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The History of every major Galactic Civilization tends to pass through three distinct and
recognizable phases, those of Survival, Inquiry and Sophistication, otherwise known as the
How, Why, and Where phases. For instance, the first phase is characterized by the question
“How can we eat?” the second by the question “Why do we eat?” and the third by the question
“Where shall we have lunch?”

Douglas Adams
The Hitchhikers Guide to the Galaxy



PREFACE

The curvature is the most natural and most important invariant of pseudo-Riemannian
geometry. According to Ossermant! [101], the notion of curvature is one of the central con-
cepts of differential geometry, distinguishing the geometric core of the subject from those
aspects that are analytic, algebraic, or topological. The curvature information is contained
in the curvature tensor, which is difficult to work with, despite the many symmetries it
possesses. Extracting the geometrical information that is encoded therein is often quite
a challenging task. That is why Gromov2 [67] described the curvature tensor as a little
monster of (multi)linear algebra whose full geometric meaning remains obscure. There-
fore, instead of working with the curvature tensor itself, we often use Jacobi operators or
sectional curvature that are easier to handle and have a better geometric interpretation,
while they contain the complete curvature information.

Our general goal is to find some kind of bridge between the curvature of a pseudo-
Riemannian manifold and its geometric properties. This aim can be approached in two
ways. The first approach is direct and begins by endowing a manifold with a metric, and
then its curvature is completely determined. We can compute it locally by calculating
Christoffel symbols of the Levi-Civita connection according to the formula (il]), and then
use the formula (@) to get the components of the curvature operator, which consequently
gives the Jacobi operators.

If the initial metric has some nice features, like a large group of isometries, then it
is natural to expect that it implies the curvature that behaves nicely. We usually start
from highly symmetric manifolds which consequently have a relatively simple curvature
tensor, and then we study their geometric properties, which are often generalisations of
properties common in Euclidean geometry. These simple starting manifolds, such as two-
point homogeneous spaces, are called model spaces, and are used for more simple and con-
crete expression of the essential characteristics of Riemannian (or pseudo-Riemannain)
geometry.

The second approach goes in the opposite direction. We look at more general manifolds
to discover which of their properties are representative to a particular model space. If
we cannot recognize a model space based on these certain properties, then we want to
establish a complete classification of pseudo-Riemannian manifolds with these features.
Without an explicit description of the curvature tensor, we try to conclude to what extant
the special properties of Jacobi operators can determine the metric.

The simplest case in Riemannian geometry is when all the reduced Jacobi operators
have the single eigenvalue, which implies a space of constant sectional curvature. The
characteristic polynomial of the Jacobi operator which is independent on the unit tangent
bundle is the subject of the next simplest case. The key question is whether this condition
determines the curvature and metric tensor of such Riemannian manifolds, which are
known as Osserman manifolds.

This book is meant to be a monograph on Osserman manifolds and brings together a
large number of results published by the author in this topic. In order for as many read-

TRobert Osserman (1926-2011), American mathematician
2Mikhael Leonidovich Gromov (1943), Russian mathematician
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ers as possible to follow these results, the book also contains a detailed introduction to
smooth manifolds, as well as the basics of Riemannian and pseudo-Riemannian geometry,
and can be used as a textbook for the course in differential geometry. The book can be
divided into three imaginary parts: Part I Smooth manifolds, consisting of chapters 1-3,
Part II Pseudo-Riemannian geometry, consisting of chapters 4-7, and Part III Osserman
manifolds, consisting of chapters 8-9.

Part I (Chapters 1-3) is an introduction to smooth manifolds. We introduce the ba-
sic mathematical objects, notation and terminology which will be used throughout this
book. The material of this part borrows from many sources, including the standard texts
on manifolds and differential geometry: o’'Neill# [100 , Jeffrey Lee@ [79], John LeeH [81
GrossE and Memrenken[j [68], GalherE and Quaintance [62] Morlta [90, Chapter 1], Tu
[118], Anticl2 2],

PartII (Chapters 4-7) is an introduction to a pseudo-Riemannian geometry. An excellent
reference for the classical treatment of pseudo-Riemannian geometry is the book by O’Neill
[100]. We also recommend Jeffrey Lee [79]. Some standard texts for Riemannian geometry
are given by John Lee [82] and do Carmofd [34]. We insist on the indefinite case, so we
find valuable texts by Meinrenken [87] and Clark® [41]. For the submanifold theory we
recommend Dajczer?2 and Tojeiro® [44].

Part III (Chapters 8-9) deals with the study of Osserman manifolds and related tensors.
The basic reference on Osserman manifolds is certainly the monograph written by Garcia-
Rio@, Ku eli@, and Va’lzquez-LorenzoE [65]. We can also recommend the books written
by Gilkey=2 [57, 58].

Belgrade, September 2025
Vladica Andrejic¢
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CHAPTER 1

SMOOTH MANIFOLDS AND MAPS

One of the most significant events in the history of geometry was on June 10, 1854, when
Bernhard Riemannfl held a public lecture entitled “On the hypotheses which lie at the
foundations of geometry” (Uber die Hypothesen, welche der Geometrie zu Grunde liegen)
at the Philosophical Faculty at Gottingen.

In 1851, Riemann completed his doctoral dissertation (it was on the foundations of com-
plex analysis) under Gauss’s supervision. The next step in his academic career was to
qualify as a privatdocent, a lecturer who received no salary, but was merely forwarded
fees paid by these students who elected to attend his lectures.

This position was obtained through the process of habilitation, where candidates were
asked to submit an inaugural paper (habilitationsschrift) as well as to hold a public lecture
(habilitationsvortrag). An inaugural lecture topic was chosen by the faculty from a list of
three proposals made by the candidate. The first two topics which Riemann submitted
were ones on which he had already worked. However, contrary to tradition, Gauss passed
over the first two and picked the third topic, about the foundations of geometry.

Riemann worked hard to make the lecture understandable to non-mathematicians in
the audience (there were only a few geometricians), so he had a great presentation in
which the ideas were clearly defined without the help of analytic techniques. Although
Gauss was very impressed since the lecture surpassed all his expectations, the material
was presented orally and without technical details, so it is not surprising that the lecture
did not achieve the immediate impact on the mathematical world. However, the first pub-
lication of this lecture (by Dedekindf in 1868 [1 10], two years after Riemann’s death) caused
significant reactions of mathematicians and became a milestone in the history of geometry.

At that time was the investigation concerning Euclid’sH fifth postulate, looking for ax-
ioms to solidly define the basic space of geometry. There was also the quest of the structure
of the space we are living in, and some mathematicians were starting to think that other
structures might exist. This led us to the non-Euclidean geometries dealt with by BolyaiE
and LobachevskyE (before them pioneering works had Saccherifl and Omar Khayyam#),
which suddenly become only special cases of more general theory.

Riemann was the first to give a comprehensive contribution to the generalisation of the
idea of surface to higher dimensions. His vision set up a new concept of space for which
he used the word mannigfaltigkeit, which was first translated by Cliffordf as manifoldness

!Georg Friedrich Bernhard Riemann (1826-1866), German mathematician
2]ohann Carl Friedrich Gaufs (1777-1855), German mathematician

3Richard Dedekind (1831-1916), German mathematician

4Fuclid of Alexandria (fl. 300 BCE), Greek mathematician

5Janos Bolyai (1802-1860), Hungarian mathematician

6Nikolai Ivanovich Lobachevsky (1792-1856), Russian mathematician

"Giovanni Girolamo Saccheri (1667-1733), Italian Jesuit priest and mathematician
80mar Khayyam (1048-1131), Persian mathematician, philosopher, and poet
SWilliam Kingdon Clifford (1845-1879), English mathematician and philosopher



Chapter 1. Smooth manifolds and maps

[111], while the word manifold was later established. The famous Riemann’s lecture and
the story about it can be found at Spivak@ [113, Chapter 4].

Manifolds are the fundamental objects of Differential Geometry. However, Riemann
did not have a precise definition of the concept. At that time there were technical diffi-
culties to give a formal definition, because the general notion of topological space was not
defined before Fréchet™d (1906 [51]) and Hausdorffi (1914 [69]). Poincaréld in 1895 [104]
introduced the idea of a manifold atlas and gave a definition of a manifold which served
as a precursor to the modern concept of a manifold. However, the first rigorous axiomatic
definition of manifolds was given by Veblen®d and Whitehead™S in 1931 [119] and 1932
[120].

Manifolds are all around us in many guises and these can be seen as higher dimensional
generalisations of smooth curves and smooth surfaces. Generally speaking, these are geo-
metrical objects that locally look like some Euclidean space R", and on which one can do
differential and integral calculus. Of course, the basic examples of manifolds are Euclidean
spaces themselves, smooth plane curves (such as ellipses, hyperbolas, and parabolas), and
smooth surfaces (such as ellipsoids, hyperboloids, paraboloids, tori). Higher-dimensional
examples include the unit n-sphere in R*+! and graphs of smooth maps between Euclidean
spaces.

In contrast to mentioned examples, a manifold does not always appear in a well-known
space. In general it is rather difficult to think of it as a geometric figure, since it lives
in a very abstract environment. However, when we find local coordinates on such a set
and study the relationship among them, it often happens that a hidden geometric struc-
ture gradually comes to light. Since we want to involve as many objects as possible, it is
unavoidable for the definition of manifolds to be abstract. Though, once an object is re-
cognised to be a manifold based on this abstract definition, it appears in a known space
through the coordinates, and turns out to be a very practical object.

The study of manifolds involves topology, so we assume that the reader is familiar with
the definition and basic properties of topological spaces. We can consider a topological
space with certain properties that tell us what exactly means that it locally looks like an
Euclidean space. However, this resemblance to an Euclidean space should be sharp enough
to allow partial differentiation and consequently all important features of differential and
integral calculus on a manifold. Once we have established the calculus on a manifold,
many concrete applications are possible. We can compute a volume (by integration) or a
curvature (by formulas involving second derivatives), we can work in classical mechanics
(where we solving systems of ordinary differential equations) or general relativity (where
we solving systems of partial differential equations).

1.1 Locally Euclidean spaces

One can imagine a manifold as a dark room with a lamp available. At any given time, the
lamp will permit us to look at a certain region of the room only, giving us a local idea about
how the room looks like. The lamp here is an Euclidean space which comes equipped with
a nice coordinate system.

In studying the geography of Earth as a whole, it is convenient to use geographical maps
(charts), which provide a scaled-down representation of some portions of Earth on a flat

"Michael David Spivak (1940), American mathematician

"Maurice René Fréchet (1878-1973), French mathematician

12Felix Hausdorff (1868-1942), German mathematician

3Jules Henri Poincaré (1854-1912), French mathematician

40swald Veblen (1880-1960), American mathematician

5John Henry Constantine Whitehead (1904-1960), British mathematician
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sheet of paper. Maps are often preferred over globes because they are more practical for
everyday use. A collection of geographical maps such that every point of Earth is shown in
at least one map is called an atlas and it gives an excellent description of the entire planet,
without its actual visualisation in three-dimensional space.

Let us formalize this idea of local coordinates for an arbitrary nonempty set M. A chart
or a local coordinate system of dimension n € Nj on the set M is an injective map
¢: U— R",where U C M and ¢(U) C R" is a nonempty open set. The domain U of a chart
¢ is called a coordinate neighbourhood, and because of the frequent use, that chart ¢
is traditionally recorded as the ordered pair (U, ¢). We say that (U, ¢) is a chartatp ¢ M
if pe U, and if ¢(p) = 0 € R™" additionally holds we say that the chart is centred at p. The
inverse ¢~1: ¢(U) — U of a chart ¢ is called a local parametrisation.

