < n. AKo pUKCUpaMO HEKH MOHOMUjaJIHU II0pe/iaK OH/la II0CTOjU jeJUH-
CTBeH MOHHMYHH G(X) KOju je HajBehH 3ajeHUUKH feuiall 3a cBe J;(X). llepmyTyjyhu
dasy MOKeMO II0/IeCUTH

Ji(X) = 0,G(X)Qi(X)Pi(X)*,

e cy P;(X) 1 Q;(X) HeHys1a ITOJIMHOMH 3a 1 < 1 < m ca fogaTHUM J;(X) =03am <i < n,
IokK je 0; € {—1,1}. MeljyTuM, TaKBO pacTaB/baibe je jeJUHCTBEHO /0 Ha 3HaK of P;(X)
YKOJIMKO II0CTaBUMO /1A je Q;(X) MOHMYaH decKkBaapaTaH. Tazma

0;0;G(X)*Qi(X)Q;(X)P;(X)*Pj(X)* = Jy(X)*

IIOBJIAYH J1a BaXKH Q;(X) = Qj(X) = Q(X) = 1 u 0; = 0j = 0 3a 1 < i < m, OfaKJIe [06UjaMo
Jij(X) = 0;G(X)P;(X)P;(X), t7ie je oj; € {—1,1}. lomaTHo, U3 () je Jij(X) = 0 kaarof BaXku
m<i<nummm < j < n,IITo ce MO>Ke TpeTupaTyh Kao P;(X) = 03am < i < nUIIpoay KaBa
HHJIeKCe Ha m = n.

Jpyra HofMaTpuUIia peja 2 Aaje Jy;(X) 7y (X) = Jij(X)Jii(X), Te 01,03 = 010 Kako Baku
0j = 0; = 0, TO je 0;; = 001;04j, Oflakye cnenut J;;(X) = 0G(X)oq;P;(X)04;Pj(X). Kako cy
II0JIMHOMU P;(X) jeAMHCTBEHHU [0 Ha 3HAK, MOKeMO KOPUCTUTH 04;P;(X) ymecTo P;(X) fa
ducmo podunu Ji;(X) = 0G(X)P;(X)P;(X) 3a cBako 1 < i,j < n.

[lITaBuIIle, yIIOPeTUMO JIK CTETIEHE Y IIOJIMHOMY J;;(X) 3aK/byUyjeMo fia CBU P; UMajy
HCTH CTelleH, KOjH je HyJla WU jefiaH. CTelleH HyJla JOHOCH KOHCTaHTHe II0JIMHOME P;, Te
je Jx = G(X)M 3a HeKy KOHCTaHTHY MaTpuIly M.V ToM ciay4dajy, ako je Jx(Y) = exvxY oHza
je Jx(Z) = 0 3a cBako Z ¢ Y+, mito maje MZ = 0. Mehytuwm, Tazga je Jy(Z) = G(Y)MZ = 0,
IIITO /laje KOHTPaAuKIujy Jy = 0. 3aT0 CBU P; UMajy CTelleH jefaH, L0K G(X) UMa cTelleH
HyJIa oflakJie ciaenu G(X) = 1.

CyMmupajyhu mpeTxo/Ha 3arakama, jeJHaKOCT

Jij(X) = oPy{(X)P;(X)

Baku 3a cBe 1 < 1,j < n, r7ie cy P; TMHeapHU XOMOTe€HHU IIOJIMHOMU. YKOJIHUKO II0CTaBUMO

P(X) =) P{(X)E,
i—1

Tajia CJIeIHn

Jx(PX)) =Y Pi(X)>  JuX)Ej =0 _ Pi(X)*(P(X)).
' j=1 i=1

i=1

Taxko je P(X) COIICTBEHHU BEKTOP Of Jx KOjH OIr0Bapa IIPOCTOj COIICTBEHO] BPeHOCTH

n
O€pix) = O'ZPi(X)Z =Tr Jx = &xVyx,
i=1

aJIM KaKo CMO IIOCTaBHJIH Vx > 0, Mopa duUTH 0 = 1. Ha 0Baj HAUMH KOHCTPYHUCAIH CMO
JIMHeapHO IIpeciarKaBame P: V — V TakBo fa je N (X) = Span{P(X)} u

&
vy = 5P

Ex

ca Vp(x) > Vx (360r (@)) 3a CBaKo HeHyJa X € V.
[Tounumo ca 0 # A € Wre P(A) € N(A) 3dor (@), naje A € N(P(A)) caP(A) € W. 360r
TOTa, II0 (@), BaXkH

Jaa+pp(a)(Epa)BA — €4QP(A)) = €qa4 pp(a)Vmax (Epa)PA — €aQP(A)),
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mTo faje V(aA + BP(A)) = Vmax U P(aA + BP(A)) o« &pa)BA — €aaP(A). KopuiitheweM
JIMHEApHOCTH of P u uuibeHUITy fa je P(A) L Span{A,P?(A)}, moSujamMo KOeHUITHjeHT
IIPOIIOPI[MOHATHOCTH jeIHaK —1/&4, Te offlaTiie Basku P2(A) = —v,A caSpan{A,P(A)} C W.

Mo>keMO HaCTaBUTH Y CJIMYHOM MaHUPY, YIIOTPedoM A; = A U Vi = Vpax Kao dase
uHAyKyje. [IpeTrioctaBUMO fia Beh ©MaMo0 Mel)yCOGHO OpTOroHa/IHe HeHyJla BEKTOope
Al,P(Al), - ,Ak,P(Ak) TaKBe€ [1a

Span{A;, P(Ap}\ {0} v i(vy) um P*A4;) = —Vvi4; (9.14)
Baxru3acBel <i<kcal<vg<...<vq [lebpuHumnemo
Virr =max{vy: Xe SN M(A1)--- N M(Ax)} < vk

¥ Y3MHUMO IPOU3BOJBHO 0 # Ay, 1 € V™1 (Vy,1). 3aXBAJHO je TPUMETHTH Jia KaKo je [ KOH-
cTaHTa, gyaaHocT (9.8) yBek omoryhaBsa Y € M(X) <= X € M(Y). Kao mocieguIia Tora,
Api1 € M(A;) = M(P(4y)) = Span{A;, P(A;)}" noBauu A, P(4;) € M(Agy1) L N(Agea)s
Te P(Ar,1) € Span{A; P(A;)}+ = M(4;). 3aTo je Vp(A,1) S Vky1, T€ U3 popmyste (9.7)
MMaMOo Vp(u,.,) = Vki1, AOK jesHakoct (0.9) maje Span{Ay 1, P(Ax1)} \ {0} C v l(viyq)
U P*(Api1) = —Vis1Aks1-

OBaj IOCTYIIaK KOPUCTH KOHCTaHTe 0 < Vp /3 < ... < V1 Ca CBOjCTBUMA () 3a UCLp-

IUbUBaIb€e IIPOCTOpa
n/2
V = Span{4;, P(A))}. (9.15)
i=1
Hmajyhu 0BO Ha yMy, JIaKO je YBU/IETH Jia je P KocoajyHrosaH. Haume, YKOJIUKO I10-
CTaBUMO BeKTOpe X = Z:‘:/f(xiAi +X;P(A;))) uY= Z"/Z iA; +Y;P(A;)), oHZa je

=1Vt

n/2 n/2
gP(X),Y) = gx;P(A) — XViAy,YiAi + YiP(A) = > viga (Xy; — Xyi) = —&(P(Y), X).
i—1 i=1

KibyuHa ujieja je ma cBaKy KOCOa[jyHroBaH eHoMopdusaM P Ha V, Ha 0CHOBY IIpume-
pa B.1 reHepHIIIe anreSapcKHu TeH30p KpuBHHe R € TY(V), rme mMaMo

7P _ —3exvx1 on Span{P(X)} .
X 0 on Span{P(X)}+

3aro, ysuMajyhu y 063uUp IroMepame COIICTBEHUX BPeLHOCTH 3a ExU, U MOryhu U3d0p of
Vx < Uy Ca II0YeTKa AUCKYyCHje, alredapCKu TeH30p KPUBHHE MOpa SUTH 08JIHUKa

R=+ (—;RP + uR1> . (9.16)

OBaj pe3yJiTar je 50/b€ U3PA3UTH Y OPTOHOPMUPAHOj da3u (Ey1, Fy, ..., Ep/2, Fp/2) Koja
je modujeHa u3 (9.15) peckamupameM E; = A;/\/€a; U F; = P(A;)/,/€p4,.- O5paTHO, JIAKO
je BUIETH /1a 3a IPOM3BOJbHY OPTOHOPMUPAHY 8a3y (E1, Fy, ..., Ep/2,Fn/2) ¥ V, KOHCTaHTe
0 < Vyp2 < ... < V{ TeHEpHIIy KOCOa/ljyHrOBaHHU eHjoMopdr3am P Ha V ca

P(E;) = \/ViF;, P(F;) = —/ViE;, 9.17)

3a cBako 1 < i < n/2. Tako cMO OSW/IX HapeAHy TeopeMy KOjy je ImocTaBuo AHpejuh
2023. ropuHe [10, Teopema 4].

Teopema 9.9. Ceaxku PumaHos gea-KopeHa aledapcKu WeH30p KpusuHe gumeHsuje n > 4
ca Upocitium KOPeHOM je 0dauKka (), 3a U € R u HeKu KocoagjyHlo8aHu eHgomopg@usam
P gedpunucan ca () Kopuctiiehu tio3utiueHe KOHCIAHIIE V1, . .., Vy 2 € R.
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9.6 /IBa-KopeHa PuMaHOBe MHOI'OCTPYKOCTH

Teopema @ U popmysia () KapaKTepHIlly cBe Moryhe Ba-KOpeHa ajredapcke TeH-
30pe KpUBHHE TUMeH3Hje ABalyT Heltap. HapeHU Kopax je 3aCHOBAaH Ha YIIOTPeSH Apy-
ror bjaHKWjeBOT UJIEHTUTETA Ca UJ[€jOM Jla Ce BUU KOjU OJf TUX ajredapCKUX TeH30pa
KPHUBHUHE MOJKe SUTH peasIM30BaH Kao TeH30p KPUBHUHEe PUMaHOBE MHOTOCTPYKOCTH.

ITocmaTpajMo PMMaHOBY MHOTOCTPYKOCT M JIOKAJIHO Y OKOJIMHU U C M HeKe Tauyke.
TamMo0 M0O>XeMO IIOCTaBUTH JIOKAJHU OPTOHOPMHPAHU IIOKPETHH pellep M IVIaTKO IIPOJLY-
KHTH eJIeMeHTe Hallle KOHCTpYKIirje. [71aTkoha TeH3opa KpuBuHe R € T9(U) faje r1atko-
hy u € §(U), BoK je v IIaTKO Ha TAHTeHTHOM pacyojery TU 6e3 Hysia ceKItyje. Tasa, HAUUH
Ha KOju CMO KOHCTpyHcau P faje rimatkohy o P;(X) € §(U), IIITO JOHOCH KOCOa/jyHIOBa-
HE onepaTop P € T}(U). Konauno, v € §(TU \ (M x {0})) IOBIAYH V1,...,Vy/2 € F(U),
Te MOKeMO IIPOLY>KUTH Hallly OpTOHOPMHUPaHy da3y U3 KOHCTPYKIIHje Ha JIOKaJIHU Op-
TOHOPMHPAHU IIOKPeTHHU penep (Eq, Fy, ..., Ey o, Fyj) ¥ X(U) Koju ce ykiiana y Gopmyiry
(). 3roJIHO je KOPUCTUTHU 0Baj IIOKPETHU pellep Y HapeJHOM TeKCTY.

OBaxKBO IIPOAYy’Keke TOIIYIITa HaM Jja IIPUMeHHMMO KOBapHjaHTHe U3BOJie Ha Hallle
TeH30pe. Ba)kHO je HaIlOMeHYTH Ja je VyP € T1(U) Takole KocoafjyHroBaH, jep PX L X
II0BJIaYU

0= VV(g(vaX)) :g<vV<PX)7X) +g(PX7 ViX) :g(VV(PX),X) _g(PvVva) :g((VVP)X,X),

IIITO HAKOH II0JIapu3alyje faje
g(VvP)X,Y) = —g((VvP)Y, X),

3acBeX,Y, Ve X(U).
Kaxko je VR! = 0, koBapHjaHTHH H3BOJ Ay>K BEKTOPCKOT IToJba V € X (U) HaIller TeH3opa
KpuBHHe R u3 ¢popmyre (0.16) MoKe ce U3pasuUTHU ca

1
VyR = quVVRP + (Vyu)RL.
3acBeX,Y,Z, W,V € X(U) MOXXeMO HU3payyHaTH

(VvRP)(X,Y,Z, W) = g(g(PX,Z)(VyP)Y — g(PY,Z)(VyP)X + 2g(PX, Y)(VvP)Z, W)

(9.18)
+ g(g((VvP)X,Z)PY — g((VvP)Y,Z)PX + 28((VyP)X,Y)PZ, W),

(VyRP)(X,Y,Y,X) + (VxRP)(Y,V,Y,X) + (VyRP)(V, X, Y, X)
= 3g(PX,Y)(28((VvP)Y,X) — g((VxP)Y,V) +8((VyP)X,V))
—3g(g((VxP)X,Y)PY + g((VyP)Y,X)PX, V).

3ato IIpMeHa apyror BjaHKHjeBOT HJIeHTHUTeTa JOHOCH
0 :(VVR)(X7 Yv Y7X) + (VXR)(Y7 V7 Y7X) + (VYR)(V,X, YvX)

= ?g(PX7 Y)(Zg((VVP)Y,X) _g((VXP)Y7 V) —i—g((VyP)X, V))
ig(g((VXP)X, Y)PY + g((VyP)Y, X)PX, V) (9.19)

£ (V) (exey — 8(X, Y)?) £ (Vxu)(8(X, V)Y, V) — eyg(X, V)
+ (Vyﬂ)(g(X, Y)g(X7 ‘/) - ng(Yv V))

[IpetmiocraBpajyhu Y L PXy () IodujaMo

0= g(g((VxP)X,Y)PY +g((VyP)Y,X)PX,V)
+(Vx)8(8(X, V)Y — eyX, V) + (Vyi)g(g(X, V)X — exY, V) + (Vyu)(exey — 8(X, ¥)?),

219



maBa 9. OcepmaHOBE MHOMOCTPYKOCTW

Te je 3aTO

(exey — 8X, YV)*)(Vu)* = — g((VxP)X, Y)PY — g((VyP)Y,X)PX
+ (X(u)ey — Y()g(X, V)X + (Y(u)ex — X(u)g(X. Y))Y.

3acBymaHeHynaX,Y ¢ X(U) takBe a Y € Span{X, PX} umamo (Vu)* € Span{X, PX,Y, PY}.
MehyTuwm, yrioTpeda Halller IIOKpeTHOT perepa ca (9.17) naje

(vu)ﬁ € ﬂ Span{Ei’FbEj»l:j} = Oa

1<i<j<n/2

IITO JJOHOCH Vu = 0. 3aT0 4 Mopa SUTH KOHCTaHTa, JOK popmysia () IOHOCU

8(PX.Y)(28((VvP)Y.X) — g((VxP)Y, V) + g((VyYP)X, V))

— g(g((VxP)X, Y)PY + g((VyP)Y,X)PX,V) = 0. (9.20)

IToHoBO, Y | PX naje g((VxP)X,Y)PY + g((VyP)Y,X)PX = 0, 10K fogaTHo Y L X oMo-
ryhaBa JiMHeapHy He3aBUCHOCT 3a PX u PY (jep cy X ¥ Y yinHeapHO He3aBUCHU Kao Op-
TOTOHAJIHM), Te je 3aTo g((VxP)X,Y) = 0 3a Y € Span{X, PX}+. MehyTum, Mu 3HaMO 7ia je
g2((VxP)X,X) = 0, mrro rioByauu (VxP)X « PX.

Aedunnimmmo Ax: U — R 3a cBako X € X(U) ca Ax = g((VxP)X,PX)/g(PX,PX) Ha
(epx) H(Ry) = (ex) Y (Ry) C Uwu Ax = 0 Ha (ex)"1({0}), rme mMpeTXOAHO MOKasaHa IIpo-
IIOPLIMOHAIHOCT JOHOCH

(VxP)X = AxPX. (9.21)

Jlaxo je mpoBepuTH fia Ay = fAy Baxku 3a f € §(U). Ca apyre cTpaHe, u3 () 3a CBaKo
X, Y € X(U) umamo

(VxP)Y + (VyP)X = (Axyy — Ax)PX + (Axyy — Ay)PY,
IIITO HAKOH y3MMar-a CKaJIapHOT IIPOMU3Bo/a ca X iaje
(Ax1y — Ay)8(PY. X) = g((VxP)Y,X) = —g((VxP)X,Y) = —Axg(PX,Y),
Te je 3aT0 (Ax, y — Ay — Ax)g(PX, Y) = 0. 360r Tora, aAUTUBHOCT
Axiy = Ax + Ay

Baku Kaarof je g(Y, PX) cByma HeHysa. 3a cBako p € U, ycioB Y, L PX, ce MoXKe HC-
KJ/BYYHUTH 3aXBaJbyjyhu HelIpeKUuAHOCTH o A(p) : TpU — R gartor ca A(p)(X,) = Ax(p). 3aTo
aJIUTUBHOCT Ba)kKu 3a cBe X, Y € X(U), irto 3Hauu fia A jecre §(U)-muHeapHo. [IocieuyHO,
Kako Ar € §(U) 3a jexuHuuHO E € X(U), umamo Ax € §F(U) 3a cBako X € X(U), Te KOHaYHO
Baku A € TI(U) = X*(U).

Ca 0BUM Ha yMy, jeJHaKOCT () Iocraje

g(PX,Y) (Zg((vvp) Y, X) — g((VxP)Y — (VyP)X + AxPY — AyPX, V)) —0.

Omase

28((VyP)Y,X) = g((VxP)Y — (VyP)X + AxPY — AyPX, V) (9.22)
Ba)kKH y ciy4ajy fa je g(PX,Y) cByza HeHys1a. MeQjyTUM, Kako je leCHa CTpaHa JIMHeapHa
10 Y ¥ II0CTOjU IIOKPEeTaH peliep KOjU ce CacTOjU 0/f BEKTOPCKUX I10/ba KOja HUCY OPTOrO-

Ha/IHa Ha PX, jegHakocT (9.22) Baku 3a cBe X,Y, V € X(U). IBOCTPYKOM IIPUMEHOM ()
HMaMo

4g((VyP)Y, X) = g((VyP)Y — (VyP)V + AyPY — AyPV, X) + 2g( — (VyP)X + AxPY — AyPX, V),
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9.6. [Ba-kopeHa PumaHOBe MHOIMoCTPYKOCTU

Te je 3aTO
2Ax8(PY,V) = g(3(VyP)Y — (VyP)V — AyPY — AyPV,X),
IIITO Zaje
28(PY, X)A* = 3(VxP)Y — (VyP)X — AxPY — AyPX.

Ca gpyre cTpaHe, U3 febuHuLMje 3a A € X*(U) uiMaMo (VxP)Y + (VyP)X = AyPX + AxPY,
Te 3aTo Ao5ujaMo g(X, PY)A* = (VxP)Y — (VyP)X, IIITO Ce MOXKe 3aITUCaTH ca

2(VxP)Y = g(X,PY)A* + AyPX + AxPY. (9.23)

Capa xazia 3HaMo VP, IIpeocTaje fja ©3pauyyHaMo V2P U yIIOTPeSHUMO PUunjeB uIeHTH-
TeT 33 TEH30PCKO Iosbe P € T1(U). U3 (9.23) uMaMo

2(VxVyP)Z =2Vx((VyP)Z) — 2(VyP)(VxZ)
—Vx(g(Y,PZ)A* + AzPY + AyPZ) — (g(Y, P(VxZ))A* + Ay, zPY + AyP(VxZ))
=(g(VxY,PZ) + g(Y,VxPZ)A* + g(Y,PZ)Vx\*
+ (8(VxA%, Z) + g(A*, VxZ))PY + A;VxPY
+ (8(VxA',Y) + g(A*, VxY))PZ + AyVxPZ
— g(Y,P(VxZ))X* — Ay, zPY — AyP(VxZ)
=(8(VxY,PZ) + g(Y, (VxP)Z))A* + g(VxA*, Z)PY + (8(VxA®,Y) + g(A*, VxY))PZ
+ g(Y,PZ)VxA* + AzVxPY + Ay(VxP)Z,
Te je 3aTo
2(ViyP — V§xP)Z = 2(VxVyP — VyVxP — Vy,v_v,xP)Z
=(8(VxY.PZ) + g(Y, (VxP)Z))A* + g(VxA*, Z)PY + (g(VxA",Y) + g(A*, VxY))PZ
+ g(Y,PZ)VxA* + A;VxPY + Ay(VxP)Z
— (g(VyX, PZ) + g(X, (VyP)Z))A* — g(VyA', Z)PX — (g(VyA*, X) + g(A*, VyX))PZ
— 8(X,PZ)VyA* — A;VyPX — Ax(VyP)Z
— 8(VxY — VyX, PZ)A* — AzP(VxY — VyX) — Av,y—v,xPZ,
—(g(Y, (VxP)Z) — &(X, (VyP)Z))X* — g(VyA*, Z)PX + g(VxA*, Z)PY
+ (g(VxAY) — g(VyA, X))PZ + g(Y,PZ)VxA* — g(X, PZ)Vy)*
+ Az(VxP)Y — Az(VyP)X + Ay(VxP)Z — Ax(VyP)Z.

[IoHOBHOM YIIOTPEeSdOM () TodujamMo
2(ViyP — VixP)Z
=228(Y,PX)A* — g(VyA*, Z)PX + g(VxA\*, Z)PY
+ (g(VxAL,Y) — g(VyA!, X))PZ + g(Y,PZ)VxA® — g(X, PZ)VyA*

+ Az8(X, PY)A* + %(){yg(X, PZ) — Axg(Y,PZ)A* + %AYAZPX - %AX/\ZPY

=2 (Av&(X. PZ) — Mg(Y. PZ)X + (G Avd — g(Vyh Z))PX — (3 Axhz — (V- 2))PY
+ (8(VxA'.Y) ~ g(VyX'. X))PZ + g(Y. PZ)VxA* ~ g(X. PZ)VyA.

Jla SUCMO I10jefHOCTABU/IM HOTAIH]y YBOJMMO HOBH o1tepatop Q € T1(U) peduHucan
caQX= %/\X)tﬁ — VxA%, Te IpeTX0/[HA jelHAKOCT TIOCTaje

2(V%yP — Vi xP)Z =g(X,PZ)QY — g(Y,PZ)QX

(9.24)
+8(Z,QY)PX — g(Z, QX)PY + (8(QY, X) — g(QX, Y))PZ.
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maBa 9. OcepmaHOBE MHOMOCTPYKOCTW

Ca /[pyTe cTpaHe, 3a oIlepaTop KpuBuHe R u3 (0.16) umMamo +3R = —RP + 3uR1, Te je
+3(R(X,Y)PZ — P(R(X,Y)Z))
= —RP(X,Y)PZ + 3uR (X, Y)PZ + P(RY(X,Y)Z) — 3uP(R}(X,Y)Z)
— — g(PX,PZ)PY + g(PY,PZ)PX — 2g(PX,Y)P*Z + 3u(g(Y,PZ)X — g(X, PZ)Y)
+ g(PX,Z)P*Y — g(PY,Z)P*X + 2g(PX,Y)P*Z — 3u(g(Y,Z)PX — g(X, Z)PY)
— — g(PX,PZ)PY + g(PY,PZ)PX + 3ug(Y,PZ)X — 3ug(X,PZ)Y
+ g(PX,Z)P*Y — g(PY,Z)P*X — 3ug(Y,Z)PX + 3ug(X,Z)PY.

VYBOAHMMO caM0aJ[jyHIOBaHU o1lepaTop S € T%(U) nepuHmUcaH ca SX = 3uX + P2X, Te mpeT-
XOZHa jeTHaKOCT II0CTaje

+3(R(X,Y)PZ — P(R(X,Y)Z)) = g(PX,Z)SY — g(PY,Z)SX + g(SX,Z)PY — g(SY,Z)PX.

PrynjeB UIeHTUTET (), (VxVy = VyVyx — Vixy)P)Z = R(X,Y)PZ — P(R(X, Y)Z), BaxKu
3acBe X,Y,Z € X(U), mrto ynotpedoM (9.24) mroHOCH

8(X, PZ)QY — g(Y,PZ)QX + g(Z,QY)PX — g(Z, QX)PY + (8(QY, X) — 8(QX,Y))PZ

S % (8(PX.2)SY - g(PY, 2)SX + g(SX, Z)PY — g(SY. Z)PX).

