ON THE GENUS OF THE INTERSECTION GRAPH OF IDEALS
OF A COMMUTATIVE RING

ZORAN S. PUCANOVIC, MARKO RADOVANOVIC, AND ALEKSANDRA LJ. ERIC

ABSTRACT. To each commutative ring R one can associate the graph G(R),
called the intersection graph of ideals, whose vertices are nontrivial ideals of
R. In this paper we try to establish some connections between commutative
ring theory and graph theory, by study of the genus of the intersection graph of
ideals. We classify all graphs of genus two that are intersection graphs of ideals
of some commutative rings and obtain some lower bounds for the genus of the
intersection graph of ideals of a nonlocal commutative ring.

1. INTRODUCTION

In order to get a better understanding of a given algebraic structure A, one can
associate to it a graph G and study an interplay of algebraic properties of A and
combinatorial properties of G. In this paper we try to establish some connections
between commutative ring theory and graph theory.

Throughout this paper all rings are commutative.

Let R be a ring with identity and I*(R) the set of its nontrivial ideals. Since the
ideal structure reflects ring properties, several graphs that are based on the ideals
were defined (see, e.g. [2, 9, 12, 24]). In this paper we study the intersection graph
of ideals G(R), which is defined as follows:

V(G(R)) :=I*(R), E(G(R)):={{I,I,}: NI # 0},

where V(G(R)) (resp. E(G(R))) denotes the set of vertices (resp. edges) of the graph
G(R). This graph was introduced in [12], where Chakrabarty et al. studied planarity
of intersection graphs of the ring Z,,, and characterized those rings R for which the
graph G(R) is connected.

Intersection graphs of certain sets that are not necessarily ideals are studied in [14]
and [15]. The graphs in [14] and [15] are related to the total graph of a commutative
ring. For more details, we recommend reading [1, 3, 4, 5, 8].

One of the most important topological properties of a graph is its genus. Finding
the genus of a given graph is a very hard problem, it is in fact NP—complete (see
[28]). The problem of finding the genus of a graph associated with a ring have been
studied by many authors; see [6, 10, 11, 16, 21, 29, 30, 31], etc. In [18], the authors
studied planar graphs which may occur as intersection graphs of some commutative
rings. In [23] characterization of planar graphs that are intersection graphs of some
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rings was completed, and all toroidal graphs that are intersection graphs of some
rings were classified.

The present work continues research in this area. In Section 3 we classify all genus
two graphs that are intersection graphs of some rings. In Section 4 we give some lower
bounds on the genus of the intersection graphs of nonlocal rings. In Section 5 we
prove that for every g > 1, there are only finitely many nonisomorphic genus g graphs
that are intersection graphs of some rings.

2. PRELIMINARIES

For the algebraic part of this paper, notation and terminology is standard and
one may find it in, e.g., [7], or in [20]. For the graph theoretical part, notation and
terminology may be found in [17], for the classical graph theory, and [22], for the
topological graph theory. We briefly recollect some basic notions and results from
graph theory which we are going to use in this paper.

A graph G is an ordered pair (V, E), where E C [V]? and [V]? is the set of all
2-element subsets of V. Then V(G) := V is the set of vertices of G and E(G) := E
is the set of edges of G. If G and G’ are graphs, then G’ is a subgraph of G if V! CV
and E' C E. If G’ contains all edges zy € E for x,y € V' (we denote the edge {z,y}
by zy), we say that G’ is an induced subgraph of G. We use the notation G[V’] to
denote the induced subgraph spanned by V'. If F C [V]?, then G — F := (V,E\ F).
Similarly, if W C V, then G — W := G[V \ W].

The degree of a vertex x, denoted by deg(z), is the number of vertices adjacent
to z. If E(G) = [V]?, then G is a complete graph. If |V| = n we denote this graph
by K™. If the set V(G) is a disjoint union of two nonempty sets A and B, such that
two vertices are adjacent if and only if they belong to different sets, then the graph
G is a complete bipartite graph. If |A] = m and |B| = n, we denote this graph by
Kon-

By a surface we mean a compact connected topological space such that each
point has a neighborhood homeomorphic to an open disc in R2. We denote by S,
the surface obtained from the sphere Sy by adding n handles. It is known that every
orientable surface is homeomorphic to precisely one of the surfaces S,, (n > 0). The
number n is called the genus of the surface S,,. The purpose of this paper is to
study the question of embeddings of the intersection graphs in double torus S;. An
embedding of a graph G into some topological space S is a homeomorphism between
the geometric realization of G and a subspace of S. One may think of an embedding
of a graph G into S as a drawing of G on S with no edge crossings. An embedding
of G into S is cellular if each component of S — G (i.e., each face) is homeomorphic
to an open disc in R2. An embedding in which all faces have boundary consisting of
exactly 3 edges is called a triangulation. Genus of a graph G is minimum n such that
G can be embedded in S,, and embeddings of G in S,, are called minimum genus
embeddings. Note that every minimum genus embedding of G is cellular (Proposition
3.4.1. in [22]). This is one of the reasons why in the remaining of this paper when
we say that a graph is embedded in a surface, we will assume that it is cellularly
embedded. Note that graphs of genus 0 are planar graphs and graphs of genus 1 are
toroidal graphs. One of the most remarkable theorems in topological graph theory,
known as Euler’s formula, states that if G is a finite connected graph with n vertices,
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e edges, and of genus g, then
n—e+ f=2-2g,

where f is the number of faces obtained when G is cellularly embedded in S,.

Euler’s formula can be used in combination with some combinatorial identities
and other inequalities to show the nonexistence of certain embeddings. Since G is a
simple graph, every face has at least 3 boundary edges and every edge is a boundary
of 2 faces; so, 2e > 3f, with equality if and only if G is a triangulation of the surface.
We will often use this feature.