Throughout this book, ;: R — R denotes the natural projection defined by
mi(Uy, ..., un) = u; for every 1 < i < n. The coordinate functions of an n-dimensional
chart (U, ) on M are the functions x;: U — R defined by x; = ;0 ¢ for 1 < i < n. Their
values at some point p € U are the coordinates, while we have

o(p) = (X1(P); - - -, Xn(D))-

If U C R™ is an open subset of a Euclidean space, we say that a function f: U — R" is
of class C" on U for r € N, if each of its component functions 7; o f has continuous partial
derivatives of order r. If fis of class C" for every r € N, then it is of class C>, and then we
say that fis smooth or differentiable. Functions of class C° are continuous, and those of
class C* are analytic.

A function between open subsets of Euclidean spaces is a C"-diffeomorphism if it is
bijective and both it and its inverse are of class C". We allow a choice r € Ny U {co, w}, but
most often we use r = oo, where a C>*-diffeomorphism we simply call a diffeomorphism,
while a C%-diffeomorphism is actually a homeomorphism.

The link between two charts (U, ¢) and (V, ) on a set M is established by the transition
function, which is the bijective map Yo ¢=1: 9(UN V) — ¥(UN V). We say that two charts
are C"-compatible if their transition function is a C"-diffeomorphism (we assume that then
both domain and codomain are open sets). In the special case when the subsets U and V
are disjoint, we assume that the charts are trivially C"-compatible.
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A collection of charts on the set M that are mutually C"-compatible and such that the
union of all coordinate neighbourhoods is equal to M (every point of M is contained in the
domain of some chart) is called a C"-atlas for M. If each chart in a C"-atlas is of dimension
n € Ny, then n is the dimension of that atlas.

Since all functions of class C" for r € Ny U {oo, w} are certainly continuous (of class C?),
every atlas we consider is at least C%-atlas, that is, a topological atlas. We say that a set
M is a locally Euclidean space of dimension n if it has a topological atlas of dimension
n.

It turns out that a locally Euclidean space M becomes a topological space in a natural
way. Let A = {(Uq, @,) : @ € A} be a topological atlas of dimension n for a set M. The atlas
topology of A is the topology on M where we have

VC Misopen < (Va € A)¢,(Ug N V) C R"is open. 1.1

Since ¢, (0) = 0 and ¢, (UsNM) = ¢,(Uq) are open, () and M are open in M. The intersec-
tion is distributive over the union, while according to Lemma El] the image of the union
is equal to the union of images, so we have

0a(Ua U Vp) = 0o (U2 Vp)) = U 0alUa 1 Vi),
B B B

from which it can be seen that the union [ Jg V3 of open sets Vg is an open set. Since ¢, is
injective, by Lemma @ the image of the intersection is equal to the intersection of images,

so we have
g0a<Ua N Vﬁ) - goa<ﬂ(Ua N Vﬁ)) = (N @aUaN V),
B B B

from which it can be seen that the finite intersection s Vs of open sets Vg is an open set,
which proves that the formula (ll:ll) really defines a topology on M.

Lemma 1.1. If Ais a topological atlas of fixed dimension for a set M, then the atlas topology
of A is a unique topology by which M becomes a topological space such that all charts of the
atlas A are homeomorphisms onto their image.

Proof. Let A = {(Uq,9,) : @ € A} be a topological space of dimension n for a set M that
becomes a topological space. As we require that ¢,: Uy — ¢,(Uy) are homeomorphisms,
the family {Uq }4cp becomes an open cover of M, so VC Misopenifandonlyif U, NV C M
is open for every a € A. Therefore, a required topology on M can only be the atlas topology
given by (@).

IfWC ¢,(Uq)is open in R", then goﬁ(Uﬁm(pgl(W)) = goﬁogo(;l(goa(Uaﬁ Up)NW) is open in
R", so @1 (W) is open in M, and thus ¢, is continuous. If V C U, is open in M, then ¢, (V) =
9,(Uqg N V) is open in R", so ¢! is continuous and therefore ¢, is a homeomorphism onto
its image. O

4
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Some authors allow that the dimension of a chart from a C"-atlas is not fixed in advance.
However, according to the dimension invariance theorem (Theorem @), a nonempty sub-
set of R™ is not homeomorphic to an open subset of R" except for m = n. Therefore, n is
constant on the connected component of M, but it is possible for each component to have a
different dimension. We do not want to use the word manifold for spaces of mixed dimen-
sion, such as the disjoint union of different Euclidean spaces, so we require that a C"-atlas
has a fixed dimension.

Lemma @ shows that the basic manifold concept implies a locally Euclidean topolo-
gical space M. However, this approach has a minor technical problem as there are many
choices of a topological atlas that give the same topological space.

For a chart (U, ) on a set M we say that is C"-compatible with a C"-atlas A for M if it is
C"-compatible with each chart from .4, which happens if and only if the union AU {(U, @)}
is also a C"-atlas.

Consider a C"-atlas A = {(Uq, 9,) : a@ € A} of dimension n for a set M. For V, W C M and
an arbitrary map ¢: V — R", since the intersection is distributive over the union, and the
formulas (&1]) and () from Lemma El] hold for the injective ¢,, we obtain

VW) ={JyWan VW) = J@ o9, ")(@(Uan VN W))

(1.2)
=W o0, (90 (Ua N V) N @y(Uan W)).

Let (V,y) and (W, 0) be charts on the set M that are C"-compatible with A Since the
transition function ¥ o ¢! is a homeomorphism (as a C"-diffeomorphism) for each a € A,
the formula () shows that (VN W) is open in R", as well as 6(Vn W). For the transition
function O o~ 1: Y(VN W) — 6(V N W) we have

6oy p(Uervamw) = (80 9") 0 (@g Y,

s0 0011 is of class C" on (U, N VN W) for every a € A, and thus of class C" on (VN W).
Similarly, ¥ o 8~ is of class C" on 8(V N W), so the charts (V, ) are (W, 6) C"-compatible,
which proves the following lemma.

Lemma 1.2. if two charts are C"-compatible with a C"-atlas, then they are mutually C"-
compatible.

A complete C"-atlas is a maximal C"-atlas in the sense that it is not properly contained
in any larger C"-atlas. In other words, every chart that is compatible with a complete C"-
atlas is already in the atlas.

Lemma 1.3. Every C"-atlas for a set M generates a unique complete C"-atlas for M that con-
tains it.

Proof. Let A be a C"-atlas for M, and let A be the family of all charts on M that are C'-
compatible with A. Obviously A C A, while by Lemma é all charts from A are mutually
C"-compatible. Every chart that is C"-compatible with A is also C"-compatible with 4, so it
is already in .4, which proves that A is a complete C™-atlas. O

The complete smooth atlas allows great flexibility in the choice of a chart, which is
discussed in the following lemma.

Lemma 1.4. Let (U, ) ba a chart from a complete C™-atlas A of dimension n on a set M.
If a nonempty subset V C U is such that (V) C R" is open, then (V,p|y) € A. If a map
f: o(U) — flo(U)) C R is a C"-diffeomorphism, then (U,fo @) € A.
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Proof. Since ¢[(V) = (V) is open, and the transition function @[yop)~* = (potp™1) lpvow)
is a C'-diffeomorphism for each (W,y) € A, we have (V,¢|y) € A. Since fo ¢(U) is open,
and (fo @) o' = fo (¢ oyp™1) is a C'-diffeomorphism for each (W, ) € A, we have
(U,fop) e A. O

A frequent use of Lemma @ refers to the case where a C"-diffeomorphism fis the trans-
lation given by the formula f(x) = x — ¢(p), which maps ¢(p) to 0 € R". Consequently, for
every point p € M there exists a chart on M that is centred at p.

Of course, the topologies on M generated by Lemma @ using an arbitrary topological
atlas A = {(Uq, ®,) }aca for M and using its complete topological atlas A O A, are equal,
since if ¢, (U, N W) C R" are open for each a, then for every (V,y) € A, the formula ()
implies that (VN W) C R™ is open.

In this sense, a locally Euclidean space of dimension n is an ordered pair (M, A), where
M is a set, and A is a complete topological atlas of dimension n for M, and therefore it is
a topological space whose topology is determined by an arbitrary topological atlas A C A,
while all charts of that atlas are homeomorphisms onto their image. However, a topolo-
gical space does not have to be locally Euclidean, as we see in the next example.

Example 1.1. Consider the crossing lines M = {(x,y) € R? : x> = y?} ¢ R? with the sub-
space topology. If ¢: V — ¢(V) C R" is a homeomorphism for a connected neighbourhood
V C M of the point 0 = (0,0), then V'\ {0} and ¢(V) \ {¢(0)} are homeomorphic. However,
V'\ {0} has four connected components, whereas ¢(V) \ {¢(0)} has two components when
n =1 or only one component when n > 1, and therefore M is not locally Euclidean. A

Usually, additional technical assumptions on the topological space are made to avoid
some pathological examples that do not arise in practice. We naturally assume that M is
a Hausdorff space, which means that for any two distinct points p,q € M there exist dis-
joint open subsets P,Q c M such that p € P and q € Q. In that case, instead of charts
(U,9),(V,9) € Awithp € Uand q € V, by Lemma we can take their restrictions
(UNP,@lynp), (VN Q,¥lyng) € A which have disjoint coordinate neighbourhoods. The
Hausdorff condition is satisfied if for every two distinct points p, q € M there are charts
(U,0),(V,¥) € Awith p € U and q € Vsuch that Un V = (), which is equivalent to the fact
that the induced topology is Hausdorff.

It is useful to know that the Hausdorff condition is automatically satisfied for points
from the same coordinate neighbourhood, which we see in the following lemma.

Lemma 1.5. Let (M, A) be a locally Euclidean space and (U, ) € A. For distinct points
D.q € U there exist (Vp,¥,), (Vq, ¥,) € Asuchthatp € Vp, q € Vg, and V, N Vy = 0.

Proof. Distinct points ¢@(p),¢(q) € ¢(U) C R" can be separated by open sets P > ¢(p) and
Q > ¢(q), where PN Q = 0, so we obtain disjoint sets V, = ¢~1(P) 5 pand V; = ¢~1(Q) > ¢,
while the required charts are the corresponding restrictions of the chart ¢ given by Lemma

0

Example 1.2. The line with two origins M = {(x,y) : x e R, y € {—1,1}}/. is the quotient
space, where the equivalence relation ~ is given by (x, —1) ~ (x, 1), if x # 0. We can see it
asM = (R\ {0})u{0,,0_},solet A= {(Us,0,),(U_,p_)}, where ¢, : M\ {0+} — R are
given by ¢, (x) = x for x € R\ {0} and ¢, (0+) = 0. The transition function ¢_ o ;! =
Ig\{0} is @ homeomorphism, so A is a topological atlas for M. Additionally, the charts ¢
and ¢_ are homeomorphisms with respect to the quotient topology of the space M, which
is precisely the topology that, according to Lemma @ will be generated by the atlas A.
Every neighbourhood of the point 0. contains ¢11(—¢, &) = (—&,0) U {05} U (0, &) for some
small € > 0, so the points 0, and 0_ cannot be separated by open sets. The line with two
origins is a locally Euclidean space of dimension 1 which does not satisfy the Hausdorff
condition. A
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An additional requirement is that M is second countable (satisfying the second axiom
of countability), which means that its topology has a countable basis. In chart terms, this
means that the complete atlas A has a countable subatlas A C A. Namely, for every p € M
there is a chart at p which by Lemma @ can be replaced by restriction to some basis set,
so if M has a countable basis, then it also has a countable subatlas. Conversely, since open
subsets of R" have a countable basis, if there is a countable subatlas .4 then M is a countable
union of open sets with a countable basis, ant it itself has a countable basis.