3axBaJIHO je YBECTH jOIlI jefiaH omtepaTop K = Q + %S € ‘Z%(U), OZTHOCHO TaKaB Ja
KX = %AXA" — VxA® + %(:mx + P%X)
Baxu 3a X € X(U), Te IIpeTX0fHAa jeTHAKOCT II0CTaje
g(X,PZ)KY — g(Y,PZ)KX + g(Z,KY)PX — g(Z, KX)PY + (g(KY,X) — g(KX,Y))PZ = 0.
CrertyjayiHy ciayvaj Z = Y oBJIauu
g(X,PY)KY + g(Y,KY)PX + (g(KY,X) — 2g(KX,Y))PY = 0, (9.25)

IIITO Ba’KH 3a CBAKO X, Y € X(U). 3a IpoU3BOJbHO CBYZia HeHyJa Y € X(U) Mo>XeMo usadpa-
THU CByZa HeHyJa X € Span{Y, PY}+.V oBoMm ciyuajy X | PY maje

g(Y,KY)PX + (g(KY,X) — 2g(KX,Y))PY = 0,

aJId KaKo cy X U Y JIMHeapHO He3aBUCHU Kao MeljyCO6HO OpTOTOHAaNIHHU, TO ¢y PX u PY
JIMHeapHO He3aBUCHHY, IIITO IToBJauu g(Y, KY) = 0.

OpmaBre KY | Y Baku 3a cBe Y € X(U), Te mostapusanyja gaje g(KX,Y) + g(KY,X) =0u
IoKasyje 1a je K Takohje KocoazjyHrosaH. Ca TUM Ha yMy, jerHaKocT (9.25) riocraje

g(X, PY)KY + 3g(KY,X)PY = 0,

U Baku 3a cBe X, Y € X(U). 3ameHoM X = PY 3a cByzia HeHyJ1a Y € X(U), rodujamo KY « PY,
IOK y3UMameM YHyTpalllker IpousBoja ca PY nodujamo 4epyg(KY,PY) = 0, Te je K = 0.
OnmaB[e usBHUpe BakHa Gpopmysia

VA = %AX/\“ + §(3yX + P?X). (9.26)

3a cBako X, Z € X(U), KopuCTHMO () Jla ¥3payyHaMo

Vx(epz) = Vx8(PZ,PZ) = 28(Vx(PZ),PZ) = 28((VxP)Z + PV xZ, PZ)
= g(X,PZ)Apz + g(PX,PZ)Az + g(PZ,PZ)Ax — 28(VxZ, P*Z).
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9.6. [Ba-kopeHa PumaHOBe MHOIMoCTPYKOCTU

Ca pyre cTpaHe UMaMoO Vx(€pz) = Vx(VzE€z) = VzVxEz + €7V xVz, IIITO faje
VyVxez + €7VxVz = (X, PZ)Apy — 8(X, P*Z)Az + epzAx — 28(VxZ, P?Z).
PasMOTPHMO COIICTEBEHE IIPocTope off P2, nepuHmcaHe ca

P; = Ker(P* + v;1) = (5 Span{E; F;}.

ViZV/'

AKO Z € Pj Bk 3a HEKO 1 < j < n/2, taga je —28(VxZ, P?7) = 2vig(VxZ,Z) = vjVx€z, IITO
II0BJIaYU
SZvaj = g(X, PZ)APZ + V]g(X, Z)AZ + ijZAX'

Taxko godujamo

a1 fRIXRE o
Kaarog je Z € Pj, Te IMaMO
re nfd(ln"') = id(ln(vm “Vny2))- (9.28)
n+2 e Y n+2 n/2

JemHaunHa () II0Kasyje fia A He MOKe SUTH SUJIO KAKBO KOBEKTOPCKO I10Jbe, Beh
dapeM 0HO Koje je rudepeHIyjasi 1aTke GyHKIY]je. [ITaBuIlle, yIIOTPESOM () UMaMo
HeOIIX0/aH YCJIOB,

n+2
3

1
Vxgrad(In(vivy ---vn2)) = 5 Axgrad(In(vivy - vya)) £ (3uX + P°X),
Koju Baku 3a cBe X € X(U). To KOHa4HO J0Kasyje HapeJHy TeopeMy KOjy je II0CTaBHO
Anzpejuh 2023. roguHe [10, TeopeMa 5].

Teopema 9.10. /8a-kopeHa Pumaroga MHolocilipyKocil gumeHsuje n = 2 (mod 4) snokan-
HO uma tweH30p KpusuHe odauka (9.16), 3a KOHCIWaHIly U U HeKU KOCOAagjyHI08aH JuUHe-
apHu otiepatuop P gegurucaH ca (9.17) y3 Kopuwhere Uo3uiiugHUX NATUKUX PYHKUUjaA
Vi....,Vn/2. Jogamro easice jegnauure (9.23), (9.26), (0.27) u (9.28).

HajopupopHuju ciayyaj uma A = 0, Iie jefHauYMHA () rnosyjayu VP = 0, Te () naje
VRP =0, nocseguuHoO VR = 0, IIITO 3HAUH Jia je M JI0KaJIHO cuMeTpu4aH. IllTaBuiiie,
jeqHaurHa () 3a A = 0 moByauu P2 = —3u 1, mTo maje v = 3, ¥ TIOCTIETUYHO je M
miodasHOo OcepMaHOBA, I7ie peAyKoBaH JakodujeB oIlepaTop Jx UMa IIPOCTY COIICTBEHY
BPEeIHOCT 4€x L, IOK je Apyra COIICTBEHAa BPeJHOCT (BUIIIECTPYKOCTHU N — 2) YeTHUPH IIyTa
Mama. 3aTo, II0Be3aHa JBa-KopeHa PUMaHOBa MHOTOCTPYKOCT JUMeH3Hje n > 3 can = 2
(mod 4) xoja uMa A = 0 jecTe 10dasHO OcepMaHOBa U OJaTjIe Be-TayKe XOMOIreHa.

HarmmoMeHHMO f1a ako Vv; = 0 BayKu 3a HeK0 1 < j < n/2, oHza je A = 0, 1 BO)KU IIPETXOJI-
HU 3aK/by4ak. [IuTame fa JIK II0CTOjH ABa-KOpeHa PUMaHOBa MHOTOCTPYKOCT JUMeH3Hje
IBa IIyTa Hemap Koja HUje OcepMaHOBA OCTaje OTBOPEHO U 3aXTeBa KOHCTPYKIH]jY KOH-
KpeTHe MHOTOCTPYKOCTH ca A # 0. [IpBH IOKyIIaj Moyke SUTH A* = Ex 3aHeko 1 < k< n/2,
Ime () moHocu d(Invy) = 2A = 2d(Inv;) 3a cBe i # Kk, Te 110CcTOje KOHCTaHTe C; TaKBe Jia
je vk = Giv2.
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I'taBa A

TOJATAK

A.1 Teopmja cKkynmosa

Jla ducMo M36eIyIM IIOTeHIHjaHe ABOCMUCIEHOCTHU II0CTaBUMO HOTAIWjy 3a CTaH-
IapJHe CKYyIIOBe KOje KOPUCTUMO KpOo3 OBY KibUTr'y. CKYII CBUX IIPUPOJHUX SpojeBa (6e3
HyJie) o3HayaBaMo ca N = {1,2,...}, tok HaM je Ny = NU {0} = {0,1,2,... }. CKym Ijesux
dpojeBa je Z, CKyI palfioOHaJHUX SpojeBa Q, CKyII peaJTHUX dpojeBa R, a CKyl KOMILIEK-
cHUX dpojesa C.

CKyTI je fipedpojue aKo II0CTOjU MHjeKTUBHO IIpeCcIuKaBambhe U3 ’bera y CKyII IIPUPOJ-
HUX dpojeBa N. /[pyruM pedrMa, CBaKOM eJIeMEHTY CKyIla MO>Ke Ce JO/leJIUTH jeJUHCTBeH
IIPUPOJaH 5POj, Te WU je CKYII KOHaYaH WJIU II0CTOjU SUjeKTUBHO IIpec/jIUKaBambe U3Me-
hy wera u N. YKOJIMKO >KeJIMMO Jia HaIJIaCHUMO Jja IIPeSPOjUB CKYII HUje KOHa4yaH, KakeMo
Iia je tipedpojueo deckoHavaH. HatloMeHUMO [1a II0CTOje ayTOpPU KOju yMeCTO Halller
IIPedpojuB KOPUCTE TePMUH HajBUIIIE IIPESPOJUB, JOK pPed IIpedPojuB KOPHUCTEe caMO aKo
CKYII HYje KOHauaH. Y CBaKoM CJIy4ajy, MU CMaTpaMo Jia KOHauaH CKYII jecTe IIpeSpOojUB.

HaBeM0 HeKe OCHOBHE YW eHUIIe 0 IIPeSPOjUBUM CKyIoBuMa. CKyItoBU N, Z, Q jecy
IpedpojuBH, I0K R HUje IIpedpojuB. CBAKU IIOJCKYI IIPESPOJUBOT CKYIIA je IIpeSpOojUuB.
[Ipon3BOJ 1Ba IIpeSPojUBa CKyIIa je mpedpojus. [IpeSpojuBa yHUja IPeSPOjUBUX CKYIIOBa
je IIpedpojusa.

HapepHa 1eMa HaM rOBOPU KaKo Ce IIpecIrKaBambe n3Meljy CKyIoBa II0HaIa y 0O{HOCY
Ha CKYIIOBHE oIleparliuje.

Jema A.1. Cauka yHuje tlogckyiioga tpu tUpou3go/bHOM UpecAuKasarby jegHaka je yHuju
rUxo8ux cauka. Cauxa tipeceka iogckyuosa tupu UHjeKIUUBHOM UpecAuKasary jegHaka je
UpeceKy HbUX08UX CAUKA.

JAoka3. Heka cy X 1 Y Ipou3BOJ/bHU CKYIIOBU, A, C X 3a cBako a € A, a f: X — Y mpeciu-

KaBame. U3 Ag C |, Aa je flAp) C flll, Aa) 3a cBako B € A, Te U, flAa) € fllU, Aa)- Ca ipyTe
cTpaHe, 3a X € f(J, Aq) IOCTOjH Y € |J, Aq TAKO Ja je f(y) = X, Te IOCTOjU f € A TaKO Ja je

y € Ag, opaxe je x = f(y) € fidg) € Uy fiAa), 170 gaje filly Aa) C Uq flAa)  oKa3yje
f(UAd) = URAq). (A1)

s NgAa C Ag je fiNaAa) C flAg) 3a cBako B € A, Te fiNyAa) C NoflAa). Ca ApyTE
cTpaHe, 3a X € (), f(Aq) je X € f(Ap) 3a cBako B € A, Te y3 YCJIOB /ia je f HH]eKTHUBHO UMaMO

f1(x) € Ag 3a cBako € A m3aTo x € f{(, Aa), IITO Aaje N, flAq) € fN, Aa) ¥ HOKa3Yje

f(NAe) = NfiAa)- (A.2)

a a
HamoMeHuMoO f1a popmysia () He MOpa /ia Ba)KU aKo f HUje UHjeKTUBHO, Ha [IpUMep 3a
KOHCTAHTHO [ ¥ IVCjYHKTHE Aq. O
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A.2. Tononorwnja

A.2 TomoJioruja

OBa KmUra HallrcaHa je 3a YUTaolle KOjU Beh MMajy COJIMHO pasyMeBamhe OCHOBHE
TOIIOJIOTHje, a Kao I0/ICeTHUK Mory Itocay>Kutu Jiu [80] 1 KpajHuk® [40]. YV 0BOj cexniyju
IlajeMO OCHOBHE HJleje U3 TOII0JIOTHje KOje CMO KOPUCTHIIN KPO3 OBY KEbUTY.

Touonotluja Ha ckyny X je amuinja 7 IIOACKyIIOBa off X TakBa fa je 0,X € T, OK cy
IIPOM3BOJbHA YHHUja ejleMeHaTa U3 7, Kao U KOHauaH IIpeceK ejeMeHaTa U3 7 Takohey
7. EJleMeHTHU TOII0JIOTH]e CY Olll8eOpeHU T0gCKYUlo8U, 0K je IoACKYII A C X 3aiieopeH
aKo je meroB KoMiuieMeHT X \ A orBopeH. Toiwtoaowku iipociuop je ypehen nap (X, 7)
KOjH Ce caCTojHu Of, CKyIma X oIIpeMJ/beHOT TOII0JIOTHjoM 7 Ha X, ajld KaJ, ce TOII0JIOTHja
Io/ipasyMeBa yOSHYajeHo je fa 3a X KaXkeMo /13 je TOIIOJIOIIKHU IIPOCTOP.

3a 1aTo X € X, OKOAUHA Of1 X je CBaKU OTBOPEH IToACKYII U C X TakaB a x € U. MHoTH
ayTOpPU KOPHUCTe I10jaM OKOJIMHA Y IIIUPeM CMHCJLY, fja 03Haue IIPOM3BOJ/baH IIO/CKYII KOjU
CaJp KU OTBOPEeH II0/ICKYII OKO X. 3a TaKBe II0/ICKYIIOBe KOjU HUCY HY>KHO OTBOPEHU, KO-
puctuheMo 110jaM youuiiieHa OKoAuHa of x. MeljyTuM, y 0BOj KEbHU3H Ce OKOJIMHA YBEK
cMaTpa OTBOPEHUM CKYIIOM.

IIpumep A.1. Heka je (X, 7) TOIOJIOIIKU IIpoCTOp U A C X. PeaatiugHa iniouionotuja je
TOIIOJIOTHja Ty Ha CKyIlly A 3ajataca 7p ={ANU:Ue T} A

IIpumep A.2. Heka je (X, 7) TOIIOJIOIIKH IIPOCTOP, & : X — Y CYpjeKTUBHO IIpecIrKaBa-
1e. KoauuHuuka imoiionoiuja je Tonosoruja Tg = {VC Y: ¢~ 1(V) € T} 3agaTa Ha CKyILy
Y. Yecro je cypjeKiiyja q IpUpOLHAa IIPOjeKIirja Koja eJleMeHTe 13 X I1a/be Y ’bUX0Be Kjlace
eKBUBaJIEHIIYje 3a HEKY peslalihjy eKBUBaJIeHI1je Ha X. YA

3a npeciukaBame f: X — Y r3Mel)y TOOJIOIIKKUX IIPOCTOPa KaKeMo Jia je HeupeKug-
HO aKo je MHBep3Ha cauKa f~1(U) C X oTBOpeHa 3a CBaKU OTBOpeH U C Y. BHjeKTUBHO
IpecJrKaBame f: X — Y TakBo Jja cy U f | f~1 HelpeKuIHa 30BEMO XoMeomopgusam.
VKOJIMKO II0CTOju XoMeoMopdusaM U3 X'y Y oH/ia KaXkeMo fia ¢y X 1 Y xomeomoppHu.

VHUja CBUX OTBOPEHUX IIO[CKYIIOBA KOjU CY IIOACKYII CKyIla A 30BEMO YHyiupa-
wreoCciu CKymia A 1 odesresxaBaMo ca IntA. IIpeceKk CBHUX 3aTBOpPEHUX IIOJCKYIIOBA KOjU
Cy HaJICKYII CKyIIa A 30BEMO 3ailléoperse CKylla A 1 odesiexkaBaMo ca A. IpaHuua ckyia
Aje ckym 0A = A\ Int A. 3a TauKy X € A Ka)KeMO [1a je U30108aHa ma4ka o A ako X ©UMa
okosIMHYy U TakBy fia je UN A = {x}.

3a HU3 (Xp)nen TaUaKa TOIIOJIOIIKOT IIpOCTOPa X KaskeMo Jja KOHeepiupa Ka X € X aKo
3a CBaKy OKoJIMHY U o x 11ocToju N € N Tako /ia je x, € U 3a cBako n > N, a Tazia IAIIeMo
limy_,oo Xn = X.

3a TOIIOJIOIIKY IIPOCTOP X KakeMo J1a je Xaycgopghoe uipocinop axo 3a CBaKH I1ap pa-
3JIMYUTUX TadaKa p, q € X II0CTOje OTBOPEHU IOACKYNIOBU U,V C Xcap € UH q € V Tako
naje UNV = (). l[pyruM pedurMa, TOIIOJIOIIKHU ITPOCTOP je XaycmopdoB, aKo ce CBAKe JIBe pa-
3JIMYUTeE TauKe MOTY PasBOjUTHU BbUXOBUM JUCjYHKTHUM OKOJIMHaMa. TOIIOJIOIKH IIPO-
CTOp X je pelyaapaH Upociuiop axo ce 3a CBaKo X € X ¥ CBaKU 3aTBOpPeH HOACKYI C Z X,
TayKa X U CKyIl C MOTY pasABOjUTH TUCjYHKTHUM OKOJIMHaMa. IIpocTop je Hopmaaan
aKo ce CBaKa /iBa AYCjYHKTHA 3aTBOpPeHa IIO/CKYIIa 0/ X MOTY PasABOjUTH JUCjYHKTHUM
OKOJIMHAMa.

Heka je (X, 7) TomoJsiowiku Iipoctop. basa moiuionoiuje je damuinja B C T TakBa
Ia je ceako U € T yHHUja HeKUX ejleMeHaTa u3 B. lokaaHa éa3a y x € X je pamuiyja
By C T OKOJIMHA Off X TaKBa /ia CBaKa OKOJIMHA Off X Cap KU SapeM jeflaH eJleMeHT U3 By.
Heku ayTopu [,03B0J/baBajy Jla eJleMeHTH JIOKaIHe dase He dyAy OTBOPEeHU CKYIIOBH, Te
he youuwminena nokaana éasa y x € X dSutyu paMuiivja yoIILITeHUX OKOJIMHA Off X Ta-
KBa [la CBaKa OKOJIMHA Off X Cap>KU dapeM jeflaH ejleMeHT Te GpaMuidje. 3a TOIIOJIOIIKHA

Marius Crainic (1974), pyMyHCKO-X0JIaHICKHA MaTeMaTU4ap
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lasa A. Jlogartak

IIPOCTOP Ka’KeMo /1a 33/10B0JbaBa ipey akcuomy ipedpojueocinu ako CBaKa Tauyka IIpo-
CcTOopa MMa IIpedpojuBy 6as3y, a 3aZj0BoJbaBa gpyly akcuomy ipedpojueociiu ako uMa
pedpojuBy 6a3y TOIOJIOTH]E.

/IBe Hajuelithe U3yyaBaHe TOIIOJIOIIKE OCOSMHE KPO3 UCTOPH)Y TOIIOJIOTH]je Cy CBaKa-
KO II0B€3aHOCT ¥ KOMITIAaKTHOCT. 3@ TOIIOJIOIIKH IIPOCTOP Ka’KeMo /1A je 108e3aH YKOJIUKO
ce He MOJKe M3pasUTH Kao YHHUja [IBa AUCjYHKTHA HellpasHa OTBOpPeHa II0/CKyIIa. ToIro-
JIOLLIKY IIPOCTOP je WYilHO 1l08e3aH aKo Cy CBaKe /IBe TauKe II0Be3aHe IIyTeM (3a CBaKO
X,y € X II0CTOjHU HeIIpeKUIHO IIpecyinKaBame f: [0,1] — X TakBo fa je f(0) = xu f(1) = y).
3a IO/ICKYII TOIIOJIOIIKOT IIPOCTOpa KaXkeMo [1a je floee3aH WU WyillHO 11l08eee3aH aKo
MMa Te 0COSMHE y OLHOCY Ha peslaTUBHY TOII0JIOrHjy. [IoBe3aHOCT je MHBapHjaHTa He-
IIPEeKUHOT IIpec/JIMKaBama, a8 CBAKHU ITYTHO II0Be3aH TOIIOJIOIIKH IIPOCTOP je II0Be3aH.

I'py6o roBopehu, Kka)keMo /1a je TOIIOJIOIIKO CBOjCTBO JIOKAJJIHO 3aZJ0BOJbEHO aK0 CBaKa
MaJla 06J1acT IIPOCTOopa JIMYM Ha 08J1acT IIPOCTOpa Y KOjeM TO CBOjCTBO BaykU. KOHKpeT-
HUje, aKo je X TOIIOJIOIIKH IIPOCTOP, a P IIpH/ieB KOjU ce MOJKe IIPUMEHUTH Ha IIpOoCTope,
OHJa X je 10KaAHO P“ 4eCTO 3HAYH /1a 3a CBAKO X € X U CBaKy OKOJIMHY U > X IIOCTOjH
noackyr A C U Koju 3a7{0B0JbaBa 0COSHHY P U cafp>KU OKOJIMHY Off, X. [I[pyruM peunmMa,
TOIIOJIOIIIKH IIPOCTOP je JIOKaJIHO P aKo ¥ caMO0 aKO CBaKa TayKa MMa YOIIIIITeHY JIOKaJIHY
dasy Koja ce cacToju 0off CKyIIOBa ca OCOGHHOM P.

TOII0JIOIIKY IIPOCTOP je /I0KA/THO 1108e3aH aKO CBaKa TaykKa MMa JIOKaJIHy da3y Koja
ce cacToju off II0Be3aHUX OKOJIMHA. Kako yHMja JIOKaJIHUX 6a3a 10 CBUM TayKaMa YWHU
dasy TOII0JIOTH]e, & CBaKa dasa TOIIOJIOTHje Cafip KU JIOKAJIHY 6a3y 3a CBaKy Off Tadaka, TO
je TOIIOJIOIIKY IIPOCTOP JIOKAJIHO II0BE3aH aKo U caMO aKo MMa 6a3y Koja ce CacTOjH Of, I10-
Be3aHUX CKyIloBa. CaCBUM CJIMYHO, TOIIOJIOIIKH IIPOCTOP je /I0KA/AHO WYilHO 1108e3aH
aKo uMa 6asy of; IIyTHO I10Be3aHUX CKYIIOBa.

KomiioHeHina tioge3aHOCiu TOIIOJIOIIKOT IIPOCTOPA je HeroB MaKCHMaJslaH II0Be-
3aH ITOACKyIl. CBaKa TaukKa TOIIOJIOIIKOI IIpOoCTOpa X IIpPUIla/ia HeKOj Hber0BOj KOMIIOHEH-
TH II0BE€3aHOCTH, 4 KOMIIOHEHTe II0Be3aHOCTH Cy AUCjYHKTHe U 3aTBOpeHe y X. AKO je TOo-
IIOJIOLIIKHY IIPOCTOP JIOKAJIHO I10BEe3aH, OH/IA CY CBe KOMIIOHEHTe II0Be3aHOCTH OTBOPEHE,
OJlaKJIe CJIe[ J1a je OH IIPOCTOP JUCjYHKTHE YHUje HerOBUX KOMIIOHEHTH II0Be3aHOCTH,
IIITO Y OIIIIITEM C/Iy4ajy HUje TauHO.

IIpumep A.3. IloBesaH IIpOCTOP KOjU HUje JIOKAJIHO II0Be3aH HU ITYTHO II0Be3aH MOXKe
ce IIpoHahy Yak M Kao II0ZCKYII eYK/IH/ICKe PaBHHU, a KJIACHYHU IIPUMEPH CY TOIIOJIOIIIKA
cuHycouja (rpadpuk pyHkimje sin(1/x) 3a x € (0, 1] 3ajexHo ca gy>xu {0} x [-1,1]) u dec-
KOHauHa MeTJa (yHUja Ly>KU Koje Cllajajy KOOpAHHATHU II04YeTak ca Taukama (1,1/n) 3a
n € N 3ajegHo ca gy>xu [1/2,1] x {0}). A

ITokpueau4 HeKOT CKyIla je paMUIMja CKYIIOBa YHja YHUja Cap>KU Taj CKYII Kao IOJ-
CKYTI, a YKOJIUKO Cy CBH eJIeMeHTH Te paMUIrje OTBOPEHH, OH/IA je TO Oill8OpeH TOKpU-
eau. IlomioKpueayu HeKOT II0OKpHBaya je lberosa norpaMuiirja Koja je Takohe Iokpu-
Bad. 3a TOIIOJIOIIKHU IIPOCTOP WJIN HEKU HeT0B MO/ICKYII Ka)KeMO Jia je KoMUaKillaH aKo
CBaKU KHer0B OTBOPEH IIOKPHUBA4Y MMa KOHauaH [IOTIIOKPHUBayY. 3a II0/ICKYII KaKeMo [1a je
peaaiiueHo KoMilaKilaH YKOJIVKO je FbeTOBO 3aTBOpeHe KOMIIaKTHO.

