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[TABA 1
IIpumepn

udepennyjaane jegHadune cy jeJHAUYMHE YV KojuMa je (DyHKIMja HEeImo3HaTa, U Y K0joj (uryp-
UIe HeKH M3BOJ HemosHare ¢yuKuje. Ha kypcy m3 Anaamse 1 cMo pelraBajn HajjeTHOCTABHH]Y
mudepentmjatny jeqnaunny ' = f(t), U BHEHO pereme ¢MO 3BATN HeoApeeHIM HHTerpaIoM

() = / F(t) dt.

Heku ayropu noj audepenimjajHom jeJHAYMHOM 1I0/Ipa3yMeBajy BeoMa IMUPOKY KJacy jejHadnHa,
HIIp. O0JIMKA

F(t,z,a, 2", ... ,x(”)) =0, (1)

JIOK HEKH II0pa3yMeBajy caMo OHe jeJHadYnHe Y KOjuMa U3BOJ HajBeher pejia MOZKe J1a ¢e eKILTUIUTHO
u3pasu:

™ = (t,z,2,... ,:c(”’l)) .

Mu ce oBnie nehemo 6aBUTH OBUM TEPMUHOJIONIKAM JIeTAa/HbUMA.

Tpeba ma 3ramo ja ako je Herno3nara yHKIUja QYyHKIN]ja jeHe TPOMEH/bUBE, Tajga ce anudepen-
[HjaJIHa je JHATIMHA HA3UBa 00UYHOM, & aKO je Hemo3HaTa GpyHKIHUja - HYHKIU]a BUIIE TPOMEH/FUBHX
(ma ce y jeJlHAYMHU TI0jaBJbY]y HAPIUjaJHN U3BOJHM) - TAJa Ce jeJJHAYMHA 30Be Napuyujasrom audep-
eHTIjaJIHOM jeHavdnaoM. Hup, jetHadynHa:

" =F(t,r,r')

(dpyru Bbyrros 3akon), y K0joj je r = r(t) menosnara Bektop dbyHKIHja, jecre obudHa JudepeHin-
jaJHa, a jeTHaYnHa

I " " "
ut - a(uxac + uyy + uzz)

y K0joj je u = u(z,y, z,t) Heno3uara QyHKIHja (jeHaUHHA TTPOBOhEHA TOILIOTE) jecTe MapIHjaTHa
mudepennujanna jeanaunna. Ped mudepeHmujaane jegnadnae je pen Hajeher m3Boja Koju ce y boj
nojassbyje. Tako je pen mudepennujanne jennaunsue (1) n, a pes jemHaunue npoohema TOIIOTE,
mwin pyror EbyTHOBOT 3aKOHA J/1BA.

Behuny mudepennujanux jeHadqnna He MOXKEeMO WK He TTOKYIIaBaMo Ja peniumo, Beh ce 6aBumo
OIMCOM CKYIIA IbUXOBHX peIleha.



8 1. Ilpumepn

1. Hekun npumepu u3 dpusuke

IIpumep 1. (IlpBu u dpyru HbyTHOB! 3akoH.) Beli cmo cniomenysu JIpyru FbyTHOB 3aK0H,
F = ma, niu, nomro je yop3ame JIPYTIH U3BOJ BEKTOPA MOJI0XKAja:

1
"= —F(t N. 2
' = —F(t,r,v) ¢

Pemema jeqnaunne (2) r(t) ce 30By mpajexmopuje cucmema (2).
13 dpyror EbytHosor 3akona ciaeaum [IpBu, Koju Kaxke ma ce Teao, Ha Koje He JleIyje HUKAKBa
cuiia, Kpehe mpaBoJIMHUjCKH KOHCTAHTHOM Op3uHOM. 3amcTa, ako je F = 0, onga je
" =0=r'(t) =ry = vg=r(t) = vot + 1y,
a OBO je jeTHAUYMHA MpaBe Y MPOCTOPY. v

ITpumep 2. (Kocu xuram,.) Teso mace 1 je ucnasbeHo U3 KOOPAMHATHOT MOYTKA IO/ OIITPUM
VIJIOM (v C& IIOYeTHOM Op3mHOM vy. V3BernrheMo jeqnaduny Kperama Tesa y paBuu u3 pyror Fbyr-
HOBOT 3akoHa. CHJla Koja Jiesryje Ha TeJio je CHJia IDaBUTAIH]je

F = —gj,
ma je
() =2"Oi+y"(Oj=—gi 1. 2"(t)=0,y"(t) =—g.
Omagze je ,
d'(t) =xp, Y t)=yo—gt=a(t) =z0+ x5, y(t) = yo + Yot — %7 (3)
r7e je

/ / / /
zo = z(0), zo = 2'(0), yo =y(0), yo = y'(0).
[Touerna O6p3uHa vy je MHTEH3UTET BEKTOpa Op3uHe vy, 114 je
vo = 251+ yoj = vocosai+ vy sinaj,
a Kako je xg = yo = 0, jep je Teso m3baveHo u3 KOOPAMHATHOT TOUYETKA, TO je jeITHAYMHA KpeTarba
Jlara ca:

t2
r(t) =x(t)i+y(t)j =vocosati+ (vosinat— %) j

v

ITpumep 3. [lpojekTnin ce ucna/byjy ca MOBPIIUHE 3€MJbE UCTOM IMOYETHOM Op3uHOM v > 0 1101
IPOMEHBUBEM yTIoM ¢, 0 < o < 7. JIOKa’KHMO Jia TauKe y KOJHMa €€ JOCTUZKY MAKCHMAJHE BUCHHE

JIeZKe Ha eJIUIICH
T AN
2 dfy-0) =2
4g
Kao u y nperxomnom npumepy, Ha NpojekTuje jgenyje rpaputamnuona cuia F = —mgj. ITlper-
noctapuheMo J1a je m = 1 u ja ce NpojeKTHJIN UCHa/byjy W3 KOOPJAWHATHOT MOYeTKaA PaJii 1M0jeIHOC-
TaB/bUBAIbA 3alluca. Bumenm cMo f1a je jeqHadnHa KpeTamba

t2
r(t) = (vg cos a)ti + <—97 + (vg sin a)t) J-

. . 2 .
Makcumanna Bucnaa je MakcuMyM dyukimje y(t) = —% + (vosin @)t u oHaA ce MOCTHIKE 38 tyay =
. 2 o 2 2
Vo SIn & . . UO S1Nn & COS & . UO sSin” «
et Kaxko je z(tmax) = — (tmax) 5y TO BAXKI

2 g ’ Yo
tmax 4 tmax) — — = T 5
s 44 (ltnd = ) = 25

ssac Newton,(1642-1727), enriecku dbusmaap i MaTeMaradap.
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IIpumep 4. (3akoH ouyBama enepruje.) Kaxkemo 1a je BEKTOPCKO noswe’ F xonsepsamueno
WIN nomeHuyujaasro ako moctoju dyaknuja U Taksa Ja je

F(x) = —VU(x).

Oyuxnuja U ce 30Be nomenyujans sexkmopckoz nowa F. AKO je BEKTOPCKO M0Jbe KOje 3a/1aje je THATnHy

KpeTama

1
I'” = EF (4)

KOH3E€PBATUBHO, Ta/la BaykKM 3aKOH OJprKarhba €HEPruje KOjUu Kazke Ja Ce TOTAJHA eHepruja CUCTeMa
E=K+U
He Mema JlyK Tpajekropuja r(t). Y ropmwoj dopmysiu je

I’ ()]]*

2
KUHeTH4YKa eHepruja, a U je noreHmujajiHa eHepruja, norenmujai cuie F, Koja 3aBucm camo o
moJjiozkaja r, a He u ox Opsuue r’. Jla Omcmo JoKasaan 3aKOH 4yBaiba €Hepruje, JOBOJBHO je Ja
ITPOBEPUMO JIa je

K=m

C Be() =0

rae je r(t) pememe jeanaqanne (4). Kako je

I = T (1), (1) = e (1), 2"(1)
SUE) = (VURD), ¢(10) = ~(F(0), (1) = ~m{E" (1), ¥(1)
TO je
d d d
SE(x(t) = S K+ U =0,

3amarak 5. CKuUnupaTH y paBHU BEKTOPCKA I0Jba:

(a) F(z,y) = 2i+yj;

(0) F(z,y) = —yi+ aj;

() Fla,y) = s (ai + j);

(r) F(2,y) = o (—yi + j).

Koja ox ropmux mosba €y KOH3€pBATHBHA, a KOja HECY! 3a OHa I10/ba KOja jecy, OAPEINTH OIr0-
Bapajyhu morenmuja. v

2. Heku tunosu audepennujajanux jeanadnHa y R Koju ce HemocpeaHo peliaBajy

Obuuna nudepeHnnjaTHa jeHAYNHA TPBOT pena je jeanaqdnna no ¢ = z(t) (1j. = je Hemo3Hara
dbyuknuja) obauka
F(t,x,2") = 0. (5)
OBze hemo objacHuTH HEKOJMKO CHTyaluja y KOjUMa OBa jejHavYnMHa MOxKe ja ce pern. [Iper-
rnocraBuheMo J1a cy cBe PyHKIIIje KOoje ce 10jaB/by]y y je/ITHaYMHN HEIPEeKHUHe, U IJe I'0Jl je MOTPpedHO
JOBOJBHO MyTa nudepeHnujabuiHe, TaKo Aa CBU H3Da3d KOje HAMMIIIEeMO UMajy cMucia (ma ce y maf-
jem Texcry mehemo 3a/prkaBaTn Ha OBHM IIpeTIOCTaBKaMma). Pemremse jegmaunte (5) medunucano na
untepsaay [ je ceaka pyHKIMja
r: I —-R

2BekTopcko mosbe je npeciukasame F : U — R™, rue je U C R™.
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TaKBa Jia je U3pa3
F(t,x(t),2'(t) =0

Ta4vaH 3a cBako t € I.

2.1. JepnmaumnHa koja paszasaja nmpoMmeHJ/buBe. OBO je jeqHaunHa 00JUKA
o' = f(t)g(x). (6)

JeHaunHy pelraBaMo Tako IITO 3amuineMo Y Kao 52 u dr u dy TpeTupaMo Kao HEe3aBHCHE H3Pa3e:

d

dz dx dx
= 100) > S = > Gla) = [ L [ war = Fo),

IITO HAM 3aJaje Be3y uamehy x u t.

IIpumep 6. Pemumo jennaunny o' = (1 + z%)e’. Mmamo
d
df (1+ %)’ =17 /etdtéarctgx:et—i-c,
1j. 2(t) = tg (e + ¢). v

Tpeda jorur ga 06pa3I0KUMO 3aIITO CMO MOIVIH JIa TPpeTUpaMmo u3pase dt u dr Kao 6pojeBe u IITa
CMO 3aIIpaBO Ha Taj HAYHMH yPaIdJIH.
C jemne crpane, ako je x(t) pememe jennauune (6), Tajga je

- 5 s~ [0 -

Jesnakocr (Q) je cmena npomvensbuse.
C mpyre crpaHe, ako je ca,

F(t) = G(z) (7)

UMILTHITATHO Jedunncana GyHknuja x(t), ouna qudepennupamem obe crpate uspasa (7) 1o t 1o6u-
jamo:

ft)=F'(t) = G'(x)2'(t) = ——=a'(t),
na je x pereme jegnaqdune (6).

Bagarak 7. Pewuru jeanauuny (¢ + 1)z’ = t(2® + 1), ¢t > —1.
[Pememe: x(t) =tg (t —In(t+ 1) + ¢).] v

2.2. JluneapHa audepeHnujasHa jeqHaYMHA IIPBOT pena. JIumHeapHa jeaHadyuHa je jes-
HavnHa 0OJIMKA

'+ P(t)x = Q(t). (8)
Ako je Q(t) = 0, Taga jennaquna (8) mocraje
¥ =—P(t)x (9)

IIITO je 3allpaBo jeJHAYNHA KOja pa3Baja MPOMEHbUBE, H IHeHO PeIlehe je 00JIuKa
z(t) = ce” I PO (10)

Jemmaauny (9) 30BEMO ZoMO2EHOM AUHEAPHOM JEOHAMUHOM NPEO2 peda.
Bpartnmo ce Ha HEXOMOreH ciy4aj (8).
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ITpumep 8. Hahumo pereme jeqnadnne

tr' —x =1Int+1, (11)
Koje 3aj10BosbaBa yeiaoB (1) = —2. Ako nogesnumo jennaunny (11) ca 3t mobujamo jeaHavuHy:
1 Int+1
R (12)
3t 3t

[Mokynrahemo na perunvo jeanadnny (12) wva caenehn nauns. Oxpenunhemo momohuy dynkujy w(t)
kojoM fieMo a2 moMHOXKHMO 0Ge cTpaHe jenanadmbe (12), Tako ga mocje Tora Ha JieBOj cTpaHu Oyie
u3Boj1, ipousBoja x(t)u(t). To 3Haum na je

1

ur’ +u'r = ur’ — u—ux,
3t
[Ia 3aTO TPAXKUMO U KAO PEIIehe jeTHATNHE
, 1 . du dt
u=—-u—, T —=-——.
3t U 3t
Opnasse gobujamo aa je Inu = —3Int, na je u = 73, Jla/be, MHOZKEIeM jejHauuHe (12) cau = s,
JiobmjaMo
1
(t5z) = t75(lnt +1) =
_1 1 _4 _1 _1
t7 sy = §/t s(lnt +1)dt = —t 3(Int +1) — 3t73 + ¢,
ma je
2(t) = —Int — 4+ cts.
Ha 6ucmo HamLIn pemerse 3a Koje Baxn (1) = —2, y noc/iemo) jeJHaunHu 3aMeHnieMo BPeIHOCTH
t=1,z=-2:

—2=-—Inl—4d+ecls =c=2,
Ia je TpaxkKeHo pelleme
z(t) = —Int — 4+ 2t5.
v
zBennmo dopmy.ty 3a peremse qudepeHiujaine jeqnadnte (8) y OMIITeM ¢ayvajy, noHaBsbajyhu
HOCTYNAK W3 MPeTXOIHOr TpuMepa. Xoliemo jia oapeanmo momohiny dyukuujy u(t) kojom hemo na

MOMHOZKHMO 00e cTpane jemmadune (8), TAKO Ja MOCJIe TOra Ha JIeBOj CTpaHu Oyjie W3BOJ MPOU3BOJIA
z(t)u(t). Ako 0BO ycrmemo, nMamo:

na je
1
x(t) = —= Hu(t)dt +c ) . 13
0= ([ Qutyar+c) (13
[a 6MCMO eKCILTAIMTHO OJPEMIN OBAKBO U, HAIHCAieMO KaKO CMO JI0 Ihera JOULIH:
2'u+ Pru = (2u) = 2'u + vz < Pru= 'z,
a 0BO he OWTH TAIHO aKO je
Pu =1

OBo je jernaumHa Koja pas3/iBaja MPOMEHJHPUBE W PEMIABAMO je Kao MITO CMO OMUCATH Y TPETXOIHO]

CeKINju:
d—u:Pu:>@:Pdté/d—u:/Pdtilnu:/Pdt,
dt u U

Tako jga 6upamo ja u(t) Gyme
u(t) _ ef P(t)dt

9
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na ybanusarmeM y (13) mobujamo:

w(t) = e~ PO (c+ / el P (t)dtQ(t)dt> : (14)

Hamomena 9. Osnaka [ P(t)dt y n3pasy (14) npeacraespa jenny konkperty (GU/I0 Kojy) IpuM-
utuBHy byHKujy dbyuxiuje P(t), a He cKyn ¢BUX NPUMHTHBHEX (DYHKIHja, KAO IITO CMO YUUJIN HA
Anaymsu 1. Uero Baxu u 3a uspas | el PO (t)dt y (14), kao u 3a cBe meoxpeljene maTErpae, Tj.
uspase obmuka [ - dt y 0BOj riapm. o

Hamomena 10. Csaka koncranta ¢ y uspasuma (13) u (14) ompebyje jemno perrerse nudep-
enrujanne jennadnne (8). KOHKpeTHO perierhe, OJHOCHO, KOHKPETHY BpemHOCT 6poja ¢ Hajuernthe
osipehyjemo u3 ycjiosa

zo = x(to), (15)

Kao IITO CMO PaJUid y IIPeTXOqHOM mpuMepy. Yeiaos (15) ce 3ose nouemnu man Kowujes® yeaos.
[IpobGsem pemaBarba audepeHIujaine jeiHAUYNHE 3ajelHO ca IOYeTHUM YCJIOBOM ce 30Be U Kowujes
npobaem nnn Kowujes 3adamax. o

Hamomena 11. Ilpumerumo ja ce y upumepy 2 Kocor Xuna y periemy (3) mojasibyjy /JBe KOH-
cranTe Kao nodernu ycaosu: xg = x(0) u z( = 2/(0) (omHOCHO Yo W Y,), U TeK 3ajaBame obe OBe
KOHCTaHTe HaM Jlaje jeJMHCTBEHO pelrere. Pazjior 3a To je mITo je jeiHaunHa Koja JedUuHHIIe KOCH
XUTAIL JIPYTOT pejia. o

Hanmomena 12. Tlopex nurama 0 er3ucTeHIji perniema JudepeHinjaine jeHadmHe, TPUPOIHO
ce HaMehe MUTame jeIMHCTBEHOCTH TAKBOT PeIllerha, Tj. aKO CMO HEKY je/ITHAYUHY YCIIeJH HEKaKO 3
peImMo, Ja JIM CMO TUM TOCTYIKOM HAILIu cBa Moryha pemema?’ Ha oba oBa muTama OnroBOp y
orrTeM cay4ajy jgaje [lukaposa TeopemMa 0 €r3UCTEHIIN]H U jeIMHCTBEHOCTH pelllerba OOUIHUX Judpep-
eHIIMjaJIHUX jeJHaYnHa, ca KojoM hemo ce cycpectru KacHuje. MehyTum, y jeJHOCTABHO] CUTYAIIW)jU
JuHeapHe jenHaunHe (8), MOXKEMO JIAKO JIOKA3aTH JeMHCTBEHOCT Delleba 6e3 H03UBabha Ha OIIITY
teopemy. Hamme, ako je u(t) mpousBospHO perierbe jennaunte (8) aeduHUCAHO HA HEKOM HHTEDBAIY,
TasIa je

(uef P(t)dt _ / Q(t)e POt dt)l _
u’(t)ef P(t)dt + u(t)@f P(t)dtp(t) - Q(t)ef P(t)dt _
efP(t)dt [ul(t) 4 P(t)u(t) B Q(t)] _o,

jep je u'(t) + P(t)u(t) — Q(t) = 0, momrro je u pememe. Omapie 3akmbydyjemo ma je uel PO —
J Q(t)el PO gt — ¢, 33 mexy komcranTy ¢ € R, omHOCHO 12 je

u(t) = e~ I PO (c—|— / el P “)dtQ(t)dt) .

o

Banartak 13. Pemuru Kommujes npobaem cost - 2’ +sint - ¢ = 2cos®tsint — 1, 0 < t < o
z (%) = 3v2. [Pememe: z(t) = —1 costcos(2t) —sint + ccost, c = 7.] v

ITpumep 14. Vseeaumo dopmyay (8) Ha Apyru HauWH, Memodom sapujayuje konemarnmu. KpeH-
Mo of1 perierba (10) xomorene jeqaaunne (9), aau yMeCTO KOHCTAHTE ¢, MOTPAXKAMO PEIIerhe y O0TUKY

z(t) = c(t)e” I PO,

3 Augustin-Louis Cauchy (1789-1857), dbpamiyckn MaTemaTmdap.
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e je c(t) bynkmuja kojy Tpeba ga ogpemumo.’ Bamemusamenm x(t) = c(t)e” S PO y jennaummn (8)
IMaMO
d(t)e I PO — o(t)e I POUP(t) + P(t)c(t)e I PO = Q(1),
na Jiodbujamo Ja je
d(t) = ! PONQ(1),

oJaKJIe je

c(t) = / e/ PO () dt + ¢,

OIHOCHO

z(t) = U efp(t)dtQ(t)dt—Fc] e~/ Pt

Hanmomena 15. llpecnkaBame
L:zw— 2"+ P(t)x
je OYHUITIeIHO JINHeAPHO, [a je CKYI pelema jeqnadnte (9) jearpo npecankaBama L, a CKyI pelierba
jemmaunne (8) je mHBepsHa ciuka BekTopa, L~ 1(Q(t)).” Jesrpo mmHeapHOTr Ipec/mKaBamba THHH BeK-
TOPCKH MOTIIPOCTOP, JOK jé HHBEP3HA CJIMKA IIPOM3BOJLHOT BEKTOpa - adpunu nmorupoctop.’ Ilpume-
THUMO JIa CMO JI0 OBOT 3aK/by4YKa MOLJIH Jia JIoheMO U JUPeKTHO u3 o0JuKa pertema jenHaunua (9)
u (8). Baumcra, ckyn pemema XomMorene jenHaunue (9) je

Ry = {ce PO | o e RY,

JIOK je CKYI pellierhba HeXOMOreHe jegnaqute (8)
R = {e_fp(t)dt/efp(t)dtQ(t)dt + e  JPOU | o e R},

[IpumeTiMo fa cy y 002 CIydaja HOTIPOCTOPH jeHOMMEH3HOHN 1 /3 IM je 6a3Hu BeKTop (hyHKIHja’
e /PO Tpumerumo Takobe u aa je Bekrop uy Koju pecdbunuine adunu upocrop R,

Uy = e—fP(t)dt / ef P(t)dt@(t)dt

8

jeJlHO perierbe HexoMoreHe jeqHaqnne (8). o

2.3. BepnynujeBa jemgmaumna. Bepnynnjea’ jenmaunna je audpepeHImjajina jejHaunHa 00-
JINKA
'+ P(t)x = Q(t)x?, (16)
rae je a € R. Tlpe cBera, npumernmo 1a je, 3a o = 0 wim « = 1, jexnaumna (16) amueapua, sTo
upermnocTaBuMo na je a # 0, 1. Muoxkemem (16) ca % gobujamo:

r % + Pt = Q(t). (17)

Veequmo emeny y(t) = 2'7(t). Umamo 3 = (1 — o)z~ 2/, na jenmauuna (17) mocraje

S POy = Q). man '+ (1 )Pty = (1 - a)Q0)

Tj. TUHEapHa, KOjy 3HAMO J1a PEITuMO.

43aro ce OBaj MeTO/l 30Be Bapujaluja KOHCTAHTH.

SHup. L nocmarpaMo Kao IpeciiKaBabe u3 cKyma Herpeku o mudepennujabuannx dbynkmmja Ct(a,b) y cxyn
nenrpexuanux gynkmuja C%(a, b), ca oneparmjama cabupama GYHKIRja 1 MHOMKEIba CKAIapOM TadKa-MO-TavKa.

6Acunu HOTHPOCTOP BEKTOPCKOI IIPOCTOPa je cKym obsuka ug + V, rie je ug HeKu BeKTOp, a V BEKTOPCKH
MTOTIIPOCTOP.

"Basa u auMen3nja aduHOr MOTIPOCcTopa ug + V' je 6a3a u auMeH3uja BEKTOPCKOr mOTIpocTopa V.

8TIposeputn, 3a BexkOy.

9Jacob Bernouli (1655-1705), mBajuapcku MareMaradap.
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Hanomena 16. Axo je o > 0, taga je x = 0 ounriequo jeqHo peiieme jenuauune (16), Koje
MOXK/Ia He MOXKeMO Ja qobujemo u3 obiuka (17). o

ITpumep 17. Habhumo penieme jejnaunne

4
x’ + 7= 3%, (18)
3a t > 0, Koje 3a/0BosbaBa noueTHu ycios z(2) = —1. Tlocne muokema ca x 2, jenmadnna (18)
mocTaje
4
22 + Zx_l =1,
Axko yBesiemo cmeny 7! =y, nmamo ' = —x 22/, 1a mpobuieM CBOIUMO HA JUHEADHY jeHAYHHY
4 , 4
Y+ oy =1 w Y sy =t

[Tocteamy jeHAYMHY PellaBaMo HOCTYIKOM OIMCAHUM Yy IPETXOQHOj CeKIuju, 1 g1obujamo y = ctt —
t*Int. Onasae HATA3UMO Ja je

1
ct* —ttInt’
KonkpeTrHO peleme ca 3aJ1aTUM MMOYeTHAM YCJIOBOM, Tj. KOHCTAHTY ¢, HAJIA3UMO 3aMemhUuBambeM t = 2,
x = —1 y IpeTXo/IHO pellleme, Ta TMaMO

x(t) =

1 1
e =2 —
2 —2tm2 T T 16
Tpazkeno pereme je, jgaKJje:
(v 1
2(t) = .
(In2—55) ¢4 —t4Int
v
Banarak 18. Haliu pememe jeanaunne 2’ = 5z + e 2'272, xoje 3ajmoBosbasa yciaos z(0) = 2.
1
[Pememe: x(t) = (ce’™ — Ze™)%, ¢ =12 ]

2.4. PukarmjeBa jegmaumna. Jeman on obsmka Pukatujese'’ jenmnaqnme je

v’ = a(t) + b(t)x(t) + c(t)2?, (19)
3a KOjy y OIIIITOj CHTYaIlju HEMaMO eKCILIHIUTAH MEeTOJ pelllaBama Kao Jocal. AKO HaM je max
MO3HATO jeIHO pelerhe jeanaunne, u(t), Taga momohy cmene:

1

y(t)’
riae HaMm je y(t) HoBa HemosHaTta (dbyHKIHja, PUKaTH]eBY jelHAYNHY CBOJAUMO HA JIMHeApHY. 3amcra,
yepirrasabeM (20) y (19) mobujamo

iy Y@ _ P B S A TR
u'(t) o (t) +b(t) ( (t) + y(t)) + c(t) < (t) + y(t>> :
Kako je u(t) pememe jeanaunue (19), nocite ckpahusama 106mjamo:

y(t) _ bt) | 2eult) )

y()?* oy oy y@®)*

IMTO HAM KaJI TOMHOKIMO ca y(t)? fnaje JmHeapHy jejHadumy:
y' (1) + [b(t) + 2e()u(t)]y(t) = —c(?).

10Jacopo Francesco Riccati (1676-1754), uranujancku MareMarudap.

(t) = ult) + (20)
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IIpumep 19. lloTpaxkumo jeTHO KOHKPETHO pellerhe jeTHATIHE
=142t -t +5 (21)
y obsuky x(t) = at + b. Umamo
2'(t) = a = —(at +b)* + 2(at + b)t — t* + 5.

N3sjennagapamem Koedumujenara y3 t godbujamo ga je a = 1, b = +2. VYBeaumo cMmeny:

z(t) =t+2+ L

y(t)
[Toce cpehuBama 106MjaMo jeTHAUNHY
y'(t) —4y(t) =1,

Yhja Cy CBa peliema 00/IuKa:

a1

y(t) = ce
OmaBze cy cBa pelleba IoJa3He jeHadnne 00JIuKa:

4

ty=t+2— ———.
z(t) + 4eett — 1

2.5. Toramuu audepeniujan. [locmarpajmo jeHadHHY
d
M(t,z) + N(t, x)d—f = M(t,z) + N(t,2)2’ = 0. (22)
Axo nocroju dyukmuja f = f(t,z) 3a KOjy BaxKu
fit,x) = M(t,z), [f(t,z) = N(t,2), (23)
TaJa HAM jeTHadYmHaA
f(t,x) = ¢ = const.
naje UMILTHITUTHO perrerbe jeanaunne (22). Baucta, ako je f(t, z(t)) = ¢, n ako Baxku (23), nMaMo
d d dx
0= —c=—f(t,z(t)) = f "o = M(t N(t,x)—.
L= S Halt) = fi+ i = M(t.2) + Nt ) >
Hanomena 20. Mzpas f] dt + f. dx (xoju 6Gucmo mo6unn HopMATHIM MHOKEReM JieBe CTpaHe

jemmaunue (22) ca dt) wasupa ce momaarum dugpepenyujarom dyuxmuje f. OBo je ynpaso nszof df
dyukiuje f, ako dt u dr cXBaTHUMO Kao JIMHEApHA ITPECIUKaBaba

dt: (h k)~ h, dv: (b k) — k,

Tj. mpojeknuje. 3aro jeqHadnny (22) numemo u y obIuKYy:

M(t,z)dt + N(t,x)dx = 0. (24)
o
Mmn 3uamo j1a, axo je f aBa myta Hempexuano andepennnjabuiana, Baxku fi. = fr,, ma je
e =My, [ =N, = M, =N,

omHocHO, ako yciaoB M. = N] Huje ncuymeH, He MOXKEMO OYEKMBATH jaa hemo Hahu permeme y
onncanom o6uKy. !

Ha, Kypcy u3 AHasmse 2 ¢MO YUImIH fa, ako ¢y M u N HempekunHo audepennujatme ua R2, uin Ha HEKOj APYyroj
[POCTO-TIOBE3aHO] 06IACTH Ha KOjoj perraBaMo mpobseM, taga je yenos M, = N| u noBosbas 3a mnocrojame (byHKIHje
f 3a xojy Baxu f{ =M, fI = N.
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IIpumep 21. Pemumo Kommjes 3amarak

d
ot — 92 + (20 + 2 + 1) = 0

a e
ca noueranm yciaosom z(0) = —3. Orne je M (t,x) = 2tz — 9%, a N(t,z) = 2z +t* + 1, na je
M. =2t = N/,

Tj. MOXKeMO Jia Tpakumo pyHKIUjy f ca omucanum ceojctBuma. Kako je f| = M(t,z) = 2tz — 912,
TO je

flt,x) = /(Qm — 9t%)dt = t*x — 3t° + o(z).

Kaxko je flI = N(t,z), umamo

d .
fi= (P =36+ p(a) = £+ ¢(@) = N(t.2) = 20+ £+ 1,

onmakJie je ¢ (z) = 2z + 1, na je p(x) = 22 + x + ¢;. Ojapje je UMILIUIUTHO pellerhe 3a/1aTKa

ft,2) =tz -3+ +ax+eci=cy, 1. tr-3+r*+az=c

KoHKpeTHy BpeJHOCT KOHCTaHTe ¢ jobmjaMo yoamusameM t = 0, © = —3 y OPeTXOIHY jeIHAUNHY:
c =06, 1j.
tr — 3t +2* + 2 =6.
v
Bagarak 22. Haliu peuiemwe jepnauune 2tx® + 4 — 2(3 — t2z)r’ = 0 koje 3a/0Bo/baBa yc/ioB
z(—1) = 8. [Pememe: t?r? — 6x + 4t = ¢, c = 12.] v

2.6. Nnarerpanmonu ¢dakrop. Ako y jennauunu (24) e azku M, = N/, Moxe 1a ce jecu ja
MHOXKemeM jegnadune (24) dyakuujom p(t, £) TO MOCTUIHEMO, Tj. AKO O3HATHMO

Ml(tv ZIZ') = /L(t, :C>M(t7 LIZ’), Nl(t7 :C) = N(tv ':C)N(t? CC),
Jla TOTOTHUM W300pOoM (DYHKITHjE fr MOZKEMO MOCTUNY /13 BAYKH:

dM, dN,
- . _ 2
() =~ () (25)

Uspas pu(t, ) ce 30Be unmezpayuonu daxmop. a 6ucmo casuanu Hemro Buine o Moryhem unrerpa-
mmoroM akTopy, yoarmuhemo M (t,x) = p(t, z)M(t,z) u Ni(t,z) = p(t,z)N(t, z) y jemmaauny (25).
Hobujamo 1a pyHKIHja [ 3210BO/bABA U3PaA3

oM — N = p(Ny — My). (26)

Hecto je 3roau0 Ja DYHKIU]Y (& TOCTPaKUMO Y 00auKy byHKIH]je jeine mpoMebuse, (1 = pu(w), rie je
w dyuknuja no (¢, x), Tj. 1a TpaxkuMo uHTErpanuonu dhaxrop y obnuky pu(w(t, r)). Taga uspas (26)
nocraje:
W (wpM = wN) = p(N; — M),
OJTHOCHO:
plw)  Ni— M,
pw) WM —wiN’

Axo je necna crpana y (27) u3pa3 Koju 3aBHCH CAMO O] W, MOCTe/ha jeJHAYNHA MOYKe Ja PEIH, Kao
je/IHAYMHA KOja pas3jiBaja npoMen/buBe. Tako j1a, ako HAM je MO3HATO y KOM OOJIMKY OMCMO MOTJIH JIa
TpaxKuMo w(t, x), MOKEMO Jia OIpeuMo | ji. Takobe, U3 jecHe cTpaHe jeAHAKOCTH (27) MOKEMO U
Ja noraljamo Kako 6u Moruio ja m3riena w. aycrpyjmo oBaj meron ciegaehum nmpuMepoM.

(27)
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ITpumep 23. Pemuhemo jepnaunny
(3t + 2z + 2*)dt + (t + 4tz + 52%)dx = 0,
3Hajyhm 1a je naTerpamuonnu hpakTop OOJIHKA
pwt,z)), w(t,z)=1t+ %

Kako je
M(t,r) =3t +2x + 2, N(t,x) =t + 4tz + 52°,

—

u3pa3 (27) nocraje

W N{—M, 20 —1 11
0 WM—wN 23 —a2+2t—t 224+t w
OJTHOCHO
dp  dw
oW

Osapjie BUAUMO JIa je [ = cw, 1a 33 uHTerpanuonu (GakTop Moxkemo yderu bam pu(t, r) = w(t,z) =
t + 22. Tlocie MHOKeRa HOJIA3He jegHaunHe n3paszoM t + 2 u cpehubamba, 100HjaMo jeIHAUHHY:

(3% + 2tx + 4tz® + 22° + 2*)dt + (12 + 4tz + 6ta® + 4ta® + 52" )dr = 0,
IITO jecTe jeIHAYMHA CA TOTAJTHUM Ju(PEPeHInja oM, U IeHO pelleihe je 1aTo ca
3+ P+ 26202 + 2t + tat 4+ 20 = ¢
v

2.7. Cmene npomenspuBuUX. Hapernrhemo gBe cMeHne Koje HaM, Y HEKHM CJydajeBUMa, MOTY
CBECTHU JaTy jeJlHAYMHy Ha je/IHOCTaBHHjU OOJUMK KOju 3HaMO Ja pemumo. llpBu ciydaj je ako je
jeIHAYHMHA ODJIUKA

o =f (%) . (28)
Tana ysommumvo cmeny y(t) := 7 (y mam je HoBa Hemosnarta dynknuja). Nmamo
x=1tyt) =" =y(t) + (1),
na jegnaqunna (28) mocraje
yty =), o = ()~ ),
a OBO je jeqHaunHa KOoja pa3/iBaja MpOMeHJbUBE.

IIpumep 24. Oxpeanmo permemne jennaunne txw’ + 4t2 + 22 = 0, t > 0, ca MOYETHAM YCIOBOM
z(2) = —7. Kako je

I L
tr r 1
YBOJIMMO CMeHy Y := ¥, TaKO Jla HAM 3aJIaTak MOCTaje:
1 1/4 ydy dt
bty =—4-—y, 1. ¥Y=—>(-+2 . o = ——.
yriy y Yy, 1) Y t(y y) 1] 2% + 4 ;

OnaBe HHTErpabemheM JT00MjaMo

1
JI@+2) = —Int+a = Vi + :%

C C
:>y2:——2:>$2:t22:t—2—2t2.

t4
Kako jezat =2 u x = —7, c = 228, nobujamo jia je TparkeHo pelniermhe
228
r? = - of?
t2
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Sanmarak 25. Hahu pemerse jennaunne to' = z(Ilnt—Inx), t > 0 koje 3am0B0paBa yeaos (1)
1+4+In4

=4.
[Pememe: z(t) =te ¢ '] v

JIpyra cmena kojy hemo oBie ciomenyTu je y := at + bx + ¢, y ciay4dajy jejHadnHe o0JIMKa
' = f(at + bz + ¢),

a,b,c € R. Taga je y = a+ b, 1j. 2/ = y%, 1a jeJHAYHHA [0CTaje

Y —a y dy
bW T T T et - "

a OBO je jeAHauYMHa KOja pa3JBaja MpOMeHJbUBE.

IIpumep 26. Pemmmo jennaunny ©’' = (4t —x+1)? n naljumo permeme Koje 3a10B0/baBa MOYETHH
verno (0) = 2. Akojey =4t —x+ 1, onpa je y =4 — 2/, ma je 2’ =4 — ' = 2, 1j.

d 1 2 2
Y :dt:>—lny+ :t—|—01:>&:ce4t
4 — 2 4 2-—y 2—y
= 2—Ce4t BN 4t+—3_ce4t
— Tr = .
Y cett +1 1+ cett

3ameHoM t = (0, x = 2 gobujamo 1a je ¢ = %, ma je pemnieme:

3. JIuneapHa jegHaunHA ca KOHCTAaHTUM Koedumujentuma y R2

Y 0BOM TOIJIaBJbY BHjeheMo Kako Jia Pemmmo CHCTeM
x' = Ax, (29)

3a 6mito Kojy marpuity A € Moyo(R) (1j. peasny KBaJparHy MaTpuily peja JBa).
[Ipe npBor npumepa, younuMo jeJIHO aj1er0apCKO CBOJCTBO CKYIIa PEIIeha JIMHEAPHOT CHCTEMA.

Hanomena 27. Kao n y ciyuajy quMensuje jesian, CKyn pererba jennadnse (29) 9uHr BEKTOPCKH
mpocTop. Y cIydajy AMMEH3HUje jelaH Taj MpocTop je 610 jeqHomauM3HIoHE.'” AKO 0Baj BEKTOPCKH
MPOCTOP KOHAYHOJAMMEH3UOH, TaJla Ce CBaKa HeroBa 0a3a Ha3WBa (PYHOGMEHMAAHU CUCMEM PeUl-
erva. Marpumna R(f) umje kooHe dnHe OBW OA3HU BEKTOPW HA3UBA Ce PUHOAGMEHMAAHG MATMPUYG
cucrema (29). Cpako permeme ce nakie Jo6uja Kao Tpousso marpure R(t) u HEKOr KOHCTAHTHOT
BEKTOPA. o

ITpumep 28. Permmuru cucrem (29) 3a n = 2 ako je
2 0
A= {o —1/2 1 '

o' (t) = 2x(t),
y'(t) = —3y(t),
MITO Cy JABe OOWYHe JHHeapHe jeJHaqdnHe Koje 3HaMo ja permmmo. Axo je zop = z(0), a yo = y(0)
HOYETHH YCJIOB, TaJa je Pellerhe JAaTOr CHCTeMA
zoe?t
{ yoe™!/? } |

BE

N KOOpOAUHATHOM 3allUCy HMaMO:

12111 ra je 6aza Tor npocropa?
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3amarak 29. Ckunuparu y paBHH HEKOJUKO TpajekTopuja cucrtema u3 [Ipumepa 28, 3a pasne
cJlydajeBe MOYETHOr YCJIoBa (Zo,Yo). Pasmorpuru curyanuje: xo = 0, yo = 0, 2o,y > 0, 29, yo < 0,
ZToYo < 0. v

ITpumep 30. Permuru cucrem (29) 3a n = 2 ako je

5 3
A= { o } |
Y KOOPJMHATHOM 3alHUCy UMaMO:
= bx+ 3y,
y' = —6x —4y.

[Tokymurahemo j1a cBejieMO OBY jeHAYMHY HA MPETXOJHH CIy4Yaj, 3aT0 hemo mpobaTu ja JujaroHasi-
u3yjemo marpuiy A. ComcrBene Bpemunoctu marpurie A cy \y = 2 w Ay = —1, a oarosapajyhu

COIICTBEHU BeKTOpI/IZ
B 1 [
u; = 1 | Uy = _ 9 |-

Ako je P marpuma cacraB/beHa 0Ji KOODJAMHATA COICTBEHUX BEKTOPA:

1 1]
P= { -1 =2’
tana je AP = PD, ryue je D aujaroHa/jina MaTpuiia
2 0
p-|d )
onnocio P7'AP = D. Axo jennaunny x' = Ax momuoxumo ca P~! cresa m zamumemo A Kao

APP~, umamo:
P %' = P'APP 'x = DPx,
IITO HAM CYTepuIle Ja 3a HOBE KOOpJAUHATE M3adepemMo
y = P !x.

Kaxko ce paju o JHHeapHOj cMeHH, TO je y' = P~!x/, ma maMm jegnaumna mocTaje

y' = Dy,

. Zo .
a by 3HAMO 113 pemumo. AKO je yo = { p ] , OHJIA, je
0
= 2t
To€
t)=1 - _; |.
y(t) [ foe ™ }
Kako je yo = P~'xy u x(t) = Py(t), To, nocie kpaher cpehusama, 106ujamo:

) | (2x0 + yo)e* — (zo + yo)e™
x(t) = { y(t) } - { — (220 + yo)e* + 2(xo + yo)e™*

v

Hanomena 31. Cmayuonapra mauka, niam exeusubpujym (Anm mauka paeHomesice) cucrema (29)
je Tauka X, y Kojoj je F'(x,) = 0. IIpumernmo na je KOHCTaHTHA TpajekTopuja X(t) = X, jeJHO per-
eme cucreMa (29) ca MOYETHHM YCJIOBOM Xg = Xi. o

Y Ilpumepuma 28 u 30 je jeauHa cranrmoHaApHA TavKa KOOPAMHATHHU MOYETAK.

Banmarak 32. Omucaru ¢Be MOryliHOCTH CKYIIOBA CTAIIMOHAPHUX Tadaka cucrema (29). v
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Hanomena 33. [Ipumernmo na cy Ilpumepy 28 monympase x = 0,y > 0, z = 0,y < 0, y =
0,z >0, uy =0,z >0, uHBapujanTHe, Tj, aKO C€ Xy HAJA3M Ha HEKOj OJ OBHX IOJIYIIPABUX, Taja he
1 pernerse X(t) ca THM HOYeTHHM YCJOBOM Jia MPHIATA UCTO] TOMYNpaBoj, 3a ¢cBako t € R (oBo coein
JUPEKTHO U3 o0sinKa pernema y [Ipumepy 28).

[IIto ce tuue [Ipumepa 30, deTnpu moJsynpaBe Koje cauumbaBajy mpaBe £ +y = 0u 2x +y =0
6e3 KOODAMHATHOL TIOYeTKA, jecy MHBApUjaTHe. 3amucra, ako je Hup. Xg = (Zg,Yo) HA KPaKy HpaBe
r+y =0,z >0, Tana je yg = —x¢ < 0, ma je pernreme:

{x(t) ] _ { _(2x0+y0)e2t — (zo+ yo)e™" ] _ { (2zg — )€ — (zg — mp)e™ } _ { zoe?t } |

y(t) (220 + yo)e?t + 2(zo + yo)e " —(2mg — x0)e® +2(xo —yo)e ™t | T | —zpe*
omuocHo z(t) = wee?, y(t) = —xpe?, na rauka (z(t),y(t)) npunaga nonynpasoj z +y =0, x > 0, 3a
cBako t € R.

I[Ipumernmo na cy npase  +y = 0 u 2z +y = 0 y nmpaBuuMa concTseHnX sekTopa.'” Ja im je To
cay4daj y [lpumepy 287

o

Yonmruhemo cajma oBe mpuMmepe.

3.1. Peanne m pa3am4uute COICTBEHE BPEIHOCTHU.

TBphewe 34. Jenuucrseno pememse jennaunue X' = Ax, x(0) = xo = (2o, Yo), U1€ je

A O
A=

nato je ca X(t) = (xoeM?, yoer??).
Hoxka3z. Ouqwurieno. O

Hamomena 35. [Ipumerumo na ce, kao y Ilpumepy 28, pemaBame cucrema X' = AxX y caydajy
upousBosbHe (pena n) aujaronasnne marpune A = diag{A;...., \,} cBoau Ha pemasame n gudepen-
MUjaJTHAX jeTHAYNHa, ac; = \;jx;, 1Ia je pelleme OBAKBOI CHCTEMa!

x1(t) et 2y
: = , TOeje Xg=
T, (t) 20 eAnt 0

<&

Cxyn TpajekTopuja peliema CHCTeMa Ha3uBaMO U (Pa3HUM NOPMPEMOM, a CBAKY TPAJeKTOPHU]y
(pererbe cucTeMa) Ha3zUBaMO @iasnom kpueom. PasHU TOPTPET IJIAHADHOT JHHEADHOD CHCTEMa Y
Caydajy Kajga cy A; U g Pa3sJIWYUTOr 3HAaKa Ce Ha3mBa cedao, 300r cBor mariena. Kama cy Ay n
Ao WCTOT 3HAKa, (ha3HW MOPTPET Ce HA3MBa Ce 480p M TO CMabusHl aKO CY Ay U Ay HEFaTUBHHU, a
HeCmabuArt aKO CY A1 U Ay TOBUTHBHH.

Ha 6ucmo ckurupaau Gasau mopTper (WM jeJaH Beros jieo), uspasuhemo y kao GyHKIUy o
x. IlpermocraBumo na je Marpuna A amjaromamna’?, Tj. 1a je

w(t) = woe™,  y(t) = yoe'.
[IpeTHocTaBuMO 12 Cy To U A, pasamdauT of myse.'” Mmamo:

(Zf) _ Aot ( Alt)kz/)q B x A2/A1 _ Yo | ‘)\2//\1 _ ‘. ‘ |/\2/)\1
Y\t) = yo€ " = Yo \€ = %Yo o = —|m0]>‘2//\1 T = const - |T .

13080 muje cayuajuo, sunern Tepheme 37 y HACTABKY.
MK ako m3rmnenajy dasun moprpern ako je Marpuna A camo gujaronaan3abuiana’
150 craspamo 3a BexGy unraoly ga ckuiupa (asny KpuBy y ciydajy zo = 0, kao 1 A\ = 0.
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CaukAa 1. Cenno, cayuaj A\ < 0, Ay > 0.

-
—

Y
A

A
Y

CnukA 2. Crabunnu (0 > Ao > A;) u mecrabmiam (0 < Ay < Ap) 4BOp.

13 ropmer u3pasza MOXKEMO JIa 3aK/by IUMO Ja TpajekTopuje (y cayuajy xoyo # 0) npunaiajy rpadurnuma
dbynknuja y = const - |z|* (3a a = Ay/\1), na JUCKYCHJOM IO 3HAKY U MOJYJLY KOJHYHHUKA A2/
MOZKEMO JIa CKUIIIPAMO HEKOJIMKO TUIIMYHUX Tpajekropuja ca daszuor noprpera. Ha ciukama 1 u 2
NpUKA3aHU Cy TPUMEpPH CeJjIa, CTADUIHOT U HeCTabU/THOT YBOpA.

