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In this paper we address the hub location problem in which capacity restrictions are introduced into the
objective function as a penalty cost to represent their congestion effects on respective hubs. The goal of
hub location problems is to locate an optimal set of hubs while minimizing sum of the transportation
and opening costs under various constraints such as number of hubs, delay time and capacities of hubs.
Moreover, we propose a more realistic variant of the problem where the capacities of hubs are not only a
limitation in selecting the hubs. In practice, capacities of hubs are predicted by a strategic plan, but these
predictions generally fail to meet the expectations due to changes in the flow in future and competi-
tive nature of air transportation. A particle swarm optimization (PSO) is proposed to handle the complex
nature of this problem and shorten the computing times. The performance of the proposed PSO is ana-
lyzed comparatively on the Australia Post (AP) data sets. The numerical results show that the proposed
method can find the optimal solutions in less computation time in comparison with the earlier multiple
allocation hub location models.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

In air transportation networks, the hub location problem be-
came an important subject of research since the last quarter of
20th century. In general, hub location problems aim to design net-
works where the flows of origin-destination pairs are accumulated
and distributed through some central nodes named as hubs. The
benefits of the economies of scale by flow consolidation between
hubs fulfill the expectations of the sector and competitive, progres-
sive motivations of the actors in the network. In other words, in
case of non-hub network design, direct connections between nodes
cost more and the network becomes more complicated to design.

In air transportation, as well as in other transportation net-
works, it is important to extend the network as large as possible
to satisfy the customer needs and to obtain competitive advan-
tage. The hub location problem (HLP) also takes the advantage of
a discount factor while minimizing the transportation and open-
ing costs. However, the more nodes are inserted to the network,
the more capacity restrictions are imposed to balance the flows
between nodes. Essentially, in recent times, the air transportation
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companies seek to resolve these undesired consequences and op-
timize traffic flow density of their hub airports. Hubs’ capacities
tend to be sensitive against the increasing volume of traffic flows
in time. Hence, capacity features of the hub location problem had
to be included in the existing literature in order to prevent the
violation related to the restrictions of the problem. Some of the
important abbrevations used in this paper relating to hub location
problem are listed as footnotes!234567,

In the literature, hub location problems are classified as capac-
itated and uncapacitated types. In the capacitated class of the hub
location problems, capacity is considered as a limitation on hubs.
However, restricting possible hub nodes with capacity levels could
not represent a realistic approach to the problem. Luckily, in re-
cent years, a new term ‘congestion’ has been introduced as an ad-
ditional flow in excess of the capacity which is imposed on hubs.
This surplus of the capacity could be represented as a cost or a de-
lay time to minimize in appropriately defined objective functions.

Australia Post: AP
Civil Aeronautics Board: CAB
Freight Analysis Framework: FAF
Hub Location Problem: HLP
Particle Swarm Optimization: PSO
Uncapacitated Multiple Allocation Hub Location Problem: UMAHLP
Uncapacitated Multiple Allocation p-median Hub Location Problem: UMApHLP
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While the problem focuses on obtaining a minimum set of
opening and transportation costs, a relatively small number of
hubs are selected. These hubs are likely to be overloaded in com-
parison to non-hub nodes. In the diverse range of literature con-
gestion effect on the networks is represented implicitly by con-
straints which are included in the model, similar to capacity con-
straints. Furthermore, the congestion is represented explicitly in
the literature as a delay cost or delay time in the objective func-
tion. For recent and up-to-date reviews and classifications of the
problem, see Alumur and Kara (2008); Campbell (1994); O’Kelly
and Miller (1994); Campbell (1996); Campbell and O’Kelly (2012);
Campbell, Ernst, and Krishnamoorthy (2002) and Contreras, La-
porte, Nickel, and Gama (2015).

Congestion has been mentioned for the first time in the paper
of Grove and O’Kelly (1986). They have demonstrated the effect
of the accumulated flows on a single hub triggered by scheduled
delays on a network. Yet the first consideration of the congestion
within a hub-spoke network model was that of Marianov and Serra
(2003). They have designed a hub network as an M/D/c queuing
network. They proposed a probabilistic model as referring to ca-
pacity constraints due to the waiting customers in the network and
subsequently linearized the model. A tabu search algorithm has
been used to handle the computational complexity of the model.
Another solution procedure, simulated annealing, has been used to
solve a similar problem by Rodriguez, Alvarez and Barcos (2007).
On the other hand, some studies of the capacitated hub location
problem have considered congestion as a constraint. Costa, Captivo
and Climaco (2008) have suggested a multi-criteria model which
aimed to minimize both transportation cost and maximum wait-
ing time at hubs. Thereby, congestion has been utilized as a pa-
rameter which determines waiting times at hubs according to its
level related to capacity. Rodriguez-Martin and Salazar-Gonzalez
(2008) have proposed a Benders decomposition algorithm to tackle
a capacitated hub location problem based on a multi-commodity
formulation where the arcs connecting the hubs are not assumed
to create a complete graph. Their model has been similar to the
one presented by Sohn and Park (2000) for the fixed-charge ca-
pacitated network design problem.

Camargo, Miranda, and Ferreira (2009) have stated that model-
ing congestion through capacity constraints on the flows does not
mimic the exponential nature of congestion effect. Congestion in-
troduced in the model as a capacity constraint causes the model
to disregard the realistic structure of the network. Limiting flows
according to capacities avoids achieving credible and sustainable
allocation of hubs and network designs. Some studies in the litera-
ture, such as hub arc location problem have achieved the purpose
of avoiding congestion and excessive delays at hubs (Elhedhli & Hu,
2005). Hub arc location problems try to assign hubs while balanc-
ing their flows. Thereby, they simplified the congestion problem.

The paper of Elhedhli and Hu (2005) has been the first work
where congestion is introduced in the objective function. They
have modeled a single assignment hub location problem with a
convex cost function, previosly discussed in de Palma and Mar-
shall (1998) and Gillen and Levinson (1999), in which the delay
cost is assumed to be a power-law function of capacity usage. They
linearized the non-linear model by using a piecewise linear func-
tion and then solved it by Lagrangean relaxation. Consecutively, the
multiple allocation version of this problem was studied by Elhedhli
and Hu (2005). They have introduced a Benders Decomposition al-
gorithm to deal with the non-linear part of the problem.

Both studies have proposed congestion as a function of total
consolidated flows at selected hubs. Afterward, Elhedhli and Wu
(2010) have modified the congestion as the ratio of total flow to
the surplus capacity by modeling the network as M/M/1 queues.
They proposed a Lagrangean heuristic algorithm where subprob-
lems are solved by the cutting plane method and subgradient op-

timization. Camargo, Miranda, and Ferreira (2011) considered a dif-
ferent cost function called Kleinrock average delay function and
compared this function with power-law function in the model-
ing single allocation hub location problem. Camargo and Miranda
(2012) presented newer congestion perspectives according to user
or owner networks and evaluated their results and network de-
signs. Due to the fact that their problem possesses a highly com-
binatorial nature with the non-linearity associated to congestion,
they have worked on a generalized Benders decomposition algo-
rithm. Also, their next study focused on solving large scale in-
stances by that algorithm. Ishfaq and Sox (2012) followed up on
this idea and solved the problem with a row generation procedure.

Rahimi, Tavakkoli-Moghaddam, Mohammadi, and Sadeghi
(2016) have presented a new bi-objective model for a multi-modal
hub location problem under uncertainty considering congestion
in the hubs. Alumur, Nickel, Rohrbeck, and Saldanha-da gama
(2018) have proposed a model which is determining location and
capacities of hubs, allocation of non-hub nodes and routes of flow
through the network while providing the delivery between all
of the pairs within the given service time. Limiting the service
time on the network helps to balance the flows and optimize the
congestion effects.

In this paper, we propose a model allocating hubs whose ca-
pacities are larger than a desired level and still congestion on hubs
is considered as a penalty cost in the objective function. There-
fore, hubs are chosen between nodes which have higher capacities
in order to reduce the penalty costs arising from surplus flows on
hubs. Furthermore, this paper explores the congestion effects writ-
ten as a convex cost function similar to the one defined by Elhedhli
and Hu (2005) and Kleinrock function defined by Camargo et al.
(2011). We also propose a new congestion function whose delay
cost generated by transportation costs.