CBaKH 3aTBOPEH IIO/CKYII KOMIIAKTHOT IIPOCTOPA je KOMIIaKTaH, JOK je CBaKH KOMIIaK-
TaH IIOJCKYII XaycZopdoBOr IIpocTopa 3aTBOpPeH. KOMITaKTHOCT je MHBapHjaHTa Hellpe-
KHUIHOT IIpec/JIMKaBama, a BA)KU U HapeHa JeMa.

Jlema A.2. Ako je f: M — N HelUpeKugHo tpecaukasarbe usmely KoMuakimHol tpocimopa M
u Xaycgopgosotl tipoctiopa N, oHga je f 3aitisopeHo.

Joka3. CBaKH 3aTBOPEH IOACKYII X C M KOMIIAKTHOT CKyIIa je KOMIIaKTaH, Te je f(X) C N
KOMITaKTaH U 3aTO 3aTBOPEH. O

226



A.3. ConcTtBeHa CTpyKTypa eHaoMopdm3ama

CTpyKTypa KOMITAaKTHUX IIOZCKYIIOBA €YKJIHUICKOT IIPOCTOpPA je [o6po cxBaheHa Kpo3
XajHue“-bopen® iueopemy.

Teopema A.3. IIogcKytu og R" je KOMUAKIAH aKO U CAMO aKO je 3aill80peH U OIpaHUUEH.

TOIIOJIOIIKY IIPOCTOP je /10KAIHO KOMUAKIMAH aKo CBaKa Tayka MMa YOIIIITeHY JIO-
KaJIHy 6as3y Koja ce cacToju o[ KOMIIAaKTHUX CKYIIOBA. YKOJIMKO je mpocTop Xaycaopdos
(I1ITO je TOTOBO YBEK CJIy4aj) MOJKe Ce II0Ka3aTH [1a je OH JIOKaJIHO KOMIIaKTaH aKo U CaMO
aKo CBaKa TauykKa MMa JIOKaJIHY a3y Koja ce CacTOjH Of] peJIlaTUBHO KOMITaKTHUX CKYIIOBa.
MehyTuM, UcrocTaB/ba ce Ja je XaycZop¢poB IIPOCTOP JIOKAJTHO KOMIIAKTaH aKO U CaMoO
aKo CBaKa HeroBa Tauyka MMa KOMIIAaKTHY YOIIIIITeHY OKOJIMHY, IIITO je U Hajuelrhe Ko-
puitheHa ge¢puHUIMja. HapaBHO, CBaKW KOMIIaKTaH XaycAop$oB IIPOCTOP je JIOKAIHO
KOMIIaKTaH.

3aHuMJ/pUBa je Teopema 0 UHEAPUjAHITUHOCTU JOMEHAQ, IIITO je TyS0K pe3ysITaT Ko-
ju je 1911. mocraBuo bpaysep® [28], a majeMo ra de3 1okasa.

Teopema A.4. Ako je U C R" otugopeH 3a Hekon € N u f: U — R" HellpeKUgHO U UHjeKius-
Ho, oHga je f(U) C R™ oiigopeH.

JIpyTUM pedyrMa, CBaKO HeIIPeKHUIHO HHjeKTUBHO Ipec/JHKaBamke U3Mel)y eyKIuj-
CKHUX IIPOCTOpPA UCTUX AMMeEH3Hja je OTBOPEHO IIpecanKaBakke. Ba)kHa 1mocjieiuila MHBa-
pHjaHTHOCTHU JoMeHa je Teopema o uHeapujaHiiHOCIUU gumeH3uje.

Teopema A.5. HellpasaH Uogckyu og R™ Huje XoMeoMopPaH 0itieOPEeHOM UogcKyuy og R"
ocum sam = n.

Joka3. Heka je orBopeH U C R™ xomeomopdaH ca V C R" ripu xomeoMopdusmy f: U — V.
He yMamyjyhu OIIIITOCT MOKEMO IIPETIIOCTABUTH /i je n < m (MHaye mocMarpamo f1),
Te II0CTOjU JINHeapHa HHKIy3Hja ¢ : R" — R™. [IpeciukaBame tof: U — R™ je HEIIPeKUTHO
U UHjeKTHUBHO, Te je 110 TeopeMu @ 1(f(U)) oTBOpeH. MehyTumMm, TO je HeMoryhe 3a n < m
jep CiIMKa MHKJIY3Hje JIe)KH Y XUIIepPaBHHY, & CBaKa OKOJIMHA TadKe XUIleppaBHU CaipiKU
TayKe KoOje HUCY Y XUIIeppaBHHU, Te IIpeocTaje m = n. O

A.3 ComcTBeHa CTPYKTypa eHaoMopdusama

YV 0BOj CeKIIUjU II0HAB/haMO HeKa 3Haka U3 JIMHeapHe ajiredpe U AUCKYTyjeMo aJre-
dapcCKe U aHAJIUTHUYKe acleKTe KOjU Cy II0Be3aHU Ca COIICTBEHOM CTPYKTYPOM eHJ0MOp-
dusama BeKTopCKor HEOCTOpa OcHOBHa JIUTepaTypa MoKe SUTHU KIbUTa KOjy Cy Halluca-
I d)pn,u;Sepr Hucesd u Crencl [54].

Heka je V BeKTOPCKH IIPOCTOP AUMeHs3Hje n € N Hafi 11o/beM F, I7ie Hac HajBUILIe 3aHU-
Majy caydajeBU F = R u F = C. EHgomopgu3sam BeKTOPCKOT IIpocTopa V je JUHEeapHO
IpecjrKaBame A: V — V), a CKyII CBUX eHaoMopdr3ama of V odesexxaBamo ca End(V).

CotuiciueeHu geKiop o A € End(V) je HeHyJsIa BEKTOP KOjU He MeHa IIpaBal] HaKOH
IIITO Ha Wera npuMeHUMO A. Taga eHgoMopdusamM A caMo ckaiuvpa X 3a HeKo A € F Ko-
je 30BeMO couciieeHa epegHOCii 011 A, IIITO MOKeMO 3anucaTu ca AX = AXy3 X # 0.
CKyII CBUX COIICTBEHUX BEKTOpa 07 A 3a BpeJTHOCT A, 3ajeJHO ca HyJla BEKTOPOM, 30BEMO
coticiigeHu tipociuop &, = Ker(A — A1) < V.

2Heinrich Eduard Heine (1821-1881), HeMauKu MaTeMaTudap

3Félix Fdouard Justin Emile Borel (1871-1956), dpaHIycKu MaTeMaTHJap U IIOJUTHYAP
“Luitzen Egbertus Jan Brouwer (1881-1966), X0JIaHICKK MaTeMaThyap U GUao3odp
>Stephen Howard Friedberg, aMepiuKy MaTeMaTUyap

SArnold Joseph Insel (1940), aMepHYKH MaTeMaTH4Yap

"Lawrence Edward Spence (1946), aMepHUYKH MaTeMaTHUap
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V nipucycTBy Heke dase e = (Ey,...,Ey) 32V, cBako A € End(V) ce uneHTHUKYje ca
MaTpuIM [Al, € F™" 3a kojy Baxku A(E;) = > L4 ([Ale)yE; 3a cBako 1 < j < n. Ao je X
COIICTBEHHU BEKTOP O] A 3a COIICTBEHY BPEHOCT A, OHJIa BaXKU (A 1 —A)X = 0, Te MaTpHUIia
[A1l—A]e = A1 —[A], He MO>Ke SUTU UHBePTUOUIIHA jep OU [OoHesIa JefUHCTBEHO pellere
X = 0, mrro noBiauyu det(A1 —[A]e) = 0. OdpaTHO, ako je det(A1 —[A]e) = 0 jegHa4YKMHa
(A1 —A)X = 0 uMa 6eCKOHaYHO MHOTO pelllera (jep je X = 0 cBaKako pelleme), Te II0CTOjU
COIICTBEHU BEKTOP 3a KOjU je A COIICTBEHA BPeJHOCT.

ITostMHOM w4 (X) = det(x1 —A) = det(x 1 —[A].) He 3aBUCH o, 3d0pa dase e, U 30BEMO
ra Kapaxkimepucinu4Hu WoAUHOM O]} A, a COIICTBEHEe BPeJHOCTU eHAOMOpdr3Ma A cy
TAYHO KOPeHU II0JIMHOMA W4. KapaKTepuCTUYHY II0JIMHOM je CTelleHa n, Te dpoj pasiiu-
YUTHUX COIICTBEHUX BPEJHOCTHU HEe MOKe SUTH Behu of AMeH3Hje IIPoCcTopa.

Buwecipykociun (i1 aniedapcka euuleciupyKocit) COIICTBeHe BPeTHOCTH A eH-
nomopéusma A € End(V) je HajBehe r € N 3a Koje IIOJTMHOM (X — A)" eJI w4 (X), [KOK je
eHa leomeiupujcka suweciupykociu jerHaka s = dim ;. AKo a3y 3a &, IIPOAYy>KUMO
10 6ase e 3a )V, OHJA je [A]. TOpH-€ TPOYyraoHa 6JI0K MaTPUILA, O/faKJle Ce BUAU [ja II0JIMHOM
(A — x)® mesn wa(x), IITO 3HAYU JIa TeOMeTpUjCKa BUIIIECTPYKOCT COIICTBEHE BPEeJHOCTHU
HUje Beha of lheHe ajiredapCcKe BUIIIECTPYKOCTH, a CBaKakKo je dapem 1.

3a ermomopdusaMm A € End(V) KakeMo J1a je gujaloHaAau3adu1aH ako IocToju dasa
e 3a )V TakBa JIa je MaTpuiia [A], AUjaroHaJHa. AKO HEKU COIICTBEHU BEKTOPHU O[] A UUHe
dasy 3a V, 3a Ty a3y KaKeMo [Ia je coliciigeHa da3a, a A je nyjaroHaJIA3adUIaH aKo U
CcaMoO aKo YV UMa COIICTBeHy da3y y ogHOCY Ha A. 3a moJiuHoM U3 F[x] KakeMo Ja je pa-
ciuaessue (Haz F) ako ce MoKe paKTOpHCcaTH Ha JIMHeapHe paKTope, OHOCHO aKo0 Cy MYy
CBU KopeHU y F. KapaKTepUCTUYHU II0JIMHOM [HjaroHaaInu3aduIHOT eHJoMopdr3Ma je
OYUIJIETHO pacTaBJbUB.

Jlema A.6. ColicilieeHU geKilopu eHgomopdusma eeKmiopckol tipocitiopa Koju ogiosapajy
pazAuduiium cotctti8eHUM 8PegHOCTUUMA CY AUHEAPHO He3a8UCHU.

Joka3. Heka je r € N MUHUMaJIaH Sp0j JIMHEAPHO 3aBUCHUX BEKTOpa KOjU OATOBapajy
pasIMUYUTUM COIICTBEHUM BpepgHocTuMa o A € End(V), a a1X; + -+ + arX;y = 0 Baxxu
3aHeke X; € V\ {0},q; € FcaAX; = AX;3al < i< rrmecy A € Fpasnuuutu. Taga
je ;1AX; + -+ + arAX, = 0, Te ©IMaMoO ay(A; — A1)Xy + -+ + ar(Ar — A1)Xy = 0. Kako jer

MUHUMAJIHO, Xy, ..., X, Cy IMHEapHO He3aBUCHU, Te je ay(Ay — A1) = --- = ar(A, — A1) = 0.
OpmaBfe modujaMo ay, = --- = @ = 0, a3aTUM U3 a1 X; = 0 cmemm m a, = 0, Te cy Xy, ..., X,
JINHEeapHO He3aBUCHY, IIITO je CYIIPOTHO IIPEeTIIOCTaBIH U l0Ka3yje TBpheme. O

Kao mociieiuita IIpeTxo/He jgeMe, MOJKe ce IT0Ka3aTH J[a BaXKH £, N ) | A &, = {0}, mrTo
3Ha4H [ja COIICTBEHHU IIPOCTOPU YHUHE TUPEKTHY cyMy D), £, < V. HalloMeHUMO Jja 03HaKa
D, dopMaHO IpefcTaB/ba AUPEKTHY CYMYy II0 CBUM CKajJlapuMa A € F, aliu ako A HHje
COIICTBEHA BPeAHOCT 110 fepuHUNUjU je £, = {0}, Te CYIITUHCKH UMaMO JUPEKTHY CyMy
II0 COIICTBEHHUM BpeHOCTUMA A. JeAHaKOCT D, £, = V ce JOCTHXKe aKO U CaMo aKo je A TU-
jaroHa/i3adUiIaH, Te je y cIy4dajy AUjaroHaJau3aduIHOT A TeOMeTPHUjCKa BUIIIECTPYKOCT
jemHaKa ajaredapckoj 3a CBaKy COIICTBEHY BPEeIHOCT Off A.

3a W < V KakeMo Jia je A-uHeapujaHilaH TIOTIIpocTop of V 3a A € End(V) ako Baxxku
A(W) C W, ofHOCHO aKo A(X) € VW 3a cBako X € W. V ToM ciyuajy je Aly, € End(W), a ako
dasy 3a W IOIyHUMO JI0 6a3e e 3a V 0HJia je [A], TOpie TpoyraoHa 610K MaTPUILa, OffaKJe
Ce BHU/TU /1A TIOJIMHOM Wy, (X) IEJTH W4 (X).

Jema A.7. KapaxkiiepuCtuu14HU G0AUHOM peciipuKyuje eHgomopPusma A KOHAUHOGUMEH-
3UOHOI 8eKIOPCKOL Upocitiopa Ha A-UH8APUJAHILAH TOTHUPOCIUOp geau KapaKilepuciuu1Hu
0oAUHOM 0g A.

OCHOBHU ITpUMep A-WHBapPHjaHTHOT IIOTIIPOCTOpa o4V 3a A € End(V) je A-uyukauuHu
IOTIPOCTOP Cx = Span {J,¢y,{A"(X)} reHeprCcaH HeHyJIa BEKTOPOM X € V), IIITO je HajMabH
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A-UHBapUjaHTaH IIOTIIPOCTOP Of )V Koju caAp kU X. AKo je m € N HajBehe TaKBoO /1a je CKyII

T:’Ol{Ar(X)} JIMHeapHO He3aBHCaH (m < n), oHja je Span U;":’Ol{Ar(X)} A-UHBapUjaHTaH
U jemHak ca Cy. Tamaje e = (X, A(X),...,A™1(X)) asa 3a W = Cxy u umamo dim Cy = m. Ako
3a Qgp,...,an_1 € F BaXXU

aoX + (1 AX) + -+ + a1 A" H(X) + A™(X) =0,

OH/IA je MaTpUlia peCTPUKOBAHOT eHIoMOopdU3Ma A y HaAllloj 6asU jeJHaKa

00 --- 0 —dy

10 --- 0 -—-a
[ATwle = T : ’

00 - 1 —ayy

T€ K08HjaMO0 KapaKTePUCTUYHHU IIOJTUHOM Wa),, (X) = Ag + a1X + - - - + A X 4 XM,
OmaBpe je (wa,,(A)(X) = (@g L +@A + -+ + am_1A™ 1 + A™)(X) = 0, a KaKo 110 JleMH
TIOJIUHOM (g, (X) IeJTH wa(X), TO je U (wa(A))(X) = 0 3a cBako X # 0. HapaBHO, wa(A)

je IrHeapHO Te je (wa(A))(0) = 0 ¥ KOMILIeTHpA jefHAKOCT W (A) = 0 I1ITO je II03HATO Kao

Kejau-XamuninoH iueopema.

Teopema A.8. EHgomop@usam KOHaUHOGUMEH3UOHOT 8eKIOPCKOT UpOoCiiopa LoOHUWINA8A
€80j KapaxitiepuctuudHuU UOAUHOM.

CBaku eHpiomopousaM A € End(V) MOHUIITBA CBOj KapaKTePUCTUYHU II0JIUHOM, Te
II0CTOjH MOHHYAH IIOJIMHOM U 4 (X) € [F[x] HajMamer IIPUPOAHOT CTelleHa KOjH MMa TO CBOj-
CTBO, l4(A) = 0. TakaB IIOJIMHOM [I, j€ jeIMUHCTBEH U 30B€MO I'a MUHUMAAHU WOAUHOM,

. . . m y .
a jacHO je Jia OH Mopa /ia [eJIH IIOJMHOM wa. AKO je p(X) = > ;0 a;¥ € F[x] TakaB ja je
p(A) = 0, oHTa ©UMaMo

m m J
pX) 1 =p)1—pA) =) a((x1) —4)=(x1-A)) ay ¥ *a",

j=0 j=1 k=1

OJlaKJIe CIeiv 1a wx (X) = det(x 1 —A) mesu mostuHOM det(p(x) 1) = (p(x))", rmejen = dim V,
IIITO JJ0Ka3yje HapegHy JieMy KOja II0CeSHO BayKHU U 3a MUHHUMAJIHU ITOJTHHOM.

Jema A.9. Ako eHgomopdusam ToHUWINABA HEKU TOAUHOM, OHGA TUaj UOAUHOM 3a PaK-
iope uma cee upegyuuduaiHe axkiiope KapaKkimlepucmu1uHol UoAUHOMA.

OcHOBHa HJieja je pacTaBUTU V Ha JUPEKTHY CyMy A-UHBapHjaHTHUX IIOTIIPOCTOPA
jep ce moHallame eHAOMOpdHU3Ma A Ha V MOXKe 3aK/bYUYUTH U3 HeT0BOT II0OHAlllaka Ha
II0jeJUHAYHUM IIOTIPOCTOPUMA. AKO je V = @)L, Wk, The ¢y Wy < V A-WHBapHjaHTHU
3a 1 < k < m, oHJa o, II0jeAHAYHUX 6a3a MOKeMO HAIIpaBUTH 6a3y 3a )V y OJHOCY Ha
KOjy A ©Ma &JIOK IHjarOHa/IHy MaTPUILY, Te je KapaKTePUCTUUYHHU II0JIMHOM O A jeTHaK
IIPOM3BO/Iy KapaKTePUCTUYHHUX II0JIMHOMaA I10jeITHHAYHUX PECTPUKITH]a,

wa(X) = H wAer(X)‘
k=1

Heka je A eHoMopdu3aM n-TUMeH3UOHOT BeKTOPCKOT IIpocTopa V Haf ojbeM F. He-
HyJIa BEKTOp X € V 3a KOjH II0CTOjHu r € N TakBo Jia je (A — A1)"(X) = 0 30BeMo youmtine-
HU colicitieeHU geKiuop o A 3a A € F. CKyII CBHUX YOIIIIITEHUX COIICTBEHUX BEKTOpaA O
A 3a BpeJJHOCT A y IIaKeTy ca HyJla BEKTOPOM 0deJiekaBaMo ca V', U 30BEMO youulilieHu
coliciueeHU pociuop, a J1aKo je IIPOBEPUTH /ia je OH BEKTOPCKU IIOTIIPOCTOp Of V. Panu
jemHOCTaBHUjeT 3aIInca, 3a A € F nepuHumeMo A, = A — A1 € End(V).
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AKo je d < n BUIIIECTPYKOCT COIICTBEHE BPEeTHOCTHU A, TO IT0CTOje p(X) e Fx] u0 A u € F
TaKo 1a je wa(X) = (x — D)4 (p(x)(x — A) + p). o Keju-Xamuiron Teopemu (Teopema |A.8)
mMamo 0 = wa(A) = p(A) (AT + u(Ay)Y, omaxie cemn (Az)¢ = —(1/u)p(A)(A)* 1, Te
aKo je (Ay))"X = 03ar > d, ouza je u (A;)%X = 0, mro Mo TeopeMu BaXU U 3ad = n.
3aT0 je V3 = Ker(4,)%, a kako je d < n yBeK MOKeMo Hamucatu V; = Ker(4,)".

3a mosimHOMeE Pp(X), q(X) € F[x] Baxku p(A)q(A) = q(A)p(A), a mpuMeHa 3a q(A) = (A4;)¢
oOHOCU p(A)(V)) C V), IIITO 3HAUH Jja CBAKU YOIILITEHU COIICTBEHU IIPOCTOP V), jecTe p(A)-
WHBapHjaHTaH, Te U A-WHBapHyjaHTaH. llITaBuUIlle, aKO IIOJIMHOM p(X) HHUje IeJbUB ca X — A,
OH/Ia je pecTpHUKIMja of p(A) Ha V, uHjeKTHUBHA. [IpeTtioctaBKka X € V; N Kerp(A) naje
MUHUMaIHO 0 < r < d TakBo fa je (Ay)’X = 0xaou 0 = p(A)(X) = q(A)AX + uX 3a
HeKO q(x) € F[x] m 0 # u € F, omakye 3a r > 1 Baxu q(A)(A)X + u(A) "X =0, ter
HUje MUHHUMAJIHO 350T (A;)" !X = 0 u mpeocraje r = 0, ogHocHo X = 0. 3ato je p(A) v,
ayroMopdH3aM IOTIIPOCTOPa V; Kaf p(X) HUje IeJbUB Ca X — A, IIITO II0CESHO BaykH 3a Ay
y cay4ajy 4 # A.

Jlema A.10. Heka je A eHgomopPHusam KOHAUHOGUMEH3IUOHOT 8eKTOPCKOL UpociuopaV Hayg
uosbem F, A weloga coliciugeHa 8pegHOCTl, a p(x) € F[x] ipou3go/baH oAUHOM. YouuwiueHu
couciugeHu tipociuop V; je p(A)-uHeapujaHitiaH, a ako UoAUHOM X — A He geau p(X) oHga je
pectupukuyuja og p(A)l, aymomopgpusam tomupociiopa Vy.

ITo Teopemu o0 paHry u medekty 3a (A;)? € End(V), A-MHBapHjaHTHU IIOTIIPOCTOPH
Ker(4;)% = v, uIm(4,) = (4;)4(V) cy KoMILuIeMeHTapHH, Te je V = V) & (4;)4(V). 3a X =
(A)4Y)usAy(X) =0caegu Y € V;, uX = 0, Te He mocToju X € (A;)4(V) Koje je corcTBeHH
BEKTOp OZ[ A 3a A, LIITO 3HAUHM /Ia A HHje COIICTBEeHAa BPeJHOCT PeCTPUKIM]je of A Ha (A,)4(V).
Kako A[,, ITOHHUINTaBA ITOJHUHOM (X — A)4, 1eroB KapaKTePUCTUYHHU ITOJUHOM I10 JleMH

@ HeMa JPYTHUX UPeAyLMSHUIHUX GaKTopa OCUM X — A, Te Mopa SUTH dai (x — A)4.

Jlema A.11. Ako je d suweciipyKoctu cotcitigeHe 8pegHOCUU A 3a eHgoMOopPHu3am A KOHau-
HOGgUMEH3UOHOT 8eKIopcKol lipocitiopa V, oHgaje dim V; = d u (x—A)? je kapaiiepuciiuuHu
UOAUHOM pectipukyuje Aly,,.

AKOje X € V3 N3, Vu TO je (A)"(X) = 0, a kaxo je A, 110 JlemH ayroMmopdursam
Ha V, 3a U # A TO je (A;)" ayroMopdusaM Ha ., Vu > X, ofaxite ciaefu X = 0. 3aTo
ONIIITEHH COIICTBEHH IIPOCTOPU YHHE IUPEKTHY CyMy ), V, < V, IIITO yoIiuTasa Jemy
@. AKO je KapaKTepUCTHUYHU II0JIMHOM W, PacTaBJ/bUB, OH/IA je 30Up BUIIECTPYKOCTH
COIICTBEHHUX BPEJHOCTH jelHaK n 1 fodujaMo V = @, V;.

Teopema A.12. Ako eHgomopdusam A KOHAUHOGUMEH3IUOHOL 8eKIllopcKol Upociuopa V
uma pacias/sus Kapakilepucimu4Hu UoAUHOM, OHga ce V pacilas/ba Ha gupekiiHy cymy
youwitieHux couciieeHUX upociuiopay ogHocy Ha A.

PasMoTpHUMO KaKo ce eHoMOop$HU3aM A IIoOHAaIIa Ha YOIIIIITEHOM COIICTBEHOM IIPOCTO-
py V,. 3a QUKCHUpaHy COIICTBEHY BPEJHOCT A IIOCTaBUMO W = V;, U B = A, ), € End(W).
U3 Jleme je B = 03ad = dimW, ofakJje ciaeau fa 3a cBako 0 # Y € W IoCToju
HajMmambe r(Y) € N takBo za je BVY = 0, Te ca f{Y) = B'V-1Y £ 0 u f(0) = 0 nedpunwmIe-
MO IIpecjuKaBame f: W — &, = Ker B Koje CBaKOM yOIIIIITEHOM COIICTBEHOM BeKTOpPY 3a
COIICTBEHY BPEeAHOCT A Tofiesbyje COIICTBEHU BEKTOP 3a A.