Bamarak 36. Ckunupard u O3HAYUTH CTPEIUIAMA CMeD KDPEeTamba y IPEOCTATUM CJIYUajeBIMa
(IMCKYTOBATH TI0 3HAKY COMCTBEHHX BPEIHOCTH). v

Ako je marpuna A € Myyo(R) comana aujaronannoj, Taja nocroju neBepTuOMIHA MaTpuia P 3a
KOjy BayKh

P7'AP =D,
e je D amjaroHaJ Ha MaTpHIla KOjOj Cy eJeMeHTH Ha JIHjarOHAaJH CONCTBEeHEe BPEJHOCTH MAaTpPHUIIE
A. Tloacerumo ce ma cy Koaone marpuie P oaropapajyhu comcrsenn Bekropu. Kao y Ilpumepy 30,
cvenoM y = P7lx, jemmauuny (29) cBomuMo Ha IujaroHAJHM CIydaj. VICTHM MOCTYHKOM J00HjaMo

6)\1t 0 At Aot
X(t) - Py<t> =P 0 e)\Qt Yo =€ Uy + coe Uy,

3a HeKe KOHCTaHTe c1,Cy € R, r71e je u; cOICTBeHH BEKTOP KOjU OJI'OBapa COICTBEHO] BPEJTHOCTH A;,
3a i € {1,2}. Tako ¢Mo JoUUH J0 HAPEIHUX TBphema.
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Tsphemwe 37. Heka je u corcrBenn BeKTOP KOjU OJIroBapa COICTBEHO] BpeHOCTH A € R maTpune
A€ M,(R). Taga je e*u jeano pemreme jeqnaunne X' = Ax.

Joxkaz. (eMu) = AeMu = AeMu. O

A

[Ipumernmo ja je kpusa e u nosyupasa oapebena upasuem u, ca jejHe crpaHe KOOPAUHATHOD

IIO9EeTKa.

Tephemwe 38. Heka marpuna A € My(R) uma nBa JimHeapHO HE3aBUCHA CONMCTBEHA BEKTOPA Ui
1 U KOja OJroBapajy PeaJJHEM COICTBEHHM BpPEIHOCTHMA A; U Ao. Taja je cKyn pelnema cHcTeMa
x' = Ax nat ca
R = {cle)‘ltul + 026)\2151,12 | C1,Co € R}

A

Jokas. Beh cmo gokazann jga cy eMtuy n e’tu, pemema jennaunne X' = AX, a Kako je CKYII pelliemba

BEKTOPCKH MPOCTOP, TO BaXKHU

R 2 {016>\1t111 + 026A2t112 | C1,Co € R}

JIoKaKuMO M JAPYry HHKJY3Hjy, Tj. JOKayKUMO JIa j€ CBAKO pelleme obsnka cie iu; + coe’?'u,y 3a

Heke ¢ U . Heka je x(t) pememe cucrema. Kako ¢y u; u up JIMHEApHO He3aBHCHH, TO je X(t) =
a(t)u; + p(t)ug. Kako je x pereme, T0 mMamo:

X'(t) = o/ (thuy + f'()ue = Ax(t) = A(a(t)ur + B(t)uz) = Ma(t)ur + Aaf(t)uy,
ma je 300r, JiuHeapHe HEe3aBUCHOCTU BEKTOpa Uy U Us:

o/ (t) = Ma(t),  B'(t) = Xap(1).

A2

Ann oBo 3Haun ga je at) = cieMt, B(t) = cpe??t, ma je x Tpazkenor obJHKa. O

IMocaenuua 39. Ilod npemnocmaskama npemxrodno2 mepheroa, GyHOGMEHMANNY CUCTNEM PEUL-
erwa jednawune (29) je {eMtuy, euy} u ckyn pewerva jednarnune (29) wunu eexmopexu npocmop
dumenauge 2. 0

Bamarak 40. [loxkazaru ja je jeana'® dynmamenranna marpuna cucrema (29) y ciydajy pas/in-
YUTHX DEATHUX CONCTBEHUX BPeJHOCTH Jata ca [eMiu | e'uy] rie cy A;, u; kao u paunnje. lokasaru
Ja je ca

eMt 0 _
R(t) = P |: O e/\Zt :| P 1

takobhe 3azara jenHa dbyHgaMeHTasHa Marpuna cucrema (rae je P = [uy |ug]) u na je pemerme (29)
ca nouerrnM ycaoBoM X(0) = X gato ca x(t) = R(t)xo. lokasaru na je R(s +t) = R(s)R(t),
R(0) = E n 3akspyuntn Ja ce (as3He KpHBe CHCTEMa Y OBOM CJIy4ajy WM HE CEKy WM MOKAJANajy.v’

. 0
3.2. KomiutekcHe comcTBeHe BpeaHocTu. Heka je 3a cama marpuma A obimka { 3 s i
Comncreene Bpennoctu matpune A cy A = £i. Ako 6ucMO MOHOBUJIU MOCTYIAK KOjU CMO UMAJIHU Y

CJIYYajy PeaJIHUX U PA3JIUUUTUX CONCTBEHUX BPEIHOCTH, TOOUIH OUCMO COIICTBEHH BEKTOP U = [ ; ] ,

[ V] T cos(8t) ], T sin(B)
i — sin(5t) cos(ft) |-
HNcnocrasuhe ce ga peaidnn u mMarmHapHu €0 BeKTopa X(t) unHe byHIAMEHTATHHE CHCTEM DEIlerha.
OBo Huje HEOOUYHO jep, ako je Vi + ivy pereme jennadnte X' = Ax (u marpuna A je peanna), taia
Cy TOHM V1 U Vo.

na 6u BekTOp eMu 6uo

16(I)yH,ZLaMeHT3J[Ha MaTPUIA HUje jeIMHCTBEHA, Ka0 HU (DYHTAMEHTAHN CUCTEM PeIleha.
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N

CnukA 3. Llenrap, ciyuaj 8 > 0.

Tsphemwe 41. Cpa pemiema jenHaunne X = [ _g BO } X cy obJInKa

| onton | e i) |

cos(ft)
Jlokaz. JIupeKTHO ce mpoBepana JIa,

| i) e o)

jecre pereme 3a CBako ¢; 1 ¢p. Jokaxkmmo u obpuyTy nukiay3njy. Heka je x(t) = [

a(t)
b(t) ] pelieme
cucremMa X' = [ _g ﬁO } x. IlocmaTrpajmo pyHKIH]Y
F(t) = (a(t) + ib(t))e™".
Kako je
F(8) = (@ (8) + V()™ + iB(a(t) + ib()e™ = [d'(t) — Bb(t) + (¥ (1) + Ba(t))] € =0,
T0 je f = const = ¢ + icy. Omapae mobujamo aa je

a(t) = ¢y cos(Bt) + cosin(ft),

b(t) = —cy sin(f5t) + co cos(ft),
Tj:
B cos(5t) sin(/t)
x(t) = ¢ [ — sin(Bt) } + ¢ [ cos(Bt) | (30)
O
@a3Hu TOPTPET y OBOM cJydajy ce HasuBa uewmap (Bumeru Cauky 3).
x 0 B xr 92 - . / :
Hamomena 42. Cucrem J = 50 Y y R? je ekBuBajieHTaH jegHaunnu 2’ = —if3z
y C

, T1ie je z = x +1y. OBo je jeqHaunmHa Koja pa3aBaja NpoMeH/bUBE U MOXKe ce mokasaTn ga u'y C
UMaMO jeJITHCTBEHOCT OBE jeTHAaYMHe, OTHOCHO Jla BayKu

/
Z = —

iBz = z(t) = 2(0)e” ",
mro je y R? exsupanentno mspasy (30) 3a ¢; = z(0), ¢z = y(0).
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Heka je cama marpura A obmka [ _g g } . CormcrBene BpeIHOCTH CY ¥ OBOM CJIydajy A = a=£ 1.
. 1 :
Caga 3a CONCTBEHU BEKTOP J00MjaMo u = [ ; ], na je

My — eotibt { Ly e [ cos(t) ] T et [ sin(ft) ] _

€ i | —sin(pt) cos(5t)
3amarak 43. /lokazaTu j1a je dyHIaMEHTAJIHI CUCTEM pelllerha jeIHadnHe
[ B
x = |5 ] X

quHe BEKTOPpH

— sin(ft) cos(pt)

[ cos(6) |, [ smwt)}

Koja je quMensuja BEKTOPCKOT IPOCTOPA Pelierba y 0BOM caydajy? [YmyTerso: ako je x(t) = [

pelIeme ciucreMa, nocMarpatn GyHkmmjy f(t) = (a(t) + ib(t))el—oFH)1 ]

Hamomena 44. Heka R(t) osnagaBa byHIaMEHTATIHY MATPHILY CHCTEMA, Tj.
ot cos(ft) sin(pt)
R(t):=e [ —sin(pt) cos(ft) |- (31)
Tama je cBako pernerme y MATPUYHOM 3alHUCY JATO Ca
x(t) = R(t) | ¢ } .

Co

OunurieHo 1a ¢y KOHCTAHTEe ¢ U Co oJapeleHe MOYeTHUM YCIOBOM:
c | | z(0) | | o
C2 y(0) i Yo |’

x(t) = R(t)xo. (32)

Tj. ckpaheno 3amnucano:

Hamomena 45. Canuno kao y Hamomenun 42, MoxkeMO [a NPUMETHMO 12 je CHCTeM

A a x

Y B a|ly
y R? je exsupasenran jeamauunu 2 = (o —iB)z y C, na ga je z(t) = 2(0)e® " wmro je y R?
eKBUBAJIEHTHO u3pa3y (32). o

Y oBom caydajy dasuu noprper ce HazuBa cnupaad (Bugetn Cauky 4).

Bamarak 46. Hanpratu cnupase y npeocraia asa caydaja (a, f < 0wn a, 8> 0.) v

Heka marpuna A € Ms(R), npoussospHOr 06/11Ka, MMa corcrBere Bpeanoctu o £ fi (8 # 0).

Jlema 47. Axo je u+ iv concmsenu sexmop mampuuye A € M,(R) xoju odzosapa concmesenoj
epednocmu o + Bi, mada cy eexmopu U u V AuHeapHo HedasucHu (Had R).
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=

CaukA 4. Couparne, meBa: a < 0,5 > 0, gecra: a > 0,5 < 0.

N

oxka3z. IIpermnocraBumMo cynpoTHO, Tj. HeKa je u = Av 3a Heko A € R. Taza je:
Alu+iv) = AAv+iv) = (A +1)Av
¢ jeJlHE cTpaHe, a
Alu+iv) = (a+ fi)(u+iv) = (a+ Bi)(Av +iv) = (a+ Bi)(A +i)v,
ma je
(A +9)Av = (a+ Bi)(A+i)v,

1urTo je Hemoryhe jep nu marpuna A u BeKTOp V HMajy peasiHe KOOPANHATE, U V je He-Hysa BekrTop.. [J

TsBphemwe 48. Ako je P marpuna cactaBbeHa 0J] KOODJAHHATA BEKTOpa U u Vv, 1j. P = [u|v|
TasIa je
Ap=p| 7
S

Jokaz. Kako je
A(u+v) = (a+ip)(a+iv)
TO je:
Au=au— fv, Av = pfu+ av.
0
Banummmo cajla Kpajibi 00MK pellema jenadnne X' = AX y ciydajy KOMILIEKCHO-KOH]YTOBaHUX
pemema. Heka cy uu v u P kao rope. Ako, kao y [Ipumepy 30, jeanaunny x’ = AX MOMHOXKIMO ca
P~! cieBa u HaCTaBUMO Kao TaMO, HMaMo:
P =P 'x=P'APP 'x = DP 'x.
3aTo omer yBoauMmo HoBe KoopamHaTe y = P~1x. Kako je pememe jemnaunne y' = Dy 1aTo Kao
. c
y(0) = Rit)yo = ROP 50 = 1) | (|

C2

(rae je R(t) marpuna uz (31)), To je:

x(t) = Py(t) = [u V]R(t) { 2 } = [e™ cos(Bt)u — e sin(Bt)v | e sin(Bt)u + e cos(St)v] [ o1 ]

C2

= e {c;[cos(Bt)u — sin(Bt)v] + ca[sin(Bt)u + cos(5t)v]},
(33)

173 ammr0?
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z(0)

rJie KOHCTAHTE ¢ U Co oJpehyjeMo u3 MOYeTHUX YCJI0Ba Xg = [ y(0) } 18 TIprMeTnmo ja cy BeKTOpH

e“[cos(Bt)u — sin(Bt)v] m  e[sin(Bt)u + cos(Bt)v]
peaJHi 1 MMATHHADHHU €0 BEKTOPa

e (u + iv).

Samarak 49. /lokasaTu ja je CKyIl pelliema jeaHaunne X' = AX, rae marpuna A uMa colncrsene
BpeHOCT v + i3, ca COMCTBEHUM BEKTOPOM U + iV, CKYI

R = {c1e™[cos(Bt)u — sin(Bt)v] + coe™[sin(Bt)u + cos(Bt)v] | c1, 2 € R}
nvutupajyhu nokas Tephema 38. Jlokazaru ga je ckyn R JABOIUMEH3MOHH BEKTOPCKH IIPOCTOP. v

Samarak 50. /lokazaTtu jma ce U y €Iy4ajy KOMILIEKCHO-KOHjYTOBAHUX COICTBEHUX BPEIHOCTH
basne KpuBe WM He CeKy WK MOKJIanajy. [YoyrcTso: Bujetn 3agarak 40.] v

3.3. Cayuaj nBocTpyke comcTtBeHe BpeaHoctu. 1. cayuaj. Heka je, 3a mouetak A =

[ 6\ ?\ ], A # 0. OBaj cucreM UMa perierbe

At
)

T = 1p€ y = yoe.

DazHu MOPTPET ce CacTOju OJT MOJYIPABAX KPO3 TAUKY (To, Yo) KOje M3BUPY WM YBUPY ¥ KOODIAUHATHN
noveTax, y 3aBucHocTu oj sgn A. Koopjunaruu mnoderak je jeJiuHa CTAIMOHAPHA TAYKA.

. . A . .
2. cayuaj. Heka je cama A = [ 0\ }, Tj. CUCTEM jeTHauYrHa ODJIMKA:
=X +y
y = \y.
Y OBOM cJIy4ajy, CHCTeM ce eKCIJTUIUTHO JIAKO PelllaBa, HauMe U3 JIpyre jeTHadnHe T00mjaMo
Yy = yoe)\ta
na ybamuBameM y TPBY jeJHAUNHY, KMAMO:
x' = \x + yoe.

OBo je smmneapua (Hexomorena) jeqnadnsua u3 [lorsassba 2.2, quje je pererme:

z(t) = (o + yot),

X(t)ze)\t{xo—Fyot} :eAtl(l) i}XO‘

a je pererme cucTeMa:

Yo

@a3HE MOPTPET y OBOM CJIy4ajy 30Be ce dezenepucany, 46op u upukasad je Ha Counm 5.

3. cayuaj. Heka je cama A npousBo/pbHA MaTpuIla peaa 2 KOja UMa JIBOCTPYKY COTCTBEHY BPETHOCT
A. Ako mocroje npa JHHEApHO HE3aBHCHA COIMCTBEHA BEKTOPAa U W V KOja OAroBapajy COMNCTBEHO]
BpenHOCTH A, Tasma marpuna A y cBakoj 6a3m mma 3anuc AF. 3aucra, CBaKu BEKTOD W je JIMHEapHA
KOMOMHAIIAja BEKTOpa U U V, IIa je:

Aw = A(cpu+ V) = i Au + e Aw = Aw.,

[IpeTmocTaBuMO cajia 1a He MOCTOje JiBa JIMHEAPHO He3aBUCHA CONICTBEHA BEKTOPA KOja OJroBapajy
COTICTBEHO] BPEJIHOCTU A, Tj. Ja je JUMEH3Hja COICTBEHOr MOTIPOCTOPA jeTHAKA jedaH.

183ammro je To ysek moryhe ypamuru?
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—

A

CnukA 5. Herenepucanu aBop, A < 0.

Tsphewe 51. Heka je u remepaTop COICTBEHOr IOTIPOCTOPA JUMEH3Hje je/laH, OJHOCHO, COII-
cTBeHHN BeKTOP. [locToju BeKTOp V 3a KOjU BarxKWM:

Av =u+ \v.
BekTopr U u V Cy JHHeAPHO HE3aBHCHI.
Hoxka3. Heka je v npon3Bo/baH BEKTOP JIMHEAPHO HE3aBUCAH ca U. Taja je
AV1 =au -+ bV1

. . . . . R 1
3a Heke peasine Opojese a u b, mpu demy je a # 0, jep vi HEje concTBenu BeKTop. Heka je v := ~V1.
mamo

Av =u-+cv,
3a ¢ = g Y 6asu u, v Mmarpuna A uma 00K
b
0 c|’
Ia, KaKo je A jeJIrHa COICTBeHa BPeIHOCT MaTpuie A, Mopa 6uth ¢ = . O

Y 6a3u {u, v} snHeapHo mpeciukaBame Aedunucano Marpurnom A mma obauK U3 2. ciaydaja,
Ooyayhu s1a je
Au= Au, Av=u+ \v.

Heka je, kao u panuje P = [u|v], u y = P~ 'x. Nmamo
I _ Al _ p—1
y' = Dy, S—{O )\}, S=P AP,
W1t .
ny(t)=e 0 1| Yo Onasre je

x(t) = Py(t) = PeM { é ] yo = eMP [ 0 1 ] P~ 'xq

t

1

= eMu  ut + V] { 21 } =M (cpu + cy(ut +v)).
2

19Bexrop v ce 30Be yommTenn concTBeHn BEKTOP pPaHra 2.
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Sagarak 52. Jlokazaru j1a je CKyII pelliema jeHaunte X' = Ax, rae Marpuia A uMa JBOCTPYKY
COITICTBEHY BPEJIHOCT A, Ca COIICTBEHHMM BEKTOPOM U M YOIIITEHUM COICTBEHUM BEKTOPOM V CKYII

{e’\t (cru+cs(ut +v)) | e1, 02 € R}
nvutupajyhu joka3 Tephema 38. Jlokazaru ja je oBaj CKYIl BEKTOPCKU IPOCTOP JuMeH3uje 2. v
3anarak 53. Hamucatn dpyHIaMeHTATIHN CHCTEM pelllema y CJIydajy TPeTXOAHOT 3aJaTKa. v/

3anarak 54. JlokazaTn ma ce m y cIydajy JIBOCTPYKe COTCTBEeHEe BPeTHOCTH ha3He KpPUBe WJIH
HE CeKy WU HOKJanajy. [Yuyrcrso: sujern 3ajgarak 40.] v

3amatak 55. Y KojuM 0J1 ONUCAHUX CJIydYajeBa y ILUIAHAPHOM CHUCTEMY KpeTame moBehasa, cma-
byje, OMTHOCHO He MEeha, MOBPITHHY ! v

4. 3agamnu

(1) 3a Bekropcko nosme cute F kazxkeMo na je yenmpaaro ako je yCMepeHo y MpaBIly BEKTOPa
MoJI0XKaja, Tj. aKo BayKh
F(x) = AM(x)x
3a Heky ckasap dyuknujy A. Heka je F kousepparusuo mowe (F = —VV). Jlokasaru na
cy caenehu ycsioBu eKBUBAJIECHTHU:
a) F je uenrpasno;

6) F = f(|x|)x:
5) V() = g(x])

3a Heke ckajap ¢yuknuje f u g. v
(2) Jokasarn ja ce KpeTame y 1MoJby HMEHTpAJHE CHJie YBeK OJBHja Y jeJHO] paBHH (pa3aneroj
MOYETHIM BEKTOPOM I0JI0%Kaja X(tp) U MOYETHHM BeKTOpoM Op3ume Vv (i)). v

(3) Hokasaru ja je yraonu MoMeHAT m - X(t) X V(1) KOHCTAHTAH Y HETPATHOM TOJBY .
v
(4) Hahu ono pememe jemnaqnne r’ = e?*~ koje 3anosospasa yenos z(0) = 0. [Pememe: z(t) =
5t —In(9 — 8e')).] v

, 0 1

(5) Ckurupatu das3ne TOKOBe cucTeMa X = 1 g | XY 33BHCHOCTH OJI peaiHOr IIapaMeTpa

Q.
(6) Hampaputu kiaacudukanujy dasHux moprpera IIAHAPHOT JHHEAPHOT CHCTeMa ¢a KOHCTAHT-
HUM KOeDHUIIHjeHTUMa y 3aBUCHOCT OJl Tpara ¢ JeTepMHHAHTe MaTpuie A.



['JTABA 2

JImneapHu cucremu audepeHnnjaJTHuX jeJHaYnHA ca KOHCTaHTHUM
koedurrjeHTNMa (AyTOHOMHU JINHEAPHU CUCTEMM )

Heka je U C R"™ oropen ckyn u I : U — R™ Bekropcko mosbe. Cucmem dudepenyujasius
jednavura je BEKTOPCKa jeTHAaUYnHA,
X'(t) = F(x(t)), (34)
(mmm kpalie, X' = F(x)) tae je t € I peaqna npoMmen/buBa, a X(t) HemosHata BeKTOP-(YHKIH]A,
neduHICaHa Ha HeKoM uHTepBaay I C R. Axo je

X(t) = (xl(t% s 7$n(t>>7 F= (fla .. ~7fn)a

tazga jeqHaunua (34) y KOODAHHATHOM ODJIUKY TIACH:

ri(t) = fi(zr,... 2n),

: (35)
o (t) = faolxr,...,2,).
Bekropcko nosbe F' Mozke ja 3aBucCU U O/ i
F:UxI—>R"
1 TaJ1a KazkeMo J1a je OHO HEeGymOHOMHO, a JeTHAUNHY ¥ BEKTOPCKOM OOJIHKY:
x'(t) = F (x(t),t), (36)

30BEMO HEGYMOHOMHUM CHCTEMOM audepeHnujatHux jennHadnaa. Axko F He 3aBucu o t, Kao y
cucremy (34), Tasa roBOPUMO O GYMOHOMHOM BEKTOPCKOM IOJBY U GYMOHOMHOM CHCTEMY jeJIHATHHA.
[ToueTHn ycsioB y caydajy cucrema jeqaadnna (34) je BeKTOp

Xo = X(to). (37)

BekTopcko mosbe Ha ckymy U C R™ MoxkeMo j1a 3aMHIIBAMO Kao CTpeaulle (BeKTOpe) 3aKadeHe
3a cBaky Tadky u3 Y. Pemasame cucrema (34) 3a mogernum ycsioBoM (37) MOXKEMO Ja CXBATHMO KA0
TpazxKeme Kpube X(t) y U Koja mposasn Kpo3 Xo U YHjH je TAHPEHTH BEKTOD Y CBAKO] TAYKH jeJ[HAK
BeKTOpCKOM 1oJby F'. Kao m panuje, oBakBa KpuBa ce 30B€ U MPAJEKMOPUIG CUCTNEMA.

Hamomena 56. Ako ¢pukcupaMo mOYeTHY TadKy Xg, pelllaBaibe jeJHATINHE Ce CBOJIM Ha TPaKerhe
Kpuse X(1) Kpo3 Xg ca JaTUM TaHTeHTHUM BekTopuma. OBO je jakie npecinkaBambe R — R" ¢ —
x(t). Moxkemo, MeljyTum, 1a mocMaTpamMo perraBarmbe CHCTeMa jeTHAYNHA i KA0 KPeTame IPOCTOPa
(mm jena npocropa) R™, u to ua cuaenelin waunn. Heka je tg € R dukcupano. dedbunumnmmo
PECTUKABAIHE

P R — R™, ¢ 1 x> x(t),
rae je x(t) pememse cucrema
x = F(x), x(0)=x.

OBo kpahe 3amnuncyjemMo Kao

9 (%) = P(o* ’=1d

) = F@), o =1d.
IIpe cBera, HUje OYUIJIETHO Ja JIA je W KaJ IpecIHKaBame ¢ 100po JedpHHHCAHO, Tj. Ja JIU CBAaKO]
Ta4KM X OrJOBapa TAYHO jeJHO pellembe, Koje aedgpununie ¢'. O opome hie 6uTn BunIe peun KacHumje.

29
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Kako MozKeMO J1a PasMHUILBLAMO O HMpecIHKaBamy ¢': aKo IPeTIOCTAaBUMO JIa CMO KPO3 CBaKy
TAYKy y IPOCTOPY MOCTABUJIM TPAjeKTOPUjy KPO3 YHANPE] 3aaTO TAHIeHTHO ToJbe (F), mpeciuka-
Bame @' HaM Kazke INTa ce JeCHJIO IMOCJIe BpeMeHa ¢, riie ¢y Tadke MpocTropa ,cTurie’, myTyjyhu na
HAaYUH Koju jecdunuire F' mociae BpeMena t.

OBJie ce mojapJbyje MyHO MPUPOIHAX MATAba: KAKBO je MpecauKaBame ¢ (1a am je nHBepTUOIITHO,
HEIPEKUHO, TJIATKO...), KAKO OHO MeHa 3alPeMHUHY [POCTOPA, Ja JIM, aKO HOMEPHMO MPOCTOpP 3a
BpeMe t, IIa TIOTOM 33 BpeMe S, Z06HjaMo HCTY CJHUKY Kao Ja CMO I MOMEDIJIH 3a BpeMe s + t1 T,
Ha oBa nurama hemo onroBoputu Kacuuje. o

Mu hemo ce kacuuje, y ['1aBu 3, 6aBUTH OMIITOM CUTYaIUjoM, Tj. BUAeheMO MO KOJUM YCJIOBAMA
jenmaunua (34) MozKe Ja ce pelu, Kaja je Perierhe jeIMHCTBEHO, 1 Ha KOM MAKCHMAaJIHOM HHTEPBAJLY
I je ono medunucano. Y 0Boj riaBu hemMo eKCIUTHIMTHO TPAKHUTH Dellera cucreMa (34) y HeKum
BeOMa CIeTjaJTHIM CaydajeBUMA.

Ako je mpecaukaBame F' nHeapHO 1O X, Taja CKym pernema K cucrema JndepeHnnjaJTHnx je-
Ha4MHA YHHE BEKTOPCKHI IPOCTOP H y ayTOHOMHOM H Y HeayTOHOMHOM CIydajy.” 3amcTa, ako cy X I
y pemema cucrema (36), u F' auHeapHO 1O X, Taja je

(x+y)=x'+y =F(x,t)+ F(y,t) = F(x+y,t),

Ia je U X +y pellleme, U CJIMTHO 38 MHOXKeHe ckalapoM. KacHuje iemo BueTn Ja je oBaj BEKTOPCKH
IPOCTOP KOHAa4YHe JuMeH3uje (Kao u y ciaydajy jeane dpyuknmje). CKym rereparopa BEKTOPCKOT
mpoctopa R 30Be ce U hyHIaMEHMAAHU CUCTNEM DEULELA.
Ako je F u3 ayronomue jennauuse (34) smueapno no x € R") raja ce cucrem (34) cBoau Ha
CHUCTEM!
x'(t) = A-x(t), (38)

n
ij=1>

2 (t) = anxi(t) + ...+ appzn(t),

rae je A € M,(R) kBagparsa Marpuna, wid, 3a A = [a;] cucreM (35) mocraje

() = amx1(t) + ...+ Gunxa(t).

OBaj cucreM ce 30Be cucmem AUHEAPHUT OUPEPEHUUIAAHUL JeIHAUURE CQ KOHCTNAHMHUM Koehuyu-
JjeHmuma.

Kao n y mmanapaoM caydajy Koju cMmo JetaspbHo ommucaanu y llorasmy 3, m y onmrem ciaydajy
y (3a mpomu3BOJBHO M pelera cucreMa (38) yMHOrOMe 3aBUCE OJ COICTBEHUX BPEIHOCTH W BEKTOPA
Marpuie A.

[Ipe pemasarma came jegHadyune, yBermheMo HeKe IOjMOBe.

3anarak 57. Onucatu cBe Moryhe CKymoBe CTAIIMOHAPHWX TavaKa 33 IJIAHAPDHHU CUCTEM JIMH-
€apHUX jeHa4YMHa Ca KOHCTAHTHUM KOe(UIUJEHTUMA. v

1. OrpanuydeHn JIMHEAPHU OMEpPaATOPU

Heka cy (U, | - |lv) u (V.| - |lv) mopmupamn Bekropckn nmpocropu nag R u A : U — V jmreapno
pecauKaBarmbe (Omeparop).

Hedunumnuja 58. Axko je

[ Ax]|

a = sup Y < +00,
x40 |[X[[u

Taga KaxkeMmo 1a je A oepanuven. CKyn ¢Bux orpanmdenux omeparopa u3 A : U — V o3zmagaBamo
ca L(U,V). Bpoj a 308emo nopmom onepamopa A, a o3nauasamo je ca ||A| zw,v) nim camo ca [|Al|.
Hopma || - || zw,vy ce 30Be n onepamopcra Hopma. O

ITj. na mm je ¢® o ¢t = ¢*t1.
2Kao u y cayuajy jenne menosuare dyHKIu]e.
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Y HacTaBKy TeKcTa fieMo MOBpeMeHO H30CTaB/haTH HHJEKC Ko HopMu (Tj. mucaliemo || - || ymecro
Mo, |- llvs | - llz@,vy), Kan rox je u3 KoHTEKCTa jacHO O KOjOj Ce HOPMH PaJiy.

3amarak 59. /lokazatu ciaenehn HU3 jeHAKOCTH

Ax
JAl = sup [lAx] = sup 12X

Ixl|=1 o<lxl<t 1%l

v

ITpumep 60. Axocy U n V (uim camo U) KoHadHe IUMEH3Hje, Tajla je CBAKU OIePATOD HEIPEKU-
JIaH, Ta ce SUP| g1 [|[Ax[| mocTmxke jep je jemurmana cdepa KommaxkTam CKym. v

Tsphemwe 61. Heka cy A u B orpanudenu oneparopu (ca JOMEHUMA U KOJOMEHUMA TAKBUM JIa
JI0JIe HABEJIEHO MMa CMHCJIa). Taja Baxu ciefelie.

(1) | Ax|| < ||AJ||Ix||. OnaBae crenmujamno cieu ja je cBaku orpaHuyeH olepaTop HelpeKuam.”

(2) |A+B] < All+IB]l, INA] = |AJA]l, JA] = 0 < A = 0, cabupaibe omepaTopa i MHOXKEIHE
cKaJIapoM ce Jedunume Tauka o Tauka. Ogapie cnenmjaano caenn jaa je || - || ze,y) HOpMAa
Ha BeKTOpckoM mpoctopy L(U, V).

(3) 4B < | Al B

(4) Axo je V Banaxos® mpoctop, Taza je To u L(U, V).

[l

Hoxas. (1) |l4x| = x| | A ()| < Il

(2) Heka je ||x]| = 1. Umamo ||(A + B)x|| < ||Ax|| + ||Bx]|| < ||A]| + || B||, y3umamem cynpemyma
0 CBUM jeJMHHYHHM X J00ujaMo TBplheme, n camdHO 3a MHOXKeme cKazapoM. llocienme Tepheme
je OYHULJIeTHO.

(3) Heka je ||x]| = 1 Kako je
I(AB)(x)|| = [[A(Bx)|| < [[Allll Bx] < Al BIIx[I = Al BII

Ia y3uMameM CylnpeMyMa M0 jeJJMHUYHUM BeKTOpHMa X j00ujaMo TBpheme.

(4) Heka je A, Kommjes uu3 y L(U, V) u x € U npoussosban Bektop. Tana je A,x Komujes Hu3 y
V' jep je
[Anx = Anx|| < [[An — Amll[x]],

a je, moImTo je V KOMILIeTaH, OH U KoHBepreHTaHn y V. [dedpwmammumo A Kao

Ax := lim A,Xx.
n—o0

3 simHeapHOCTH JHMeca U oniepaTopa A, clean W JUHEAPHOCT MpecnKaBamba, A.

Ocramo je jomr ma mokaxkeMo ja je A orpannden, m ga A, xouBeprupa kKa A y OmepaTopckoj
Hop™mu, Tj. y npoctopy L(U, V). Heka je € > 0 3amaro. Kaxko je A, Kommujes, mocroju ng t1. 3a
CBaKO m,n > ng Baxu ||A, — A, || < e. 3a npousBosbaH jeMHUYHE BEKTOD X HMAMO:

|Anx — Apx| < ||A, — Anl| < e.
AKo y mocJ/IeIih0j Heje JHAKOCTH IIyCTUMO Ja M — 00, A06ujamo’
|A,x — Ax|| < e, 3acBakon > ng, [|x]| = 1. (39)
3Baxu un OOpHYTO: OmepaTop OrpaHUYEH aKO U CAMO aKO je HENPEKH/AH y HymIu, BHIeTH [2].
“Stefan Banach (1892-1945), no/bcKi MaTeMaTHyap.

SBazku u 06puyTO, ako je L£(U, V) xoMmmneran, oga je 1o u V.
60rme xopuctivo ma je lim ||| = lim ||, mTo Baskm 360T HEMPEKHAHOCTH HOPME.
m—o0 m—o0
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. . LUV .
U3 wejepuakocru (39) hemo 3akspydanru u ga je A nenpekujan u jga A, (—>) A. 3aucra, u3 Hejej-

HaKocTH Tpoyria u (39) caenn Ja je
[AX[| < || Anex — Ax|| + | Anox[| < & + [|Any | < M,
[a Y3UMAambeM CylpeMyMa [0 jeIMHuIUM BeKTopuMa ||x|| mobujamo na je A orpanudes.
YaumameMm cynpemyma 1mo X v (39) mobujamo u ||A, — Al < €, 3a n > ng, mro 3Haun ga
LU,V)
A, — A O

2. EXCHIOHEHT omepaTopa

Heka je U Banaxos npoctop u A € L(U,U). Osje uma cmuciaa rosopurn o A2 = Ao A, u
A"=AoAo...o A MoruBucanu pa3BojeM peayHe GpYHKIHje €¥ y CTeneHn Pes
—_—

n

oo
x xn
=) K

—~ nl

JIeOUHUATITIMO
o
An

AL

n=0

npu gemo ysumamo ga je A° :=1d. Jeduuunuja (40) je 106pa, jep je pes Y oo, 4+ KoBeprentan 3a

cBako A € L(U, V). Bancra, kako je
JA™[ < A™THIAL < AP2IAR < o< 1A

upes y ”’2|!|n KOHBeprupa, To pexn y (40) anconytro KonBeprupa. Kako je U Banaxos, 1o pea u

KOHBEPIHUpPa, OIHOCHO €4 je 106po seduHuCcaAHO.

Tsphewe 62. (CBojcTBa €KCIIOHEHTA. )

1) e® =1d;
2) AB = BA = 418 = e4eB;
3) AB = BA = Be? = eB;

5) 3a U =R", 1j. A€ M,(R) Bazkn L't = e A = Aet;
3a U = R" Baxun det e? = e 4;
(7) 3a U = R" paxu e’ AP = P~leAP,

Hoxka3z. (1) je ouurienHo.

(2) Axko 3a omeparope A, u B, pexosu > - A, u Y B, ancolryTHO KOHBEPIHPAjy, Taia ce, Ha
UCTH HAYMH KA0 U ¥ CAYyYajy peaqTHux OpojeBa, MOKa3yje Ja BaxKu

n=0 n=0 n=0
rie je

7=0

"Hopmupan npocrop je BaHAXoB ako M caMO aKO je CBAKH AICOIYTHO KOHBEPIEHTAH DEJ M KOHBEPrEHTAH,
Buzeru [2].
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Kon nac A; = ], ,a B = ,] Kaxko je AB = BA, Baxku u buHOMHA (hopMy.Ia;
n n . .
A+ B)" = (,>AJB”3,
(A+B) X_; )
ji
na je

k . .
Al Bn=i) 1
Cr=> ———==(A+B)"
= gl (n—5)0! K

(3) s AB = BA cnenu na je ZnN:O A,B=DB ZN: A, & U3 HENPEKUIHOCTH MPECIUKABAIHA
Lg,Rp: L(UU)— L(U,U), Lg: A~ BA, Rg: A— AB

cJien fa je u

B = iAnB - BiAn = Be”.
n=0 n=0

(4) Nmamo
A" K AP - n! AF = [1
A o o . - n k
€ - (Id+ﬁ> =5 (n — k)Ik! nF > {]{;l Ck} 4%
k=0 k=0 =
r7e je
n! nn— n—==k
" % (n—k)!nk %HT n+1’ 0<k<n
0, > 1

Kako je ¢ <

(Id+ ) z
k=
A e JAI\" noeo
o kHAH =e — 1_'_7 — 0.

(5) Kako pen
i tn—lAn
— 1)V
“—~ (n—1)!
0o mAT

nobujen dbopmaaHuM rudepeHnupameM peia y oo 24—, KOHBePrupa PABHOMEPHO MO ¢ Ha CBUM

227 KonBeprupa 3a cBaKo t, 10 ce pef oo o 4" mozxke gudbepennuparn

cermentuMa y R, upen >
wian-o-wran.’ Mmamo

d A o d 1" A" o tn—lAn = 1An 1 tnA ( ) a
doa_N~dattAt AT iy ) c1a g,
dt* c=dt nl ;(n—l)! ; n—1)! Z ‘

(6) Toxazahemo mpeo jexHo momohino TBpheme, koje he Ham n KacHuje GUTH O KOPHUCTH.
Jlema 63. 3a ksadpamny mampuuy A € M,(R) sascu
det(E+eA)=1+ctrA+o(e), ¢—0.
oka3. Heka je

p(e) := det(E +cA)

8Bumern [2].



34 2. Cucremn

peanna dbynmuja. Hamummvo Maxmopenos® passoj dyrkimje ¢ npsor pega. Oguraenso je o(0) = 0,
Ha 6ucemo m3padynanu ¢'(0), mamummmo F + €A Kao MaTpUIy KOJIOHA

[A1(e) As(e) ... Au(e)],
rie je
_ ca -
EQj2
() — | €%G-D
A](g) 5ajj—i-1
Ea;(j+1)
EQjnp
Tana je'’
Ple) =Y det[Ai(e) - Ajale) Ajle) Ajule) - A,
j=1
ma je
1 0 0 aj; O 0]
0 1 0 Q52 0 0
oy 5 N,
@(O)—Zdet 00 -+ 0 a; 0 - 0 _ZGJJ—UA-
jzl . ]:1
| 0 0 0 aj, O 1]

Onasie nMamo:

0(e) =p(0)+ ¢ (0)e+0(e) =1+ trAe + 0o(e), & —0.

[
Bparumo ce caiga rBphemy (6). Mmamo:
A" (+ A\" " :
det e = det lim <E + —) 9 Jim det (E + —> — lim {det (E + é)} Jleva 65
n—00 n n—00 n n—00 n
lim [1 + l‘crA +o (l)} — lim (Rt Ato(3)) = Jim en(atrAto(s)) = gtr4,
n— o0 n n n—oo n—oo
Bamro Baxku jegHakocT ()7
(7) Kaxo je
(P_lAP)” = P tA"P,
TO je
= (P~tAP)" =\ A"
S ()
n=0 n=0
[

9Colin Maclaurin (1698-1746), mKOTCKM MaTeMaTHIap.
Bumern [2].
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3. Beza ca jegmaumHOM

TeBphemwe 64. Jeauno permeme jeanaunne (38) ca modeTHuM ycaoBoM X(ty) = Xg je x(t) =
A(t—to)
€ Xp-

Jokaz. eA~t)x, jecte pememe jeqnaunne (38) 360r Tauxe (4) y Tphemy 62, ca moYeTHIM ycI0BOM

X 300r Tauke (1) ucror TBphema.
Jokazkumo ma je oBo jennuo perrerbe. Heka je X(t) pereme ca modeTHHM ycaoBoM Xo. Jledun-
ummMo y(t) = e~ () Ax(t). Unmamo:

y'(t) = —e” A Ax (1) 4 e A/ (1) = e~ (A (_Ax (1) + X/(2)) = 0,
jep je x(t) pememe. Omasie je
e”x(t) = y(t) = yo = xo,
OJIaKJIe CJIejH
x(t) = et

0

IMocaeaunua 65. Ckyn pewersa cucmema X' = AX je sexmopcku npocmop dumensuje n.

Joxka3z. I3 Tephema 64 caean na cy csa pemtema obunka e AC, rae je C' neka KoloHa KOH-

cranTHU. 3amcra, ako je X pememe, X(t) = e710)4x(0). Kako je, n3 Tauke (6) Trphema 62
det 6(t—t0)A _ etr(t—to)A 7£ 07

BHANMO Cy BEKTOPH 4Hje Cy Koopauuare Kosone marpuie e 104 y mureapno nHe3aBucHE, JaKje dnHe
0a3y, 1a je AUMeH31ja MPOCTOpPa pellerha jeIHaKa 1n. 0]

Hedbunrumnmuja 66. Oyrndamenmanrny cucmem pewserva aymoHoOMHE AUHEaPHe JeOHAUNE je CKYTT
6110 KOJUX N JIMHEAPHO HE3aBUCHUX pellema jennadnne X = Ax. O

[IpumeTnmo na HyHIAMEHTAJIHH CUCTEM pellleba ayTOHOMHe JHHeapHe jeHaunne X = AX 4une
BEKTODPH 4Hje Cy KOOpAMHATE KOJIoHe Marpuie ell—0)4,

1

Hanomena 67. Ilpumerumo ga cy Tpajekropuje cucrema (38) aucjyakrae.'' 3Bawmcra, 3a jase

TPajeKTOPHje X U y ca MOYeTHUM YCI0BUMA Xo = X(to) # yo = y(So), u3

x(t1) = y(s1)

UMaMO
eA(t1—to)X0 — 614(81—80)},07
ma je
Xy = eAtoo, 38 to =381 —S9—t1+ 50
Tj.
X(t) — eA(t—to)XO _ eA(t—to)eA(t2)y0 — eA(t—to+t2)y0 — y(t + 80— to + t2)7
a oBo 3Haun Ja ce Tpajekropuje X(R) n y(R) mokmramnajy. o

Heka je to = 0. Ilocmarpajmo, 3a dukcupano t € R, npecjinkaBame
Pt : xy — exo.
Oso je cnenmjanann ciaydaj kperama ® uz Hanomene 56.

Bagarak 68. Jokasaru ma je ' mudeomopdusam npocropa R", 3a ceako t € R. Jokasaru ga

je

P =l o, O’ =1d. (41)
@amminja npecaukagama O Koja HCIymbaBa TOPHH YCJIO0B 30BE CE JeOHONapamemapcka Gamuiuja
dugpeomoppusama. v

UMucnn ce ma ciuxe ckyna R y R”.
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Bagarak 69. Heka je ®' jennonapamerapcka dpavmmmja qudpeomopduzama nald C R™. Jlokasarn

I1a je ca
(t,x) — d'(x)

nedburncano aejerso rpyne (R, +) na U. v

I3 tauke (6) Tephema 62 crequ crenehe TBpheme, mo3naro u Kao Jluysumosa' Teopema.

Tsphemwe 70. (JImyBuiosa Teopema.) Kperame npocropa &' nedbunncano jersaannom

x = Ax
Memba 3anpeMuny (Mepspuse) obaactu D C R™ mo mpasuiy:
Vol(®'(D)) = €' "4 Vol(D).

Jokas. Kaxo je ®'(x) = e"x u sanpevuna obmactu ®f(D) mara ca

Vol( <I>t / / dxy -+ - dx,,

TO je u3 opMyJie 3a CMEHy IIPOMEHJ/bUBE Y BUIIECTPYKOM HHTErDaJIy:

Vol(®*(D / /|det d®!|dy; - -

[Tomo je ®! y mamiem ciayuajy JuHeapHO IpecinKaBaibe, Baxku d®! = & na je
| det d®!| = | det ®!| = | det et| = || = et 4,
Opnatie je

Vol(®*(D)) = ettrA/~~~/dy1--~dyn = ' Vol(D).
D

O

3agarak 71. YV KojuM ciydajeBUMa JHHEAPHUX CUCTeMa KpeTame moBehaBa, cMamyje WIN He
Memba 3anpeMuny? YIIOpeIuTu ca 3aJ1aTKoM 55, v

4. NzpauyHaBame €KCIIOHEHTA

Cayuaj 1. Heka je A = diag{\y,...,\,} aujaronamna marpuna. Taza WHAYKIHJOM IO N JAKO
IpoBEPaBaMo J1a je
AR = diag{\},... \F},
ma je
edias{diAn} — qiggfeM | el

OIHOCHO

edlag{)\lt,..‘,/\nt} _ )\1t e €>\”t}.

diag{e

Opasje cienn ja je peutemse cucrema X' = Ax ca nodernum ycioBoM X(tg) = Xo 1aro ca
x(t) = diag{eMt=t) ety

[TpumeTnmo j1a ¢MO JI0 OBOT 3aKJbydKa JOILIN U paHuje, HermocpeaHo, Bujaeru Hamomeny 35.

12J0seph Liouville (1809-1882), dbpamiyckn MaremaTmyap.
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Cayuaj 2. Heka je A = { _g g 1 [Mpuveruvo'” na je anrebpa marpuna oBaxsor obsinka (ca

onepanujama cabuparma i MHOKEha MATPHIA) 110/be, 1 T0 u30MopdHOo nosby C, npu gemy je uzomop-

duzam jgar ca:

@:[_g S]Ha+6i.

OnaBze cieau na je

[ a 5]”:[ Re ((a + Bi)") Tm ((a + Bi)"™)
-8B « —Im ((a+ p9)") Re((a+ pi)") |’

ma je

S Re((@8)")  § Im((okpi)") Re 3 80" 1 Z (4B
A_ n=0 n=0 " *) - "

—

€ - s S\ S S\ - noz S\ n
5 Ik §R Re(atpi) Im 3 @ R Z (ecti
n=0 ’ n=0 ’ n=0 )

Jennakoct (&) je Tauna jep cy omepanuje Re u Im JmHeapHe, ma mposiaze Kpo3 KOHAYHE CyMe, i

U HelpeKuHe, Ta IpoJiase U Kpo3 GecKoHadHe peoBe (Kao JimMece KOHaUHUX cyma). Kako je

SO OHIIT st Re(ent) = ¢ cos B, Im () = % sin

n!
n=0

AMaMo J1a je

o cos3 sinpf
e =e {—sinﬁ cosﬁ}

OJTHOCHO

e(t—to)A — ea(t—to)

cos B(t —tg) sinfB(t —to
—sinf(t —tg) cosfB(t —tg) |’

[Ipumerumo j1a cmo oBo Beh u3Besn aupektHo y lloTnoriasmy 3.2.
Cayuaj 3. Heka je A maTpuiia mapHoOr peaa 00JIIKa,

Dy, 0 0 --- 0
0 Dy 0 -0
A — 0 0 Dy -~ 0 |
0O 0 O Dy
rJe je
_| a B
D2 - |: _ﬁ a } )
a HyJIe TpeJicTaB/bajy Hy/aa-marpuie peaa 2. 113
Dy 0 - 0
K 0 D% 0
0 O D5
n auckycuje u3 Ciaydaja 2 coean 1a je
eP2 0 ... 0 R 0 - 0
N 0 e ... 0 L 0 R - 0
e’ = i =e ,
0 0 elz 0 0 R

B3TIposepurm.