Let us recall two well known results on the genera of complete and complete
bipartite graphs. In both propositions [z] denote the smallest integer greater than
or equal to x.

Proposition 2.1. (Ringel [25]).

V(Emn) = [Ww ,mn > 2.

Proposition 2.2. (Ringel and Youngs [26]).

) = [C=DD]

According to the previous proposition, v(K™) = 0 for n < 4, v(K™) = 1 for
5<n <7 and y(K") = 2 iff n = 8. So, embeddings of K® on Sy are minimum
genus embedding, and therefore cellular. If H is a subgraph of G, then v(H) < v(G).
If v(G) > n, we will say that G is a forbidden subgraph of S,,. Since complete graphs
are often subgraphs of the graph G(R), their genus is relevant for this work. We will
repeatedly use the fact that K is a forbidden subgraph of S,.

Let 4(S,) be the number of triangles in a minimal triangulation of S,, (triangula-
tion of S,, is called minimal if the number of triangles is minimal). M. Jungerman
and G. Ringel determined §(S,,) for each orientable surface S,, [19]. We will use this
result in the special case n = 2.

Proposition 2.3 ([19]). Let §(S2) be the number of triangles in a minimal triangu-
lation of a double torus. Then

5(Ss) = 24.

Length of a R-module M is the maximum n such that there exists submodules
No, N1, ..., Ny of M such that No & Ny & --- & N,,. If this maximum does not
exist we say that M has infinite length. We will denote the length of a module M
by I(M).

Proposition 2.4. If G(R) has finite genus, then R is an Artinian ring. If we view
R as a R-module, then [(R) <9 if v(G(R)) = 2.

Proof. If R is not Artinian, then there exists an infinite descending chain Iy D Is D
-+« DI, D--- of ideals in R. Hence, G(R) contain K™ as a subgraph (for any n),
a contradiction. Therefore, R is Artinian, and hence Noetherian. So, it has finite
length as a R-module and that length has the stated upper bound. (I
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So, we can concentrate on Artinian rings. By the structure theorem for Artinian
rings [7, Theorem 8.7], an Artinian ring R is isomorphic to the product of local
Artinian rings R; with maximal ideals M;:

R~R; X---XR,. (2.1)

In the following, we assume that the condition that a ring is Noetherian is included
in the assumption that it is local. For a local ring R with unique maximal ideal M,
the quotient M*/M*+1 is a vector space over the field R/M for any nonnegative
integer k. By Nakayama’s lemma, the dimension of this vector space determines the
minimal number of generators for M*. The following proposition correspond to the
fact that M/M? has dimension n as a vector space over R/M. This proposition
directly follows from [20, Theorem 158], so we omit the proof. We will use it often
to check whether certain ideals are equal.

Proposition 2.5. If n is the minimal number of generators of M, where M is the
mazimal ideal in a local ring R, and if {x1,...,x,} is any generating set of M, then
none of the elements x; belongs to M?2.

We end this section with the following result obtained in [23].

Lemma 2.1 ([23]). Let R be a local ring with mazimal ideal M which is minimally
generated by two elements such that M? # 0. If the field F(= R/M) is infinite, then
the graph G(R) does not have a finite genus.

3. RINGS WITH GENUS 2 INTERSECTION GRAPHS OF IDEALS

We begin this section by presenting graphs IV and I'”, embedded in a double torus
(see Figures 3 and 4 at the end of this section), which are crucial for our discussion
since all intersection graphs G(R) of genus two are either IV or subgraphs of T'”'.

Proposition 3.1. Let R be a commutative Artinian ring. If in the product (2.1) one
has n > 3, then v(G(R)) = 2 if and only if G(R) is isomorphic to T".

Proof. Let R be a commutative ring such that v(G(R)) = 2.

First, let us assume that n > 4. Then G(R) contains a graph induced by 0 x
OXOX Ry x...x Ry, R XOX0OX Ry X...xR,,, 0 X Ro x0X Ry X... X Ry,
OXOXRgXx Ryx... xRy, R X RoX0OX Ry xX...XRp, Ry xOX Ry X Ry X... X Ry,
OXRoXRgXRyXx... xRy, R X Ro X Rg3x0X... X Ry, Ri x Ro xOX0X...X Ry,
Ry x0Xx R3x0x...x R,. This graph has v = 10 vertices, e > 40 edges, and
genus g < 2. So, by Euler’s formula f = e — v+ 2 — 2g, i.e. f > 28, and therefore
0>3f—2e=f+2(f—e) >4, acontradiction.

So, n = 3. If rings R;, for 1 <4 < 3, are fields, then by [18] G(R) is planar, a
contradiction. So, at least one of R;, 1 < i < 3, is not a field.

First, let us assume that Ry and Ry are local rings with maximal ideals M; # 0,
M2 #0 Thenideals]1 :M1><0><0, I2 :R1><0><0, .[3 :M1><M2><0,
I4=M1><R2><O7I5:M1XOXR3716:R1XOXR3, 17:]\41><]\42><R37
Is = M1 x Rax Rz, Ig = Ry x My x Rz induce a K? contained in G(R), a contradiction.

So, w.l.o.g. we may assume that M; # 0, and My = M3 = 0. If M2 # 0 (by
Nakayama’s lemma M2 # M), similarly as in the previous case, we find that the
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ideals M2 x0x 0, M2 x Ry x0, M? x Ry x R3, MZ x0x Rz, My x0x0, M; x0x Rs,
M x Ry x0, My x Ry x R, R1 x0x0 induce a K contained in G(R), a contradiction.