3a cBako HeHyJa X € &, YBOJHUMO HelpasaH CKyl Uy = {Y ¢ W : B0~y = X},
O/laKJIe IIPOM3BOJbHO HeHyJIa Y € Uy 3a Koje je s = r(Y) maje B-IIUKJIUYHU IIOTIIPOCTOP
Cy = Span Ui;}){Bk(Y)} < W ca ocoduHoM f(Cy) = Span{X}. [Tukuyc (B5~1Y,..., B%Y,BY,Y)
je kKaHOHCKa a3a 3a Cy, a Y OIHOCY Ha by MaTpHUIfa eHpoMopdusma Afe, = Aylc, +Alc, =
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A.3. ConcTtBeHa CTpyKTypa eHaoMopdm3ama

B¢, + Alc, IMa 08JIHK

A 10 0 0
0 A 1 0 0
00A -~ 00
JsN=1. . . . . . |eFs (A.3)
000 --- A1
000 --- 0 A

3a KOju Ka)keMo [1a je (craHzapaHy) )KopgaHnoe 640k v 2JKopganoea maiipuua pesa
S 3a BpegHOCT A € F.

Hexka je (Eq,...,Em) MPOM3BOJ/bHA da3a COIICTBEHOT IMpocTopa &, aY; c U, 3al <i<m
IIPOU3BOJ/bAH U360P BeKTOopa. MaTeMaTHUUYKOM HMHAYKITUjOM II0 M A0Kas3yjeMo Ja BaKu
> it Cy, = @k Cy,, ILITO je OUUITIEeHO 32 m = 1. 3a KopaK MHAYKIIHje ©MaMo JIa BaXkKu
>k Cvi = Cy; + 3k O = Cy; + @y Cy,» A KAKO je Cy, NPy Cy, = {0} 360r f(Cy,) = Span{E;}
I/If(@k# Cy,) € Span Uy 4{Ex}, TO flodHjaMo JUPeKTHY cyMy @y 4 Cy, < W.

AKo u360p Y; € U, 3a 1 < 1 < m HAYUMHHUMO TaKo Ja je r(Y;) MaKCUMaJIHo 3a Y; € U,
MO’KeMo JloKa3aTH Jia je W = @)L ; Cy,. /loKas U3BOJIMO MaTeMaTHUYKOM MHYKIIHjOM II0
d = dim W, 111To o4yuIieHO Bayky 3a d = 1. 3a KOpaK HHIYKITHje II0CMAaTPaMo IIOTIIPOCTOP
B(W) < W u pecTpUKIH]jY B|p)y), Ioe ©MaMo Ker B = &, ofakiie je dimB(W) =d-m < d.
ITo MHYKITHjCKOj XUIIOTe3H Baxku BOW) = @y Cay,, Ifie je 1o KoHBeHIHju Cy = {0},
IITO UMaMo y ciIy4ajy Yy = Ei. Kaxo je dim@j' ;Cy, = m + dim@y,Cpy, = d, TO je
W= eag{n:l Cy,-

Jema A.13. YouuwitieHu couicitigeHU Uipociilop eHgomop@dusma A pacitias/ba ce Ha gupeKkiu-
Hy cymy A-UUKAUYHUX Totnupociuopa.

Kao nocemuity TeopeMe ImodujaMo HapeHY TeopeMy.

Teopema A.14. AKko eHgomopdusam A KOHAUHOGUMEH3IUOHOL 8eKIllopcKol Uupociuopa vV
uma paciias/bue Kapakimepuciu4Hu oAUHOM, OHga ce V paciias/ba HA gupeKiHy Cymy
A-yukaudHuUX dotutipociuopa u tocitioju dasa Koja ce caciioju 0g guCjyHKIHUX UUKyCa
youlwitieHuUXx COUCB8EHUX 8eKIopa y Kojoj je maitipuya og A 6a0K-gujaloHanHa ca XKopga-
HOBUM Mattipuyama Ha gujatoHaNu.

PasMoTpHMO 3a HaC HajBaKHUjU cay4daj F = R, Kaf je V KOHAYHOJUMEH3UOHU peaHu
BEKTOPCKU IIPOCTOpP. KapaKTepuCTUUYHU II0JIUHOM Wy 3a A € End (V) nMa peasHe Koedu-
IIUjeHTe, aJli 1eIr'0BU KOPEHU He Mopajy HY>KHO SUTH peasiHU. Tako je Moryhe a eH/10-
Mop¢r3aM A Ma HepacCTaB/bUB KapaKTepUCTUYHU II0JIMHOM, Te Jla CAMUM THUM He dyjie
oujaroHanusaduiaH. KOMIIEKCHU 6p0jeBU YUHE a/iredapCKU 3aTBOPEHO I10/b€, 8 OCHO8-
Ha ieopema aaledpe Kaxke la CBaK{ HEKOHCTaHTaH II0JIMHOM U3 C|[x] ©Ma dapeM jejaH
KOMILIEKCHU KOPEeH, Te y caydajy F = C cBaku eHjoMOpdH3aM MMa pacTaB/bUB KapaKTe-
PUCTUYHU IIOJITHOM.

To Hac MOTHBHIIIE 1a pealHU BEKTOPCKU IIPOCTOP V IPUPOSHO IIPOLY>KUMO Ha KOM-
IUIEKCHU BEKTOPCKU IIPOCTOP Ve = {(X,Y) : X, Y e V} =V xV =VpiV ={X+iY: X, Y€ V}
3a KOjHU Ka)KeMo J1a je Komuiekcugukauuja ox V. [IporsBospHA 6a3a 3a V je Takohe da-
3a KOMIUIeKchupuKaryje V. HapaBHo, ako je (Eq, ..., E,) 6a3a 3a V, a V¢ mocMaTpamo Kao
peasTHu BeKTOPCKHU IIPOCTOP, OH/IA je ¥heroBa npupoaHa 6asa (Eq,iEq, ..., Ep, iEp).

3a A € End(V), komitnekcugpukauuja oz A je engomopdusaM Ac € End(Ve) nedunu-
caH ca Ac(X +1Y) = A(X) + 1A(Y) 3a cBako X,Y € V. YoduuajeHo je 1a ueHTUPUKYjeMO
COIICTBEHE BPeHOCTU U BEKTOPE 0f A ca COIICTBEHUM BpeTHOCTHMA U BeKTOpPUMa 07 Ac,
Te MOKeMO pehH /1a Cy COIICTBEHe BPeJHOCTH 07 A KOPEHHU Ol 4. AKO je A ¢ R COIICTBe-
Ha BPeJHOCT 0off Ac, OH/Ia KakeMo 71a je A € C KOMil.1eKCHA COUCiieeHa 8pegHOCHL O
A. KoMILsIeKCHe COIICTBEHE BpeTHOCTH MOpajy [la Uy y Iapy ca CBOjUM KOHjyTaToM, IIITO
BUIMMO Y HapeIHOj JIEMU.
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Jlema A.15. Heka je A engomop@usam peaHol eekiiopckol tpocinopa V. Ako je A € C
cotictigeHa 8pegHOCIL 0g Ac 3a COUCUigeHU 8eKINOp Z € V¢, OHga je A coucllieeHa 8pegHOCT
0g Ac 3a coliciugeHu sexKiliop Z € V.
JAokas. AkojeA=a+ifs3aa,fecRuzZ=X+i¥s3aX,YeV,To U3 ycioBaJjeMe UMaMO
AX) +1A(Y) =Ac(X+1Y) = (a+iB)(X + 1Y) = (aX — BY) + i(aY + BX),
onmakiie ciequ A(X) = aX — BYu A(Y) = BX + aY, Te fodujamo
Ac(X - 1Y) = A(X) —{A(Y) = (aX - BY) — i(aY + BX) = (a — iB)(X - 1Y),

IITO Zl0Kasyje Ac(Z) = AZ, oK je Z # 0 jep je Z # 0. O

AKO KapaKTepHUCTUYHHU II0JIMHOM OJf A HUje pacTaB/bUB MOXKEMO UCKOPUCTUTU KOM-
IleKcupuKanujy ga og A € End(V) godujemo Ac € End (V). KapaKTepUCTUYHU I10JIH-
HOM OJf Ac je pacTaB/bUB Te U3 Teopeme @ nodujamo Ve = @, (Ve),. Kako 1o Jlemu
A.15 KOMILJIEKCHe COIICTBeHe BPeJHOCTH Uy y ITapOBHMa Ca CBOjUM KOHjyraToM, IIopes
nocrojehux A, = A — A1 3a A € R, fepuHUIIIEMO

Ay=(A—A1)(A—-A1) =A% —2R(VDA + |A*1

3a KOMILJIEKCHY COIICTBEHY BpeAHOCT A € C\R, IIITO [jaje fofaTHe youllilieHe CoulCiieeHe
iipociuope 056JIKa

v = Ker(a;)" = (Ker ((Ac - A1)(Ac - A1))") =3 () © )y

U oMoryhasa JeKOMII03UIIHjy

v= P W

AS(0)=0
3aZ=X+iYeVculd=a+ipf e C MoxeMo0 3a CBaKo r € N U3padyyHaTHU
. . o (r . .
(Ac - (@ip) 11 = Y- (1) DHa B Ay X
k=0
T /r k Kk o )
=Y <k> —DF> (.)ak_fﬁl(ii)](Ar_kXi A" Ky,
k=0

=V

JIOK Cy BeKTOPH (i)Y (A" KX +iA™=XY) u (—iy (A"KX — iAT-XY) meljycoSHO KOHjyroBaHH (IITO
Cce JIaKO IIPOBePHU KAaKo 3a IIapHe TaKo U 3a HellapHe j), OfaKje J0d1jaMo

(Ac — A1) Z = (Ac — A1)Z. (A.4)

3aToje (Ac—A1)°Z = 0 ako 1 caMo aKo je (Ac—A1)5Z = 0, Te cBaKH (Ac—A 1)-IIUKIMYHA
IIOTHPOCTOP Cz OF (V¢ ), TeHeprcaH BeKTOPOM Z U TUMeHsHje S UMa O[roBapajyhu KoHjy-
roBaHH (Ac — A 1)-I[UKJIMYHH IIOTIIPOCTOP Cz off (V)3 TeHepHcaH BeKTOPOM Z THMeH3H-
je s, ITo HaM oMoryhaBa fja 06jeIMHUMO Ta [ABa IIOTIIPOCTOPA U A0SUjeMO IIOTIIPOCTOP
Cz&C; < (Vo)a @ (Vo);. AKO yBeieMo Ej = (Ac — A1) JZuFj = (Ac — A1) 7Z3a1 <j<s,
oHfa je e = (Ey,...,Es, Fq,...,Fs) mpupoaHa 6asa 3a Cz & C; 10K eHpioMopdusam Ac y TOj
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a3y Ma OOJIHK,

A1 0 00 0
0 A 0 0O 0
js()‘) 0 _ 00 A 9 0 0 28x2s
[A(C[Cz@cz]e ( 0 J(A)) |00 0 41 0| <€ '
00 0 0 A 0
00 -- 000 - A

Kako cy E; u Fj 10 popmyiu (@) Mel)yCodHO KOHjyroBaHH, TO MOXKeMO IIpeypeauTH
dasHe BEKTOpe ca

E;+F; E;, - F;
G=R(E)=—"57€V, H=9E)="53"¢cV,
Y IIOCTaBUTH HOBY 6a3y €’ = (G1,Hy, ..., Gs,Hs). Kako 3a 2 < j < sumaMo AcEj = AE; + Ej_q

U AcF; = AFj + Fj_1, T0 3a A = a + iff modujamo
AG] = ?R(AE]) + %<E]71) = aG] — BI'I] + ijlv
AI{]‘ = %(AE]) + %(Ej—l) = aHj + ﬁGj +I‘Ij_1,

y3 fomatHe penanuje AG, = aGy — BH; u AH, = aHq + BG;. Y HOBOj 6a3u peCTpUKIHja Of,
Ac Ha Cz ® C5, a caMHM THM H PeCTPHKIIHja o A Ha R(Cz @ C;) < V), ©IMa 08JIHK

a B 1 0 0 0 0 O
B a 0 1 0 0 0 O
0 0 a B 0 0 0 O
0 0 B a 0 0 0 O
Js(a, B) = | e RZSXZS,
0 0 0 O a B 1 0
0 0 0 O B a 0 1
0 0 0 O 0 0 a B
0 0 0 O 0 0 -8 a

IIITO je peaaHu >KopgaHoe 610Kk WU peaaHa KopgaHoea maiupuua pefna 2s Koja
o/iroBapa Irapy KOHjyroBaHUX BpefHOCTH a + if € C \ R. ITociepuita TeopeMe je
HapejHa TeopeMa Koja HaM omoryhasa /ia y ciay4ajy F = R KaHOHCKH pacTaBUMO )V Ha
OUPEKTHY CYMY IZle CBaKOM cadUupKy ofrosapa JKopaHoB SJIOK.

Teopema A.16. Ako je A eHgoMoOpPU3aAM KOHAUHOGUMEH3IUOHOL pealHOl 8eKIOPCKOL Upo-
ciopa V, oHga uoctuoju dasa 3a V' y Kojoj je mattipuua og A 5A0K-gujaloHaHa ca (CuaH-
gapgHum uau peasHum) KopgaHosum matupuyama Ha gujatoHa u.

Heypehena ¢pamuinja JKopaHOBUX SJI0KOBa U3 IIPETX0/{He TeopeMe 30Be ce 2Kopga-
Hoea HopmaaHa iopma eHIoMOpPHU3IMa.

Koe¢puiiyjeHTH KapaKTepUCTUYHOI IIOJIMHOMA w4 €HAoOMOpdHU3Ma A ce ITOJIMHOMU-
jaJIHO u3parkaBajy IIpeKo ejeMeHaTa MaTpuile ox A. [TocedHO, IIperro3HajeMo Tpar U Jie-
TEPMHUHAHTY Kao KoeQUITUjeHTe Y jefTHAUHHU

wa(X) = X" = Tr(A)X* 1 + ... + (—=1)" det(A),
a 1ogJaTHe I/IHBapI/Ij dHTe Cy TPparoBH CTEII€EHOBA, IITO BUANMO Y Hape,quj JIEMH.
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Jlema A.17. Ako je A eHgoMopPu3am 8eKWopCcKol pociuopa Koju uma KapakimepuciuuvuHu
UOMUHOM Wy (X) = X" + o XL + ... 4 0p_1X + Op, OHga

MOm + Om_1 Tr(A) + Oz Tr(A%) + - - + 01 Tr(A™ 1) + Tr(A™) = 0 (A.5)
sacusaceakol <m<n.

Jlokas. Hekaje w(X) = x"+ 01X 1 +... 40, = (Xx—A1)(X—A2) - - - (X — A) (VKOJIHKO IIOCTOje
KOMILJIEKCHe COIICTBeHe BPeJHOCTH MOXKeMO ITocMaTpaTu Ac ymecto A). KoepunyjeHtu
om 3a 1 < m < n ce U3pakaBajy Ipeko BujeToBUXH popmyiia,

§: All/llz ) m
ll< <lm

PauyH3a 1 <j < m-—1 mgaje

Om Tr(A) = ()™ T X+ X+ + ) Y Ay, A

lm7j7
iy <o <im_j

IIITO HAKOH CM€EHe

S

D __ p Y P B
Sq = A - Z A A, /\Jq )
i=1 Ji<e<jq, i

IIOCTAje Opy_j Tr4) = (—l)mff(Sj+1 4t S] ) oJlaKkIe je

m—1 m—1
O Tr(&) = Z MG S ) = —Si (-1 sh
j=1

\.

OuurtegHo Baxku ST = S A" = Tr(A™), oK ©IMaMo

n

Srln—l = Z A Z /1]'1/11'2 a 'Ajm—l

i=1 Ji<e<Jm—1, 1F

Z Alll’\lz o lm7

i< <im

CBaku 4WwiaH U3

Ha NIpUMep Ay, - - - A, II0jaBJByje ce Ta4HO m IyTa y Sk, mto xaaje St = m(—1)"opm.

KoHauHO, ©MaMoO

m-1°

Z Om ;T = —Tr(A™) — mop,
IIITO JJOKa3yje jefHauYnHYy (@). O
KapakTepUCTHUYHHU U MUHUMAJJIHU IOJIMHOM MMajy UCTe KOpPeHe, Te aKo Cy Aq,..., A

pasIM4nTe COIICTBEHE BPEJHOCTH, OHJA je Wa(X) = (X — A1)®1(X — A)%2 - -+ (X — Ak)%, TOK
cy a;j3a 1 < j < k (anredapcke) BUIIECTPYKOCTH COIICTBEHHMX BPeIHOCTH. MUHHUMATHU
IIOJTMHOM MOpa SUTH O8JIHMKa [, (X) = (X — A1)P1(x — A9)P2 - (x — )Pk, a 3a merose BU-
IIIeCTPYKOCTH BAXKHU 1 < Bj < q;. Umajyhu y Busy Teopemy u Teopemy , MO>XeMO
IIPUMETHTH /ia je f; Hajpehu pef (cTaHAapAHOr) Kop/aHOBOT §710Ka Y OKBUPY IIOTIIPO-
cTopa VAJ..

8Francois Viéte (1540-1603), ppaHIlyCKH MaTeMaTH4dap

234



A.4. CamoagjyHroBaHu eHaomMopbmnsmum

A.4 CamoaajyHroBaHHM eHAOMOPGPU3IMHU

OBa cekIyja je IIPUPOJIAH HAacTaBaK IIPeTXOJHE Yy K0jOj CMO HM3ydyaBaJId COIICTBEHY
CTPYKTYpPy eHpoMopdHr3aMa. AKO y UTPy YK/BYUYHUMO CKaJIapHU IIPOU3BOJ, Ca KOjUM Cce
eHgoMopdU3aM JIelo cjaake, MOXKeMO GUHUje IIOJECUTH CTBapU Be3aHe 3a COIICTBEHY
CTPYKTYPY U OCTBApUTHU oxpeheHe deHeduTe. Kao ureparypy mperopydyjeMo Masblie-
Ba H [85].

YoduuajeHOo mocMaTpaMo caMOaJjyHIoBaHU eHA0MOopdr3aM KBapPaTHOT BEeKTOPCKOT
IIPOCTOpPA, aJIx je KOPUCHO UMaTH O/iroBapajyhe Ipoay’Keme 3a KOMILJIEKCHU BeKTOPCKHU
IIPOCTOP.

Heka je V BeKTOPCKU IIPOCTOP KOHAYHe JUMeH3Hje Haj I1o/beM C. Komil1eKCHU cKa-
AapHU Gipou3eo0g g Ha V yodUUajeHo je HeJleTeHepUcaHa CUMeTpUYHa SUInHeapHa Gpop-
Ma g:V xV — C, ITO je yOIIIlITehe CKaJapHOT IIpousBoga. KomitniekcHu Keagpaiu-
HU 8eKIllOPCKU WPOCIOp je KOMILJIEKCHU BEKTOPCKHU ITPOCTOP OIIPeMJbeH KOMILJIEKCHUM
CKaJIJapHUM IIPOU3BO/IOM.

CeckeunuHeapHa popma Ha V je pyHKIMja g: V x V — C Koja je C-JiiHeapHa I10
IIPBOM apryMeHTy, & KOHjyroBaHO-JIMHeapHa II0 JPyroM apryMeHTY, OHOCHO TaKBa Ja
8(aX+PY,Z) = ag(X,Z)+Bg(Y,Z)ugX,aY+pZ) = ag(X,Y)+pg(X,Z) Baxku 3a cBako X, Y € V
ua, B € C. Epmuiticka ghopma Ha V je ceCKBIIMHeapHa ¢opmMa g Ha V TaKBa /Ia 3a CBAKO
X, Y € VBaxu g(Y,X) = gX,Y). Epmuiticku cKaaapHu iipouseoyg je HejlereHepHUcaHa
epMHUTCKa ¢OpMa, 0K je epMUiliCKu KeagpaimtHu éeKilopCKU WpoCciiop KOMILIEKCHU
BEKTOPCKU IIPOCTOP OIIpeMJbEH EPMUTCKUM CKaJIapHUM IIPOU3BOJOM.

IIpumep A.4. EpMUTCKH KBaipaTHU BEKTOPCKHU IIPOCTOP KOjH je IIO3SUTUBHO JAepHUHUTAH
HasuBa Ce YyHUinapaH upocimop. CTaHZapJHU IIpUMep YHUTapHOI IIpocTopa je C" ca
epMHUTCKOM GOPMOM g Koja je TeprHUCaHa ca

g((X17‘ . '7Xn)7 (Ylv"‘7Yn)) :Xl?l +X2?2+ U +Xn?n7
3acBe Xq,...,Xp, Yq,..., Y, eC. A

ITo y30py Ha peasiHU Cly4aj, KeagpaimHa giopma op g je byHKIHja €: V — C nedpuHU-
caHa ca €y = g(X,X). CeckBuniHeapHa GopMa g je cBaKako R-6uinHeapHa, a3a X,Y € V
MMaMo IToJIapu3alioHe UJeHTUTeTe

48(X,Y) = exiy — ex-y + lexriy — l€x iy, 28X, Y) = (1 +1)ex+ (1 +1)ey — ex—y — l€x iv-
3a epMUTCKY ¢popMy g, cBako X, Y € V u a, B € C BaXKH jeJHaAKOCT
g(aX + BY,aX + BY) = |al’ex + 2R(aBg(X.Y)) + |B| ey,

OJlaKJIe CJIe[iv 11a je £x € R 3a cBaKo X € V.

Heka je (V,g) (peastHH) KBaipaTHU BEKTOPCKHU IIpocTOp. KoMIuiekcupukaryja g0Ho-
CH KOMILJIEKCHH BEKTOPCKH IIPOCTOP Ve, @ KOMILUIEKCUUKALIHU]Y CKaJIaPHOT IIPOU3BOJA &
MO>KeMO M3BeCTH Ha /iBa IIpUpOJHa HauuHa. 3a cBako X,Y,Z, W € V popmyJie

g(C(X+ iY7Z+ lW) = (g<sz) —g(Y, W)) + l(g(Y7Z> +g(X7 VV))’
SEX+1Y,Z+1W) = (g(X,2) + 8(Y,W)) +i(g(Y,Z) — g(X, W)),

neUHUIITy KOMIIEKCHHU CKaJIapHU IIPOU3BOJ gc: Ve X Ve — C B epMHTCKU CKaJIapHU
pon3Bof g Ve x Ve — C. AKo 3a cBaKo Z € V BaxKU g¢ (X +1Y,Z) = 0 wmu gH(X+1Y,Z) = 0,
oHja nodujamo g(X,Z) = 0u g(Y,Z) = 0, Te je X + iY = 0, mITo foKasyje aa cy ode dop-
Me HeflereHepucaHe. [lITaBuUIlle y epMUTCKOM KBaJpaTHOM BEKTOPCKOM IIPOCTOPY BarKH

9 Anatosuit BaHOBUY MaJIbIleB, PyCKH MaTeMaTHuap
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CriBeCcTepOB 3aKOH MHepIHje U epMUTCKO IIPOAYKeHe UyBa CUTHAaTyPy OPUTHMHAJIHOT
IpocTopa. Y cBakoM ciay4ajy (V, g) HHAYKYje KaKO KOMIUIEKCHU KBaJIpaTHU BEKTOPCKHA
mpocTop (Vc,gc) TAKO ¥ €PMUTCKU KBAIPpaTHU BEKTOPCKU IIpocTop (Ve, gH).

AKoO je A caMOa/ijyHIOBaHU eHIOMOp¢H3aM Of V, OHZia Y KOMILJIEKCHOM KBaJpaTHOM
BEKTOPCKOM IIpoCcTOpy (Ve, &c) UMaMo

ge(Ac(X + 1Y), Z + iW) = (§(AX,Z) - g(AY, W) + i(8(AY, Z) + g(AX, W)
— (g(X.AZ) - g(Y.AW)) + i(g(Y,AZ) + g(X,AW)) = gc(X + iY, Ac(Z + iW)),

JI0K Y €PMUTCKOM KBaJJpaTHOM BEKTOPCKOM ITpocTopy (Vc, g¢) mmamo

8E(Ac(X +1Y), Z + W) = (8(AX, Z) + (AY, W)) + i(8(AY, Z) — g(AX, W))
= (8(X,AZ) + (Y, AW)) + i(g(Y,AZ) — g(X,AW)) = g€ (X + I¥, Ac(Z + IW)),

IIITO 3HAYU J1a je KoMIUIeKcudukamuja Ac € End()¢) Takole camoazjyHroBasa y oda ciy-
4aja.