(42)
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r7e je

- cos3 sinf
R—{—sinﬁ cosﬁ}'

Cayuaj 4. Heka je A € R Heka marpuna A nMa Ha TJIABHO] AUjarOHAJIH A\, Ha IPBOj TOPEHO] CIIOPEIHO]

JeAMHUIIE, ¥ CBEe OCTaJ0 HYyJIE:

A1 0 0 07
ox1 -+ 00
00X - 00
A= . . . . .
000 -+ A1
000 -+ 0 A
Xoliemo 1a m3padynamo e y oo cayudajy. Ilpmmerumo na A MoxkeMo f1a Hammmemo Kao AE + N,
r7e je
010 0 0
0 01 0 0
New=1 1t S
000 01
0 00 0 0

Kao u ja marpune \E u N komytupajy. 36or Tora je (tauka (2) y Tephemy 62):

t—tp)A — e(t—to))\Ee(t—to)N'

el
Kako je

(t—to))\E —

e et g

ocraio je jour na mspaayramo eN Munyknmjom mo k ce 1ako mokasyje aa je

N* = {8 E%k]’ hsn—l
0 k> n,

e je F,, jeuHMYHA KBaJipaTHA MAaTpPHIA peja m. 3aTo je

Ry 4 \3
1 (t _ t()) (t 2750) (t éo)
n—1 0 1 t—t (t—t0)2
SN Z(t_toka:Zt—toka ( .0) 2
k=0 k=0 0 0 0 0
00 0 0
ma je
r PR 43
1 (t _ tO) (t ;O) (t éo)
0 1 t (t—to)?
t=10)A _ (1o)X ot—to)N _ (t—to)A y(t—t0)N _ (t—t0)A : 2
0 0 0 0
00 0 0

[IpumeTumo 1a cMo oBO Beh m3Besn ejeMentapno 3a n = 2, y [lormasiby 3.3.

(t—t(])"71
n—1)!
(t(—t(])")72
(n—2)!

(t—to)"_l
n—1)!
(t(—to)")_2
(n—2)!
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Cayqaj 5. Heka je maTpuna A cama pena 2n u o6inKa

Dy By O --- 0 0 T
0 Dy Ey --- 0 0
0O 0 Dy --- 0 0
0O 0 O Dy FEs
| 0 0 O 0 D,
rie je
110 | a B
me[o ] p=[ 5 2]

,, . .10 0 .
Hyute y marpunm (43) o3Ha4gaBajy Hy/Jda MaTpuily peaa 2, Tj. 00| [Tocrynak je cimdan OHOM Y

Cayuajy 4. Ilpso hemo 3amucarn A Kao

A=D+ N,
rae je
Dy, 0 0 0 0 Ey O 0 0
0 Dy 0 0 0 0 E, 0 0
D= 0 0 Dy 0 . N= : : _{8 E282}>
f 0 0 O 0 Es
0O 0 0 D, 0 0 O 0 O
7 NPUMETUTH J1a je
DN = ND = PtV = ePel.
Marpuny e? cmo pagynamu y Caydajy 3, dopmyna (42). dame go6ujamo
0] Eopn-rk)
0 k> n.
Konauno, nmamo:
[ By, Bt (t—to)? E, (t—to)3 Ey - (t(—to)n)'_lE2 i
2 6 n—1)!
(t—to)? o (t=to)n?
Lt _ Z (t — to)*N* to kN ”zf (t — to pak_ | 0B R TR e E;
=0 =0 0 0 0 0 - B
00 0 0 e Es |
ma je
| R(t) tR(t) “CR(t) SR bt :R<t>
0  R() tR(t) CRLR@) = R(1)
e(t to)A e(t tQ)De(tfto)N eat : : ;
0 0 0 0 tR(t)
| 0 0 0 0 R(t) |
rae je
R(t) = cos B(t —tg) sinf(t — to)

—sin B(t —tg) cosB(t — to)
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Cay4aj 6. Heka je A Gsi0Kk-MaTpuiia o0JIMKa

A 0 - 0
0 A2 0

- : : .. : ’ (44)
0 o .- Am

rae cy A;j xBagparue marpuie pena l; (I1 + ...+ 1, = n) obiuka u3 caydajesa 1, 3, 4 u 5, u Heka cy
myse y (44) kBagparHe Hyma-marpuie oarosapajyhe panra. Kako je

A’f o --- 0
k
A 0 A .. 0
0 O Afn
TO je
e 0
0 e 0
et = . ,
0 0 eAm

A

a CBaKy OJ1 MaTpHIla e’ 3HaMO Jla U3paTyHaMo.

Onmru ciayuaj. Opae hemo ce nossaru na 2Kopaanosy'* Teopemy o HopMasHoj dpopmu Marpuie, '
KOja KaxKke J1a 3a CBaKy KBajparTHy marpuily A nocroju 6asza y Kojoj ona uma o6k (44). Bpexnocru
A, Ha IUjaroHasd u o + (i u3 ciaydajeBa 2 u 5 cy colucrseHe BpenHoctn Marpuie A. Ilpu Towme:

e OpOj HojaB/bUBaIbA PeAJHe COIICTBEHE BpeHOCTH A Ha gujaronan 2KopmanoBoj MmaTpuiy, y

DJI0KOBIMA,
A0 0 a0
0 A - 0
. u Do R
i 0 0 -+ X1
0.0 A 00 -~ 0 A
y 30HpYy jeJHAK je BHIICCTPYKOCTH COINCTBEHE BPEAHOCTH \;°
e OpOj MojaB/bUBAIbA MATPUIIE [ _g g 7KopanoBoj marpuiiy, y 0JJ0KOBUMA:
Dy Ey -+ 0 Dy, 0 -+ 0
0 Dy --- 0 0 Dy -+ 0
0 0 -+ Dy 0 0 - Dy

y 30upy jeJHaK je BHIIECTPYKOCTH COICTBEHE BpeaHOCTH « £ (1.

14 Camille Jordan (1838-1922), dbpaniycku Maremaru4ap.

15 Tokas Bumetn y [4].

160p e nog, Bumecrpykomhy concrsene BpeaHOCTH A\ HOAPA3yMEBAMO BULIECTPYKOCT COICTBEHE BPEJAHOCTH HyJle
KapakTepucTudHor nojuHoma. OBa BULIECTPYKOCT e 30Be U aazebapcka suwecmpykocm. Tlocroju u nojam zeomempu-
jexe suuecmpykocmu COTICTBEHE BPEIHOCTH A, U TO j€ IMMEH3Hja TIPUAPYKEHOT COTICTBEHOT MOTIPOCTOpa. Anrebapcka

1 . .
) )\ ) BUAHMO Ja oue e Mopajy OuTH jeTHaKe.
[IraBuine, ounrieIHO je J1a je MaTpHIla [InjaroHaIn3a0uIHa aKo U CAMO ako je anredapcka BHIIECTPYKOCT CBAKe COII-
CTBEHE BPEIHOCTHU jeHAKA HEHOj TEOMETPH]CKOj BUIIECTPYKOCTH. ¥ HACTABKY TEKCTa, MU NEeMO IO BHUIIECTPYKOIny

COIICTBEHE BPEIHOCTH YBEK MOAPA3YyMEBATH aarebapCKy BHUIIECTPYKOCT.

BHIIIECTPYKOCT je yBek Beha oz reomerpujcke, a Ha MIPUMEPY MaTPHUIE (



2.4. N3pauynaBame eKCIIOHEHTA, 41

Hopmanna dbopma MaTpmIe je jeIuncTBeHa, A0 Ha IepMyTanujy 6sokosa A;.
[Ipumerumo na cmo y llortasmy 3 nokazanu 2KopaaHOBY TeopeMy y CIeNHjaJHOM Caydajy n = 2.

Heka je P marpuna mpenacka Ha 6a3y u3 2Kopjanose Teopeme, Tj. HEKA je
A=PKP™,
rae je K obauka (44). Kako je
Al = PKIp~!,

TO je

K7 K7
A -1 -1 K p-1
e—EPﬂP _PEj!P_PeP,
J=0

J=0

Ia je pelreme jeTHaTnHe
x' = AX ca IIOYETHUM YCJIOBOM X

J1aTo ca
x(t) = el Mxy = Pe! 7K PTlxy = Pel WK C = Pt
C1
rJe je C' KOHCTAHTAH BEKTOP C = : , Koju ojpehjyjeMo U3 MOYeTHUX YCJI0BA.
Cn

IMpumep 72. Pemuru cucrem x' = Ax ako je

Kako je
det(A — AE) = —\(\ — 5)?,

TO UMaMO JIB€ COIICTBEHE BPEJIHOCTH, jeHy mpocty A; = 0, K0joj oJroBapa COICTBEHH BEKTOP

4
u= 5)
-2
U jeJIHy JBOCTPYKY Ao = 5. To 3naum jna he 2Kopnanosa nopmaina dopma 6uTH 00IHKA:
A 0 0 A0 O
K = 0 X 1 nm obuka K = 0 X O
0 0 )\2 0 0 >\2
Hpyry moryhnoct ogbaiyjeMo jep AUPEKTHUM padyHOM JIOOHjaMO Ja je IPOCTOp pellerha jeTHAYnHe
5 —4 0] [z x
1 0 2 yl =5 |y
0 2 5] |z z
JUMeH3Hje jeaH. 3aTo je
M 0 0] 000
K = 0 X 1]=1051
0 0 Ay | 0 0 5
Ha 6ucmo ofpenuin (yOIIITeHe) CONCTBEHE BEKTOPE Vi Vg KOJH OJIN0OBAPAjy CONCTBEHO] BPETHOCTH

Ao, mocmaTpaheMo cucTeM
AVl = )\2V1 = 5V1

AV2 =Vv]+ )\2V2 =v;+ 5V2.
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lobujamo ja je

—4 1
Vi = 0 ) Vo = 1 )
2 2
ma je MaTpuIla mperacka
4 —4 1
P:[U|V1|V2]— 5 0 1
—2 2 2
Kako je
1 0 0
K =10 e te
0 0 e
JIOJIA3UMO JIO PEIIerha
a 1 0 0 01
x(t) =eM = PefPlxg=Pef | ¢y | =[u vy vo] | 0 € te 2
C3 0 0 €5t 03
C1
=[u €e'vi te"vi+evo] | ¢ | =cru+ vy + ca(te” vy + e”'v)
C3
4 —4e5 (—4t + 1)e™
=0 5| +c 0 + c3 et
-2 2¢° (2t +2)e™
@yHIaMEHTATHE CHCTEM PeIlerha je
4 —4e5t (—4t + 1)e
51, 0 , bt
-2 2¢% (2t + 2)e™
v
Sagarak 73. Pemmitu cucrem X' = Ax ako je
1 -1 -1
A=11 1 0
3 0 1
[Permeme:
0 2 cos(2t) 2 sin(2t)
R=¢e<q 1| +e sin(2t) | +c3 | —cos(2t)
-1 3sin(2t) —3 cos(2t)
v

5. Besa ca jegHaumHOM BUINIET pena

AKO UMaMO jeTHAUNHY BUIIET PEJIA:

A t)y=7r (t, x, 7. .. ,:1:("_1)) , (45)
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Tajla BY MOKEMO JIa CBeJeMO Ha CHCTeM OJl 1 jeITHaUWHA MPBOT Pejla CMEHOM:

. x1(t) == z(t)

29 xo(t) = 2'(¢)
prrex=| 1, : (46)
o 2a(t) 1= 2D ().
Cucrem Taja mocraje
(7 (t) = z2(t)
w5 (t) = w3(1)

(47)

WIN, Y BEKTOPCKOM OOJTUKY

rie je
ZL‘Q(t)

F(x,0) = F(x1, ... 0n,t) = 73(t)

f(twrl(t)? s 7$n<t>)
[Tpecaukaparme ¢ u3 (46) je Gujeknmja u3z ckymna perneme jeaHaqune (45) m (47). 3Bamcra, mHeros
MHBEp3 je MpojeKIyja Ha IPBY KOOPIAWHATY,

X = — 2.
Kaxko cy pemema cucrema (47) obanka

X(t) = )
(=D (¢)

TO je 1ouerHu ycjioB X(tg) = Xg cucreMa Koju ¢Mo j1o0uiu ojpeheH HoYeTHUM YCJIOBOM

x/(fo)
X0 = x(:t‘)) | (48)

x(n—l) (to)

Bagasare BeKTOpa (48) ce HABUBA NOYEMHUM YCAOBOM Y CAYHAJY jedHauune suwes peda.

6. JluneapHa jenqHaumHA BUILET pea ca KOHCTAHTHUM KOe(UITHjeHTUMA

Ako dyuknuja f ne 3aBucH o1 t U JIHHEAPHA je O OCTAJIUM IPOMEH/bUBAMA, JOOHU]aMO AUHEAPHY
jednanuny peda n ca KOHCMAHMHUM KOHUUUIEHTUMG:

s () + ay ™ V() + .+ an 2 (t) 4 anz(t) = 0. (49)

HenocpeiHo ce poBepaBa Jia je, Kao U y CIy9ajy CUCTeMa, CKYI pelierba jeanadnte (49) BeKTOPCKH
npoctop. IlpecaukaBame ¢ u3 (46) je muHeapHu u3zomopduszaM BEKTOPCKUX mpocropa. I[lomolhy
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omucane cmene (46), cucrem (49) ce memocpegno pemasa. Hamme, caja u3Benenu CHCTeM HOCTaje
x' = Ax, rze je

0 1 0 0
0 0 1 0
A= : : : t. :
0 0 o .- 1
—Qp —Qp_1 Qp_q -+ —ap
Ako peressa X1 (), . . ., X, (t) unHe byHIAMEHTATHE CHCTEM Pellletba OBOT CHCTeMA, OHIa (DY HKITH]e
x1(t),. .., x,(t) aune 6a3y ckyma pemema jennadnne (49), mpu demy je

(1) = m (x(1))
Ipojeknuja Ha IpBY Koopamnary. Kako cy X, IuHeapHO He3aBHCHH, TO Cy U ;.
Bparumo ce ekcrumnuTHOM peraBay jeanaqute (49). Kapakrepucrudaan moaumnom mMatpuie A

je
Y 1 0 e 0
0 —A 1 e 0
det(A — AE) = det : : : . :
0 0 0 e 1
—Qp —Ap-1 —Qp—2 -~ —G1 — A
3amarak 74. /lokazartu ja je
det(A—AE) = £(\"+ A" ' + . ap A+ ay). (50)
[Vuyrcrso: Ako je d,, = det(A — AE), pazBuru JeTepPMUHAHTY 110 IIPBOj KOJIOHK W Halll PEKYPEHTHY
Be3y u3mely d,, u d,_1; WM PA3BUTH [0 HOCJIEEH0] BPCTH. | v

306or ommrrer 06/IMKa pellieha JIMHEAPHOT CHCTeMa €3 KOHCTAHTHUM KOe(DUIHMjeHTHMA, MOZKEMO

Jla IPETIIOCTaBUMO JIa je CBAKO pelliere JruHeapHa KomOuHanuja QyHKIja obanKa,

e ¢ ako je A € R npocra nyna kapaktepuctuanor noaunoma (50);

eMoteM . tFleM ako je A € R myna xapaxTepuctmanor nojunoma (50) Bumectpykoctu
e® cos(ft), e sin(t) axko cy « + i € C npocre Hyne kapakrepucruanor noauaoMa (50);
e cos(Bt), e sin(Bt), te™ cos(Bt), te sin(Bt), . . ., t*te™ cos(Bt), t* e sin(ft) axo cy a+
pi € C uyne kapakrepuctTudsor moiauHoma (50) BUIIeCTpyKoCTH k.

Huje Temko mpoBepuTn 1a cy ropme (GyHKIHje JuHeapHO He3aucHe. CTpor 1oKa3 ma je dyHKIHja
tmeM pememe jegnaunne (49), 3a m € {0,...,k — 1} Mowxe 1a ce uzseje opako. O3HAUUMO ca

L(x) = 2™ () + a1z V() + ...+ an12'(t) + anz(t)

u ca
P(2) :=2"4+ a1 2" '+ .. an_12 + an.
Xohemo ma poxaxemo jaa je L(t™eM) =0, 3a m € {0,...,k — 1} . Baxu qa je

o' o4
L (ge”) = @L (e) (51)
Kao u
L(e*) = e*' P(z). (52)
Jemmakoct (51) cmenn u3:
oo, oy

——e® = ——¢",
ots 0z 0z OtI
JOK ce jeqHakocT (52) mobuja HEmoCpe HOM MPOBEPOM. 3aTo je

9zm  Ozm ozm

Ltme) = L ( o er) = L et = L e piay).
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U3 Jlajorumose' " dbopmyte mmamo 1a je
om ., N () (i
Sl Pl = 3 () e P o),
=0

Kaxo je A myaa pena m mommaoma P(z), To je P™M™)()\) =03a j € {0,...,m}, na je

L(tmeM) = a—m[e’\tP(/\)] = 0.
o™
3a peanne A 00mjamMo IpBa JBa OOJMKA PeIIerha, JIOK 33 KOMILIEKCHE BPEIHOCTH A, Y3HMAEM
peajiHOI U UMarnHapHOT Jiejia pelrerma, J00ujaMo JApyra JBa ODJIHKA. 0

IMpumep 75. Hahu csa pemema jemnaanne (%) — 1524 + 8424) — 220" 4 2752" — 1252 = 0, a
3aTUM HahI/I OHO KOje 3aJJ0BO/baBa IMOY€THU YCJIOB!:

z(0) =0, 2/(0) = 1, 2”(0) = 6, 2¥(0) = 21, ¥ (0) = 56. (53)
Kapakrepuctuunu nmojamHom jegHadune je
A% — 150" 4+ 842% — 220A% + 275\ — 125 = (A — 1)(A — 5)%(\? — 4\ +5),

ma umMaMo A = 1 u A = 2 + 4 Kao npocre HyJe 1 A = 5 Kao JABOCTPYKY HyJIy. 3aTO Cy CBa Pellermha
obJtKa

z(t) = cre’ + coe® + cste® + cye* cost + cxe® sint,
3a KOHKDETHO pelllerbe Ca JATHUM IOYeTHHM YCIOBOM DeIiaBaMO CHCTeM II0 KOHCTaHTaMa ¢; KOju
nobujamo u3 (53) u mobujamo ¢; =1, co = c3 =0, ¢y = —1, ¢5 = 2, na je:

x(t) = €' — cpe* cost + 2e* sint.

7. Hexomorena jemmadyuHa

Cuctem jennavunna
x'(t) = A(t)x(t) + B(t), (54)
rie je B(t) konoHa Marpuia, 30Be Ce HETOMO2eH CUCTeM. [IpUMETHMO 1A je CKYI perierma CHC-
tema (54) jenmak L™ ({B(t)}), rue je L nuneapHo npec/iuKaBame

L:x—x — Ax.
Ako ca Ry, 03Ha4nMO (BEKTOPCKH) MPOCTOP PEIerha IPHPYZKEHOT XOMOTEHOI CHCTEMA
x'(t) = A(D)x(t),
oHjia je acdunu mpocrop R pemiema cucreMa (54)
R = x,(t) + R,
r7e je X,(t) jeJHO KOHKPeTHO pelllerbe HeXoMoreHor cucrema (54). Samcra:
xeReLx)=Be Lx)=Lkx,) ©Lx—x%x,)=0x—x%x,€ R, & xEX,+ Ry

OnasJie 3aK/byuyjemo aa je R adbunn npocrop'® ncre aumensuje Kao u BeKTopckn npoctop Ry,. Ocum
TOra, OJIAB/e BUANMO JIa je, Aa OHCMO HAILIN CBa pelera cucteMa (54), J0BOBHO Ja TO ypPaiMOo 3a
NPUJAPYZKEHU XOMOTeHU, W JIa TTOTOJMMO CaMO jeJHO Pellierhe HeEXOMOTeHOT .

Ucro Baku u 3a JimHeapHy jeJHadnny Buimer pega. Hanmme ako je x,(f) pememe jenmadume:

™ () + al(t):c(”’l)(t) + oot a1 ()2 () + ao(t)x(t) = b(t), (55)

17Gottfried Wilhelm Freiherr von Leibniz (1646-1716), nemauku ¢Gunozod, MareMarndap, HAYIHUK U JTUTLIOMATA.
18080 cmo Mormu 1a 3axsByunMo 1 u3 jeanakocrn R = L~ ({B}), jep je unBepsna cianka BeKTopa adiHI IPOCTOP.
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Taza je x,(t) perreme IpuIpyzKeHe XOMOTeHe jeTHAYnHe
2™ (1) + a1 ()" V(@) 4 ..+ anoy (D)2 (8) + ao(t)z(t) = 0

ako u camo je x(t) = xp(t) + x,(t) pememe nexomorene (55). Tako ma je J0BOBHO Ja 3HAMO A2
nabhemo cBa perrerba nMpuapyKeHe XOMOTeHe jeJHavnHe, U Ja MOTOJUMO jeIHO PeIlehe HEXOMOTreHe,
Ja GHCMO HAILIN CBa Pelere HeXoMorene jenuadnne (55).

3Bennumo u jenny GopMy Iy 3a pellierbe HEXOMOIeHOD chcTeMa jeiHadrta (54), y caydajy jJa Ham
je mozuar byHIAMEHTAJIHA CUCTEM pelierha oJroapajyfier npuapykeHor xoMmoreHor cucrema. Uy
HEAYTOHOMHOM CJIyYajy CTPYKTypa MpOCTOpa pelnerha je ucra kao y ayronomuoMm. Osue hiemo To
camo dopMmyaucaTu, a gmokazahemo je xacumje, B. Teopemy 95.

Teopema 76. /Jumensuja npocmopa pewera romozenoz cucmema X' = A(t)x jeduaka n. 0

Kao u y HeayTOHOMHOM cJrydajy, OHJI0 KOjH CKYTI Ol N JIMHEAPHO He3aBHCHUX DeIlerha jeHaInHe
x' = A(t)x nasuBamo @yHndamenmarnum cucmemom pewersa.. Oznaanmo ca R(t) kBaaparHy ma-
TPHUILY YHje Cy KOJOHE KOOPANHATE BEKTOPA U3 (DYHIAMEHTATHOT CHCTEMA Pelerba. 3HAMO Ja Cy Taja
CBa peler-a XOMOreHor cucreMa fgata ca X(t) = R(t)C, tae je C' kojona koncranrd. llpumennmo
METOJl BapHjaruje KOHCTAHTH, Kao U y caydajy jemme jemnadmne. Heka je x(t) = R(t)C(t) pemterme
cucrema (54). Yoanupamem y (54) mobujamo:

X (t) = R(H)C(t) + RE)C'(t) = A(})R(H)C(t) + B(t),

ma Kako je
R(t) = A(HR(),
JT00MjaMo
R(t)C'(t) = B(t),
Tj.
C(t) = /R‘l(t)B(t)dt,
O/THOCHO

x(t) = R(t) U R™Y(t)B(t)dt + O} .
CuenujajiHo, y cjy4ajy HEXOMOI'€HOI' CUCTeMa Ca KOHCTAHTHUM KOeHIIUjeHTHMA:
x' = Ax + B(t)
Jo6mjamMmo hopmyIy:

t
x(t) = elt=t0)4 {Xo +/ e_(s_tO)AB(s)ds] :

to

8. 3amaim

(1) OapeauTn nHTErpaIHe KPUBE BEKTOPCKOT M0JHA
a) <y7 —.7}) y R27
6) (y7 -, O) y R?);
B) xi+yj+ 2k y R

r) 2%+ y?%j + 2’k y R3. v
(2) Hahu unsapujanThe nornpocrope 3a oneparop 1 : R?* — R3 u pemurn jegnaunne x = T'x
axo je
10 1 1 0 15
a)T'=100 —21; 6)T’=|1 0 —17 v
01 0 01 7
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(3)

(5)

(11)

Hahu e? axko je

. 01 2
|5 =6 | 10 1 | 1+7 0 | B

a)A—{3 _41, 6)A—{10}, B)A—|: 9 1—1—2’}’ r)A=|0 0 3 v

01 3
Hahu npuvep matpuna A n B 3a xoje ne Baxku e 18 = edeB. v

. . -1
JlokazaTu ja He HOCTOjH peasiHa Marpuna A 3a kojy je et = 0 _04 } v
Axo je norupocrop V' C R" unBapujanran 3a T, x(t) peuieme jennauune x = Tx u x(0) € V|
oHma je x(t) € V 3a csako t. Jokazaru. v
Heka marpuna A nma peasny comcrery speanocT A < 0. Jlokazarn na jemnaunna X = AX
nMa Gap jeaHo HeTPUBHJAJIHO PeIIehe ¢a 0COOMHOM tlim IIx(t)]| = 0. v
—00

Heka je A unBepTuOMIHA 1 X N MaTpuia H N HemapHo. /Jlokasaru na jemHadnHa X = AX
nuMa 6ap jeaHO HEMEePUOIUIHO PEIleHhe. Ve
Kasa muneapnu cucreM X = AX y HemapHOgEMeH3HOHOM mpocTopy (A : R — R
MOZKe MMaTH IepHoJuIHo penerne (¢l x = x)? v
a) Ako je v comcTBenn BeKTOp MaTpuiie A KOju 0JroBapa COICTBEHO] BPEIHOCTH A, OHJIA je

V I CONCTBEHH BEKTOD MATPHIE e Koju oArosapa CONCTBEHO] BpeaHocTH €. JloKasaTw.

6) Heka je A neremepucana 2 X 2 marpuna. JlokasaTn ja cy jeinHe WHBapHjaHTHe MpaBe
JUHAje TLUIAHAPHOT JIHHeapHoT cucrtema X = Ax, mpase ax + by = 0, rne je v = (—b, a)T
COIICTBEHH BeKTOp MaTpuie A.

B) [a Jiu MoxKe Jla TMOCTOjU WHBApWjaHTHA MpaBa JIMHUjA CHCTEMa KOja He TPOJasd KPo3
KOODJIMHATHHU TIOYETaK, aKO C€ YCJIOB HeaereHepucaHocTu mMarpuie A msocraBu? v
Omnucaru cBe Moryhe cKylnoBe CTalMOHAPHUX TA4YaKa 3a ILIAHAPHU CUCTEM JIMHEAPHUX je/I-
HAYMHA €A KOHCTAHTHUM KOePUIjeHTUMA. v






['JTABA 3

TeopeMe 0 er3ucTeHIUjU, je TMHCTBEHOCTH, 3aBUCHOCTHU OJI IIOYE€THUX
yCJIOBa, MPOAY>Keiby peliemnha, NCIPaB/bUBOCTU BEKTOPCKUX MOJba,
jeaHonapaMeTapckoj paMuJnju...

1. TTukapoBa TeopeMa O €r3UCTEHINJU U JeJUHCTBEHOCTH peIleiha

Hexka je I C R orsopen mutepsai. Kaxxkemo fa je ekropcko mome F : U x I — R* jokammo
yaudopmuo (o ¢ € I) Jlummunoso' mo X ako cBaka Tadka w3 U mMa OKOAMHY B Tako 1a BayKu
|F(x,t) — F(y,t)|| < L||x—y|,3ameko L > 0, x,y € B, t € I.

Teopema 77. (Ilukaposa’ Teopema.) Hexa je U C R* omesopen u eexmopcro nowe F
U x T — R* nenperxudno u aokarro yrugopmmo (no t) Junwuyoso no x. Tada sa cearo xg € U u
to € I nocmoju 6 > 0 u jeduncmeeno pewerve

Xi[to—é,to—i‘é]%u

Kowujesoe npobaema
x'(t) = F(x,t), x(ty) = Xo. (56)

Jdoka3. Heka je r TakBO j1a je 3aTBOpeHa KYIJIa ca MEeHTPOM YV Xq MOJIYIIPEeIHUKA 7
Blxg;r] Cc U

u F yaudopmuo Jlummuioso Ha B[Xg;r] ca Jlunmmunosom korctantoMm L. Heka je a > 0 TakBo Ja
je [to—a7t0+a] Clnu
M = max | E |
Blxo;r] X [to—a,to+a]
no< min{ﬁ, %,a}.
Hedbunnmmnmo nuayKTuBHO HU3 DYHKIMjA X, : [to — 0, g + d] — B[xq, 7]:

t
Xo(t) = X9, Xpi1(t) == X0 —|—/ F(x,(s), s)ds,
to
Koju he mam y JmMecy JaTH jeJMHCTBEHO pemierbe. VHIYKIIjOM ce JIaKo JTOKa3yje jia je CBaKO O/I
IpeciuKaBarmba X, HEIPEKHUIHO.
[Tomenuhemo ocTaTak JI0Ka3a Ha HEKOJUKO KOPAKA.
I: Hu3 je mobpo medunmcan. lokakumo (MHIAyKIHjoM 1o n) 1a je x,(t) € B[Xq;r| 3a cBako
t € [ty — 0,10 + 9], n € N (omaBue caenn aa je nedbununuja mo6pa, jep je F' nedunucano na d X I, a
Blxg;r] CU). 3a n =0 oo je ounrmeano tauno. Ako x,(t) € B[xe;r], ouga je ||F(x,(t),t)]| < M,
3a t € [tp — a,to + a], na umamo

[ Fats),as

to

t t
< / | F(x,(5), s)||ds < / Mdt < oM <.
to to

Iosa(8) — o = \

II: Hus x,(¢) je paBuomepuo Kommujes. Heka je

= t) — t)||.
e=  max [pa(t) = x(0)]

"Rudolf Lipschitz (1832-1903), nemaukn maremaruuiap.
2Emile Picard (1856-1941), dbpaniyckn MareMaragap.
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NuanyknmjoM 1oKa3yjeMo 1a je
[%n41(t) — xn(t)[| < c(L0)™. (57)
Ba n = 0 0oBo je TauHo 360r W300pa KOHCTAHTE ¢, AKO HPETIOCTABUMO Ja (5H7) BazKu, HMaMo:

/(F(Xn+1(5>75)_F(Xn(5>vs))ds S/t 1E(%n41(5), 8) = F(xa(s), s)[| ds <

to

/ L %1 (5) — %u(5)] ds <

to

%n4+2(t) = Xn s ()] =

t
/ Le(Lo)"ds| < Le(L)™6 = c¢(Lo)™ .

to

Hu3s x,,(t) je pauomepno Kommujes Ha [tg — J, tp + d]. Baucra, kako je Lé < 1, To (L0)™ moxe 6utn
MIPOU3BOJHHO MAaJIO 3a JIOBOJHHO BEJMKO ng. Heka je m > n > ng. Mmamo:

[[%m () = %n (D) | < %0 (t) = X1 (B[] + [[Xn—1(t) = K2 ()] + - + [[Xnr2 (t) — %0 ()]
c[(LO)™ P 4+ (LE)™ 2 4 ...+ (L6)"] = c[(LS)™(LO)™ ™t + (L&)™ ™ 2 4 ...+ LI + 1)]
1 c
<
1—Ld — 1—-L6
Kaxko je R* kommeran, nus x,(t) pasnomepno konseprupa xa X(t) koje je nenpexuuo na [to—d, to+

d].
III: x(t) je pememe. U3 jeqnakocru:

Xn1(t) = Xo +/ F(x,(s), s)ds,

to

<
<

c(L3)" (L&),

paBHOMEpHE KOHBepreHiuje Hnsa X,, n yandopmue Jlnmmumooctu noska F', nobujamo, Ka1a mycTUMO
JIIMeC Kaj n — O0:
t
x(t) = xg +/ F(x(s), s)ds.
to
Onagje 3axspyuyjemo jga je x' = F(x,t) u x(tg) = Xo.
IV: Pemewe je jemmucrBeno. Ilpe ceera, mokasaliemo ja, ako je y(t) pememse Komurujesor 3a-
natka (56) Koje je nedpunucano Ha [to— 9, to+ 9], Takso 1a je y(t) € B[xo, ] 3a cBako t € [tog—J, to+3],
Tajia Mopa Outu X =y Ha [tg — d, tg + ).
O3HAYMMO ca M MAKCUMyM HOpME pa3/nke X 1 y:

m:= max |[x(t)—y(t)]] > 0.

[to—0,to+9]
/ 1/(s) — ¥/(s)l|ds

/t:< (s) — y'(s))ds

= [ 1099 = POyl < / Llx(s) = y(s)|ds < 5Lm,

to

mamo

Ix(t) =y (@)l =

ma je
m < dLm < m,
mTo je Hemoryhe.?

OBuMe HIIAK HUCMO 3aBPIINJIN JIOKA3, jep HUje OYMIVIEHO Ja je CBAaKO perieme 3aj1arka (H6)
nedurmncano Ha [ty — 0, 1o + 0] cagpkano y kyrmm Blxg,r]." Heka je 3aTo y pemreme medunncano ma
[to — 0, to + d]. TIpermocraBumo ja He Baxku y(t) € B[Xg,r| 3a cBe t u (6e3 ymMarmema ONIITOCTH), Ja
TO He BayKu 3a HeKO t € (to,tp+ J). Heka je t1 € (tg,to+ 0) npBo Bpeme 3a Koje y uznazu u3 B[xg, ],
Tj.

ty :=sup{t € [to,to + I] | y(s) € B[xo, 7], 3a cBaKo s € [to,t]}.

3V nokasy Iukapose TeOpeMe 10 OBOI MeCTa YHTAJIAI] MOYKE IPEO3HATH I0Ka3 BanaxoBor craBa 0 (pUKCHO] TAUKM.
‘Ha oBy dunecy ykazasna mu je Jemena Vuh.



3.1. TlukapoBa Teopema O €r3UCTEHIN]U U jeIMHCTBEHOCTH PEIIeiha, ol

I3 Beli nokasanor 3uamo 1a je x(t) = y(t), 3a cBako t € [tg, t1], ma je u:
y(t1) = x(t1) € 0B[xo,r].
MozxkeMo 7@ mocTaBUMO HOBHU KormujeB 3ajaTak:
xX'(t) = F(x,t), x(t1)=x;.

Ha ocnoBy Beh mokazanor 3uamo Jia pelieme OBOr 3aJaTKa IIOCTOjH, JebUHUCAHO je HA HEKOM HHTep-
Basy [t; — 01, t1 + 1], u ga mocroju 1 > 0 TAKBO Ja ce CBa pellema Koja mpunaaajy Kyru B[xy, r]
MOKJIamnajy. 3a J0BOJGHO Maso € u t € (t1,t + €), x(t) u y(t) mpunanajy xkyrnum B[x;,r;], nma je
x(t) =y(t), 3at € (t1,t; +¢). Melyrum, 3a oakse t Baxu X(t) € B[Xg, 7], JaKIe TO BayKu U 32 y.
OBo je xoHTpaguKIKja ca AeduHunmjoM O6poja t;. U

ITpumep 78. Pemmmo jennaunny =’ = az (y R) ca nouernum ycaosom x(0) = g, umurupajyhu
J0Ka3 nperxozane Teopeme. Popmupajmo Hu3 ., (t):

ZL’o(t) = 29
t
x1(t) = xo + / axo(s)ds = xg + xoat
0

(at)?
2

t t
xo(t) = zo + / axi(s)ds = xg + / a(xg + xoas)ds = xy + woat + g
0 0

t t 2 2 3
t t
x3(t) = 29 + / axs(s)ds = xg + / a (mo + xpas + xg (a;) > ds = xg + xpat + xg (a2) + x9 (a6)
0 0
NMuayknujom 1Mo n ce J1ako jokasyje ja je
at)? at)”
(1) :x0+x0at+xo( ) +...+x0( ) ,
2 n!
Ta je pereme 33/1aTKa
x(t) = lim 2, (t) = zpe™.
n—oo
v

3amartak 79. QPopmuparu Hu3 urepanuja u3 gokasza [lukapose Teopeme 3a jeIHAYUHY
¥=x+2 x(0)=2
U PENuTH je HA OBAaj HAYWH. v
Hanomena 80. Ako je ayronomuo nosbe F kiace C1, onja je ono jiokaano Jlunmumoso (3amro?).

AKko je (meayTonomnuo) nome F xirace C) omza je 0HO JOKAIHO 1O X JIMIITMIIOBO pABHOMEPHO IO ¢
HA CBAKOM CETrMEHTY. o

Hamomena 81. U3 llukapose Teopeme cjiequ ja pelerbe He caMo Ja je jenuHcTBeHo Ha (g —
d,to + 9), Beh e rox ma je medmrmcano. 3amcTa, TPETIOCTABUMO Ja je X; U Xy JBA PA3IHIHTA
peteba Jjiecpunucana na unrepsaiauma I, u I pejgom, to € I; N I,. Heka je

t = mf{t elinli | t> to,Xl(t) 7é Xg(t)}.

Kako je x1(t) = xo(t) na (tyg — 9,%1) u X1 u X cy HeupekujHe, 10 je X1(t1) = xa(t1) =: x3. Aum ako
nocmarpamo Komujes 3aarax:

x'=F(x), x(t1)=x,
nobuheMo fa ¢y u X; U Xy pelerba, a u3 [IukapoBe TeopeMe cjiejid J1a ce OHa MOKJIanajy Ha (t; —
91,11 + d1), WITO je y KOHTPAIUKIH]H ca W3OOPOM TadKe ti. o
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Hamnomena 82. Hajsehu mnTepBaJ Ha KoM je jiecpbunucano pemieme gudepeHiyjaine jeIHaunne
Ce 30Be MAKCUMAANU uHmepsan dedpurucarocmu. V13 Hamomene 81 caeau na je (ako F' 3a10BosbaBa
yesioBe [TukapoBe TeopeMe) pellierse jeIMHCTBEHO HA MAKCHMAJTHOM MHTEpPBATY 1ebUHUCAHOCTH. O

3amarak 83. Hahu makcumasiae uarepBaJie jnedpnHACAHOCTH:

(a) MHEEApHOr cHCTeMa Ca KOHCTAHTHUM KoedunmjentnMa X = Ax;
(6) jenmnauune z'(t) = 1+ 22, x(0) = .
v

Saparak 84. [la sin makcumasnu nnrepsas gedunucanocTn Moxke ga He Oyjae orBopen? v

Baxn u cienehe yommreme [lukapoBe TeopeMe Koju HaM Karke Ja MOCTOjH 0 TAKO J1a PEIIerhe
HOCTOJU W jeJMHCTBEHO je Ha [tg — 0,tp + 0] ca G0 KOJUM MOYETHHM YCJOBOM X; U3 OKOJIMHE X
(mpumernmo a je § y mokasy [TukapoBe Teopeme 3aBHCHIIO O Xg.

Teopema 85. Hexa cy ucnyrwenu ycaosu Iluxapose meopeme. Tada 3a cearo xo € U nocmoju
kyesna B ca yenmpom y Xg u g > 0 makeo da jednauuna

xX'(t) = F(x,t), x(ty) =yo
UMG JeIUHCMBEHO PEULEHHE
y: [to —50,t0+50] —U
36 ceaxo yo € B.

Jlokas.” Heka cy r > 0 Taxso ma je Blxg,r] CU u § > 0 xao y jnoxasy Iluxkapose Teopeme, u X(t)
jemHCTBEHO pereme jeqradnne X' = F(X, 1) ca HOYeTHUM YCIOBOM X jgedbuHUCAHO Ha [ty — 0, to + 0].
OsnHaunMo ca
M = max{||F(t,x)|| | t € [to — d,to + 0], x € B[xo,7]|}
u §o := min{d, r/2M }.
Tepanmo na B = B[xg, /2] u dy 3a10BosbaBajy ycaoBe Teopeme.
Heka je yo € B. Axo neduHnimeHo Hu3 npeciankaBama y, () peKypeHTHO:

yo(t) = yo. %MO:W+/F@m®W,

to
TBPIUMO
neN, te [to — g, to + 50] = yn(t) c B[X(),T]. (58)
AKoO 0BO BazKH OHJIA, HA WCTH HAYWH Kao ¥y M0Ka3y llukapose Teopeme, mobujaMo fa je yHubDOPMHH
muMec y(t) Husa y, (t) TpakeHo pereme geduHUCAHO HA [ty — Og, to + do].
Hoxkazahemo (58) muayknujom o n. 3a n = 0 (58) ounriaeano BaxKu. AKO HPETIOCTABAMO Ja
BaxKM 3a HeKo n € N, mMaMmo:

[ FGyatsnas

to

t

r

R < [ 1P valo)lds < Moy = 3,
to

ma je

=7

roor
1yns1(8) = Xol} < [lyn+1 () = yoll +lIxo = yoll = 5 + 5

0
Hanmomena 86. [IpumermMo 1a cMo, v 1oka3y Teopeme 85 mgoKazaau ja MocToje oKoJwHe Uy 1
Uy C U, Tauke Xy TaKBe J1a BayKH
Yo € U, = y(t) - Ul,
3a CBaKo t € (tg — g, to + o) (uup. Uy := B(xo,7), Us := B(x¢,7/2)). o

®Ha oBaj (eemMenTapumjn) J0Ka3 CKpeHy/ia Mu je naxmy Jeena Vmuh (Bumern u Ipumep 91).
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2. IIpoayxkeme periema

IIpumep 87. Jemmaumna 2’ = 1 + 2 ca movernum yciaosoMm z(0) = xg He MOXKe J1a Ce MPOJLYIKH
Ha WHTepBaJ nyzKuHe Belie o1 7, mako je BekTopcko nomwe F(z,t) = 1+ 2% rnarko ma R x R. 3aucra,

IeHO pererbe je x(t) = tg (t 4 arctg xg) u gedunucano je Ha (—% — arctg 2o, 5 — arctg xo). v

Teopema 88. Hexa je sexmopcko nowe F : U X I — R™ xao y [Tuxaposoj meopemu 77 u Hexa je
pewere jednanwune X' = F(x,t) dedpunucarno na maxcumanrnom unmepsany J, sup J < supl. Axo je
K C U womnaxman, mada nocmoju ty € J maxeso da x(t1) ¢ K.

ITocnenuua 89. llod npemnocmaskama us Teopeme 88, axo je pewerve x(t) cadporcano y nerxom
komnaxmy K C U, mada ce ono mooice npodystcumu wa yeo 1. 0

Joka3 Teopeme 88. IlpermocraBmmo cynporHo: Heka je J C [ MakCcHMaJ HU WHTepBaJ JeduH-
ncaHocT 3a X 1 K kommakran ckyn takas jga je x(J) C K. Be3 ymamema ONMmTocTH, TPETIIOCTaBIMO
na je B :=supJ < 0o u HeKa cy a u b Takpu Ja je 3 € [a b] C I. Kaxko je K X [a,b] komnakra#, T0
nocroju M takso na je |[F(x,t)|| < M 3a (x,t) € K X [a,b]. Umamo

Ix(t) - x(s)]| = / u)du

OJIHOCHO X 33/10B0J/baBa Kommjes ycsios Ha [a, b na mocroju

/ 1P (x(u), )| du < M|t — s,

lim X(t) =x; € K.
t—B~

[Ipumerumo u ja je

X'(f7) = lim x'(t) = lim F(x(t),t) = F(x1, ). (59)

t—p~ t—B—
Heka je y(t) jennHCTBEHO perlierhe jeHAUNHEe

X'(t) = F(x(t),t), x(8) =x, (60)

nedbunucano Ha Ha (3 — 0, 8+ §) Koje mocroju Ha ocHoBy Ilukapose Teopeme. U3 (59) ciaenu na je u

R X(t)v tE(ﬁ—é,ﬁ],
”“”‘{ww,teWﬁ+®

pemerbe jeauaanne (60). To 3nadn jga ce y u X nokjaanajy Ha (S5 — d, 5], 0HOCHO ja X MOZXKe ja ce
upoayxku Ha [3, B+ J). OBae mona3umMo 10 KOHTPAJAMKIIMje ca IPETIOCTABKOM Ja je J MaKCHMATHA
UHTEPBaJ Je(PUHUCAHOCTH PEIIeHHa, X.
Ha wcTn mavyun g0Ka3yjeMo u 3a MpoJyKaBaibe y JIEBOM Kpajy. 0
Y llpumepy 87 Bujenun cMo Ja je y Kpajy MaKCHMAaJHOI MHTepBaJia Je(pUHUCAHOCTH pelIeiba, T
Baxku1o |x(t)| — +00. OBo je 3ampaBo npaBuiio, o yemy roopu cienehe Tepheme.

Tsphemwe 90. Heka je ckyu U C R™ orBopen u HeorpanuveH, BeKTOpcko mnojbe F U x [ — R"
kao y [IukapoBoj Teopemu 77 u Heka je x(t) pememe nedunucano Ha narepsaty («, 5) Koje He MOKe
qma ce mpoayxu y t = < +oo, f € I. Tana je

tlirﬁn_ |1x(t)|| = +o0. (61)

Hoxkaz. 13 Teopeme 88 cuean ma mocroju mu3 t, < (3, t, — [ takas na ||x(t,)] — +oo. Ako
IpPeTIocTaBuMo Ja He Baxku (61), 3ak/bydyjeMo Ja mocroju Hu3 s, < 3, s, — [, TakaB ja je HU3
X(s,) orpannden. Oyarie 3aK/by4yjeMo Ja MOCTOJU W MOJHU3 HU3A S,, O3HAYHNEMO ra mCTO ca S,
Takas Ja Hu3 X(s,) — x3. [HocmarpajmMo upcren neHTpupaH y Xi:

A={xeR"|r<|x—x|| < R}
(ako Tpeba, cmamumo T 1 R Tako ma je meo A cagpxkan y U). Kako

()l = 00, X(sn) = x1
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to Kpusa x(t), t € [0, 3) Geckonauno muoro myra ,yhe u usahe” u3 npcrena A, na je JyzKHHA OHOD
gena xkpuse Koju je y A, I({x(t)} N A)iepo,p), jennaxa Geckonauno. C japyre crpane, 3a
M := max ||F|,
Ax[0,8]
IMAMO
U({x()} N A)rcios) < M(B—0) < +oc.
O

IIpumep 91. U3 Teopeme o mpoayKemy peliema MoKe ce U3BECTH JOII jeJilaH 1oKa3 Teopeme 85.
Heka cy B = B[xq, /2] u §y xao y nokazy Teopeme 85.
Heka je yo € B = Bxo,7/2] u Heka je y(t) jelMHCTBEHO pelierbe jeiHadanne

x'(t) = F(t,x(t), x(t)=yo.

Heka je J MmakcumasHu HHTEpBaJI AeUHUCAHOCTH pelllema y u 5 = sup J. Xohemo jga jgokazxKeMo Jia
je B > tg+ dp. IlpermoctaBumo cynporHo, ga je 5 < to + dg.