So, M? = 0. Let {x1,22,...,7,} be a minimal set of generators of M;. If n > 2,
then ideals Ry x0x 0, Ry X Ry x0, Ry x0x Rz, M1 x0x0, My x Ry x0, M; x0x Rg,
M x Ry x Rz, (21)x0x0, (z1)x Ry x0 induce a K? contained in G(R), a contradiction.
Therefore, M is a principal ideal, say M; = (x), and 22 = 0. The intersection graph
G(R) then contains ten vertices: v1 = (z) x 0% 0, v2 = (x) X R2 X0, v3 = (x) X0 X R3,
vg = () X Ro X R3, v5 = R1 x0x0, vg = R1 Xx Ry x0, v = Ry Xx0X R3, vg = 0xX Ry X0,
vg = 0 x 0 x Rg and v1g = 0 X Ry X R3. It is easy to see that G(R) is isomorphic
to I (isomorphism is given by v; + ), which can be embedded in Sy as shown on
Figure 3. (|

Proposition 3.2. Suppose that R = Ry X Ry is a product of two local rings. Then
Y(G(R)) = 2 if and only if one of the rings, say Rs is a field and (Ry, M) is a local
ring such that: |Ry/M;| = 2, dim(M;/M?) = 2, and M? = 0.

Proof. Let R = Ry X Ry be such that v(G(R)) = 2. Then at least one of Ry and Ry
is not a field, since otherwise v(G(R) = 0.

So, w.l.o.g. let us assume that R; is not a field and let {z1, 3. .., z,} be a minimal
set of generators of M;. If n > 3, the ideals (z1) x 0, (x1) X Ra, (x1,22) X 0,
<QZ‘1,$2> X RQ, <’Jll,i]']3> X 0, <IZ?1,£E3> X RQ, R1 X O, <IL‘1,IL’2,I‘3> X O, <I1,$2,$3> X R2
induce a K contained in G(R), a contradiction. So, n < 2.

Case 1. n = 2.

If R2 is not a field ideals 0 x RQ, Rl X MQ, 0 x MQ, <.1,‘1> X RQ, <l‘1> X Mg, <l‘2> X RQ,
(x9) X Mo, My x My, M x Ry induce a K° contained in G(R), a contradiction. Hence,
Ry is a field. Suppose that M # 0. If 27 # 0, then the ideals (x1) x 0, (z1) X Ra,
Ry x 0, (22) x 0, (x2) x Ry, My x 0, My x Ry, (x2,25) x 0, (v, 25) x Ry induce a K°
contained in G(R), a contradiction. Similarly, if 122 # 0, ideals (x1) X 0, (x1) X Ra,
Rl X O, <l‘2> X 0, <.’L‘2> X Rg, M1 X O, Ml X RQ, <l‘1l‘2> X 0, <.’1?1.T2> X R2 induce a Kg,
a contradiction. Thus, 27 = 23 = z122 = 0, i.e., M? = 0. Such a ring has a simple
structure of ideals. Besides M, all proper ideals of R; are principal and of the form:

(1), (x2), (x1 + axa), where o € U(Ry).

Furthermore, if o, 8 € U(Ry), then (x1 + axa) = (x1+ Bx2) if and only if o — 5 € M,
(for details see [23, Proposition 3]). These ideals are minimal, and have trivial
intersections. We conclude that there are |Ry/M;j| + 1 such ideals; so, [I*(R;)| =
|R1 /M| + 2.

Let us first examine the minimal case, when |R;/M;| = 2. Then G(R) have
10 vertices, the ideals v; = (x3) X 0, v = M; x 0, v3 = (x1) X Ra, v4 = Ry X
0, v5 = <$1 +m2> X 0, v¢ = Mj; X Ry, v; = (.Tl +$2> X Ry, vg = <.’1?2> X Ro,
vg = (x1) x 0, and vig = 0 x Re. It is easy to see that G(R) is isomorphic to
I'"[1,2,3,4,5,6,7,8, ws, ws] — {13,17}, where the isomorphism is given by v; > i,
for 1 < i <8, vg — wg, and v1g — ws. Therefore, as shown on Figure 4, G(R) can
be embedded in Ss.

If |Ry /M| = 3, we have 12 distinct ideals in I*(R) (in addition to the ideals from
the previous case, there are new ideals v1; = (x14+ax2) x 0 and v13 = (1 +axa) X Ra,
for some a € U(R) \ {1}). Let us assume that v(G(R)) = 2, i.e., that G(R) can
be embedded on S;. Note that vertex set S = {vq,vs,v4,vg,v7,v8,v12} induces
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a K7, and that the only neighbors of vertices from I*(R)\ S are in G[S]. Let
H = G[S U {v1p}]- This graph has v = 8 vertices and ¢’ = 26 edges. If this
graph were embeddable in Sq, then, by Euler’s formula, the number of faces in that
embedding is f/ = 18. But 54 = 3f’ > 2- ¢’ = 52, a contradiction. So, embedding of
H obtained from embedding of G(R) in Sy is minimum genus embedding, therefore
cellular. By Euler’s formula, the number of faces in this embedding of H is f’ = 16.
Note that for v € I*(R) \ (S U {v10}) all neighbors of v are some vertices of the face
of H in which v is contained. Also, all vertices from I*(R) \ S are adjacent to v, vg
and vg, so no two of them are contained in the same face of the embedding of H (two
vertices inside of disc can not be adjacent to the same three points on the boundary
of this disc such that these edges do not cross). So, there are at least 4 faces of H
that are of size at least 4, and therefore 52 =2-¢’ > (f' —4) -3+ 4 -4 = 52. Hence,
embedding of H has exactly 4 faces of size 4 and 12 of size 3. These 4 faces contain
vertices vo, v4 and vg, so one of these vertices, w.l.o.g. vs, is adjacent to the other
two in at least two of these quadrilaterals. This implies that the only neighbors of
vy (in H) are vy and vg, a contradiction.