Ba’kHO je IIPUMETHUTH Jla aKo je A CaMO0a/ijyHrOBaHU eHJ0MOpdr3aM KOMILJIEKCHOT
KBaJ[paTHOT BeKTOPCKOT IIPOCTOPa, OHAajeTouA—A13aA € C,kaoup(A)rueje p(x) € Clx]
IIPOM3BOJbHU IIOJIMHOM. Mel)yThM, TO He BaKH Y epMUTCKOM KBaJIpaTHOM BEKTOPCKOM
IIPOCTOPY, I7ie UMaMo g((A — A1)X,Y) = g(AX,Y) — Ag(X,Y) = g(X, (A — A1)Y).

13 nokasa TeopeMme 3HaAMO /ia YOIIIITeHH COIICTBEHHU IIPOCTOPU UMajy TPUBHja-
JIaH IIpeceK U 3aTO Jajy AUPEKTHY CyMy. Y cJIy4ajy [Ia je A caM0a/ljyHTOBaHU eHA0MOpU-
3aM, Ta JUPeKTHa CyMa je OpTOroHaJsHa.

Jlema A.18. YouuwitieHu colictugeHU UpOCOPU CaMOagjyHI08aHOL eHJOMOPPHUIMA peaHOl
UAU KOMUEKCHOT KeagpauHol upociiopa cy melycoSHO OpilolOHAAHU.

Jokas. Heka je A € End(V),aX € V, B Y € V, IpousBo/bHHU 32 A # u. ITo JlemMu
pecTpuKIja 07 A, je ayroMopdusaM of V,, Te IIOCTOjU Z € V), TaKBO Jia je (A;)"Z = Y. AKo
je A caMoa/ijyHIoBaH, TO je TakaB U (A;)", Te uMaMo (X, Y) = g(X, (A)"Z) = g((A)"X, Z) =
0, rro Jokasyje Vy L V. O

Jema A.19. YouuwiieHu coucii8eHU UpOCIiopU camoagjyHI08aHOL eHGgOMOPPUIMA epMUTl-
CKOl KeagpaitiHol tipoctuopa Koju oglogapajy mehycoSHO HEKOHJylo8AHUM COUCIBEHUM
gpegHociiuma cy mehycodSHo opitioloHanHuU. IToceSHO, youwileHU COUCl8eHU Upociiopu
Koju oglogapajy coucitieeHUM 8pegHOCILUMA KOje HUCY peaJsiHe Cy UOTILYHO U30TUPOUHU.

JAokas. CacBUM CJIMYHO fo0Kasy Jleme , 3a A # U TIOCTOjU Z € V,u TaKBO 71a je (A7)"Z =Y,
Te KaKo je A caMoa/jjyHroBaH godujamo g(X,Y) = g(X, (A3)"Z) = g((A))"X,Z) = 0. O

JloaTHe IIOTOTHOCTH IIPY>Kajy Ce YKOJIHUKO je (peaIHU) CKaJIlapHU IPOU3BO/ (TI03UTHB-
HO) eQUHUTAH, jep TaZia Cy CBe COIICTBEHEe BPEHOCTU peaJsiHe.

Jema A.20. ColicitigeHe gpegHOCIIU CAMOAGjyHIO8AHOT eHgoMOopPHUIMAa HA gePUHUTLHOM
KeagpatlHOM 8eKUopCKoOM UpOoCiliopy Cy peasiHe.

Joka3. Axo je A = a + i € C KOMIUIEKCHA COIICTBEHA BPeJHOCT CaM0a/[jyHTOBaHOT €H-
nomopdursMa A Ha leQUHUTHOM KBaZpaTHOM BEKTOPCKOM IIPOCTOpPY (V, g), 0HJa II0CTOj!
HeHysa Z = X + 1Y € V¢ TakBo fa je AcZ = AZ, ogaxiie je AX = aX — BY u AY = BX + aY.
Kako je A camoajyHroBaH 10 je g(aX — pY.Y) = g(X, BX+aY) ogakiie ciaenu B(ex+ €y) = 0,
a Kako je V nepUHUTAH TO je €x + €y # 0, Te rodujamo B = 0, 1ITo 1aje A € R. O

3a 0 # X € V niocToju HajMamwme r € N TakBo 1a je (Ay)'X # 0, omakie geduHUTAH

CKaJIapHH IIPOM3BOJ faje (A% X, X) = g((A;)'X, (A))"X) # 0, amu (A;)>X =03a2r >r,
1ITO IoBJIauu r = 0, omakire je A X = 0 1 Baxku V; = &;. 1o Jlemu KapaKTepUCTUYHU
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A.4. CamoagjyHroBaHu eHaomMopbmnsmum

IIOJIMHOM (W, je pacTaB/bUB, a 110 TeopeM ce V pacTaB/ba Ha JUPEKTHY CyMy COII-
CTBeHHX IPOCTOpa V;, Koja je 350r Jieme |A.18 opToroHasaHa. 3aTo je A AUjaroHaIA3abH-
JIaH U [J03B0J/baBa CIIEKTPaJIHY JeKOMIIOSULHjY V = (D), &£,, IIITO je TBphjeme Koje 30BeMO
cueKiupaaHa tileopema.

Jema A.21. CamoagjyHlogaHu eHgomopgusam A gehuHUIHOT K8AGgPAliHOT 8eKIOPCKOL
upoctuopa V je gujaioHaausadunaH u saxcuV = 5, Ker(A — A 1).

CrexTpaJiHa IeKOMIIO3UIIHUja HUje YBeK Moryha Kaj je g HeleQUHUTHO, IIpe CBera jep
w4 He Mopa SUTU pacTaB/bUB. KapaKTepUCTUUHU II0OJIMHOM O] Ac je pacTaB/bUB Te U3
Teopeme @ y3 Jlemy modujamo Ve = B, (Ve),, IIITO IoCIeJHYHO oMoryhaBa IeKoOM-
no3uLHjy V = D 5(1)0 V2. KaKo je fupexTHa cyMa OpTOroHaIHA, YOIIITEeHH COIICTBEHH
IIPOCTOPH V), CY HeleTeHePHUCaHU.

Jema A.22. YouwitieHu couiciliGeHU UpPOCIiOpU CAMOAYJyHIO8AHOL eHgoMOopPusmMa Kea-
gpaittHol 8eKopCcKol tpociuopa cy HegeleHepucaHu, a cam Upociuop je jegHaK BUXo80j op-
OIOHA/IHO] CyMUL.

YOIIIITeH! COIICTBEHU IIpocTop V, 3a A € End(V) ce 110 JleMu pacraB/pa Ha U-
PEeKTHY cyMy A-IIMKJIMYHUX HoTnpocropa. [locMarpajMo Cy = Span Ui;%){B"Y}, Ize je
B=(A-A1)l,,as=r(Y) (B5~1Y je coIlCTBEHHU BEKTOD).

Y IIpHUCYCTBY peayiHOT WX KOMILIEKCHOT CKaJIapHOT IIPOU3BO/IA & MOKEMO KOHCTPY-

ucaTH HU3 cKaJsapa g, dq,...,Qs 1 € F TaKO IIITO PEKYPEeHTHO /ILG(])I/IHI/II_HeMO apy=1mu
1s—2—m min(s—1-m—j,s—2—m)
m+j+k
As—1-m = 9 Z Z ajaxg(B YY)

=0 k=0

3as—2>m> 0 1aducMo yBeau Z = Zf:(} ajBfY € Cy ¥ HOSHIIHU

s—1 s—1 s—1s-1
gB"Z.7)=g (Bm > aBY,> akBkY) => Y ajakg(B™IY, BFY)
j=0 k=0 j=0 k=0
s—1-m s—-1-m—j '
=) > ajagB™ITFYY) = 0.
Jj= k=0

Hus BekTopa E; = BSJZ3a1 < j < suunu dasy e = (Eq,...,Es) 3a Cy = Cz. V ofHOCY
Ha Ty 6a3y eHpoMopdusam nma KoppaHoBy Matpuily [Afc Je = Js(A), mok je 'pamoBa
MaTpuna [gle,Je = VNs, e je v = g(BS1Z,Z) u

00 .- 001
00 .--010
00 .- 100

Ne=|. . . . . .|[eF™ (A.6)
01 .- 000
10000

VKoJIMKO je v = 0 He MOKeMO IIpeBHIIIe [Ja YPaJuMo jep je Cy IIOTIIYHO U30TPOIaH
HOTIIpOCTOP. MeljyTum, ako je v # 0, y caM0j KOHCTPYKITHjU BEKTOP Z MO>KeMO 3aMeHUTU
BEKTOPOM uZ 3a IPOM3BOJBHO 0 # u € T, omakute gosujamo g(BS~tuzZ uz) = u*g(Bs~17,7),
IIITo HaM oMoryhaBa fia y ciaydajy F = R usadepemo u = 1/+/|g(BS—1Z,Z)| u Tako HOpMHU-
pamo v = +1, 10K y ciiydajy F = C usdop u = (g(BS~1Z,Z))~1/2 omoryhasa v = 1.

Op mocTtojehe 6a3e MO)KeMO HalIlpaBUTH HOBY 6as3y ca

G] = E] + Sgn(2] — S — 1)Es+1—j7
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3a 1 <j < s, ofakJiie 106HujaMo

8(G;,Gy) = g (Ej+sgn(2j —s —1)Es;q1_j, Ex +sgn(2k —s — 1)Es 4 )
= v57+1_k +vsgn(2k — s — 1)8, + vsgn(2j — s — 1)8,

N

+vsgn((2j —s—1)(2k =5 = 1)) 1

= 2v8, sgn(2j —s — 1) + véJ;Jrl_k (1 —sgn(2j — s — 1)2)
— v6’,'( (2 sgn(2j —s—1) + &7 ) :

s+1

IIITO JIOHOCH

2véjr3a2j>s+1
g(Gj, Gy) = V6jk 3a2j=s+1
—2vé3aZj<s+1

M JI0Ka3yje [1a je HaIa 6a3a OpTOroHaJHa.

OcHOBHa HJieja je a CBaKoO V; pacTaBUMO Ha OPTOTOHAJIHY CyMy HeJlereHepHCaHUX
IIOTIIPOCTOpa 0dyIMKa Cy. AKO U3adepeMo IIPOMU3BOJbaH JeGUHUTHU BeKTOp D € V), uMa-
Mo X = f(D) € &, akako Cy > D HUje IIOTIIYHO U30TpoNaH ciaenu v # 0. Cajia ce opToro-
HaJIHa 6a3a Kojy CMO0 MMaJIH JIaKo IIpeTBapa y OpPTOHOPMHpAaHY, Te je Cy HeJleTeHepHUCaH
IOTIIPOCTOP UHJEeKCca S/2 3a IIapHO S, OHOCHO (S —Sgn V)/2 3a HenrapHO S. OBy IpoIieAypy
MO>KeMO HaCTaBHUTH Ha He[eTreHepHrCcaHoM IT0TIIpocTopy V; N (Cy)*, Te hemo Tako y dim &£
KOpakKa pacTaBUTU YUTABO V).

Teopema A.23. Ako je A camoagjyHI08aHU eHJOMOPPHU3IAM KOMUNAEKCHOL K8AGPATUHOT 8€K-
tiopckol tpociuopa V, oHga ce V pacitiag/ba Ha OpllolIOHAHY CYyMy HegeleHepucaHux A-
UUKAUHHUX Totuupociuopa, u toctuoju 6asa 3aV 'y Kojoj je maitipuua og A SA0K-gujaloHan-
Ha ca ’KopgaHosum matupuyama, a I'pamoga maiupuya SA0K-gujaloHa/IHA ca 510K08UMA
odauka (A.6).

IIpeoctaje ga y cay4dajy F = R pasMOTPHUMO V, 3a KOMILJIEKCHY COIICTBEHY BPeJHOCT
A. YV noxasy Teopeme @,CMO pacTaBWIX V; Ha JUPEKTHY CyMy IIOTIIPOCTOpa KOjU CY
odsnka Cz & C; < (Vo)) © (Vo)z. Ty cMo uMai KaHOHCKY 6asy (Ey, ..., Es, Fy, . . ., Fs) y K0joj
ergoMopdr3aM MMa SJIOK [AUjaroHaaHy MaTpHILy ca Js(A) U Js(A) Ha aujaronaan. Hosa
dasa (Gq,Hy, . .., Gs, Hs), Trie ¢y Gj = R(E;) v H; = S(E;) moBesia Hac je o Matpurie Js(a, B),
I7e je A = a + ip, Te IIpeocTaje fa BUAUMO KaKo u3Ile/ia 'paMoBa MaTpUIia y TOj dasH.

AKO IIPOJY>KMMO g Ha KOMIUIEKCHM CKaJIapHU IIPOU3BOJ, gc, 110 JlemMu HUMaMo
gc(Ej, Fx) = 0, ok je gc(Fj, Fx) = gc(Ej, Ex) = gc(Ej, Ex). Cazia MOYKeMO M3pauyHaTH,

—

8(Gj, Gx) = 8c(R(E)), R(Ex)) = 5 R(8c (), Ex)),
8(Gj, Hy) = gc(R(Ej), S(Ex)) = 0,
§(H), Hi) = go(S(E)), () = 3 R(ge(E; B,

=

Te KaKo je gc(Ej, Ex) = 613 +1_kV> YKOJIIKO je v # 0, IOroAHUM HM350pOM BEKTOpa UZ yMeCTO
Z M0OKeMO HOPMHPATH v = 2 fa ducMo noduiu g(Gj, Gy) = 1 u g(Hj, Hx) = —1 camo 3a

j+ k = s+ 1, 1ok cy ocTajsie KOMIIOHEHTe jemHaKe HyJIH, Tako [[0JIa3UMO 10 5a3e Y K0joj
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A.5. Teopuja neptypdaumja

eHgOMOp$HU3aM UMa MaTpUIly Js(a, B), MoK je [pamMoBa MaTpHIla 06JIMKA

0 O 0 0 1 O
0 O 0 0 0 -1
0 O 1 0 0 O
0O O 0 -1 0 O c RZSXZS7 (A.7)
1 0 --- 0 0 O O
0O -1 .- 0 0 O O

IIITO je UH/IeKCa S, OJHOCHO HeyTpaJIHe CUTHAType.

Kao uny ciy4ajy A € R, SupamMo IpOXU3BOJbHHU e QUHUTHHU BeKTOp D € (Vr),, 1a SUCMO
0de3demunu fa Cy > D HUje IIOTIIYHO HU30TPOIIaH (MaKo je 1o JemMu Y €pPMUTCKOM
cay4ajy (Ve), IOTIIYHO U30TPOIIaH, aId Halll CJIy4aj je KOMILJIEKCHH), Te UCLPIVbUBAkeM
pacTaB/baMO YUTaBO V; Kao U paHuyje.

Teopema A.24. AKo je A camoagjyHI08aHU eHGOMOpPU3aAM peatHOl KeagpailiHol 8eKilop-
cKol tpoctuopa V, oHga ce V paciias/ba Ha OpiuoloOHA/IHY CyMY HegeleHepucaHux uoimipo-
ciopa, u uocwoju éasa 3a V 'y Kojoj je mawupuya og A dA0K-gujaloHasHa ca (cwangapg-
HUM uau peasnHum) KopgaHosum maitupuvyama, a I'pamosa maupuya 610K-gujaloHaIHa
ca 6.1.0kosuma odauka (A.6) u (@).

A.5 Teopuja meprypdamuja

PasyMeBame 0 TOMe KaKo CIIeKTpaJiHa JeKOMIIO3UIlrja eHaoMopdrusMa Ha KBajpar-
HOM IIPOCTOPY 3aBUCH O] ITapaMeTapa je IIpUpoJaH U 3HayajaH I1podjeM. [05po je I103Ha-
TO Jla N KOpeHa peaJIHOT WJIX KOMILJIIEKCHOT II0JIMHOMA CTeIlleHa N 3aBHCe HeIIPeKUIHO Of,
KoepujeHaTa ITOJIUMHOMA. IIocIeIUYHO, COIICTBEHEe BPeJHOCTH eHoMOopdr3Ma BapHU-
Pajy HeIIpeKUHO ca eJleMeHTHUMa HeroBe MaTpHUlle. BakHO je HaIVIaCUTH [ja Ty KOpeHe
rocMaTrpaMo Kao HeypehjeHy n-TOpKy ckaJsiapa. Kako He II0CTOju KAaHOHCKM Ha4YMH [ia Cce
KOPEeHH ype/ie, TO HUje yBeK Moryhe 03HAYUTH COIICTBEHE BPeTHOCTH TAKoO /ia I10jeiHay-
HO UMHe HellpeKuaHe QyHKIIHje.

MelyyTumMm, MU CMO IIpe CBera 3saiHTepeCOBaHM 3a IIUTame IJIaTKohe MM aHaJIUuTHY-
HOCTH COIICTBeHe CTPYKTYype. icTopHja TeopHje IepTypdaliyja nmoune 1937. ronuHe ca
PesimxoM™ U BeTOBUM IIPBUM pajioM y cepuju [108], 1ITo je KOHAYHO JOBEJIO [0 Hero-
Be Kpure [109]. Teopyja je KyJIMHUHHpAa KJIAaCHYHOM MOHOrpadHjoM Kojy je Halucao
Karold [74]. 3a MO/IepHY IIepCIIEKTHUBY TeOpHje, IIPeIopyvdyjeMo IIpeIielHU paj KOjU Cy
Hanvcanu [lapycumcku== 1 Pajuep [103].

Heka Py(x) = X' + ayxX" ! 4 --- 4 a, 03HAUaBa MOHHUYHU IIOJIMHOM CTeIIeHa N ca pe-

aJITHUM KoeUIMjeHTUMa A = (dq,...,0an) € R". 3a MOHUYHHU II0JIMHOM P4 Ka’keMo Jia je
XUllepdoAuUKU aKO Cy CBU BbeTOBU KOPEeHU A4, . . ., A, (5POjEMO HX ca BUILIECTPYKOCTHMA)
peasiHu.

3a oTBOpeH uHTepBal I C R KOjU cafp KU HYJy, IIOCMaTpaMo jefHOoIIapaMeTapCcKy
damMuIHjy XUIepSoTMUKUX MOHHYHHUX IIOJTMHOMA Py CTemeHa n3a t € I, e ée A=
(a,...,an): I - R" aHasmuTH4Ka. [I[puMmeHoM YupHxaycoee iupancopmauuje

a n n—j n—j v [ —ai n—j—k n X
Pp(x) =P, (x—n>—2ajkzo< X )x <n) —l;)bn_kx,

j=0

19Franz Rellich (1906-1955), aycTpHjCcKO-HEMauK\ MaTeMaTHUap

"Tosio Kato (1917-1999), jartaHcKky MaTeMaTHdap

12 Adam Parusinski, I10/6CKH MaTeMaTHdap

13 Armin Rainer, aycTpHjcKu MaTeMaTHYap

4Ehrenfried Walther von Tschirnhaus (1651-1708), HeMauku MaTeMaTH4ap, usuyap 1 GHa030dh
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modujamo B = (by,...,bp): I - R tHejeag=1u

n-k . n—j—k
n-— —1\"? i
bn—k = Z < k ]> (n> aja;l 1 k,

j=0

3a 0 < k < n. Ha oBaj HAYKH TOSWIM CMO GpaMIJIH]y IT0OJIMHOMA Pp () KOjH 0CTajy MOHHY-
uu (by = 1) 1 uMajy KoedurmjeHT o X! jequak Hysu (b; = 0). 3a TakaB IIOJIMHOM Pp
Ka)keMo J1a je y JupHxaycoeoj ghopmu. IheroBU KOPeHHU €y [f; = Aj+ay/n3al <j<n, Te
je Pp TaKolje XUIIePSOIUUKY, 0K B: I — R ocTaje aHaIUTHYKA.

Kaxoje ), IJ]-Z = >k Milk—2 Yok Uitk = (—=b1)*—2b;, yCIIOB by = 0 TIOBJIaYH H{EHTHUTET
—2by = p?+- -+ u3, unocmeguyHo by < 0.Cirydaj b, = 0 je IPaBOIMHU)CKY, jep OHJA BasKH
Y =03a 1l <j < n, IITO IOBJIAYH /ja CY OPUTHHAIHU KOPEHU A; = —a; /N aHAJIUTUYKH. Y
CYIIPOTHOM, MOKEMO CMAaE-MTH UHTEPBaJ TaKo fia je —b,(t) = t2™u(t), rae je u(0) > 0 3a
HeKo m € Ny (IpruMeTHMO Jia aKo je by(0) Z0umamom =0)utel,ca0el' CI.

IIpocTop mapamMeTapa je jeJHOZUMEH3HOH, Te MOKeMO H3adpaTu 0(t) = +t™ul/?(t) kao
jelaH of [Ba aHaJIUTHYKa KBaJipaTHa KopeHa of —b,(t) u nedpuHmCcaTU

n
Pe(x) = 07"Pp(0x) = X" — X2+ 0 bix" .
j=3

OBaKko 06HUjaM0 aHAJIUTUUKY QYHKIH)Y C = (C1,...,Cn): ' — R"Tako rajec; = 0 u
c;=—1.3aT0je &+ +& =0u &+ + & = 2,THE CY & = 6_1yj3a1 < j < N KOpeHH of,
Pc. OBo HaMm oMoryhaBa /1a GaKTOpHIIEMO Pcy = PpPr, I7ie ¢y Pp 1 Pr MOHHYHU peaTHU
II0JIMHOMH II0O3SUTHUBHOT CTelleHa 6e3 3ajeJHUYKUX KOpeHa.

PasMoTpuMO mIpeciaukaBame P: RP x R1 — RPT nepuuucano ca Y(Y,Z) = W, rge
BakKH Py = PyPz. [lpyruMm peunma, 3a Y = (V1,...,Yp) U Z = (Z1,...,Zq), JOSHjaMO
W = (W1,...,Wpiq) TAKO [Ja BAXKHU Wy, = Z]’fzoyk_jzj sacBel <k<p-+gqrmejeyy=zp=1
JaxkodujeBa MaTpuIla OBOT IIOJMHOMMFjAJTHOT IIpeCIUKaBama | je TauHo CHIBecTepoBa
MaTpulia y OfHOCy Ha Py u P;. IlllTaBullle, pesystaHTa o Py U Py je, 10 Ha 3HaK, jelHaKa
neTepMHUHaHTU CUJIBeCTepOBe MaTpulle. 3aTo Py U P, HeMajy 3ajeJHUUYKe (KOMILIEKCHE)
KOpeHe aK0 U caMo aKo je i) UHBePTUSUIIHO.

Kaxko Pp 1 Pr HeMajy 3ajeJHUUKE KOpPeHe, | je ”HBepTUOMIIHO Y (D, E), Te 110 TeopeMu
0 UHBep3HOj ¢yHKIUjU (TeopeMa ), 0CTaje MHBEPTUOUI/IHO ¥ OKOJIMHU 07 (D, E). 3aT0
rocroju okosmuHa U C R™ ox C(0) = Y(D,E) TakBa fia ce 3a cBako W € U oproBapajyhu
IIOJIMHOM jeIUHCTBEHO pacraBJba ca Py = PyP,. IllTaBuUllle, THBEP3HO IIpeC/IHMKaBambe
! je aHAMUTHUKO Ha U, Te Cy KOMIIO3HUIIHje Ty o 1: W — YU 0 ™ 1: W Z Takohe
aHaJIUTHUUKe, Ca 771 o lp*l(C(O)) =Durmpo lp’l(C(O)) =FE.

OBako /106ujaM0o UeHTUTET Py Pz = Pcyy3acBako t € I, tmeje 0 € I" C I' C I,
IOK Cy IlpeciivKaBawa Y: I” — RP u Z: I’ — RY anasmuTuuka. Kako je p = degD < n
U q = degE < n, MOXXeMO IIPUMEHUTH WHAYKIIU]CKY XUII0Te3y Ha degA = n U JOOUTHU
aHanmuTHUKe pyHKIHje A;: I' — R 3a 1 < j < nKoje mapamMeTpHu3yjy KOPeHe off Py ).

OBaj JIOKaJIHU pe3ysTaT MOoXKe Ce CXBAaTHUTH Kao pepopMysalija PesrxoBe TeopeMe
[108, Jlema 2] Koja je HHCIIMpHUCaHa IPUCTYIIOM odpalheHuM y [103]. MehyyTum, 360r je-
OUHCTBEHOCTH aHAJIMTUYKOT IIPOAYKeHa, 6€3 yMamherha OIIIITOCTH M0>KeMO IIPeTIIoCTa-
BUTU 7a je I C R Mpon3Bo/baH OTBOPEH UHTEPBAJ, Kao U 1a Baku I’ = I. TlociieiiaHO
I06HUjaMO HapeaHy IJI0daIHy BEP3Ujy TeopeMe.