[Tomcerumo ce KOHCTpyKIHje pemiema y(t): To je 6uo yHHMDOPMHEU JTHMeEC MpeCcIuKaBama Y, ()
JiebUHUCAHUX PEKYPEHTHO:

t
yo(t) =yo,  Ya+1(t) :=Yo +/ F(s,yn(5))ds.
to
Kako y,(t) € B[xo,r], 10 y(t) € Blxo,7], 3a t € [ty,3). Ilomro je y(t) campxkano y KOMIaKTy, u3
Teopeme 88 U3BOAMMO KOHTPAIUKIIA]Y ca IpeTHocTaBKOM [ < tg + dy. v

2 te)

IIpumep 92. Pememe jennaunne ' = x T

ca moveranM yeaosoM z(0) = xg # 0 je x(t) =
Koje je medpuHUCAHO HA WHTEPBATY (—00, %) 3a To > 0, OMHOCHO HA HHTEPBAIY (%, +00) 3a 29 < 0.
Y oba caydaja, OBO je MaKCMMAJIHU WHTEpPBAJ Ha KOM peIlerhe MOXKe Ja ce Mpoay:km. 3a xg = 0,
peretbe x(t) = 0 je nedunucano ua neaom R.

Heka je z9p # 0. M3zabepumo dy < min{l/4,1/2|zg|} mw € = 1, Tama je 3a cBako yy € B :=
(xg — €, 20 + €), perrerbe jeHaATHHEe

nedurncano Ha (—d, dp). 3ancra

1 1 1
Ia je pelnreme
Yo
t) =
y(t) —

106po aedunncano Ha (—dg, dy).

Onpenurn nHeke B u dg u3 Teopeme 85 3a 1y = 0. v

3. IIpuMeHa HA JMHEAPHU HEAYTOHOMHH CUCTEM
Teopema 93. Hexa je mampuya A(t) = [ay;(t)]],_, uma sa enemenme nenpexudne dymxyuje

a;;(t) dedpunucane na nexwom unmepsany I xoju cadporcu ty. Tada neaymonomnu cucmem

x'(t) = A(t)x(t), x(to) =xo (62)
uma jeduncmeeno peuerve depurnucaro Ha 1.
Hoka3. Ersucrennuja u jeJJMHCTBEHOCT pellierba ¢y mocseauia [lukapose Teopeme (3aImiTo cy wc-
nymenu yeiaosu?). IIITo ce THde MAKCHMATHOT HHTepBana JebUHUCAHOCTH, MPETIOCTABHMO, 3a

nouerak, 1a je I = [a, b] orpanwyenn unrepsas. [lokasahemo na je penteme jeqnadnne (62) orpaHudeHo,
na he u3 [locaenune 89 creautn na je nedpunucano na unrtasoMm [. Heka je

M = max | A(t)])



3.3. Ilpumena Ha JuHEeapHU HEAYTOHOMHU CUCTEM %)

Kako je mpecimkaBame
t = [[A@)]
HeTpeKuIHO, 6poj M je KoHauaH. 3a JoKa3 heMo KOPUCTHTH cJiefiehy JieMy, Koja /iaje jeqHy anpuopHy
OIIEHY peTerha.
Jlema 94. Axo je |X'|| < M||x||, u x(t) # 0, onda je ||x(t)|| < eMlt=tol||xo]|.
Bparumo ce na nokas Teopeme 93. Tlpe cBera, mpumernmo Ja, ako xg # 0, x(t) # 0 uu 3a jeano
t.° Axo je xg = 0 = x(t) = 0, Teopema ounremHo Baskn. Kaxo je
XNl = [ A@®)x] < M|,
To m3 Jleme 94 crenn ma je ||x(t)]| < eMl=tl||x,||, ma je x(t) € K, rae je K Kommakt
K = {[Ix]| < [Ixolle™}

3a HEKy MO3WTHBHY KOHCTAHTY ¢ Koja 3aBucH of cermenTa [a,b]. 3aro m3z Teopeme 88 cienn ma x
MOZKe J1a ce MPOJIyKHu Ha |a, b].

Ako waTepBas [ HuUje OTpaHWYEH, MPUMEHHMO JOKA3aHU €0 HA CBAKW OTPAHUYEHU WHTEDBAJ
cajpxkan y I. 0
Hoxkaz JIleme 94. /ledunummmo

F(#) = In|x(t)]*.

2(x/(1), x(1))
()]

NsBox dpyukumje f je
f1t) =
ma n3 Komu-I1IBapmnoBe Heje THAKOCTH TMaMO:

,f,(t)|§|2- X @1 - x|

< 2M.
()12 -

Onasae mmamMo
t
In||x()||* = f(t) = f(to) —i—/ f'(s)ds < f(to) + 2M|t — to| = In ||xo||* + 2M |t — o],
to

ma je
I(8)]> < flxo| %>l
OJTHOCHO
()] < [Ixcofe™=.

Teopema 95. [Ipocmop pewera R jednauune (62) je sexmopcku npocmop dumensuge n.

Joka3z. Beh snamo ga je R BekTopcku npocrop. Jlokaxkumo na je o mzomopdan ca R™. 3a ty € I,
PECTUKABATHE

Ly R —R" Ly - x— x(to) (63)
je m3omopduzam. 3aucra, JuHEapHOCT je ouuriensa, L;, je HA Ha ocHOBY ersucreHIyje peliema
KPO3 CBaKO Xq, & Ly, je 1-1 Ha OCHOBY jeITMHCTBEHOCTH PeIIeha. 0

Hanomena 96. Hexka je npecimkasame ¢; : U C R — U nedunncano ca
gbio : xg — x(1)

rae je x(t) jequHcrBeHo pererse audepeniujante jennaunne X = F(x(t),t) ca moyerHuM ycioBoM
x(ty) = Xo (Bugern u meduHHUNHU]Y TOKA BEKTOPCKOr mo/ba I Ha crpanm 59). V caydajy kaz je F

63ancra, kpo3 Tauky 0 = x(t;) IPOIA3M CAMO jeIHA TPAJEKTOPUja CHCTEMA CA HOYeTHHM yCIoBoM X(t1) = 0, a 1o
jex=0.
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JIMHEAPHO IO X, Tj. aKO ce pajau o jejHaunnu (68), IPUMETHMO Jla je Mpec/ouKaBambe JUHeapHo (I10
Xp). 3amcta, Heka cy x(t), y(t) u z(t) pemerma cucrema 1'(t) = A(t)n(t) ca moderHuM ycaoBUMa
x(to) = %o, ¥(to) =yo, 2z(to) =0+ yo.

U3 jenmuurcTBeHOCTH pemiema caean aa je z(t) = x(t) + y(t). Amm
x(t) = ¢y, (x0),  ¥(t) =, (¥o), 2(t) = ¢}, (%0 + ¥o),

ma je
B1, (X0 +¥0) = ¢4, (x0) + b}, (o)-
Ha ncrn maunn ce gokasyje n ga je ¢ (Axg) = Ay, (Xo). o

3.1. Bponckujan cucrema u JImyBuaose Teopeme.

7

Hedbununuja 97. Bpouckujor nin demepmunanma Bponckoz' cucrema n BeKTOPCKHX DYHKII]A,

x;: I = R" j=1,...,n je nerepMuHanTa
x11(t) -0 xya(t)
W(x1,...,%x,)(t) := det : : ,
Xn1(t) 0 Xpn(t)
re je
x1;(t)
x;(t) =] :
Xn;i(t)
O
Teopema 98. Hexa cy xi1(t),...,X,(t) pewera HeaymoHoMHo2 NUHEAPHO2 CUCTEMA

x'(t) = A(t)x(t)
dehunucana na unmepsary 1. Tada cy caedehu ycrosu exeusarchmmu.

(1) x1(t),...,%,(t) wune dgyrndamenmanrnu cxyn pewersa.
(2) W(x1,...,%,)(t) #0 3a cearo t € I.
(3) W(x1,...,%,)(to) # 0 3a nexo ty € I.

Hokas. Exsupanennuja (1) < (3): xako je npeciukaBambe Ly, medbunucano y (63) mzomopdusam,

OHO cjimka 6azy npocropa Ry 6a3y upocropa R™, ma xi(t),...,x,(t) yune dyHiaMeHTaIHU CKYII
pererba ako 1 camo je x1(ty), . . ., X, (to) 6a3a mpocropa R™, 1j. ako u camo ako je W (xy, ..., X, )(to) #
0.

Nmvmnukanmja (2) = (3) je ounreua.
Ja 6ucmo nokazann uMIuKangjy (3) = (2), mpeTnocTaBuMo cympoTHo, Tj. Heka je W (X, ..., X,)(to) #
0u W(xy,...,%,)(t1) = 0 3a Heko t; € I. To 3Haun na je

Z )\ij(tl) = O,
7=1

3a HEKe A1,..., A\, € R. Aunm, ako nocmarpamo Kormnjes 3amarax
X'(t) = A(t)x(t), x(t1) =0,

UMaMO J[Ba pelliermha

x(t) = Z A\xi(t) m x(t) =0,

Jésef Maria Hoene-Wroniski (1776-1853), noswcku duozod, maremarudap, dbusndap, NpoHaIa3ad, aaBOKAT U
€KOHOMHUCTA.
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na 3 [lmkapoBe TeopeMe cjequ Ja cy OHA jeJlHAKA, OJHOCHO Ja je
n
Z)\ij(lf)EO, tEI,
j=1

MITO je Yy KOHTPAJAUKIUjU ca mpernoctaBkoM W (xy, ..., X, )(to) # 0. O

Teopema 99. (J/luyBunoBa Teopema - JIMHEAPHH CJIydaj.) Bpockujan
W(t) = W(Xh s 7Xn)(t)
ckyna pewera {Xi,...,X,} jednavune x' = A(t)x sadosomasa jednauuny

W'(t) = tr(A(t) - W(L).

Hoxka3z. Heka je L;, npectukaBame u3 gokasa Teopeme 95. 3a 1y, ¢, € I, npecinKkaBame
t1 . N n t1 . —1
LtO . R _> R 9 LtO .— Ltl o} LtO
je muHeapHu m3oMopdu3aM mpoctopa R”, Koju nmpecJnKaBa CTambe CUCTEMa Y KOM ¢e HAJIA3WI0 ¥ Bpe-

MeHY ty y CTAbe Yy KOM Ce HAJA3UI0 Y BPEMeHy t (L% : X(to) — x(t1)). Ilpenusnuje, npecaukaBarmbe

Li; TAYKN Xo OpUApPY:KHU X(t1) rae je x(t) jenmHcTBEHO periebe cucteMa X = A(1)X ca modeTHHM
yeaoBoM X(tg) = xo. Kako je

Xll(t) cee X1n<t)
W(t) = det®(t), ()= | : . 1 |,
Xp1(t) -0 Xpn(t)

Oty + At) = Lt (t)
(rae cmo ca L§3+At O3HAYWIN MATPHUITy MPUIPYKEHY TPECINKABARY LingAt), TO je

W (to + At) = det (LT3 W (t,), (64)

/b HAM je J1a ojpeanmMo det LingAt, OJTHOCHO TIpBa JIBa 4/jaHa y '1ej/I0pOBOM pa3Bojy NpeCInKaBamba,

At — det L§8+At. [Ipumerunmo 1a
Liot8 x(tg) = x(tg + At). (65)
[TocmaTpajmo mpecInKaBambe
At — x(tg + At)
M HAIMIIKMMO IPBHU 4JaH meropor TejjoposBor pasnoja:
x(to + At) = x(to) + X (to) At + o(At) = x(to) + AtA(to)x(to) + o(At), At — 0.
I3 mperxone jennakoctu u (65) 3ak/pydyjemo 1a, 3a v € R" paxu:
L3N (v) = v + A(to)vAt + o(At), At — 0,
TO je
Lota = B+ AtA(t) + o(At) = E + At[A(ty) + o(1)], At — 0.

Ako upumenumo Jlemy 63 Ha marpuiLy L§3+At

det (L{2H2") = 1+ Attr A(ty) + o(At), At — 0,

, AIMaMO

ma je
W (to + At) = W (ko) (61 det (Lig ™) W (to) — W (to)

[1+ At tr A(to) + o(A8)[W (to) — W(to) _
At = tr A(to) - W (to) + o(1), At —0,
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OJIaKJIe, IpeackoM Ha Alir_l%, JlobujamMo TBpheme. 0]
3amarak 100. /lokazaru Teopemy 98 mpumenom Teopeme 99. v
Bponekujan cucmema 0d n dynryuja @1, . . ., o, ce gedunuiie Kao AeTepMUHAHTA,

e1(t) on(t)
1 (1) @n(t)

W(p1,...,on)(t) :=det

[IpumeruMoO 7@ je OBO Y CKJIaJIy ca pasmarpameM Ha crpanu 42. 3 Teopeme 99 mupekTHo ciean
caeneha mocaennma.

IMocaemuna 101. Bpowncxujan W (t) dyndamernmannoe cucmema pewiera AuHEapHe jeoHauHe
peda n:

2™+ ay ()2 4+ a2 4 an(t)z =0
jednax je
W(t) = e Jo ™% (g, (66)
Joka3. Bugern nuckycujy Ha cTpanu 44. 0

Hanomena 102. @opuyna (66) ce 3oe u Abeaosd® dopmyara. U3 me MoKeMO ja U3BEIEMO
dopmysy 3a CBa pelema JIMHeapHe jeTHAYINHe:

2" (t) + a1 (t)2'(t) + az(t)z(t) = 0, (67)

AKO HAM je MO3HATO jeTHO (HEeTPUBHjaIHO) pernerbe, £1(t). 3ancra, HPeTmocTaBuMO J1a je Ta(t) pernerne
jennaqaune (67) muneapHo He3aBHCHO ca x1(t), 3 Abesose dbopmyse nMaMo Ja je:

21 ()75 (1) — 2, (D) wa(t) = e 0 1% (g0,

AKO IPeTXOJHY jeHAYMHy MOJEJUMO 3a T4 (t), nobujamo:

d (xg(t)) e o 18 (g

dt \z:(t)) O

ma je

t o= Ji a1 (w)du ot
2o (t) = 21(t) (W(to)/t - gs + 22l )).

zi(s) 1 (to)

Hakme, ako je mosuaro pememe x(t), pememe xq(t) TpakuMo y 0OIUKY:

t o~ ftso a1 (u)du
To(t) = x1(t) | ¢ / —————ds+cy | .
S Y A O

8Niels Henrik Abel (1802-1829), HOpBelK: MareMaTHyap.
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4. HenpekunaHa 3aBHCHOCT OJ, IIOYETHOI YCJIOBA
Y nactaBky hemo mocmaTpaTy Hpec/HKaBambe gbio neduHHCAHO Ca,
t.
by, : X0 — X(t)
rie je x(t) jeAMHCTBEHO pellietbe nudepernujaine jeqnadune X' = F(x(t),t) ca moueTHUM ycjaoBUMA

x(ty) = xo. Tlomro 3a t = ty mpecanKaBame gbig He TIoMepa TadKy Xg, MPeCJTUKABAHE gbﬁo je pereme

KommjeBror 3amaTka
t

doy, _ . o
o (%) = F(g,(x), 1), by =1d

OBako jedunncano mpec/jinKaBambe HA3UBAMO U MOKOM GEKMOPCcKo2 nona F.

Teopema 103. Hexa je I omeopen unmepsan y R u ty € I. Heka je sekmopcro nowe I :
U x T — R" pasnomepno Jlunwuyoso ca Jlunwuyocom xonemanmom L7 u nexa cy x(t) u y(t)
pewerva jednaurie
x' = F(x(t),t) (68)
Ca NOYEMHUM YCAOBUMA X U Yo, makea da X(t),y(t) € U, sa ceaxo t € I. Tada sascu
Ix(t) =y ()] < lIxo = yolle" !,
3a cearxot € I.

IMocnenuna 104. Heka je F' BeKTOPCKO 1O/be Ka0 y Hperxoinoj Teopemu. Tata je Tox ¢
BEKTOPCKOI' T10/ba F' HENPEKU/IHO MPECIMKABAE. 0

3a goka3 Teopeme 103 maMm je morpebuo ciaenehe TBpheme, mosmaro xkao I'ponsasosa'’ Hejen-
HAKOCT.

Jlema 105. (I'porBaJsioBa HejemHakoctT.) Heka je u : [to, a] — R nenpexudua u nenezamusna
dyrrxyuja maxea da nocmoje xoncmarume ¢ > 0 u L > 0 3a koje sasicu

¢
u(t) <c+ L/ u(s)ds,
to
3a t € [ty,al. Tada sasrcu
u(t) < cett1o),
3a t € [to,al.

oxka3z. IIpernocrapumo aa je ¢ > 0. Taza je

U'(t)
<L
ut) =
ma je
t U/(S) /t
ds < Lds,
/to U(S) - to
Tj.

InU(t) <InUl(ty) + L(t — to) =Inc+ L(t — tg).
OnaBre mobmjamo
U(t) < ce™ 1),

9Tj. mocroju L maxso ma je ||F(x,t) — F(y,t)|| < L||x — y|| 3a crako t € I.
10Thomas Hakon Gronwall (1877-1932), mBeackn MaremMarmdap.
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ma je
u(t) < U(t) < cektto),
Ako je ¢ = 0, MozkeMO IpUMEHHTH [ POHBAIOBY HejeTHAKOCT HA HU3 ¢, = % u y3etu lim c,. 0
Hoxka3z Teopeme 103. Heka je t > to u u(t) := ||x(¢) — y(¢)||. Umamo e
b d
ult) = I(t) =y = o ~o-+ [ 7 x(5) — y(s)ds
t t
< o = yoll + [ I1FGx(s),) = F(y(s),9)ds < [lxa = ol + | Llx(s) = ys)ds
to . to
= %o —yoll + L | u(s)is
ma TBphembe caenu u3 ['ponBanoBe HejemHakocTn, 3a ¢ = ||xg — yol|- O

Hanomena 106. ['ponBajoBa HejeHAKOCT, U camuM TuM, Teopema 103, mokazane cy 3a t > {.
['porBaJioBa HejemHAKOCT 3a t < ty TJIACH OBAKO:

to
3, L >0, v(t) < c+ L / o(s)ds = v(t) < ce~ M1 (69)
t

a HejenHakocTu 3 Teopeme 103:
t<to= [Ix(t) = (@)l < llxo — yolle ).

Kopucrutiemo cinenehy nmmmukanujy (koja creau u3 Jleme 105 u mpeTxo/iHe HMILTAKAIMjE), U KOJY
hemo Takobhe 3Batu ['porBaoBOM HejegHakolhy: ako 3a ty,t € I mocroje Koucrautue ¢, L > 0 TakBse

Jla BasKH:
¢
/ u(s)ds
to

3a cBako t € 1. o

u(t) <c+ L = u(t) < cekltlol]

Baparak 107. Jlokazaru umminkanujy (69) umurupajyhu goxas Jleme 105 wiau Ha HEKU JPYTH
HAYHH. v

5. JIudepeHInjabuIHOCT peniemha

Teopema 108. Hexa je sexmopcko nowe F waace Ct na U x I u gbﬁo mox eexmopckoz nona F,
npeyuaHuje
¢§0 X > X(t)
ede je x(t) jeduncmeeno pewerse dudepenyujanre jednanune (68) ca nowemmnum yeaosuma x(ty) = X
depunucano na I 3a cearo Xo € U. Tada je ¢, dudepenyujaburmo npeciurasaroe.

Joxkas. Heka je ¢; (x) je pememe jeamaunme

gt () = P800, 6 =10 (™)

Heka je xo € U duxcupano. Osnatnmo ca A(t) := 2E(¢l (xo),t). 3ajeano ca nosasnom jennaun-
HOM (70), mocmarpahemo w IPHIAPYKEHY 6aPUJAUUOHY jeOHAUUHY

d

7190 (8) = Alt)¢, (€) o =1d. (71)
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XoheMo J1a OKaxeMo J1a je

210(6) = T2 (o) ©). (72
Hexka cy

e ty € J C I orpanuded HWHTEPBAJ H
e U{; C U oTBOpeHa OKOJIMHA, TaUKe X

TaKBHU Ja
e F' je Jlunmunoso mo X Ha U; ca Jlunmumosom KoucraunroM L, yaudopmuo no t € J u
® je/IMHCTBEHO pelllehe jeTHAInHe

x'(t) = F(x(t),t), x(0)=x

ca TIOYETHUM YCJIOBOM X1 € Uy octaje y U 3a cBako t € J (Bumerun Hamomeny 86).

[Ipumernmo jga cucrem (71) smHeapan, 1a UMa jeJMHCTBEHO Pelieihe (38 CBAKH IIOYETHHU YCJIOB),
nedbunncano ma J, 36or Teopeme 93. Heka je ¢f (xo) jequmcrseno pemmeme cucrema X' (t) = F(x(t),t)
ca MOYETHHM yCIOBOM X I ) pememe cucrema (71). Axo je xo + & € U, Taza je ¢; (xo + &)
jemmHCTBEHO pererbe jegnaunne X' (t) = F(x(t),t) ca modeTHuM ycaoBoM X + & Koje ocraje y Ui, 3a
t € 1. Nzpas (72) he Gutn fgoKazaH ako JOKazKeMO Ja je

(k0 + ©) = 61, (x0) — A4, (9]
11m
& €l

— 0, (73)

jep je mpeciukasame ) smHeapno (sugern Hamomeny 96). Kaxo je

@J%+f)=xm+§+/nFW%@m+@ﬁM&

to

6 (x0) = %o + / F(65, (x0), 8)ds,

to

bd
Al =€+ [ o6t o) (€)ds.

to
/t
tO

F(7,(x0 +€),5) = F (o, (%0), 5) + (Zl—i(cbfo (X0), 8)(7, (X0 + &) — 07, (x0)) + 0(¢F, (%0 + &) — ¢3,(%0)),

TO je

dF

P61, 50+ 9)9) = F(67,0).5) — S 07, (c0) 90,6 -

164, (x0+&) = 1, (30) — 21, ()| <

N3 Tejropose gpopmyae nMamo

UMorusamuja 3a mocmarpame oBakse audepennujanne jennaunne je cuenehia. Axo obe crpame moiasHe jeHa-
qune (70) audepentupamo 0o x, g00ujamo

i (20000) = o (P61, 00,01 ©)

3aro u3Boj d%gbi ,(x) mokymasamo sia Hahemo y 06MMKY pentera audepeHImjanie jeHaTnHe ca HOBUM BEKTOPCKHM
nosbeM, Koje ce gobuja Jqudepenuujapmem BeKTOpekor mosba F no x. Jeanauuna (O) nuje aqudepennujanna jesnauuna,
OJIHOCHO HEje 00JInKa %y = G(y,t), 3a10 je 0BO caMO MOTHBAIMja, & HE U JIOKA3.
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ka1 ¢; (Xo + &) — ¢ (o) — 0, 1ma je
161, (%0 4 &) — ¢}, (x0) — ¢}, (E)]| <

HldF
[ tmoo) 61,0+ = 01, x0) = €0 + ol -+ — gt )
Heka je 3agaro € > 0. M3abepumo 01 u d9 TakBe 12 BarKH:

197, (%0 + &) — @5, (%0)|| < d2 = [lo(d;, (%0 + &) — &5, (%0))|| < €ll¢5, (%0 + &) — @7, (%0) |

1§]] < 01 = [|@, (%0 + &) — ¢}, (Xo) || < Ja

3a cBako s u3Melhy ¢, u t.'> Hexa je
| s e J} :

M= max{HZ—Z(qfﬂ(xo),s)

Nmamo

164, (%0 + &) = 61, (%0) — 1, ()| <

M / 162, (0 + €) — 65, (x0) — 5, (€)]] ds

; \ [ el +6) — 61,6l
to

N3 Teopeme 103 caean
167, (x0 + €) — &3, (xo)[| < [[€]] €™,

ma je
11, (%0 + €) = ¢4, (%0) — i, ()| < M / %, (%0 + &) — &5, (x0) — &3, (&) || ds| + cell¢]]
(c:= max fti els=h)ds|.) Cana, axo ca u(t) osnaunmo ||¢} (x0+&) — ¢} (xo0) — ¢, (€) ||, u3 nperxone

HejeJIHAaKOCTH UMaMo:

u(t) < M T eiellell

/t: u(s)ds

Axo nmpumenumMo ['poHBAJIOBY HejeTHAKOCT Ha U JOOHjaMO:

u(t) < coelfgf|e,

ma je
164, (%0 + &) — b}, (%0) — 4, ()] < e €],

3a ||€]| < 1. Kako je € > 0 npousBosbHO, Baxu (73).
Kako je cBako t € [ cajp)kaHo y HeKOM orpanmdenom nareppasy J C I, TBpheme BaxKu 3a CBaKO
tel O

Tspheme 109. Ilox ycnosuma Teopeme 108, uzBomau

w, |, @,
dt dx

Cy HEIIPpEKHUIHH.

127Ta je oBakBo 0; moryne usaGparu cieau u3 Teopeme 103.
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det . . .. .
dzo je HempeKuiaH jep je jeqnak [, Koje je 110 IpPeTIOCTABIM HEIIPEKUTHO.

Heka jet € J C I, tyie je J orpaHnyeH MHTepBal Kao y JA0Ka3y Teopeme 108.

Jlokaz. I3Box

dgt . .
I: 3a pukcupano &, j;o (x)(€) je menpexkunauo. Heka je € > 0 u Tauke X
1 Yo Ha pacTojamy MameM ox 0. Heka cy x(t) u y(t) jenuncTBena pemema cucrema x' = F(x,t) ca
MOYETHUM YCJIOBAMA X H Yo U HEKA je

Alt) = Sox0).0), B() = S (y(0). 1)

13 T'ponBasioBe HejeJHAKOCTH CJIeIH Ja, 3a J0BOJBHO Maso 0, ||x(tf) — y(t)|| moxkemo HampaBuTH
JOBOJBHO MAJIAM, & U3 HelpeKuauoctu % ciexn na je, 3a nososbno Masto 6, [|A(t) — B(t)| < e, 3a

tel. OSHa‘{I/IMO 38 Yy U Y pelema CucTeMa

dg&io - t dw:‘fo _ t 0 _ to _
T () = Aty (€), (O = BOULE), ¢l = vl =1,

[Togcerumo ce ma je

26,0006 = Ah©), 8, (v0)(6) = ¥, €),

@0

e je @) kao y (70). Baro, ja 6uecMo JoKazaam Ja je HpecimKaBambe X — —2(x)(§) HenpekuiHo,
JI0BOJBHO je Ja goKazxeMo ma je [|¢f (&) — 7 (§)|| mamo, 3a [|xo — yo mamo. I/IMaMo

/t [A(s)@; (&) — B(s); (€)] ds
! ‘/ 1B(s) 3, (&) — w5, ()] || ds| <

/t eMyds + M, / iz, (€) — w5, (€)ds|| ds

Ik, (€) — i, ()l =

s)] i, ()| ds

< Myea + M2/t ||905<€) o 77btso(g)“ ds

(rme je My = max o5, (O, a My := max; [| B(s)|). Axo mpumennmo ['poHBAIOBY HejeIHAKOCT Ha
S

bynxIHjy
u(t) = ||t (€) — vy, (I,
JI00mjaMo J1a je
461 (€) = Wi, (Ol < Macae™ =0l < ce,
3a HeKy KOHCTAHTY C KOja 3aBHCH Of .J.
djio (x) je nenpekunano (y oneparopckoj nopmu). Heka je {eq,...,e,}
opronopmupana 6aza npoctopa R”, u Bektop £ € S"! (jequununm). Taga je

n
§= Z@kekv lag| < 1.
k=1

Heka je € > 0 maTo u 0 > 0 TakBo 14 je

de, dgy,

X (xo)ex = dx

(OBakBo 0 mocroju 360r HpBOT JeJa, ,ZLOKaSa.) Caza mmamo, 3a ||Xo — yol| < 0:

dlt: dto : dto
H ¢0(X0) ¢ ’ doy, ¢ Z

e, —
k=

%0 — yol <0 = (yo)ex

sH > e
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AKo y moc/ieimb0oj je JHAKOCTH Y3MEMO CYIIPeMYM 10 CBUM jeTMHIIHIM BEeKTOpHuMa &, T00mjaMo:

doy dé},
jxo (Xo) - jx (¥o)

‘Se.

6. Heke mocaenune IlukapoBe Teopeme

6.1. Jeanomapamerapcka pamuanja mudpeomopdpuzama. Heka je tg = 0. IIpBa nociemuia
[IukapoBe TeopeMe je ja KpeTarbe MpocTopa AehUHHCAHO ayTOHOMHOM JAudepeHInjaTHOM jeTHAUN-

HOM
d t
W) = Flel,(x)), 6 =1d (71)

jenronapamerapceka gavmmja audeomopdusama. 3a to = 0 oznauasahemo ca ¢' 1= ¢f.

Teopema 110. Hexka je ¢' pewere jednavwune (7/) dedurucaro sa ceaxo t € R u F sadosonasa
ycaose Teopeme 77. Tada easrcu:

o =glog’, ¢ =1d.
Hoxkaz. [locmarpajmo, 3a ¢pukcupano s
¢t = ¢S+t, I/I Qt = th o QZSS.

[Ipumernmo ma cy u Y n 0! penrema cucrema

9 00 = Fo'(®), (%) = 6°(x).

dt
13 [Tukapose TeopeMe cjeau JAa ce OHH MOPAjy IOKJANATH Ije roj cy AeduHucanu, mna je
¢s+t — gbt o ngS.
Veaos ¢° = Id je ounIIeHO HCOYIHeH. 0

ITocaemuua 111. Ilpecaurasare ¢t je dudeomopdpusam.

Hoxas. 13 Teopeme 108 3namo ga je ¢! mudepennujabuino 3a csaxo t, a n3 Teopeme 110 caenn a
je ¢! u bujexnuja, Kao u Ja My je unseps Judepenyjabuian. 3aucra, n3

Progt=¢"og=¢"=1d
cJIeqn Jia je
(o) ' =09"",
Koje je Takohe mudpepeHIyjabuIHo. O

Hamomena 112. [Iperxonna TeopeMa BazKu U II0J CJIaOHJUM YCJIOBHMA, aKO ¢ Huje JeUHUCAHO

Ha nesgoM R, amm ako ¢y t,s,t + s € I, rae je I uaTeBas Ha KoMe je ¢! nedpunucaHo. o
Sanarak 113. /lokasatu ma cy Tpajektopuje cucrema X' = F(X) IUCJYHTKHU CKYTOBH. v
3amarak 114. Jlokazaru ja Teopema 110 Baxku ako u caMo ako je mnojbe F' ayroHOMHO. v

JlokakuMo Ha Kpajy OBOI LOIJIaB/ba U OLXTHU]Y Bep3ujy JIuysusiose reopeme.

Teopema 115. (JImyBumiioBa Teopema - OHINTH ayTOHOMHU ciydaj.) Heka je sexmopcko
nowe F aymonomno, ¢' pewerne cucmema (74) u 'V (t) := Vol(¢'(D)), sa nexu mepous (komnarman)
ckyn D. Tada je

v (t)

¢*(D)
2de je div F' =V - F' dusepeenyuja sexmopckoz nowa F.
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okas. 13 Teopeme 0 cMeHN TPOMEH/bUBE Y BUNTECTPYKOM HHTErpaIy CJeIH:

dt
¢*(D) D D

MebhyTum, npecjinkaBame
¢t
t — det
( dx

je HeIIPeKWIHO U HUje jeJHAKO HYJIH HH 3a jenHo t, jep cy ¢! mudeomopdusmu. Kaxko je jomr, 3a t = 0,
0 0 t
¢° =1d, 1o je ddix = Id, ma je det % =1 > 0. N3 Komu-bBosmanosor crasa ciaean ja je det ‘%{ >0

3a CBakKo t, 1a HMaMo:
dot
:/.../det (i) dxl...dxn’
dx
D

/ /—dt< )da:l--‘d:cn
Jlaspe pauyHamo

" t<d¢t+“)(x)—det (%) (x) det( do—od) (x )) — det (%) ()

dxy---dx,

ma je

At B At
At t t At
det (%5 (060 - e 00) —det () ) agry  det (%) (6°60) -
At - (_x> (x) At
Heka je, 3a ¢pbukcupano X,
(1) = 2 xa)
¥ dx 0
Nmamo
¢’ =E,
, d d¢' d d¢t
= —— _— =dF
(0) dt d tzo( 0) dX dt (XO) d (X())?
ma je, o TejsiopoBoj dbopmyn:
d¢At

o (x0) = p(At) = E + At - dF(x0) + o(At), At — 0.

N3 Jleme 63 mmamo:

ngﬁAt
det ( d (xo)) =1+ At-tr(dF)(xo) + o(At), At — 0,

X

u tr(dF) = div F, ma je

L et (‘W) (x) = det (d¢t> ) T (5) 060 1 ~ det (dﬂ) () div F(6(x)).

dx dx At—0 At dx

/ /det (CW) ) div F(¢! (x ))dxl---dmn:/---/dideyl---dyn.

[Tocstenma jeHAKOCT je cMeHa TPOMeHJbUBE. 0

OmaBe je
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Bamartak 116. Hexa je y R?" = {(z1,..., 20, Y1, ..., Yn)} JaT Xamusmonos™ cucmem:
, OH , OH
Ty = a_yja Yy; = _8_xj’
rie je H : R?™ — R riarka dyuxuuja (Xamuamonujar cucrema). Joxazaru ma nudeomopduzam
IPOCTOPA MHJIYKOBAH OBHUM CHCTEMOM UyBa 3alpEMHUHY. v

6.2. Teopema 0 MCIPaB/FUBOCTI BEKTOPCKOT MOJbA. Teopema 0 HCIIPAB/HLUBOCTH BEKTOPCKOT
nosba HaM Jaje omuc daznor Toka (10 Ha gudeomopduzam) y OJU3NHA HEKPUTHYHE TadkKe (OJTHOCHO
TavyKe y KOjO] e BEKTOPCKO IOJhe He aHyiupa). BujeliemMo ja HaM oHa rapaHryje jna je y Ju-
HAMHUYKOM CMHCJIY, Ta] TOK BEOMa jeJIHOCTaBaH y OJU3HHH HEKPUTHYHE TadKe, Tj. Ja je OH €KBH-
BaJleHTaH TPAHCJAIUjA. 3aTO je Y AMHAMUYIKOM CMHCJIY 3aHUMJbHBHje MOHAINAe TOKA y OJM3WHU
KPUTHYHE TayKe, OJHOCHO TauKe eKBUIHOpHjyMa cucremMa (BujgeTH JeUHUNN]Y HA cTpaHd 85).

YBeJAUMO 1IIPBO HEKE 10jMOBE.

Hedunuannmja 117. Kaxemo ga cy dpasnu Tokosu ¢ u ¢! nedbunucanu jemadnnama
G =F@), ¢"=1d
G =GWY, v =14

Ha ckynosuma U u WV penom, dudepenyujasto kKonjy208aHy WIn OUPEPEHUUIAAHO eKREBUBAAECHMHY AKO
nocroju audeoMopduzam

o:U =W
TaKaB J1a BazKH
po¢' =ylogp.
O

Hedbununuja 118. 3a gudepennujabujuo mpecankapame @ : U — R™, u BEKTOPCKO TOJbe
F:U— R" ¢, (F) je BEKTOPCKO TOJbe JeUHUCAHO HA CTUIY MPECTUKABAHA  KAO:

P (F)(p(x)) = de(x)(F(x)),
n Ha3uBa ce push forward BEKTOPCKOT 10Jba [’ mpecanmkaBameM . O
Bagarak 119. Jlokazarn na Baxu (1 o @), = 1, o @, u, 3a qadeomopduzam ¢, (o)t = ;v

Tepheme 120. Daznu TokoBH ¢! u 1)', remepucany BekTopckuM nobuMa F u G penom, mudep-
eHINjaTHO Cy eKBHUBaJeHTHH noMmohy mudeomopdusma ¢ ako n camo Baxku G = @, F'.

Hokaz. =: Hexa F remepume ¢’ n meka je ' = ¢ o ¢f o L. Tudepenmupamem mspasza 1)’ =
po¢top ! ot mobujamo:
d
G(¥'(x)) = EW(X) = dp(¢'e™ (%)) (F(¢'¢ ™! (x)) =
dp (™" (%)) (F ™' (%)) = 0 F (0™ 9" (%)) = @ F (' (x))

(75)

na je G = p, F.

<: Hexka je G = ¢, F u BexkTopcka noba F u G remepunty tokose ¢' m ¢! pegom. Osmaummo ca
X' =@ o ¢l ol Obmunnm mudepenmupamem, uero Kao y (75), 3aK/mydyjemMo 1a je

d t t
—x'(x) = G(x'(x)),
th ( ) (X ( ))
a kaxo je x* = Id, us [Tuxapose Teopeme cean Ja Mopa outn Y = ', 0

BWilliam Rowan Hamilton (1805-1865), upcku dbuzuyuap, ACTPOHOM U MATEMATHYAP.
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Teopema 121. Hexa je sexmopcko nowe F - U — R™ zaamro u nexa je F(x°) # 0 sa x° € U.
Tada nocmoju okoauna V mauxe x°, x° € V C U u dugeomoppusam ¢ : V — (V) maxas da je

)
pu(F) = FIT
Hamomena 122. O3sHaka 6%1 je O3HAKa 3a KOHCTAHTHO BEKTOPCKO mosbe (1,0,...,0). o

Jokas. Bes rybsbermba OIIITOCTH MOYKEMO Jia MPENocTaBiuMo Ja je X = 0%
[TpenocraBumo 3a moderak jaa je F(xq) = F(0) = 6%1. Heka je B oxkosmmHa Tauke xg = 0 u 69 > 0
kao y Teopemnu 85 3a cucrem:

L
—r=F¢), ¢ =1, (76)

u By := BN{x; =0}. Bay € By nebuunmmmo
w : (-60,50) X BO — Rn, "Lp : (I‘l, c. ,In) — gbxl((),a:z, ce 7.1,’“).

Jokazkumo 1a je 1) goxannu mudpeomopdusam u 1a je 1)~ ! mpecanKkaBame Koje HCIPaB/ba BEKTOPCKO
nosbe X. Mmamo:

20, ) = F(6(0) = F(0) = 5
a Kako je
V(0,29,...,2n) = Po(0,22,...,2,) = (0,22,...,2,), Ti. |(z=0y =1d
TO je
d(Y|{z1=0y) = d(Id |(z,=0}) = 1d | (2, =0}
3aro je

* (9 *
dp(0, 3s, ... xn) = [F(O) Id|{x1=0} } N [a_% Id|{x1=0} } ’

rae je x Bpcra HeKux n — 1 dyuknuja (o xi,...,x,). Oxasae je det dip(0,xq,...,2,) = 1, ma no
Teopemu o uaBep3HOj pyHKIMjKU ocToju oKoanHa V Tauke 0 Ha KOjoj je ¥ mucdeomopduzam. Heka
je ¢ =t nepunucano na (V). Kaxo je

(N (%) (Y(z1, ... 20)) = d(zq, ... ) (a%) = 81371 (X1, ..., Tp) =

0™
gt (0,29, ...,2,) = F(¢"(0, 29, ..., 2,) = F((x1,...,2,)),
Tj.
0
* | A =F
w (8I1>
TO je
0
H(F) = —.
@« (F) o

Axko F(xq) # 8%1, OHJa MOYKeMO JUHeapHOM CMEHOM OBO JIaKo Ja mocturaemo. Heka je V =
R"! pekTOpCKE MOTHPOCTOP AuMen3Hje n — 1 oproronanan Ha F(Xg) (Kpo3 Xg) ¥ HEKa je Vg, ...V,
oproHopMupaHa ba3a upocropa V. Heka je L smaeapuu uzomopduszam mpocropa R” nedunucan na
6asu {F(x¢),Va,...,Vn} Ca

0 0
L:F(xg)——=—, L:vj—— j=2...,n.
63:1 ’ J 833]' ’ ’ ’
1 Ako X0 # 0, mocmarpajmo Tpancaanmjy T, : X — X — Xg ¥ BeKTOpCcKo nosbe G := (T_x, )« F Nmamo:
G(x) = (T )+ F(x) = dT_x, (x + x0) (F(x + x0)) = F(x + X0),

na je G(0) = F(xg). akie ako uCnpaBuMoO BEKTOPCKO mojbe Gy okosmuu tauke 0, nomohy mudeomopdusma o,
BEKTOPCKO mosbe F' hemo ucnpaBuTu y OKoJIUHE X noMohy audeomopdusma g o T .
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BekTopcko mnosme

Fi(x) == L(F(x))
HCIyhaBa MPETIIOCTABKe U3 MPBOI Jeja J0Ka3a, Ma, ako je @.F| = %, Tajia je p o L TpaxKeHo
[IPeCINKABaIbE. 0

Bamarak 123. /lokasatu ga u3 Teopeme 0 HCIPaB/bLUBOCTH BEKTOPCKHUX IOJba cieme Teopema
o jeanorrapaMmerapckoj dpavuiauju audeomopduzama u Ilukaposa Teopema 0 er3ucTeHIUjH U jeIHH-
CTBEHOCTHU Peleha. v

6.3. KomyraruBuu TokoBu. Komyrarop BeKTOpPCKOr moJjba. Beh 3Hamo j1a cy BeKTOpCKa
0Jba U MPUJPYKEHH TOKOBU MOTHYHO ojapehenu jennu apyrum. [IpupomHo je muTame Kaja TOKOBH
KOMYTHPAjy, OJHOCHO MTa Tpeba Ja 3a0BO/haBajy BEKTOPCKa nmosba I u GG, ma Ja Bayu:

B oyt =y od.
[Ipe nero mro goheMo 10 0AroBopa, MOpaMo Ja yBeIeMo Heke mojMoBe. [IpumeTnmo 1a BeKTOPCKO
nosbe F' rinarkoj pyHKuju f npuapy:Kyje riaaTky (GbyHKIH]y MO TpaBUIIY:

(Ff)(x) = df (x)(F).

Axo ¢y (&1, ...,&,) KoopauHATE BEKTOPCKOT TTo/ba F) omnma je
n af
(Ff)(x) = ZEjT(X)-
Zj

3aTo MUIIIEMO

onuocuo ymecro e; = (0,...,0,1,0,...,0) oumemo a . [Ipumernmo na Baxku
o (mmeaproct) F(Af + pg) = AF(f) + pF (g)
e (JIajouunoso npasuio) F(fg) = fF(g) + gF(f).
Axo je f ruatka dynnkumja, a F u G 1Ba rIaTka BEKTOPCKA 0/ba, MOXKEMO Je(PUHUCATH H
FG(f) = F(G(f))
Nzpa3z F'G e 3ag0Bo/baBa JIajobHUIIOBO IPaBUJIO, TAKO JIa OH HHje BEKTOPCKO IMOJBE.
Hedbunaunuja 124. Komyrarop BeKTOpcKuX moba F u G aeduHUIIEMO Kao
[F,G] = FG — GF.
%

Omaxko JeduHnCaH N3pa3 jecTe BEKTOPCKO T0Jbe (MIPOBEPUTH /14 BayKK JIHHeAPHOCT 1 JIajOHUIIOBO
npasu10’’). JIWpexTHO ce TpoBepaBa J1a, ako je

_ 0 " 0
F:Z&%7 G:an%,
Jj=1 J j=1 J

OHJIA je

on; agj 9
[ E:k{E:g%%h 8$i an
Tsphewme 125. CBojcTBa KOMyTaTOpA:

(1) [Fy + Fy, G] = [F1, G] + [F, G
(2) (G, F] = ~[F.G]

5Mozke ce mokazarn ma je mpecimkapame X : C(U) — C°(U) BEKTOPCKO MOBE AKO H CAMO KO 3a[0BO/HABA
CBOjCTBO JIMHEAPHOCTH U JIajOHUIIOBO IPABUIIO.
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(3) [F, fG] = F(f)G + fIF, G]
(4) Jako6ujes unenturer [[F,G], H] + [[G, H], F] + [[H, F],G] =0

oka3. Henocpeana nposepa. O
L p poBep

Hedunuannmja 126. Hexa cy F' u G apa riarTka BeKTOPCKa 10/ba W HeKka [ remepurie TOK ¢,
Jujes'® uze00 eexmopcroe noma G y npasuy eexmopckoe nosa F ce nedpunume Kao
G(x) — ¢LG(x d

B T

JIujeB n3BOJ BEKTOPCKHUX MOJbA j€ 3al[PABO EHUXOB KOMYTATOD.
Tsphewe 127. LG = [F, G].

Jlema 128. Hexa je U C R™ omeopen u ¢ : (—¢,€) x U — R dynrxyuja xaace C* maxsa da je
©(0,x) =0 3a ceakxo x € U. Tada nocmoju pynryuja g : (—,e) X U — R xaace C* maxsa da je

O

ot (O X)_g(o X) (,D(t,X):tg(t,X)

Hoxka3z Jleme 128. [lepunutimmmo

1 ago
g(t,x) .—/O %(u,x)’uzstds.

Ouurnenno saxu g(0,x) = %99( X), &
/ dp
ou

O

Hoxka3 Tphema 127. Heka je f mpousBosbha dyHKIMja n ¢ paMuinja TpecinKaBama 33 KOjy
BazKu

t
(st,x)-tds = / Z—Sp(u,x)du = p(t,x) — (0,x) = @(t,x).
0

u

fod =f+t-g, go=7F(f)

Koja mocToju Ha ocHOBY Jleme 128 npumemene na dynkmnujy ¢ = f o ¢! — f.

Nmamo:
PLG(f) (%) = df(dg0)-10) (G o)1) = d(f © )1 (Gt ()
=G(fod")(¢7'(x))=G(f+1-g)(¢ " (x))
ma je
lim (G~ 6.G) (/) () = lim G (x — G(f +1- ) (67 (x)] =
g +(GF() — GF(67 ()] — lim 71(Go) (67" () = 5| (GH(6'6x) — (Ggo)(0~(x)) =
t=0
d(Gf)x(F)x — GF(f)(x) = (FG - GF) f(x).
0

IMocnemuua 129. Us Tephewa 127 dupexmmo caedu da je o, |F, G| = [p. F, 0. G]. O
Teopema 130. Hexa F ~ ¢f, G ~ . Caedehu ycaosu cy exsusarenmmu:

(A) [F,G]=0

(B) ¢lG =G

(B) ¢'oyp® =1%o’

16Marius Sophus Lie (1842-1899), HopBemKy MaTeMaTHIap.
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Hokas. (A)=(B): Heka je [F, G| = 0, u3 Tsphema 127 caeau na je
d

LG =0.
i RZ

t=0

A Kaxko je

d b QRTRIG —gleG L 0RG -G
PR ey v VL v
TO je 1
d t
d_t¢*G =0
3a CBakKo t, ma je
$.G = ¢lG=G.