Example 1.3. An ordinary line R can be constructed in an unusual way as L =I1x [0,1) by
taking the half-open intervals indexed by I = Z equipped with the topology induced by the
lexicographical order on L. Let w; be the first uncountable ordinal. Since every set can be
well-ordered (according to Zermelo@, where the axiom of choice is used), we can naturally
introduce the well-ordered set I = —w; U {0} U w1 on the model of Z = —N U {0} UN. The
long line (or Alexandroff linel) is L = I x [0,1) with the lexicographical order topology.
The set {x € wy : X < a} is countable for every a € w1, and soistheset{x € I: a < x < B}
for a, B € I, which implies that every a € I has its successor S(a) € I. For each a € I we
introduce homeomorphisms ¢,: Uy, — (0, 2), where U, = ({a} x (0,1)) U ({S(a)} x [0,1)),
given by ¢,(a,t) = t and ¢,(S(a),t) = t + 1, so L is a locally Euclidean space of dimension
1 with the topological atlas {(Uq, ¢,) : a € I}. The long line has no countable basis because
{(a,t) e L : t € (1/4,3/4)}4¢1 is an uncountable family of disjoint nonempty open subsets
of L. A

The second countable atlas condition, among other things, can be used in proofs by
mathematical induction. Most of our examples have an atlas consisting of finitely many
charts, and it is not hard to notice that if M is compact, instead of a complete atlas we can
take a finite subatlas.

Finally, we introduce the definition of C"-manifold of dimension n € Ny, which is the
set M together with a complete C"-atlas of dimension n that has a countable subatlas and
satisfies the Hausdorff condition. In general, it is not convenient to explicitly define a
complete because it contains too many charts. Therefore, along with the set M we usually
specify some countable C"-atlas A (Which solves the countable basis problem), and we say
that (M, A) is a C"-manifold, assuming that it is the C"-manifold (M, A), where A D A is the
complete C"-atlas generated by Lemma @

Example 1.4. Of course, the basic example of a C"-manifold of dimension n is the Euc-
lidean space R". It is locally Euclidean of dimension n, which is justified by the C"-atlas
with the single chart (R", 1gn), and the Hausdorff condition is satisfied because R" is Haus-
dorff as a metric space. A

1.2 Topological properties of manifolds

A topological manifold of dimension n or topological n-manifold is a C°-manifold
of dimension n. First of all, it is a topological space in accordance with Lemma |1:1| A
chart (U, ¢) of dimension n on a topological space M O U is every homeomorphism

8Ernst Friedrich Ferdinand Zermelo (1871-1953), German logician and mathematician
17pavel Sergeyevich Alexandrov (1896-1982), Soviet mathematician
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¢: U — ¢o(U) C R". Any two charts of the same dimensions on a topological space are
C%-compatible because their transition function is a homeomorphism as a composition of
homeomorphisms. Therefore, it is sufficient to find charts of dimension n on M whose
domains form an open cover of M to obtain a topological atlas and showed that the topo-
logical space M is locally Euclidean of dimension n.

If a topological space M as a set has a topological atlas .4 by which M becomes a topolo-
gical manifold whose topology induced by the atlas A agrees with the topology of M, then
a complete topological atlas A O A is uniquely determined, as well as a topological mani-
fold. This allows us to describe a topological manifold without any specific atlas, which is
actually the standard definition of almost all authors.

Lemma 1.6. A topological n-manifold is a second countable Hausdorff topological space
that is locally Euclidean of dimension n.

Although there are some important locally Euclidean spaces that do not satisfy the addi-
tional conditions (see Example [1.Z and Example ), it can be said that almost all ordinary
geometrical figures satisfy them, and it is extremely rare to meet a space in nature without
all of these conditions.

The Hausdorff condition has two essential properties. First, that the limit of a conver-
gent sequence is unique. Second, that compact subsets are closed sets (especially, any finite
set is closed) and thus have complements that are open. Hausdorffness together with the
second countability implies the existence of partitions of unity, a very important tool in a
manifold theory, and would suffice to justify these conditions. It follows that these condi-
tions ensure that every manifold embeds in some finite-dimensional Euclidean space, and
it can be endowed with a Riemannian metric.

The simplest examples of manifolds have an atlas consisting of only one chart. Then
we automatically have a countable basis, while the Hausdorff condition follows directly
from Lemma @r

Example 1.5. Let M = {(x,y,z) € R® : z = x> +y?} c R? be the circular paraboloid with the
subspace topology inherited from R3. It is enough to observe the single chart ¢: M — R?
given by ¢(x,y,z) = (x,y) that is the normal projection onto the plane z = 0, which is a
homeomorphism between the paraboloid and the plane. Therefore, the paraboloid M is a
topological 2-manifold. A

Example 1.6. For any open set U C R", the graph of a continuous function f: U — R™ is
the subset of R" x R™ defined by I'(f) = {(x,y) : x € U,y = f(x)}. The natural projection
@: T(f) — U given by ¢(x,y) = x is continuous, invertible, and its inverse ¢—1(x) = (x, f(x))
is continuous. Since ¢ is a homeomorphism, I'(f) with the atlas {(I'(f), ¢)} is a locally Eu-
clidean space, so I'(f) with the subspace topology inherited from R"**™ = R" x R™ is a
topological n-manifold. We can notice that the paraboloid from Example @ is just one
special case of graph. A

8
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Of course, we cannot expect that a topological space M always has an atlas with a single
chart (M, ¢). If M is compact, then so is its image ¢(M) C R™ under homeomorphism ¢, but
a nonempty open subset of Euclidean space is never compact, so we need at least two
charts. In case when an atlas has more charts, it is necessary to check the Hausdorff con-
dition, but in practice this is often straightforward. For example, if M is a topological sub-
space of Euclidean space, then the Hausdorff condition (as well as the second countability)
is automatically inherited.

Example 1.7. The unit circle 8! = {(x,y) € R? : x? + y?> = 1} ¢ R? with the subspace
topology is a topological 1-manifold, since the map : R — 8! given by y(t) = (cost,sint)
has restrictions to small open sets which are homeomorphisms. More generally, the n-
dimensional sphere of unit radius centred at the origin,

St — {(X1,...,Xn+1) S R :X% + ... JrX?l-i-l — 1} C Rn—«—l7

is called the n-sphere. Hausdorffness and second countability for S" with the subspace
topology are inherited from R"**!. An arbitrary point (ay,...,an.1) € S" can be assigned

to the open hemisphere U = {(x1,...,Xps1) € 8" : a1X1 + - -+ + Any1Xpy1 > 0}. The ortho-
gonal projection of U onto the hyperplane given by aix; + - - - + a1 1Xn1 = 0 has formulas
(X1, Xng1) + (X, ..., X, q) Where X; = X; — @;(a1Xq + - + Gpy1Xpqq) for 1 <i <n+ 1.
This projection determines a homeomorphism between the hemisphere U and the disc de-
scribed by the set {(X1,...,Xp11) € R ox? . 4 x2 | <1, a1X1 + -+ + Gny1Xny1 = 0}, 80
the n-sphere is a topologlcal n-manifold by Lemma @ A

Manifolds, as topological spaces, share many important properties with Euclidean
spaces. Since a topological manifold is locally Euclidean, local properties of Euclidean
spaces (such as local compactness or local path-connectedness) are inherited. Usually, the
open balls of radius r > 0 and centre p € R" form a topology basis of the Euclidean space
R, and we use the notation

Br(p) = {x € R": |x — p|| <1} C R™.
Lemma 1.7. Every topological manifold is locally compact and locally path-connected.

Proof. Let M be a topological n-manifold, and U C M be a neighbourhood of a point p € M.
Since M is locally Euclidean, there exists a chart at p € M, and this chart can be modified
according to Lemma @ so there is a chart (V, ¢) centred at p € M such that V C U. The
set (V) > 0 is open, so there is a sufficiently small € > 0 such that By:(0) C ¢(V). The
ball B¢(0) c R™" is path-connected and relatively compact, and so is its homeomorphic
preimage ¢~1(B¢(0)) C ¢~1(B¢(0)) ¢ V C U. Thus M is locally path-connected and locally
compact. O

If M is locally compact and Hausdorff, then all compact sets in M are closed. Hence,
every point p € M lies in some open set whose closure is compact.
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Lemma 1.8. A topological manifold is connected if and only if it is path-connected.

Proof. Since every path-connected topological space is connected, and every topological
manifold is locally path-connected (Lemma @), it suffices to prove that a connected and
locally path-connected topological space is path-connected. Since any path-connected
component of a locally path-connected space is open, the space itself is a union of dis-
joint open sets which are path-connected components. Thus, connected components and
path-connected components are the same, with the lemma being a special case of this. [

A refinement of a cover i/ of M'is anew cover V of M, such that every V € Vis contained
in some U € U. A simple example of refinement is a subcover, but refinements are much
more flexible. For example, the covering of a metric space by open balls of radius 2 is
refined by the covering by open balls of radius 1. A collection of subsets of M is said to be
locally finite, if each point of M has a neighbourhood that intersects only finitely many
of the sets in the collection. We say that M is paracompact if every open cover of M has
a locally finite open refinement.

The notion of paracompactness is introduced by Dieudonneld [45] as a generalisation
of the notion of compactness. Every compact space is, certainly, paracompact, while the
most famous counterexample is the long line from Example , which is not paracompact.
Hausdorffness of paracompact spaces extend their properties.

Lemma 1.9. Every paracompact Hausdorff space is regular.

Proof. Let M be a paracompact Hausdorff space, p € M, and Cis a closed set not containing
p. For any q € C, by Hausdorffness, we have disjoint open sets U; > p and V; > ¢q. Since
C € Ugec Vg, the sets Vg and M\ C form an open cover of M. By paracompactness of M, there
is alocally finite open refinement. Throwing out from this any open subset not intersecting
C, we still get a locally finite collection A of open subsets, each contained in some Vj, that
cover C. By local finiteness of .4, there exists an open set W > p such that there are only
finitely many members A4, ..., Ay of A that intersects W. Let q1, ..., qx be points in C such
that A; C Vg, > q;holdsfor1 <i < k. Letusdefine U= WnUgN---NUg and V= JA. Itis
easy to see that U and V are disjoint open sets. Thus p € U and C C V can be separated by
neighbourhoods and therefore M is regular. O

Moreover, the original theorem of Dieudonne states that every paracompact Hausdorff
space is normal, but we do not need that fact. Every locally compact second countable
Hausdorff space is paracompact, so this holds in particular for a topological manifold.

Lemma 1.10. Every topological manifold is paracompact.

Proof. Let M be a locally compact second countable Hausdorff space. Then there exists a
countable basis {W;};cy consisting of relatively compact sets. Put K; = W; and assume
inductively that compact K; has been defined for 1 < j < n. Since {W;};cy is an open
cover of compact Ky, there is the smallest m € N such that K,, C U{i 1 Wi, so we define
Kni1 = U, W; which is compact as a finite union of compact sets. Thus we have an
exhaustion of M as a family {Kj}nen 0f compact subsets of M such that K, ¢ Int(Kp, 1)
and M = Upen Kn.