Since the hub location problems are NP-hard, developing solu-
tion procedures for these problems is a major concern. Determin-
ing both location of hubs and allocation of non-hub nodes make
the solution techniques complicated for HLPs. Since the middle of
1990s, hub location problem literature has shown significant ad-
vance in developing algorithms to obtain high quality solutions in
a reasonable time. Specific real world requirements make the prob-
lem more complicated to model and solve. Thus, a novel approach
is needed to develop better performing solution procedures. Ex-
act, heuristic, meta-heuristic and combinatorial algorithms are em-
ployed to solve HLPs. Besides, exact solution techniques are com-
mon in the literature; many heuristic algorithms attempt to ei-
ther solve them more efficiently or to obtain the best solution,
not both at the same time. Genetic algorithms, tabu search, simu-
lated annealing, greedy randomized adaptive search procedure and
variable neighborhood search are some of the heuristic method-
ologies used frequently to solve these problems. However, conges-
tion is one of the recent research subjects to develop more re-
alistic and insightful hub location models. There is a very small
number of studies focusing on hub location problem with con-
gestion in the literature where only exact solution procedures are
proposed. As far as known, this paper is the first study devel-
oping a heuristic solution procedure on multiple allocation HLP
with congestion in the literature. Table 1 summarizes the solu-
tion techniques used to solve the hub location problems with con-
gestion. The data sets in Table 1 and other tables of this work,
Australia Post (AP), Civil Aeronautics Board (CAB) can be obtained
from OR-Library (Beasley, 1990a). Freight Analysis Framework (FAF)
database is maintained by the Federal Highway Administration of
the U.S. Department of Transportation (Administration, 2002).

Considering that even simple hub location models have proven
difficult to solve, Bryan (1998) pointed out that the research in this
area will soon have focused on development of new heuristic al-
gorithms. Currently, developing heuristic algorithms are competing
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Table 1
Congestion Literature on the Hub Location Problem.
Authors Data Range of Instance  Solution Algorithms
Elhedhli and Hu (2005) CAB 10-25 Lagrangean Relaxation
Camargo et al. (2009) CAB-AP 10-50 Generalized Benders Decompositions
Elhedhli and Wu (2010) CAB 10-25 Lagrangean Relaxation
Camargo et al. (2011) AP 10-200 Outer-Approximation/
Benders Decomposition algorithm
Camargo and Miranda (2012) AP 10-200 Outer-Approximation/
Benders Decomposition algorithm
Ishfaq and Sox (2012) FAF database 25 Row Generation
Camargo and Miranda (2012) AP 10-100 Generalized Benders Decompositions
Alumur et al. (2018) AP 10-40 IBM ILOG CPLEX Optimization Studio

for large scale instances, short computational time and minimum
gap to optimum. Accordingly, an additional purpose of this paper
is to develop an efficient particle swarm optimization algorithm to
solve our congested uncapacitated hub location problem.

The remainder of the paper is organized as follows: In the next
section, we summarize three mathematical formulations:

e one based on 3-index variables to model uncapacitated prob-
lem suggested by Ernst and Krishnamoorthy (1998),

e second one again with 3-index variables suggested by Ebery,
Krishnamoorthy, Ernst, and Boland (2000) to model capacitated
hub location problem

o third one suggested by Elhedhli and Hu (2005) which is based
on 4-index variables.

Then, we propose a revised mathematical formulation with
different congestion cost function in Section 3. Section 4 presents
a general framework of particle swarm optimization. In
Section 5, we develop particle swarm optimization algorithm
for the uncapacitated multiple allocation hub location problem
(UMAHLP). The computational results in Section 6 show the
performance of the heuristic algorithm. Final section is devoted to
conclusions.

2. Model Formulation for Uncapacitated Multiple Allocation
Hub Location Problem (UMAHLP)

In the multiple allocation hub location problem, each node
can be assigned to more than one hub. Given a complete graph
G=(N,P), where N={1,2,...,n} is the set of nodes and P =
{1,2,..., p} is the set of potential hubs, PCN. There is a flow traffic,
Wj; between each pair of origin-destination nodes i and j (i, jeN,
i#])).

Also, a transportation cost, C; , is assigned to unit flow from
i to j. In general, transportation cost is calculated proportional to
distance between origin-destination pairs and therefore it is eu-
clidian. Thus, by referring a hub-spoke network consisting of inter-
acting points and three types of links for collection, transfer, and
distribution, the following assumptions are required for UMAHLP:

e Hubs are fully connected, and all flow between pairs of spokes
go through hubs, i.e. direct connection between spokes is not
allowed.

e Hubs have finite capacities, they can have higher capacities
from desired level.

o Each spoke can be assigned to more than one hub.

We next present the first formulation for the
uncapacitated multiple allocation p-median hub location problem
(UMApHLP) published by Ernst and Krishnamoorthy (1998). The
parameters of their model are given as follows, with minor
notational changes:

o Fj: the cost of establishing a hub at node k

e «, y, §: the collection, transfer and distribution coefficients re-
spectively
e Oy: the capacity of hub at node k

The variables in the formulations are defined as:
e Z;.: the flow from node i to hub k

. Y,j,:the flow from node i via hubs k and [ (k, le N, k<I)
X,ij: the flow from node i to node j via hub [

H, = 1  if node k is a hub
k=10  otherwise

With these definitions, Ernst and Krishnamoorthy (1998) stated
UMApHLP as follows:

Min Y v ) GuZ+a)y Y Ga¥g+38) D CXp) (1)
k k 1 k 1

i

S.t.

ZHk =D, (2)
k

> Zy =) W Vi (3)
k j

2 X =W, Vij o (4
[

Y Ya+ Y Xi—Y Yi—Zi=0, Vi, k (5)
! J !

Zy < WyHy. Vi, k (6)
J

Xj < WiH,, Vi, j b (7)

Xi. Vi Zie = 0, Hy < {0, 1), Vi j k1 (8)

As the second formulation, we summarize the formulation sug-
gested by Ebery et al. (2000). They proposed a formulation of ca-
pacitated multiple allocation version which does not only decides
on the optimal location of the hubs and the allocation of non-hub
nodes to hubs, but also the number of hubs that are required. Thus,
there is no need to predetermine the number of hubs. Capacity
constraint is added to limit the flows at selected hub.

Min Y (v > GiZu+ay D> CaYy+8Y > CXj)) + Y FHy
k 1 k 1 k

i k
9)
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s.t.
D Zi=) Wy, Vi (10)
k i

2 X =W, Vi, j (1)
l

>~ Zy < OgHy., Vk (12)
i

YV X =Y Vi - Zy =0, Vi, k (13)
1 ] ]
Zi < Z‘/Vinlu Vi, k (14)
j

Xi < WyH, vijl o (15)

X} Yip. Zie = 0, Hy € {0, 1}, Vi, j, k.1 (16)

In order to represent the congestion effect on multiple alloca-
tion hub location problems, a formulation with usage of four-index
variables is suggested by Elhedhli and Hu (2005). Although 3-index
variable usage has substantially fewer variables than this formu-
lation, the model is reputed to have a tight linear programming
bound. So, it probably becomes a stronger formulation than the
others in solving large scale HLPs. This formulation uses four index
variables and parameters which are defined below:

* Xjjkm: the flow departing from node i and ending at node j that
is routed through hubs k and m in that order (i, j, k, meN),

* Gjjm: the accumulated transportation cost where the cost be-
tween hubs are discounted,

e I'i(= egﬁ)z the power-law congestion cost function where e and
b are positive constants.

 g: the total flow through hub k.

The congestion cost function in the formulation is calculated
by the total flow through each hub. This function is responsible
for distributing the flow load along each installed hub, thus reduc-
ing the overall congestion expressed in monetary values (Camargo
et al., 2009). Then, the third formulation due to Elhedhli and Hu
(2005) is stated with minor notation changes, as:

Min > "> > CjanXiom + ), (FeHi + TicHy) (17)
i j k m k

S.t.

22222 K+ D220 D Kim = 8 N
i j m i j m#k

55 i 9
k m

Zx,jkm + Zijkm < VVinlm VI’ j’ k (20)
m m#k

Xij = W (H; + H; = 1), viio @

>~ Xy = Wy (H; — Hj). Vi.j o (22)

k#j

> Xigg = Wy(H; — Hy). vii @

ki

Xijm» 8k = 0, Hy € {0, 1}, Vi, j k.m (24)

Cyon = ¥+ ¥Cun + 3Gy [ (25)

Ty =egh E (26)

In the paper of Camargo et al. (2009), the congestion func-
tion has been calculated proportional to the flow through the hub
which is considered increasing properly convex and smooth on [0,
o0). There are other different congestion functions in the literature,
as mentioned previous section.

3. Revised Model Formulation with Congestion Cost

Several mixed integer linear programming models have been
proposed for uncapacitated multiple allocation hub location prob-
lem (UMAHLP). Our model is an extension of the models which are
summarized in previous section. This extension essentially includes
additional constraints and a reconstruction of the objective func-
tion. In our model, the objective function is revised in such a way
that a congestion function is added as a penalty cost. This conges-
tion function is determined by the excess of accumulated trans-
portation flows at hubs from capacities of hubs. This surplus of the
flow at a given hub is multiplied by the average transportation cost
of corresponding hub and a scalar e. The capacity constraint of the
model by Ebery et al. (2000) is removed in our model. As for no-
tations used in our model, the following parameters are defined:

« S, represents the capacity of hub k.