(B)=(B): Heka je ¢!G = G. U3 Tephema 120 caequ ga, 3a dbuckcupano t, BEKTOPCKo mosbe ¢LG
renepuine ToK ¢' o Y® o ¢, amm xako G remepumie ¥°* noGujamo

(btodjsoqbft:ws = (btows:wsogbt.
(B)=(A): Kako je ¢' 0 9* 0 ¢t = 1*, u3 Tephema 120 3namo na je ¢.G = G, na je

d t
F.Gl=— 5| #c=0

7. IlearmoBa Teopema

Ha xpajy oBor mena, mokazahemo jeany cinabujy Bep3ujy [lukapose TeopemMe, Koja HaM, y CIydajy
Jla je BEKTOPCKO 110/be F' caMO HelpeKuHo ajau He u JIMIImMIoBo, rapanryje er3ucTeHiujy ajid He u
JETMHCTBEHOCT Pelleha.

ITpumep 131. Kommujes 3amatak ' = /x|, (0) = 0 uma GeckoHATHO MHOTO pererba: xq(t) =

0, E< A
IA(t) = (t—>\)2
4

sgnt - %, zo(t) =0, kKao m

, > A

3a cBako A > 0 uT.
OBo Huje y KoHTpauknuju ca [TMKapoBOM TeopeMOM jep BEKTOPCKO 1Osbe (y OBOM CJIydajy
dyuknuja) F(x) = \/|z| auje JInnmmnoso HE y je1HO] OKOJMHHN Hyse (3a1mTo?). v

Teopema 132. (ITeanosa'’ Teopema) Heka je U C R¥ omeopen u sexmopcko nowe F = U X

[to — a,to + a] — R¥ nenpexudno. Tada sa ceaxo xg € U nocmoju 6 > 0 u (ne nyostcro jeduncmeeno)
pewerwe Kowujesoz npobaema

X'(t) = F(x,t), x(to) =xo (77)

dedpurucaro na unmepsany [ty — o,to + 9.

Hokasz. ¥ oBom moka3y uckopuctuhemo Aprera—AckosaujeBy Teopemy (Buietu [2] 3a goka3):

Teopema 133. (Apmena'®—Ackonujesa'’ teopema) Hus menpekudnus npecauxasara f,
[a,b] — R* uma nodnus xoju pasromepno xonsepaupa wa [a,b] axo u camo axo je pasnocmenerno
nenpexudan’® u paeromepro oeparuden’’. O

17Giuseppe Peano (1858-1932.), urasiujaHcku mareMarudap.

18Cesare Arzeld (1847-1912.), uranujancku MaTeMaTmdap.

Giulio Ascoli (1843-1896.), urasujancku mareMarudap.

2035 cpako € > 0 mocroju § > 0 Takso ga Bawu: Vn € N, [s —t| < § = || fu(s) — ful(t)] < e
2| fa(®)]] € M < +00 3a cBako n u cBaxo t € [a, b].
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Koncrpymncahemo HH3 nmpecnkaBama Ha Koju hemo fa npuMeHnMo Aprena—AcCKoInjeBy Teopemy.
Te dyukuuje he 6urn meo-mo-meo nuneapue uyuju hie Haru® (OAHOCHO W3BOJ) OGUTH BPETHOCT BEK-
TOpPCKOT 1oJba F'y oarosapajyhuM Tadukama.

[Iperniocrasuhiemo fa je tg = 0 paau MmojeHOCTAB/bUBAA 3aIUCA (JIO0KA3 je UCTH Yy OIIITEM
CIIyuajy).
Heka je, kao u y gokasy [Tukapose teopeme, r > 0 u Blxq, 7] C U,
M:= max ||F]

Blxo,r]|x[—a,a]

u « :=min{r/M,a}.
Hedunucahiemo vu3 x,, : [0, @] — U MOJIUTOHATHUX APOKCHMAIMjA TPAZKEHOT pEIlerha, WHIYK-
mujoM 1o j € {0,...,n}. Heka je:

x,(0) :=xq
X, (t) := F(x,(ja/n), ja/n)(t — ja/n) + x,(ja/n), 3at € [ja/n, (j + 1)a/n),

a 'y raukama t = j/n jedunuiiemo X, Tako Ja Oyjy HEelpeKujHa IpecjuKaBama. VI3 KoHCTpyKiuje
BUJIMMO JIa CY OHA U JICO-110-J1e0 IJIATKA, Ca €BeHTYaJHO HADYIIEHOM IIaTKomhy y Taukama t = ja/n.
[Ipenu3uuje, BUAUMO Jia je

X, (1) = F(xu((j = Da/n), (j = Da/n), sat € ((j = Da/n, jo/n).

(Ha nctn Haunu geduHUITEMO HA3 U HA HHTEPBATY [—a, 0] 1 mpoBepaBaMo CBa CBOjCTBA HA FHEMY.
Panu nojeaocraBpruBamba J0Ka3a, 10 Kpaja cse pagumo Ha [0, a].)

[ToroBo hemo nojeuT ocTarak g0Ka3a Ha HEKOJHMKO KOpaKa.
I: Hu3 x,, je mo6po medunucan. /la 6ucvmo oBo mpoBepuin, Tpeba J1a ToKaxKkeMo Ja je X, (ja/n) €
U (ma 6u m3pas F(x,(ja/n), jo/n) xoju ce mojasspyje y qedununujn nusa nMao cMucia). Jokazahemo
Ja je 3ampaBo X,(ja/n) € Blxg,r]. doka3 u3Bogumo uHAyKIHjoM 1m0 j. 3a j = 0 mmamo x,(0) =

Xo € Blxg,r]. IlpernocraBumo na je x,(ia/n) € Blxg,r], 321 =0,...,7 u j+ 1 < n. lmamo
J+1 -
% (( + Da/n) = xoll <D [Ixalice/n) = xa((i = Da/n)|| =
i=1
J+1 Jti M+ 1a ()

< Ma <,

> (i~ a/m). i~ Daym)| < & IS

i=1

n

JemmakocT (#) Bazky 3600 HaUWHA HA KOJU MO jebuHICATN TauKe X, (ic/n), Hejenmakoct (<)) BazKu
360r nHAyKIujcke xumnorese, a (V) Baxku jep je a < r/M. 3akmyayjemo

x,(jo/n) € Blxg, 7). (78)
II: Hu3 x,, je paBHomepHO orpanundeH. 3a t € [(j — 1)a/n, ja/n|, Bpeanoct x,(t) je KoHBeKCHA
KoMOHMHanuja BpeaHocTr X, ((j — 1)a/n) u x,(ja/n). Kaxko je kyrina B[Xg, 7] Konpekcan ckyt, u3 (78)
cJIeTn 1a je
X, (t) € B[xo, 7]
3a ceako n € N, t € [0, a.

III: Hu3 x,, je paBHOCTEIEHO HENMPEKU AH.
Oznaammo ca A, dyHKIHjE:

An(t) = {XW) = F(xa(t), 1), i

[B N

s[gafs

Hokazkumo na A, (t) Texku HYIM Kaj, n — 00 PABHOMEPHO TIO {.
Mmamo ma je

1A < [[F(xn(a/n), jee/n) — F(xa(t), )],
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sat € [ja/n,(j+ a/n]. 3at € [ja/n,(j+ 1)a/n) Baxu:
%0 (t) = xn(ja/n)|| = [[F(xn(jr/n), ja/n)||(t — jo/n) < Ma/n. (79)
Kaxko je F' HenmpekuHO, TO je OHO W PABHOMEPHO HENpPeKWJHO Ha [—a, a] X B[xg,r]. 3a gato € > 0
n3abepumo 0 > 0 TaKBO 12 BaxKH
t—s[ <0, [x—yl<d = [Fx1t)—-F(y,s)| <e

Hexka je ng TakBo 11a 3a Baxn

M
g<(5, —a<5.

ng No
Kako je,3an >nout € [ja/n,(j+ 1)a/n)

It — ja/n| < — <6,
No

a omarie, u3 (79) u
[xn(ja/n) =% ()] <0,
caean J1a
An(t) < ||F(xn(ja/n), ja/n) = F(xa(t),1)|| <&
1j. A, (t) = 0.
Baxu

%0 (5) = %a(t)]] <

/:[F(Xn(u), u) + Ap(u)|du

rae je ¢ Heko (yHHMDOPMHO) ropme orpanuderse Husa A,,. Jegnakoct (O) ciaeau w3 HENPEKUIHOCTH
Ipec/JnKaBama X,, HeIPEKUIHOCTH HHTErpaJia 1o ropmoj rpauunu u byru-Jlajonumose dopmyie
mpuMemere Ha unrepsamuMa ((j — 1)a/n, ja/n).

13 Apnena-AckosmjeBe Teopeme cajia 3aKJby IyjeMo Ja HUu3 X, UMa [MOJHU3 (03HAYEH UCTO Ca X;,)
KOjU PaBHOMEPHO KOHBEPrHpa Ka HEKOM IPEC/HKABAIbY X.
IV: x je pemieme jemHauune.

Nmamo

< [ PG ). + ) < o= 5] (M +0)

X, (t) = %o + /0 [F(x,(u),u) + Ap(u)] du.

Kaxko cmo Beh jgokazann ga A, (t) = 0, X, = X 1 Kako je F' HeImpeKuHo, KaJ IPojeMo JTnMecoM
KPO3 TOPIbY jeJIHAKOCT JI00UjaMo:

x(t) = x¢ + /0 F(x(u),u)du,

IITO YIIPABO 3HAYU JIa je X pelnere jennadune (77).

8. 3agarm

(1) Hanmcarn npBuX HEKOJHMKO WiaHOBA y [TMKAPOBOM MTEPAIMOHOM TOCTYNKY. PenmTu jej-
HAYKUHY HA OUJIO KOJU HAYHUH M OJIPEJUTH JOMEH JOOUjeHOT pellerba.
o ' =x+2 2(0) =2
o o' =23 2(0) =0;
o' =23, 2(0) = 1;
x’ =sinz, z(0) = 0;
= %, .T(tg) = To, to 7é 0;
=5, x(l) =1.

v
(2) Hahu JlunmunosBy KOHCTAHTY 3a IpecaukaBarmbe f Ha CKymy A, Wim 10Ka3aTu J1a He MOCTOjH.

Of(ZL’):|ZL’|7A:R;
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b f(l’) = %7 A= [_171]7

hd f(l‘) - %7 = [1700)a

hd f(sc,y) = (x+2y7 _y)7 A:RQ;

o (oy) = iy, A= {(2,) |2+ < 4}

v

(3) a) Kojum BEKTOPCKUM MOJHEM je TEHEPUCAHO JIEJCTBO X —> x cost + ysint, y — —xsint +
ycost rpyne R na U = R?? Hanpraru 10 mosbe.

6) Hahu aejerso rpyne R na U = R? renepucano BeKTOPCKUM Ho/beM F = ya% — ga% (g je

peasiHa KOHCTAHTA) M HAIPTATH EHEroBe opouTe. v

(4) Ussectn noxa3 Jleme 94 u3 Teopeme 103. v

(5) JokaszaTu na BekTopcka nomba F = (y?,0) u G = (0,2%) y pasnu R? renepunry jegnonapam-

etapcke davuinje audeomopduzama jgedpunucane 3a cBako t € R, J0K BEKTOPCKO MOJbE

F + G ne. v






['JTABA 4

Knacudukanuja pa3Hor Toka Ko JUHEAPHUX CHUCTeMa ca KOHCTAaHTHUM
KoedumujeHTIMA

Heka cy mare objmactu U, VW C R"u X : U — R™, Y : W — R” rnarka BeKTOPCKa 10J/ba HA
muMa. Kazkemo na cy dasum Tokou ¢! n ¢! nedpunucanu jennadnnaMa

£ X(¢t)a ¢0 =1d
G =YW, v =1

KOHJY206aHU NI EKGUBAAEHMMHY AKO 1O0CTOjH OUjeKIja
po: U =W
TaKBa Ja BaK1
pog =ylop.
Ako je jorr u:

e (» IMHEApHO, KasKeMO Ja Cy TOKOBH ¢' u ' auneapho exeusarenmmu;
e » xOMeoMOopdHI3aM, KazkeMo Ja ¢y TOKOBH ¢ u ¢! monosowru exeusarenmnu;
e o mudeomopdusam, KazkeMo Ja ¢y TOKoBH ¢! u ' dudepernyujarno exeusarenmmu.

Kopucrtuhemo TepMun €eKBUBaJEHTHH U 33 CaMe CUCTEMe, a He CaMO 3a TOKOBE.

Hamomena 134. Ako ca 74t(X) 03HAYHMO TPAjeKTOPH]y TadKe X:

Yo (x) = {¢'(x) | t € R},
TaJia je OYUITIeHO Ja, 38 eKBUBAJIHTHE TOKOBe ¢! 1 10!, GHjeKIuja ¢ cJIUKa TPajeKTOpUjy TadKe X Ha
TPajeKTOPUjy Taduke p(X):
P(Yer (x)) =yt (p(x)).
o

JacHo je ma cy JuHeapHO eKBHBaJeHTHH (pa3HM TOKOBU M JAudepeHInjaTHO €KBHBAJECHTHH, a
nuepeHnnjaTHo eKBUBAHTHH - TOTOJIONIKN €KBUBAJIEHTHH.

3anarak 135. /lokazaru ja cy JuHeapHa, TOLOJIOMIKA U JudepeHiinjaiia eKBUBAJICHIIN]a 3aUCTa
?
peJianuje eKBUBaJjeHIUje Ha CKyny ¢ra3zuux Tokosa y R"™.

v
1. JIuneapua Kaacudukaiuja
Teopema 136. Dasznu mokosu NPUIPYHCEHU AUHEAPHUM CUCTNEMUMA
xX =Ax u x =Bx (80)

CY AUHEAPHO EK6UBAAEHITNMHU KO U CAMO CY MAMPUUE A u B cauune.

1OBa Tepmunosornja nuje yjeamauena y aureparypu. TepMUH eK6U6AAEHMHU Ce KO, HEKHX ayTOPa KOPUCTH 3a
HEIITO CJIa0Uju yCIOB.

75
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Xp ¥

o

(o

CaukA 1. ExBuBajeHTHE TOKOBH

Jokas.=: Heka cy ¢' u ' juneapHo eKBUBaJICHTHU U
d¢' At 0 _
£ 5y, 1.
To 3naum na je
ol (x) = etx, Wi(x) = By

1 Jia TIOCTOjU JIMHeapHu u3omopduzam L Takas ma je

Letx = e'P Lx.
JudepeHnupajMo mocae/imby jeIHaAKOCT 10 t:

Le* Ax = ¢'PBLx.
Axo y mocaeamem n3pasy crasnmo t = 0, kako je e’ = E, 1o6mjamo 12 je, 3a CBaKo X:
LAx = BLx,

1. LA = BL.
<: Axo je A= P 'BP, onja je

¢t<x) _ €tAX _ 6P—lBPtX _ P_letBPX,

ma je
P¢'(x) = " Px = ¢'(Px),
Tj.
Po! = 4'P,
Ia je JIMHeapHO MPECANKABALEe ¢ JIaTo MaTpuiioMm P. ]

Crenmjasno, ako csaka ojx mMarpuna A m B uma meljycobHO pasimdanTe CONCTBEHE BPETHOC-
THIIPUIPYZKEHU JTHHEAPHUM CHCTEMUMA

xX'=Ax u x =Bx (81)

Cy JIMHEAPHO eKBHBAJEHTHU AKO W CAMO jCy MATDPUIE, OHJA Cy TOKOBH TIpHApPYZKeHn cucremuma (81)
JIMHEAPHO eKBUBaJIeHTHN ako u camo o(A) = o(B), rae ca o(A) o3HaYaBAMO CrEKTap, OJHOCHO CKYII
COLICTBEHUX BPeJHOCTH MaTpuie A.

Bagarak 137. /lokasaru jga cucremu
¥=ux =z
{ y=y { y=x+y
HUCY JIMHEAPHO eKBUBAJEHTHH MAKO MMAjy HCTe cOICTBeHe BpegHocTu. (OBO IOKa3yje jia ce YCJIOB
PAa3IUIUTHUX COIMCTBEHUX BPETHOCTH Y cMepy < y Teopemu 136 He MOzKe U30CTaBUTH. v
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Hamnomena 138. 113 nokaza Teopeme 136 BuguMo ja cy pa3sHu TOKOBH HPUJIPYZKEHH JTHHEAPHUM
CUCTEMHUMA
x =Ax mw x =DBx
JIMHEAPHO eKBUBAJEHTHH ako M caMo cy marpuie A u B ciaudHe (HeBe3aHO 3a IIPETIIOCTABKY O pa-
3JIMYUTUM COIICTBEHUM Bpe,ZLHOCTI/IMa). &

2. undepennujasna kiaacudukammja
Teopema 139. Dasnu morxosu NpudpyYHcent CuUCMeMUMG
x' =Ax u x =Bx
cy dudepenuujasto exeuUSAAEHMHU AKO U CAMO GKO CY AUHEAPHO eKEUBAAECHMH.

Hoxka3z. Jegan cmep je jacan. IlpermocraBumo 3aTo ma cy (pa3Hu TOKOBHU AudepPeHINjaIHO eKBUBA-
JIEHTHH, U HeKa je ¢ oaroBapajyhu audeomopduzam. O3raunmMo ca L auneapuu nuzoMopdusam

L :=dp(0).
13 ycioBa eKBUBAJEHTHOCTH MMAMO
poeh=eBogp
a ako OBy jegHakocT audbepeHnupaMo y Hy/Iu (Kao mpecankaBate u3 R y R™) mobujamo Ha J1eBOj
CTpaHU:
d(p 0 e")(0) = dyp(e' - 0)d(e")(0) = dip(0)e' = Le',
JIOK Ha JeCHO] CTPaHW WMaMo:
d(e'” 0 9)(0) = d(e'")(¢(0))dp(0) = " L.
N3 LetA = B L cnemn Lot = ' L. O

3. Tomosomka kiaacudukamnmja

ITpumep 140. Cucremu
¥=—-x un 2=-2
Cy TONOJIONIKH, aau He u gudepennujanano ekpubaienTan (y R). 3aucra, ogrosapajyhu TokoBu cy
ox) =z w (a) =M,
u npecankaBame p : R — R Tpeba 7a 3a moBo/baBa:

p(9'(x)) = ¥'(p(2)) & p(z) = *p(e'v).
Huje Temxko moroauTy 1a npecinkapame ¢(r) = x2 0BO 3a10B0/baBa, Me)yTHM OHO HHEje XOMEOMOP-
duszam jep Huje OMjekIMja. AMH aKO 3aMEHIMO

{ 22, x>0,

SD('I) = _xQ T < O

nobujamo xomeomopdusam 3a koju Baxku p(¢'(x)) = ' (p(x)). OBo mpeciukaBame, HAPABHO, HUje
mudeomopduzam jep mero mHBep3 Huje audepenimjadburan y uyan. 13 Teopeme 139 u 136 ciaenn
Jia TakaB JudeomopdusamM U He MOCTOjH. v

Heka je A xBajgparna marpuna. Ossaunmo ca my(A) 6poj (pauyHajyhu BHIECTPYKOCT) COII-
cTBeHUX BpemHOCTH A TakBux aa je ReA > 0, u ca m_(A) 6poj (pauynajyhu sumecrpykocr) corn-
CTBEHUX BPEAHOCTH A\ TakBux ja je Re A < 0.

Hedbuaunuja 141. Keagparaa marpuna A je zunepbosunka ako 3a ¢BaKy COTCTBEHY BPEIHOCT
A Baxu Re A # 0.

Teopema 142. Hexa cy A u B zunepbosuure mampuue. Tada cy dasru mokosu npudpysceru
cucmemuma X' = AX u X' = BX monosowru exeusasenmmu axo u camo je my(A) = my(B).
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Hoxka3z.<: [logenuhemo q0Ka3 y HEKOJIMKO KOpaka.

I kopak. Pa3Hu TOK TPHAPYKEH JTUPEKTHOM MPOW3BOIAY TOMOJOINIKHA €KBHBAJEHTHHX CHCTEMA je
TOTIOJIONKH €KBUBAJEHTAH, Tj, aKO IMaMO CHCTEMe:

X' =AX (&) X' =BX (9
Y =AYy () " Nv =By (&

takse Ja je (W) ~ (Q), (&) ~ (), orga je (%) ~ (xx). ancra, pemierba OBUX CHCTEMA CY
¢t<)(7 Y) - (etAlX, etAQY), ¢t(X> Y) _ (etBlX, etBQY),

ma, aKo je
p1: (W)~ (D), 0a(Q) ~ (),
OHJIA je
p = (X, V) = (1(X), 02(Y)) = (%) ~ (x).

Il kopak. ®a3uu ToK cucrema X = AX je ekBupajeHTaH (Pa3zHOM TOKY CHCTEMa
At 0
/
X = _lx 82
[ 0 A ’ (82)

e je AT € M,,, (4)(R) marpuna koja uma cBe CONCTBEHEe BPEJIHOCTH Ca MO3UTHBHAM PEATHIM JIeJI0M,
a A” € My,_(a) (R) marpuiia Koja uMa CBe CONCTBEHE BPEJIHOCTH €4 HETATHBHHM DEATHUM JEJIOM.
Bancra, u3 7ZKopmanose Teopeme o HOpMasHoj dopmu Marpuiie (B. ctpany 40), mocie eBeHTYaATHE
mepMyTanuje 0a3HUX BEKTOPA, 3aK/bydyjeMo J1a MOCTOjH MHBEPTUOMIHA MaTpuIila P TakBa 1a je
A0 1

-1 __
PAP —[0 A

Onagje, n3 Hanomene 138, 3aksbyuyjemo na cy dbasum TokoBH jeguaunte X' = Ax u (82) auneapHo,
a CaMUM THUM M TOIIOJIOITKN €KBUBAJIEHTHU.

III kopak. Axko je ReA > 0 3a caky comncTBeHy BpegHocT MaTpuile A, taga je cucrem X' = AX
TOIIOJIONIKY eKBUBaJleHTaH cucremy X' = X.

[Ipumernmo ma u3 kopaxa I, II, III qupekTHO ceam IMILTHKAIHja, <=.

Jokaxkumo jomr Tpheme u3 kopaka 11

[Tojacernmo ce na je u3 2Koppanose Teopeme

A~P+Q
IpH 9eMy je
B, 0 - 0 0 C --- 0
P 0 Bs 0 0 o : (83)
B : : o ’ o o - C,,
0 0 --- B, o 0 --- 0

Martpure B; cy nin 6pojesn (6s10koBE pefa 1) MaTpuie pejga aBa o0IHKa
R 84

1ok cy marpuie C; uan 6pojesn (6s10koBr pena 1), n To camo 0 mrn 1, win marpuie pena 2 obInka:

b 1]
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Jlema 143. 3a ceaxo ¢ > 0 mampuuya A je cauuna mampuuu P+ eQ), 2de je P+ () 2Kopdanosa
HOpMaAHa opma mampuye A.

Joxkaz. 3unamo jga je marpuna A cauana marpuru P + (). Jlokaxuwmo 3ato ga je marpuma P + Q)
camana maTpuiu P + Q). [Ipumerumo ma, ako je

r o0 -+ 0
0O 0 -~ 0
T,:= |0 0 e .. 0 , (85)
00 0 gh-1
Taja je
A 1 0 0 0] (A ¢ 0 0 0]
0 X 1 0 0 0 X\ ¢ 0 0
100 A - 0 0 0 0 A 0 0
0 0 0 Al 0 0 0 A€
[0 0 0 0 A |0 0 0 0 A
OJIHOCHO
Dy Ey O 0 07 Dy e¢Ey 0 0 0 ]
0 D2 E2 0 0 0 D2 €E2 0 0
10 0 D 0 0 0 0 Dy 0 0
Tzk . . . T2k— . ;
0 0 0 Dy Es 0 0 0 Dy ek,
L0 0 O 0 Do | O 0 0 0 Do
r7e cy, Kao U paHuje
o B |1 0
R ]
Hedunnirnmo
T, 0 --- 0
0 Ty, --- 0
= . . . s
o 0 --- T,

npu deMy 3a 1) y3uMaMo jeIHHUYIHe MaTpHIle, ako je ofrosapajyhu 6/0K y Marpuru P uian 6poj nin
obsmka (84), a marpuiy (85) ako uMamo OJIOK ca jeIMHUIIAMA HA TOPIbO] Aujaronanu. mamo

TYP+Q)T=P+eQ.
0

Hamomena 144. Jlema 143 maM 3amnpaBo Kazke Ja je CKYH AHMjarOHAMH3A0MIHAX. MATPHIA TYCT
y CKYIIy KBaJIpATHUX MATPHUIIA.

3 nperxojHe JjeMe cjejin Jia je JOBOJbHO ja Jjokaxkemo TBpheme u3 kopaka III 3a marpumy
A = P+ eQ), nupu gemy marpuina A mMa CONCTBEHE BPEIHOCTH Ca MO3UTUBHUM DEAJTHUM JIEJI0M, a
€ > 0 npousBo/bHO. M3a0epumo

1
e<e, ci=g min Re (o (P)).
Jlema 145. 3a osaxo usabpare ¢ u e u A = P+ Q) savcu:
(A%, %) > clx]|*

%Y M, (C), unn, y M, (R) je rycr cKyn cBux Marpuua Koje umajy dbopmy marpuue P.
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Hoxka3z. Heka cy \; peanne, a a; & i3; KOMIZIEKCHO-KOHjyroBaHe COICTBeHe BPeJAHOCTH Marpure A.
Hexka je

x=> aje;+ > (bfi+ ¢g)),

npu demy cy 6asuu Bekropu e€;, f; u g; onpehenn yciosuma Pe; = \je;, a P(f; +ig;) = (a; +
Zﬁ])(f] + Zg]) Nmamo

(Px,x) = Z Ajad + Z(b? +)a; > 2c Z(a? + b5+ ) = 2¢|x]*.
Hame, n3 Komm — [lIBaprioBe HejeIHAKOCTH CJIeIH:
|{eQx,x)| < ]| Qx]l||x|| < e[x]%,

jep JimHeapHO IpecauKaBambe () ouurieHo He nosehasa HOpMY BeKTOpA.
Konauno, mobujamo:

(Ax,x) = (Px,x) + (eQx,x) > 2c]|x[|* —e|[x[|* > c]|x]|*. (86)
0

U3 mperxome JeMe caemn ja HOpMa CBAKOT perrema X(t) cucrema X' = AX cTporo pacre 1o t.
Baucra

10 GOl =2 56760,/ ) = 2040/, 6/60) 2 eI > 0. (57

Jlema 146. Axo je Re A > 0 3a csaxo \ € o(A), onda je lirf |¢'(x)|| = oo sa cearo x # 0.
n—-+00

Hoxkas. Axo ca f(t) osnauumo peanny dbyknujy f(t) = log||¢'(x)||, 3a x # 0, u3 (86) Bumumo ua je

f'(t) > ¢, maje f(t) > f(0) + ct. O
Sanarak 147. Ako je Re A < 0 3a cBako A € 0(A), ouna je hlf |¢*(x)|| = 0 3a cBako x. Ako
n——+0o0
je ReA > 0 3a cBako A € o(A), ouma je lim ||¢'(x)]] = 0 3a cBako x. Axko je ReA < 0 3a cBako
n——oo
A €o(A), ouma je lim ||¢'(x)]| = oo 3a cBako x # 0. [dokazaru. v
n——oo

Cajta MmozkeMo J1a JiepuHAIIIEMO TpaxkeHun xomeomopduszam ¢. Heka je
S:={xeR"||x| =1}

Hedunummmmo ¢ Ha ciaegehn HadYWH:
* (0) :=0;
e 3a x # 0 mocroje jequHCTBeHH Xo € S u ty € R Taksu ga je ¢'(xq) = x. 3aucra, u3
Jleme 146 u Banarka 147 mmamo

Jim [l¢Go)] =0, lim 60| = +oo
U TIPeCInKaBambe
t= [lo'(x)]
je cTporo MOHOTOHO, ako ¢! Huje KOHCTaHTHa TpajeKTopuja. Kako je OHO M HelpeKuJIHO,
TO TOCTOJU jeMHCTBEHO to TAj. ¢ (x) € S. 3a TakBo ty, O3HAYMMO Ca Xg := ¢ °(X) u

JIeOUHUATITIMO
p(x) = 1" (x0)
(Bumeru Ciuky 2).
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X = @t(Xo)

CnukA 2. KoHcTpyKnHja TpecinKaBama

[IposepuMo 1a ¢ mMa TpazkeHe ocobuHe.

e [Ipe cBera, @ je Oujexiuja. 3amcra, MHBEP3 MPEC/AUKABALA e JedUuHnIIe CJAUIHO, 38y # 0
nocroju jejuucTBeHo yo € S, to € R 3a koje je ¥ (yo) =y, na je o (y) = ¢ (yo)-

e Kaxo cy ¢ m ¢! nedunncannm Ha UCTH HAUUH, 13 OHCMO JOKA3aIH 12 je © XoMeoMopdm3aM,
JIOBOJBHO je J1a TTOKaYKeMO J1a je ¢ HeMPeKuIHO.

e Jlokaykumo mpBo HempekuaHOCT v Tadku X # 0. Heka je cy x u to ¢pwkcupanm u Takpu Jia je

P (x0) =%, 32 Xg€S.
[Ipumerumo Jia je J10BOJBHO Jla JIOKazxKeMo ciejehe
Ve>036>0 d(x,y) <d=|sog—to] <e, (&)
TJe Cy Sg U Yo TaKBHU J1a je

¢*(yo) =y, 3a yo€S.
Baucra, ako Baxku (&), umMamo d(xg,yo) = d(¢ (x), ¢ (y)), na, ako je So JA0BOBHO Guu3y to u
Tavka y JIOBOJBHO OJIU3Y TAYKH X, 300 HENPEKHUIHOCTH NpecankaBama ¢'(x) y Taukn (Xg, —to) (110

(x,t)), mpacrojame d(¢~ " (x), ¢~ (y)) je mpoussosbpuo Maso. Cana, u3 d(p(x), o(y)) = d('(xq),1*°(yo))
U HEIIPeKM/THOCTH NpecnKaBamba 'y Tauku (Xg, o) 3aK/byUdyjemMo Ja je ¢ HenpeKuHo. JToKaKumo

3a10 (d).

13 jeanakoctu (86) caeam na je

(“52.0()  (A¢(2), ¢'(2)

d
— 16" (z)|| = = > c||¢'(z)]
dt l¢*(2)]] l¢*(2)]]
u, ako je ||¢'(z)]| € [1 — 01,1 + d1], 3a goBoBHO MasiO 01, umaliemo
d., , c
- > - )
9@l = 5 (V)
Heka je € > 0 maro. M3abepumo § > 0 TaKBO 1a BaxKu
, _ ce
dx,y) <o =llo7* )l = llg7* Wl < (%)

d(x,y) <4, o7& =1=ll¢ (¥l € [1 =01, 1+ d1]. (xx)
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Cama umamo

Q
0—26 > o™ = lle™ @)l = 1lle~ @) = 1 =1lle~ @) = llyolll =

—to d (k) + (@

. \ ” +©) ¢
o= lo=wll = | [ e mlar] “E S~ o,

S0

na je |so — to| < e.
o JloKaxkMMO cajla HEIPEKUJIHOCT y KoopawHaTHOM noveTky. Heka je € > 0 maro. Kako je
lim ¢f(x) = 0, To nocroju t; TakBo J1a je
t——0o0

Y7HS) C B(0,e), t>t.
Nzabepumo
6 = min ¢~
Nmamo:
Il <6 xo=¢"(x)es H n>n = el = ¢ (x0)] <e.

Nmvnaukanuja (#) Baxku, jep ako 6u 6mio ty < ti, mMaan 6ucMo —ty > —tq, Ia KAKO HOPMa pacTe
JIy7K TpajeKTOpHja CHCTeMa:

0> |Ix|| = [lo™"(x0)l| = 67" (x0)[| > 4

IMTO je KOHTPAJIUKIIHja.
e OcTaJio je joIr ja ja JOoKaxKeMo Jia je

pod(x) =1 op(x).
Ba x = 0 0Bo je ounrneano tauno. Heka x # 0 u mexa je to TakBo Ja je ¢'(xg) = X, Xo € S. 3namo
aa je o(x) = ' (xo) m ¢'T0xo = ¢'(x). 3aro je
p('(x)) = (¢ (x0)) = ¥ (x0) = P1(1" (x0)) = V' ((x))-

=: Hexka cy cucremn x’ = Ax u X' = BX TOIOJIONIKY €KBUBAJIEHTHH.
Hedunuimmmo ckymnose:

s o n . tA o
W3 (A):={xeR ]tlg:looe x = 0}
W"(A) :={x eR"| tlim ex =0},
——00

Ckynosu W?5(A) u W"(A) ce 30By pejoMm cmabuana u HECAOUANG MHOZOCTPYKOCT, IPUADPY XKEHE
Marpuim A.

3a mouerak, MPUMETHMO Ja TOIOJOIKH €KBUBAJEHTHH CHCTEMH HMAajy XOMeOoMOpgHE CTabuIHe
1 HecTabWJIHe MHOTOCTPYKOCTH. IIpe ¢Bera, ako je ¢ xomeomopdu3aM 3a Koju Baxku o o ¢' = 1! o ¢,
tajga Mopa outn ¢(0) = 0. Baucra, ako mpermocTaBuMo 1a je ¢(0) = ¢, nmaMo

¢ = ¢(0) = p o ¢'(0) =9’ 0 p(0) = ¥'(c),

a BUIMMO J1a je ¢ eKBuInbpujym cuctema X' = Bx. OBo je moryhe camo ako je ¢ = 0, jep je cucrem
XUepOOTUIKI, OJHOCHO MAaTpuia B je HeJgereHepucaHa.
OnaBne hemo 3ak/bydnTH 12 je

o W3(A) = W*(B).
Saucra

x € W(A) & ¢'(x) =50 e podl(x) Z5°0 e o p(x) =50 < o(x) € W(B).
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13 mperxonue quckycuje n Kopaka IT 'y m0oKa3y cMepa < 3ak/pydyjemo ga cy W¥(A) u W*9(B)

xoMeoMopdHH, TJIe Cy
~ AT 0 =~ Bt 0
A_{O AT B = 0 B~
kao y Kopaky II. B
Jlokazahemo na cy crabuiHa m HecTabmaIHa MHOTOCTPYKOCT Martpuiie A mzomopdue npocropuma
R g R™+(A) 1§, 1a cy crabmina o HecTabUIHA MHOTOCTPYKOCT Marpuie A xomeomopdue mpoc-
topuma R™-(A) i Rm+(4),
Axo je ¢! pememe cucrema

dot
— = Ag' 0 =1d
—=Ad, ¢ =14
TaIa je
¢'(x,y) = (ewx, e”‘*y) :
ma je

(x,y) € W*(4) < (e”ﬁx, etA7y> So0¥x=o0,
OJTaKJIe 3aKJ/bYIyjeMO Ja je
W*(A) = R™ W,
Expusanennuja (%) caenn u3 Jleme 146 u 3amarka 147.
OpnaBye j1061jaMo

R™- W ~ W*(A) ~ W*(A) ~ W*(B) ~ W*(B) ~ R™-®),

rJe &~ 03HavaBa XoMeoMopdHe IIPOCTope.
Ha xpajy, mossahemo ce Ha jesan TOMOIONKY (HeeJTeMEeHTADHN) De3yJITaT KOjH KazKe Jla Cy HpOCc-
topu R* n R! xomeomopdun ako u camo axo je k = [. O

ITpumep 148. (ILnanapuu caydaj.) Y [nasu 2 cMmo onmcanu ¢pasHe MOTpeTe JTUHEAPHUX CHCTEMA
y paBuu. Ha ocHOBY nperxoiHuxX TeopeMa MOXKeMO JIaTH HhUXOBY HOTIYHY Kaacu(UKAIU]y.

Cpaka JiBa ce/jia €y TOIOJONIKH €KBHBAJEHTHA jep je Kox cemaa yBek my(A) = m_(A) =1. C
JpyTe CTpaHe, CeJJIo Hije TOMOJONIKNA eKBHBAJIEHTHO HIjeTHOM YBODY jep je Koi uBopa m,(A) = 2
wim my (A) = 0.

Csaka JiBa cTabuIHa YBOpA CY TOIOJIONIKH €KBUBAJICHTHA, KAO U CBAKU CTAOUJIHE YBOP Ca CTaOUJI-
HOM crupasioM (« < 0), Kao u cBake jBe crabuiHe coupase. VICTo Baxku U 3a HecTabUIIHE YBOPOBE
u coupaie (o > 0). C apyre crpane, cTabWIHH 4BOp (CHUpaa) HUje TOIMOJOIIKH eKBUBAJIECHTAH
HectabuiaaoM uBopy. CTabuiaHa u HecTaOMIHA CIUpaJa HUCY TOIOJONIKH eKBHBAJIEHTHE.

[ITo ce Tuue menrapa, aBa meHTpa (Koja oxrosapajy Marpurama A u B) cy JuHeapHO (OJHOCHO
udepennujabuino) expusasienTHa ako u camo je o(A) = o(B).* Mowmxe ce mokazartu jga je 0BO
HEONXOJ[aH W JIOBOJbAH YCJIOB M 3a TOIOJIONIKY €KBUBAJEHTHOCT aBa menTpa. C Japyre crpamHe, IMeH-
Tap HUje TOMOJONIKHA €KBUBAJICHTAH HUJEJHOM JAPYroM (pa3HOM MOPTPETy, jep Cy TpajeKTopuje y
cJydajy MeHTpa KOMIAKTHH CKYTOBH, JIOK Cy KOJ, CBUX OCTAJUX MOPTPeTa HEKOMNAKTHH (BHIETH
Hamomeny 134).

Ha s je cucrem X' = Ax takaB ja je A = 0 colcTBeHa BPEIHOCTH MATpHIle A TOIOJIONIKH
eKBUBAJIEHTAH cucTeMy X = BX, aKO Cy COICTBEHEe BPEIHOCTH MATpHile B pasaumaure o Hyse?

v

ITpumep 149. (Crabuiane n HecTabUIHE MHOTOCTPYKOCTH Y IJIAHAPHOM CJydajy.) ¥ ciaydajy
cejiyia cTabUIHA M HeCTaDUIHA MHOIOCTDYKOCT Cy IpaBe Kpo3 KoopjauHaTHu moderak (B. Couky 3.1
ma crpanu 21). Y oBoMm ciayuajy je mi(A) =m_(A) = 1.

3Ca o(A) o3HauaBaMo criekTap, OJAHOCHO CKYIl COIICTBEHUX BPEAHOCTH Marpule A.
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Y ciy4ajy cTabMITHEX YBOpOBa U CcTaOWJIHE CIIIpaJe CTadU/IHA MHOTOCTPYKOCT je IeJia paBaH, a
HecTabWIHA caMo KoopauHaTHH moderak (B. Cauky 3.1 Ha crpanu 21 u Cauwky 3.2 Ha crpanu 25).
Osne je m(A) =0, m_(A) = 2.

VY ciaydajy HeCTaOHMJIHMX UYBOPOBA U HECTAOWJIHE CIIMpaJie CTAOU/IHA MHOTOCTPYKOCT je caMoO KOOp-
JUHATHE MOYeTaK, a Hectabuina nesa pasat (B. Cauky 3.1 Ha crpanu 21 u Cauky 3.2 Ha crpanu 25).

Osne je my(A) =2, m_(A) =0. v

Ha kpajy HaBommmo (6e3 mokasa) jeJHy Teopemy Koja ce OaBH TOMOJOMIKOM KJACH(MUKAI]OM
HeJMHeAPHOT CHCTeMa Y OKOJWHH T3B. Xunepboamdkor ekpuandpujyma (Bugern Hamomeny 166). V
0] BHJUMO JOII jeJlaH 3Hadaj JIMHeapu3aluje HeJUHeapHHX cucTeMa. lIpenusHuje, oma Kaxke Ja
je HeJIMHeapHU CHUCTEeM TOIIOJIONIKH €KBHBAJEHTAH CBOjO] JIMHEAPU3AIU]H Y OKOJIUHH XUIEPOOJTUIKOT
ekBuMGpujyma. 3a cKuIly Jokasza guraona ymyhyjemo Ha [5], a 3a kommieran jnoka3 Ha [6].

Teopema 150. (Xaprmen'-I'pobman’) Hexa je F(x.) = 0 u nexa je A = dF(x,) zunep-
boauuka mampuya. Tada nocmoju okoauna U mauke X. Ha K0joj cY MOKOBYU CUCTNEMA

X' =Fkx) u x =Ax
MONOAOWKY, EKEUBAAEHINHU. O
4. Saganm
(1) Jdokasaru ja cy cucreMu
¥ =—x ¥ =—x
{ y =2ty { Y =y

nudepeHInjabmIHO eKBUBAIeHTHN. v

~

“Philip Hartman (1915-2015), aMepuuks MaTeMaTuuap.
S11. M. T'pobman (?72?), pycku MaTemarmdap.
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CrabuiaHoCcT eKBuIndbpujyma

Y NIpeTXOHOj IVIABH CMO BHJIEIH Ja Ce Y OKOJIWHHM HecwHTyTapHe Taduke (F(Xg) # 0) cucrem
x' = F(X) monara npeaBujbuBo, Mperu3nuje 1a je OH Y HeKUM KOOpJInHATaMa OOMTHA TPAHCIAIH]A.
Bamcra, oBo je cajapikaj Teopeme 0 MCIPABBUBOCTH BeKTOPCKOr mosba (Teopema 121). 36or tora
HaM je MHTEPEeCAHTHH]E /I3 M3y4aBaMO IOHAIIEHe CHUCTEMa Yy OKOJMHU CHHIYJIApHE TauvKe, OJHOCHO
Tavke X, 3a Kojy je F(X,) = 0, KOjy 30BeMO U CTAIMHAPHOM, TAYKOM DABHOTEKe, HJIN eKBUIHODH]y-
MOM cucTeMa. lIpumernmo j1a je KOHCTAHTHA TPAjeKTOPHja je/IMHA TPajeKTOpHja Koja IPoJa3u Kpo3
eKBUINOPHjyM, aKo je mosbe F' kao y TInkapoBoj Teopemn (IITO y 1eJ10j OBOj TJIaBH MPETTIOCTAB/HAMO).
[Ipumernmo n ga je, u3 TejmopoBor passoja

F(x) = F(x:) + dF (x.)(x — %) + 0o(x — X,) = dF(x,)(x — X4) + 0(Xx — X,),
KaJI je X OJIu3y X,, U Jia je jeIHaYnHa
x' = (x —x.) =dF(x,)(x — x,)

JHHEAPHA MO X — X, TAKO Ja MOYKeMO Ja odekyjemo jJa he ce u menmneapuu cucreM X = F(X) y
OIM3MHE eKBUINOPHjyMa MOHAIIATH CJIUYHO HeroBoj JuHeapusanuju x = dF(x,)(x), a JuHeapHe
CHCTEME CMO JIeTa/bHO U3YUHIIN.

[Ipe cBera yBeauMo HeKe TTOJMOBE.

Hedununmja 151. Heka je x, ekuiubpujym cucrema X' = F(x), F: U — R". Kaxewmo ja je
X
® CMAbUANY EKGUAUOPUIYM AKO 338 CBAKY OKOJHHY Uy C U Taduke X, MOCTOju oKoauHa Uy C U,
Uy O X,, TaKBa Jla BaxKu

X €Uy = ¢'(x) €Uy, t>0,
rie je ¢! pememe cucrema

W _ o o 1
o = F@). =1

® ACUMNMOMCKY CNAOUAHY eKBUAUOPUJYM AKO je CTAOUIHH €KBUJIUOPHJYM U aKO jOII BAYKH:
x €Uy = lim ¢'(x) = x,;
t—+o00

® HECMAbUAUNY ERGUAUOPUIYM AKO HHje CTAOUIHH.

O

IIpumep 152. KoopamHaTHE IOYETaK je YBEK €KBUIMOPUjYM JIMHEAPHOr cucTeMa X = Ax.
3HaMO [la je pememe OBOT CHCTeMa ca MOYeTHOM Bpedmomhy X gato ca ¢f(x) = efdlx, xao u
na y marpunu e urypumy smneapue kombunanuje dbynxmuja e, the, e cos(Bt), e sin(pt),
thet cos(Bt), the?t sin(Bt) tme cy A, a £ i concrrene BpeanocTn Marpuie A. Ako cy cBe concTsene
BPEIHOCTH TaKBe /la, UM je PeasiHu JIe0 CTPOTO HeraTuBaH, eKBUJINOPU]YM je aCHMITOTCKH CTaOMJIaH.
AKO MaTpHuiia A Ma HEKY COIICTBEHY BPEJIHOCT Ca CTPOro NO3UTUBHUM peEaJITHUM J€JI0M, KOODJAUHATHU
HOoYeTaK je HecTabWIHu eKBUIUOpHjyM (3a1mTo?). A aKko Cy CBe CONCTBEHe BPETHOCTH Ca PEATHUM JIe-
JIOM MaibUM HJIU jeJIHAKHM HYJIH, TaJa MOCTOJU JUCKYCHja II0 BHIIECTPYKOCTH COICTBEHE BPEIHOCTH
YHjU je peasHu jeo Hysda. Hmp. menrap y miaHapHOM caydajy je cTabMJIHH au He W aCUMIITOTCKH

85



86 5. Exsumubpujymn

CTaOUIHU eKBUJIHOPHUjyM, /TOK, Y BUIIUM JHMEH3HjaMa, aKO je BHIIECTPYKOCT COIICTBEHE BPEIHOCTH
1 Beha oJ1 jejaH, MOXKEMO UMATH ¥ HeCTAOWIHU eKBHIUOPHjyM. Y HpPUMEPY MaTpPHUIE

0 B8 1 0
=g 0 0 1
A=10 0 0 3

0 0 -8 0

UMaMO HeCTaOUJIHU €KBUJIUOPUjYM Y KOOPJAWHATHOM IOYETKY.
VY ciy4ajy miaHapHOr cHCTeMa, KOju (ba3HU MOPTPETH UMAjy KOOPAUHATHHU IMOYeTaK 3a CTAOU/IHHU,
HeCTaOUIHU, OJJHOCHO ACHMIITOTCKY CTabUIHU eKBuaubpujym? Pasmorputu u ciaydaj A\; = 0, Ay # 0.

v
3amarak 153. [lokazaru jga cy aCUMITOTCKHM CTaOWJIHH eKBHJIMOpHjyMH H30/0BaHe Taduke. /la
JIM MCTO BAXKW 32 CTaOWIHE (HeCTAOUIHN) eKBUIHOPHjyM? v

1. CrabuaHocT ekBuaubpujyma - meron pyHKHuje JbamyHosa
Buio xoja dpyrknuja V Koja 3a10B0/baBa yciose ciejiehe Teopenme ce 30se dynryuja Jbanyrosa'.

Teopema 154. (Teopema Jbamynosa.) Hexa je U C R" omeopen cxyn, F : U — R™ xaace
C' u x, € U maxeo da je F(x,) = 0. Osnauumo ca ¢' pewere jednauune

d t _ t 0 __
S0') = F(¢'(x)). ¢* =1d.