Teopema A.25. Heka je Py)(X) = X" + ay ()X ... 4 an(t) 3at € I jegrHoliapameiniapcka
pamunuja xutiepdoAUUKUX MOHUUHUX UOAUHOMA CllielieHa n ¢a pea/iHuUM aHAAUTIUUKUM
koeduyujentiuma a;: I — R3a1l < j < n, ige je I C R otusopeH uniiepean. Taga tioctuoje
aHaautauyxe gynkyuje A;: I — R3a 1 < j < niiakee ga Py (X) = H}lzl(x — Aj(t)) sadxcu 3a
ceet el
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A.5. Teopuja neptypdaumja

Hexka je I C R 0TBOpeH UHTepBaJ KOju cagp>ku 0, Te pa3MOTPUMO jeJHOIIapaMeTap-
CKy paMUIHjy eHfioMopor3aMa A(t) Ha BEKTOPCKOM IIpocTopy V auMeHsHje n € N. AKO
¢ukcupamo 6asy (Eq,...,E,) o1 V, OHIA Cy eJIeMeHTH MaTpHuIle of A(t) y TOj da3u aTH ca
A(t)(Ej) = X kAxj(t)Ex 3a 1 < j,k < n, Te PETIIOCTAaBUMO [ia Cy CBe ¢pyHKIHje Aj: [ — R
aHaTUTHUYKE. BaKHO je IPUMETHUTH /la Cé aHATUTUYHOCT eJIEMeHaTa Aj, 1yBa IIPUIHKOM
IIpOMeHe 6ase, CBe JJOK MaTpHIIa IIpeslacka 3aBUCH aHAJIUTHUYKU 10 t.

AKO je KapaKTepUCTUYHU II0JIMHOM OJ1 A(t) XUIIepSOJIUYKH 3a CBe t € I, 0HZia MOXKeMO
IpUMeHUTH TeopeMy . To mOHOCH aHAJIMTHYKe COIICTBEHE BPeIHOCTH A;: I — R 3a
1 <j < n, Tako ga

det(x1 —A(t)) = ﬁ(x — (1))
j=1

BaKHu 3acBet € I

Hexka je V(t) = 3_; vj(t)E; COIICTBEHH BEKTOP KOjH OArOBapa COIICTBEHO]j BPETHOCTH A(t).
OsHauuMo M(t) = A(t) — A(t) 1. Tapa coricTBeHa jegHaunHa M(t)V(t) = 0 [OHOCH CUCTEM
> ko1 My (t)vi(t) = 03a 1 < j < n, tAe ¢y M (t) = Ajx(t) — A(t)Sjx aHaTUTHIKe QyHKITHje.

Axo je M(0) # 0, onza 36or detM(0) = 0 mmocToju dpoj r € N TakaB Jia Cy CBU MU-
HOpPHU pefa r + 1 jefHaKH HYJIH, JOK IIOCTOjJU MHHOD pefa r = |A| = |B| 3a KOjH BaXXu
det((Mjk(0))jc.aken # 0. Hexa Nj(t) o3HauaBa kopakrop eaemeHTa M (t) y (r+1) x (r+1)
MaTpUIH (M (t))jc a4 kep> THEe iMaMo A" = A U {a} u B' = B U {b}. Ako nedpuHHUIIIEMO
Vi(t) = Ngi(t) 3ak € B'mvy(t) = 03a k ¢ B, tafa he Bektop V(t) = > ) Vk(t)Ey 38J0BOJEUTH

Mplfh(t) MPlQZ(t) T MPlQr(t) Mplb(t)

n Mpqu(t) Mszz(t) e Mszr(t) Mpzb(t)
ZMak(t)vk(t) = Z Mak(t)Nak(t) = =0,
= ke Mp,q,(£) Mpyg,(t) - Mp,g.(t) Mpp(1)

Magq,(t)  Mag,(t) -~ Maq,(t) Map(t)
sacBel <a<snrmejeAd={p,....pr} uB={q,...,qr} VI3 HEIIpeKUJHOCTH CJIE[HU /ia

MOKEeMO CMalbUTH HHTEPBAJI TAKO /1a Ba’>XU

D(t) = det(((Mjk(t))jeakes) # 0,

3acBetel,tneje0 eI C I 3atoje, vy(t) = Ng(t) = D(t) # 0, Te je V(t) cOnNCTBEHU BEKTOP
011 A(t) Koju oiroBapa COIICTBEHO] BPETHOCTH A(t) 3a cBaKo t € I'.

Axo je M(0) = 0, oHza je cay4aj M(t) = 0 3a cBe t € I TpuBHjaaH. Y CyIIPOTHOM, KaKO
cy cBe pyHKIHje Mj.: I — R aHaTUTHYKe U 3370Bo/baBajy M;r(0) = 0, moctoju m € N
TaKBO J1a je M(t) = t™MP°(t), e je M°(0) # 0. V 0BOM CiIy4ajy, MOXKEMO PEIIUTU CUCTEM
> ko1 ]\/I]‘?k(t)vk(t) = 0 Kao paHHje U JOSUTHU COIICTBEHU BeKTOop V(t).

ITIpetmoctaBuMO fa A(0)X = uX Baku 3a HeKU HeHyJ1a BeKTop X € V U u € R. IlocTo-
ju dasa (Eq,...,En) 0f V y K0joj je MmaTpuIia oz A(0) 610K fujaroHasHa ca KopzaHoBUM
MaTpullaMa Ha [¥jaroHau Tako 1a je E; = X (Bugetu Teopemy ). AKO MCKOPHUCTU-
MO A(0) = u, mocrojahe mHAekcu 1 < a,b < n TakBuU fAa je Mg (0) = 0 1 My, (0) = 0 3a
cBe 1 < k < n("gapaBHO, UMaMO b = 1), Te 3aToa ¢ AU b ¢ B. IIpuMeHOM IIPETXOJHUX
pesysITara l0dHjaMo COIICTBEHH BeKTOp V(t) = > ) Vi(t)Ex 3a A(t), Ihe je vi(0) = 0 3a cBe
k # b =1, mrto gaje V(0) = v1(0)Eq, Te 3aT0 W(t) = V(t)/D(t) reHepHllle aHATUTUYKHU COII-
CTBEHHU BeKTOp KOju ofrosapa A(t) Tako zma je W(0) = X u A(0) = p. Kao u paHyje, jequH-
CTBEHOCT aHaJIMTUYKOT IpoIIpena ode3deljyje 1a ce KOHCTPYKIHja MOYKe IIPOIIUPUTH
ca JIOKaJIHOT uHTepBaJa I’ C I Ha 11e0 uHTepBaJ I.

Teopema A.26. Heka je A(t), 3at € I, jegnotiapameiiapcka amuauja eHgomopg@usama Ha
KOHAYHOGUMEH3UOHOM 8eKIOPCKOM Upocitiopy V ca XuiepdoaudKum Kapaxkiiepucuuy-
HUM TOJAUHOMOM, TWAKO ga cy esiemeHiliu oglosapajyhe matipuuye peasHe aHAAUTTUHKE
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@dyHKUuuUje Ha ottieopeHOM uHitiepgany I C R koju cagpacu 0. Ako A(0)X = uX eadcu 3a HeKu
HeHy/a gekitiop X € V u U € R, oHga tocoju aHaauinudka gyHkyuja A: I — R u anaau-
muyko upecauxkasarwe V: I — V \ {0} twaxko ga A(t)V(t) = A(H)V(t) saxcu 3a cee t € I, ige je
V(0)=XuA0) =p.

YKOJIMKO UMaMO KBaJIpaTHU BEKTOPCKU 1IpocTop (V, &), OHJia je IIPUPOHO IIPEeTIIOCTa-
BUTH J1a Cy CBU A(t) caMoajyHroBaHu. Takolje IIpeTIIocTaB/baMo Jia je CBaKo A(t) rujaro-
HaIn3adWIHO (ca XUIIePSOIUUYKUM KapaKTepUCTUUHUM II0JIMHOMOM). OBaj yCJIOB je reo-

METPH]CKH IIPUPO/IAH U ayTOMAaTCKH UCIIYE-€H Kafl je V nebuHUTaH (BUZeTH Jlemy u
Jlemy ).

Heka je u corictBeHa BpefHOCT 3a A(0) Koja Ma BHUILIECTPYKOCT ', Te HeKa je (Fy,. .., Fr)
OpTOHOpPMHpaHa 6asa corcTBeHor Irpoctopa Ker(A(0) — u 1). TeopeMma |A.25 oaMax JOHOCH

aHaJIUTUUKY COIICTBEHY BpefHOCT A: I — R ca A(0) = yu. MaTeMaTUUYKOM MHIYKIIHjOM 110
r II0Ka3yjeMo Jia II0CTOje OpTOHOPMHUpaHa aHaJIMTHUUKa IIpecauKaBama V;: I — ) TakBa
najeAV;=AV;3acBel <i<rcaV;0)=F;.

Teopema @ ZIOHOCH aHAJIUTUYKO IIpecanKaBame V: I — V TakBo fa je AV = AV ca
V(0) = F;. lonaTHO, MOoryhe HaKOH CMakbUBalka UHTEPBAJa, IipecjirKaBame V ce Moxe
HOpPMaJIU30BaTH TaKo Jia ce NodHje jeIMHUYHO aHAJIUTHUYKO IIpecaiuKaBame Vi = V/||V]|.
Kao u paHuje, oBa JIOKaJIHa KOHCTPYKIIHja Y OKOJIMHU CBAKOT ¢ € I, IIOBJIAYM IJI0dATHO
TBplere Ha 0OTBOPEeHOM UHTepBaJy I, moHocehu Vy: I — V IIpeKo aHAJIUTUYKOT IIPOAY-
’Kemwa. Ha oBaj HauWH, peluiIu cMo ciay4daj r = 1.

3ar > 1, gepunuinemo eggoMmopousam P(t): V — V, KOju 30BEMO oulepaiuop upojex-
uuje, ca P(t)U = g(Vy(¢t), U)V1(t). EnxemenTH MaTpuiie P(t) y oqHOCY Ha QUKCHUPaHy OpPTO-
HOpMHUpaHy dasy (E1, ..., En) Cy gaTh ca pjx(t) = exvj(t)vi(t), Tae je Va(t) = > i, vi(t)E;. 3aT0
je P(t) caMoajyHroBaH U aHAJIUTUYKH, Te pasMaTpaMo HOBY paMUINjy caMOoa/jyHIOBa-
HUX eH/loMop¢r3aMa Koja je nebuHrcaHa ca B(t) = A(t)— P(t). Jlako je IpMeTUTH Jia B(t)
U A(t) ©Majy 3ajeTHHYKE COIICTBEHe BPeIHOCTH U COIICTBEeHe BeKTope Ha V1 (t)*, Mok Vi (t)
ca/ia 0Z;roBapa COIICTBEHOj BPeAHOCTH A(t) — E€f,. BUIIIECTPYKOCT COIICTBEHE BPEIHOCTH U
3a B(0) mocTaje r — 1 ¥ IpuMeByjeMO UHAYKIIUjCKY XUII0Te3y Ja SUCMO KOHCTPYHCAIU
OpPTOHOpPMMpaHa IIpeciarkaBamwa Vi: I — V Tako f1a je AV; = AV;3a 2 <i<r, caV;0) =F;.
Kaxko je V;(t) L Vy(t) 3acBei > 1, 0Ba KOHCTPYKIIHja JOHOCU TPaKeHUX I' OpTOHOPMHUpa-
HUX aHAJIUTHUUYKUX IIpecaIrKaBamwa V; Koja 0AroBapajy COIICTBEHOj BPELHOCTH A.

[IpuMersyjyhu UCTH apIyMeHT 3a CBaKy COIICTBEHY BpeIHOCT of A(0) modujaMo Kiia-
CcHr4YaH PesIMX0B pesyJITaT Jja COIICTBEHE BPeAHOCTH U OATOBapajyhu coIlcTBeHU BEKTOPHU
ox A(t) Mory dUTH H3adpaHU TAKo [la 3aBHCe aHAJIMTUYKHU I10 t. OBaj pe3yJITar je OpUIH-
HaJIHO JTOKa3aH JIOKAJIHO Yy OKOIUHU of 0 (Buzetu [108, ITporosuryja 1], [109, Teopema
1], [103]).

Teopema A.27. Heka je A(t), 3a t € I, jegHotilapameiiapcka gamuauja gujaloHaausadui-
HUX camMoagjyHIO8aHUX eHgoMOopPusama Ha KeagpaittHoM Upociiopy V gumeHsuje n, ako
ga cy enemeHiuu oglosapajyhe maiipuye peanHe aHaAutiudke yHKuuUje Ha olli8OPEeHOM
untnepeany I C R. Taga toctnoje anautiuuke gyHkyuje A;: I — R u aHaAuu4Ka upecau-
kaeara Vj: I —V,3a1 < j < n, twakxo gaje (Vi(t),. .., Va(t)) oplioHopmupaHa éaza og V 3a
ceet e L uA(t)Vi(t) = A;(t) V(o).

AKO esleMeHTH OfiroBapajyhe MaTpuile HUCY aHaJIUTUUKH, Beh caMo IVIaTKH, COIICTBe-
HU BEKTOPU MOTY Jla He 103B0JIe YaK HU HellpeKUaH U3dop, Kao IITO BUAUMO Y Hape/[-
HOM IIpuMepy IpeyseToM us3 [108].

IIpumep A.5. PasMOTpPHUMO jelHOIIapaMeTapcKy GaMUINjy caMOoa/ljyHTOBaHUX eH/IOMOp-
dusama reduHHCAHUX MaTpUIlaMa

1

i

1 [cos sin } >
1
1 —cosi
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A.6. AHanu3a

3at # 0 u moctaBuMoO A(0) = 0. OBa pamuiamja je mwiatka 3a t € R, ykpyuyjyhu u t = 0,
aJid HYje aHaIuTHh4Ka y t = 0 (Bugetu IIpumep @). Kako umamo fa je TrA(t) = 0 u
detA(t) = —e~2/t, comcTBeHe BpefHOCTH Off A(t) ¢y A(t) = +e~1/t. Ha mpuMep, BeKTOp
V(t) = (cos(1/2t),sin(1/2t)) je cOIICTBEHU BEKTOP KOjU OJroBapa COIICTBEHO] BPeJHOCTHU
A(t) = e~1/t", MeljyTrM, 0Baj COIICTBEHH BEKTOP Ce He MOXKe POy KUTH Y CBy/la HeHyJIa
HEeIIPEeKUHO IIpeciIrKaBame y t = 0, jep npecauKaBame t — V(t) jako ocIfuiIyje 1 HEMA
JumMmec xkaxg t — 0. A

Mehytum, Hu Teopema HU TeopeMa He MOTY Ce IIPOAY>KUTH Ha BUIIIeIIapa-
MeTapCKHU CIy4aj, IIITO AeMOHCTPUPa HapegHU IIpuMep us [108].

IIpumep A.6. PasMoTpuMO JBOIIapaMeTapcKy ¢paMIIIMjy caMOa/jyHIOBaHUX €H/I0MOP-
¢nsama nedUHUCAHUX IPEKO MaTPULIA

(142t t+s
A(t’s)_<t+s 1+23>

3at,s € R. CoIcTBeHE BPeTHOCTH 07 A(t,s) cy maTe ca A(t,S) = 1+t + s+ /2(t2 + s%), mrTo
HUje aHaJIUTU4YKa QYHKIHja HU Y jeTHOj OKOJIMHU KOOPAUHATHOT II0YeTKa. A

Hexke BHUIlIellapaMeTapCcKe Bep3uje TeopeMe Cy IIPeI0KUIIN Kyp,mea@ Hu HayHeCKy@
[78], amu 3a Halle moTpede LOBOJLHO je IIOCMAaTpaTH CaMoO jeJHOCTaBHUje Ciy4dajeBe.
Kapz pagumo ca BulllellapaMeTapCKUM paMuIrdjamMa caMoaZijyHIOBaHUX eHZoMopu3a-
Ma, aHaJIMTUYKa 3aBUCHOCT COIICTBEHUX BPEJHOCTH U COIICTBEHHX BEKTOpa Ce I'yoU Y
OIILIITEM CJIy4ajy, Kao IITO CMO AeMOHCTpUpaau y [Ipumepy @

AKO pasMOTPHUMO BHIIleIIapaMeTapCcKy GaMUIIN]jy XUIIEPSOIUYKUX MOHUYHUX I10JIH-
HOMa P, (1) CTereHa n, rie je T € U C R™ 0TBOpeH CKyII ca m > 1, oHfa ce iokas Teopeme
He MO>Ke JUPEeKTHO IIPOAY>KUTH, jep BUIIle HUCMO Y MOT'YhHOCTH /1a U3adepeMo aHa-
JINTAYKYU KBaJIpaTHHU KOpeH of —b,(T). Ha mpuMep, ysumame A(t, s) = (0, —t? —s?) moHOCH
daMIIHY Py ¢ 5)(X) = X* — t* — s%, unju KOpeHHU £v/t? + s2 HICY aHATUTHYKU Y KOOPAH-
HaTHOM II0YEeTKY.

MelhyTuM, aKo BUILIECTPYKOCTH COIICTBEHUX BPEJHOCTH 0CTajy KOHCTAHTHE ¥ OKOJIU-
HU JlaTe Tayke, Ta/a MOXKEMO YCIIOCTaBUTH [JeJIMMHUYHY peryJapHocT. Kaz ce BUIIeCTpy-
KOCTU He Memajy 0K T Bapupa, HeMaMo IIpeIIUTamke COIICTBEHUX BPeJHOCTH, Te Ce I10-
JIMHOM Pp(1) y UHpHXayCcOBOj GOPMHU CUMYJITAaHO pacTaBsba. Kako b, (T) = 0 mpejcTraBsba
CaMo je[Hy COIICTBEHY BpeJHOCT MaKCUMaJHe BUIIIECTPYKOCTH, TO yCJI0B by(0) = 0 110-
BJjIauu b, = 0, IITO je TpuUBHjaJaH caydaj. [Ipeocranu ciayuyaj je —b, > 0, IIpu yeMmy ce
KOpeHHU U3 —b, MOTy aHaJIMTUUYKU JeUHUCATH 1107, YCJIOBOM [ia je joMeH U IIpoCTo I10-
Be3aH, YuMe ce odesdeljyje a cy aHaJIUTUUKe I'paHe COIICTBEHUX BPeJHOCTH IJI06AIHO
nodpo pedrHrcaHe Ha U.

Teopema A.28. Hekaje Py ) (x) = X" +a1(T)x" 1 +.. .4 an(T) 3a T € U suwenapameiiapcka
gamuauja xuiepdoAuUUKUX MOHUUHUX TOAUHOMA CIUeTUeHd N €A PeaTHUM AHAAUTIUHUKUM
koeduyujentiuma a;: U — R3a 1 < j < n, ige je U C R™ Gpociiio ti08e3aH 0ME80OpeH CKYU
um > 1. Ako guweciipykocitiu KopeHa octiajy KOHciiaHiiHe Kpo3 U, oHga tocitioje aHa-
_ : : it : n
;uwque dynkyuje A;: U — Rcal < j < nimaxo gaje Pyr)(X) = [[i_1(x — A;(T)) 3a cee
el.

A.6 AHxanmu3sa

YV 0BOj CeKIIHUjU HaJIa3e Ce HEKU pe3yJITaTy U3 peasiHe aHasr3e KOju Cy HaM II0TPedHU
Y KEbU3U.

5Krzysztof Kurdyka (1957), I10J5CKH MaTeMaTHYap
15Laurentiu Padunescu (1952), pyMyHCKO-ayCTpa/JIHjCKH MaTeMaTH4ap
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IIpumep A.7. IlocmaTtpajMo GyHKIH)Y f: R — R Koja je frepuHMCcaHa ca

fx) = {ex 3ax>0

0 3ax<0’

3a x < 0 ounregHOo UMaMo f'(x) = 0, ZOK 3a X > 0 HHAYKIHjOM II0 N [0Ka3yjeMo Ja N-TH
u3BOJ QyHKIHje f1UMa 08JIUK

£ () = Eno1 gy (A.8)

in
I7e je Pp_1(X) HeKH IIOJIMHOM cTelleHa n — 1. ba3a MHIYKIHje je UCIIyKbeHa jeps3an = 1
uMamo f(x) = f(x)/x?, mrro ce peanusyje 3a Py(x) = 1. Kopak MHAYKIHje IIPOBEPaBaMo
Kpo3 pauyH

in X2n+1 X2n+2

A (x) = <P;l].(x) znPn—l(X) i Pn—l(x>>f(x)

2p/ — (2nx — 1)P,_ .
X0 Py P

I7Ie je Pp(X) IIOJIMHOM CTeIIeHa N JOSUjeH PEKYP3UjoM Pr(X) = x2P) _,(X) — (2nx—1)Pp_1(X).
Hako je 10BOJbHO pehu fa je Py (X) IIOJIMHOM CTelleHa He Beher off n, U3 peKypeHTHe Be-
3e BUUMO Ja je Bojehu KoeUIlHjeHT off Pp(X) modHujeH of Bojeher KoepuIilrjeHTa Off
P, 1(x) MHOXe®eM ca —(n + 1), ogHOCHO fja usHocH (—1)*(n+ 1)! # 0.

IIpeocTaje a foKa>kKeMoO [1a je eCHU M3BOJ OyHKIHje 'y Tauku X = 0 jeqHaK HyJIU.
EKcIioHeHITHja/IHa QYHKITHja CBaKaKo JOMUHUPA HaJ| CTelleHWMMa Ha II03SUTUBHUM X. Ha
IIPpHUMED, 3a CBAK0O m € Ny BaKu

— =X = g(m+1)!x§ = =) =(m+1)lxex,
m |
X X — U \x

U 0Ty[a
1

lim & < (m+ 1)!limx = 0. (A.9)
x\0 XM x\0

JodujeHa popmysia (@) 3am =1 naje
1
N0 x—0 XN\0 X
Te oTyza f(0) = 0. Kaxko je (@) yCTaHOBJbEHO 3a X > 0, bopMmyia (@) 3am=2n+1ys
IIPETIIOCTaBKY Aa je fV(0) = 0 moBJIaun

fW) —fM0) . Png(X)
)1(1\1% x—0 7}(1\5% x2n+1

1
_1 . e x
€ x :Pnfl(o))l(li%m =0,

IITO MHIYKITHjOM II0 N JoKasyje ma je f(0) = 0 3a cBako n € N, 0IHOCHO 7ia je f cByza
IJIaTKa.

CIJyHKL%ia fHuje aHasMTHUKa (y Hy/IH) jep Kako je f'V(0) = 0 3a cBako n € Ny To Ma-
KJIOPEHOBH peft of1 fKOHBeprupa Ka HyJia QyHKIIMjU U He MOJKe SUTH jeJHaK f(x) 3a x > 0.
Taxo cMo 1o6uUIu IIprMep IIaTKe QYHKIIM]je Koja HUje aHaIuTHYKa. A

Jlema A.29 (AgamapoBa jgeMma). Ako je U > a ollgopeHa KOHBEKCHA oKoauHa y R™, oHga
3a f € §(U) uociuoje pyHkuuje l; € §(U) 3a 1 < i < nmako ga 3a ceaxko x € U saxcu

f00 = fla) + Y (mi(x) — mi(@))li(x),
i=1

upu uemy je ly(a) = (9f/om;)(a).

17Colin Maclaurin (1698-1746), IIKOTCKA MaTeMaTHYap

244



A.7. Anredpa

JAokas. Jepunuimumo h: [0,1] — R ca h(t) = fla+ t(x — a)), Te KaKo je

W =3 L as - @m0 - mi@)
i=1 !

UMaMo
1 ) n 1 o
0 —la) = 1)~ h(o) = [ n(eydt - >0 - @) | k@ toc-ape
I7e je )
W00 = [ L@+ tx- e
Te je dyHKIMja [; IotaTKa U Baxku l;(a) = (0f/0m;)(a). O

Axo je f: U — V miaTka ¢yHKIUja, rme cy U € R™ u V C R" 0TBOpeHU IO/ CKYIIOBU
eYKJIHUCKUX IIPOCTOpa, OHZA je (II0TIIYHH) u3eog of fy p € U JIMHeapHO IIpec/IUKaBambe
f(p): R™ — R" TakBo fja 3a v € R™ Baxxu

d

FPNv) = % t_of(P +).