If |Ry/Mi| > 3, then in addition to the ideals from the previous two cases, there
are at least two new ideals (x; + Bx2) X 0, (x1 + Bx2) X Ry, where § € U(R)\ {1, a}.
Note that a subgraph of G(R) induced by these ideals has v = 14 vertices and e = 52
edges. Since the genus of this graph is g < 2, we have that f > 36, and therefore
3f > 2e, a contradiction.

Case 2. n=1.

We have that R; is a local Artinian ring with the maximal ideal M; = (1), 21 # 0.
So, I*(Ry) = {(2¥) | 1 < k < r—1} where r is the smallest number such that 27 = 0.
Depending on r and the ring Ro, we have several subcases.

2.1. r =2 and Ry is a field. Then |I*(R)| = 4, so G(R) is planar, a contradiction.

22. r=3orr =4and R is a field. Then G(R) is toroidal (see [23, Prop. 5]), a
contradiction.

2.3. r > 5. In this case ideals (z1) x 0, Ry x 0, {x2) x 0, (z3) x 0, (x}) x 0,
(z1) X R, (23) X Ry, (z}) X Ra, and (z}) X Rs induce a K? contained in
G(R), a contradiction.

2.4. R; and Ry are local rings with maximal ideals M; = (z1), M> = (y1), such
that 23 = 0, y? = 0. Then the intersection graph G(R) is toroidal (see [23,
Prop. 5]), a contradiction.

2.5. Ry and Ry are local rings with maximal ideals My = (x1), M> = (y1), such
that 22 # 0 or y? # 0. W.l.o.g. let us assume that z? # 0. Then the graph
induced by the vertices (x1) % (y1), (x1) X Ra, (x2) x Ry, (x2) x (y1), Ry x {y1),
(x1) x 0, (x%) x 0, Ry x 0, 0 x (y1), and 0 x Ry is a subgraph of G(R). This
graph has v = 10 vertices, e = 39 edges, and genus g < 2. So, by Euler’s
formula f > 27, and therefore 3f > 2e, a contradiction.

O

It remains to consider the case of a local Artinian ring R with maximal ideal
M # 0. Since M is finitely generated, we study this with respect to the minimal
number of generators.
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Proposition 3.3. Let (R, M) be a local Artinian commutative ring such that M is
minimally generated by n elements. If n > 3, then v(G(R)) > 2.

Proof. It is enough to consider the minimal case, i.e., M = (x,y,2). The ideals
L=(x+y+2), L= (xy), Iz =(2,2), s =(y,2), Is = (z,y,2), Is = (z,y + 2),
I; = (y,x+2), Is = (z, 2 +y), Iy = (x), and Iy = (x +y) are different. Let us prove
that the ideal Iy = (z + y,y + 2) is different from ideals Iy, 1 < i < 10. Suppose
that this is not the case, and let I1; = I, for some 1 < k£ < 10. By our assumption
M is minimally generated by 3 elements, so I1; # I5, and I1; # 9, and we only
need to examine the following cases:

1. 11 =I6. Thenaz+y+2z € I1;. Hence z =ax+y+z— (z+vy), ¢ =
xr+y+z—(y+2),arein I1;. Finally x +y — x = y € I;1, and therefore
I;; = M, a contradiction. Similarly, we can prove that I;; # Io.

2. I11 = I,. Then x,y € I11, and therefore z =y + 2z —y € I11, ie., [11 =M, a
contradiction. Similarly, we can prove that I1g & {Is, I4, Is, I7, Iy }.

Let us now examine the subgraph of G(R) induced by the ideals I, 1 < k < 11.
This subgraph has v = 11 vertices and e > 40 edges. If 7(G(R)) < 2, then genus
of this subgraph is ¢ < 2, and hence f > 27. Therefore 3f —2e = f +2(f —¢) =
f+2(2—-2g—v)>1, a contradiction. O

We now concentrate on the case when M is minimally generated by two elements.
First of all, if M? = 0, then G(R) is planar (see [18], or [23, Proposition 3]); so we
assume that M? # 0. Furthermore, if 7(G(R)) is finite, then according to Lemma
2.1, field F(= R/M) is finite. Hence, in the following we assume that F is a finite
field and M? # 0.

Proposition 3.4. If R is a local ring with mazximal ideal M minimally generated
with two generators and ~y(G(R)) = 2, then M? is a principal ideal.

Proof. Let us suppose that M? (% 0) is not principal. Then there exists some elements
u,v € M? such that u & (v) and v & (u). It is clear that the ideals (u), (v), (u + v),
and M? are different. Note that M/M? is a union of one-dimensional subspaces.
Since |[M/M?| = |F|?, we conclude that there are at least |F'| + 1 one-dimensional
subspaces of M /M?.

Case 1. |F| > 4.
There are (at least) five ideals Iy, I, I3, I, and I5 which contain M?2(# 0). So, R
has the following 10 ideals: M, Iy, Iy, I3, Iy, I5, M2, (u), (v), (u+ v). The first
seven ideals all have degree 9 and the last three have degree (at least) 7. Therefore,
the subgraph of G(R) induced by these ideals has e > 42 edges, and hence 2e —3f =
36 — e < 0, a contradiction.