« I') represents the appropriate congestion cost function for sur-
plus of the capacity.

« 7 represents desired capacity level in terms of hub capacity
(70%, 85%, 100%).

e O, represents the quantity calculated by multiplying the de-
sired capacity level and capacities of hubs.

Using these four parameters above and in the existing litera-
ture, the model for uncapacitated multiple allocation hub location
problem (UMAHLP) with congestion can be stated as follows:

Min Z Z Z ZC,-jkaijkm + Z (FcHy + T Hy) (27)
i m k

j ok
s.t.
PN Kijem + D> > Xijim = &k Vk (28)
i jom i j m#k
222 Xikm = Wi, Vi j (29)
k m
injkm + injkm < Wj.Hy, Vi, j, k (30)
m ms#k
Xiij = Wyi(Hi + H; - 1), Vi, j (31)
> Xk = Wy (H; — H;), Vi, j (32)
k#j
> Xii = W;i(Hj — Hy), Vi, j (33)
k#i
Xijkmv 8k = 0, Hk c {0, 1}, Vl, j, k, m (34)
Giikm = ¥ Cik + Gy + 0Cryj (35)

Iy = <eZT;Cij>(gk;<Ok> :E(g";)"), (36)


Zorica
Highlight

Zorica
Highlight

Zorica
Highlight

Lenovo
Sticky Note
Uzeti e=1 i b=1.5

Lenovo
Sticky Note
Za cene Cij uzeti rastojanje između čvorova.


C. Ozgiin-Kibiroglu et al./Expert Systems With Applications 119 (2019) 1-19 5

O =5 (37)

The objective function is formulated to minimize the total cost
comprising the transportation, opening and congestion costs. Con-
straint 28 determines the total amount of flow through hub k. Con-
straint 29 assures that the flow for every (i, j) pair is routed via
some hub. Constraint 30 guarantees that the flow through a hub
only happens if that node is selected as a hub.Constraint 31 assures
that the flows between hubs only goes through the correspond-
ing hubs. Constraints 32-33 limit the number of hubs utilized to 2
when the origin or destination nodes are also hubs. Constraint 34
represents the non-negativity constraints of the variables Xjj,, and
g, and the binary variables H;, to 0 or 1. Constraints 35-37 rep-
resent the equations of the parameters utilized in the model such
as total transportation cost, congestion function and predetermined
service level of hubs.

4. Particle Swarm Optimization (PSO)

Particle swarm optimization is a population based meta-
heuristic algorithm that simulates the movements of bird flocks
and fish schools in the nature. Particle swarm optimization which
has been first proposed by Kennedy and Eberhart (1995) is one
of the heuristic algorithms recently utilized in most of the opti-
mization problems. Then, Shi and Eberhart (1999) have developed
this evolutionary technique for engineering and computer science.
Since this technique performs better with low computational cost
and easy implementation, researchers focus on more this tech-
nique than existing evolutionary techniques such as genetic algo-
rithm. The algorithm is developed based on three simple rules:

o When one bird locates a target or food, it instantaneously trans-
mits the information to all other birds.

o All other birds gravitate to the target or food , but not directly.

e There is a component of each bird’s own independent instinc-
tual behaviour as well as its past memory (Adeh, Baroughi, &
Alizadeh, 2017).

PSO is a bio-inspired algorithm that mimics the intelligent
swarming behavior (information exchange and sharing) that flock
of birds deploy in order to swarm in the direction of a good out-
come or target (Sen & Krishnamoorthy, 2018). In the context of an
optimization problem, a PSO algorithm starts with different points
in the solution space to attain global optimal solution and shares
the acquired information to determine good search spaces. Each
particle is an initial feasible solution. Many such particles are ran-
domly generated, and these moves around in the solution space
under some well-defined guidelines (Sen & Krishnamoorthy, 2018).
In context of our hub location problem, each particle is a feasi-
ble solution which is represented by two different arrays: selected
hubs and allocation array. Installing hubs are randomly selected
and all nodes are randomly allocated to hubs. Thus, the generation
of a particle is realized and the particle has the information of se-
lected hubs, allocation decisions of non-hub nodes and the objec-
tive function value of that network design.

PSO is initialized with random solutions assigned to the popu-
lation, similarly to genetic algorithm (GA) (Jia, Zheng, Qu, & Khan,
2011). It is unlike a GA, however, in that each potential solution
is also assigned a randomized velocity, and the potential solu-
tions, called particles, are then ‘flown’ through the problem space
(Eberhart & Shi, 2001). Each particle improves its earlier best so-
lution in the problem space which is achieved so far through pre-
vious experiences to stochastically converge towards the best so-
lution in the swarm. This value is called Ibest. Another best value
that is tracked by the global version of the particle swarm opti-
mizer is the overall best value, and its location decisions obtained

so far by any particle in the swarm (Eberhart & Shi, 2001). This is
called gbest.

The particle swarm optimization concept consists of, at each
time step (iteration), changing the velocity of each particle toward
its lbest and gbest locations (Eberhart & Shi, 2001). Every particle
improves its own earlier position through previous experience to
stochastically converge towards the best position of the swarm.
Whereas the particle holding the best position in the swarm is
entitled as global best; the best position of the particle until the
current state is defined as local best. These values are kept in the
memory of algorithm. Consequently, PSO algorithm is based on a
convergence where the positions of the particles in swarm are get-
ting closer to the best position of the swarm

For an optimization problem, the decision variable X= (xq,
X, ...,Xn) is n-dimensional variable, and the variables are called
the particles. Assuming the solution space is n-dimensional solu-
tion space, each particle has two state descriptions, position X;=
(Xi1» Xi2» - - Xin), and velocity Vi= (vj1, Vo, ..., Viy). The position X;
represents a candidate solution (feasible solution) of the problem.
Particles change their positions or states with time (iterations) and
navigate in a multidimensional solution space. Each particle moves
toward the optimum solution based on its present velocity, its pre-
vious experience and the experience of its neighbors (Wu & Wang,
2014).

The direction and the magnitude of the movement of a parti-
cle is represented as a velocity vector which is utilized to update
the particles on each iteration to reflect the desired search direc-
tion. The particle update rule consists of two equations, one for
an update in the velocity vector and the other for a change in the
position of the particle due to the movement. The velocity and po-
sition update rules are given in following equations respectively:

Vi1 = Wiy + 171 (Ibesty — xi) + Cara (gbesty — Xi) (38)

In the equation above, we [wy,;;,, Wmax] is the inertia factor. rq,
r, are random numbers belonging to the range [0, 1]. ¢q, ¢, specify
the importance of the social moves versus cognitive moves. ¢; rep-
resents the social learning coefficient for each particle and is useful
to calculate the local optimum while updating the velocity vector.
In other words, c¢; helps each particle to move based on its own
previous experiences. In the same manner, c, represents the cog-
nitive learning coefficient which identifies the contribution of the
global optimum in recalculating velocity vector. Kennedy and Eber-
hart (1995) and Shi and Eberhart (1999) have shown that when ¢,
and c, parameters take the common value of 2, the algorithm per-
forms better. Finally, the next position of the particle is calculated
as follow:

Xik1 = Xik + Vikg1 (39)

In order to prevent a particle from leaving far away out of the
search space, the elements of the velocity vector are restricted in a
predetermined minimum and maximum values. If the velocity of a
particle would reach at wpqy, then the velocity is left at wpyax and
could not exceed Wy . Algorithm 1 represents a pseudocode for
the PSO problem.

5. Particle Swarm Optimization for congested UMAHLP

Particle swarm optimization (PSO) is a real-coded algorithm
and is generally exercised to solve optimization problems in con-
tinuous space. For discrete-space problems, the framework of the
algorithm would remain same, but it could still be adapted with
the help of some hybrid approaches such as genetic operations or
list based representation for discrete optimization problems. In a
hub location problem, the network is represented as an n x n ma-
trix to express the flows or costs between nodes. Similarly, the se-
lected nodes to become hubs can be expressed in a binary nx 1
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Algorithm 1

Identify all parameters needed and assign values.

Initialize all particles;

while termination criteria (optimum or number of iterations) is
not met

}

for each particle do

}

Calculate fitness value;

if Fitness value is < particles best-known value then

Set current value as particles best-known value (local optimum);
end if

}

end for

Choose the particle

with the best fitness value of all the particles as the global best
position;

for each particle

do

}

Calculate particle velocity;

Update particle position;

Calculate fitness value;

Update the local optimum;

Update the global optimum;

}

end for

matrix where a ‘1’ means an allocation and a ‘0’, otherwise. So,
these representations can make our discrete hub location problem
solvable by PSO’s designed to solve the continuous optimization
problems.