Let U be an open cover of M for which we seek a locally finite refinement. For p ¢ M
thereis U, > p from ¢/ and a minimal n € N such that p € Int(Ky) and p ¢ Int(K,_1). The set
(Kn \ Int(K,,_1)) is a compact subset of open (Int(K,.1) \ K,_2), and therefore there exists
a finite subfamily that covers it, consists of sets of shape V, = (Int(K;4+1) \ Kn—2) N Up. The
casesn = 1 and n = 2 need a slight modification, for example V, = Int(K3) N Up. Anyway,
such V, can intersects only sets of such shape whose n differs from the original n for no

18]ean Dieudonné (1906-1992), French mathematician
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more than one, which is a finite number. Hence, the sets of shape V, make a new basis,
which is a locally finite refinement of ¢/. O

Let us remark that some authors define a topological manifold as a locally Euclidean
paracompact Hausdorff space. In this case we should know that each connected compon-
ent of a locally Euclidean paracompact Hausdorff space has a countable basis. Thus, if a
locally Euclidean paracompact Hausdorff space has a countable number of components,
then it is second countable.

1.3 Smooth manifolds

The definition of topological manifolds is sufficient for studying topological properties,
such as compactness and connectedness. However, smoothness is not invariant under
homeomorphisms (a circle and a square are homeomorphic, but the square is not smooth),
and therefore the topological structure is insufficient to provide the calculus. Therefore, a
topological manifold requires an additional structure.

A smooth manifold or differential manifold of dimension n is a C>*-manifold of
dimension n. According to the definition, it is a set M furnished with a countable C*>-atlas
A of dimension n which satisfies the Hausdorff condition. We say that A is a smooth
atlas for M, and every two charts from A are smoothly compatible in the sense that
their transition function is a diffeomorphism.

Since our theory predominantly assumes the smoothness of fundamental objects, we
often omit the explicit use of the adjective “smooth”. Throughout this book, unless ex-
plicitly stated otherwise, manifold will refer to a smooth manifold, atlas will refer to a
smooth atlas, and compatible charts will imply smooth compatibility. The dimension of
a manifold M is denoted by dim M, and if we want to emphasize that n = dim M, we say
that M is an n-manifold, or we indicate the dimension through a superscript and write
that M" is a manifold.

According to Lemma El], a smooth atlas .A uniquely determines the topology on M, but
in addition to the topological one, we also get an additional structure, called the smooth
structure, which allows changing of local coordinates during the transition from one
chart to another always be smooth. A smooth structure on M is essentially defined by a
complete smooth atlas A, but thanks to Lemma @ itis sufficient to have a smooth subatlas
ACA

By a common abuse of language, we usually speak of a manifold M, where a certain
(complete smooth) atlas A is implicitly understood. Therefore, a chart on M will always
mean a chart in the atlas 4. Let us survey some common examples of manifolds to which
we naturally assign a smooth atlas to define smooth structure that we call the standard
smooth structure, which will, unless otherwise explicitly specified, be our default.

Example 1.8. The only neighbourhood of a point p in a 0-manifold M that is homeo-
morphic to an open subset of R is {p} itself, and therefore there is exactly one chart
@: {p} — RO All charts on M are trivially compatible, and every 0-manifold is just a
countable discrete space. We can notice that the countable subatlas (second countable)
condition from the manifold definition does not allow to consider R as a 0-manifold. A

Example 1.9. If a topological manifold M has a topological atlas with a single chart, the
compatibility condition holds trivially, this atlas is automatically smooth and determines
a smooth structure on M. Euclidean space R" with the single chart (R", 1g») from Example

is a topological n-manifold, and that identity map determines the standard smooth
structure on R". Also, the graph of any continuous function on an open subset of R" is

11
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a topological n-manifold with a single chart from Example @, and therefore it is an n-
manifold. This shows that many of the familiar surfaces are manifolds, for example an
elliptic paraboloid or a hyperbolic paraboloid. A

Example 1.10. Example @ shows the 1-manifold R with the standard smooth structure
is determined by the single chart (R, 1x). However, we can use another single chart (R, ¢),
where ¢: R — R is given by ¢(x) = x5, to determine a new smooth structure on R. Since
the transition map 1y op~1(y) = y'/3 is not smooth at the origin, two charts are not com-
patible and therefore they determine different smooth structures. Thus, we have a new
1-manifold R which convinces us that the same topological manifold can have many vari-
ous smooth structures. A

Every open subset U C R" can be seen as a manifold using the atlas with the single chart
(U, 1y). Moreover, this kind of construction is possible for any open subset of an arbitrary
manifold, as we see in the following examples.

Example 1.11. Let M be an n-manifold with a complete smooth atlas .A. The natural atlas
on an open subset U C M consists of the chart (V,¢) € A such that V C U. Each point
p € Uis contained in the domain of some chart (V, ) on M, while (VN U, ¢|y~y) is a chart
at p € U by Lemma @ The second countability and Hausdorff condition are inherited
by subspaces, so U ¢ M becomes an n-manifold in a natural way, and we call it an open
submanifold of M. A

Example 1.12. For m,n € N, we denote the vector space of all real m x n matrices by
R™*", Since R™<" =~ RM", according to Example [1.9, R™<" is a manifold of dimension mn.
The general linear group of degree n € N is a group GL(n,R) of invertible real square
matrices of order n, that is,

GL(n,R) = {A € R™" : detA # 0} = det }(R )\ {0}).

Since the determinant function det: R™" — R is continuous, GL(n, R) is an open subset of
R =~ R™ | and therefore GL(n, R) is a manifold of dimension n? by Example [1.11] as an
open submanifold of R™". Similarly, the complex general linear group GL(n,C), which is
a group of invertible n x n complex matrices of order n, is an open subset of C™*" = R21*
and it is a manifold of dimension 2n2. A

Example 1.13. We can generalise Example to rectangular matrices of full rank. Let
Ri*" be the subset of R™*" consists of matrices of rank m < n. For any A € Rji*" there
is a submatrix fy(A) € GL(m,R), where f,: Rjz*" — R™ ™ js a concrete projection. By
continuity of the determinant function there exists a neighbourhood U c Rj*" of matrix
A such that det(f4 (X)) # 0 holds for all X € U. Hence R;;;*" is an open subset of R™*", and
thus a manifold of dimension mn as an open submanifold of R™*", A

In Example E?I we showed that the sphere §" is a topological n-manifold even though
we did not specify the charts of topological atlas. In order to show that S" is a smooth n-
manifold, it is necessary to define a concrete smooth atlas, preferably with as few charts
as possible, as we see in the following examples.

Example 1.14. Consider the topological atlas for the sphere 8" from Example @ If we
use only those points of the sphere whose coordinates are all zero except one, the corres-
ponding hemispheres will cover the whole 8. The number of charts in the atlas is reduced
to 2n + 2, where all of them have very simple formulas. Concretely, foreach1 <i<n+1
we have projections on the hemispheres U,; = {(x1,...,Xp1) € 8" : £x; > 0} given by
O i(X1,. .., Xny1) = (X1,...,Xi_1,Xi41,-- - Xnt1), While ¢ ;(Uy;) = B1(0) = B" C R"is the
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open unit ball. The projections ¢ ;: U,; — B" are bijections since we easily calculate their
inverses,

90;1'1()’17- .- 7yn) = (y17 s 7yi—17j:\/1 _y% — _y%,yi, c. ,yn)7

which means that (U;, ¢ ;) are charts on the sphere S". This charts are mutually compat-
ible because all transition functions are smooth. For example, for j < i we have

o(pil(ylw"ayn): —]O(pilO’lv -~,yn)
:(yla---7_y]'—lvyj+17'--’yi—lui\/1 _)’%_“’_J’rzu)’ia-na)’n)a

which is smooth, so ¢ ;0 ¢~ s a diffeomorphism between Vijand Vi q),and @_joq ﬂ

a diffeomorphism between V jand V1), where Vo = {(y1,...,¥n) € B" +y, > 0} are
open sets. The case j > i can be solved similarly, while the case j = i essentially does not
exist since U, ;N U_; = 0, and therefore the charts (Uy;, ¢_;) form a smooth atlas for §*. A

Example 1.15. In Example @ we use 2n+2 charts to show that the n-sphere S" is a smooth
n-manifold. The number of charts in the atlas can be reduced to 2, which is optimal because
S is compact. Let us consider two points p. = (0,...,0,+1) € S" and two sets Uy =
$™\ {ps} which cover the whole S™.

The atlas will consists of two stereographic projections ¢, : U, — R" defined by

1

O (X1,...,Xn, Xn41) = m(xl, ey Xn).
Such ¢, are continuous, invertible, and the inverse
0TI, V) = 1+y%fmﬂ,%@yl,...,zyn,¢<—1+y%+~--+y%>> (1.3)
is also continuous. The transition map
1 1
¢p_oq7 (yl,...,yn):m(yl,...,yn) (1.4)

is an obvious diffeomorphism from R" \ {0} onto itself (geometrically, it is the inversion
with respect to the sphere 8"~1 ¢ R"\ {0}, which is an involution), and therefore these two
charts are compatible. In this way, the stereographic projections on the n-sphere form a
smooth atlas, and determine the smooth structure of the n-manifold S".
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Moreover, the stereographic projections are compatible with the projections from Ex-
ample since the transition functions are smooth,

<y17-~7)/i—17i\/1 _Y%_”’_)’%Jiw--v)’n1>
1
1+yi+---+yi

(DsO‘PL'l(Yl,...,yn) = 1+syn

(Diio(ps_l(yla-” Jn) = (2)’17---)2)’i—1’2)7i+1a-~-72)’n7—3(_1 +y% +oee +y%l))

foreach 1 <i < n,aswell as

_ 1
(psO(pi(ln+1)(Y17-..,yr1) = 1:|:S\/1 yz yz (y1,...,yn)
-yi{——Yn
_ 2
(p:l:(n+1) O¢31(y17-..,yn) = 1+y2 + +y2 (y:l,...,yn)’
1 n

where s € {+, —}, so the atlas with ordinary projections and the atlas with stereographic
projections determine the same smooth structure, which is the standard smooth structure
of the n-sphere. A

It is common to build new manifolds out of old. For example, if we have two manifolds
of the same dimensions, we can take their disjoint union with the union of their atlases
and get a new manifold, although it is no more interesting than considering the manifolds
separately.

Example 1.16. Consider the product M x N for an m-manifold M and an n-manifold N. For
any point (p,q) € M x N we can choose a chart (U,¢) atp € M and a chart (V,y) atq € N,
which allows us to construct product charts in an obviousway o x¢: UxV — @(U) x (V) C
R™ x R" = R™"M by (¢ x ¢)(u,v) = (¢(u),P(v)). Any two charts (¢, x ;) and (¢, x ¥,) are
compatible because (¢, x ¥,) o (¢; x ¥;)~! = (@, o (pl‘l) X (P, o gbl‘l). The product atlas
is smooth, while the Hausdorffness and second countability are hereditary properties for
products, so the product manifold M x N is a manifold of dimension m + n. Therefore,
the torus 8! x 8! and the infinite cylinder 8' x R are manifolds. This construction can be
easily extended to more manifolds, so the n-torus, T" = 8' x - - . x 8! (n factors) is a smooth
n-manifold. A

Gluing is a good method to construct new spaces from known ones. For example, gluing
together the upper and lower edges of a square gives a cylinder and gluing together the
boundaries of the cylinder gives a torus. The quotient construction is a process starting
with an equivalence relation ~ on a set M, where we identify each equivalence class to
a point. The quotient set M/ .. is the set of equivalence classes, and there is the natural
projection map 77: M — M/ that sends p € M to its equivalence class 7(p) = [p].