Case 2. |F| = 3.
There are (at least) four ideals Iy, I, I3, and I, which contain M?(# 0). So, R
has the following nine ideals: M, Iy, Iy, I3, Iy, M?, (u), (v), (u +v). The first six
ideals all have degree 8 and the last three have degree (at least) 6, and therefore the
subgraph of G(R) induced by these ideals has e > 33 edges. If v(G(R)) = 2, then
the genus of this subgraph is ¢ < 2, and therefore f > 22. Now, 3f — 2e > 0, so
e =33, f =22, and g = 2. Therefore, this subgraph induces a triangulation of S,
with 22 triangles. By Proposition 2.3 this is not possible.
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Case 3. |F| = 2 and dim(M?/M?3) = 3.
Since M2 /M? is a vector space over F, we have three linearly independent vectors u,
v, and w in M?2/M3. If V is a subspace spanned by these vectors, then dim(V/(u)) =
2. Hence V/(u) is a union of 3 one-dimensional subspaces which contain u # 0. So,
we have four two-dimensional subspaces, and therefore four different ideals Jy, Jo,
J3, and Jy such that J, C M2, and J, N J; # 0. Thus, the ideals M, I, I, I3, M?,
Ji, Jo, J3, and Jy induce a K contained in G(R), a contradiction.

Case 4. |F| =2, dim(M?/M?) = 2 and M3 # 0.
Since dim(M?/M3) = 2, we have that M?/M? is a union of 3 one-dimensional
subspaces, so we get three different ideals Ji, Jo, and J3 (contained in M?) which
contain M3. On the other hand dim(M/M?) = 2, so we have three different ideals
I, I, and I3 which properly contain M?. Hence, R has (at least) nine ideals M,
M? M3, I, I, I3, Ji, Jo, and Js. The first six ideals all have degree 8 (in this
subgraph) and the last three have degree (at least) 6. Similarly as in the Case 2, this
contradicts Proposition 2.3.

Case 5. |F| = 2, dim(M?/M?3) = 2 and M? = 0.
In this case we need to examine the following possibilities.

5.1. M? = (22,y?), xy = 0. Let us examine the subgraph induced by the ideals:
M, M?, (z,y%), (z%,y), (x +y), (x), (), (&*), (¥?), and (2 + y*). The
first five ideals all have degree 9 in this subgraph (note that xy = 0, hence
22,y% € (x +y)), the last one has degree 5, while the others have degree 6. If
v(G(R)) = 2, then the genus of this subgraph is g < 2, and therefore f > 25.
So 3f — 2e > 1, a contradiction.

5.2 M? = (z2,9%), zy # 0. We have zy = az? + pBy?, for some a, 8 € R. If
a,B € M, since M? = 0, we have zy = 0, a contradiction. If exactly one
of a, B is invertible, w.l.o.g. « € U(R), and 3 € M, we have 2y = ax?; so,
x(y — ax) = 0. If we choose generators u = x and v = y — ax for M, we get
that M? = (u?,v?) and uwv = 0. Thus, we have reduced this to the previous
case. If o, € U(R), let us examine the subgraph induced by the ideals
M, M2, (2,9%), (a2, y), (@), (), (ey), (&), (%), and (z +y). Similarly,
estimating degrees of these ideal (as in the previous cases), we have e > 42,
and therefore 3f — 2e > 6, a contradiction.

5.3. M? = (22, zy), y*> = 0. Let us examine the subgraph induced by the ideals:
M, M?, (2%y), (x), (z +y), (y), (zy), (x> +y), and (2 + 2y). Note
that the first 8 ideals induce a K®, while the last ideal has degree 5 in this
subgraph. If this subgraph were embeddable in a double torus, we would get
a triangulation of So with 22 triangles. This contradicts Proposition 2.3.

5.4. M? = (2%, zy), y*> # 0. We have y> = ax? + Bay, for some o, 3 € R. If
a,B € M, since M3 = 0, then y? = 0, a contradiction. If 3 € U(R), then
M? = (z%,y?), which was treated in 5.2. If a € U(R), B € M, we have
y? = ax?®. Let us examine the subgraph of G(R) induced by the ideals: M,
M2, (22y), (x), (2% +y), (y), (xy), (x+y), and (2 +xy). It is not difficult to
check that these ideals are different. The first seven of them contain xy # 0,
so they have nontrivial intersections. Also, note the following: (x)N{x+y) #
0, since 22 + zy # 0 (if not, then M? is principal); (22 + zy) N (y) # 0, since
0 # 22 + 2y = a~'y? + 2y; and finally, since y(z? + y) = y?> = az?, we get
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2? + a2y € (22 +y). Therefore, (2 +y) N {x? +xy) # 0. So, the first six ideals
have degree 8 (in this subgraph), the last two have degree 7, while (zy) has
degree 6. If this subgraph were embeddable in Sy, then f = 23. But then
3f =69 > 68 = 2¢, a contradiction.

O

Proposition 3.5. Let (R, M) be a local ring such that maximal ideal M is minimally
generated by two generators and v(G(R)) = 2. Then M3 = 0 and one can choose
generators u,v for M in such a way that M? = (uv), where u?> = v? = 0, or

M? = (u?), where uv = 0.

Proof. Let M = (x,y). As in [23, Proposition 8] one can prove that one of 22, 2y, y*
is a generator for M?2.

Case 1. M? = (z?).

First we prove that there exists u and v, such that M? = (u?) and uv = 0. If zy = 0,
we are done (take u = x). If not, zy = az?, for some a € R. Then we can choose
generators u = z and v = y — ax . One has M? = (u?), and v?> = ru?, for some
r € R. Since uv = 0, we get v> = uv? = u?v = 0.

To finish the proof it is enough to prove that u® = 0. Assume that u3 # 0. It is
not difficult to see that non-trivial ideals of R are: v; = (u), vo = (u?), v3 = (u?),
vy = {(u+), vs = (U? +v), vg = (u,v), v7 = (u?,v), vg = (u3,v), vg = (v), and
v19 = (u® + v). For details why they are different, one can look up the proof in [23,
Proposition 8]. Note that the first eight ideals contain u3 # 0 since uv = 0, and that
the last two ideals have degree 3 and are adjacent to vg, v7 and vs.