IIpemnocmasumo da nocmoju wenpexudna gyrruyuje V : U — R makea da sasrcu
o V je waace C' ma U\ {x.}
o V(x)>0saxel\{x.}, V(xi) =0.

Tada sascu

(a) axo V onada dyosrc pewerva ¢*, mada nocmoju oxoasuna Uy mauke X, maxea da je 3a c6ako X €
Uy, pewerve ¢'(x) depunucano za cearo t > 0; ocum moeza, X, je cmabusny eK6UAUOPUTYM;

(6) axo V' empozo onada dysc pewerva cucmema, mada nocmoju okosuna Uy mauke X, maxea 0a
je sa cearo X € Uy, pewere ¢'(X) dedpunucano sa cearot > 0; ocum moea, X, je acumnmonm-
CKU CMAOUAHY eXBUNUOPUTYM;

(B) axo V' empoeo pacme dysic pewerva cucmema, mada je X, HECMAOUAHY EKEUAUOPUIYM.

Hanmomena 155. Ilpumernmo na ma je

e yeios (a) us Teopeme 154 exsuBanentan yciaoBy LV (¢!(x)) < 0, 3a x € U;
e yeio (6) u3 Teopeme 154 exBuBasentan yciaoBy 4V (¢'(x)) < 0, 3a x € U;
Ly (¢t(x)) > 0, 3a x € U;.

e ycioB (B) u3 Teopeme 154 exBuBaIeHTAH yCIOBY 3

Kako je
%V(WX)) = dV(¢'(x))(F(¢'(x)) = (VV(¢'(x)), F(¢'(x))),

3aK/bydyjeMo Jla MpoBepa Jia Ju HeKa TiaTka (byHKIHja UCIyhaBa HeKH o1 Tpu ycaosa (a), (6) mim
(B) u3 Teopeme 154 He 3axTeBa €KCILIHIUTHO PEIaBarhe jeTHATINHE. o

Joxa3 Teopeme 154. (a). Heka axke mpermocraBke u3 tauke (a). Heka je Uy C U npoussospHa
OKOJIMHA Tauke X, u r > 0 TakBo na B[x,,r| C U;. Hexka je

m:= min V(x)>0
OB[xx,7]

Uy = {x € B(x,7) | V(x) < m}.

LA nekcanap Muxaiinosud JIsmyuos (1857-1918), pycku maremarudap u Qusuyap.
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[Ipumerumo j1a je Uy OTBOPEH CKYII U Jia X, € Uy.

Hoxkasahemo na je 3a cBako x € Uy, ¢'(x) nedunucano 3a csako t > 0, kao u ga je Uy TpazxkeHa
OKOJINHA TavuKe X, U3 jedunuiyje crabuinor ekBuinbpujyma. Heka je x € Uy. [dokaxkumo pBo 1a je
¢'(x) € B(x4,7)3a cBako t > 0 (omasje, Ha OCHOBY TeOpeMe O TPOJIYZKehy pellieba, Caeu 1a je ¢'(x)
nedbunncano 3a cse t > 0, Bugeru [ocaeauny 89). IIpernocraBumo cynpoTHo, aa je ¢ (x) ¢ B(X., )
3a Heko ¢ > 0. V3 menpekugnoctu npecinkasama ¢'(x) 1o ¢ ciean ga je ¢'2(x) € B [X,, 7] 3a HEKO
ty € (0,t1). Anm, kako dyuxuuja V onama nyx Tpajekropmja ¢, mobujamo

m < V(9" (x)) < V(0" (x)) = V(x) <m,

IITO je KOHTPAJIUKIIA]a.
s
V(¢'(x0)) < V(¢°(x0)) = V(x0) <m
saxsbyayjemo ja je V(¢'(xg)) < m, kaaro je t > 0 u xo € Uy. Opasie umamo

tZO, Xp EUU :>¢t<X0) EZ/{O CZ/ll,

IITO 3aBpHIaBa J0Ka3.
(6). Hexka je Uy kao y nperxoanoj Tauku. Xoliemo ja jokazkemo ja je lim ¢'(x) = x,, 3a cBaKo
t—+00

x € Uy. IlpernocraBumMo jia TO HUje CJy4daj, OJHOCHO, HPETIOCTABUMO Jla 1IOCTOju Xog € Uy u Hu3
t, — +00 (MOXKEMO J1a MPeTIoCTaBuMO Jia je cTporo pactyhn) TakBu na He BazKu

] tn —
b, ¢ e0) =

Kako je uu3 ¢' (X¢) 13 KOHCTPYKIHje cagpkKaH y Kyrau B [X,, 7], To OH nMa KOHBEPreHTaH MOIHU3,
O3HAYMMO Ta UCTO ca @' (Xg) KOju TexKHM Ka X; # X, 3a HEKO X; € B[x,,r] C U. Jacuo je na je
lim,, 0 V(9™ (x0)) = V(x1). Tpumernmo xa je n lim;, o V(6 (x0)) = V(x1), momro je dbynknuja
t — V(¢'(x0)) monorona. ITpumernmo na u3 MOHOTOHOCTH OBe (DYHKIHjE CJeau 1

V(¢'(x0)) > V(x1), 3acsako t>0. (88)

Kako dyuknuja V' ctporo omaja JyK TpajeKropuja cucreMa (OCUM Y X,, & X 7# X, 100 HOpeT-
MOCTABIH ), TO je
V(g'(x1)) < V(x).
(OBae kopucrumo ja ¢'(x1) ocraje y okounu Uy C U mro je taduo jep je X, cTabujHU eKBUIUOpH-
jym.) Kako je npeciuxasame x — V(¢!(x)) nenpexuHo, T0 10cTOjU OKOMMHA )V Tauke X; TakBa Ja
je
V(¢'(x)) < V(x1), (89)
3a CBAKO X € V.
Mzabepumo ng Takso 1a je ¢'*(xq) € V, 3a k > ng. NUmamo

(88) (89)
V(xi) < V(¢"*(x0)) = V(¢1(8™(x0))) < V(x1),

IITO je KOHTPAJIUKITA]a.
(B). Heka je R > 0 rakBo na je B[x,, R] C V. Jlokazahemo ga 3a cBako 0 < ¢ < R, 3a cBako X €
OB(X., ), Baxkn ¢'(x) ¢ B(x,, R), 3a meko t > 0. Oxape ciaeau 1a je X, HeCTaOUIHN eKBUIUOPHU]Y M.

[TpernoctaBuMo CynpoTHO, Tj. TIPETIOCTABUMO J1a je 3a1ato € > 0 TakBo 1a je ¢'(xg) € B(x,, R),
3a cBako t > 0 u HEKO Xo € OB(X,,¢). Omasze cnermmjaano 3HaMo 112 je ¢'(Xg) JeduHICAHO 3a CBAKO
t>0

Hexka je

m := min V.
OB(Xx,e)

Heka je 0 > 0 takBo ma je V < m/2 na B(x,,d). Ilpumernmo na Bazku

Xo € 0B(X,€) = ¢'(x0) ¢ B(x.,0), 3at >0 (90)
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jep dynknuja V' pacre ayx rpajekropuja cucrema (ma je V(¢'(xq)) > V(x9) > m). Hexka je
[ :=inf{(VV(x), F(x)) | x € (B(x4,9))°N B[x., R|} >0

M = max V.
Blx«,R]

Heka je xog € 0B(X.,¢). Umamo:

M =V (¢'(x0)) = V(xo) + /Ot %V(qﬁs(xO))dS Zm+ /Ot dV (F(¢°(xo))ds S

3a cBako t > 0, mTo je Hemoryhe jep je [ > 0. U

ITpumep 156. (Ilnanapuu JuHeapHU cucTeM.) 3HAMO Ja je KOOPIHUHATHH MOYeTaK eKBUINO-
PUJYM JIMHEAPHOI' CUCTEMA, U TO: ACUMIITOTCKU CTAOWJIHM Y CJIy4ajy CTaOMJIHMX HYOBOPOBa M CIIU-
pane 3a o < 0, crabwjiHM aJiM HE W ACUMITOTCKH CTAOWJIHM Yy CJAy4ajy NEeHTpa W HecTabuaHU Y
cJIydajy cejijia, HecTaOMITHUX YOBOpPOBa W crmupaJsie 3a « > (0. Y cBakKOM 0J] OBHX CJIydajeBa, OCHM
y caydajy ceiia, kao dyakimuja Jbanynosa u3z Teopeme 154 MoxKe MOCAY>KUTH KBaJApaT HOPMe,
Vix,y) = 2® + y2

IIpumep 157. [lorpazxumo dbynkuujy Jbanynosa y obuky V(z,y, 2) = ax®+by*+cz? 3a cucrem

¥ =(z+1)2y —x)
y=—-(+1(z+y)

2 =—z

u goKaKuMo Ja je tadka (0,0,0) acHMITOTCKH CTaOUIHH €KBUIHOPH]YM.
Kaxko je VV(‘Ta Y, Z) = 2(CLLU, by7 CZ>7 a F($7 Y, Z) = ((Z + 1)(2y - x)? _<Z + 1)(1: + y)? _23)7 TO .je

(VV (2,9, 2), F(z,y,2)) = 2[(z + 1)(—ax® + (2a — b)ay — by*) — cz*],

3aK/by4yjemMo jia 3a u360p:

BazK1 d
V(()? 07 0) = 07 V($7y7 Z) > 07 (aj7 y? Z) # (O’ 07 0)7 %V(¢t(x)) < 07
onuocuo ga (0,0,0) jecte acHMITOTCKH CTAOHJIHE €KBHJIHOPUjYM. v

IMpumep 158. (Jlarpam:x—'/Tupuxseosa’ Teopema.) JIpyru Ibyrnos zakon F = may R3,
3a Komsepsarusan cucreM (F(x) = —VU(x)) je expuBasnentan cucremy y R® (v je BekTop Gpsmue

x'):

x' =v

v =-1VU(x).
Jennma Tauka eKBUIHOPUjyMa TOPH-ET CHCTEMA je TauKa (X, Vy) 33 KOjy BayKu

VU(x,) =0, v,=0.
[Torpaxkumo dyuknujy JbanyHnosa y 00Ky yHKIMje eHepruje
1
Blx,v) = U(x) + gmilv]P.

Kaxko je F(x.,0) = U(x,), uamerumo Maso (norennujanny) dbyukmnujy JbamyHnosa y

V(x,v):=Ex,v)—-Ux.) =U(x)+ %mHVH2 —U(x4).

2 Joseph-Louis Lagrange (1736-1813), urajmjancku MareMarundap U acCTPOHOM.
3Johann Peter Gustav Lejeune Dirichlet, (1805-1859), Hemauku Maremarudap.
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Cana Bpemnoct dyHKnuje y tadku (X.,0) jecre jeHaka Hy/IH, a U3 3aKOHA OYyBarba €HEprHje

(ITpumep 4) umamo:

d

EE(qbt(x)) =0<0.
OBume cmo jokazasu Jlaepanosic—/lupurieosy meopemy: axko je X, cMpo2u AOKAGAHY MUNHUMYM NO-
menyujanne enepauje U, mada je mauka (Xy,0) cmabusnu eKeuisubpujym KOH3ePEAMueHo2 CUCmMeMma.
3amcra, ycJIoOB Ja je X, CTPOrHW JIOKAJHH MHHHMYM TIOTeHIHjadHe eHepruje U HaM 00e30ehyje mo3u-
tusnoct dbynknuje Jbanynosa y okoaunu tauke (X.,0) kao u V(x,v) > 0 3a (x,V) # (X4, 0).

O dbyukmuju JbamyHoBa MOYKeMO pa3sMUIIL/BATH KAO O YOIIITEHY eHepruje, Kao IMTO je TO OBaj

npumep nokaszao. Kacuuje hemo Bugern ja je dbyukimja JbamyHoBa jejHo yommTeme U HOpMe (Kao
o je To 6uo caydaj y [pumepy 156 u 157). v

Hamomena 159. * Ako nocroju dyuxumja Jbanysosa V 3a Kojy je %V((bt(x)) = 0, Tajga je Tauka
X, crabmiann ekpuanOpujym 1o Teopemn 154. Morkemo j1a 3aK/by9rMO M Ja X, HHj€ aCUMITOTCKN
CTaOUTHU eKBUINOpHWjyM. 3amcra, ako OM X, OMO acUMOTOTCKH CTaOWJIaH, CBe TpajeKTopHhje Koje
MOYHUIbY V OKOJHHU ) Tauke X, TexKujae OM Ka X,, na Ou, momro je V HempekuIHa W KOHCTAHTHA
YK TpajeKTOpHja, BayKMIJIO0

0=V(x,) = 1tlim V(e(x)) = V(x)
— 00
3a cBakKo X € Uy (ro Huje y ckaajay ca gedununujom dyukuuje Jbamyrosa). o

IIpumep 160. (I'pagujerntan cuctem.) IlocmarpajMo (HEraTUBHM) TPATUjEHTHU CHCTEM, Tj.
cucrem y koM je F' = —V f, 3a wexy rnarky dbyukuujy f. Ilpumerumo na f onaza jayxk periermna
HeraTuBHe rpajaujentHe jeanadnne X' = —V f(x):

Flox(ta)) = fx(t) = [ G soxnde = [drx )it = [ (95,9 e <o

t1 t1 t1
YKOJIUKO TPAjeKTOPH]ja HIje eKBUJINOPUjyM. 3aTO BAXKH: aKO j€ X, W30I0BAHA TATKA CTPOrOr JIOKATHOT
MuHUMYMa hyHKIHje f, Taga je OHA aCHMOTOTCKH CTAOW/IHYU €KBIIHOPU]YM I'PAJMjeHTHOT CHCTEMA.
Bancra, 3a Gyarnujy Jbamynosa MoxkeMo m3adpaTn

V(x) = f(x) = f(x.),
kako je VV =V f, rBpheme cien. v

2. ®yuknuja JbanmyHoBa Kao cmenujajiHa HOpMa

Y oBoMm jeny hemo jokaszarum moMohHO TBpheme, Koje je jegHocTaBHa mocseantia Jleme 145 u3
[nase 4, a Koje HaMm rapaHTyje nocrojame jejne rnocebHe HopMe, TpUpyzKeHe oneparopy L, Hopme
Koja hie HamM OUTH BeoMa 3ro/iHa Ha HeKNM MecTuMa. Cama oBa HOpMa ce MOHeKaJ | Ha3uBa U DYHKIH)a
JbanysoBa npuapyzkena oneparopy L (Bugern Teopemy 164).

Jlema 161. Hexa je L : R" — R" auneapnu onepamop 3a woje sastcu ReX > 0 3a ceaxy
concmeeny epednocm A onepamopa L. Tada nocmoju ckarapru npouseod (-, ) na R™ u xoncmanma
¢ > 0 maxsu da sasicu

(Lx,x) > c(x,X)

3a ceaxo x € R™.

Hoxkaz. Oso teplheme je 3anpaso Bapujanta Jleme 145 Ha crpanu 79 (y OHOM CIy9ajy ¢MO TPHYATH
0 CIUYHHUM MaTpHUIaMa 1 (pUKCHPAHOM CKAJAPHOM MPOU3BOAY, & Y OBOM O OIEPATOPUMA U ITOTOIHOM
u360py CKaJApHOI HPOU3BOJIA).

Heka je

O0<e<e c:= %minRe (o(L)). (91)

‘Ha OBy UHIbeHHUIy MU je yKazao yman /Ipobmax.
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Heka je vy,...,v, 6a3a y Kojoj omeparop L mma Mmarpudnm 3amnuc P + (), oBakBa 06a3a yBex
noctoju, B. Jlemy 143 Ha ctpanu 79.
Hedununmmmo ckaJapHu IPOU3BOJ TAKO JIa je Vi, ..., V, OPTOHOPMHUpAHA, Tj. Ja je

vy = [ B
P 0, k£

u npoiupumo ra no auaeapuoctu Ha R™. Heka je Lp oneparop Kojem y 0B0j 6a3u ojropapa MaTpuIia
P n cimuno Lg, ongnocuo, Heka je L = Lp +eLg. Tana je

(Lx,x) = ((Lp +eLg)x,x) = (Lpx, x) + e(LgXx, X).

Ako je

x=> aje;+ > (bf;+c;g;),
npu demy cy €; € {vy,...,V,} BEKTOPH KOjH OATOBapajy PEAJHHM CONCTBEHUM BPEIHOCTHMA A;, &
f, € {vi,....,vp} mg; € {vy,...,v,} IapOBH BEKTOPA KOjU OATOBAPA]y KOMILICKCHO KOHjyTOBAHUM

COTICTBEHUM BpeaHocTHMa o £ ()1, Taxa je

(Lpx,X) Z)\ a; —I—Z (03 + ey > 202(@? + b2 4 ¢5) = 2¢||x]*.

C apyre crpane, u3 Komu — [TIBapriose HejearakocTn (Koja BayKu 3a CBAKU CKaJapHH MPOU3BOJ)
NMaMO:

£(Lox,x) < | Lox]l x| < <ljx|?
OJIHOCHO:
(Lx,x) = (Lpx, %) +(Lox, x) > 2¢/|x||” — e]lx|* > ¢l|x]|”
O

Hedbunaunuja 162. Hopmy gedunncany nmomohy ckajgapHor npoussoaa u3 Jleme 161 HazuBaMo
u nopmom Jhanynosa npudpyorcernom onepamopy L. O

Hanmomena 163. Kopuctuhemo u oBaj obnuk Jleme 161: Heka je Re A < 0 3a cBaky comncTBeHy
BpeHOCT A oneparopa L. Tama mocroju ckanapuu npoussox (-, -) Ha R™ n koHcranTa ¢ > 0 TakBu
Jla BaxKu

<an X> S _C<X7 X>
3a cBako X € R”. Oso tBpheme ciaenn aupekTHo u3 Jleme 161, npuMemene Ha omneparop — L. o

Y caejiehem norviaby hemo Bujieru 3amTo ce oBa HopMa 3oBe u Pynknuja Jbaiynosa.

3. CtabuaHOCT eKBMJINOPUjyMa - METO, COTICTBEHUX BPEIHOCTU

Beh cMmo criomeny/iu j1a je TpUPOAHO OUYEKHUBATH Jia ce Y OJM3UHEA eKBUJIMOPU]yMa CUCTEM TIOHATIIA
CJIMYHO TPHUJIPYKEHOM JuHeapHoM cucteMy (X' = dF'(x,)x). Craenehia Teopema je jegna uiycrpaiuja
Tora.

Teopema 164. Heka je L := dF(x,) auneapnu onepamop maxas da je Re (\) < 0, sa ceaxy
concmeeny epedrHocm \ U HeKa je
— 2
Vix) = [lx = %7,
ede je || - || wopma Jhanynosa npudpyocena onepamopy L kao y Hanomenu 165. Tada je V' empoza
dynryuja Jbanynosa us mauke (6) Teopeme 154, na je X, acumnmomcru cmabuiry, eK6UAUOPUIYM
cucmema X' = F(x), wmasuwe, sacu u caedeha anpuopra oyena: nocmoje c1,ca > 0 u okosuna U
mayke X, maxey 0a 6aHcu
16°(x) = x| < cae™|Jx — x.|],

sa ceaxot >0, x € Uy.
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Hoxkaz. Ouurieano je na je V riarka u ¢cTporo mos3utubHa GyHKNHja (0CHM y X = X, ), Kao H Ja je

V(x,) = 0.
HoxaxkmMo 1a V' cTporo onajga Iy periema:
d d d
ZV(9'%) = 20" (%) = x.|I* = — (&' (%) = x., 6" (x) = x.)
dot (92)
=2 {00,000 - x. ) = 20 (6 (), 60) - )
Kako je
F(x) = F(x) + L(x —x,) + o(x — x,) = L(x — x,) + o(x — X,),
IMaMo:

(F(x),x=x.) = (L(x—x) +o(x—x,), x=%.) < —¢l|x =% +e(x)[x—x.]* < —eciflx—x.[*, (93)
3a ||x — X.|| <, 1 ¢ := ¢/2. U3 nocaeame uejemumakoctu u (92) mobujamo:
d
—V(¢'(x)) <0
Ty (¢'(x)
3a CcBaKO X € B(X.,0) \ {X.}. Omapne cnenujanuo ciaemu aa je, ako je X € B(x,,0), onga je u
¢'(x) € B(x4,0),3at > 0.
[Ipernocrasumo jga je X € B(x4,0) (= ¢'(x) € B(x4,0), 3a t > 0). U3 (92) u (93) nobujamo
(F(¢'(x)) — x4, ¢'(x) — x4)
[9*(x) — %]

d
—l610) x| = < —all¢'(x) =]l

a NMaMo
allo ) =%l

l¢'(x) — =l

d
S (6'(x) — .|| < —ex.

Opnasne je

t
In ||¢'(x) — x| = In||x — x| + /o disln |lo°x — x,||ds < In||x — x.|| — e1t,
ma je
19°(%) — x| < [lx — % [le™".
['opma HOpMa je cremujaara HOpMa Jbamymosa, anm cBe HOpMe V¥ R” cy eKBUBaJeHTHe, TITO 3HAYUN
Ada Je
all - [ < |-z <ol -,

3a HEeKe MO3UTUBHE KOHCTAHTe a W b, re ¢Mo ca || - ||g o3HAYMIN CTAHAAPAHY eYKIUICKY HOPMY.

Onasae ciaenn TBpheme. O
Baxu u ciegehu odpar Teopeme 164.

Teopema 165. Axo je X, cmabusny exkeusubpujym, mada He NOCMOJU CONCMEEHE SPEIHOCTN
mampuye dF(x,) wuju je pearnu deo cmpozo nosumuean.

Jloka3 mperxogHe Teopeme je ciudaH jokaszy Teopeme 164, ajim TeXHUYKH MHOTO CJIOZKEHH]H.
Baro ra oB/ie u3ocTaB/haMo, a duraola ynyhyjemo ua [4].

Hamomena 166. Exsunubpujym X, 3a xoju Baxkum Re A # 0, 3a cBaKy CONCTBEHY BDPEIHOCT A
marpure dF(xX,) ce Ha3uBa TunepboAuUMKUM EKEUAUOPUJYMOM. Bumenan ¢Mo aa cy Xunepboamdkn
€KBUJIUOPHUjYMH WU ACUMIITOTCKK CTAOWIHK WX HecTabuanu. Ko xurmepOoIndknX eKBUJIHOpUjyMa
YBEK MOYKEMO jeTHOCTABHO - METOJOM COICTBEHUX BPEIHOCTH - 3aK/bYUUTH O IHEI0BOj CTAOUIHOCTH,
JIOK KOJI eKBUJIHOPUjyMa KOjU HUCY XUIIEPOOJTUIKH, OBO MOXKe OUTH MHOTO JICUKATHHUjE MHTATHE. ©
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Hedbunumnuja 167. Oyaknuja [ : R” — R 3a kojy Baxkn
Vi(x)=0= detd’f(x)#0
(omHOCHO, 3a KOjy €y CBe KDUTHYHe Tadke HeJereHepucane), 3o0Be ce Mopcosa dyrkyuja. O

Baparak 168. /lokazatu ja ¢y eKBHIMOpHjyMH TpajujeHTHOr cucrema (Bugeru [Ipumep 160)
MopcoBe dyHKITje XUTEPOOJIUTIKH. v

Bagarak 169. /lar je rpaaujentnu cucrem X' = —V f(x), vae je f(z,y) = (x — 1)%2? + ¢
(a) Hahu cBe exBuiuGpHjyMe W HCIUTATH HUXOBY CTABGUIHOCT.
(6) Hokasaru jga f omaja my:k Tpajekropuja cucrema u na je Vf L {f = const.}.
(B) CkumupaTu TpajeKTopuje CHCTeMA.

v

[Toacernmo ce m1a Ham Teopema XaprMmen-I'pobana (Teopema 150) naje TomoIoOMKyY Kaacuukamnmjy
HEJIMHEAPHUX CUCTEMA Yy OKOJUHU OKOJIMHU Xuiiepboimdkor ekBuyimbpujyma. llperusnuje, ona kaxke
Jia je HeJIMHeapHU CUCTEM Y OKOJIMHH XUIEePOOJIUIKOr €KBUIUOPHjyMa TOMOJIONIKY €KBUBAJIEHTAH CBO-
JOj MuHeapu3alyju y eKBUIHOPUjyMY.

3amarak 170. /lokazaru Teopemy 164 u Teopemy 165 momohy Xaprmen-I'podmaHnoBe Teopeme.

v

4. Ilpumepu u3 ekoJjormje

4.1. Mogen pacrta moimyJjainuje jegHe Bpcre. HajjeaHocTaBHHjH MOJE pacTa IOIYyJIAIn]je
BpCTe je eKCIIOHeHInjaJHu Mojes. To je ciydaj kaj je Op3uHa pacTta HolyJaluje MpormopIuoHaIHA
TPEHYTHOM OpOjy je/IMHKU:

' (t) = ax(t).
Iako je 6poj momyralmje IPUPOIAH, MI I'a MOJEJIPAMO PeaJHuM Io3uTHBHEM Gpojem.” OBre je a
peasiHa KOHCTAHTA KOja Ce 30Be CTOMA PACTAa U KOja 3aBHCH O[] BPCTe, CHTyallhje, pecypca (permumo
OJ1 BOJIe, XpaHe, CBeTJIa WK JPYTor HEOIXOJHOT YCIOoBa 3a omnctanak Bpere). Croma pacra a MOXKe U
OuTH ¥ HeraTUBHA (AKO je HIP. HEJIOBOJLHO XpaHe, na Opoj jeJMHKU Omajia).
OBy jeaHaunHy HapaBHO 3HAMO Ja PEIINMO:

z(t) = xpe™.

[Ipumerumo 1a je, 3a a # 0, x, = 0 jeuHH eKBHIUOPHU)YM, KOjU je aCUMIITOTCKA cTabuinu 3a a < 0,
a HecTabwrHu 38 a > (.

Herro ciozkeHuju (1 peaaHuju) MOJIENT PACTA MOIYIAIKje jeJIHe BPCTE je T3B. A02UCTNUUNKY MOOEA
KOju je camoorpanunyasajyhu y cmuciy jga ce nosehamwem 6Gpoja je/IMHKY HA HEKU HAYUH U CMaibyje
Op3mHa pacrta momysaanuje, Oyayhu ga mocroju Beha morpomima HeomxogHux pecypca. OBaj acmekT
HUCMO y3UMaJi y 0O3Up y ropmeM, HajjeHocTaBHEjeM npuMepy. Kako je jacno jia Op3mHa pacra
motyJ/iaruje Mopa OUTH Ha M3BECTaH HAYWH ITPOMOPIUOHAJIHA OPOjy jeJIMHKU, TO C€ Y JIOTUCTUYOM
MOJIeJIYy Y3HMa Jia je je Op3uHa pacTa IPOHOPIIMOHAIHA W TPEHYTHOM OpOjy jeJIMHKH U KOJHUIUHU

IIpeocTauX pecypcea, Tj:
x
'(t) = ax (1 - —)
( ) K ?

rje ce peajgan 6poj a > 0 MOHOBO 30Be CTOIA pacTa, a peajan 6poj K > 0 HuBo 3acuheHOCTH.

[Ipumerumo ma cy y oBoM caydajy ekpuwaubpujymu z, = 0 u x, = K. FbuxoBy crabumnoct
MOYKEMO HCIUTATH MOMONY MeTOoJe COTICTBEHUX BPETHOCTH:
x 2z
F(z) = ax (1—?) = F(z)=a (1—?) , F'(0)=a>0, FI(K)=—a<0,

mTo 3Haun Ja je x, = (0 HecTaOWIHY, a T, = K acHMITOTCKHN CTaOWJIHU €KBUJIUOPH)YM.

®Ha R umamo passujen judepeHnyjaann padys, a ua N me.
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Jlo ucTor 3aKk/bydKa CMO MOTJIH Jia JODeMO U HEeIIOCPEIHUM DEeIaBarbeM je/IHAYnHe:
N = Kazge
ZL‘( ) - K+$0(€at _ 1)
OBaj 3ak/by9ak O CTAOWIHOCTH €KBWJIMOPHjyMa MOYKEMO Ja WHTEPIPETHPAMO OBAKO: Ma KOJMKO
O0uo Ma/ju moderHu Opoj jeauHku, oH he ce 6p30 yBeharu m oxojutu oj myse. Mehyrum ako je

novyeTHu Opoj jeJUMHKU OJIUM3aK HUBOY 3acuheHocTH, oH he meMmy OJM3aK M OCTATH, IIITaBHUIIE, TPUO-
Jmxkapahie My ce ca pacToMm BpeMeHa.

4.2. Hynkaunanuje. Y curyanuju y Kojoj xohemo Ja ckunupamo (6e3 pemaBarma) MIaHADHE
JMHAMUYKHI CUCTEM, MOZKe HaM OUTH KOPUCHO jeJTHO BEOMA jeTHOCTABHO OMAarKame, CKUIIUPAThe HYJIK-
JuHanmja. Hyaxaunayuje cucrema

(t) =P ((96 y)

'(t) =
y'(t) = Qz,y)

P(z,y) =0 u Q(z,y)=0.

3aITo HaM je KOPUCHO JIa CKUIMPAMO OBe KPUBE Y PABHH:

Cy KpuBe y PaBHH

e /ly:K HYJTKJIWMHAIU]a TPajeKTOPUje CHCTEMa CY WU BeKTUKAJHE WM XOPU30HTATHe. 3aucTa,
ayx kpuse P(z,y) = 0 umamo aa je ' = 0 na je TanreHTHu BeKTOP (OJHOCHO KPHBA) Bep-
TUKAJIAH M TO yeMepeH Harope ako je Q(z,y) > 0 ognocHo Hagose ako je Q(z,y) < 0. Canvno
pe3onyjemo u 3a HyJakanHanuje Q(z,y) = 0, y oBoM ciydajy cy Kpuse Xopuzontaire. Jlakie,
TPajeKTOpHje CHCTeMa, CeKy HYJKIMHAIje WM XOPH30HTATHO MM BePTHKAIHO.’

e YV mpeceKky HYJIKJIWMHAIN]a ITPOHAJIA3NMO €KBIJIHOPHUjyMe.

e HynknuHanuje jejie paBaH Ha HEKOJHUKO objactu (Koje ce 30BYy W 6Gacenu). Y CBAKO] Off
Tux obsnactu (yKoauko ¢y P u () Henpekuane dbyHKImje) cy 3Hanu u3soga ' u y' (0JHOCHO
dbyukmuja P u () koncranTau. To 3HAYM Ja ce y ¢Bakoj oj Tux obsacTu Kpuse kKpehy ,Ha
UCTU HAYUH , WJIH HArOpe W HAJECHO, WM HArOpe W HAJEBO, WJIH HAJOJE W HATECHO, WU
HAaJI0JI€ U HAJIEBO.

e Ako He 0OpaTHMO TAXKIBY HA YCMEDPEHOCT KPUBHUX, HETO CAMO HA FHbUXOB OOJIMK, Y CBAKOM OF]
HPETXOIHO CIHOMEHYTHX 00JACTH KPHUBE MM ONAIA]y WK PACTy. 3aucTa

dy _ P(z,y)
dr  Q(z,y)

jé CTaJIHOI 3HaKa y CBaKoj oJ1 obJiacTu ojipel)eHoj HyJIKJIMHAIIMjaMA.

4.3. Jlorka—Bourepun cucrem. JloTka'~BoaTepuH® cHCTEM je jeIHOCTABAH €KOJIOMIKH MO
pacra HoiyJangje npejaropa u ieHa (HeKHX KUBOTHECKHUX BpcTa). Heka x o3navaBa 6poj KUBOT-
uba Koje cy e (Hup. 3edena). [IpeTmocraBhaMo na ce, aKO HeMa CHOJbAIber HelpHujaTe/ba, 6poj
KuBoTHba yBehapa (a He omaja) cpasMepHO TpeHYTHOM GPOjy jemuuknm,’ Tj, 1a HEMa IpejaTopa,
“MaJIM OMCMO jeJIHAUNHY Ca MOYeTKa MOTJIaBJ/ba:

¥ =ar, 3a a>0.

Ako je, mehyrum, npucyran um npegaTop (HIp. JHCHIA), O3HAYNMO I'a Ca Y, OHIA Y3UMaMO Ja je
Op3uHa oma/ama IJIeHA Cpa3MepHa Opojy CycpeTa mpeaaTopa W ILIeHA, IITO je MPOU3BOJ X - Y. 3aTo
je jelTHaYMHa 0 T KOjy y3UMaMo 3a MOJIeJT

' =xz(a—0by), 3a a,b>0.

6080 PE30HOBAaE HE MOYKEMO Ja MPUMEHUMO Ha CJIy4aj KaJa je HyJIKJIMHAIN]a NCTOBPEMEHO U MHBAPU]AHTAH CKYII
cucTeMa, jep je HHjeaHa TpajekTopuja He cede. Ilpumep oBakse cuTyanmje cy (pa3sHU MOPTPETH IBOPA U CeJJia, JTOK
HAM 33 CyYajeBe [EHTPA WM CIUPAJIe MOTY TIOMONY CKUIlE HYIKJIUHAIN]A.

TAlfred James Lotka (1880-1949), amepuuku maremaruyap, pusnkoxemudap, buopusndap u CraTucrudap.

8Vito Volterra, (1860-1940) uranujanckn Maremaruyaap u busnmdap.

90B/e HpeTnocTaB/baMO Ja XPAHe 3a [UIEH, HIIP. TPABE, HMa y U300UIbY.
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y=a/b | ___ 4—4““7:““?—? _____

vy
- /
c N+ 7,
?
r=d/c

CnukA 1. Jlorka-BosTepun Moes npegarop—KpTBa: HYJIKJIMHAIM]e U IPAaBIU Iy 7K
mux u y oomactuma A, B, C, D.

[ITTo ce Tuue Op3une pacra 6poja npepaTopa y, y OJICYCTBY IJIeHA, OH he omaiaT OP3UHOM Cpa3Mep-
HOM TPeHYTHOM Opojy jennHku (0Bo Gu Ouiia MOMyJIalyja ca HeraTHBHOM CTOTIOM pacta, Oyayhu ma
HeMa yCJIOBa 33 KUBOT, OJHOCHO XPaHe):

v =—d-y, 3a d>0.

Ako je nmpegaTop npucyTan, OHjIa je, Kao n MaJjiodac, Op3nHa pacTta HoIyJIalnje mpeiaTopa cpa3MepHa
Opojy cycpeTa IpejaTopa U ILIeHa, 11a jeIHaYUHA 110 Y KOjy IOCMaTpaMo IocTaje:

/

y =ylcx —d), 3a c,d>0.
MoTruBrcaHu OBOM JUCKYCHJOM, TOCMATPAjMO CUCTEM

' = x(a — by)
y/ = y(cx - d)a

rae cy a,b, c,d > 0 ca OYeTHUM YCIOBOM (Zg, Yo) ¥ IPBOM KBajipaHTy. [IpuMeTuMo ja 1eio peliermhe
ocTaje y IPBOM KBAJPAHTY jep He MOXKe Ja Ipecede KOOPAHHATHe oce Koje cy Takobhe pernema (3a
xg = 0 wmm yo = 0). To je m 0YeKMBAHO y OBAKBOM MOjesly jep Opoj jelMHKH He MoXKe Ja Oyie
HETaTUBAH.

Hyskaunanuje oBor cucrema cy ipase:

[TpaBe x = 0 u y = 0 cy u uaBapujanTHe, 1j. noayupape r =0, y > 0u y = 0, x > 0 cy Tpajekropuje
CHCTeMa, TAKO /1A HA X HE IpUMemyjeMo onmcane pesone. I1ITo ce Tude npaBux (OJHOCHO Je/10Ba
IpaBuX y MpBOM KBajapanTy) = a/b u y = d/c (3enene npase Ha Commum 1) 3akspyuayjemo cieselie.
[IpaBy x = d/c TpajekTOpHje CEKy XOPH30HTAJIHO, ¥ TO YCMEPEHe €y HAJECHO y ey pasHu y < a/b,
a HaseBo y jiesty paBuu y > a/b. IlpaBy y = a/b TpajekTopuje ceKy BEPTHKATIHO U HATOPE TO Y JIeJTy
paBHE x > d/c, a Hajgoge y geay x < d/c (upsene crpesune Ha Coaunum 1).
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Hynxkmmaanuje gene npBu KBaJIpaHT HA Y€TUPH JIesa:

A:Z{(m,y)!x> %l,y> %}

d a
B:= 0 Sy

d
C::{(x,y)]0<x<z,0<y<%}

d a
D= 2o at
{(m,y)|x>c, <y< b}

VY ¢BaKOM 0J] OBUX JIeJI0Ba 3HAKOBH M3BOJA X’ M ' Cy KOHCTAHTH, TAKO Ja HaM KpeTame CHCTeMa CyT-
epI/ILHe HpaBaLl; (I/I CMep) BeKTOpCKOF I10Jba HpI/IKaSaH IIJIABUM CTpeJII/ILLaMa Ha CﬂI/IHI/I 1 MO}K@MO ﬂa
HACJIYTUMO, Ha OCHOBY CBera omucanor ja fie tpajekropuje cucrema ,Kpykut” oko tauke (d/c,a/b),
Y CMHUCJIY Ja BayKu:

(z,y) € A = ¢'((z,y)) € B, 3ameko t>0
(z,y) eB = ¢'((x,y) eC
(r,y) €C = ¢'((z,y)) €D, 3amnexo t >0
(r,y) €D = ¢'((z,y)) € A, 3amexo t > 0.

3a HeKO t >0

L,

Jokaxkumo npBo of HaBegenux TBphema. Heka je (z9,v0) € A. Hokie rox je (x(t),y(t)) € A, z(t)
onaja, a y(t) pacre. [Ipumernmo Takolje jia je penteme nedbunucano 3a cse t ok je (z(t),y(t)) € A.
Baucra,

=cx(t) —d < cxg — d,
ma je'’
cro—d)t
y(t) < yoel o=,
Tj. MOXKeMO Ta MPOAYKUTH Ha cBakKuW cermMeHT. [IITo je Tudye xr KoopawmHATE, HMAaMO

(1)
(1)

=a—by(t) <a—by, <0,

ma je
z(t) < zoel@ bt Q)

OnaBie 3aKJbYUyYjeMO H Jla ce x Moxke mpoayzkutu gokiae rof je y A. U3 (V) cuenn u ga fe, 3a
JOBOJBHO BesuKO t outn x(t) < d/c. 3aucra, Kajg 6u 6mio x(t) > d/c 3a cBako t > 0, HejeJHAKOCT
(V) me 6m Baxkuma (a — by < 0).

Kaxo y pacre, To je y(t) > yo > a/b, na je (x(t),y(t)) € B.

Y npeceky HyJIKJIUHAIM]A HAJTA3UMO eKBHIHOpHjyMe (4, vyx) = (0,0) u (x4, y.) = (d/c,b/a).

[TokytrajMo MeTO/IOM COTICTBEHUX BPEJIHOCTH JIa UCIHUTAMO CTAOUJHOCT eKBuauOpujyma. Mmamo
asa exsuanopujyma (0,0) u (d/c,a/b). nobujamo

a 0 d a 0 =k
won-f5 ). ar(4)-[2 3]

omakse 3akspyuyjemo ga je (0,0) mecrabuann ekBuaubpujym, mok o tadku (d/c,a/b) memamo 3a-
KJbyYaK.

100g e KOPUCTHAMO PE30HOBAI€ IIPUMEHEeHO BHIIle IIyTa JI0 Ca/l.
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[Torpazkumo, 3ato, Gyuknujy Jbamynosa koja he nam gatu onrosop 3a X, = (d/c, a/b). Tokynrahemo
Ja je morpaxumo y obsuky V(z,y) = f(x) + g(y) u ca npeTnoctaBKoM Jia je OHa KOHCTAHTHA JIyZK
pemema. To 6u 3HAYMIO T2 je

%V(x(t), y(t) = 0= (VV,F) =0,

O/IaKJIe IUTAMO
/ /
: : f@z gy
x)r(a —by) + cx—d)=0=> —"— = "=,
f(@)z(a—by) + ¢ (y)y( ) —d a-by
Kako jieBa cTpaHa MOC/IEIbHe jeTHAKOCTH HE 3aBUCH O] Y, a JeCHa OJ X, 3aK/bydyjeMo 1a cy obe
KOHCTaHTe. AKO cTaBuMoO ja cy obe jenHake jeauHuin (GWJI0 Koja Ipyra KOHCTaHTa he camo Ja

peckanupa dyuknujy V'), mnobujamo:
f(x) =cx —dlnx + const, g(y) =by —alny+ const.
Kako ce cTporu JIOKaJJHU MUHUMYM (DYHKIIH]je
h(z,y) :=cr—dlnz+by —alny
nocruzke y Tadku (d/c,a/b) Gupamo:
d a
V(z,y) = f(z) +g9(y) =cx —dlnx + by —alny — h (—, 5) :
c
Osa dyukmmja caga jecre dynknuja Jbanynosa koja Ham o6e3belyje na je tauka x, = (d/c,a/b)
CcTaOUJTHE eKBUJIHOPU]YM.
Moxxke ce 1okazaru u Bulle, ja cy rTpajekropuje Jlorka — Bojirepunor cucrema y crBapu 1epu-

ommune,'! amu o mehemo paauTu Ha oBoM Kypey. Omasae crermmjanuo cienu aa (2., y.) = (d/c,a/b)
HUje aCUMIITOTCKU CTAOW/IHU €KBUJIUOPHUjYM.

4.4. KomnerutuBHe BpcTe. Kao nocieamn npuMep U3 eKOJI0THje HaBOANMO MO/ PacTa MoTl-
yJIalgja JiBejy BpCTa Koje KOPUCTe 3aje/THHYKe pecypce 3a KuBoT (KommeTuTusHe cy). [IpupomaHo je
J1a MOIUMUKYjeMO JOTUCTAYKHA MOJeT, U TO TaKo Ja Op3WHa pacTa MOIyJalyje MmocTaje HeraTHBHA
KaJ1a 30up jeIMHKH 00e BpCcTe npea3ube Heku HUBO. CHUCTEM jeJHAYMHA KOJU MOJIETYje OBY CUTYAIIH]Y

je:
() =r (1 — %1 — ﬁly) x
y'(t) =1y (1 — [% — ﬁﬂ) Y.

[Ipumerumo ja ce y caydajy $; = 0 npBa jeagHauwna CBOAN HA JIOTUCTUUKY jegradnny. Omucahemo
KpeTarbe CUCTeMa 3a CHeljaJaHu u300p mapamerapa, jia OMCMO I10jeIHOCTABUIN PAIYH.

(94)

ITpumep 171. (M3ymupame Bpcre.) Heka je ry =19 = Ky = Ky =1, 81 = 2, f = 3. Tana
CHCTEM TIOCTaje:
rt)=(1—-z—-2y)z

y(t)=(1-y—3z)y.
Hynknunanuje cucrema cy nupase £ = 0 u y = 0 Koje cy MHBapUjaHTHU CKYIIOBH, U 11paBe r+2y = 1
u 3r +y = 1, o3uadene cy 3ejenoMm wucnpekuganom jmaujom wHa Coaumum 2. [lpaBy = 4+ 2y = 1
TPajeKTOPHje CeKy BEPTHKAJIHO W ycMepeHe cy Kao Ha Comim 2, a npaBy 3x + y = 1 TpajekTopuje
CeKy XOPU30HTAJHO W O3HadeHe cy IpBeHnM crpenunama Ha Churnu 2. Hynkiwwaamnumje gere npeu
kBajpanT Ha derupu gena A, B, C u D, oznauena na Caunu 2. Ilnae crpesmie mnpeacraBbajy
IpaBall ¥ cMep BEKTOPCKOT I0Jba Y OBe deTupu obyiacTu. EXBUINOPHUjyMH CHCTEMa Cy TadKe

(ég) 0.1), (1,0), u (0,0).

11KaKBy €KOJIOIIKY WHTEPIPETAIN]y UMa OB YMHbEHUTAT
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o)

Jx+y=1

r+2y=1

CnukA 2. KommeruruBHe BPCTe y CIy4ajy HCTPeO/berba: HYJIKJIMHAINjEe W MPaBIH
nyx wux u 'y obmacruma A, B, C, D.

Marpuria u3Bojia BEKTOPCKOT' M0Jba
F(z,y) =a(l -2 —2y)i+y(l —y—3a)j
je
1 =22 -2y —2x
-3y 1—2y—3z|’

oJlakJe, MOMONY MeToJie COMCTBEHHX BPEIHOCTH OfMax 3akjbyuyjemo ma cy tadke (0,1) u (1,0)
ACUMTOTCKH CTaOWIHE eKBUnOpujymu, a na cy (0,0) u (1/5,2/5) nectabuinn eKBHIXOPUjyMU.
[IIta MOXkKeMO [a 3aKByUYHMO O Kperamy oBor cucrema? Ilpumernmo ga, 3600 yCMEpPEHOCTH
LPABIA BEKTOPCKOI' 110Jba YK HYJIK/JIMHALKja, Tpajekropuje He mory ja namycre obiacru A u C.
Mozke ce mokazatn (0OBO mMpeBa3mia3d OKBHDE OBOT KypCa) Ja MOCTOjH jeJHOANMEH3HOHA CTabHIHA
muoroctTpykoct'? rauxe (1/5,2/5) xoja nponasu kpos obaactu C u D, 0JHOCHO TIO jeHA TPajeKTopuja
y CBaKOj 0J1 0BUX obsracTu Koja ,yBupe” y (1/5,2/5). Cge ocrase TpajekTopuje Koje moduwby y B nim
D ysupy y A wnu C. Mozke ce moka3aTu (4 OBO je BaH OKBHPa OBOT Kypca) Jia y OBOM CHCTEMY, Kao U
y cBakoM cucremy tuna (94), nocroju lim; ., ¢'(z,y), 3a cBako (x,y), Kao u jJa je Taj JJAMeC eKBHIU0-
pujyM. Ha ocHOBY cMepa u IIpaBlia BEKTOPCKOT oJba y obsiactuma A u B 3aK/bydyjeMo Ja cBe TauKe
u3 A rexe xa (0,1), a ce u3 C ka (1,0). Kako cBe Tpajekropuje u3 obractu B u D (ocum 1o jesne
u3 cBake) 3appiie y A win C, 3aK/bydyjeMo Jia, OCUM Tope CHOMEeHyTe CTabu/IHe MHOMOCTPYKOCTH,
CBaKa TpajeKTopuja Texku Ka jennom o ekpuiubpujyma (0, 1) wau (1,0). Exosomka naTepnperanuja
OBOT 3aKJ/byYKa j€ /14, Y KOMIIETHTHBHOM CHCTEMY Ca OBAKO M3a0paHuM IapamMeTpruMa, 3a CKOPO CBaKy
MMOYeTHY BPEIHOCT JIBEjy BPCTa, V Jajaekoj Oy yhHOCTH MOYKEeMO Jia 0O9eKyjeMOo NCTpedsberhe jejiHe O]
bHX. v

dF<:U7y) =

ITpumep 172. (Koersucrupajyhe Bpcre.) Hexka je cama r; = K; = 1 = 1, 1y = 3/4,
Ky =3/4u 5, = 2/3, Tj. mocMaTpajMo CHCTEeM:

() =(1—-z—y)

, 3 4 9
H=2(1=Zy—Zz)y.
y'(t) 1 JY—3%)Y

Hynknunamnuje cucrema cy npaBe x = 0, y = 0 Koje cy U MHBapHjJaHTHU CKYIOBHU, KaO W IpaBe
r+y =1mu2x+ 4y = 3. Tpajrropuje cucrtema ceky HYJKINHAIHje Kao TITO je TPUKA3aHO HA

12CraBuina MaorocTpykocT ekBUIHOPHjyMa X, je CKYIl CBUX TA4aKa X 33 KOje BasKi lim; 4 o0 @4(X) = X4
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[

—m

—p

CnaukA 3. KoMmmneruTuBHe BpeTe y Cay9ajy KOET3HCTEHIINje: HYJIKJIMHAIU]e U MPaBIH
nyxK mux u 'y obmacrtuma A, B, C, D.