In the following, we design a modified PSO algorithm by com-
bining existing PSO algorithm with genetic operators and a local
search strategy to update and improve particle positions. Several
improvements have been made to enhance the performance of the
new algorithm, including among others:

o A specific representation is applied to keep the feasibility of
particle positions. Note that this representation does not consist
of scalars such as distance of a particle to the best position, but
two n dimensional arrays: LocatingArray and AllocatingArray;
Most PSO algorithms employ two values, lbest and gbest which
are determined using respective update formulas (The [best and
gbest denote the objective function values at local best and
global best particle positions, respectively). The purpose of up-
dating the particle position is to obtain a new feasible solution.
In the proposed algorithm, we used the genetic operator ‘mu-
tation’ in the update formula to update the particle positions;
A local search strategy is applied to the initial population and
the update process. This strategy decreases the probability of a
particle’s getting trapped in a local optimum to further enhance
the search ability of the algorithm.

The proposed algorithm is detailed in the following subsections
(5.1, 5.2, 5.3, 5.4).

5.1. Particle Representation

In this algorithm, a feasible solution (i.e., a particle position) is
represented by two n dimensional arrays (vectors): LocatingArray
(x) and AllocatingArray (h). The dimension of these arrays is given
by the total number of nodes, n, in the network. LocatingArray con-
sists of 0’s and 1’s, where 1 means that the node is a hub and 0

Fig. 1. A list-based network encoding.

means that it is not a hub. AllocatingArray represents the assign-
ments of non-hub nodes to selected hubs where the nodes take
the number of its corresponding hub as a value. Figure 1 illus-
trates an example of AllocatingArray (ie., [2, 2, 3, 2, 7, 3, 7, 3, 3,
7]) for a network consisting of 10 nodes. Additionally, each hub
is evaluated as they assigned to themselves in the AllocatingArray.
The location of hubs and allocation of non-hubs are described sim-
ply and accurately at once by these representations. On the other
hand, the algorithm utilizes a cost matrix derived from unit cost
matrix of nodes (C;) through location and allocation assignments
of particle by evaluating alternative paths for (i, j) pairs according
to minimum cost. A direct link between (i, j) is not permitted, but
the algorithm tries to obtain minimum cost for each (i, j) pair by
selecting different hubs to assign them.

5.2. Particle Evaluation

The generation of initial particle positions starts with creat-
ing two random arrays: LocatingArray and AllocatingArray. An n x n
matrix (X) is generated randomly. After its diagonal elements are
sorted sequentially, appropriate number of hubs is selected to form
LocatingArray. To establish LocatingArray, the number of hubs is
not predetermined just limited to total number of nodes in net-
work. Differently from earlier uncapacitated models; a predeter-
mined number of hubs (p) to be selected does not exist. So, the
number of hubs to select is also randomly determined. Generating
of particles sequentially up to population size, all feasible particles,
namely swarm, are produced. A fitness function is applied to eval-
uate the particles. Total cost of the network which includes trans-
portation, opening and congestion costs is utilized as fitness func-
tion. As a result, particles of smaller objective values are assigned
larger fitness values.

5.3. Particle Update Rule

Traditionally PSO was proposed to solve problems in continu-
ous space, and thus presents extra challenges when it comes to
discrete optimization (Bailey, Ombuki-Berman, & Asobiela, 2013).
In order to overcome the difficulties of this discrete structure, the
update rules of the heuristic algorithm are modified. The algorithm



C. Ozgiin-Kibiroglu et al./Expert Systems With Applications 119 (2019) 1-19 7

O @) O

Swap Diagonals / Elements

Turn On/ Off Hubs

Fig. 2. Swap and change hub functions.

takes the magnitude of the change during particle update to be
the difference between a particleds current position and the best-
known position in the swarm and neighborhood. So, the PSO al-
gorithm even in discrete space aims essentially to design an up-
date procedure considering both effect of the local best position
and global best position in some manner. Sen and Krishnamoor-
thy (2018) have stated that this process of information exchange
is done through two mechanisms in the literature such as defining
an import mechanism to copy certain elements of the best-known
solution and defining some genetic operators (crossover, mutation,
etc.).

In our algorithm, new feasible solutions are obtained in up-
date procedure by using genetic operator ‘mutation’. This mutation
operator applies to LocatingArray of a particle and corresponding
AllocatingArray is modified. Genetic operator ‘mutation’ randomly
modifies the particle positions by converting first generated n x n
matrix called ‘X’. Swapping rows, columns, elements and diagonals
of this matrix or selecting a hub to close or a non-hub to open
are the functions of mutation process. After that, the correspond-
ing AllocatingArray is also modified. Figure 2 shows some examples
of these functions.

Considering premature convergence is still the main deficiency
of many PSO algorithm (Hu, Shi, & Eberhart, 2004), it is possible
for the proposed algorithm to possibly get trapped in a state where
all the particles will become unable to discover better solutions.
Thus, the local search strategy is applied to improve particle posi-
tions.

5.4. Exploitative Processes

In the literature, one of the reasons that PSO is attractive is that
the algorithm converges very fast comparatively to other heuris-
tic algorithms. This speed of the convergence becomes advanta-
geous in the optimization, however it causes a stagnation after
finding a local minimum. A local search procedure as an optimiza-
tion method can become beneficial to master this difficulty and
reach at better solutions. The local search procedure developed by
Aarts and Lenstra (2003) consists of generating a local optimal so-
lution by exploring the neighborhood of a given initial solution.

Table 2
Particle swarm optimization parame-
ters.

Parameter Value
Swarm size 150
Iterations 250
Social Learning Factor 1.5
Cognitive Learning Factor 2
Inertia Factor 0.9

However, a local optimal solution in a neighborhood structure is
not necessarily a local optimal in another neighborhood structure
(Yang, Liu, & Zhang, 2011). For this reason, the use of several neigh-
borhood structures helps guiding the local search to converge less
rapidly to a local optimum (Yang et al., 2011).

Our local search procedure attends generating neighborhood so-
lutions by modifying the AllocatingArray matrix. It does not affect
the selection of hubs, but rearranges the allocation decisions of
non-hub nodes. Shifting the assignments of a non-hub node to
another hub or swapping the assignments of two non-hub nodes
to each other are the operations done by local search. These re-
assignments are applied until AllocatingArray can not show more
improvements.

6. Computational Experiments

In this section, we present some results for the proposed
heuristic model that is the subject of this paper. We also dis-
cuss the effectiveness of the two functions of congestion: power-
law and delay congestion. We present the performance evaluation
of this algorithm in terms of both solution quality and computa-
tion time. We evaluate the proposed algorithm using the AP data
sets. We also compare the results of the various data instances in
terms of algorithm performance such as CPU time (seconds) or gap
(the relative difference between obtained results (i.e. total costs)
and the best result (i.e. “min. total cost”) of the heuristic algo-
rithm). The algorithm is coded in MATLAB Version R2012a. Runs
were made on a laptop with Intel Core i7 CPU, 3.40 GHz processor
and 8 GB RAM. Table 2 describes empirically established the pa-
rameter settings used for our heuristic algorithm. All experiments
were based on 50 runs of each heuristic algorithm per problem
and were terminated after 250 iterations. The learning factors are
assigned as the best convergence of the proposed heuristic algo-
rithm.

Our computational experiments were carried out using the AP
data sets. The AP data set is derived from a real-world hub loca-
tion problem for Australia Post and is first described in Ernst and
Krishnamoorthy (1996). The AP data set, which includes the fixed
costs and capacities for the nodes, can be obtained from OR-Library
(Beasley, 1990a). This data set consists of 200 nodes, which are
represented by postcode districts. Problems of size n=40; 50; 100;
200 can be obtained from the data set. Other significant differences
between the AP and other commonly used sets are that with AP in
general we have the following equalities: y #3; W;;# Wj; W;; #0.
The economies of scale factors for collection, transfer and distribu-
tion costs (&, y, §) are valued as (3, 0.75, 2).

For the AP data set, the fixed costs and capacities have already
been provided by Ernst and Krishnamoorthy (1999). Two types of
fixed costs, loose (L) and tight (T) are considered. In the data set
with tight fixed costs, nodes with larger flows have higher fixed
costs. So, in general it is harder to choose the nodes which should
become hubs in such cases. Similarly, two types of capacities, loose
(L) and tight (T) are considered. So, for each problem with n nodes,
there are four cases to be considered: LL, LT, TL and TT.