Claim. Graph G induced by {v; |1 <4 < 10} is not embeddable in Ss.

Proof of the Claim. Let us assume that G can be embedded in Se. This embedding
induce a cellular embedding of the graph H induced by {v;|1 < i < 8}, since every
embedding of K® in S, is cellular. Note that H has e = 28 edges, and therefore, by
Euler’s theorem, f = 18 faces. Let f; be the number of faces in embedding of H of
size i. Then 56 =2e =) . ,if; > 3f+ fa +2f5, and therefore embedding of H has
one pentagonal face and 17 triangular, or two quadrilateral faces and 16 triangular.
Let us suppose that H has a pentagonal face. By adding a vertex v inside this face
and edges between v and vertices on the boundary of this face (see Figure 1), we get
a triangulation of So with 22 triangle, which contradicts Proposition 2.3.

FIGURE 1.

So, embedding of H has 2 quadrilateral and 16 triangular faces. Let us assume that
these two quadrilateral faces share an edge. Then, deleting that edge will produce
an embedding in Sy with 16 triangular faces and one face F' of size at most six (size
is maximal when quadrilateral faces have exactly two vertices in common). Now,
similarly as in the previous part of the proof, adding a vertex v inside the face F'
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and edges between v and vertices on the boundary of F (see Figure 2), we get a
triangulation of So with at most 22 triangles, a contradiction. So, the 2 quadrilateral
faces of H do not share an edge, and therefore have at most 2 vertices in common.

FIGURE 2.

Vertices vg and v1g have 3 neighbors in common, so they are in different faces of
the embedding of H. Since no two triangular faces have 3 vertices in common, by
the previous remark, one of them w.l.o.g. vg is in a triangular face ujusus, and the
other in a quadrilateral face ujususuy. W.l.o.g. we may assume that uius and usug
are edges of this quadrilateral. Then the only neighbors of us (in H) are u; and us,
a contradiction. This competes the proof of the Claim.

So, M3 = 0 and we can choose generators for M as required.

Case 2. M? = (zy).
This case follows from [23, Proposition 8§]. O

Remark 1. In the previous proposition we proved that no S, embedding of K8 has
a pentagonal face, nor two quadrilateral faces that share an edge. Note that this
result was proven in [27] (Theorems 2 and 3), but we opted to include our proof,
since it is much shorter.

Theorem 3.6. Let R be a local ring and M = (x,y), where {x,y} is a minimal
set of generators of M. Then, v(G(R)) = 2 if and only if M? is a principal ideal
and |R/M| = 5. The graph G(R) is then isomorphic to one of the graphs K8, or
I[1,2,3,4,5,6,7,8, w1, we, w3, wyg, ws] — {Tws, 3ws}.

Proof. According to the the previous results, we only need to consider two cases:
M? = (2?) # 0, where zy = 0, and M? = (zy) # 0, where 2% = y* = 0.

Case 1.1. M? = (2?), 2y = 0, > = 0.

First, we will describe the structure of principal ideals in such a ring. Let I =
{ax + by), for some a,b € R be a principal ideal. If a,b € M, since xy = 3% = 0, we
have that I = (2?) or [ = 0. If a,b € U(R), we get I = (x + ay), where a € U(R).
If a € U(R) and b € M, then obviously I = (z). So let us assume that a € M and
b € U(R). Then we have that I = (y + B2?), for some 8 € R (in particular, I = (y),
if 5 € M). So, all the principal ideals are as follows:

(@), (y). (2*), (z+ay), (y+ pa®), for some o, 3 € U(R).

Let us show that (y + B32%) = (y + ~2?) if and only if 3 —v € M.

Suppose that (y + B22) = (y +~vx2). Then y + Ba? = r(y + ya?), for some r € R;
so, (1 —7)y = (ry — B)z%. Now 1 —r € M (if not, (y) € (z), a contradiction),
and therefore (1 — r)y = 0. Since z? # 0, we get that ry — 3 € M. Hence,
(I—r)y+ry—8=~—pF € M. On the other hand, if 8 — v € M, then obviously



ON THE GENUS OF THE INTERSECTION GRAPH 11

y+ Br? =y+ (B —7)x? + 22 = y + vy2? (note that actually y + Bz? = y + yz? if
and only if 8 —~ € M). Similarly it can be shown that (x + ay) = (x + dy) if and
only if « — 6 € M.

Let I = (ax + by, cx + dy) be an ideal which is not principal. If a,b,c,d € U(R),
then clearly I = (z,y) = M. If b,d € M, then [ is principal, so at least one of them is
invertible. Suppose that b € M and d € U(R), i.e., I = {(ax,y+rx), for somer € R. If
a € U(R), we have that I = M; if not, then [ is principal if r € U(R), or I = (22, y), if
re M. Ifb,d € UR), then I = (ab 1z +y,cd tx+y) = (ab Lz +y, (ab~t —cd 1)z),
which was considered in the previous part of the proof.

So, all the non-zero ideals in R are:

(@), (%), (z+ay), (2°,y), (z,9), ), (y+ B2 (o, B € U(R)).

The last two ideals have non-trivial intersection with (x,y) and (x2,y), while the
other ideals contain z? # 0 and there are 3 + |R/M| of them. If |[R/M| > 6,
then G(R) contains a K%, and therefore v(G(R)) > 2. If |R/M| < 4, then G(R)
is toroidal ([23, Theorem 1]). Finally, if |R/M| = 5, then G(R) is isomorphic to
I'"[1,2,3,4,5,6,7,8, wy,ws, ws, wy, ws] — {Tws, 3ws}, so we can embed it in Sy, as
shown on Figure 4.

Case 1.2. M? = (2?), 2y = 0,y* = az?, for some a € U(R).