If M is a topological space, it is natural that the quotient set M/. becomes the quo-
tient space by obtaining the quotient topology in which U C M/.. is open if and only if
~1(U) C M is open. Then the projection 7 is continuous, and we have additional topology
compatibility if 77 is open. This motivates us to make all charts (U, ¢) on M/ such that

o 7T is both continuous and open, because then the topology of M/.. induced by Theorem
h agrees with the quotient topology induced by the projection 7. However, even if the
original space is a manifold, a quotient space is often not a manifold, since the Hausdorff
condition must be checked.

Example 1.17. The real projective space of dimension n is the set of all one-dimensional
linear subspaces of the vector space R"*1. It is the quotient set RP" determined by the
projection 7: R**1\ {0} — RP" sending each point x € R"*1\ {0} to the equivalence class
7(x) = [x] = Span{x}, which becomes a point of the space RP" = (R"*1\ {0})/.. Usually,
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1.3. Smooth manifolds

we write the equivalence class of a vector (x1,...,Xp1) # 0 in homogeneous coordinates,
(X1t Xnp1) = (X2, Xng)]- B

Let us define the sets U; = {(X1,...,Xn41) : X; # 0} € R\ {0} and U; = n1(U;) C RP™ for
1 <i<n+1. The function ¢;: U; — R" given by

X1 Xi—1 Xip1 Xnt1
(Xp:...0x =(—...
(Pl( 1 n+1) (Xi7 ) Xl' ) Xl' ’ ) Xi >
is well defined, since the value ¢;([x]) is invariant on multiplying x = (x1,...,Xp11) by a

nonzero scalar, and it is obviously bijective with the inverse

Q7 V1Y) = 1t Yier 1Y Yis s Yn).

In this way we make the standard charts (U;, ¢;) on RP" for 1 < i < n+1. They are mutually
compatible since for i > j the transition function gives

- . . 1 .
ooy :(yl,...,y] 1,y’“,...,yl—1,,y’,...,y">
B0 Qi In) Yj Yi 'Y Yi Yy

which is a diffeomorphism between the open sets ¢;(U; N Uj) = R-1 x (R\ {0}) x R"7 and
@;(U;NUj) = R% x (R\ {0}) x R*"!~I, and it can be shown similarly in the case i <. Since
every nonzero vector has some nonzero coordinate, we have RP" = U?jll U;, so our charts
form a smooth atlas.

It remains to check the Hausdorff condition for distinct pointsp = (p1 : ... : pry1) and
q=(q1:...:qns1) from RP". If p, q € U; holds for some 1 < i < n+1, the matter is solved by
Lemma @ Otherwise, there exist 1 <i# j < n+1suchthatp; # 0,p; = 0and q; = 0,q; # 0.
Consider the disjoint sets P = {(X1 : ... : Xn11) : Xf > X7} and Q = {(X1 : ... : Xny1) : Xf < X7},

where p € P C U; and q € Q C U;. Since for each 1 < k < n the sets {(y1,...,yn) : [Vx| <1}
are open in R", then ¢;(P) and ¢;(Q) are open in R", so by Lemma [1.4 (P, ¢;[p) and (Q, ¢;[¢)
are charts of the complete smooth atlas (as (1: ...: 1) € U; for each i we could not use the
original charts only), which proves the Hausdorff condition. Finally, RP" with the standard
atlas introduced is an n-manifold.

Itis important to emphasize that the topology of the manifold RP" induced by Theorem
El] agrees with the quotient topology induced by the projection 7z. We consider the map
@;om: Uy — R given by @; o (Xq,...,Xns1) = (X1/X4, -+ Xi_1/Xi, Xi11/Xi, - - - s Xnp1/X;), for
each 1 <i < n+ 1. It is obviously continuous, but also open because for an open W C Ul,
as multiplication by A # 0 is a homeomorphism of U; c R"*1\ {0}, we have open AW C U,
from where (¢; o 7)~((@; o 7)(W)) = U0 AW is open, and therefore (¢; o 77)(W) is open.
Since all the maps ¢; o 77 are continuous and open, the topologies agree. A

Example 1.18. Complex projective space of dimension n is the quotient set CP" =
(C+1 \ {0})/. obtained in complete analogy with RP", where ~ is the proportional-
ity relation (scalars are nonzero complex numbers) that induces the natural projection

m: C"1\ {0} — CP" and homogeneous coordinates 77(zq,...,Zn.1) = (Z1 : ... : Zniq1). The
standard atlas charts are ¢;: U; — C"* = R?" where U; = {(z1 : ... : Zn41) : Z; # 0} for
1<i<n+1,given by
Z3 Zi—1 Zin1 Zns1
(z1:...:2 =(=...,—,—...,— .
(01( 1 n+1) (Zi’ 9 Zi ) Zi ) 9 Zi )

They are mutually compatible since for i > j the transition function gives

Zq ijl Zj+1 Zi 1 1 Zi Zn
;Zn): - e R N R R -

-1
(D]-OQDI- (Zl,... yeun e Y Ty Ty ey
Zj Zj  Zj Zj Zj Zj Zj
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Chapter 1. Smooth manifolds and maps

which is a diffeomorphosm between open sets ¢;(U; N Uj) = -1 x (C\ {0}) x C"7J and
@;(UiNl;) = C=2 % (C\ {0}) x C™*1-1 and similarly in the case of i < j. Of course, we should
always keep in mind that

Zk _ Xtk )G —1y) (kaj +YKYj YXj — Xk)’j)
zi X+ Xr+y? X +y? Xty

Analogous to the proof for RP", the Hausdorff condition holds for CP" because the points
p=({P1:...:Pnp1)andq=(qy: ... : qny1) from CP* withp; # 0,p; = 0 and q; = 0,q; # 0 can
be separated by P = {(z1 : ... : Zny1) ¢ [|1Zi]| > [Iz]|} and Q = {(Xq : ... : Xny1) = ||Zil] < [1Z]]}-
Finally, CP" with the introduces standard atlas is a 2n-manifold whose topology agrees
with the quotient topology because as in Example it can be shown that all maps ¢; o
are continuous and open. A

1.4 Smooth maps

The smooth structure on a manifold M with a smooth atlas .4 allows us to unambiguously
define which real-valued functions on M are smooth.

Let f: M — R be a real-valued function on M. If (U,¢) € A is a chart at p € M, we
can naturally identify fwith the composition function fop~1: ¢(U) — R, where ¢(U) C R",
thus enabling the notion of smoothness of a function on a manifold. We say that a function
f: M — R is smooth at p < M if there exists a chart (U, @) € A at p € M such that fo ¢!
is smooth at ¢(p) in the sense of ordinary calculus. A function f: M — R is smooth if it is
smooth at all points of M.

If (V) € Ais another chart at p € M, the transition function ¢ o 1)~* is smooth, and
because of (fot)™) lywnw) = (fo@ 1) o (o), we have that foyp™" is smooth at ¢(p) if and
only if fo o1 is smooth at ¢(p). In this way, the smooth atlas allowed us that our definition
does not depend on the choice of chart, while f: M — R is smooth if and only if fo ¢~ is
smooth for every chart (U, ¢) € A.

Let (M) denotes the set of all smooth real-valued functions f: M — R on a manifold M.
For two functions f, h € §(M) we naturally define the functions f+ h (sum), fh (product),
and af (multiplication with a scalar a € R) by the equalities

(f+h) ) =fp) +hip), (M) =fp)hD), (af)p)=fip),

that hold for all p € M. It is easy to see that our new functions are also in F(M). Equipped
with these operations, §(M) is a commutative ring (with unity), and also an algebra over
R.

Example 1.19. The coordinate functions x; = m; o ¢ of an arbitrary chart (U, ¢) on a man-
ifold M are smooth as functions on the open submanifold U since their coordinate repres-
entation x; o @1 is a restriction of the projection 7; to ¢(U), and therefore smooth. A
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1.4. Smooth maps

Example 1.20. The height function f: 8" — R on the n-sphere with its standard smooth
structure is given by f(xy,...,Xp11) = Xpy1- Using the formula () for the stereographic
projections from Example we can calculate

14 yd 4ty
1+yi+--+Yyi
that is smooth on R", and therefore fis smooth. Alternatively, we could use the atlas with
projections on the hemispheres from Example (since it also gives the standard smooth
structure of the n-sphere) to show that the functions fo ¢ L.l are smooth.
More generally, let us consider a smooth function f: R — R and its restriction flg. =

fo1, where 2: 8" — R™1 is the inclusion map. The coordinate representation of inclusion
is10@:t: R* — R™1 given by

(fo (0;1)011’ s v.yrl> =+

ZO(D:T:l(ylv"' >yn) = (2y17"'72yn7:|:(_1 +y% +oe +y$l))7

14+yf+---+Yn
which is smooth on R, hence flgn 0 931 = fo 10 @' is also smooth, and therefore fgn is
smooth. A

The support of a function f: M — R on a manifold M is the closure of the set of points
where fis nonzero,

supp(f) = {p € M : flp) # 0} = f1(R\ {0}).

Therefore, the support of a function fis the smallest closed subset of M outside of which
fis zero. In other words, the complement of supp(f) is the largest open subset on which f
is identically zero. If supp(f) is contained in some set U C M, we say that fis supported
in U. If supp(f) is a compact set we say that fis compactly supported. Of course, every
function on a compact space is compactly supported.

If a smooth function on an open submanifold of M is supported in a closed subset of M,
then it can be extended by zero to the whole manifold.

Lemma 1.11. If U is an open subset of a manifold M, and f € §(U) is supported in a closed
subset of M, then the function h: M — R defined by h|y = fand h{yny = 0 is smooth.

Proof. By assumption, supp(f) € A C U holds for some closed subset A C M, and therefore
h = 0 (and therefore smooth) on the open subset M \ A. Of course, since h|; = fis smooth
on U, his smoothon (M\A)UUD (M\U)UuU= M. O

A smooth structure allows us to extend the notion of smoothness to maps between two
manifolds M and N. The natural idea is to identify a map f: M — N with its coordinate
representation y o fo ¢~1, where (U, ¢) is a chart on M and (V, ) is a chart on N. The
domain of the representation is (fo ¢=1)~1(V) = (U N f~1(V)), but it is not necessarily an
open set, which can be a problem. That problem can be removed by requiring that f{U) C V
because then i o fo ¢! is a map between open sets (UN f~1(V)) = o(U) and Y(V).

Amap f: M — N between manifolds M and N is said to be smooth at p € M if there exist
charts (U, @) atp € M and (V,y) at f(p) € N, with flU) € Vsuch that Y ofoo~1: (U) — (V)
is Euclidean smooth. A map f: M — N is smooth if it is smooth at all points of M.
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Chapter 1. Smooth manifolds and maps

An open domain of a coordinate representation can naturally be ensured by the re-
quirement that the map fis continuous, and as expected, smoothness implies continuity,
which we see in the following lemma.

Lemma 1.12. A smooth map between manifolds is continuous.

Proof. Let f: M — N be a smooth map between manifolds. For p € M there exist a chart
(U, p) at p € M and a chart (V, ¥) at f(p) € N with f{U) C V, such that ¥ o fo o~ is Euclidean
smooth, and therefore continuous. The restriction fly = ¥ ! o ( o fo @~1) 0 @ is continuous
as a composition of continuous maps, and since fis continuous in a neighbourhood of each
point p € M it is continuous on the whole M. O

In order to check by definition whether a map f: M — N is smooth, it is enough to take
some smooth atlas {(Uq, ¢,) : a € A} for M with the property that f(U,) C V, holds for some
chart (Vq,¥,) on N and then check whether all maps ¥, o fo ¢! are smooth. Of course,
thanks to the smooth structure, the smoothness of a map does not depend on the choice of
charts, which gives an alternative way to set a definition of smooth maps.