Lenovo
Highlight
Instance na:
http://people.brunel.ac.uk/~mastjjb/jeb/orlib/files/phub2.txt

Zorica
Highlight


8 C. Ozgiin-Kibiroglu et al./Expert Systems With Applications 119 (2019) 1-19

As mentioned above, particle swarm optimization algorithm is
implemented using MATLAB. Before investigating the outcomes of
the proposed heuristic algorithm related to corresponding versions
of HLP, the computational results of the proposed hub location
problem with congestion should be compared with different solu-
tion procedures. From now on, the heuristic algorithm using MAT-
LAB is compared with both “Concert Technology” package of IBM
CPLEX 12.7 and its implementation as a default Benders Decompo-
sition. CPLEX 12.7 is helpful to solve HLP with number of nodes
less than 40. In larger instances CPLEX is incapable of solving the
problem mainly due to the insufficient memory capacities. Benders
Decomposition as a feature of CPLEX enhances the capability to
solve larger instances under time constraints whereas the “opti-
mality gap” of the results for the congested UMAHLP still remains
high, which means sub-optimal solutions. Both CPLEX solvers have
relatively smaller computational times while the instances are up
to 40 nodes. However, with large scale data and tight constraints
the proposed heuristic algorithm achieves less computational time.

As Camargo et al. (2011) stated that the larger instances make
the problem unmanageable on regular computers without aid
of the decomposition techniques, commercial solver procedures
can not find the optimal solution in reasonable times. Previously,
Camargo, Miranda, and Luna (2008) remarked that instances from
sizes 40 to 200 have not yet solved to optimality for UMAHLP.
Since modeling congestion makes the problem non-linear and
more complex, the proposed algorithm outperforms the others.
Also, Alumur et al. (2018) claimed that larger instances are not
solveable within an acceptable “optimality gap” in a reasonable
time. They suggested that there is an obvious need to develop tai-
lored exact or heuristic solution methodologies for these problems
in the future.

The instances in Table 3 is denoted by the generic notation nFC
where n is the number of nodes, F and C are the types of fixed
costs and capacities respectively. For example, 40LT means that we
are presenting the solution of the respective problem in a network
consisiting of 40 nodes with loose fixed costs and tight capacity
levels. In Table 3 we summarize the best solutions of the heuristic
algorithm for uncapacitated, capacitated and congested UMAHLP
with different instances of AP data set. For the congested model,
the capacity level is determined as 80%. So, the congestion function
is calculated for the excess flow at hubs which is larger than 80%
of the hub capacity. The congestion function multiplies the excess
flow at hubs by parameters: a scalar ‘e’ and the average of the total

. Cis
transportation cost of the network ‘(%)'. Through the analyses

for the different data instances, these parameters ‘E = (%)' are
settled as 500.

The first analysis has been made to show the variation of the
total cost and selected hubs comparatively for the uncapacitated,
capacitated and congested versions of the problem. The obtained
results are shown in Table 3. The congested version of the prob-
lem calculates the congestion cost proportional between the ex-
cess flow and total flow through each hub. This set of experi-
ments are made to sophisticate the problem to learn the differ-
ent behaviors of the model such as selected hubs or optimum cost
range. As shown in Table 3, if number of prefered hubs (p) to
locate increases, total cost also increases. Although the uncapaci-
tated model behaves independant from the capacities of hubs and
prefers to locate hubs with lower opening costs, the capacitated
and congested models tend to select nodes as hub with especially
higher capacities and lower opening costs. The difference of the to-
tal costs between the models comes from locating more number of
hubs to optimize the flow distribution and hub loads. Furthermore,
it can be seen from Table 3, the capacity levels of hubs turn out to
be quite different in various models. The capacitated model utilizes
100% of the capacity whereas the congested one utilizes 80%.

The hub location problem with congestion resembles the capac-
itated version of the problem in selecting hubs, especially for the
instances with loose capacity. However in the instances of tight ca-
pacity level, the congested HLP locates more hubs to balance the
flow distribution and hub loads resulting in an increase in the to-
tal cost. The results from Table 4 show that the locations of hubs
change according to the data instances, congestion models and pa-
rameters. In particular, if one assigned more weight to congestion,
the allocation of flows to hubs varies accordingly. The total cost
of the proposed congested model is higher than in the other ver-
sions, because the scalar of the congestion function ‘E’ suppresses
the model in such a way that the congestion cost gets smaller,
partly balancing of the total cost. The model works naturally in
such a way that hub loads stay strictly in their desired range. As
an example, if this scalar ‘E’ is equal to 50, the total costs of the
instances converge to other versions values and the selected hubs
show more similarity.

The second analysis has been designed to analyze the hub flow
balance induced by the congestion effects and the variation of the
cost (transportation/opening/congestion). The instances have been
solved without congestion and using distinct functions of the con-
gestion cost. The analysis assesses how the flows through hubs
concentrate to the installed hubs and the number of installed hubs
varies as a function of the overall contribution of congestion cost.

As seen in Table 5, the number of selected hubs is changing ac-
cording to the congestion function, even if the congestion does not
exist. First power-law function which estimates all flows through
hubs endeavors to balance the distribution of flows at hubs. It is
not interested in preventing the overload of hubs. That is demon-
strated by the transportation cost ratios seen in Table 6 which are
less than the cost ratio of other functions. Second power-law func-
tion which deals only the excess flow at hubs considers both the
avoidance of capacity surpluses and the homogeneity of the flow
distribution. Still, there have been some occurrence of overloads
of hubs which cause some minor congestion cost in the larger in-
stances.

The proposed congestion cost strictly achieves the avoidance
and the homogeneity by increasing the number of selected hubs.
Thereby, it has higher opening cost percentage than other func-
tions. The proposed function provides more reliable network in
terms of the capacity usage. It is clear from Table 5 that the con-
gestion whichever function is defined imposes the selected hubs
on sharing even sum of flows through themselves. If the network
has tight capacity, the ratio of congestion cost per total cost tends
to be in the range 0% — 5%. Compared to a non-congested network,
the flow ratios of hubs become well balanced.

The third analysis assesses how the selected hubs load their
associated flows related to their capacity. A hub load is the ra-
tio between the total flow through a hub and its capacity level.
It is clearly stated in Table 7 that a hub in the non-congested net-
works could be loaded with an overhead flow, but in a congested
network, congestion functions improve the hub loads. Anyway, the
existence of some hub load ratios whose values are greater than 1
verifies that the congestion function aims to minimize the average
congestion and does not imitate the capacity constraints. However,
the proposed congestion function limits the hub load to a prespec-
ified capacity usage percentage, too.

As shown in Table 7, average hub loads are less than 80%;
because the proposed model tries to suppress the hub load less
than the capacity usage used in the congestion function to set
the minimum congestion cost. However, the model congested by
power-law function does not force the model to utilize hubs be-
low the prespecified level. Thereby, the model provides lower to-
tal cost as mentioned before. As can be seen from Table 7, for
50TT, 100TT and 200TT instances, congested model with power-



Table 3

Solutions of the uncapacitated capacitated-congested UMAHLP for the AP data sets for I'=0.8, «=0.75,E = 500°.

Uncapacitated

Capacitated

Congested

‘Optimal’ Set of Hubs ‘Min.” Total Cost ‘Optimal’ Set of Hubs  # of Hubs ‘Min.’ Total Cost  ‘Optimal’ Set of Hubs  # of Hubs  ‘Min.’ Total Cost
Instances  p=2 p=3 p=4 p=2 p=3 p=4
40LL 14-28 11-12-28 6-11-22-28 229,978.7 2339794  246,153.9 14-29 2 230,642.3 14-29 2 230,642.3
40TL 14-19 1-14-19 1-14-19-22 284,900.2 302,541.1 321,123.0 14-19 2 284,900.2 14-19 2 2872234
40LT 14-28 11-22-28 6-11-22-28 229,978.7  233,980.7 2473454 14-26-30 3 258,871.5 14-19-26-30 4 283,111.9
40TT 14-19 14-19-22 1-14-19-22 284,900.2  303,414.1 321,252.6 14-25-40 3 344,864.3 14-19-25-38 4 369,192.3
50LL 15-36 3-27-35 6-22-27-35 228,173.6 234,528.3 2472482 15-35 2 229,126.9 15-35 2 229,305.1
50TL 17-48 17-41-48 3-27-41-48 288,757.3 308,189.7 329,536.4  3-24 2 304,902.4 3-24 2 310,497.3
50LT 15-36 3-27-35 3-22-27-35 228,173.6 234,528.3  245984.0  14-26-35-48 4 272,709.5 14-25-32-46 4 291,300.3
50TT 17-48 24-27-48 3-27-41-48 288,757.3 289,273.7  329,536.4  12-26-41-48 4 389,715.7 6-25-26-41 4 454,483.1
100LL 29-73 29-52-70 29-39-46-73 231,194.7 240,180.2 255,681.1 30-73 2 239,957.0 30-75 2 245,827.1
100TL 5-52 5-19-52 5-19-41-52 298,916.3 320,409.9  348,255.8  44-52 2 343,075.4 44-52 2 345,837.3
100LT 29-73 29-52-70 29-39-46-73 231,194.7 240,180.2 255,681.1 29-72-76 3 265,035.0 26-29-68-69 4 289,697.0
100TT 5-52 5-19-52 5-19-41-52 298,916.3 318,659.2 343,441.8 5-34-41-76 4 482,479.7 5-18-34-41-95 5 547,864.0

p=>5 5-12-19 376,449.5

41-52

200LL 43-148  40-195-148  30-61-120-148  228,221.2 238,1154 260,167.6 43-139 2 239,092.7 43-159 2 249,480.6
200TL 50-120  50-90-186 51-54-122-168  265,837.4 277,764.9 286,923.6  95-186 2 281,684.0 73-133-141-158 4 329,721.0
200LT 43-148  40-195-148  30-61-120-148  228,221.2 238,115.4 260,167.6 80-133-170 3 288,161.9 96-111-133-171 4 326,262.8
200TT 50-120  50-90-186 51-54-122-168  265,837.4 277,764.9 286,923.6  52-53-168-186 4 328,402.6 47-54-57-96-186 5 395,954.7

p=5 25-52-57 313,676.6

113-186
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Table 4

Solutions of different congested UMAHLP for AP data sets for I'=0.8, «=0.75, E=500°.