Using similar analysis, one gets that all the non-zero ideals in R are:

(@), (@), (), (%), (z+ay) (@ € U(R)).

Also, as before, (x+ay) = (x+ PBy) if and only if « — 8 € M. All these ideals contain
22 # 0, and there are 3 + |R/M]| of them. Therefore, G(R) is a complete graph on
3+ |R/M]| vertices. It follows from Proposition 2.2 that v(G(R)) = 2 if and only if
|R/M| = 5.

Case 2. M? = (xy), 2% =y?> = 0.

This case does not differ from the previous one (see [23, Theorem 1]). One gets
that all the non-zero ideals in R are:

{z,9), (2), (v), (zy), (z+ay) (a € U(R)).
All these ideals contain zy(# 0) and there are 3+ |R/M]| of them. So, the conclusion
is the same as in the previous case (y(G(R)) = 2 if and only if G(R) is isomorphic
to I'[1,2,3,4,5,6,7,8]). 0

Proposition 3.7. Let R be a local ring with the maximal ideal M = (x). Then,
Y(G(R)) = 2 if and only if G(R) is isomorphic to K®.

Proof. This ring is a principal ideal ring and all of its ideals are of the form (x*), for
k > 1. Hence, y(G(R)) = 2 if and only if 2° = 0 and 2® # 0, i.e., G(R) is isomorphic
to K8. (]

We can summarize the previously obtained results in the form of the following
theorem.

Theorem 3.8. Let R be a commutative ring with identity. Then, v(G(R)) = 2 if
and only if G(R) is isomorphic to one of the following graphs:

Ks, F,, I‘”[l,...,8,w5,w6]—{13,17}, F”[l,...,S,wl,...,w5]—{7w5,3w5}.
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FIGURE 3. Graph I".
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7 1
FIGURE 4. Graph I'”.

4. LOWER BOUNDS FOR THE GENUS OF THE INTERSECTION GRAPHS OF
NONLOCAL RINGS

In this section we obtain some lower bounds for the genus of the intersection
graphs of nonlocal rings, which shows that intersection graphs of nonlocal rings have
quite large genera. This gives us enough evidence to believe that the main difficulty
towards fully understanding the genus of intersection graphs of rings is to understand
the genus of intersection graphs of local rings. Interestingly enough, when dealing
with the zero-divisor graph of a ring, it is easier to find the genus if the ring is local,
then when it is nonlocal (see [11]).

Throughout this section let R be a commutative Artinian ring and R; local Ar-
tinian rings such that R = Ry X --- X Ry, where k > 2.

Proposition 4.1. If R; is not a field, for 1 <i <k, then
- N N
v(G(R)) me{g -N%fcz~(N1/’“—a)—2+1,6-N2—2+1},

k

where N = |[V(G(R))|, a = 2k (%)%1 and B = 3k ok _1

1 (2-3F—2FFI_1)Z "

Proof. Let n; = |I*(R;)|, 1 <i < k. Then N = []/_, (n; +2) — 2. Let A be the set of
nontrivial ideals of R in which i-th coordinate is not in {0, R;}, for 1 <i < k, and B
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the set of nontrivial ideals of R in which for at least one i, 1 <1 < k, i-th coordinate
is R;. Then every vertex of A is adjacent to every vertex of B, and therefore G(R)
contains K4, p| as a subgraph. By Proposition 2.2,

(141 =2)(1B] = 2)

1(G(R) 2 —— (41)
Note that |[A] =n;---ngp and |Bl=(n1 +2)---(npg+2) —(ng +1)--- (np +1) — 1.
Let o; = Zl<i1<-~<z‘j<k n;, - -+ ni; be the j-th symmetric sum of ny, na,...,ng. Then

Al = o,
1Bl =2~ 1)op_1+ (22— Voo + ...+ (2F 1 =)oy + 2% — 2,
N =0 + 2051+ ...+ 2F o) +2F — 2.
Since 2(2¢ — 1) > 2¢, for i € N, we have |A|+2|B| > N, and obviously |A|+|B| < N.
Case 1. |A| > |B|.
Since |B| > oj_1, by inequality of arithmetic and geometric mean we have |B| >

kE—1

_k_
k|A|“% . Therefore, N < |A|+2|B| <3|4| <3 (E)"" ie |B| >k (X) * . Now,
k 3

k—1 k—1
N N\ * N N\ *
. > o — = — RN —
|A| - |B| > 2|B| (2 |B|>>2k<3> (2 k<3) )

and |A| + |B| < N, so by (4.1)
Case 2. |B| > |A|.
) k
Since 0; < | . o, we have
i

i

k—1
Bl < WY (f)@ oy
=1

IN

k—1
k .

A 2k 1) 4 (28 —2)|A
A% (f)e-nret -

= (3k_2k_1)'|A‘7
and therefore N < |A|+2|B| < (2-3% —2k+1 —1) . |A|, ie., |A| > 55D Now,
— 4] 3k —2F 1

>

N
Al-|B| > |A]|- - N?
AP 1B 2 Al =5 2 e Y
so by (4.1)
3k —2k 1 N
R)) > SN?Z - 41,
V(G( ))—4.(2.3k,2k+1,1)2 2+
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In the following proposition we prove that if at least one of G(R;), 1 < i < k,
contains a ”big” clique, then G(R) also contains a ”big” clique, and therefore by
Proposition 2.2 has a ”large” genus. For a graph G, we denote by w(G) the size of
the largest clique contained in G.

Proposition 4.2. For1 <i <k, let o; = w(G(R;))/|V(G(R)))| if R;i is not a field,
and o; = 3/2 if R; is a field. Then

N
w(G(R)) > max{a; |1 <i<k}- 3
where N = |[V(G(R))|.
Proof. W.lo.g. a, = max{a;|1 < i < k}. Let n; = |V(G(R;))|. Then N =
[T (ni +2) =2,
Case 1. Ry, is not a field.