Cnnmu 3. ExBumOpujyMu cucTeMa cy Tadke

(1,0), (%%) 0,0), u (02)

3 4 2
F —(Q—z—yzi+°(1—=y—22)ui
(z,y)=(1—2—y)ri+ 1 ( 5Y 396) Yj

N3B01 BEKTOPCKOT 1M0Jba

je
1 =2z—y —
dF(x7y)—[ —1/2y 3/4—2y—1/2x}

[Tomohy comcTBenux BpenHOCTH JHHeapu3anuje 3ak/pydyjemo na cy tadke (0,0), (1,0) u (0,3/4)
HecTabu/Hu eKBuMOpujymu, jiok je (1/2,1/2) acumurorcku crabujiHu eKBUJINOPH]Y M.

Comka 3 mpukasyje HyJKJIHHAIM]e (3eJeHe TIpaBe), MpaBla BEKTOPCKOD M0Jba, Ay K HYJIKJIHHAIM]A
(pBene crpenuie) 6acene A, B, C u D u ycMepeHOCT TpajeKTopHja YHyTap HbHX (I1aBe CTPeJIHIe).
Camunnm pesonoBameM Kao y [Ipumepy 171, 3ak/byuyjemo ga Tpajekropuje He Hamymrajy obaactu A
mHuTu C, KAo U Jia CBe TpajeKTopuje (ocuM jeaHe Koja ysupe y ekunubpujym (1/2,1/2)) xoje mountsy
y B wmu D yeupy y A nwiu C. 360r 4uibeHHIE Ja CBe TPajeKTOpHje YBUPY Y eKBHIUOpUjyMe (Kojy
cmo criomenysu y [Ipumepy 171) u yemepeHocTH BeKTOPCKOr moJba y obaactuma A u C, 3aK/bydyjeMo
JIa CBe TPAjeKTOPHje YBUPY Y ACHMITOTCKH CTAOWIHN ekBumopujym (1/2,1/2). v

CBH npeTxXoaHN MOIEIN Cy CIEeIjaaHn Cay4aj IMupe KIace CHCTeMa KOji ce 30Be KoJimoropeBihen
cucTeM M 00JIMKA je

i) = xifi(xr, . w,), J=1,...,m,

rae je n Opoj Bpcra, a dyHKnuje f; mpeacTaB/bajy CTOIY pacTa Mo riaasu craHoBHuKa. I1lTa moxemo
Ja KazkeMo (Ha 0CHOBY 06smKa IK0JMOTOpOB/BEBOI CHCTEMA) O TPAJeKTOPHjH Ca TIOYeTHUM YCJIOBOM Y
xuneppasnu z; = 07 Koja je exoJsiomka unTepuperaiuja ose dumenuie? Illta Moxkemo Ja KazkeMo
0 TPajeKTOPUjH Ca MOYETHHM yCJIOBOM y Jeiy mpocropa {x; > 0] j = 1,...n}? Koja je ekosomka
MHTepIpeTanyja oBe IHmHeHuIe”
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(1)

(2)

(3)

5. 3agamm
Jat je XaMUJITOHOB IUHAMUYKHN CUCTEM Y PaBHU

, OH , OH

r = =, = T
oy Y Bz

sa H(z,y) =2y(l —z —y).

a) Hahu cBe kpuruuane rauke dynkuuje H (exBuiambpujyme cucrema).

0) Jokazaru ga cy npase x =0, y = 0, x + y = 1 uHBaApUjAHTHU CKYIIOBU.

B) Oapenntn GeCKOHAYAH WHBAPHUjAHTAH KOMITAKTAH CKYI CHCTEMA. v
Jokazarn fa je Xamuaronnjan H : R?" koHCTaHTaH Iy:K pellema

(x1(t), ..y xn(t), 11(t), ..., yn(t))

XaMIJITOHOBOT CUCTEMa

. OH
Tr= ——
. OH
y] N 8xj
y R?" (3akon ojip:karba eHepruje). v
JTokazatu jga je XaMUJITOHOBA KPETarba, Tj. PeIlerba CHCTeMa:
d¢t
— (%) = Xn(¢'(x))
dt
rie je
X ( ) 0OH OH OH 0OH
=(T1, Ty Y1y e Yn) = | — oy —y———, o, —
" ! o Y oy Oy, 0O0xy Oxy,
y R?" uygajy zanpemuny (JIuysuiosa Teopema). v
Hexka je cuctem
ma=mr" =F ()
KOH3epBaTHBaH, Tj. Heka je I = —VV. Heka je Xamuaronnjan H : R*™ — R ykynma
eHepruja (36up MOTEHNMjaIHE 1 KHHETHYKe eHepruje):
2
mlv
H(r,v):=V(r)+ %
JlokazaTu ja cy NpojexIiije Ha r-paBaH TPajeKTOpHja XaMUJITOHOBOI CUCTEMa YIIPaBO Tpa-
jekTopuje cucrema (db). v
CucreM 0pmozonasar Ha CHCTEM
o' = P(z,y), ¥y = Qz,y) (#)
ce neduHUIIE KO
o' = Q(z,y), ¥ = —P(z,y). (@)

Jokazaru na je cucrem (#) XaMmiToHOB ako u camo ako je cucteM (O) rpagujentan (Tj.
onpebhen rpaaujeataum nosbem F = V H). Ckunuparu y paBHE TpajeKTopuje XaMuITOHOBOT
cucreMa ojapeheror XaMuJITOHOBOM (byHKIHjoM H M TpajeKTOpHje HeMy OPTOrOHAJIHOL CHC-
TeMa aKo je

a) H(z,y) = 2° + 2%
) H(xvy) =% — y2;
B) H(z,y) =2* —y? — 2v + 4y + 5;

) H(z,y) = 2% — 22y — y* + 22 — 2y + 2. v
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(6) Hahu Xamunronujan cucrema
T=1y
Y= —x+ 2°

U CKUIUPATH TPAJEKTOPHUjE CHCTEMA. v
(7) Oapeautn ekBuAHOGPHjyMe CHCTEMA

2 = B -y — (2 +1P)a,
y =+ Py — (2 + 7).
U UCHUTATH HUXOBY CTAOMJIHOCT y 3aBHCHOCTH O [3 % 0. v

(8) Jokazaru jga je KOODAUHATHU MOYETAK TAYKA CTAOUIHOT €KBUIMOPHjyMa TUHAMHUYKOT CHC-
tema y R?, nedpunucanor jegnaannama:

2 i 1
; p_ ) orfsing, r >0,
v=1 7“_{0, r=0

y TMOJIADHUM KOOPAMHATAMA. v
(9) Jokazarn Ja je KOODAMHATHU MOYeTakK CTaOMJIHA AW HE M ACHMITOTCKH CTaOMIHA TadKa
paBHOTEXKE JTUHEPAHOT CUCTEMA,
X = 0 —1 X
10

[Tomohy dbynkuuje Jbamynosa f(x,y) = 2% + 4> nokazaru ciesehe.
(a) KoopiuHaTHE HOYeTAK je aCHMITOTCKU CTAOMIHA TAYKA PABHOTEXKE CHCTEMA

. 0 —1 —2% — xy?

X = [ 1 0 :| X + [ _yg . I'Qy .
(6) Koopiuuarau noverax je HecTabUJIHA TAYKA PABHOTEXKE CHCTEMA

: 0 —1 3 + 2y’
v
(B) KoopiuuaThu modyerak je cTabUIHA, AW He U ACHMITOTCKU CTabIIHA TAYKA PABHOTEKE
cucTemMa
. 0 —1 —xy

[TokaszaTu na y cBa je y Tpu ciaydaja Mmarpuna dF(0) jeqHaka u 1a MeTOJ| CONCTBEHUX BPE]I-
HOCTHU HE Jiaje OJTr0BOp. v

(10) Iloxaszaru na je V(z,y) = 2* + y* dbynxuuja Jbanynosa 3a cucrem
! 3

= —y

y/ = 3.
Ha mm je (0,0) acumnrorcku crabusian ekBuanOpujym? Ha kojum KpuBama Jiexke perrerba
cucrema’ v

(11) Hahu dynxuunjy Jbanynosa y obmuxy V(x,y, z) = ax® + by* + cz? 3a exsugmbpujym x, =
(0,0,0) cucrema

= -2y+yz
Yy =x—xz
2= uxy.

Ha mu je (0,0, 0) acumnrorcku crabmian eKBuauOpujyM? Ha KojuM MOBpIIHMA JIe7Ke perlerbha
cucrema? v
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(12) Hoxkazaru ga je (0,0,0) acuMOTOTCKE CTAOHJIHA €KBUIUOPUjYM CHCTEMA

r=-2y+yz—a3
v =x—z2z—19°
Y =aqy — 23
t v
(13) JdokasaTn ja pererse TPaJMjeHTHOr THHAMHYKOT cucTeMa (%2 = Vf(¢!)) ne mMoxe 6urm
HEPUOIUTHO. v






['JTABA 6

I'parnvHM npobJieMu Ko JIMHeapHe jeTHaYMHE JPYTor peaa

Y oBoMm moryiaB/by onucahieMo jemaH MeToJ 3a pelllaBame MPAHUTHOT MpolsaeMa y CIydajy JWH-
eapHe jeHaUMHE JPYTOT pena. I'panuvwnu npobaem NN 2paruvky 3adamak Y OBOM CIy4Yajy je HeXO-
MOTeHa JUHeapHa jeTHAYnHA

L(y) == y" +a(@)y’ + b(z)y = f(2) (96)
3aje/IHO Ca YCJIOBHMA
Ba<y> = 07 Bb<y> = 07 (97)
r7e je
By(y) == anyla) + B1y/(a), By(y) := aay(b) + foy'(b)

u oz? + ﬁJQ > 0 (ma He GECMO UMAJU Tpa3aH ycJaoB). I'paHUYHE YCJIOBH MOTY GUTH M HEXOMOTEHH:
B.(y) = A, By(y) = B.

['paHuYHE YCJIOBH KOjU CY CIIEIHjAJHOr OOJIMKa MMajy U HekKe Japyre Hasupe. Hmp.

e rpannyHu yciaoB obanka y(a) = A, y(b) = B ce 30Be Iupux/ieos win upBe BPCTE;
e rpannuHu yciaos obanka y' (a) = A, y'(b) = B ce 30Be Hojmanos win apyre Bpere;
e rpannunu yciaos oosnka y(a) = y(b), v'(a) = y'(b) ce 30Be mePHOTUIHN IPAHITHN YCJIOB.

3a paznuky o KommjeBor 3aaKkTa, ca MOYETHAM YCJIOBOM
yla) =y, y'(a) =y,

3a KOjU 3HAMO JIa MMa jeJIMHCTBEHO perneme (ako ¢y dbyuknuje a(x), b(x) u f(x) moBomHO m06pE),
IPAHUYHU IPOG/IeM HE MOPa YOIIIITE Ja UMa Pellere, WM MOYKe Ja UX MMa OECKOHAYHO MHOIO, Kao
TO MoKa3yjy ciexehu npumepn.

Samarak 173. Jegnaunna ¢y’ + y = 0 ca TpaHUIHEM YCJIOBAMA,

e y(0) = y(5) = 1 mMa jenuHCTBEHO pelTeR:e;
e y(0) = y(m) = 1 Hema perrerba;
e y(0) = y(27m) = 1 uma GECKOHAYHO MHOI'O DEIIeHA.

JokazaTmu. v

ITpumep 174. IlocmarpajMo rpanudau mpod/emM

y' +y=f(z), y(0)=y(r)=0.

AKoO TOpIY jeIHAKOCT MOMHOXKUMO €& sin x u uaTerpaanmMo ox 0 1o m mobujamo
/7r f(z)sinzdr = /7T y"(z)sinx dx + /7r y(z)sinz dr
0 0 0
T /ﬂy (x) cosx dx + /Wy(x) sinz dx
0
/ y(z Smxdx%—/wy(x)sinxdx:().
0

MebyTuwm, 3a 6uso Kojy dYyHKIH]Y 3a KOjy je fo () sinz dx # 0 0BO He BazKH, Tj. TPAHUIHHI TPOOJIEM
HEMa, Pelllerba. v

=y/(z)sin z|

= —y(x cosx

103
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1. Meron dysaknuje I'puna

a ducMo ommucasiM jeJIHY CUTYAIU]y Y KOjOj TPAHHYHH 3aJaTaK HMa pPellletba U U3BEJH IMOCTY-
MaK pelaBama, onrcahemMo IPBO METO Bapujalije KOHCTAHTHU 33 PelllaBare HEXOMOTeHe JITHeapHe
jeTHAYUHE JPYTOT pejia.

1.1. Meroa Bapujanuje KOHCTAHTH 32 JUHEAPHY jeJHAYNHY Apyror peaa. [locmarpajmo
jenuaunny (96) U BOj TPUIAPYZKEHY XOMOTEHY jeTHAUMHY

y" + a(x)y + b(x)y = 0. (98)

Axo ¢y yi(x) u yo(2) 1Ba THHEAPHO HE3aBHCHA Dellierba XoMoreHe jeganaqunne (98), Tama 3HAMO J1a Cy
CBa periema 00JIMKa

y(x) = cryi(z) + caya(x) (x).
Kao n coywajy mMerose Bapujanuje KOHCTAHTH KO/ jeJHAYMHE NPBOT pPeja, IMOTPaXKIMO PEIIeHhe He-
xoMmorene jegaadnne (96) y obauky
y(@) = cr(@)yr(x) + c2(@)y2 (@),
rae ¢y c1(x) u ca(x) rmarke dbyukmuje. Hamernyhemo jomr u nonarau ycaos (ucnocrasuhe ce ma je
oBo Moryhie ypajanTu):
chy1 + chyr = 0 (o).
Hudepennupamem (x) n kopurrhemem (k) 1006ujaMo
y' =y + ooy,
0JIaKJie, TOHOBHUM JuepeHIujpameM 1001jaMo:
y' = chyh + s + eyl + oy,
OJTaKJIe BUIUMO Ja je
L(y) = e1L(y1) + c2L(y2) + c\y) + ¢y
Kako je L(y1) = L(y2) = 0, jenmauuna L(y) = f(x) nocraje
iy + s = f(2),

IITO HAM, 3ajeJTHO ca (%), Jaje cucrem
[yl yﬂ {Cq { }
Y1 Yol [ Il

)= s ) = L )
Sl oy —weyl 1V v L] WLy v o | LS

oo Yo f J = yf
Y W, y) P Wy, )

1.2. ®dyuknuja I'puna 3a xomorene rpanunvse ycaoBe. Onucahiemo jegan MeTo/ pernaBama
jenmaunue (96) ca xomoreHuMm rpanudHuM ycsaopuma (97). 3Hamo Ja cy cBa periema jeanadnne (96)
00JIIKa

oJTaKkjie 1001jamMo

Tj.

y(r) = cyi(z) + caya(x) + yp(2), (99)
re Cy Y1 M Yo JiBa JIMHEAPHO HE3aBHCHA Delllerha jenHadnHe xomoreHe jemnaudnue L(y) = 0, a yp
jeTHO KOHKpeTHO pererse jennadnse (96).

OBae hemo mpeTmocTaBuTH W MaJiO BUIE, HauMe, MPETIOCTaBuheMO [a MOCTOoje Ba JUHEAPHO
He3aBUCHA PeIlerba, Yy U Yo, TAKBA JIa je Yy, pelleibe jeJHauYnHe Ca IIOYETHUM yCJIOBOM:

L(y) =0, yla) =P, ¢'(a) = —a (100)
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a Jia je Yo peleme jeIHaYnHe ca MOYETHUM YCJIOBOM:

L(y) =0, y(b) =P y'(b) = —as. (101)
[Ipumerumo Jj1a BaxKu
Ba(y1) =0, Bu(y2) = 0. (102)

Cneneha nema HAM KaxKe Jla Cy Y1 U Yo, IO HA MHOXKEHE CKAJIapOM, JeJIMHA JBa DeIlema XOMOTeHe
jenmaunue L(y) = 0 ca OBUM IDAaHUYHUM YCJIOBHMA.

Jlema 175. Oyuxuuja y 3ado6oma6a jednauuny ca 2PAHUNHUM YCAOBOM

L(y) =0, Ba(y)=0 (103)

axo u camo je y = \y; 3a nexo A € R. Cauuno, y 3600806060 jedHAUUHY CG 2PAHUMHUM YCAOBOM
L(y) =0, By(y) =0

axo u camo je y = A\ys 3a Hexo A € R.

Hoxka3z. Jenan cmep ce npoBepasa qupekTHO. Heka je y pememe jennaunse (122). Kaxko je

0= Ba(y1) = aay(a) + Hry'(a) = —pr(a)y(a) +yi(a)y'(a) = W(y, y1)(a),
to u3 Teopeme 98 3aksbyuyjeMo ma cy byHKIMje y U y; JHHEAPHO 3aBUCHe, a Kako je yi(x) # 0, To

nocroju A taj. y(x) = Ayp(z).
Ha uwcTu mauun ce joka3yje u Apyrd Jeo TBphema. ([l

IMocnemuna 176. Pewera y; u yo jednawuna (100) u (101) cy auneapro ne3asucha ako u camo
ako je By(y2) # 0 axo u camo axo je By(yy) # 0. 0

Cajia TpaKuMO jeJIHO KOHKPETHO pelliere yp HexoMmorere jenanaquHe (96) momohy merona Bapu-
janmje KoHCTaHTH onucaHor y llornassmpy 1.1. Mmamo

yp(r) = ci(x)y1(7) + ca(@)ya(z),

rie je
I OO N SN OY0)
A= Wnw®™ 297 ) W o™
Omagre je
I A 10R ) . ()@ (1 (H)y2(z) — y2(Hya(2)) f(2)
) = | W )OO T W ) = l W om0 (0) at

a 6ucMo ope T KOHTAHTe ¢1 U Co ¥ (99) Tako Ja y 33/10B0JbaBa IPAHUIHE YCJIOBe, HocTaBulieMo
jeTHaYNHE

Bo(ciyi(z) + caya(z) +yp) =0,  Bylawyi(z) + caya(z) +yp) = 0. (104)
Osze he nam ce nojasurn uspasu B,(yp) u By(yp), Koje hemo npBo ga uszpadynamo. Kako je
yp(x) =
W@f) O @@ @A
o) | W5~ WD~ | W4
[ It~ o010,
a Wy, y2)(t)
10 je yp(a) = yp(a) =0, na je B,(yp) = 0. C upyre crpane:
_ " (O)By(y2) = Boly)y(WIF (1) " () (1) .
Bilar) = | W o P Wewe® Y
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Caza paaynamo c¢; u ¢ u3 (104) Kako je B,(y1) = Ba(yp) = 0, Ba(y2) # 0, 10 Mopa 6utu ¢ = 0.
U3 By(y) =0, By(y2) =0, By(y1) # 0 mmamo:

PG A OV
C1Bb(y1) + Bb(yp) =0=c = ) Wdt

Yo6anusameM BpeIHOCTH ¢ U ¢3 ¥ (99) nobujamo

P y@)ya(t) f(2) Ly (O)ya(z) — yi(@)y2(8)] f ()

o Wy, ye)(t) ar /a W (y1, y2)(t) I

_ [T @@ i), Py (2)ya(t) f(2)
o Wiy, y2)(t) + Wiy, y2)(t)

Jonaszumo y10 cieseher 3ak/byaka. I'punosy' dynxyujy 3a rpanmann 3aaatak (96), (97) nedbumumemo
Kao (PyHKIHjy JBE TPOMEH/bHBE

t

dt.

) Wiy, y)(t)’
G(xz,t) = M a<r<t<b
W)y =050

Pememe rpannanor 3agarka (96), (97), Mo mpeTmocTaBKOM O MOCTOjalby Pelleba y1 U Yo Ca HaBe-
JIEHUM CBOjCTBUMA, JATO je (POPMYIOM:

y(z) = / Gl ) f(t) dt. (105)

Hanomena 177. /Ipa quneapno HesaBucHa perierba jeqnadnua (100) u (101) me Mmopajy yBek na
IIOCTOj€, KAo IITO HU Pellleihe TPAHuTIHOT 3aaTKa He mocToju yBek. Kocrpyknuja I'punose dbyHKIm]je
je Moryha mos mpeTrmocTaBkoM ja moctoje. ¥ [Ipumepy 174, cBaka JIBa peliema IpUIPYKeHe XOMO-
rede jejguadune, ca noderaum ycaosuma (100) u (101) cy JmHeapHO 3aBUCHA. 3amMCTa, CBA DEIICHa,
jemmaanne Yy’ + 1y’ = 0 cy obauka

a<t<zxz<h,

y(r) = ¢y sinx + cpcos .
U3 ycaosa (102) nobujamo:

y1(0) =0, yo(m) =0 = yi(x) =c¢ysinz, yo(x) = & sinw.

ITpumep 178. Pemumo rpannyunu 3ajaTaKk
y' = f(x), y(0)=0,y(1) =0,

a MoToM HahuMo periere y KOHKpeTHoM caydajy f(z) = 22, DyngaMeHTATHW CHCTEM perierha

npuapyzkere xomorene jenunaunte y”’ = 0 je {1, 2}, 0MHOCHO, CBaKO pelierbe je 00IHKa §y = ¢ + Co.
13 rparuvHOTr yCa0Ba ©MaMOo:

ap=ay=1, fp1=p0=0,
na yeaosu (100) u (101) mocrajy:
y1(0) =0, 51(0) = =1, 3(1) =0, y5(1) = —1.
OnaBae BUIUMO 1A je
p(@) = -z, o) =1-w
Pagynamo Bponckujan cuctema:

W, o)) = det | 100 40—,

!George Green (1793-1841), enrsecku MareMaruaku busmdap.



6.1. Meron dyuknuje I'puna

107

na je I'punoBa ¢pyHKIHTja

G( t) _t<1_x)7 Ogtgxgl,
X =
’ —z(1—t), 0<zx<t<l.

Pememe 3anarka je garo dopmynaom (105), a cnenmjanuo, 3a f(z) = x°, umamo

y(z) = /Oxt(a: _ 1y dt+/ ot — D2 dt = %(;ﬁ _ 7).

ITpumep 179. Oxapenumo ['puHOBY (DYHKIHU]Y 38 IPAHUYHU 33/ IaTaK
v +y=f(x), y(0)=0,y(1)=0.
Csa peliiema XOMOTEHOT CUCTEMA €y OOJIMKa
y(r) = ¢y sinx + ¢y cos .
['paruann yenosu y(0) = 0, ¢'(1) = 0 Ham majy
ar=Pa=1, az=p =0.

OnaBae pavyHamo:

y1 = —sinx, 1y, =sinlsinx + coslcosz = cos(x — 1).
Bpouckujan cucrema jejHak je

W(y1,y2)(x) = sinzsin(x — 1) 4+ cosx cos(z — 1) = cos 1,
na je I'punoBa dyHKIHja gaTa ca

_sintcos(z — 1)

_ cos ’
Glz,t) = _sinw cos(%f — 1

cos 1

0<t<z <1,

0<ax<t<l.

v

1.3. HexoMoreHu rpaHUYHU YCJOBHU. Y NPETXOJHOM Da3MaTparby CMO OMHCAIH METOJ pe-
maBama jeaaadnne (96) ca xoMoreHum rpandHnM ycaosuma (97). Ako ymecto (97) mMaMo Hexo-

MOreHe rpaiHuvHe yCJIoBe:

B.(y) = A, By(y) = B,

(106)

Taja jeJHOCTABHOM CMEHOM CBOJMMO HpPOOJEM Ha XOMOIeHH rpaHudHH 3ajgarak obauka (96) ca
yeaonma (97). Hamwme, ako je y pememe jeanaqdune (96) ca rpanmdanm ycaosuma (106), n axo
je yo(z) 6mwro Koja aBa myra mudepennujabunna GyHKIUja Koja 3a10BosbaBa yeaose (106), tajga je

2(x) = y(2) = yo(x)

pelreme jeTHaTnHe

2 alz)d +b(x)z = f(2) = f(2) = (yo(2) + alz)ypz + ba)yo(x))

¢a XOMOI'€HHM rpaHnvHuM ycuosuMa (97). 3ancra, UMamo:

L(z) = L(y) — L(yo) = f(x) — (4 (x) + a(@)ghx + b(x)yo(x)) = f(x)

By(2) = Ba(y) — Ba(yo) = A— A =0, By(z) = By(y) — By(yo) = B— B =0.
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ITpumep 180. Permumo jenunauuny y” = f() ca rpaHUYIHAM YCJIOBAMA
y(0) =0, y()+y(1)=2

Cuenujanno, nahumo penreme jeguaunte f(r) = x? ca HCTUM IDAaHUYHUM YCJIOBUMA.

[Ipumernmo 11a yo(z) := = 3a70BOJbaBa TPAHUIHE YCJIOBE. YBEIUMO 3aTO CMeHy z = y — x. Jlatu
mpo0JeM CBOAMMO Ha TPDAHWYHH 33/IaTaK Ca XOMOT€HUM IPDAHHUYHUM YCJIOBHMA!

2" = f(x), =2(0)=0, 2(1)+ (1) =0.
OtaBae BUIUMO Ja je
ap =y =Fr=1, [ =0.
Csa pelema IpHUAPYKEHEe XOMOIeHe jeHaYnHe ¢y 00JHuKa ¢ + Cox, 1ma, 100ujaMo

2(r) =—z, z(x)=2-—u,
u W(z,22)(z) = 2, na je
t(m2_2) 0<t<z<l,
Gla.t) = z(t — 2)
5 0<zr<t<l,

z(x):/Oz(l—t)f(t)dt—l—(l—x)/ F(#) dt.

Crenmjanno, 3a f(t) = t2, robujamo

( ) = Y
SRR
oJIaKJIe 100ujaMo:

xt 19z

v

NzBesnn cMo jeqHy KOHCTPYKIHjY perniema rpanudHor npodsiema. Cremeha teopema Ham roBopu
0 JeJIMHCTBEHOCTH pellerba, KA0 U HEONMXOJHUM YCJIOBAMA 33 MOCTOjarbe (jeJMHCTBEHOT DEllerha).

Teopema 181. Cauedehu ycrosu cy exsusaseHmmu:

(1) Pewere nexomozenoe epanuunoe sadamra (96), (106) uma jeduncmseno pewerve 3a ceare
dee xoncmanme A u B;

(2) Pewere npudpysrceroe xomozenoe eparnunnoz sadamka L(y) =0, ca romozenum eparuirum
yeaosuma (97) uma camo mpusujasno peweroe;

(3) Ilocmoje dsa auneapro HE3a6UCHA Pewera Uy U Uy jednavune L(y) = 0 3a koja easrcu

Ba(ul) Ba(UQ)
) Bb(m)} 20, (107)

(4) Ilocmoje dsea auneapro nezasucHa pewersa v1 u vy jednavune L(y) = 0 3a xoja easrcu
By(v1) =0, By(vg) = 0.
(5) ITocmoje dsa auneapro nesasucha pewera Yy u Yo jednavune L(y) = 0 3a xoja eastcu
yi(a) =B, vi(a) = —ar,  ya(b) = B2, 4a(b) = —0n. (108)

Hoxkas. (1) < (3): 3uamo ja cy cBa peniemwa jegnauune L(y) = f obiuka

det {

y(z) = crug () + coua(x) + yp(z).

Baro rpanrdan HpobJeM ca HeXOMOIeHHM IpanundHuM yesaosuma (106) nma jeJMHCTBEHO Pellehe aKko
1 CaMO aKO CHCTEeM

B.(y) = A, By(y)=2B
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UMa jeJIMHCTBEHO Pelllerbe 10 ¢ U co. MelhyTum, oBaj cucrem je cucreM:
clBa(ul) + CgBa(UQ) =A— Ba<yp)
c1By(u1) + caBy(ug) = B — By(yp),

a OH MMa jeIMHCTBEHO perrere 3a 0110 Koju u36op KoHcTanTH A 1 B ako u camo ako Baxku (107).
(2) < (3) ce mokasyje ucto Kao el mokazanu jgeo, camo cy f(z) = yp(x) =0, A= B =0.
(4) = (3) Baxwu jep je Bu(y2) # 0 u By(y1) # 0 (Bugeru Ilocrenuny 176).

(3) = (4): Hexa je

v1(z) = cyug () + coug(x)
rae ¢y dy u dy jeIUHCTBeHA pelleba, jeTHadInHe

c1Ba(uy) + caBg(uz) =0

c1By(uq) + coBy(uz) = 1.
CaudHo, HEKa je

vo(z) = dyus(x) + daug(x)
rae ¢y dy u dy jeIUHCTBEHA pelleba, jeTHadInHe

d1Ba(uy) + daBg(ug) =1

dy By(uq) 4 doBy(uz) = 0.
OuwnriieiHo je

Bu(v1) =0, By(ve) =0,
a Kako je By(vy) # 0, Ba(ve) # 0, To ¢y vy 1 vy suneapno nesapucuu (Jlema 175).

(5) = (3) ce mobmja TPOBEPOM.

(4) = (5): Hexa cy v; u vo TaxBa ja je
Ba(vl) = O, Bb(Ug) = O
Tana u3 Jleme 175 ciaean na je
Ba(UQ) 7é 07 Bb(UQ) 7£ 0.
Axo je y1(x) = cru1(z) + cova(x) Taga y; 3amoBospaBa moderse ycaose (108) ako Baxku
c1v1(a) + cova(a) = By
c1vy(a) + cvy(a) = —ay,
a BUJIMMO Ja OBA JelIHAYMHA IMa Pellerba

o = @ i o | o] = v

1 {BQ(UQ)] 7

2 W (v, v)(a) | —vila)  wvi(a) 0
Tj.
. Ba(UQ)
yl(x) - (Ul,U2> CL) ( )
W cangmo
—Bb(’U )

1
0 = W) 2
3a,10B0/baBa moverHe yeiaose (108). Permema yy(z) u yo(z) cy ounrieHo JTuHeapHO He3aBHUCHA.
Yeaoru (108) cy gecto onepaTwBHUjH, Tj. Jajy HAM MOCTYIAK 3a HaTazxkKeme y; U Ya (ymecto na
ux morahamo). O

a pe3auMupamo, perierbe IPaHnIHOr 33/IaTKa TPaKUMO Kpo3 ciejiehe Kopake:
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® aKO IPaHMYHH YCJOBH HHCY XOMOTCHH, MOTOAUMO jeany (byHKIHU]Y Yo 3a KOjy BaKH:
Bu(yo) = A, By(w) =B
¥ HAIIPABUMO CMeHy 2’ := y — 9y, THMe CMO CBeJIH IpobJeM Ha 3aJaTak

L(y) = f(x) = f(x) = (4 () + a(2)yy(x) + b(x)yo(x))
Ca XOMOIr€eHuM I'paHnvIHuM YCJIO0BOM
Ba<y0) = Oa Bb(:’JU) = Oa

e caJia Cy TPAHUYHU YCJIOBU XOMOT€HHM; poHaheMo /Ba JMHEAPHO HE3ABUCHA PEIlerha iy U o
xomoreHne jemHaumue L(y) = 0 Koja 3a70BO/baBajy MOYETHE YCJIOBE:

yi(a) = b1, yi(a) = —au
Y2(b) = B2, ya(b) = —aw;
AaKO He IOCTOje TAKBA JBA JHHEAPHO HE3aBHCHA PEIICHha, IPAHMYHHA 3aJaTaK HEMa jeIuH-
CTBEHO pellierbe - BUjeTH 3ajarak (3) Ha Kpajy IiaBe;
e dopmupamo pyukiujy ['puna:

i (B)ya(z)

<t<z<b,
G(z,t) == yl’yZ)t%t
y1$y2( a<z<t<b
(y17y2)(t
® Delleme IPAHUYHOD 3aaTKa je: y(x f G(x t) dt.

2. IIrypm—JInyBuaoBu npobaemMn

HImyps®—JTuysusoe npobaem wmu Imypm —Jluyeuros sadamar je rpaHUYHE 33JaTaK Ca XO-
MOT'€HUM T'DAaHUYHUM YCJIOBUMa

— (p(@)y) +a(x)y =Ny, Ba(y) =0, By(y) =0, (109)
rae cy p, ¢ u p' HenpekuaHe GyHKunje neduHncane Ha wHTEpBaNy [a,b] n p(x) > 0.

IIpumep 182. Jennauuna

y'(@) +xy(z) =0, y(0)=y()=0
je mpumep lrypy—/luyBmiosor mpobiaema 3a p(x) = 1, g(x) = 0. v

Cxasap A mmje 3azar, Beh npecras/ba 1€0 3a1aTKa. 3aJaTak je npoHahu cBe ckajaape A 3a Koje
HOCTOjU HETPHBUjATHO perrierbe 3. CBaKo TaKBO HETPUBHjaHO perierbe npobiema (109) 3a BpegHOCT
cKasJapa A 30BeMo concmeenom dynryujom 3amatka (109), 1ok A 30BeMo concmeernom epedrouhy
sazarka (109). OBo cy 3amcra CONCTBEHE BPEIHOCTH U CONCTBEHH BEKTOPH OMEPATOPA

L(y) = —(p(x)y') + a(x)y. (110)

Osnaunmo ca C? b(a b) ckym aBamyT HenmpekuIHO HrdepeHnnjabuiHnx GYHKINja y HA WHTEPBATY

la,b] ca BpenHocTuma y C koje 3amoBo/baBajy rpanndne yciaose B,(y) = By(y) = 0 (a mpuopn He

MOKEMO OYEKHBATH Ja COIICTBEHE BPEJIHOCTH U COICTBEHH BEKTOPU OlEepaTopa KOJU HUMa peasiHe

koedputujerte Oyay peannu). Ilpumernmo ja je C’zb(a b) BexTopcku mpocrop. ledbunummvo ma
IbeMY €PMHUTCKH MPOU3BOJIL;

(1, va) = / 1 (2)ga(@) . (111)

Tsphewe 183. (JlarpamkeB maenturer.) Omueparop (110) je cumerpuvan Ha TPOCTOPY
Cg}b(a, b), 1j. BaxKu
(Ly1,y2) = (y1, Lyo).
2Jacques Charles Francois Sturm (1803-1855), dpaniycku Maremaruiap.
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Hoxka3z. V caeneheM padyHy npuMemyjeMo NaplyjadHy HUHTerDalnjy /Ba IyTa:

b
(=(p(2)y1(2))', ya(x)) = = / (p(x)y1(x))'y2(x)dr

Jlasbe pauyHamMo

V() — v @m@)] = BOm ) — i (b @)+ v/ (a)pa(a) =

/ /
det % — det y?(
yi (b yi(a)

O6e jieTepMUHAHTE Y HOCJIEHEM U3pa3y Cy jejHake Hy m. 3aucra, Bekropu (y1(a), yi(a)) u (y=(a), yh(a))

Cy JIMHE€AapHO 3aBUCHH, ITOIITO Je,ZLHa‘II/IHa

o) o b =0

MMa HETPUBHjAJIHO pererse (v, 51), jep je Ba(y1) = Ba.(72) = 0 (u camano 3a ApYTY JeTePMUHAHTY ).
To 3naum 7a je

- [ iy = - [ (pwdo) wei = - [ ) ()
(jep je p(z) € R) omakyie JUPEKTHOM MPOBEPOM JOGHjaMO Jia je

(Lyi(z), y2(7)) = (¥i(2), Lyz(z)).

O
ITocaenuiia 184. Concteene Bpeanoctu LTypm—/lunyBuioBor 3agaTka cy peasne.
Hoxka3z. Heka je Ly = \y, y # 0. Umamo
Ny, y) = (M, y) = (Ly,y) = (y, Ly) = (y, ) = My,y) = A=\
O

OpmaBae ciean a MOYKEMO J1a, MPETTIOCTBUMO J1a ¢y u cornctBerne ¢pyuknuje [Itypv—JInyBuiosor
3aJaTKa ca BpegHocTrMa y R. 3amcra, ako je y = u + v concrBeHa dyHKnuja, u3 Ly = Ay, A € R
JTI0OHjaMo

Lu=>M u Lv=)\v.

U3 JlarpanzkeBor maeHTHTeTa Takohe caeau Ja PA3IUIUTHM COINCTBEHUM BPETHOCTHMA OJTO-
Bapajy OpTOrOHAJTHE CONCTBeHe (DYHKIMje. 3aucTa, u3

Lu=Mu, Lv=puv
IMaMO
Mu, vy = (Lu,v) = (u, Lv) = (u, pv),
na je (4 — \)(u,v) = 0, mro 3ua4n 1a je (u,v) = 0.

Tspheme 185. ComncTBeHN MPOCTOPH KOjU O/TOBApajy jeTHO] colcTBeHO] BpeanocTu IITypm—
JImyBuoBor npobJsieMa ¢y jeTHOINMEH3UOHH.
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oka3. Heka je
L(y1) = MAy1, L(y2) = Aya,  Ba(y;) = Bul(y;) =0, j =1,2.

OBO 3HAYM Ja CY Y1 U Yo JBA pellleiba JHHeapHe jeJHAYHHe IPYTOT pela:
—(p(@)y') + (a(x) = \)y = 0.
[pumerumo ja u3 B,(y;) = Ba(y2) =0 (u a2 + 57 > 0) caequ ja je
y1(a)ys(a) — vy (a)yz(a) = W(yr,y2)(a) = 0.

113 Teopeme 98 ciean na je Wy, y2)(x) = 0 3a cBako x € [a, b, o 3HAYN fa cy QYHKIHje Y3 U Yo
JMHEapHO 3aBUCHE. ]

IMTpumep 186. Oxpeaumo comncrBene BpegnocTu u Gpyukmuje 3a [Irypm—JIuyBuios 3agatax u3
[Tpumepa 182. Paznukyjemo Tpu MoryhuocTu.

A < 0. Buamo j1a je ommire perierme xoMmorene jegnadnne y” + Ay = 0 obimuka

y(x) = c1e¥V N 4 cpe VT

BamemuBamem y rpanunarn yeiaos y(0) = y(I) = 0 gobujamo ma je y(z) = 0, OAHOCHO Ja He TMOCTOje
COTICTBEHE BPEIHOCTU U (DYHKIIH]E.

A = 0. Oomre perrerse xoMmorene jegnaunne y” + Ay = 0 je cajga obauka
y(z) = a1z + ¢,

na u3 rpanugaor yciaosa y(0) = y(I) = 0 monoso mobujamo ma je y(xr) = 0, Tj. HEMaMO COICTBEHE
BpeIHOCTU U (DYHKIIHje HH Y OBOM CJIVYajy.
A > 0. Caga je ommre pememe xomorene jeanauune y” + Ay = 0

y(z) = ¢ cos(VAz) + ¢ sin(Vx).

13 rpaungnor ycaora y(0) = 0 mobujamo ¢; = 0, a u3 rpanwasor yeaosa y(l) = 0 gobujamo co = 0
(makse y = 0) uin

n2m?

\/Xl:mr,nEZ & )\:l—Q,nGZ.

OBHUM CONCTBEHNM BPEIHOCTHMA OJITOBAPA]y CONCTBeHe (PYyHKIH]je

. (T . [ 2mx . [ 3mx
S1n <T) , Sl (T) , Sl (T) N

KOje 3HaMO J1a IpeJICTaB/bajy OpToronaHu Tpuronomerpujckn Oypujeos”® cucrem na [0, ). v

PezynTar 3 npeTXoHOT pUMepa BazKW y ONINTH]oj cuTyanuju. HaBoammo oBie cBOjcTBa COII-
cTBerux BpeanocTu u dyukuja typm—/InyBuiosor 3amaTka 6e3 mokasa:

e corcteere Bpeanoctu L Typm—JlmyBuiosor 3a1aTka cy mpocte u MOTY ce niopeharu y pactyhn

HU3
)\1<>\2<)\3<"'
KOJU TeKn Ka +00 Ka 1 — O0;

e oxrosapajyhe concrpene dbyukimje e1(z), ex(x), . .. IMHe MOTIYH CHCTEM BEKTOPA Y TPOCTOPY
Je0-110-71e0 TIATKHX  (byHKIHja Ha [a, b], Tj. ako cy ¢, Pypujeosn KoedunujenTtn dbyHKIHje
f y oBoM cucremy:

(f.en)

Cp =
" (e, en)

3 Jean-Baptiste Joseph Fourier (1768-1830), dpaniyckn Maremaruyap u busmdap.
Ynu OIIIITHje, KBAAPAT-HHTErPAOMTHHX.
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u Sy (f,x) onrosapajylie napuujassae cyme

Sn(f,z) = Z Cnen(T),

taga Sy Texu ka f, kKag N — 0o, y L2-HopMu uHyKOBaHO] cKaJaapHuM mpoussogom (111).
Ako je f jomr u jeo-mo-zieo rmarka, taga Sy(x) KOHBepHpa W OOMYHO y CBAKOj TAYKH, U TO
K& BPEIHOCTH
ft) + fa)
5 :

Banartak 187. (Jlexkanaposu’ noauromu.) Hexka je n € N. Jlokasatn j1a je
(1—2)y" —2xy +n(n+ 1y =0
[MIrypm—JInyBuioB 3amaTak u jia je ca
i
2nn! dzn

Ln(x) (l,z - 1>”

nedUHICAHO HEroBO pelliere Koje 3a0BosbaBa yejaoB L, (1) = 1.
[Voyrero: Ako je u(z) = (22 — 1)", razma je (22 — 1)u/(z) = 2nzu(x). dudepenuuparu obe crpame
nperxojne jenHakoctu (n+ 1) myrta u uckopucturn J1ajonunosy hopMy Iy 3a n-TH U3BOJ IPOU3BOJA. |

[osmunomu L, () ce 30By Jlexkamnnposu mosmuomu. Jlokasartu na je cucrem { L, } oproronanan y
onHocy Ha cKasjapuu mponssox (111) ma nurepsany [—1,1]. [da o je oBaj cuctem u HOpMUpaH? v/

3. 3agamm

(1) Merogom Bapujaryje KOHCTAHTH DEIIATH jeTHATHHY

2
y ty=tgz.
v
(2) Hokasaru ma ycaos (107) Bayku 3a HEKH Tap JUHEAPHO HE3ABUCHUX PEIerha XOMOTEHe jeJi-
naunne L(y) = 0 ako n caMo aKo BaxKH 33 CBAKU AP JIMHEPAHO HE3ABHCHUX pelremha. v

(3) Hokazaru ja ycaos (107) BaxKu 3a HEKH HAD JIMHEAPHO HE3ABHCHUX DEIeHha XOMOTEHE jeji-
waunse L(y) = 0 ako U camMo ako MOCTOje JUHEAPHO HEe3aBHCHA DeIlerha Y U Yo jeHAUNHEe

L(y) = 0 koja 3am0BosbaBajy yeiaos (102). v
(4) Permmrn rpanmanu 3agatak y” + 2y — 3y =0, y(0) =0, y'(1) = 0. v
(5) Pemmmru rpannuanu 3agartax y” + 2y — 3y = 3z, y(0) =0, y/(1) = 2. v
(6) Hahu I'punoBy dyukuujy 3a rpanugnu 3agarak y” + Ay = f(x), y(0) = y(l) =0, 3a 1 > 0,
sin(Al) # 0. v
(7) Pemmrn rpanunn 3agarak ¥’ +y =z, y(0) =0, y (%) = 0. v

(8) Hahwu comncreene Bpegnoctu u concrsene dyukiuje ITypym—/InyBuioBor 3aiaTka:
y' +xy=0, y(0)=y'(L)=0

W MIPOBEPUTH JIa OHE 3a/I0BOJ/baBajy CBOjCTBa HaBejieHa Ha cTpanu 112. v
(9) Hahu comcreene Bpennocru u concrsene dyukuje [1Itypym—JInyBuaoBor 3amarka:

y'+ Xy =0, y(0)=0,y(1)+y(1)=0.

JlokazaTu ma concTBeHe BPeIHOCTH 00pa3yjy pacTyhnm HU3 KOjU TeKu +00. v

5Adrien-Marie Legendre (1752-1833), dbpamiyckn MaTemaTmdap.
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(10) Hokasaru Ja ce cBaka JiMHeApHA jeTHAYUHA JPYTOT Pejia
y' +a(@)y +b(x)y =0
coyn Ha [lITypm—/InyBuios obank
—(p(x)y') + q(x)y =0
OC/Ie MHOYKeEha WHTEIPAIHOHEM (DAKTOPOM

M@) _ efa(;r)dx'



I'TABA 7
IlapiujasHe jegHaYMHE IIPBOT peaa

[Tapuujaina gudepennujaina jeJHAYNHA CAIPXKHU MapIujaJHe U3BOJAe, IMITO 3HAYU JIa je Helo3-
Hata byHKNUja - GYHKIHja BUle TpoMeH/bUBHX. (Ca HEKUM MapHUjaTHUM jeTHAYAHAMA CMO Ce
(Mozx1a) Beh cycpemu, na Kypcy Kommiexcne ananuse, nmp. ca Jlamnacosom' jenmaumnom (apyror

pesia)
AU = Uy + Uy, =0

(umja cy pemrema xapmonmjcke gynkmuje) umu ca Komu—Puvanosnv? jenaunnama (psor peja)
Uy = Vy, Uy = —Uy

(qmja perrerba YMHe PeAJHU W MMATHHADHM J1e0 KOMILIeKCHO qudepentujante dyukmuje). Ha oBom
KypCy CMO pelIaBaJii jeJHOCTABHY HMapIUjaJHy jeTHauYuHy KOJ jeJHAYNHe ca TOTAJHUM JudepeHIu-
janmom (Koja ce mojaB/bMBaJia M Ha Kypcy AHajqmse 2 y Be3W ca HE3aBUCHOIINY KPHBOJUHUjCKOT HH-
Terpajia of myTame). UyBeHH mpuMepH MaplHjaTHUX jeHAYNHA CY jeJHAUMHA TPOBOlera TOIIoTe
(ue = kAu), ranacna jennauuna (uy = c*Au), Ulpeaunreposa jennauuna, (ih2U(r,t) = HU(r,t))
UT/I.
Hajommuju obauk napigjasne jeanadune IpBoOr pea je
F(zy,...,Tp,Upyy .o Uy, ,u) =0,

rae je u = u(zy, ..., r,) Henosnata dynknmja, a F : R*T — R neka gynxuuja.