Congested by e(gy)?

Congested by e(g, — Oy)?

Congested by (%)(gk —Or)/8k

Instances?  ‘Optimal’ Set of Hubs ~ # of Hubs  ‘Min.’ Total Cost  ‘Optimal’ Set of Hubs ~ # of Hubs  ‘Min.’ Total Cost  ‘Optimal’ Set of Hubs ~ # of Hubs  ‘Min.’ Total Cost
40LL 11-22-28 3 292673.49 14-29 2 230642.33 14-29 2 230642.33
40TL 14-19-22 3 360,427.31 14-19 2 286,714.54 14-19 2 287,223.43
40LT 11-22-28 3 292,476.24 14-26-30 3 272,063.51 14-19-26-30 4 283,111.95
40TT 14-19-22 3 360,749.43 6-14-19-38 4 351,377.04 14-19-25-38 4 369,192.38
50LL 15-27-35 3 295,656.57 15-35 2 229,214.48 15-35 2 229,305.15
50TL 17-48 2 370,061.13 3-24 2 309,337.97 3-24 2 310,497.33
50LT 2-27-35 3 295,637.30 6-26-32-35 4 269,247.98 14-25-32-46 4 291,300.37
50TT 17-48 2 370,061.13 6-26-41-48 4 388,721.77 6-25-26-41 4 454,483.11
100LL 29-52-71 3 306,500.69 30-75 2 245,700.63 30-75 2 245,827.12
100TL 5-52 2 395,220.73 44-52 2 344,548.32 44-52 2 345,837.31
100LT 26-52-70 3 307,500.13 29-72-76 3 270,174.31 26-29-68-69 4 289,697.03
100TT 5-52 2 395,302.57 5-41-52-95 4 450,980.55 5-18-34-41-95 5 547,864.09
200LL 57-95-148 3 316,219.25 43-159 2 244,263.93 43-159 2 249,480.68
200TL 50-120-126 3 348,833.17 95-186 2 291,320.52 73-133-141-158 4 329,721.01
200LT 50-120-126 3 312,385.22 48-133-171 3 300,085.79 96-111-133-171 4 326,262.80
200TT 50-120-126 3 349,662.55 57-113-168-186 4 329,655.07 47-54-57-96-186 5 395,954.70

a(%) = E bSee Section 6 for the abbrevations

oL
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Table 5

Comparison of flow distribution ratios for UMAHLP with non-congested case and three different congestion cases.

Flow Ratio of Hubs

Non Congested

Congested by e(gy)?

Congested by e(g, — Oy)?

Congested by (ez,,—"c”)(gk — 0y)/8k

Hub no. Hub no. Hub no. Hub no.

1 2 1 2 3 1 2 3 4 1 2 3 4 5
40LL 0.38 0.62 0.30 0.28 0.41 0.36 0.64 - - 0.36 0.64 - - -
40TL 1 - 0.30 0.40 0.29 0.41 0.59 - - 043 0.57 - - -
40LT 0.38 0.62 0.29 0.30 0.41 0.32 0.34 0.34 - 0.22 0.22 0.29 0.27 -
40TT 1 - 0.30 0.40 0.29 0.20 0.27 0.25 0.28 0.26 0.21 0.29 0.24 -
50LL 0.32 0.68 0.27 0.33 0.41 0.37 0.63 - - 0.38 0.62 - - -
50TL 1 - 043 0.57 - 034 066 - - 036 064 - - -
50LT 0.32 0.68 0.26 0.31 0.43 0.22 0.26 0.28 0.24 0.18 0.27 0.31 0.24 -
50TT 1 - 0.43 0.57 - 0.23 0.34 0.18 0.25 0.22 0.30 0.29 0.19 -
100LL 0.35 0.65 0.27 0.29 0.44 0.36 0.64 - - 0.36 0.64 - - -
100TL 1 - 0.21 0.79 - 0.57 0.43 - - 0.58 042 - - -
100LT 0.35 0.65 0.31 0.31 0.38 0.33 0.34 0.33 - 0.23 0.26 0.25 0.26 -
100TT 1 - 0.38 0.62 - 0.20 0.30 0.17 0.33 0.15 0.15 0.22 0.24 0.25
200LL 0.35 0.65 0.31 0.28 0.41 0.36 0.64 - - 0.60 040 - - -
200TL 1 - 0.29 0.44 0.27 0.54 0.46 - - 0.19 0.28 0.26 0.26 -
200LT 0.35 0.65 0.28 0.34 0.38 0.33 0.35 0.32 - 0.22 0.25 0.28 0.25 -
200TT 1 - 0.24 0.34 042 026 022 024 028 017 016 018 024 025
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Table 6

Comparison of cost ratios for UMAHLP with different congestion functions.

Non-Congested

Congested by e(g;)?

Congested by e(g, — Oy)?

Congested by (%)(gk —Or)/8k

No. of Hubs  Cost Ratio No. of Hubs Cost Ratio No. of Hubs  Cost Ratio No. of Hubs  Cost Ratio
TC FC cC TC FC cC TC FC cC TC FC CcC
40LL 2 076 024 0 3 0.54 0.27 0.19 2 077 023 0 2 077 023 0
40TL 1 086 014 0 3 0.59 0.26 0.15 2 078 022 0 2 078 022 0
40LT 2 076 024 O 3 0.54 0.27 019 3 063 032 005 4 0.61 038 0
40TT 1 086 014 0 3 0.59 0.26 026 4 055 044 001 4 055 045 0
50LL 2 075 025 0 3 0.54 0.27 027 2 074 026 O 2 074 026 O
50TL 1 082 018 0 2 0.52 0.26 022 2 070 030 O 2 070 030 O
50LT 2 075 025 O 3 0.55 0.26 019 4 056 043 0.01 4 056 044 0
50TT 1 082 018 0 2 0.52 0.26 022 4 049 047 004 4 0.51 047  0.02
100LL 2 077 023 0 3 0.56 0.26 0.18 2 075 025 0 2 075 025 O
100TL 1 089  0.11 0 2 0.63 0.15 022 2 068 032 0 2 068 032 0
100LT 2 077 023 0 3 0.57 0.26 0.17 3 068 029 002 4 064 036 0
100TT 1 089 011 0 2 0.63 0.15 0.21 4 054 040 006 5 053 047 O
200LL 2 080 020 O 3 0.60 0.23 0.17 2 076 024 0 2 076 024 0
200TL 1 086 014 0 3 0.61 0.23 0.16 2 082 017 0 4 064 036 0
200LT 2 080 020 O 3 0.59 0.23 0.17 3 064 030 006 4 066 034 0
200TT 1 086 014 0 3 0.62 0.22 016 4 066 032 002 5 063 037 0

48
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Table 7
Comparison of hub loads for UMAHLP with different congestion functions.

Non-Congested

Congested by e(g, — Oy)?