Lemma 1.13. A map f: M — N between manifolds is smooth if and only if f is continuous
and the function ¥ o fo ¢~ is Euclidean smooth for every chart (U, ) on M and every chart
(V,¥) onN.

Proof. Let (U, @) be a chart on M and (V,¢) be a chart on N. By Lemma , a smooth f
is continuous which implies that f~1(V) is open, and therefore the function ¢ o fo ¢! has
the open domain D = ¢(U N f~1(V)). For an arbitrary point d € D # (), denote p = ¢~1(d),
so there exist charts (Uy, ¢,) at p € M and (V1,9,) at f(p) € N with f{U;) C V; and smooth

Y, ofo (01_1. Since
Wofo@ ™) lpwnuy = Wotr") oW ofoert)o(p 00,

while the transition maps Yo gbl‘l and ¢, op~! are smooth on appropriate neighbourhoods,
Yofoe~!issmooth on o(UN Uy) > d as a composition of smooth maps. Thus, smooth f
implies smooth 1 o fo @~ 1.

The converse is obvious because for p € M and a chart (V,y) y f(p) € N, an arbitrary
chart (U, @) at p € M can be restricted by Lemma @ to the open set W = Un f~1(V) and
obtain a new chart ¢y, with the condition fi{IWW) C V. O

Lemma covers the most common definition of smoothness in the literature. A map
f: M — N between manifolds is smooth if the function 1 o fo ¢! is Euclidean smooth for
every chart (U, ) on M and every chart (V, %) on N, with the stipulation that (U f~1(V))
is an open set. For example, (U N f~1(V)) is open if fhappens to be continuous.

There is a corresponding notion of a smooth function whose domain is an arbitrary
subset of Euclidean space, which can be generalised to manifolds. A map f: A — N, whose
domain A C M is an arbitrary subset of manifold and the codomain N is a manifold, is
said to be smooth at p < A, if there is a smooth map f,: U, — N where U, C M is a
neighbourhood of p, such that f = f, on U, N A. Of course, f: A — N is smooth if it is
smooth at every point of A. If we allow the domain of the coordinate representation not
to be an open set, a problem from the following example may occur.

Example 1.21. Consider the characteristic (indicator) function f: R — {0,1} C R of the
set {x e R: x> 0}. Let us take the single chart (R,1) on M = R, and two charts on N =
R, for example ((—o0,1),1) and ((0, +), 1). The coordinate representation of fis just its
restriction to the domain D = f~1(V), where V is the domain of the corresponding chart
on N. For V = (-0, 1), the set D = (—o0,0) is open and fTp = 0, so it is smooth. However,
for V = (0,+0), the set D = [0, +c0) is not open, but fT, = 1 holds and therefore it has
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1.4. Smooth maps

a smooth extension to an open set. Our goal is to generalise the definition of a smooth
function between Euclidean spaces, so we do not want that such non-continuous f, and
therefore not ordinary smooth function, be smooth. A

The definition of smooth map between manifolds generalises the previous concepts.
For example, a map between open subsets of Euclidean spaces has the coordinate repres-
entation (relative to the identity charts) equal to some of its restriction, and is smooth if
and only if it is Euclidean smooth. Similarly, in the case of a real-valued function on a
manifold, we have a coincidence of smooth maps between manifolds with smooth func-
tions determined by the smooth structure.

Since the smoothness of map between manifolds is by definition a local property, we
immediately have the Gluing lemma for smooth maps.

Lemma 1.14. Let M and N be manifolds and {Uq}qcp be an open cover of M. If there are
smooth maps fq: Ug — N for a € A such that fq = fg holds on U, N Ug for all a, B € A, then
there exists a unique smooth map f: M — N such that fly = fq for each a € A.

Example 1.22. The obvious example of smooth map is the identity map, or more generally
theinclusionmap: U — M for an open submanifold U C M. Every constantmapc: M — N
is also smooth. A

Lemma 1.15. A composition of smooth maps between manifolds is smooth.

Proof. Letf: M — Nand h: N — P be smooth maps. Since h is smooth, for each p € M there
exist charts (V,) at f{p) € N and (W, 0) at h(f(p)) € P, with h(V) C Wsuch that o hop~"
is smooth. The map fis continuous by Lemma , s0 f~1(V) > p is open and there exists
a chart (U, @) at p € M with U C f~1(V). Since fis smooth, ¥ o fo ¢~ is smooth by Lemma
.13, Hence (ho f)(U) C h(V) C Wand 8o (hof)op~t = (Bohoth ) o (hofo@~1)is smooth
as a composition of smooth functions. O

Although the definition is not simple, it is often straightforward to prove that a par-
ticular map is smooth. The most common way is to write the map in local coordinates
and recognize its component functions as compositions of smooth elementary functions
or maps that are known to be smooth.

Example 1.23. Any map from a 0-dimensional manifold into a smooth manifold is smooth,
since each coordinate representation is constant. A

Example 1.24. Let M and N be manifolds and let 77p;: M x N — M, mp(p,q) = p be the
projection to the first component. Let (U, @) be a chart at p € M and (V, ) be a chart at
q € N,then (U x V,¢ x ¢) is a chart at (p,q) € M x N. The coordinate representation of my,
ispomyo(@x)™L: (9 x ) (Ux V) — @(U) given by (ay,...,am,b1,...,by) — (aq,...,am),
which is smooth, and therefore sy, is smooth. A

Example 1.25. The quotient map 77: R**1\ {0} — RP" from Example is smooth. Its co-
ordinate representation related to introduced coordinates for RP" and standard coordin-
ates for R"*1\ {0} is

X Xi_1 Xi X,

-1 _ . . o 1 i—1 Ai41 n+1

(plo]TO]l (Xl,,xn+1) —(pl(X]_ PR Xn+1) — ()q,,)q,)q,,)q) 5
which is obviously smooth for (xy,...,Xn1) € ﬁi, that is, for x; # 0. A

A Lie groupE is a manifold G that is also a group in the algebraic sense with the prop-
erty that the group operations are compatible with the smooth structure. Concretely, the
multiplication map u: G x G — G, u(a,b) = ab and the inversion map : G — G, «(a) = a?
are both smooth.

Marius Sophus Lie (1842-1899), Norwegian mathematician
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Example 1.26. Let us mention basic examples of Lie groups. The Euclidean space R" is
a Lie group under addition. The set of nonzero complex numbers C \ {0} is a Lie group
under multiplication. The unit circle 8! in C\ {0} is a Lie group under multiplication. The
product G; x G, of two Lie groups (G1, ;) and (Gg, i, ) is a Lie group under coordinatewise
multiplication p; x . A

Example 1.27. The general linear group GL(n,R) = {A € R™" : detA # 0} from Example
is a manifold as an open subset of R"™". Since each component of the product AB
of two matrices A,B € GL(n,R) is a (quadratic) polynomial in the entries of A and B, the
matrix multiplication is clearly smooth. By Cramer’s2d rule, the inverse matrix A~! is the
quotient of the adjugate matrix of A and the determinant of A. The adjugate of A is the
transpose of the cofactor matrix of A, so the entries of the inverse matrix are (degreen—1)
polynomials in the entries of A, and therefore the inversion map is smooth. A

1.5 Diffeomorphisms

A diffeomorphism between manifolds M and N is a smooth bijective map f: M — N that
has a smooth inverse. If such diffeomorphism exists we say that M and N are diffeo-
morphic. A diffeomorphism of manifolds is a bijection of the underlying sets that identi-
fies their complete smooth atlases. Similarly, a homeomorphism between manifolds M
and N is a continuous bijective map f: M — N that has a continuous inverse, and if it exists
we say that manifolds are homeomorphic. Since every smooth map is continuous, every
diffeomorphism is a homeomorphism.

The manifold theory investigates properties of manifolds that are preserved by diffeo-
morphisms, so we consider diffeomorphic manifolds to be the same. Manifolds that are
homeomorphic are considered the same topologically.

Example 1.28. Let M be an n-manifold. Every chart (U, @) on M gives a diffeomorphism
¢: U — ¢@(U) from the open submanifold U C M onto an open subset of R". The maps
@ and @~ ! are smooth because such are their representations related to charts, (U, ) on
U and (@(U), 1ywy) on @(U), Lymyop o @t = lpy = oo lo ]l(;(lU). Conversely, every
diffeomorphism f: U — f(U) from an open subset U C M onto an open subset of R" is a
chart in the complete atlas. Namely, if (V,¢) is a chart of the atlas for M, we know that ¢
and 1! are smooth, so the transition maps fo ! and 1 o f~! are smooth as compositions
by Lemma , which implies that the chart (U, f) is compatible with the atlas. A

Example 1.29. If fis a bijection from a set P onto a manifold M, then there is a unique
complete atlas with which P becomes a manifold such that fis a diffeomorphism. In that
case, an atlas for P consists of charts (f~1(U), ¢ o f) where (U, @) is a chart on M. A

Example 1.30. The open unit ball B* = B;(0) in R" is diffeomorphic with R" itself. In
the case of dimension n = 1 there are many ways to set a smooth increasing bijection
f: (-1,1) —» Rsuch as

20Gabriel Cramer (1704-1752), Swiss mathematician
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1.5. Diffeomorphisms

) = 525,

In general, we can set a diffeomorphism f: B" — R" by

1—x

flx) =tan <§X> , f(x) =artanh(x) = %ln <1+X> .

fx) = fro)=

X
V1= x|? v1+lty|2

where the argument of the roots never vanishes, 1 — ||x||> # 0 and 1 + ||ly||* # 0, so fand f~!

are smooth. The map
X

o) = T

is also a diffeomorphism, but it is more difficult to prove that f~! is smooth without an

explicit formula. However,
X

=17

is not a diffeomorphism, since the norm |-|: R® — [0, cc), unlike its square ||-||%, is not
smooth in general. Concretely, for n = 1 we have

X 1 2X

=175 SO =a =5 T @

and therefore f/(0) do not exists and fis not smooth. A

Example 1.31. The map /> R? — R? given by f(x,y) = (x&¥ +y, xe’ —y) is a diffeomorphism.
From f(x,y) = (x&¥ +y,xe¥ —y) = (u,v) we have u — v = 2y and u + v = 2xe”, and therefore

1 u+v u-— v>
UWv)=\—w=>—51J>
Fruv = (0
so it is easy to see that fis bijective, and both fand f~! are smooth. A

Example 1.32. The projective line RP! is diffeomorphic to the circle 8'. To obtain a

diffeomorphism explicitly we can construct a bijection that identifies the standard atlas

{(U1,9,), (Uz,9,)} for RP! with the standard stereographic atlas {(U,,¢.),(U-,¢_)} for
S where

—{(1:x) eRPY: xR}, ¢,(1:x)=x,

e

={(x:1) eRP' : xR}, @,(x:1)=
U+:{(x, yeSliy£ -1}, o (
={xy)esS:y#1}, o_(
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For f: RP! — S, the identification ¢, with ¢, means that ¢ ofo@;': R — Ris the identity,
so we have fly, = ¢ ;1 o @,. The calculations yield

fxy) = (s

2 _y2
X2 +y2’ X2 +y2

for x # 0, so we can naturally redefine fby the same formula for x = 0 and get the required
diffeomorphism whose inverse is

(1+y:x)fory+# -1

> 1 X, —
frey) (x:1-y)fory#1

The calculations show ¢_ o fo ¢35 1 — 1g, so fis a diffeomorphism. Note that x = cost,
y = sint leads to the formula f(cost : sint) = (sin 2¢, cos 2t), so a required diffeomorphism
can also be [e!] — e, A