1. KBazunuHeapHa jeJHAaYNHA U METOJ KapaKTEepPUCTHKA
[TocMaTpajMo HEXOMOTEHY K8a3UNHEGPHY JeOHaA UHY:
a(z,y,w)u, + b(z,y, w)u, = c(x,y,u), (112)

rje cy a, b u ¢ nenpexuHe (HYHKIMje TPU TPOMEHIbUBE.
OsnHauunMo ca
S = {(z,y,ulz,y)} CR’
rpaduk pemema u. [nmb HAM je, HApaBHO, Ja ojapeanMo PYHKIH]Y U, ajJu cBaka mHOpMaImdja o
wenoM rpacduky S jecte KopuCHA.
13 Anannsze 2 31amo na je HopMmasa Ha nopin Sy Tauku (z,y, u(x,y)) garta ca

n = (ug(2,y), uy(,y), —1).
A, kako je u pererbe jepnaqune (112); To je
((a(z,y,u),b(z,y,u), c(x,y,u)),n) =0 mnaje (a(zr,y,u),blx,y,u),c(r,y,u)) L n.
3aTo je MPUPOHO /1a 0OYEKYjeMO Ja KPUBa
y(t) = (x(t), y(t), u(t)) € R’

KOja 3a/10BOJhaBa jeIHAUMHY

2'(t) = a(z, y,u)
y/(t) = b(:L‘, Y, u) (113)
u'(t) = cz, y,u)

1Pierre-Simon Laplace (1749-1827), dbpannycku maremarudap, ¢busndgap, aCTPOHOM U CTATUCTHYAD.
2Georg Friedrich Bernhard Riemann (1826-1866), nemauku MaremMarudap.
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Jexku Ha nospim S. [Ipuverumo mpe cera na je cucrem (113) cucrem obuanux audepeHnujaTHux
jeIHAYMHA O KOjuMa Bell jocTa 3HaMO.

Hedunnuuja 188. Jennauumna (113) ce 30Be kapaxkmepucmucmuuna jedHawURG WA CUCTIEM
Kapaxmepucmuka 3a JTWHeapHy naprujaany jeanaduny (112). Bekropcko nmome F(x,y,u(z,y)) :=
(a(z,y,u),b(z,y,u),c(x,y,u)) ce 30Be nomwe xapaxmepucmura. Cama KPHBA, Tj. pelIee jeaHa-
unne (113) ce 30Be Kapaxmepucmuka. O

JokaxkuMo j1a je § 3aucTa cacTaB/beHa Ol KapaKTePUCTHUKA.

Teopema 189. Hexa je (t) xapaxmepucmura xpo3 mauky A (mj. pewere jednawune (113) ca
nowemnum ycaosom y(0) = A) u nexa je mauxa A na nospwu S. Tada je uera xaparmepucmuka vy
na S. Odasde caedu da je nospur S yHuja Kapaxmepucmuka.

Hoxaz. Heka je v(t) = (z(t),y(t), 2(t)). Hedbumummmo kpuy

aft) = (x(t), y(t), u(z(t), y(1))).

Kpusa o npunaga nospmu S 300r cBoje pedbununuje. Ona je rpaduk GyHKIHje u pecTpUKOBaHEe
Ha KPUBY T O 7y, The je m mpojeknuja uHa paBan Oxy. Kako mpojexnuja tauke A ma paBan Oxry nma
koopauuare (2(0),y(0)) u kako A € S, 10 je a(0) = A. Mehyrum

Lol = @10, 0), 1) + 0 )

(a(z, y,u), bz, y, u), usa(z,y, u) + uyb(z,y,u)) = (a(z,y,u),b(z, y,u), c(, y,u)),

n

a(0) = A =~(0),
OJIHOCHO TIPEeC/IMKaBabha Y U (¢ 3310Bo/baBajy uctu Kormujes mpobieM, ma Mopajy outn jeanaka. Kako
Q JIeXKH Ha S, TO U 7y JiexKn Ha S. U

Hamomena 190. ['opma jiuckycuja u jiepuHUANIEja BazKH U 33 ONIITHU]Y jeHAYUHY 110 PYHKIUjA
U OJT N TPOMEH/bUBHX:

n
Zaj(xl, e T, WU = (T, T, ).
7j=1

CucreM KapaKTEepUCTHKA je OBJIE

2i(t) = aj(xr, .. wp,u), U(t) =clry,. .. 20, u).
3a JWHeapHy napuujasiny jemsaqnny (112). o
Bujenn cMo J1a ce TpazkeHa XUIEpHOBpII Koja je rpaduk dbynkmmje u(xy, ..., o,) y R" moxe

JIOOMTH Kao VHHja KapaKTepHCTUKa. be3 MKaKBOI' MOYETHOr YCJI0BA MU OBY YHH]Y MOXKEMO JOOUTH
Ha MHOIO HAYMHA. JejaH oJ HAuYMHA 3a ojpeluBarbe KOHKpeTHe YHHje (KOHKpeTHOr rpaduka, Tj.
KOHKpeTHe (DYHKIHUje u) je MeTOJI IPBUX WHTErpaa.

1.1. XoMorenu JUHEApHU CJIydYaj — MeToOda MpBHUX mHTerpasa. Axko dpyHKIWje a, b u ¢
y (112) zaBuce camo of (z,y):

a=a(x,y), b=0bxy) c=cz,vy),

taza ce jenHaqnHa (112) 30Be auneapra mapiujasta jeHaqanaa npBor pega. Ako je c¢(z,y) = 0, rana
Ce OHA 30BE TOMOZEHQ.

ITpumep 191. TlocmaTpajMo jeanavuny TPaHCIOPTA:

U, + au, = 0,
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u = u(r,z). Osue je a(t,x) = 1, b(1,z) = a, ¢(1,2) = 0. Ao ®WOj TpUAPYKUMO oaroBapajyhin
CHCTEeM KapaKTepUCTHKA, J00HjaMo:

() =1 T(t) =t+1
¥Z(t)=a = x(t)=at+ x
u(t)=0 u(t) = up.

~

Kaxko kapakrepucruka y(t) = (7(t), z(t), u(t)) sexn na rpaduxy S byukimje u(T, z), Taga y oBom

IIPUMEPY UMaMO Jia [paBa

T(t) =1+ to
z(t) = at + xg
u(t) = up.

mpunaga S. To 3maun ma je u KoHCTAHTHO, Kaaron je 7(t) =t +tg u z(t) = at + xo, OAHOCHO KAITOT
j€é © — aT KOHCTAHTHO. 3aTO TPAXKUMO PEIICHHe ¥ 00JIUKY:

u(r,x) = gz — ar),

3a Npou3Bo/bHY audepennujaduany pyukmnujy g. [Ipoepom modujamo j1a je OBAKBO U 3aMCTa PEIIEHHe
jemHaduHe u, + au, = 0:

ur +au, = ¢'(x —ar)(—a) + ag’(x —ar) - 1 = 0.

IMpumep 192. Cucrem KapakTepUCTUKA MPUAPYIKEH TAPINAjaTHO] je THATHHI

YUy — TUy = 0

jecte
=y x(t) = xgcost + yosint
y=—x = y(t)=yocost —xgsint
u =0 u(t) = up.

Buaumo jia cy KapakTepucTHke Kpyrosu z2 + y? = const y paBHE U = g, OJHOCHO Ja je noBpm S
poTaIuoHa HOBPIL, Tj. Ja je u 3aBucu camo o r2 + 4%, u = g(z* + y?), 3a npoussosbHy JudepeHIu-
jabwrny dbyuknujy g. MoxKeMo u TPpOBEPUTH JIa je OBO TAYHO:

yu, — vu, = yg' (2> + y*) - 20 — xg'(z® + y*) - 2y = 0.
v
[ITta cMo y pajuan y npeTxo/iHa jaBa npuMepa, Koja cy oba Ouin xoMoreHa JmHeapHa je JHaYnHa
a(z, y)u, + b(z, y)u, =07

[Iponaman cMO jeTHAUYWHY KapaKTepUCTUKe, W HA HEKW HAYWH W3PA3UIN T W Y, TAKO Ja J00HjeMO

dbyukrIMjy Koja je kKoHcTaHTHA ayxK Kapakrepucruke (y Ilpumepy 191 To je 6uo uzpas x — at, a

y Ipumepy 192 mspasz 22 + y?). 3aruM cMo TpakKuam pemiembe y o6auKy (dbyHKImje Tor uzpasa (y

[Ipumepy 191 g(z — a7), a y IIpumepy 192 g(z? + y?)). PopMann3yjmMo caja 0Baj MOCTYIAK.
[TocmaTpajMo XOMOTEHY JIMHEAPHY je/[HAUUHY

> aj(xr, . )y, =0 (114)
j=1

7 0] TPUIYKeHe KapaKTepuCcTuKe

(115)
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VY cilydajy XOMOT€HOI' CUCTEMa, TJIe Ce U He MeIba JIYZK KapaKTePHCTUKE, YMECTO FOpibe KpuBe IMocMa-
TpalieMo NPojermosany KapaxmepucmuKy (Tj. BeHy IPOjeKIn]y Ha paBaH U = 0)7 KOja ITpeJicTaBIba
peleme jeTHATnHE:
() = ay(zy, ... 1)
(116)
2 (t) = an(zq, ..., 2,).

n

Hedbunaunnnja 193. Oyskuuja f : R” — R ce 30Be npsu unmeepan cucrema (116) axo je f
KOHCTAHTHA Ay’ CBAKOL perrerba cucreMa (116). O

ITpumep 194. Ykynna enepruja je NpBU WHTErpas CUCTEMA

F = ma,
KOjU je eKBHBAJIEHTAH CUCTEMY
x' =v
v = %F,
aKO je CHCTeM KOH3ePBATHBAH. 3amWCTa, OBO je 3aKOH OJprKarma eHepruje, sugeru [Ipumep 4. v

ITpumep 195. Xamunronosa dbyukiwmja H je npeu uaTerpas XamuaToHoBor cucrema (95). v/

Hedbunaunuja 196. Kaxemo ga cy dbyxiwmje fi,..., fi JUHeapHO HE3aBHCHE V TAYKHI Xy aKO Cy
Bektopu V f1(Xg), ..., V fr(Xo) JmHeapHo HE3aBUCHHU. O
Teopema 197. 3a ceakux n—1 npeux unmeepasra f1, ..., fo1 cucmema (116), u 3a npoussovny

dugpepenvyujaburny GyHryuy
g: R SR,
byrruyuja
w(wy, .., xn) = g(fi(zr, . xn), oo fami (@, .o x))
pewerve jednawune (114). Axo cy fi,..., fo_1 AUHEAPHO HE3GBUCHU NPEU UHMELPAAU (HG HEKOM
ckyny U) mada cy cea pewerva jednanune (114) cy aoxasno 060z obauka (3a cearxo x € U nocmoju
okoauna Uy Ha k0joj je pewerse 0602 0bauka).

Hoxkas. Ilpso hemo fgokasaTu 1a, 3a NPOU3BOJBHY IIATKy (DYHKIU]y ¢, W IpBe HHTerpaie fj,

g(fi(xy, .. x), ooy fao1(z1, ..., x,)) jecTe pememe jeqHavduHe (114). IIpe cBera, nmamo:
0 dg Ofk
al'] (fl(xla"'7$n)7"'7fn71(3:17"'7 Zayk&x]

Kako je f; KoHCTaHTHO Iy»K KapaKTepHCTHKe, IMaMo 113 je

! iy O
0= —f(w:(D), .,mn(t))—;axkxk— 3 P (Tt ),

kaza je (x1(t),...,x,(t)) xKapakrepucruka. 3ato je
n n—1 n n—1
9 dg 0f; dg 9 g
S gl ) = Yl SN0 OB S0y,
p Oxy, > 0y, Ox; = 9% Oxy, = 9y;
ma g(fi1,..., fn_1) jecTe perieme.
[ITto ce Tuue apyror cmepa Teopeme 197 maBoguMo joKa3 koju je cyrepucao Jlyka I[lerkosuh.
[Ipermiocrasumo na je u(xy, ..., T,) jeaHo pememe jennadnse (114).
U3 ycnoBa Ja cy npBU MHTErpasn, Ka0 U U KOHCTAHTHU /YK KaPAKTEPUCTUKE JIAKO CJIEIN Ja CY
Vfi,...,Vfa_1 1 Vu oproronanuu Ha 7 (rme je v kapakrepucruka). Kako je -y HeJereHepucaHa

KpuBa cjean ja cy Bekropu Vfi,...,Vf,_1 n Vu auneapHo 3aBuchu, a Kako ¢y Vfi,...,Vf,_1
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JINHEAPHO He3aBUCHH Ha U, CJIe/Id Ja je PaHr MaTpHIle cacTaBjbeHe oj BekTopa V fi,...,Vf,_1 u Vu
jemHak n — 1.
Jeana ox mocsiepuna Teopeme o panry je caeiehe TBpheme.

Teopema 198. Hexa cy @, ..., o 2aamke pynkyuje dedpunucare na vexom nodexyny ckyna R™
u Hexa na nexom omeoperom ckyny U C R™ saorcu:
® 3a ceaxo X € U pane mampuue [gf; (x)} , je jednak k
e 3a cearo X € U sexmopu Vi (X), ..., Vr(X) cy auneapro nezasucru.
Tada 3a ceary mauky xo € U nocmoju oxoauna Uy C U u m — k eaamrur yrnkuuja grii, - - -, gm

maxeur 0a 8aicu
9i(x) = gj(p1(x),...,or(x)), zaje{k+1,...,m}.
OJ

Ba moka3z mperxogne Teopeme Bujeru [2]. AKO NPUMEHHMO MPETXOJHY TeopeMy Ha (yHKIuje
fi,. -y fu_1, u, jo0OEjamo 1a je
u(x) = g(f1(x), .., fa1(x)).
OJ

1.2. HexoMmoreHnu KBa3smJMHEAPHU CJYYaj — METOJAa NpPBUX mHTerpaja. OmmnTu ciaydaj
KBa3WJINHeEapHe jeTHaUWHE ce JIAKO CBOJIU Ha XoMoreHHU JuHeapHu. [locmarpajmo jennadmay

Zaj(xl,...,xn,u)uxj =c(x1,...,Zn,u) (117)
j=1
1 0] IPUIPYKEHY KapaKTePUCTUKY
2i(t) = aj(xy, .. xp,u), U(t) =czy,. .. 20, u). (118)
Teopema 199. Heka cy fi,..., fn npeu unmeepasu cucmema (118) u nexa je g : R™ — R
npoussonna dugepenyujoburta Gyrryuje maxsa da je
0
%g(fl(xl, e Ty W)y ey fu(Tr, X, u) £ 0 (119)

Ha CKYyny
Po={(21,..., 20,1 | g(fi(z1, ... 20, u), ..., falze, .. 2p,u) =01 (21,...,2,) €U} C R
3a Hexu omsopen cxyn U C R™. Tada je ca
g(fi(xy, .. xp ), ooy fulTr, .o @n,u) =0 (120)

depurUCaHO UMNAUYUMHO pewerve - U - jednavwune (117) na U.

[Tpumernmo ja je yeaos (119) npupogan jep vam naje moryhinoct na u3 jeguaunse (120) u3pasumo
u Kao dbynknujy 1o (z1,...,x,) (bapem JoKaaHO).

Hoxkaz. Heka je U oTBOpeH CKyINl KOjU CaJIpzKu P Ha KOM je Takolje ucnyrmeH ycaos (119).
13 jennaunne (119) nobujamo

"\ g Of;
0 915 121
J=1
y CBakoj Tauku u3 ckyma U. 3a cBako (T1,...,%,) € 7(U), tme je w: (T1,...,Tp,u) — (T1,...,2y)

npojeknuja, nMamo ja Baxu (120), na je

0=

9 — dg (0f;  Of; ,
= E o  — . 122
axig(ﬁ(«%l, ,iL‘n,U), 7fn($17 7xnau)) po 83/] <8x1 + au Uxi ( )
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Kako je f; mpBu muTerpas, cam4Ho Kao y Jokasy Leopeme 197 nmamo ga Bakn

"o, of;
Tl ooy Ty, ) + ==c(x1,...,Tp,u) =0,
Y Gl nt) + G el )
OJIHOCHO
- 8fj 8fj
——a;(T1,. .., Tp,U) = —==C(T1y..., T, U 123
> Gl )= S e ) (123)
AKxo jennaunny (122) HOMHOXKHIMO Ca, ai(xl, ey Ty, u) 1 IPOCYMHUPAMO IO ¢, T0OUujaMo:

Y9 (9 3L o ofi 0k /
0= %: o , (axl ) Z <Z (9382 Zi:ai'um) )

Yo6anusameM (123) y npeTxoHy jeHAYNHY ;L061/IJaMo

O:Z@ (—%C(Jfl,... )‘i‘a_.]zzal(l'la?xn?u)u;Z) =

2

9g 0f;
;ayj 50 ( c(xy, ..., Tp,u —i—Zal L1y Ty WU, )

13 yeaosa (121) 3ak/bydyjemo jia Mopa OuTH

—c(T1, ... Ty, U +E ai(z1, ... xp, u)uy, =0,

OJIHOCHO JIa, U JECTe PeIerne. 0

Teopema 200. Axo nocmoju n GYHKUUOHAAHO HE3GEUCHUL MPEUL UHME2PAAG [1, ..., [n cuc-
mema (118), u axo je jednauumnom
flz, .. xp,u) =0
0 ed 0 ' 0 ? )
3a0aMo UMNAUYUMHO pewere jednavune (117) mada nocmoju aokasno dedpurucana’ eramea GyHryuja
g maxsa da je

flxy, .. oz, u) = g(fi(zr, . Tps ), ooy ful@, o T, w).
Hoxkaz. Tlohumo oy mmmunuTHe Be3e uamehy u u xq, ..., Ty:
flz, ... xp,u) =0

u pudepennupajyMo oBy jeanaunny 1o ;. dobujamo:

of Lof, . 0f _ of
Uy, = T). 7 - =
6% 0 ! Ox; 8u
Onagre je
- af af of
AKO je U pelICHe jeIHAdnHe (117). O,ZLaB,ZLe Mo 1a je f = f(x1,...,x,, u) peliemne JINHEAPHE
XOMOTEHE jeTHAUYNHE
of  of
S R
o e “ou ’

j:
a u3 Teopeme 197 3HaMO 1a cy Ta pelierba JIOKAJHO 00JIUKA

flz, .oz, u) = g(filzr, . xn,w), .o fo(Xg, oo 2, 1)),

3 edpunncana y okomuun tauxe yo = (f1(X0,u0), - - . , fn(Xo0, up)).
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IIpumep 201. JeqnadynHa KapaKTepHCTHKe IPUAPYIKEHA jeAHATHHA U, + aly = u? je

() =1 T(t) =710+t
Z(t)=a = z(t) =at +x
() = w2 ult) = £

Opapae HAIA3UMO B JTUHEAPHO HE3ABHCHA IPBA MHTEIDAJIA:
1
filr,z,u) =ar —x, fo(r,x,u) = - + 7,

I1a je pernreme JaTO UMILIUIIATHO Ca

3a HEKY IJIaTKy (PyHKIHU]Y ¢. v
1.3. Komujes 3agaTak — MeToAa KapaKTepPUCTUKA.

ITpumep 202. [Tocmarpajmo, kao y lpumepy 191, jennaunny Tpancnopra u, + au, = 0, ann
cajJa TPaykKUMO CBa pelllerma Koja 33J0B0O/baBajy MOYETHH YCJIOB

u(0,x) = ¢(x).

Kaxko cmo 3amarak Beh pemruin, umamo u(7,2) = g(z — a7). 3aMeHOM OYETHOT yCI0Ba T0OHjaMO:

¢(z) = u(0,z) = g(x),
I1a je perneme 33/1aTKa:
u(r,x) = ¢p(x — ar).

Teomerpujcku renano, nospm S = I, (rpaduk dbyrkumje u) je yHuja npabux
T(t) =t+ty, x(t)=at+1y, u(t)=ug (%)

(jep cy To kapakrepuctuke). IIpase (x), MehyTuM, 3a pasHe BPeIOCTH Ty, Lo, Ug, HOMYHABA]y €0
npocTop. Mu ¢MO 0OBAE OIpeIuIn OHO PeIIeHe, Tj. Y3eJHd CMO OHe IpaBe Koje IpoJas3e Kpo3 KPUBY
u= ¢(x) y pasau 7 = 0 (Bugeru Ciuky 1). OBako 3amcra 100MjaMo jeJIHY TOBPIIL. v

[Ipobaem omumcan y mpeTxogHoM mpuMmepy ce HaszuBa Kowujes npobaem win Kowujes zadamak.
Kpusa C koja 3ajaje no4eTHn ycjaoB (KOHKPETHO, y IpeTxXoHoM npumepy: 7 = 0,u = ¢(z)) ce 30Be
Hexapakmepucmuka. 3axreBaheMo 1a e HEKAPAKTEPUCTUKA HA HEKW HAYWH PA3JINKYje O Kapak-
TePUCTUKE, Ja OMCMO KPO3 CBAKY IbeHY TAYKy MOTJIM J& MPOBYYEMO TA4YHO jeJIHY KapaKTePUCTUKY
(Bumern m Hamomeny 205). To 3ampaso ozae pamumo. IToderHu ycioB HaMm je KpuBa, a OHJa KPO3
cBaky Tauky A KpuBe y3mMamo jeJHO pelieme obudHe nudepeHnujaine jegnadnne (To Oymue je-
HAYMHA Ca NOYeTHUM ycaoBoM A). YHEHja 0oBUX KpHBUX HaMm Jaje mopin S — rpaduk dyHKIH]e
u.

Hamomena 203. V Ilpumepy 202 mammim cMo pelnehe KormmjeBor 3a1aTka MeTOA0M TPBUX WH-
terpaia. To je, MehyTum, caydajHO UCTATIO TAKO jeTHOCTABHO. Y ONIITEM CIyYajy, aKo HaM je 3aJaT
[IOYETHH YCJIOB, JelaBa Ce Jia HUje JIAKO Jla Hal)eMo KOHKPEeTHO peliebe TOMOhy MeTo/ia NpBUX UHTE-
rpana.’ 3aro hemo kox Kommjesor 3a1arka j1a nocrymnamo ua apyru sagna. Oamax hemo TpasuTi
JEIMHCTBEHY KapaKTePUCTUKY KPOo3 (PUKCHUPAHY TAuKy HEKApPAKTEPUCTUKE U TAKO J0OUTH Tpaduk
dyuKIMje © Kao YHH]JYy oBUX KpuBux. Bumeru ciemehe npumepe. o

4,Ha OM ce yBepmO y OBO, UMTAJAIl MOXKe ma mpoba ma pemmn KomwmjeBe mpobieme y HACTABKY METOJOM IIPBUX
HHTErpaa.
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\

T — at = const

CankA 1. Tloepm S kao yHuja KapakrepucTuka (IpaBuX) KPO3 HEKAPAKTEPHCTHKY
(nebsba uHMjA).

ITpumep 204. Halhumo ono perere napiyjaine jeHadume:
TYUy — y2uy =z
KOje TIpoJia3u Kpo3 KPUBY:
C:2ayu=a*+2, z=na.

[Torpazkumo jeqHAYMHY TOBPIIU KOja MpeIcTaB/ba YHI]Y KapakTepucTuka Kpo3 KpuBy C. [Ipe cBera,
HANUIMIMO HekapakTepuctuky C'y mapaMeTrapckoM o0auKY (Zo(s), yo(s), uo(s)). Ako y3memo j1a je
yo(s) = s, gobujamo:
a?+2

2as

zo(s) =a, yo(s)=s, wug(s)=

CaJsia pUKCHPaMO S U TPAKUMO KAPAKTEPUCTUKY KAO KPUBY Ca MOYeTHUM yC10BOM (Zo(S), Yo(s), uo(s)).
JesHaunHa KapakTepUCTHKE je jaTa ca

() =xy
y'(t) = -y (%)
uw'(t) = x.
Umajmo y Buny 1a je, 3at =0
Ty = {K(O, 8) = 1'0(8), Yo = y(07 5) = yO(S)a Uy = U(O, 8) = UO(S)

1 Ja OBO TPETHPAMO KAO IOUETHH YCJIOB.
U3 apyre jegnaunne y (%) gobujamo ja je

Yo(s)

y(t,s) = OISR

na, yoamnuBameM y MpBy, UMaMo:

z(t, s) = zo(s)(yo(s)t + 1),

u Ha Kpajy, u3 tpehe nobujamo:

u(t,s) = ug(s) + zo(s) (y‘)(;)tQ + t) .
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13 napaMerpusaliyje HeKapaKTepUCTUKe JTOOHUjaMO Jia je pelleibe Y IapaMeTapckoM ODJIUKY JaTo ca:

x(t,s) = a(st +1)

s
t.s) =
a®+2 st?
t,s) = + —+t].
u(t, s) 2as a( 2 )
Eanvunanumjom mapamerapa j1o0ujamo
(z.1) 2+ a?
u(x,y) = :
Y 2zy
v
Hamomemna 205. V nperxogHoM NpuMepy CMO TapaMeTpu3oBain HeKapakTepucTtuky C' Kao
(zo(8), Yo(s), uo(s)),
a 3aTUM CMO TParKUJIU PEIIee y TapaMeTapckoM OOJIMKY
(x(t,5),y(¢,5), ult, s)).
Kan dukcupamo s, pemmabBaMo cucTeM OOMYHHX JUDEPEHIU]ATHEX jeTHAUNHA,
d—f = a(z,y,u)
g = blz,y,u) (124)
S = c(z,y,u)
ca MOYETHUM yCJIOBOM
x(0,8) = xo(s), 9(0,5) =yo(s), u(0,s)=1up(s). (125)

Barum uspazumo (t,s) mpeko (z,y) u g06mjeMo eKCIUUIUTHO perrebe u(x,y). OBo jecTe pererbe
jemmaunue (112), jep je

0 0
c(x,y,u) = uy = uwa—f + uya—‘z = a(z,y,u)u, + b(z,y, u)u,.
Ha 6ucmo morsm (Gapem JIOKATHO) J1a u3pa3uMo (t, §) npeko (x,y) 3aXTeBaMo Ja BaxKu
xy(s) alx,y u)]
det |79 1o 0 126
e ) 120

na nekapakrepucrunu C. To nam, uz Teopeme o unBepsuoj dyuxiuju 0o6e3dehyje ua je (t,s) — (z,y)
OapeM JIOKaJTHO WHBEPTUOUITHO, jep je

d(x,y)_ a—i a—f _ a_xso a(zo(s), yo(s), uo(s))
i) [3— 3—] - {g— b<x0<s>,yo<s>,uo<s>>] ’

ma je oBa MATPHUIA WHBEPTHOWIHA Ha Hekapakrepuctunn C ako Baxku yeiaos (126). Veaos (126) ce
30B€ YCAO6 HEKAPAKMEePUCTuKe 1 OH HAM Jaje Ipenusny jAedbunudunnjy HeKapakTepuCTuKe.” o

ITpumep 206. Pemumo Komujes 3amarax
uy + au, = u?, u(0,7) = cosu.
JlaTa HeKapaKTepHUCTHKA je MapaMeTPHU30BaHa ca

(0, s, cos s).

5To je npomsBo/pHA KpuBa 3a Kojy Bazku (126).
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JemHaunHa KapaKTepUCTHKE je

o 7(t,5) = £+ 7o(5)
S =a maje z(t,,s) = at(—l—) zo(s)
u 2 uo(s

& =u u(t, s) = l—t(uo(s)'

BamMeriBambeM y [OYeTHH YCJI0B 106H]aMo
(7(0,),2(0,5),u(0,5)) = (10(5), zo($), uo(s)) = (0, s, cos s),
ma je
70(8) =0, xo(s)=s, wup(s)=coss.

OmaBe 1o6mjamMo J1a je pellembe, ¥ napaMeTapcKoM OOJUKY TaTO Ca:

T(t,s) =t
x(t,s) =ar +s
ult, s) = 1550k

EsuMmunanujom napamerapa t u s 100HjaMO peliehe Y eKCITUIUTHOM OOJIUKY:

cos(z —
ul(r,z) = s(z — ar) .
1 — 7cos(z — ar)
v
IMpumep 207. Pemuhemo jegnaumny u, + zu, = u ca nodernnm ycaosoM u(l,y) = h(y).
[TapameTpu3oBaHa jeTHaYNHA HEKAPAKTEPUCTHUKE je
zo(s) =1
yo(s) = s
uo(s) = h(s).
JemHaunHA KapaKTepHUCTHKE je
d—g =1 x(t,s) = t2—|— zo($) x(t,s) = 7t5 +1
=z = ylts :5+t;i—y0(s) = y(t,s) 5—|—tt—|—s
S =u u(t,s) = up(s)e u(t,s) = h(s)e
EsuMmunanujoMm napamerapa g00HjaMO eKCILIMIIUTHO Pelllerhe:
|
— h _ - mfl.
u(z,y) <y 5T 2> e
v

Hamomena 208. V omnirreMm ciy4ajy jeHadnne
(X1, oy Ty Uy e v ey Uy, ) =0,

Kormujes yciios je nar ca

U|7’) = ®7

rie je P nara xunepnospm y R”, a & ngara ¢pynkmnuja. o
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2. Jlarpauxk—ITlapuujeB meton,

Cazna mocMaTpaMo MapIyjaJany jeTHATnHY
F(z,y,u,p,q) =0, (127)
rie je
P=1Uz;, = Uy

(oBe 03HAKE KOPHCTHMO JI0 Kpaja noriaassba). Iy oBoM ciaydajy modeTHu ycjioB je jgarta Kpuba (Kpo3
KOJy Hallla MOBPII Tpeba 1a MpPOoIasn):

u(zo(s), yo(s)) = uo(s). (128)

Unenuprcann MeTOMOM KapPAKTEPUCTHKA, YKEJTUMO J1a TOCTABAMO CHCTEM CJIHYAH CHCTEMY KapaKTep-
uctuka (124) ca movernnm yeaosom (125). Xohiemo ga taj cucrem 6yie cucreM oOuIHUX audepen-
mujagHuxX jeaHaunna (mo t) ca mner HemosHatux yukuuja: x(t,s), y(t,s), u(t,s), p(t,s), q(t,s), u
noverHuM yciaosoM, 3a t = 0: xo(s), yo(s), uo(s), po(s), qo(s). Hapasho, uspasu x, y, u, p, ¢ Hucy
He3aBUCHU (Hako hemo, y MOTHBAIUjH, TOHEKA [ TAKO Ja UX TPETHPAMO) — 3aT0 HeMo MOpaTh CBe TO
Ha Kpajy Ja onpaBJaMo.

Y nperxoiHoM noriassby pyHKimja F' je 6uia quneapHa mno p u ¢, Tj:

F(x>yau>paQ):ap+bq—C:0, (129)

n TaMO CMO UMaJIHN.

[Mpumernmo na je y (129)
a=1F, b=1F,

MoTuBucanu 0BUM, TIOCTABUMO TIPBE JIBE jeHavdune ja Oyiry:

dx
~ _F
dt P
dy
—~ =F.
dt 1

Jlaspe, nmamo
Up = UpTy + Uyl = pF, + qF,
u 0Bo je Tpeha jeqnadnna (3a uy). Ocrano je joun Ja HANUIIEMO jeTHAUNHY 3a Py U ;. VIMamo:

dp d dx dy
E - %ug: - UIZE + ua:yE - meFp + Ug;qu'

He oarosapa mam, mehyrum, jJa HaMm ce y CHCTEMY II0JaB/bY]y Ugy B Uy (jep To onga mehe Guru
cucreM o0MIHUX audepeHnMjaTHuX jeqHadnaa). Ja 6uemo usbamuan oBe u3pase, JudepeHiupajmMo
uzpas (127) no x:

0=F, + Fppy + Foqy + Fyuy = Fyp + Fyug, + Fyug, + Fup
OJIaKJIe CJIeTH
Fougy + Foug, = —F, — pF,.
OpnaBae 1obmujaMo 4eTBPTY jeTHAUHHY

dp

% - _Fac - pFua

M HA TOTIYHO MCTH HAYUH (3AMEHOM Y YMECTO T U ¢ YMECTO D) U IeTy:
dq
— = I, —qF,.

dt
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OBux mer jennaunna HaM 1ajy Jazpanoc—Ilapnujes® cucmem:

dx

— =F

dt P

dy

— =F

dt 1

du
%:pr“‘qu (130)
dp

dt P
dq

- =—F,— k.

Cnenehu mpobieM ca KOjUM ce cyodaBaMoO je MOYeTHU YCJIOB 3a OBUX meT dbyHKIuWja. Hamwme,
nouernu ycios (128) koju nam je sanar je kpusa (zo(s), yo(s), uo(s)) y R®. Mu rpeba, upe csera, ja
nohemo 110 po(s) 1 qo(s). Ako upernocrasumo na je (x(t, s), y(t, s),u(t, s), p(t, s), q(t, s)) napamerpcko
pererbe jepHaqune (127) u ako y jeqHAUUHY

F(x(t,s),y(t,s),u(t,s),p(t,s),q(t,s)) =0,

craBumo t = 0 nobujamo mpBy jeaHaduHy 3a Po(s), qo(s):

F(zo(s), yo(s), uo(s), po(s), qo(s)) = 0 (131)
Ns:
du_, do dy
ds  Tds T Wi
3a t = 0 mobujamo
ug(s) = po(s)zo(s) + qo(s)yo(s). (132)

I3 (131) u (132) mobujamo po(s) u qo(s).
[Ipe Hero mro JI0KazkeMo Jia HaC YUTaB OBaj IOCTYIAK BOJU JI0 pelnema Jlarpamx—Illapuujesor
pobJeMa, ypaaIuMo Iap IpuMepa.

IIpumep 209. Pemuhiemo napuujanny jeanaduny u—pr —qy—3p°+¢? = 0 ca HOYETHHM YCI0BOM

r =0, u =1y% Umamo ga je F(z,y,u,p,q) = u — pr — qy — 3p> + ¢, na je Jlarpanx-—Illapnujes
CUCTEM:

xy = I, = —x —6p

y=F,=-y+2

u, = pF, + qF, = —xp — 6p* — yq + 2¢*

Uy = —Fy — un =0.
N3 mociteime JiBe jeiHaIMHE UMaMO J1a, je

p(t78) :p()(S)a Q(tv S) = QO(S)7

a ojaB/ie, yOaluBameM y IpPBe JBe jeJHadnHe JT001njaMo:
w(t,s) = (wo(s) + 6po(s))e™" = 6po(s), y(ts) = (yo(s) — 2qo(s))e™" + 2qo(s)-
N3 Tpehe jeanaunne caja go0ujamo:
ult, s) = (wo(8)po(s) + yo(s)go(s) + 6p5(s) — 25(s))(e™" — 1) + uo(s)-
Tpeba ja ogpeanmo moveTHe BPeIHOCTH

z0(5), Yo(s), wo(s), po(s), qo(s)-
[TapaMeTpuzaujoM modeTHOT yeaosa = 0, u = y* nmMamo

zo(s) =0. yo(s)=s, wup(s)=s"

6Paul Charpit (?-1784), dpamiyckn MaremaTmyap.
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Jenwny jeanaqduny 1o po(s), qo(s) mobujamo u3

F(zo(s), y0(s), uo(s), o(s), qo(s)) = 0 = uo(s) — po(s)zo(s) — qo(s)yo(s) — 3p5(s) + g5(s) = 0
OJHOCHO:
57— qo(s)s — 3pg(s) + g5 (s) = 0 (%)
Hpyry jennaquny mo po(s), qo(s) mobujamo uz (132)
ug(s) = po(s)7o(s) + qo(s)yp(s),
Tj:
25 = qo(s) ().
U3 (%) u (xx) pobujamo:
po(s) =58, qo(s) =2s.
OjiaBjie UMaMO PelIee y 1apaMeTapckoM O0JIUKY:
z(t,s) = 6s(e”t —1)
y(t,s) = s(4 —3e™t)
u(t,s) = s%,
0JIaKJIe, eJTUMHHAIMJOM IapaMeTapa J100ujaMo

u(z,y) = (g +y)2-

v

IMpumep 210. Pemmmo napoujanny jeanadmuy p® + ¢2 = 1 ca NOYETHHM yCJIOBOM T = § = S,
u = \s, 3a |\| < V2. Kako je F(z,y,u,p,q) = p> + ¢* — 1, 10 je JTarpanmxITapuujes cucrem:
xy = I, =2p
Yt = Fq = 2(]
ue = pFy +qFy = 2(p* + ¢%)
Uy = —Fy — un = O
Kpusa Koja 3ajaje moyeTHu ycaoB je Beh mapamerpusoBaHa:
zo(s) = yo(s) =s, up(s) = As,
a jemmaqmne 10 po(s) u qo(s) mobujamo u3z (131) u (132):
po(s) +aa(s) =1 pols) + qo(s) = A ()
N3 Jlarpanx-IllapuujeBor cucrema Jj1odujamo:
p(t,s) =po(s), q(t,s) = qo(s) = u =2 = u(t,s) = up(s) + 2t = 2t + As,
Kao 1
xp = 2po(s) = x(t,s) = 2po(s)t + xo(s) = 2po(s)t + s
" CJINYHO
y(t,s) = 2qo(s)t + s.
Tpeba jomr ma ompenumo po(s) u qo(s) u3 (x). Buamvo ma je tauka (po(s), go(s)) mpecek jeauHITHOT
Kpyra u npase T + y = A. O3HaYUMO

po = cosa, ¢y=sina.’

Pereme jennaunne y mapamMaTapckoM OOJIUKY je JaTO ca

x(t,s) =2tcosa+ s
y(t,s) =2tsina + s
u(t,s) = As + 2t,

Mmamo nse MoryhuocTu 3a u360p « 360r Moryhnx BpegHOCTH IapaMerpa A.
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0JIaKJIe, eJTUMHHAIM]OM IapamMerapa J100ujaMmo

AMycosa —xsina) +x —y

u(@,y) = cos o — sin «v

v

Cana hemo ja J1oKakeMo j1a HAC OBaj TMOTYIIAK 3aMCTa BOAU 0 Pelreha.

[Ipe cBera, ma Gucmo morsm (Gapem JIOKAJHO) Ja HaljeMo eKCIUTMIUTHO pelerbe, JTOBOJBHO je
JTa MoxkeMo (bGapeM JIOKaJIHO) na u3pasumo t u s npeko x u y. To Ham u caj o6esbeljyje yeaos
Hekapaxmepcumuke KOju HaM caJl IJIacH

zy(s) F,
det |79 P 0 133

e 5%
Ha KPHBO] KOja IIPEJICTaB/ba MOYETHH YCJIO0B. 3amcra, ako je z(t, s), y(t, s) 3a10Bo/baBajy mpBe jBe
jennakoctu Jlarpanxk—IllapnujeBor cucrema:

Ty = Fpa Yy = an
onyia HaMm ycioB (133) 3ajenso ca TeopeMom 0 HHBEP3HOj (DYHKIIMjU TapaHTyje 1a je TpecIuKaBame
(t,5) = (2,9)

Jlokasiau jiucpeomoppuszam.
Heka je (z(t,s),y(t,s),u(t,s),p(t, s),q(t,s)) pememme Jlarpamx-ITlapnujeBor cucrema ca JaTuM
HOYETHUM YCJIOBOM:

(2(0,5),4(0, 5),u(0,5), p(0,5),4(0,5)) = (z0(s), Yo(s), uo(s), Po(s), qo(5)),
IpHu 9eMy je
(zo(s), yo(s), uo(s))
JaT MOYeTHH YCJOB, a Py U (o 3a10Bo/baBajy jenHaumue (131) m (132). Tpeba ma gokazemo jaBe
CTBapH:

(MF%QM@%W@MWM@WZ&
(B) P=7%z 4= 3y
Hoxka3 mena (A). Heka je
G(t,s) = F(x(t,s),y(t,s),u(t,s),p(t,s),q(t,s)).
Xohemo ma mokaxkemo 1a je G maeHTHYKH jemHaKO Hyau. Ako mudepennupamo G 1o t, ©MaMo

oG Ox dy ou dp dq
&_E&+&&+&&+&&+ﬂ&
:Fpr+Fqu+Fu(pr+qu>+Fp(_Fw_pFu>+Fq(_Fy_un) =0.
To znaun na je* G(t,s) = G(0,s). Aan
G(0,s) = F(zo(s),y0(8), uo(s), po(8), qo(s)) = 0

jep ¢y po(s) m qo(s) perersa (131).

Hoxkaz meaa (B). JloBo/bHO je ga JOKazKkeMo Ja je

ou Ox Ox
H =—— = o = .
(t,5) = o0 = plt, ) 50 —qlt.5) 50 =0 (%)
Bamncra, ako 6u To O6UI0 TaYHO, KAaKO Beh mMamo:
ou
a:pr‘i_qu (<>)

8TIpernocraBbamo 1oaTHO fa je cKyn mapamerapa (f,s) KOHBEKCAH.
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ouhe: .
ou or Oy or Oy~ ou ot  Os du
2= 5 861-E- 0 8- 0 8
0s ds  Os Jds  0Os Js dy Oy Js
ma je

_ouot ouds o
Ot dr  9sOx  Ox
oudt Ouds Ou

p

= —— =
otdy 0sdy Jy

mTo je m Tpebaso jgokazaru. [lokaxmmo, 3ato (). Pesonyjemo camano kao y jokasy mesa (A).

Nmamo ma je

dH  9*u  Opox 0%z Oq Oy 02y

at  otos otos Totos otos  Lotos

q

dy 0

(130) O ox 0
=" —(pF, F, F, +pF,)— — p=—F, F, F, —F, Q©
as(p P+q q)+( +p )88 pas p+(y+q )as an q ( )
op 0q or dy
= —F,+—F, F, +pF,)— + (F, F,)=.
0s p+8s ot (Fotp )85 T (Fy+a )6’5
Jla 6ucmo m3pas3nim
dp 9q
—F,+—F,
s ? * s !
JaudepeHnupajMo u3pas
G(t,s) = F(x(t,s), y(t, s), ult,s),p(t, s),q(t, s)) =0
mo s. Vimamo 9 5 P 5 P
L Y U P q
0O=F,—+F,—+F,—+F,—+F,—,
85+ y85+ 85+ p83+ 195
a je
dp dq ox Jy ou
F,—+F,—=—-F,— —F,— —F,—.
P 0s * 195 s Y0s ds
Onage nobujamo, yoannsamem y (O):
dH ox dy ou ox oy ou ox dy
—=—-F,——-F,—=—-F,—+(F,+pF,)—+(F,+q¢F,)—=—-F,| — —p— —q¢=— | = —F,H.
dt ds YOs 8s+( TP )8s+( v )65 (85 Pos ~9os
OpnaBae cienu na je
H(t,s) = c(s)e I Fudt,
MebhyTum,
H(0,5) = ug(s) — po(s)zo(s) — qo(s)yp(s) = 0,
jep po u qo 3am0BOsBaBaAjy (132), ma je
0=H(0,s) = c(s)e[ffF“(t’s)dt]tzo = ¢(s)=0 = H(t,s)=0.
OBUM CMO 3aBPITNIN JOKA3. O
3. 3agmamm
(1) Ckyn rnarkux dbysrimja { f1,. .., fr} 30Be DYHKIHOHAIHO 3aBUCAH Y TAYKU Xg AKO TTOCTOjI

miarka pynknuja g : U — R Koja HUje MJACHTUYKY je/IHAKA HYJIU HU Y je/IHOj OKOJIMHU TauKe
yo = (fi(X0),- .., fx(x0)) Taksa na je

9(f1(x), ..., fu(x)) =0

y HeKOj OKOJIMHE Tadke Xo. OBje je U mexn moackyn ox R¥ koju caapxu yo. CKym riaTkmx
dbyuxmuja {f1, ..., fr} GYHKIHOHAIHO He3aBHCAH ¥ TAYKU X aKO HEje DYHKIHOHATHO 3aB-
ucan. Jlokasarn na u3 JMHeapHe He3aBHCHOCTH BeKTOpa V f1(Xo), ..., Vfu(X0), fj : R" = R
caenu bYHKIMOHAJTHA HE3aBUCHOCT. v
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(2) Hokaszaru ja je cBaka (byHKIMja NPBUX HHTErPATIa U caMa IIPBH HHTETDAL. v
(3) Pemmtu jennauuny zu, + yu, + zu, = 0.

[Pememe: u(x,y,z) = ¢ (” g) =0] v

Y’z
(4) Pemmtu jennauuny yuu, + ruu, = —2xy.
[Peweme: o(z? — y?, 2% + y?) = 0.] v
(5) Pemnru jennaunny zu, + zu, + yu, = 0.

[Pemmeme: u = ¢ <y2 — 22, yiz> ] v
1

(6) Pemuru Kommjes sanarak 4u, + u, =0, u(r,0) = 7.
[Pememe: u(z,y) = m]
et Komujes 3agarak ryu, + u, = 0, u(xz,0) = sin z.
7) P Kormj , =0, u(z,0) = si

(\

[Pemrerse: u(x,y) = sin(ze v"/2) ]

(8) Pemnru Kommujes sanatax 4u, + u, = u?, u(z,0) =

1+x2°

[PemeH)e: u(x,y) = m]
(9) Pemmmrn Komujes 3amarak yu, — dou, = 24, u(x,0) = 2°.

(10) Pemurn Kommjes 3amartak zu, + uu, =y, u(l,y) = 2y.

(11) [PemHTI/I je,ZLEIa‘{I;IHy U + x;ﬁ = 0, ca mouernum yciaosoM u(0, z) = ¢(x).
Pemmeme: u(t, z) = ¢(ze™).

(12) Pemurn jemnatmuy zu, + yu, + ryu, = 0 ca noderHum ycrosom u(x,y,0) = % + 92

(13) Pemuru jemmaunny u; + u,u = 0 ca mogerrum yeaosom u(0, x) = ¢(x).
[Pereme: u(t,x) = ¢(x — ut).]

(14) Permuru jeqnavuny u,u, = u ¢a MOYETHAM YCJIOBOM U = $2, & =5, y = s + 1.
[Pememe: u(z,y) =x(y —1).]

(15) Permmru jenmasmuy ul +u, = 1 ca MOYETHAM YCIOBOM U(g24y2—1} = 0.

[Permeme: u(z,y) = /22 + 3% — 1]

N N N R NN
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