Teopema A.30 (Teopema o nHBep3HOj PyHKIMjH). Heka je f: U — R" Laatika fyHKUUja

3a otigopeH U C R™. Ako je f (p) uHgepiuuduaro 3a p € U, waga tioctuoju okoauHa V C U og
p akea gaje f1y: V— flV) gugpeomopguzam.

Joka3. Ha npumep, Buzgetu JIu [81, Teopema C.34]. O

A.7 Anareodpa

[IpeTmiocTaBUMO J1a CKYII M UMa JiBe SUHAapHe ollepalivje + U X, Te HeKa je 0 HeyTpaJIHU
eJIeMeHT 3a +. Jakodujee ugeHimuiniein je jeJHaKOCT 1aTa ca

XX (Yyxz)+yx(zxx)+zx(xxy)=0, (A.10)

3a cBe X, Y,z € V. CTaHJapJHU BeKTOPCKH IIPOU3BOJ, X X y 3aZI0B0JhaBa JaKOSUjeB U/IeHTH-
TeT, Kao ¥ KOMyTaTop omepaltyja [x,y] = X x y —y x X. Y oIIIITeM c/Iy4dajy ©IMaMo HapeHy
JIeMy.

Jema A.31. YV iiogmogyny anledpe Hag UpCillieHOM KOjU je 3allleopeH 3a Komyiuaitop, Jako-
dujeg ugeniuinie ( ) 8aiCU 3a KOMYTHATLOP.

/Jlokas. JakodHujeB UIEHTHUTET [X, [V, Z]|+ [V, [Z, X]]+[z, [X,Y]] = 0 MO>Ke ce jefTHOCTaBHO IIPOBe-
PUTH, jep AUPEKTaH pauyH 110 e QUHUIIU]U aje IBaHaeCT YWiaHOBa KOjU Ce IIOHUIIITABajy
I10 IIaPOBUMA, XYZ — XZY — YZX + ZYX + YZX — YXZ — ZXY + XZY + ZXy — ZyX — xyZz +yxz = 0. [

3aHUMJBUBO je pasMOTPUTH SUJIMHEAPHO IIpecjrKaBame f: R™ x R™ — RV omnurem
cayd4ajy, cauka Im f C R HHje BeKTOPCKH IMOTHPOCTOp. MehyyTuM, ako jecTe, OH/Ia Ha pac-
roJiaralky UMaMo HapeJHe HejeTHaKOCTH Koje Cy aTe y TeOpeMU KOjy je II0CTaBHo Xay-
ap,z[@ 1980. rogune [[72] (Takohe BugeTH [102] 3a jemHOCTaBHUjU A0Ka3).

Teopema A.32. Ako je f: R™ x R™ — R SusiuHeapHo u CypjeKiliueHo, oHga je n < 2m — 1.
HAogatuHo, ako je f kococumeitipudHo, oHga je n < 2m — 3.

18Ralph Elwood Howard (1950), aMepHUKy MaTeMaTHdap
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lasa A. Jlogartak

A.8 Teopuja dopojeBa

Jlema A.33 (JupuxiieoBa TeopeMa 0 apoKcHManuju). 3a ceako ¢ € RuN € N, tiocitioje
m,n € Ng can < N ako ga je \nc —m| < 1/N.

Joxkas. PasmoTpuMo dpojese pc — |pc| € [0,1) 3a mjesie dpojeBe 0 < p < N. AKO U3[1eTUMO
nHTepBal [0,1) Ha N moguHTepBaJla jefHaKUX AYy>KHMHA, Ha OCHOBY /lUpUXJIE0BOT IIPUH-
IUIIa, 1Ba TakBa dpoja 0 < p < ¢ < N Mopajy SUTH Y KCTOM IIOJUHTepBajy OfaKJe J00HU-
jamo |(qc—|qc|)— (pc—|pc])| < 1/N.KoHauHO, II0CTaB/baMOn = g—pum = |qc|— |pc|. O

246



JUTEPATYPA

[1] J. E. Adams, Vector fields on spheres, Annals of Math. 75 (1962), 603-632.

[2] M. ArTHh, JudepeHyujanHa Teometipuja mHolocitipykociuu, MaTeMaTHUIKu QaKyJI-
TeT, beorpag, 2015.

[3] B. Auapejuh, IIpusaol teopuju ticeygo-Pumarogux OcepmaHosux MHOIOCIUPYKOCTuU,
VHuBeps3uTeT y beorpazay, Marucrapcka tesa, 2006.

[4] V. Andreji¢, On certain classes of algebraic curvature tensors, SFIN XXII A1 (2009), 43—
50.

[S] V. Andreji¢, Strong duality principle for four-dimensional Osserman manifolds, Kragu-
jevac J. Math. 33 (2010), 17-28.

[6] B. Auapejuh, IIpuHyui gyanHocitiu 3a OcepmaHoge MHOIOCIUPYKOCU, YVHUBEP3UTET
y beorpany, mokTopcka Tesa, 2010.

[7] V. Andreji¢, Duality principle and special Osserman manifolds, Publ. Inst. Math., Nouv.
Sér. 94 (2013), 197-204.

[8] V. Andreji¢, Quasi-special Osserman manifolds, Filomat 28 (2014), 623-633.

[9] V. Andreji¢, On Lorentzian spaces of constant sectional curvature, Publ. Inst. Math.,
Nouv. Sér. 103 (2018), 7-15.

[10] V. Andreji¢, Two-root Riemannian manifolds, Mediterr. J. Math. 20 (2023), 100.

[11] V. Andreji¢, The proportionality principle for Osserman manifolds, ]J. Geom. Phys. 176
(2022), 104516.

[12] V. Andreji¢, Equivalence between Jacobi-orthogonality and Osserman condition in di-
mension four, ]J. Geom. Phys. 216 (2025), 105599.

[13] V. Andrejic¢, K. Luki¢, On quasi-Clifford Osserman curvature tensors, Filomat 33 (2019),
1241-1247.

[14] V. Andreji¢, K. Lukic, On the existence of a curvature tensor for given Jacobi operators,
Filomat 37 (2023), 8465-8471.

[15] V. Andreji¢, K. Luki¢, The Orthogonality Principle for Osserman Manifolds, Acta Math.
Hungar, 173 (2024), 246-252.

[16] V. Andrejic¢, Z. Rakic¢, On the duality principle in pseudo-Riemannian Osserman mani-
folds, J. Geom. Phys. 57 (2007), 2158-2166.

[17] V. Andreji¢, Z. Raki¢, On some aspects of duality principle, Kyoto ]J. Math. 55 (2015),
567-577.

247



NnTtepatypa

[18] M. Berger, P. Gauduchon, E. Mazet, Le Spectre d’une Variété Riemannienne, Springer,
1971.

[19] A. Besse, Manifolds all of whose geodesics are closed, Ergebnisse der Mathematik und
ihrer Grenzgebiete. 2. Folge, Vol. 93, Springer-Verlag, Berlin, 1978.

[20] A. Besse, Einstein manifolds, Ergebnisse der Mathematik und ihrer Grenzgebiete. 3.
Folge, Vol. 10, Springer-Verlag, Berlin, 1987.

[21] G.Birkhoff, Metric foundations of geometry. I, Trans. Am. Math. Soc. 55 (1944), 465-492.
[22] R. L. Bishop, R. J. Crittenden, Geometry of Manifolds, Academic Press, 1964.

[23] N. Blazi¢, N. Bokan, P. Gilkey, A Note on Osserman Lorentzian manifolds, Bull. London
Math. Soc. 29 (1997), 227-230.

[24] N. Blazi¢, N. Bokan, Z. Raki¢, Osserman pseudo-Riemannian manifolds of signature
(2,2),]. Austral. Math. Soc. 71 (2001), 367-395.

[25] N. Blazi¢, S. Vukmirovi¢, Examples of self-dual, Einstein metrics of (2,2)-signature,
Math. Scand. 94 (2004), 63-74.

[26] A. Bonome, P. Castro, E. Garcia-Rio, L. Hervella, R. Vazquez-Lorenzo, Pseudo-Rieman-
nian manifolds with simple Jacobi operators, J. Math. Soc. Japan 54 (2002), 847-875.

[27] R. Bott, J. Milnor, On the parallelizability of the spheres, Bull. Am. Math. Soc. 64 (1958),
87-89.

[28] L. E. ]J. Brouwer, Beweis der invarianz des n-dimensionalen gebiets, Math. Ann. 71
(1911), 305-313.

[29] M. Brozos-Vazquez, E. Merino, Equivalence between the Osserman condition and the
Rakic duality principle in dimension 4, J. Geom. Phys. 62 (2012), 2346-2352.

[30] E. Garcia-Rio, P. Gilkey, M. E. Vazquez-Abal R. Vazquez-Lorenzo, Four-dimensional Os-
serman metrics of neutral signature, Pac. J. Math. 244 (2010), 21-36.

[31] H. Busemann, Metric methods of Finsler spaces and in the foundations of geometry,
Princeton University Press, Princeton, 1942.

[32] E. Cartan, Sur une classe remarquable d’espaces de Riemann, I, Bull. Soc. Math. France
54 (1926), 214-264.

[33] E. Cartan, Sur une classe remarquable d’espaces de Riemann, II, Bull. Soc. Math. France
55(1927), 114-134.

[34] M. P. do Carmo, Riemannian geometry, Boston, 1992.
[35] P. Carpenter, Harmonic Riemannian manifolds, Durham University, PhD thesis, 1980.

[36] P. Carpenter, A. Gray, T. Willmore, The Curvature of Einstein Symmetric Spaces, Q. J.
Math., Oxf. II. Ser. 33 (1982), 45-64.

[37] Q. Chi, A curvature characterization of certain locally rank-one symmetric spaces, ].
Diff. Geom. 28 (1988), 187-202.

[38] Q. Chi, Curvature characterization and classification of rank-one symmetric spaces, Pac.
J. Math. 150 (1991), 31-42.

248



Nntepatypa

[39] E. A. de Costa, Codimension two submanifolds with 2-nonnegative curvature operator,
Arch. Math. 90 (2008), 82-86.

[40] M. Crainic, Inleiding Topologie, Lecture notes, 2019.
[41] P. Clark, Quadratic Forms, Chapter 1: Witt’s theory, Lecture notes, 2013.

[42] M. Dajczer, K. Nomizu, On the boundedness of Ricci curvature of an indefinite metric,
Bol. Soc. Bras. Mat. 11 (1980), 25-30.

[43] M. Dajczer, C.-R. Onti, T. Vlachos, Einstein submanifolds with flat normal bundle in space
forms are holonomic, Proc. Am. Math. Soc. 146 (2018), 4035-4038.

[44] M. Dajczer, R. Tojeiro Submanifold theory, Beyond an introduction, Universitext, Sprin-
ger, 2019.

[45] ]J. Dieudonné, Une généralisation des espaces compacts, . Math. Pures Appl. 23 (1944),
65-76.

[46] S. K. Donaldson, An application of gauge theory to four-dimensional topology, ]J. Differ.
Geom. 18 (1983), 279-315.

[47] B.Eckmann, Gruppentheoretischer beweis des satzes von Hurwitz-Radon tiber die kom-
position quadratischer formen, Comment. Math. Helv. 15 (1943), 358-366.

[48] Y. Euh, J. Kim, Y. Nikolayevsky, ]J. Park, On 2-stein submanifolds in space forms, Result.
Math. 77, 84 (2022).

[49] A. Fialkow, Hypersurfaces of a space of constant curvature, Annals of Math. 39 (1938),
762-785.

[50] B. Fiedler, Determination of the structure of algebraic curvature tensors by means of
Young symmetrizers, Séminaire Lotharingien de Combinatoire 48 (2003), Article B48d.

[51] M. M. Fréchet, Sur quelques points du calcul fonctionnel, Rend. Circ. Matem. Palermo
22 (1906), 1-72.

[52] M. H. Freedman, The topology of four-dimensional manifolds, ]. Differ. Geom. 17 (1982),
357-453.

[53] G. Freitas: Submanifolds with homothetic Gauss map in codimension two, Geom. Dedi-
cata 180 (2016), 151-170.

[54] S. H. Friedberg, A. J. Insel, L. E. Spence, Linear algebra, Pearson, 4th Edition, 2002.

[55] P.M. Gadea, A. Montesinos, Spaces of constant para-holomorphic sectional curvature,
Pacific J. Math. 136 (1989), 85-101.

[56] P. Gilkey, Manifolds whose curvature operator has constant eigenvalues at the basepo-
int, J. Geom. Anal. 4 (1994), 155-158.

[S7] P. Gilkey, Geometric properties of natural operators defined by the Riemann curvature
tensor, World Scientific, 2001.

[58] P. Gilkey, The geometry of curvature homogeneous pseudo-Riemannian manifolds, Im-
perial College Press, 2007.

[59] P.Gilkey, R. Ivanova, The Jordan normal form of Osserman algebraic curvature tensors,
Result. Math. 40 (2001), 192-204.

249



NnTtepatypa

[60] P.Gilkey, R. Ivanova, Spacelike Jordan Osserman algebraic curvature tensors in the hig-
her signature setting, Differential Geometry, Valencia 2001, World Scientific (2002),
179-186.

[61] P. Gilkey, A. Swann, L. Vanhecke, Isoparametric geodesic spheres and a conjecture of
Osserman concerning the Jacobi operator, Q. J. Math., Oxf. IL. Ser. 46 (1995), 299-320.

[62] J. Gallier, ]J. Quaintance, Differential geometry and Lie groups: A computational per-
spective, Springer, 2020.

[63] E. Garcia-Rio, D.N. Kupeli, M.E. Vazquez-Abal, On a problem of Osserman in Lorentzian
geometry, Differ. Geom. Appl. 7 (1997), 85-100.

[64] E. Garcia-Rio, D.N. Kupeli, M.E. Vazquez-Abal, R. Vazquez-Lorenzo, Affine Osserman
connections and their Riemann extensions, Differ. Geom. Appl. 11 (1999), 145-153.

[65] E. Garcia-Rio, D.N. Kupelj, R. Vazquez-Lorenzo, Osserman manifolds in semi-Rieman-
nian geometry, Springer-Verlag, 2002.

[66] A. Gray, T. J. Willmore, Mean-value theorems for Riemannian manifolds, Proc. R. Soc.
Edinb., Sect. A 92 (1982), 343-364.

[67] M. Gromov, Sign and geometric meaning of curvature, Rend. Sem. Mat. Fis. Milano 61
(1991), 9-123.

[68] G.Gross, E. Meinrenken, Manifolds, vector fields and differential forms, Springer, 2023.
[69] F. Hausdorff, Grundziige der Mengenlehre, Leipzig, 1914.

[70] S. Helgason, Differential geometry, Lie groups, and symmetric spaces, Academic Press,
1978.

[71] H. Hopf, W. Rinow, Ueber den Begriff der vollstdndigen differentialgeometrischen Fliic-
he, Comment. Math. Helv. 3 (1931), 209--225.

[72] R. Howard, Dimension inequalities on the range of a multilinear function with vector
space range, Linear Multilinear Algebra 8 (1980), 247--252.

[73] A. Hurwitz, Uber die komposition der quadratischen formen, Math. Ann. 88 (1923), 1-
25.

[74] T. Kato, Perturbation theory for linear operators, corrected printing of the 2nd Edition,
Springer, 1995.

[75] M. Kervaire, Non-Parallelizability of the n-Sphere for n > 7, Proc. Natl. Acad. Sci. USA
44 (1958), 280-283.

[76] M. Kervaire, A manifold which does not admit any differentiable structure, Comment.
Math. Helv. 34 (1960), 257-270.

[77] R.S. Kulkarni, The values of sectional curvature in indefinite metrics, Comment. Math.
Helv. 54 (1979), 173-176.

[78] K. Kurdyka, L. Paunescu, Hyperbolic polynomials and multiparameter real-analytic
perturbation theory, Duke Math. J. 141 (2008), 123--149.

[79] Jeffrey M. Lee, Manifolds and Differential Geometry, American Mathematical Society,
2009.

[80] John M. Lee, Introduction to Topological Manifolds, 2nd Edition, Springer, 2011.

250



Nntepatypa

[81] John M. Lee, Introduction to Smooth Manifolds, 2nd Edition, Springer, 2013.
[82] John M. Lee, Introduction to Riemannian Manifolds, 2nd Edition, Springer, 2018.

[83] L. A. Lichtenfelz, P. Piccione, A. Zeghib, On the isometry group of Lorentz manifolds.
In: Recent trends in Lorentzian geometry, Springer, 2013, 277-293.

[84] K. Luki¢, The Jacobi-orthogonality in indefinite scalar product spaces, Publ. Inst. Math.,
Nouv. Sér. 115 (2024), 33-44.

[85] A.I. Mal’cev, Foundations of linear algebra, W. H. Freeman and company, 1963.

[86] Y. Matsuyama: Minimal Einstein submanifolds with codimension two, Tensor (N.S.) 52
(1993), 61-68.

[87] E. Meinrenken, Clifford Algebras and Lie Theory, Springer, 2013.

[88] J. Milnor, On manifolds homeomorphic to the 7-sphere, Annals of Math. 64 (1956), 399-
405.

[89] E. E. Moise, Geometric topology in dimensions 2 and 3, Springer, 1977.
[90] S. Morita, Geometry of Differential Forms, American Mathematical Society, 2001.

[91] S. B. Myers, N. E. Steenrod, The group of isometries of a Riemannian manifold, Annals
of Math. 40 (1939), 400-416.

[92] Y. Nikolayevsky, Osserman manifolds and Clifford structures, Houston J. Math. 29
(2003), 59-75.

[93] Y. Nikolayevsky, Osserman manifolds of dimension 8, Manuscripta Math. 115 (2004),
31-53.

[94] Y. Nikolayevsky, Osserman conjecture in dimension n # 8,16, Math. Ann. 331 (2005),
505-522.

[95] Y. Nikolayevsky, On Osserman manifolds of dimension 16, Contemporary Geometry
and Related Topics, Proc. Conference, Belgrade (2006), 379-398.

[96] Y. Nikolayevsky, Conformally Osserman manifolds, Pac. J. Math. 245 (2010), 315-358.

[97] Y. Nikolayevsky, Z. Raki¢, A note on Rakic¢ duality principle for Osserman manifolds,
Publ. Inst. Math., Nouv. Sér. 94 (2013), 43-45.

[98] Y. Nikolayevsky, Z. Raki¢, The duality principle for Osserman algebraic curvature ten-
sors, Linear Algebra Appl. 504 (2016), 574-580.

[99] Z.Olszak On the existence of generalized space forms, Israel. J. Math. 65 (1989), 214-218.

[100] B. O’Neill, Semi-Riemannian Geometry With Applications to Relativity, Academic
Press, 1983.

[101] R. Osserman, Curvature in the eighties, Am. Math. Mon. 97 (1990), 731-756.

[102] P. Pamfilos, On the dimensions of the image of a multilinear function, Linear Multili-
near Algebra 20 (1987), 333--336.

[103] A. Parusinski, A. Rainer Perturbation theory of polynomials and linear operators. In:
Handbook of Geometry and Topology of Singularities VII, Springer, 2025, 121--202.

251



NnTtepatypa

[104] H. Poincaré, Analysis Situs, ]. Ec. Polytech., Math. (1895), 1-123.
[105] J. Radon, Lineare scharen orthogonaler matrizen, Abh. Sem. Hamburg I (1923), 1-14.
[106] Z.Raki¢, Ossermanove mnogostrukosti, Univerzitet u Beogradu, doktorska teza, 1998.

[107] Z.Rakié, On duality principle in Osserman manifolds, Linear Algebra Appl. 296 (1999),
183-189.

[108] F. Rellich, Storungstheorie der Spektralzerlegung. I., Math. Ann. 113 (1937), 600--619.

[109] E. Rellich, Perturbation theory of eigenvalue problems, Gordon and Breach Science
Publishers, New York, 1969.

[110] B.Riemann, Uber die Hypothesen, welche der Geometrie zu Grunde liegen (Mitgetheilt
durch R. Dedekind), Abhandlungen der Koniglichen Gesellschaft der Wissenschaften
in Gottingen 13 (1868), 133-152.

[111] B. Riemann, On the Hypotheses Which Lie at the Bases of Geometry (translated by W.
K. Clifford), Nature 8 (1873), 14-17, 36-37.

[112] F. Schur, Ueber den Zusammenhang der Rdume constanten Riemann’schen Kriim-
mungsmaasses mit den projectiven Raumen, Math. Ann. 27 (1886), 537-567.

[113] M. Spivak, A Comprehensive Introduction to Differential Geometry, Vol. 2, 3rd Edition,
Publish or Perish, Inc., Houston, Texas, 1999.

[114] J. Stallings, The piecewise-linear structure of Euclidean space, Proc. Cambridge Philos.
Soc. 58 (1962), 481-488.

[115] N. Steenrod, The topology of fiber bundle, Princeton University Press, Princeton, 1951.

[116] C.H. Taubes, Gauge theory on asymptotically periodic 4-manifolds, ]J. Differ. Geom. 25
(1987), 363-430.

[117] J. Tits, Sur certaines classes d’espaces homogeénes de groupes de Lie, Acad. Roy. Belgi-
que, Cl. Sci., Mém., Coll. 29 (1955).

[118] L. W. Tu, An Introduction to Manifolds, 2nd Edition, Springer, 2011.

[119] O. Veblen, J. Whitehead, A set of axioms for differential geometry, Proc. Natl. Acad.
Sci. USA 17 (1931), 551-561.

[120] O. Veblen, J. Whitehead, The foundations of differential geometry, Cambridge Univer-
sity Press, 1932.

[121] A.G.Walker, Canonical form for a Riemannian space with a parallel field of null planes,
Q. J. Math., Oxf. II. Ser. 1 (1950), 69-79.

[122] H. C. Wang, Two-point homogeneous spaces, Annals of Math. 55 (1952), 177-191.

[123] S. Weinberg, Gravitation and cosmology: Principles and applications of the general
theory of relativity, John Wiley & Sons, Inc., 1972.

[124] J. A. Wolf, Spaces of constant curvature, 6th Edition, AMS Chelsea Publishing, 2011.