Example 1.33. The classical example of a homeomorphism between manifolds that is not
a diffeomorphism is the map ¢: R — R given by ¢(x) = x3. It is smooth and invertible,
but the inverse map is not smooth. In Example we created the manifold R from R
endowed with the smooth structure determined by the chart (R, ¢). This smooth structure
is different than the standard one, but manifolds R and R are diffeomorphic. The map
f: R — R given by fix) = x3 is a diffeomorphism, because its representation 1y ofo@~1 = 1y
is obviously smooth, like its inverse. A

Example 1.34. Let M be a manifold with a complete atlas .A. Any homeomorphism
f: M — M determines a new atlas .4’ on M with charts ({U), o f~1) € A’ obtained from
charts (U,¢) € A. Then fis a diffeomorphism if and only if A = A’. Therefore, if fis a
homeomorphism which is not a diffeomorphism, then fdefines a new atlas A’ # .A. How-
ever, the new smooth structure on M is not essentially different from the old one. Although
f+ M — M is not a diffeomorphism it defines a diffeomorphism between M and the man-
ifold with the atlas .A’. Hence, even though A and A" are different atlases, the resulting
smooth structures are still diffeomorphic. A

Example 1.35. For every s > 0 we can construct the map Fs: B" — B" defined by

s X
Fs00 = I 1

for x # 0 and Fs(0) = 0. Since x € B" means ||x|| < 1, it follows ||Fs(x)|| < 1 and we obtain
Fs(B") C B". Itis easy to check that FsoF; = Fg, so Fs is a bijection where (Fs)~! = F4 /s» While
Fy,5(B") C B" implies Fs(B") = B". Obviously, the map F; is smooth on B" \ {0}, so there
remains to check the smoothness at the point x = 0. Since Fs(x) — 0 as x — 0, we know
that Fs is a homeomorphism. Since Fs is not smooth at 0 for s < 1, while (Fs)~! = F; /s Isnot
smooth at 0 for s > 1, we know that F; is a diffeomorphism only for s = 1. In this way we
construct an uncountable family of homeomorphisms on B" that are not diffeomorphisms,
but their restriction to B" \ {0} are diffeomorphisms.

Let A = {(Vq4,¥,) : @ € A} be an atlas for M. For p € M there exists a chart (U, ¢) of the
complete atlas centred at p such that ¢(U) = B". For every s > 0 we construct the new atlas
As = {(Va\{P}, Yo v\ ipy) : @ € AYU{(U, Fs09)}. Since (Fso)o(Frop)~! = FsoF, ! = F/ s not
a diffeomorphism for s # t, our complete smooth atlases determined by .4, are different
and there are uncountable many of them. We have shown that if a topological manifold of
dimension n > 1 has a smooth structure, then it has uncountable many different smooth
structures. A
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Unlike homeomorphisms that are not diffeomorphisms, it is difficult to find two homeo-
morphic manifolds that are not diffeomorphic. It turns out that for n < 3 every topological
n-manifold has a smooth structure that is unique up to diffeomorphism (see Moisel [89]).
However, the first example of exotic manifold structures was discovered by Milnor4 in
1956 [88], who found that 7-sphere 87 admits smooth structures that are not diffeomorphic
to the standard structure.

It is an interesting question whether a given topological manifold can carry smooth
structures that are not diffeomorphic. This question is very complicated, even for Euc-
lidean spaces. It appears that R" for n # 4 has a unique smooth structure, up to diffeo-
morphism (see Stallings#? [114]). However, a combination of results due to Donaldson
[46] and Freedman#3 [52] led to the discovery of non-standard smooth structures on R%.
Moreover, R* has uncountably many distinct smooth structures, no two of which are dif-
feomorphic to each other (see Taubes@ [116]).

On the other hand, there exist topological manifolds that do not admit smooth struc-
tures at all. The first example of this deep result was a compact 10-dimensional mani-
fold found by Kervaire?? in 1960 [76]. In fact, examples of non-smoothable topological
n-manifolds are known for each n > 4. The most famous example is so-called Eg manifold,
which is a topological 4-manifold discovered by Freedman in 1982 [52].

1.6 Partitions of unity

Since manifolds are constructed by gluing open sets in R" by diffeomorphisms, working
on the entire manifold can be inconvenient. The theory of partitions of unity is a rather
technical but important tool that allows us work in local coordinates. The basic idea is to
break the constant value function 1 into a bunch of smooth pieces that are easier to work
with.

There is a huge number of smooth functions on a manifold, but the heart of partitions
of unity are the bump functions. These are smooth equivalents of characteristic functions,
and we use them to camouflage a function f: M — R. If we multiply f by a characteristic
function of U C M, the result is zero outside of U, but this causes some discontinuities. A
bump function b repairs the problem by smoothly decreasing to zero between an inner set
Vand an outer open set U O V. Then, for x € Vwe have b(x) = 1 and therefore (fb)(x) = f(x),
while for x ¢ U we have (fb)(x) = 0. Additionally, the product fb will be at least as smooth
as fwas (except in the case of analytic functions).

The core of the theory is a smooth real function that vanishes for all negative values of
the domain and is strictly positive for its positive values. The famous non-analytic smooth
function f: R — R from Example @, defined by

f0) =

e x ifx>0
0 ifx<o0

has exactly such properties. For arbitrary a,b € R such that a < b, we define a smooth
function h: R — R by

 fb-x
)= fx—a)

2'Edwin Evariste Moise (1918-1998), American mathematician
22John Willard Milnor (1931), American mathematician

23Tohn Robert Stallings Jr. (1935-2008), American mathematician
24Simon Kirwan Donaldson (1957), English mathematician
Michael Hartley Freedman (1951), American mathematician
26Clifford Henry Taubes (1954), American mathematician
2Michel André Kervaire (1927-2007), French mathematician
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Chapter 1. Smooth manifolds and maps

Since at least one of the expressions b — x and x — a is positive, the denominator is positive
for all x. Thus, a so-called cutoff function h is well defined with the properties h(x) = 1
for x <a,0 < h(x) <1fora< x < b, and h(x) = 0 for x > b.

y = f(x) ly = h(x)

|
|
|
N
0 X a b X

A cutoff function can be further generalised in R" where we use the open balls B-(p) =
{x e R": ||x—p| <r}. For0 < a < b we set a function H: R" — R by H(x) = h(||x]|). The
function His smooth on R"\ {0} as a composition of smooth functions, while it is identically
equal to 1 on B,4(0), so it is also smooth at 0 € R™. This construction proves the following
lemma.

Lemma 1.16. Given any a,b € R such that 0 < a < b, there is H € §(R") such that H(x) =1

for x € B4(0), 0 < H(x) < 1 for x € B,(0) \ B4(0), and H(x) = 0 for x € R™\ By(0).
This concept is generalised from Euclidean space to manifolds, and the following
lemma is fundamental in our theory:.

Lemma 1.17. Let M be a manifold and U be some neighbourhood of p € M. Then there are a
neighbourhood of V > p and a compactly supported smooth functionb: M — [0,1] C R such
that b1y =1 and supp(b) C U.

Proof. According to Lemma @ there is a chart (W, ¢) centred at p € M such that W C U.
There is a small enough € > 0 such that B3, (0) C ¢(W) C R". Let H: R" — R for n = dimM
be a smooth function from Lemma with H(x) = 1 for ||x|]] < & 0 < H(x) < 1 for
€ < |Ix|| < 2¢, and H(x) = 0 for ||x|| > 2e. The new function f = Ho ¢: W — [0,1] C Ris
smooth and supported in ¢~1(B,.(0)) ¢ W, so by Lemma it extends by zeroto b € F(M).
For V= ¢~1(B¢(0)) > p we have b, = 1, while supp(b) = ¢~ (B, (0)) c W C U. O

The function f € §(M) from Lemma is called a bump function at p and it easily
extends a smooth function on the whole manifold M, which we see in the following lemma.

Lemma 1.18. Let M be a manifold and U be some neighbourhood of p € M. For f € §(U)
there exist a neighbourhood V > p and F € §(M) such that supp(F) C U and F|y = fy.

Proof. Applying Lemma we find an open V > p and a bump function b € F(M)
supported in U with b|y; = 1. The function bf € F(U) is supported in the closed subset
supp(b) ¢ U C M, so by Lemma it extends by zero to F € §(M), where we have
supp(F) C Uand Fly = (bf) [y = flv- O

When in Lemma , we replace a point from a neighbourhood by a compact subset,
we get the important consequence.

Lemma 1.19. If K C U C M holds for a manifold M, a compact K, and an open U, then there
is a smooth function f: M — [0,1] C R supported in U with g = 1.

Proof. According to Lemma , for each p € K C U there exist an open V, > p and a
smooth function f,: M — [0,1] C R supported in U with f,[y, = 1. The family {Vp},ck is
an open cover of the compact K and therefore it has a finite subcover {Vy,,..., Vy,}. The
functionf: M — [0,1] C Rgivenby f=1—(1—fp,)(1—fp,) - - - (1 —fp,) is clearly smooth. Since
fix) # 0, if there exists 1 < i < k such that f;,(x) # 0, we have supp(f) C (J;supp(fp,) C U,
which means that fis supported in U. Finally, fly, = 1 holds for 1 < i < k, and therefore

because of K C JX_, V,, we have f; = 1. O
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1.6. Partitions of unity

A partition of unity is a decomposition »",., fa = 1 of constant function 1 (the word
unity stands for this function) into a sum of smooth functions f,. We usually deal with
infinite sums, so our functions are indexed by some infinite set A, so it is natural to require
that for each p € M we have f,(p) = 0 for all but a finite number of a € A. The sum is then
well defined as a function on M and we can retain the smoothness through the following
definition.

A partition of unity on a manifold M is a family {fy }4ca of smooth functions f,: M —
[0,1] C R, such that the family of supports {supp(fa) }aca is locally finite and )" ., fa(p) = 1
holds for all p € M. We say that a partition of unity is subordinate to some cover of M if
the family of all supports is a refinement of this cover.

This definition implies that for every p € M there exists some a € A such that f,(p) > 0,
and thus {supp(fa)}aea is a cover of M. This cover is locally finite, so the (infinite) sum
> acnfa(p) is well defined. If {Uq}qch is a cover of M and supp(fy) € Ug holds for all a € A,
then we say that {f; }qca is subordinate to {U, }4c5 With the same index set as the partition
of unity. However, if {fs}qca is a partition of unity subordinate to a cover {Vg}gca, then
{supp(fa)}aea is a refinement of {Vg}gcn and we can use the refinement map ¢: A — A
satisfying supp(fa) C Vy(q) for every a € A, and get the partition of unity {>_,c,-1(p)fa}gea
that is subordinate to {Vg}gca With the same index set.

Theorem 1.20. For any open cover of a manifold there exists a partition of unity subordinate
to it.

Proof. Let U be an open cover of M. Since by Lemma @ M is locally compact, there is an
open refinement ¢’ of ¢/ consists of relatively compact sets. Then, since by Lemma [1.10 M
is paracompact, we may find a new open refinement V of ¢/’ which is locally finite.

Consider the set W = {U C M : Uis open and U C V for some V € V}. Each p € M has
a neighbourhood V € V, and since by Lemma @ M is regular, the point p and the closed
set M\ V # p are separated by some open disjoint sets P > p and Q > M \ V. Because of
PNQ =(0wehaveP C M\ Q,soP C M\ Q,while M\ V C Q implies M\ Q C V, and therefore
PC M\ Q C V. Hence p € P € W, which means that W is a cover of M, and therefore it is
an open refinement of V.