Congested by (%)(gk —Oy)/8k

‘Optimal’ Set of Hubs ~ Hub Loads ‘Optimal’ Set of Hubs ~ Hub Loads ‘Optimal’ Set of Hubs ~ Hub Loads
MIN AVG MAX MIN AVG MAX MIN AVG MAX
40LL 14-28 063 333 6.03 14-29 060 067 0.74 14-29 060 067 074
40TL 19 1.38 1.38 138 14-19 069 075 0.81 14-19 0.71 075 0.79
40LT 14-28 112 235 357 14-26-30 093 096 098 14-19-26-30 066 076  0.80
40TT 19 370 370 3.70 6-14-19-38 073 085 095 14-19-25-38 076 078 0.80
50LL 15-36 065 4.03 741 15-35 076 078 0.80 15-35 077 078 0.79
50TL 24 1.25 1.25 1.25 3-24 045 064 0.82 3-24 048 064 0.80
50LT 15-36 196 313 43.0 6-26-32-35 070 080 0.96 14-25-32-46 056 071 0.78
50TT 24 1.88 1.88 1.88 6-26-41-48 075 093 116 6-25-26-41 080 080 0.1
100LL 30-73 047 083 119 30-75 048 063 0.78 30-75 048 063 0.78
100TL 52 1.88 1.88 1.88 44-52 073 077 0.1 44-52 074 077 0.79
100LT  30-73 385 465 545 29-72-76 088 090 0.92 26-29-68-69 069 076 0.79
100TT 52 945 945 945 5-41-52-95 087 115 1.58 5-18-34-41-95 043 070 0.80
200LL  90-148 1.59 1.63 1.67 43-159 058 0.70 0.82 43-159 064 0.71 0.77
200TL 122 1.84 1.84 1.84 95-186 079 080 0.2 73-133-141-158 079 079 0.80
200LT  90-148 244 256  2.67 48-133-171 097 098 098 96-111-133-171 066 074 0.78
200TT 122 468 468 4.68 57-113-168-186 087 093 101 47-54-57-96-186 056 069 0.78
Table 8
Network statistics of UMAHLP versus congestion functionds scalar ‘E'.

(E= eZT'C”) Total Hub Flow Ratio Imbalance Ratio  Hub Loads Average Hub Load

0 032 068 216 19.69  43.04 31.36

25 0.21 0.79 3.74 0.78 3.20 199

50 0.19 028 052 2.69 0.72 0.79 212 1.21

100 0.17 027 032 024 188 0.63 0.75 079 080 0.74

125 0.18 029 031 023 178 0.66 0.80 079 070 0.73

250 020 030 027 023 174 0.74 0.79 076 076 0.76

500 0.18 027 031 024 169 0.56 0.72 077 078 071

1000 026 028 028 0.19 1.49 0.79 0.78 0.69 061 0.72

5000 0.18 029 032 022 148 0.66 0.80 077 079 0.76

300000
250000
200000

———-\_/\____/‘
150000
100000
50000

e

0 / - & , & " &

0 25 50 100 125 250 500 1000 5000

——Total cost -e=Transportation cost —=Opening cost ——Congestion cost

Fig. 3. Variation of cost components versus congestion function scalar ‘E’.

law causes some overloads at hubs superior than desired level such
as 1.58, 1.16 and 1.15.

The remaining analyses investigate the variations of the model
proposed according to the parameters such as capacity level (70%,
85%, 100%), econo-mies of scale (0.2, 0.4, 0.6, 0.8), congestion func-
tion scalar ‘E’ (0, 25, 50, 100, 125, 250, 500, 1000, 5000). These ex-
periments are made with the AP50LT instances. In Table 8, 9, 10
and Figure 3, the sensitivity of the model versus different parame-
ters are summarized.

Figure 3 shows that after the scalar ‘E’ takes a value larger than
100, the congestion cost becomes zero. Thus, the capacity limita-
tion through hubs is ensured. While the transportation cost stays

in the range from 150000 to 200000, the opening costs may vary
too much, which may correspondingly increase the total cost.

Furthermore, Table 8 and Table 9 represent the behavior of the
model with respect to balance of the hub flows and hub loads. The
imbalance ratio of the hub flows decreases inversely proportional
to the scalar ‘E’. Likewise, an increase of the value of the scalar ‘F’
pushes the hub loads under the prespecified capacity usage per-
centage.

Under different capacity usage levels, the model tends to select
more hubs. The total cost decreases proportionally to the opening
cost ratio. This decrease indicates that the model restricts the se-
lection of hubs with lower opening cost to extend permitted by the
capacity usage level. The hubs’ loads do not exceed their capacity
level, yet the more capacity level increases, the higher average hub
load become as shown in Table 9. As mentioned before, the for-
mulations are tested on the AP data set and the data set have the
following inequalities: Wj; #W;;; W;;#0. Thus, the AP data set is
observed as asymmetrical. To observe the sensitivity of economies
of scale factors, it is better to modify the data set as symmetrical.
Therefore, the values of the scaling factors for collection, transfer
and distribution costs (&, y, &) are determined as (1, 0.75, 1).

In addition, the tests are made under different values of
economies of scale factor such as (0.2, 0.4, 0.6, 0.8) on AP50LT in-
stance. Table 10 demonstrates that the model tends to utilize the
hubs less than the other values for the greater economies of scale
factor.

The final analysis aims to express the performance of the al-
gorithm relatively to the different versions of congestion (non-
congested, power-law and proposed congested) and to evaluate
how the particle swarm optimization parameters influence the so-
lution procedure. The performance of the algorithm is examined
with the factors such as computational times (CPU), number of it-



Table

9

Network statistics of UMAHLP versus different capacity usages.

Capacity Usage (%)  ‘Optimal’ Set of Hubs  ‘Min.’ Total Cost  Cost Ratio Flow Ratio Hub Loads Average Hub Load
75 6-25-26 303776.8 056 044 0 019 022 022 023 014 069 060 062 057 064 0.63
32-48
80 14-25 291300.3 056 044 0 018 027 031 0.24 056 072 077 0.78 0.71
32-46
85 14-26 284024.1 057 043 0 027 0.16 033 024 084 044 083 084 0.73
32-38
90 6-26 275493.1 058 042 0 019 022 035 024 0.71 062 087 084 0.76
32-38
100 6-26 266053.3 0.61 039 0 021 035 023 021 078 098 058 098 0.83
32-38
Table 10
Detailed model results versus economies of scale factor for AP50LT instance.
Economies of Scale
Factor («) ‘Optimal’ Set of Hubs ~ ‘Min.’ Total Cost ~ Cost Ratio Flow Distribution Ratio ~ Hub Loads Average Hub Load
0.2 6-26-32 155157.20 048 052 0 026 035 039 097 096 096 097
0.4 6-26-32 159388.23 049 051 0 027 036 037 088 099 093 093
0.6 12-26-32 163372.48 0.51 049 0 025 035 040 082 099 098 093
0.8 12-26-32 167556.25 052 048 0 026 035 039 084 099 096 093
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Fig. 4. Performance of the heuristic algorithm.

erations and gap which is defined as the percentage of the relative
deviation of each solution of heuristic run from the best solution.
The computational times required by MATLAB to solve the problem
vary not only with the number of nodes, but also with the values
of costs or capacities, the allocation patterns and the congestion
factor.

Generally, the problems with tight fixed costs, capacities and
with a high congestion factor require higher computational time.
Furthermore, the power-law congestion model becomes more time
consuming than the proposed model. The computational times in-
crease much more if the power-law function is applied to all flow
through hubs. In Table 11 and Figure 4, the outputs of the algo-
rithm for different spectrum of the problems (number of nodes,
congestion factor, different set of cost and capacities) can be visu-
alized.

In Table 11, the iteration columns represent the average num-
ber of iterations for each heuristic run where the best solution of
the algorithm is fixed and achieved. While the number of itera-
tions are closer to 250, the heuristic algorithm might need more
iterations to optimize the allocation of the non-hub nodes and the
flow distributions as can be seen for large data instances with tight
factors. The instances with loose capacities or costs can be opti-
mized elaborately, thus the gap results lie between 90% and 95%.
Consequently, the earlier formulations are not as effective as the
proposed formulation in consideration of the results.

The particle swarm optimization can find the optimal solution
or the best possible solution for most of the problems. There are
some irregularities that the heuristic algorithm turned out to get

worse results. Generally, increasing number of nodes may cause in-
effectiveness for the heuristic algorithms. In case most of these re-
sults could be classified as more complicated problems with tight
capacities and fixed costs. One of the significant case is AP data
instance 200TT with a gap of 75%. These can be explained as our
heuristic solution is caught at a locally optimal neighborhood. The
enrichment of the particle update and the local search procedure
with more genetic operators can improve the results. Although the
heuristic algorithm could take more time to compute, increasing
the number of iterations in each run may become another im-
provement. The average computation times are 70, 90, 245, 765
seconds with gaps of 91%, 88%, 84%, 80% for networks with 40, 50,
100, 200 nodes, respectively.

Additionally, the maximum iteration number, swarm size, learn-
ing coefficients are varied to observe the heuristics’ performance.
The experiments show that the more iteration, the less gap
achieved. The swarm size is an efficient factor to achieve the op-
timum, but it has a sharp negative effect on computational time.
The learning coefficients may cause the problem to trap in a local
optimum.

Figure 5 shows the sensitivity analysis of the heuristic algo-
rithm for the chosen values of the selected parameters. Iteration
numbers larger than 200 give better result for all cases, but the
computational times show an excessive increase. According to the
gap results, it is advantageous to determine the iteration number
as 250. The population size behaviors can be explained similarly.
The best results are obtained in the range of 150-250 of popula-
tion.



Table 11

The heuristics’ efficiency for different congestion models.

Capacitated

Congested by e(gy)?