Let 7 be a set of vertices of G(Ry) that induce a clique of size w(G(Ry)). Then
the set
{Il X oo X [k|aIz GI*(Rl)U{O,Rl}, 1<i<k— 1, 1, EIk}

induces a clique of size w(G(Rg)) H;:ll (n; +2) = agny Hi:ll (n; +2). Since 3ny >
ng + 2 we have

Case 2. Ry, is a field.
The set
{lH x -+ xIy_1 xR |L; e I"(R) U{0,R;}, 1 <i<k—1}\{R1 X - X R}
induces a clique of size Hi:ll (ni+2)—1=N/2=q,-N. O
Combining previous two proposition we obtain the main theorem of this section.

Theorem 4.3. Genus of the intersection graph of a monlocal ring R is at least

N T N N (N —-6)(N —28)
Z.N ANYF o -2 41.8- N2 24 2 AT %)

k—1

where N = |V(G(R))|, a =2k (5) * and f = iy

Proof. If R;, for every 1 < ¢ < k, is not a field, the proof follows from Proposition 4.1.
So, let us assume that at least one of R;, 1 <14 < k, is a field. Then max{a; |1 <i <
k} = 3/2, so, by Proposition 4.2, G(R) contains a clique of size N/2, and therefore,
by Proposition 2.2

(N/2=-3)(N/2—-4) (N —-6)(N-238)

YG(R) 2 2 s
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5. CONCLUDING REMARKS

The present work suggests that finding the genus of the intersection graph of a ring
is in general a very difficult problem. Notice that even for embeddings of intersection
graphs in S, the list of forbidden subgraphs contains graphs that are neither complete
nor complete bipartite. When classifying intersection graphs of genus 2, we needed
to establish the nonexistence of certain embeddings that are consistent with Euler’s
formula. Some of these results were obtained by study of face-size distribution of
graph embeddings, which is in general very difficult. As indicated, for example by
graph I, obtaining an embedding of the intersection graph is not always a straight-
forward task. Therefore, for arbitrary g, creating the full list of nonisomorphic genus
g graphs that are intersection graphs of some rings is (probably) unrealistic. The
following theorem tells us that for g > 0 this list is at least finite. Similar results
were proven for zero-divisor graphs (see [31]), and total graphs (see [21]).

Theorem 5.1. For every g > 0, there are only finitely many nonisomorphic graphs
of genus g that are intersection graphs of some rings.

Proof. 1t is enough to prove that there are only finitely many non planar graphs of
genus at most g that are intersection graphs of some rings.

Let R be a commutative Artinian ring such that v(G(R)) < ¢g. Then R = Ry x
-+ X Ry, where R;, 1 <1i <k, are local Artinian rings. By Proposition 2.2 there is ¢
(depending only on g) such that G(R) does not contain a clique of size t.

Case 1. R is local (k =1).

Let {z1,...,2,} be a minimal set of generators of the maximal ideal M of R. Then
ideals (1), (x1,22), ..., (x1,...,x,) induce a clique of size n, and therefore n < t—1.
Let [ be the smallest number such that M! = 0. Then, by Nakayama’s lemma ideals
M,M?, ..., M1 are all different and induce a clique of size | —1,s01—1<t—1.

By Lemma 2.1 F = R/M is finite. Let |F| = r. By the previous remark, there are
only finitely many intersection graphs of some rings with n = 1. So, we may assume
that n > 2.

We will prove that r is bounded by a constant depending only on t. First, let us
assume that M? # 0. Vector space M /M? is the union of one-dimensional subspaces,
and since |M/M?| = |F|*, there are |F|""! +1 > r + 1 of them. For each of
these subspaces there is an ideal of R that contains M?2. Therefore G(R) contains
a complete graph on at least r + 1 vertices, so r < t — 2. So, let us assume that
M? = 0. Then, by [18], n > 3, since otherwise G(R) is planar. Let a; € R be some
representatives of the elements of R/M, for 1 < i < r. Ideals I; = (z1,z2 + a;z3),
1 < i < r, have non trivial intersection. Let us prove that they are all different. If
this were not the case, then I; = I;, for some i # j. So, x2 + o3 € (x1, 22 + a;x3),
and therefore (o; — aj)zs € I;. Since a; — a; € U(R), z3 € I;, and therefore
(x1,29,23) C I;, a contradiction. Hence, the ideals I;, 1 < ¢ < r induce a clique of
size r, so r <t — 1. Note that the elements of R are linear combinations (over F')
of elements x‘;l -o-qxir, where s; 4+ -+ 5, <1 <t —1. These elements uniquely
determines R, so |V(G(R))| is bounded (by a function only depending on g) and
therefore there are only finitely many intersection graphs of local rings that are
nonplanar and have genus at most g.

Case 2. k> 2.



ON THE GENUS OF THE INTERSECTION GRAPH 17

Notice that the graph G(Ry X - - - x Ry) is fully determined by graphs G(R;), 1 <i < k.
Also, Ri X0 x++-x0, Ry Xx Ro x0x---x0,..., Ry X+ X Rg_1 x 0 induce a clique
of size k — 2, and therefore k — 2 < ¢ — 1. So, it is enough to prove that there are
only finitely many graphs G(R;), for every 1 < i < k. To prove this let us examine
the subgraph of G(R) induced by

{R1X~--XRi,1X[iXRi+1X-~-XR]€|IZ‘EI*(RZ‘)}.

This subgraph is complete, and has |V(G(R;))| vertices. Therefore G(R;) has at
most t — 1 vertices, for each 1 < i < k, which completes our proof. O

Note that there are infinitely many planar graphs that are intersection graphs of
some rings (see [18, 23]).
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