252



NHAEKC IIOJMOBA

Apnawmap, Kaxk, 30
Amamc, IloH, 59
AjHinrTajH, Andepr, 136
akcuoma
Ipyra IIpedpojuBoCTH, 7, 226
IIpBa IIPedpojuBOCTH, 226
aiaredpa
JlujeBa, 45
AjexcaHppoB, IlaBes, 7
AHpnpejuh, Biraguiia, 128, 162, 163, 166,
171,172,173, 174, 175, 178, 180,
181, 185, 187, 194, 201, 202, 203,
212, 213, 214, 218, 223
Autuh, Mupociasa, iv
atiac, 11,4
ragak, 11
KOMILJIeTaH, 5
KOMILIeTaH pacjojerna, 52
pacJojema, 52
TOIIOJIOIIIKH, 4
dasa
JIOKaJIHa TOII0JIOTHje, 225
pedpojusa, 7
paciojemna, 52
COIICTBEHA, 228
TOIIOJIOTHje, 225
YOIIIIITeHA JIOKAJIHA TOII0JIOTHje, 225
bepixe, Mapceur, 85
Bece, Aptyp, 136, 210, 212
Bupkxog, 'eperT, 153
Bjaukuy, Jiyuhu, 119
biaxuh, HoBuiia, 163
SJI0K
KoppaHos, 231
peasHu KopaHos, 233
bokaH, Hepa, 163
Bospaj, JaHorr, 1
bopeu, Emu, 227
bor, Payi, 58
bpaysBep, Jlojiien, 227
op3uHa, 93

jenvHUYHA, 94
KpuBe, 93
bposoc-Backes, Muryeu, 185
Byceman, Xep&epT, 153
Bajudepr, CTuseH, 124
BajHrapreHs, Jynujyc, 147
Bajrxen, XeHpH, 2
Banr, XcueH UyHTr, 153
BaHgepMoHz, AnexkcaHgap-Teodu, 160
Bauxeke, JIuBeH, 212
Bapujalyja
KpO3 reojfiesujcke, 141
Backes-Adai, Mapuja Enena, 156
Backes-JlopeHs0, PamoH, iv, 156, 199,
205, 212, 214
Bebdsen, OcBas, 2
BEKTOP
op3uHe, 93
BpeMeHCKY, 73
IedurHUTaH, 73
H30TpoOIIaH, 73
jemyvHUYaH, 73
mpocropas, 73
COIICTBEHH, 227
TaHI'eHTHH, 29
YOIIIITeHHU COIICTBEHH, 229
BEKTOpH
OpPTOroHaJHY, 73
OpPTOHOPMUpAaHU, 74
Bujert, ®paHcoa, 234
Buiimop, Tomac Ilejmc, 157, 210
Bur, EpHcT, 77
BuTHHUjeBa cyma, 54
BurtHu, Xeciep, 54
BUIIIECTPYKOCT, 228
areoMeTpwHjckKa, 228
ajredapcka, 228
KOHjyranyje, 145
BJIaKHO, 52
Boxkep, ApTyp, 79
Boud, [Tosed, 152, 153

253



MHzaekc nojmoBa

BpegHOCT
KOMILJIEKCHA COIICTBeHa, 231
peryJsiapHa, 42
COIICTBeHa, 227
lanyje, JKaH AHpY, iv
l'apcuja-Puo, Enyapno, iv, 156, 162, 199,
205, 212, 214
l'ayc, Kapu ®puapux, 1
reojiesyjcka
KpuBa, 106
MaKcuMaJiHa, 107
pazujaiHa, 110
reoMeTpyja
nceyno-PumaHoBa, 83
I'miky, [utep, iv, 154, 157, 163, 172, 173,
176, 209, 212
rpajujeHT, 85
I'pam, JopreH IlemepceH, 58
I'pacMmaH, XepMmaH, 74
rpa¢uk, 8
I'pej, Andpen, 157, 210
I'poMoB, Muxau, iii
I'poc, T'azn, iv
rpyma
HU30MeTpHja, 83
usorpomnyje, 87
JlujeBa, 20
JIMHeapHa, 12, 20
JlopeH110Ba, 92
rypame
BEKTOPCKOT I10Jb3, 49
TaHTeHTHOT BeKTopa, 48
Jaxiiep, Mapkoc, iv, 133
HemexuHn, Puxapn, 1

71ejCTBO
IJ1aTKo, 87
rpyue, 87

CJIO60/IHO, 87

TPaH3UTHUBHO, 87
neUHUTHOCT, 72

HeraTuBHa, 72

IIO3UTHUBHA, 72
ouBepreHiyja, 133
oUMeH3Hja

aTJaca, 4

Kapre, 3

MHOTOCTpyKOCTH, 11
Aupuxiie, JlexxeH, 39
oUCTpudyIyja, 56
mudpeomopdusam, 3

usMeljy MHOTOCTPYKOCTH, 20

JIOKaJIHH, 35

254

IudepeHnyjai, 32, 60
IudepeHIIUpame, 44

y TauKHy, 29
JjenoHe, ’KaH, 10
JoHaJsacoH, CajMoH, 23
Ly>KHUHA

BeKTopa, 73

JIyKa, 93
eKBUBaJIeHIIMja

KOH$OpPMHa, 88
ExMaH, beHo, 59
eJIeMeHT

Iy>KHUHCKH, 80
eHOMOpU3aM, 227

JIvjaroHaan3aduiiaH, 228
Eyxuupg u3 Ajsiekcaszgpuje, 1
3aTBOpeke, 225
3HaK

XuIiepIiospiu, 150
VBaHOBa, PajHa, 154, 176
UIEeHTUTET

BjaHkujes, 119

Ipyru bjankuyjes, 121

Jaxkodujes, 45, 121, 245

KOHTpakKoBaH bjaHKujesB, 136

pBU bjaHkujes, 119

Puuujes, 139
H3BOJ, 245

KOBapHujaHTHY, 98

KOBapHWjaHTHU Iy>X KpuBe, 104

Jujes, 70

napuujaaHy, 30

IIOTIIYH KOBapHjaHTHY, 98

TE€H30PCKOT I10/ba, 68
nu3oMeTpuja, 83

JIMHeapHa, 75

JIOKaJIHa, 83
nusoMopdusam

MY3UUYKH, 85

paciojema, 54

paciiojewma Haf, 54
umMepsyja, 35

rceyno-PumanoBa, 83
HUH/JIEKC

Butos, 77

KBa/IpaTHOT BEKTOPCKOI IIPOCTOPa,

75
rceyz0-PUMaHOBe MHOTOCTPYKOCTH,
78

CKaJIapHOT IIpou3BoOJa, 75
Wucesn, ApHousx, 227
UCHpIbUBaKeE, 11



MHaekc nojmoBa

Jakoéwujas, 33 KOMIIOHEHTa
Jaxodwu, Kapu, 33 II0BE3aHOCTH, 226
jeqHauyMHa KOMIIOHEHTe
l'aycosa, 148, 149 TEeH30PCKOT I10Jba, 66
Jaxkodujesa, 141 KOMYyTarop, 45
Kopanin—-MajHapau, 148 KOHa4YHOCT
KoparujeBa, 148 JIOKaJIHa, 10
PuuujeBa, 148 KOHBepreHIyja, 225
jenHaunHe KOHeKcHja, 98
JIOKaJIHE Teole3ujcKe, 107 KOHTpaKIyja, 67
KapakTep KOHYC
y3po4HY, 73 H30TPOIIHH, 75
Kapmo, MaHope[o 1o, iv KOOpAWHaTe, 3
KapriieHTep, Ilos, 157, 209 HOpMaJiHe, 110
KapTa XOMOT€eHe, 15
paciojema, 52 Kocwui, XXan-Jlyj, 101
CKyIa, 3 Koy, OrucreH Jlyj, 115
TOIIOJIOLIIKOT ITPOCTOpa, 8 Kpajruk, Mapujyc, 225
[leHTpHUpaHa, 3 Kpawmep, I'adpujei, 20
Kapran, Ean, 151 KpHUBa, 93
KapTe JlomyIITeHa, 93
IJIaTKO carjiacHe, 11 MUHUMU3Yyjyha, 113
KOMITaTUOUIIHE, 3 peryiapHa, 93
KpHIIIKa, 41 KpUBHUHA
carjiacHe, 3, 11 IJ1aBHa, 150
Kato, Tocuo, 239 CeKIIMOHa, 125
Kejiu, Aptyp, 153 CKasapHa, 135
Kentanc, Koceaus, iv Kpucrodei, ExBuH, 99
Kepsep, Murttes, 23, 58 KpyT
Kitajn, ®enukc, 78 BeJIuKH, 149
Kiapk, ITut, iv KyIjia
KJ1aca reozesujcka, 113
oyHKIIHje, 3 eYKJIH/[ICKa, 9
Kiudopna, Bunmjam KuHrmoH, 2 jemvHMUYHA, 21
KiuIfa, 30 HOpMaJHa, 113
KOBEKTOpH TaHTeHTHa, 113
TaHTeHTHH, 60 Kysikapau, PaBunppa, 132, 133
Kopmary, JlesipuHo, 148 Kynienu, lemup Hypy, iv, 156, 162, 199,
KogvMeHsHja, 39 205, 212, 214
KOUH/JIEKC Kypauka, Kmuirod, 243
IIOJMHOTOCTPYKOCTH, 150 Jajduurn, l'ordpuy Bunxenm, 29
KOMIIaKTHOCT, 226 JlamtacujaH, 134
JIOKaJIHa, 227 Jlamac, ITjep-CumoH, 134
KOMIIaTUSUJIHOCT Jleder, AHpH, 93
JakoéujeBux oreparopa, 125 JleBu-Yusura, Tyano, 101
KOMILIeKCUpUKaIija JeMa
BEKTOPCKOT IIpocTopa, 231 Anamaposa, 30, 244
eHgoMop¢usMa, 231 l'aycoBa, 112
KOMILJIEMEHT 0 JIeIJbeHY ITIaTKUX IIPeCcIuKaBama,
OpPTOrOHAaJIHY, 73 19
KOMILJIETHOCT YpucoHoBa, 26
reogesujcka, 107, 114 JlujeBa 3arpaja, 45
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Jlunpenod, EpHet, 107
JIn, Codyc, 20
JIu, Iledppy, iv
JIy, I1oH, iv
JlodaueBckH, Hukoaj, 1
JlopeHry, XeHIPUK, 78
Jlykuh, Katapusa, 174, 175, 178, 180, 187
Majepc, CamHep, 83
MajHapay, I'acriape, 148
MajHpeHnkeH, Exxapg, iv
MaxJiopeH, Ko, 244
MaJb1ieB, AHaToHj, 235
MaTpuUria
I'pamosa, 72
KopmaHoBa, 231
Jaxkobdwujas, 33
JaxkodwujeBa, 33
peasHa JKopzaHoBa, 233
MepuHo, Eyrenuo, 185
MeTJia
SeckKOHa4YHa, 226
MeTpUKa, 78
BokepoBa, 79
eyKJIH/CKa, 79
KitajHoBa, 78
JlopeHI10Ba, 78
HeyTpaJsiHa, 78
OKpyr1Jia, 87
IIpOou3BOfL, 83
PumMmaHoOBa, 78, 82
MeTpUKe
KOHOpMHe, 88
MutHop, IloH, 23, 58
MuHKOBCKH, XepMaH, 79
MHOTOCTpPYKOCT, 11, 7
AjHIrTajHOBa, 136
aMoUjeHTHa, 39
IJIaTKa, 11
odaiHo JKopraH-OcepmaHoBa, 205
1odasnHo OcepMaHOBa, 205
IBe-TauKe XOMOreHa, 152
mubepeHIUjaaHa, 11
H30TpPOIIHA, 87
Jaxkodu-nujaronanmsaduiaHa, 205
jemaH-KopeH, 212
KitajHoBa, 78
KopeH, 205
JlopeHIioBa, 78
OcepMmaHOBa, 205
rapaJiejn3adwuiIHa, 55
npoussof, 14
nceyno-PrumaHoBa, 78
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PuMmaHOBa, 78
PumanoBa OcepMmaHOBa, 204
Cylep-AjHIITajHOBA, 210
TayKa II0 TauKa
Koppan-OcepmaHoBa, 205
Tayka I10 Tauka OcepMaHoOBa, 205
TOIIOJIOIIIKA, 7
XOMOreHa, 87
ITajH, 209
MHOT'OCTPYKOCTH
nIudeomopdHe, 20
H30MeTpUuYHe, 83
xoMeoMopoHe, 20
MoOJieJI
ITonHKapeos Kyria, 89
ITonHKapeosB II0JIYIIPOCTOP, 91
Mous, EoBuH, 23
Mopuwura, [Ilurejyky, iv
HukosajeBcky, Jypy, 174, 187, 198, 204
Homuny, Kartymu, 133
HOpMa
BeKTopa, 73
KBaJipaTHa, 73
Hocay, 17
Ojnep, JTeoHapg, 86
OKOJIMHaA, 225
KOOpAWHATHA, 3
HOpMaJHa, 110
IIOTIIyHO HOpMaJsIHa, 111
yOIIIITeHa, 225
O’Huu, Baper, iv
oriepaTrop
aduHU KpUBUHE, 124
Jakobéujes, 124
KOCOAaJ[jyHIoBaH, 123
KOCOCHUMeTpHYaH, 123
KpuBHHEe, 118
obJmKa, 147, 150
IapaJsieJIHOT IIoMepama, 105
[10JIapHU30BaH Jakodujes, 124
penykoBaH Jakodujes, 125
caMoajjyHrosas, 123
cuMeTpuyaH, 123
opdura, 87
OcepMmaH, Podepr, iii, 204
0COdUHA
JIOKaJIHa, 226
IIapakoMIIaKTHOCT, 10
IapamMeTpu
KOHJyroBaHu, 145
mapamMeTpusalyja
IY>KUHOM JIyKa, 94
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JIOKaJIHa, 3

yHasaz, 93

yHartpes, 93
[Tapycumcku, Aram, 239
[layHecky, JlaypeHIIH]jyY, 243
ITuxkap, llapJ, 107
II0Be3aHOCT, 226, 98

KOMITaTUOMIIHA ca MeTpUKOM, 105

JleBu-UuBuTa, 101

JIOKAJIHa, 226

JIOKAJIHO ITyTHa, 226

MmeTpHuyka, 100

HOpMaJIHa, 147

IIyTHa, 226

cuMeTpu4yHa, 100

CTaHgapAHa, 98
TIOBUCHUJINIIA, 85
IoBJIauewe, 63

KOBapHjaHTHOT TeH30pa, 67

KOBEKTOPCKOT I10Jb4a, 63
IIOAMHOTOCTPYKOCT, 39

KpHIlKa, 40

0TBOpeHa, 12

IIoTOoIlJbeHa, 40

IIOTIIYHO reofiesujcka, 149

nceymo-PumaHoBa, 82

perynapHa, 40

PuMmaHoOBa, 82

CMeIllTeHa, 40
o/ipacJiojeme, 56
nozapeheHocT, 25
IoZp>KaHo, 17

KOMIIaKTHO, 17
IIOJZICKYII

KOMIIaKTaH, 226

II0Be3aH, 226

IIyTHO I10Be3aH, 226

pes1aTUBHO KOMIIaKTaH, 226
ITonHkape, ’Kuj1 AHpH, 2
IIOKPETHH periep

IodajyHu, 55

KOOpPAUHATHH, 55

JIOKaJIHH, 55

JIOKaJIHU OpTOHOpPMHpaHHU, 80
IIOKpHUBaY, 226

0TBOpeEH, 226
IIOJIMHOM

KapaKTepUCTHUYHH, 228

MHUHHMAaJIHH, 229

pacraB/bUB, 228
ImoJba

f-Be3aHa BEKTOpCKa, 49

I10JB6€

BapHjalliOHO BEKTOPCKO, 141
BEKTOpPCKO, 44

BEKTOPCKO Iy>K KpuBe, 103
Jakoéujeso, 141
KOBEKTOPCKO, 61
KOOPJAUHATHO BEKTOPCKO, 44
HOpPMAaJIHO BEKTOPCKoO, 143
HOpMaJIHO JakodujeBo, 143
IapaJiesIHO BeKTOpCKo, 104
IapaJiesTHO TeH30PCKo, 98
IIPOY>KUBO BEKTOPCKO, 103
TaHTeHTHO BEKTOPCKO, 142
TEeH30PCKO, 64

TToMeparbe

rnapaJseJsHo, 105

Ioramname, 35
IIOTIIOKpPUBaY, 226
IIOTIIPOCTOP

UHBapujaHTaH, 228
HeraTUBHO leUHUTAH, 74
HeJlereHepucaH, 74
HOpMaJiaH, 73
OPTOrOHAaJHY, 73
II03UTUBHO eGUHUTAH, 74
IIOTIIYHO U30TPOIIaH, 77
I[IUKJIMYHY, 228

IpaBa

fyrauka, 7
ca ouuMa, 6

IIpaBarj

J1aBHH, 150

IIpeC/IMKaBamke

dasHo, 54

IJ1aTko, 19

IJIaTKO U3Meljy MHOTOCTPYKOCTH, 18
IVIaTKO y Tauyky, 18, 19
IJIOSAJIHO TaHTeHTHO, 48
JBOIlapaMeTapcko, 111
eKCIIOHeHITHjaaHo, 109
KOHCTAaHTHOT paHra, 34
KOH$OPMHO, 88
HeIIpeKUIHo, 225

IIYHOT paHra, 35
TaHT'€HTHO, 32

IIPUHIIUIT

nyasHocTH, 171

IIPOU3BO],

€PMUTCKU CKaJIapHHU, 235
KOMIUIEKCHH CKaJIapHU, 235
rceyno-PumaHoOB, 83
CHUMeTpHUYaH, 68
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CKaJIapHH, 72 riceyzmocdepa, 92
TeH30pCKHY, 65 paBaH
YBPHYTH, 83 TaHIeHTHa, 125
VHYTpAallhy, 72 pamukai, 74
IIpojeKIrja Paznomn, JoxaH, 59
HoOpMaJHa, 146 pasdujame
paciojemna, 52 HHTepBaJa, 93
cTepeorpadcka, 13 jenuHUIlE, 25
TaHreHTHa, 146 Pajuep, ApMmuH, 239
xurepdosryka crepeorpadceka, 89 Pakuh, 3opasn, 162, 170, 172, 175, 185, 187
IIPOCTOP paHr
aHTU-ze Curepos, 92 KOHCTaHTaH, 57
e CuTepos, 92 IIpecIuKaBama, 34
€PMUTCKHU KBaZpaTHU BEKTOPCKH, paciojema, 52
235 CHUMEeTPHUYHOT IIpoCcTOopa, 152
eYKJIHU/CKH, 12, 79 XOMOMOpdH3Ma paciojemna, 57
KBaJIpaTHU BEKTOPCKH, 72 paciojeme
KOJIMYHUYKY, 15 aMOUjeHTHO TaHTeHTHO, 146
KOMIIaKTaH, 226 BEKTOPCKO, 52
KOMILJIEKCHHU KBaJIpaTHU BEKTOPCKH, BPeMEHCKO jeJUHUYHO TAHTeHTHO,
235 204
KOMILJIEKCHH IIPOjeKTUBHH, 16 KOTaHI€HTHO, 61
KOHCTaHTHe KpUBHUHe, 132 HOpMaJHO, 146
KOTaHTeHTHH, 60 IIPOM3BOJ, 53
JIOKaJIHO eYKJIU/CKH, 4 IIPOCTOPHO jeJUHUYHO TaHT€HTHO,
JIOKAJIHO KOMIIaKTaH, 227 204
JIOKAJIHO I10Be3aH, 226 pecTpukIyja, 53
JIOKaJIHO ITyTHO II0Be3aH, 226 TaHITeHTHO, 43, 53
JIOKaJIHO CHMeTpHu4aH, 151 TPUBHjaIHO, 54
MMUHKOBCKOT, 79 pacrojame
HOpMaJaH, 225 PumanoBo, 94
HOpMaJIHy, 146 pesanyja
II0Be3aH, 226 XypBHIIOBa, 58
IIceymo0-eyKJINUACKH, 79 Pesnx, ®paniy, 239
IICeyJOXUIIEPOOIUYKH, 92 peltapamMeTpH3alyja
yTHH, 94 JomyIliTeHe Kpuse, 93
IIyTHO II0Be3aH, 226 Kpuse, 93
pacJiojema, 52 MOHOTOHa, 93
peaiHu IIPpOjeKTUBHY, 15 pelipeseHTalyja
perysapaH, 225 H30TpPOIIHA, 87
ca CKaJIJapHUM IIPOU3BOIOM, 72 KOOpAUHATHA, 18
Cca VHyTpalllKkUM IIPOU3BOAOM, 72 Puwman, bepHxappg, 1
cuMeTpuyYaH, 151 Punos, Buiy, 115
COIICTBeHH, 227 Puuu-Kypéactpo, I'peropuo, 135, 148
TaHT'eHTHH, 29 Cakepy, boBaHy, 1
TOIIOJIOIIIKHU, 225 CsaH, Exyipy ®paHcuc, 212
YHUTApaH, 235 CBOjCTBO
YOIIIIITeHHU COIICTBEeHH, 229, 232 Typoso, 209
Xaycmopdos, 6, 225 CEerMeHT
IIPOCTOPHU Jleo II0 J1e0 perysaapHy, 93
XoMeoMopoHY, 225 perysaapHu Kpuse, 93
npopumemne, 10 ceyeme
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BEeKTOPCKOT pacjojema, 55
Hy1a, 55
TAHTeHTHOT pacjojemna, 44
CHUTHaATypa, 75
IIoTIIpocTopa, 77
CuiiBecTepoB 3aKOH UHepLyje, 75
CunBecrep, IlejMc, 75
CUMS0JI
Kpucrodesos, 99
cuMeTpyja
reoziesyjcka, 151
CUMETPHUYaH J1eo, 68
CUHyCOHUa
TOIIOJIOIIIKA, 226
cUCTeM
JIOKQJIHU KOOPAUHATHY, 3
Cutep, BueM nie, 92
CKYyII
3aTBOpeH, 225
KOJIMYHUYKH, 14
OTBOpEH, 225
IpedpojuB, 224
IIpedpojuBO deCKOHauvaH, 224
CKYII HUBOA
perynapas, 42
CMelllTame, 38
TOIIOJIOIIKO, 38
CHU3HUJINIIA, 84
CrinBak, Majkir, 2
cTaduausarTop, 87
CramuHrec, [IoH, 23
Crunapon, Hopmas, 60, 83
CTPYKTYypa
raTka, 11
CTaHJap/JHa aTka, 12
cydMepsuja, 35
cohepa, 13,9
reogesujcka, 113
HOpMaJHa, 113
TaHITeHTHa, 113
Tayéc, Kitudopn, 23
Tayka
H30JI0BaHa, 225
KpUTUYHA, 42
perynapHa, 42
Tauke
KOHjyroBaHe, 145
Tejsop, Bpyk, 30
TeH30p, 64
ajredapCKy KpUBUHE, 122
aHTu-Kimmdopnros, 179
aHTHUCUMeTpPUuYaH, 67

BpeMeHcKH JKopaaH-OcepMaHOB,
154

BpeMeHcKH OcepMaHOB, 154
Koppan-OcepMmaHoB, 154
Jakodu-nujaroHanusaduiay, 154
Jaxkodu-nyanan, 171
Jakodu-opToroHasnas, 187
Jakoéu-tiponopriioHasaH, 200
KBasu-Kinudopmos, 174
Kimmdopmos, 174
KOBapHjaHTHY, 64
KOHTpaBapHujaHTHY, 64
KopeH, 154
KpHUBUHEe, 119
MeTpPHUYKH, 78
odsmKa, 147
OcepMmaHOB, 154
nosry-Kimmdopzos, 178
IIOTIIYHO JaKodU-yasiaH, 171
npoctopHo JKoppaH-OcepMaHOB, 154
npocTopHO OcepMaHOB, 154
Puuujes, 135
CUMeTpHYaH, 67
c1ado Jakodu-gyasnaH, 171
mIrajg, 157

TeopeMa
JAupuxieosna, 39, 246
Kejnmmn-XaMuiaToH, 229
0 UHBApPUjaHTHOCTH JUMeH3Hje, 5,

32,227

0 MHBapHjaHTHOCTH JJOMeHa, 227
0 UHBep3HOj QyHKIUjY, 35, 245
0 KOHCTaHTHOM paHry, 36
OCHOBHA aJredpe, 231
0 YellUbawy jexxa, 58
CIIexTpaJiHa, 237
Tejsioposa, 30
Xajue-bopeu, 227
Xom¢-PuHOB, 115

Turc, JKaxk, 153

Toxxeupo, Pyj, iv

TOIIOJIOTH]a, 225
aTjaca, 4
KOJIMYUHMUKA, 225
pesiaTuBHa, 225

TOp3uja, 100

TOpYyC, 14

Tpar
TeH30pa, 86

TpUBHjaIH3anyja, 54
JIOKaJIHa, 54

Ty, JIopuHT, iv
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yop3ame, 106
yJarame, 38
YHYTPAIHOCT, 225
Vpucos, IlaBei, 26
yCJIOB
Xaycnop¢os, 6
bamuiyja
Kimudoprona, 173
¢diaia
KitajHoBa, 86
dopma
duIMHeapHa, 72
ZIpyra OCHOBHa, 147
epPMUTCKa, 235
KopmaHoBa HOpMaJsIHa, 233
KBajpaTHa, 235
HeJlereHepucaHa, 72
CeCKBUJIMHeapHa, 235
CUMeTpHUYHa, 72
CKaJIapHa pyra OCHOBHa, 147
dbopmyiia
BajHrapTeHoBa, 147
l'aycoBa, 147
Kocuiosna, 101
®perire, Mopuc PeHe, 2
®dpupdepr, JlopeHc, 227
dpupdepr, CtuBeH, 227
dpunman, Majki, 23
dyHKITH]a
Ij1aTka, 3
IJIaTKa Ha MHOTOCTPYKOCTH, 16
IJIaTKa y TAYKH MHOT'OCTPYKOCTH, 16
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IudepeHIujaduiHa, 3
Oy>KUHe JyKa, 94
KapakTepuCcTU4YHa, 19
KOOpAUHATHA, 3
HeaHaJIMTHUKa, 24
mpeJsiacka, 3
yraoHa, 36
Xypsuii-Pamos, 59
rrombdacra, 24
XajaMm, OMmap, 1
XajHe, XajHpUx, 227
Xayappg, Pand, 245
Xaycnmopo, denukc, 2
XeJsracoH, Curypayp, 153
Xece, JIyaBur OTo, 99
XecwujaHs, 99
XUIIepIIoBp1I, 40
rceymo-PumanoBa, 150
XHUII0Te3a
OcepMmaHoOBa, 204
xoMeoMopdusam, 225, 3
XOMOMOpdr3am
paciojema, 54
paciiojewma Hag, 54
Xom, XajHry, 115
Xypsuii, Anosd, 58, 59
ITepmesto, EpHCT, 7
YupHxayc, Ependpuz Baarep ¢poH, 239
Yy, hyo-Illuy, 170, 199, 204
IIImuT, Epxapna, 58
Myp, puppux, 131
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