Congested by e(g, — O;)"

Congested by (%)(gk —04)/8k

Avg. no. of Iterations  CPU Times (sec)  Gap (%)  Avg. no. of Iterations = CPU Times (sec)  Gap Avg. no. of Iterations ~ CPU Times (sec)  Gap Avg. no. of Iterations  CPU Times (sec)  Gap
40LL 187.35 70.33 99.20 214.60 77.06 97.25 189.70 7794 9529 162 69.85 94.90
40TL 173.65 7147 99.63 178.25 71.86 98.63 166 78.22 9349 19440 70.01 94.67
40LT 223.40 72.86 93.83 209.35 73.25 97.83 225.65 79.10 92.60 224 72.02 88.61
40TT 227.24 71.92 94.35 179.45 71.91 98.24  202.65 78.02 93.76  228.30 71.71 87.76
50LL 201.85 92.84 99.16 226.25 93.69 97.87 195.10 100.12 9242  208.90 89.47 91.38
50TL 178.95 93.11 96.67 198.40 92.98 97.65 185.55 100.29 94.66  199.75 89.82 94.22
50LT 224.40 93.56 95.49 218.60 93.77 98.05  231.70 102.12 9044  231.75 92.06 83.32
50TT 22138 93.58 92.21 200.65 93.35 98.35  234.55 102.05 9045  227.70 91.89 81.56
100LL  230.50 248.05 96.06 242.55 253.56 97.55 236.15 276.31 92.08 24195 245.29 93.85
100TL  235.45 238.53 97.40 236.55 250.86 95.80 23745 292.76 89.48 240 244.70 84.10
100LT  246.75 242.28 91.88 233.70 261.58 9759  244.75 295.64 87.03 244.40 249.69 80.18
100TT 24415 243.87 89.51 23435 257.54 94.63  246.05 295.93 86.73  243.25 249.98 7812
200LL  248.80 751.22 94.27 24710 816.66 9720  248.05 892.70 8495  248.20 748.92 85.65
200TL  249.40 735.89 95.88 248.90 802.38 96.91 24755 898.88 93.77  244.55 764.53 76.52
200LT  248.50 743.80 92.69 24714 900.09 95.87  248.85 908.88 93.57  246.80 780.48 79.95
200TT 249 750.26 81.86 247.78 825.84 9748  249.10 942.69 83.20 24540 768.60 75.84
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Fig. 5. Sensitivity of the heuristics’ performance.

Incorporating of the learning coefficients for the particles can
improve the effectiveness of the solution. The computation time
is not affected by the change of the learning coefficients. In or-
der to achieve better gap which are closer to optimum, the social
learning coefficients should be set in the range from 1 to 2 and
the cognitive learning coefficients should be equal to 2. As it can
be observed in Figure 5, higher ranges of the learning coefficients
produce worse results in terms of gap which are more distant from
optimum, because the heuristic algorithm converges fast and the
particles are caught by their own local optimum.

Moreover, in order to show the contribution of the genetic op-
erator, mutation used in the update process and in the local search
of the particle swarm optimization, the algorithm is applied with-
out mutation and with some of the operations of mutation sep-
arately. As mentioned before, swapping rows, columns, elements
and diagonals of allocation matrix or selecting a hub to close or a
non-hub node to open are the functions of mutation process. These
functions are applied to the update process one by one insequence
(i.e. not randomly) to see their corresponding improvement effects.

Graph of the total costs vs different mutation processes
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Fig. 6. Comparison of the different mutation processes for pso algortihm.
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Figure 6 shows the changes in the solutions of the cases which
are update process with swapping rows/columns, swapping ele-
ments/diagonals of the allocation matrix, turning on/off hubs and
without mutation operator.The results show that smaller total costs
are achieved when the mutation operator is applied. The most use-
ful operation of the mutation is swapping rows and columns, since
this operation improves simultaneously both hub locations and al-
location of non-hubs. On the other hand, the worst performing op-
eration is swapping elements and diagonals of the allocation ma-
trix. This is because this operation focuses only on the allocation
decision of the network. In addition, it is important to remark that
the computational times decrease by approximately 10%, while the
mutation is not utilized in the update process and in the local
search.

7. Conclusions

This paper has considered the multiple allocation p-hub lo-
cation problem under congestion. A congestion cost function has
been introduced as a convex function which makes the problem a
nonlinear mixed integer programming problem. This revised con-
gestion function is defined as a ratio of the excess flow on each
hub to the total flow through this hub as mentioned in Equation
36 in Section 3. This function assists in ensuring the capacity lim-
itation of each hub without an explicit determination. Because of
this, the proposed non-linear model needs a relatively more effort-
ful solution procedure. A heuristic algorithm, particle swarm opti-
mization, has been applied to solve the problem effectively for the
large instances. The particle swarm optimization algorithm makes
the solution of the problem easier, especially in dealing with the
non-linearity of the model. The algorithm has shown great effec-
tiveness being able to solve large instances under reasonable com-
putational times. However, the exact solution methodologies do
not show comparable success to solve the NP-hard problems with
some of the instances examined in this paper.

The well-known AP data set is utilized to test the models and
the heuristic algorithm. 16 distinct data instances were generated
by classifying in number of nodes, tight-loose capacity and fixed
costs. The analyses under different scenarios including the modifi-
cation of congestion function or the variation in congestion factor,
capacity level, economies of scale were made. Besides the sensi-
tivity analyses to compare the heuristic efficiency under different
pso parameters such as population size, learning coefficients and
number of iterations were examined.

The results revealed that a congested network causes higher to-
tal cost than a capacitated one for tight capacities of fixed cost.
The number of selected hubs becomes the basic factor of that
increase. To obtain a more homogeneous network, the congested
problem tends to select more hubs and tolerate higher opening
costs. Among the different models of congestion, total costs share
similarity except from the congestion model which is a convex
function of all flow through a hub and ends up with an exorbi-
tant cost. The total cost and selected hubs differs slightly. Only, the
proposed model provides more strict capacity usage causing slight
increase of the total cost. However, the congested models show
some significant differences in terms of the flow ratios, the cost
ratio and the hub loads. Firstly, the transportation cost of a non-
congested network is higher than a congested network. All con-
gested models do not imitate the capacity constraint as mentioned
before, so a minor congestion cost ratio exists in the solution ex-
cept the proposed model. Subsequently, the flows between non-
hub and hub nodes distributed evenly to avoid an overhead load-
ing at hubs. Though the effect of the proposed model on the flow
ratio of each hubs is more uniform than the power-law conges-
tion model. Eventually, the hub loads at a non-congested network
turn out to be more severe overload such as 7 times more than

the capacities of hubs. Whereas the congested networks try to fix
up the loading of flows to hubs according to their capacities. In-
stead of the presence of some hub loads exceed its own capacity
at the power-law congestion model, the proposed model provides
the hub loads less than a prespecified capacity level.

The analyses of the proposed model under different parameters
such as congestion scalar, capacity level and discount factor pre-
sented the behaviors of the network under different conditions. It
is important to highlight whether the congestion scalar affects ex-
cessively, the imbalance ratio between flows on hubs approaches
to value of 1. Furthermore, the capacity level becomes dominant
on the number of hubs selected. As high as the capacity is uti-
lized, the number of hubs at a network is decreases. Finally, while
the discount factor is greater, the hubs selected are utilized under
their capacity level. Apart from that, both version of the discount
factor tends to design network similarly.

In conclusion all of the previous results show that the con-
gested networks behave unlike from the previous versions of the
problem and become a distinctive aspect of the problem which
will be investigated deeply as a further study. Congestion could
not be thought only a control factor on the capacity of selected
hubs, it is an additional cost, which affect the network design to
ensure sustainability, reliability and foresight of the networks re-
quirement. Thus, considering both time, capacity and cost com-
ponents of the congestion becomes a visionary approach. Besides,
congestion could be defined in different mathematical and logi-
cal formulations. The flow lower than capacity and the flow larger
than capacity could be identified as distinct congestion formula-
tions such as cost or delay. For future research, presenting newer
functions to characterize the congestion such as linear, exponen-
tially incremental, piecewise linear function opens new prospects
to the problem. Thereby, the structure of both network and math-
ematical model is evolving.

This paper has presented a particle swarm optimization heuris-
tic algorithm which is relatively a new solution procedure used in
hub location problem. The analyses have demonstrated that the
proposed heuristic algorithm may become an advantageous engi-
neering tool to solve large instances in reasonable times. On the
other hand, the proposed heuristic algorithm can be developed to
get good upper bounds and get lower gap results for hub location
problems. Future research may try to attach more improvement
procedures and some genetic operators to update and exploitative
processes. Consequently, future researchs can be done to improve
the model and proposed algorithm to reflect the real-life require-
ments of an HLP network. Future works may study other appropri-
ate mathematical models and relevant solution procedures on HLP
problems to achieve better computational performances and solu-
tions.
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