Another use of paracompactness gives a locally finite open refinement W of W. The
family W' = {Wp}gcy is a refinement of V = {Vq}q4cp and for each p < A there is ¢(B) € A
such that Wﬁ C Vo(p)s which defines ¢: A — A and we can set

Xo= |J wg,
Beo (@)

where by convention it is the empty set in a case of ¢~ 1(a) = 0. Since W' is a locally finite
family, for everyp € M\ J Beo () W there is a neighbourhood U > p which intersects just

finite number of members, for example Wy, ..., W,. For other Wg we have Wy N U = 0,
it implies Wg C M\ U,so Wg C M\ U and therefore WgnU = (. Because of this the
set U \ Uﬁeqb_l(a) Wg = U\ (WyU---U W) is a neighbourhood of p, which means that
M\ Uﬁe(p,l(a) Wpg is open, so Uﬁetp,l(a) Wg is closed. Thus, we have

Xa= U W= U WpCVa
peo (@) peo~l(a)
so for any a € A there exists a compact X, contained in open V4, and by Lemma there
is a smooth function f; € §(M) supported in V; and equal to 1 on X,. The sum f= 3", fa

is a smooth function which is always finite non-zero. Therefore, the sum of new functions
fa/f1s 1 everywhere. O
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Chapter 1. Smooth manifolds and maps

Example 1.36. Urysohn’s@ lemma is known from topology and states that a topological
space is normal if and only if any two nonempty disjoint closed subsets can be separated
by a continuous function in the sense that a continuous function exists which takes value 0
on one of the two subsets and value 1 on the other. Let A and B be two disjoint closed sub-
sets in a manifold M. According to Theorem there exists a partition of unity {¢,, Y5}
subordinate to the open cover {M \ A,M \ B}. The function ¢,: M — [0,1] C R is smooth
and it satisfies Y, [, = 0 aswell as ¥, [p = 1 — Y[ = 1, which gives the smooth version of
Urysohn’s lemma. In particular, any manifold is normal. A

Example 1.37. Let f: A — R be a smooth function on an arbitrary subset A C M. Then for
every a € A there exists f; € §(U,) such that U; C M is a neighbourhood of a and f = f;
on U, N'A. By Theorem there exists a partition of unity {¢,},ca subordinate to the
open cover {Ug : a € A} of U = (Jyeq Ua € M. Since f € F(Ug) and supp(y,) € Uy we
obtain ¥ ,f; € §(U), which allows us to define F = )" ., ¥,fa € §F(U). For x € A we have
F(X) = Y qeaVafa(X) = Y 0ca X)W, (x) = f(x). Hence, any smooth f: A — R has a smooth
extension F: U — R to an open set U D A.

If we additionally assume that A is closed, then there exists a partition of unity {¢,, ¢, }
subordinate to the open cover {U,M \ A} of M. Since F € §(U) and supp(y,) C U we obtain
Y, F € (M), while supp(¢,) € M\ A implies ;4 =1 -9, [, =1, and therefore 1), F = fon
A. Thus, any smooth function on a closed subset of M can be extended to a smooth function
on M. A

1.7 Problems

Problem 1.1. Is the smooth compatibility of charts on M a relation of equivalence for
every nonempty set M?

Problem 1.2. Given the set M = RU{cc}, as well as the functions ¢ = 1g: M\ {cc} =R - R
and ¥: M\ {0} — R, where ¢(x) = x for x # 0 and ¥ (cc) = 0. Does M with the atlas {@, ¥}
form a smooth manifold?

Problem 1.3. Given the topological surface M = {(x,y,z) € R3: x? +y> = z2 +-r} c R3 with
the subspace topology. For which values r € R there exist an atlas such that M becomes a
smooth manifold?

Problem 1.4. Determine (the most natural) atlas so that the set of all affine lines in R?
forms a smooth manifold.

Problem 1.5. Examine whether the function f: 82 — R given by f(x,y,z) = V1 —2z2is
smooth.

Problem 1.6. Prove that the map f: RP? — R given by

o VZ + XZ + Xy
X:y:z)— ryiiz?
is well-defined and smooth.

Problem 1.7. Prove that the map f: RP! — RP! given by (t:1) — (t+1:1) for t € R and
(1:0)+— (1:0)is smooth.

Problem 1.8. Prove that for every p € B" = B1(0) C R" there exists a diffeomorphism
f: B" — B" such that f(0) = p.

28pavel Samuilovich Urysohn (1898-1924), Soviet mathematician
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1.7. Problems

Problem 1.9. Given the set M = C U {o0}, as well as the functions ¢ = 1¢: M\ {00} =C —
C=R?>and ¥: M\ {0} — C = R?, where y(z) = 1/z for z # 0 and ¥(c0) = 0. Prove that M
with the atlas {@, ¢} forms a smooth manifold that is diffeomorphic to S2.

Problem 1.10. Exemine whether the map f: FP! — FP! given by f{(t : 1) = (et : 1) fort € F
and f(1:0) = (1:0) is smooth, where F =R or F = C.

Problem 1.11. Let f: M — R be a positive continuous function on a manifold M. Prove
that there exists h € (M) such that for every p € M we have 0 < h(p) < f(p).

Problem 1.12. Let M be a manifold, A ¢ M a closed subset, and f: A — (0, 00) smooth.
Prove that there exists a smooth function F: M — (0, 00) such that F[, = f.
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CHAPTER 2

TANGENT SPACES AND MAPS

2.1 Tangent vectors

The most intuitive way to define a tangent vector is to use curves on a manifold. Let
y: (—€,€) — M be a smooth curve in an n-manifold M which goes through a point p € M,
where € > 0 is a small real number. In other words y is a smooth map such that y(0) = p.
A tangent vector of manifold M at a point p can be seen as a derivative of a curve y at zero.
However, if M is not contained in some Euclidean space, the derivative y’(0) does not make
sense. The common idea is to choose a chart (U, ¢) at p € M and identify the curve y on M
with the curve ¢ o y on R", so our tangent vector can be well defined (¢ o y)'(0).

Sort
>

Since different smooth curves on M which go through p can give the same tangent vec-
tor, there is an obvious equivalence relation among these curves. Two such curves y,; and
Y, are equivalent if there is a chart (U, ¢) at p, such that (poy;) (0) = (¢ oy,)'(0). Let (V,9)
be a chartatp,thenp e UnV # §) and w = 1 o ¢! is smooth, so

($oy1)'(0) = (Wo@oyy)(0) =w (D)) (9oy)(0)
= W' (@(p) - (@9 0¥,)'(0) = (wo@oy,)(0) = (Poy,)(0),

and therefore the curve equivalence is chart independent.
Alternatively, we can define y’(0): §(M) — R by

YO = (foyy0) = W2V

t=0

and get the relation between different definitions by ®: (¢ o y)’'(0) — y’(0). Equivalent
curves y,; and y, imply

(foy1)(0) = (foo 1 (@) (@oyy)(0)=(fop 1) (@(p))  (@oy,)(0)=(foy,)(0),

so @ depends only on the equivalence class of y.
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2.1. Tangent vectors

The definition of a tangent vector over curves is very geometric, but it is not imme-
diately obvious where the vector space structure comes from. However, since we have
(af+ Bh)oy = a(foy)+ B(hoy), an evident property of the function y’(0) is linearity. From
the other side, since (fh) oy = (fo y)(h o y) holds, we have

(V'(0)(fh) = ((Fey)(hoy))(0) = (foy)'(0) - h(y(0)) + (hoy)'(0) - fiy(0))
=h(p)(Y'(0)() + fip) (v (0)) (),

which means that y’(0) satisfies the Leibnizl law (product rule). Hence, the function
Y (0): §(M) — R has properties characteristic for the derivative (an R-linear function
which is Leibnizian at p), so a real-valued function on §F(M) with this features we call the
derivation at point p. This properties for a map y’(0) motivate us to introduce the defin-
ition of a tangent vector in the following way.

A tangent vector to a manifold M at a point p € M is any derivation at p. The set T,M
of all tangent vectors on a manifold M at a point p € M is called the tangent space to M
at p. Accordingly, if X: §(M) — R has X € T,M, then for all a, B € R and every f,h € §(M)
hold linearity X(af + Bh) = aX(f) + pX(h) and Leibnizian X(fh) = fip)X(h) + h(p)X(f).

The addition and the scalar multiplication we introduce naturally. If X,Y € T,M then
X+Y)(f) = X(H+Y() and (aX)(f) = aX(f) hold for each f € F(M) and all a € R. Such defined
X + Y and aX are also tangent vectors and thus T,M is a vector space over R.

By their very nature manifolds are curved spaces, and they can be very complicated
objects to study, while vector spaces are much simpler with many benefits. The key idea
of calculus is linear approximation. A tangent space T,M is a vector space, and it can be
thought of as the best linear approximation to a manifold M at a point p € M. This is the
reason why we are minded to use a tangent space instead of an original manifold.

Naturally, the derivative of a constant function vanishes. For X € T,M and the unit
function 1 € F(M) we have X(1) = X(1-1) = 1(p)X(1) + 1(p)X(1) = 2X(1) and therefore
X(1) = 0, while for an arbitrary a € R, linearity gives X(al) = aX(1) = 0.

Lemma 2.1. Iff € §(M) is a constant function on a manifold M > p, then Xf = 0 holds for
each X € T,M.

The tangent space is defined in terms of smooth functions on the whole manifold, while
charts are in general defined on some open subsets. However, tangent vectors act locally

on §(M).

Lemma 2.2. Iff € §(M) and h € §(M) agree on some neighbourhood of a point p of a manifold
M, then Xf = Xh holds for each X € TyM.

1Gottfried Wilhelm von Leibniz (1646-1716)
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Chapter 2. Tangent spaces and maps

Proof. Let f = h on some neighbourhood U 5 p. By Lemma there exists a function
b € §(M) supported in U such that b(p) = 1. Since (f — h)b = 0 holds on all of M, we have
0=X((f—h)b)=b(p)X(f—h)+ (f— h)(p)X(b) = X(f— h), and hence Xf = Xh. O

The previous lemma is very important, because it allows the notion of germs. Two
functions f: U — R and h: V — R, locally defined on some neighbourhoods of the fixed
point p € M, are equivalent if there exists some open subset W C U N V, containing p, so
that Iy, = hy. The equivalence class of such functions is called a germ at p.

Since we work with smooth functions (instead of C¥ functions with k < o), any locally
defined smooth function by Lemma has an equivalent smooth function defined on
the whole manifold M. Let us notice that if fand h are extensions of equivalent smooth
functions, by Lemma 2.2 we have Xf = Xh for any X € T,M. Thus, a tangent vector X € T,M
is essentially defined on the germ at p, so we also use the notation Xf for functions f € §(U)
where U > p is an open subset of M, which takes the value of X in an arbitrary (thus, each)
function in §(M) that is equivalent to f at p.

To define partial differentiation on a manifold, we should move the function f € F(M)
back to the Euclidean space using some chart, and then take the usual partial derivatives.
Let (U, @) be a chart on an n-manifold M at a pointp € M, and x; = mjo@p forl <i <n
are appropriate coordinate functions. The partial derivative of a function f € F(M) for
1 <i < nwe define by

on-1
00 = (5) 9= 501 = " omoo))

Since our definition comes from a derivative we immediately have linearity and the
Leibniz’s law, so such defined function (9;),: (M) — R is a tangent vector to M at p.
Moreover, these partial derivatives form a basis of our tangent space T,M.

We start from the Hadamard’s? lemma (Lemma ) according to which if U > a is
an open convex neighbourhood in R", then for f € §(U) there exist functions [; € F(U) for
1 < i< nsuch that for each x € U we have

f00) = fla) + Y (mi(x) — mi(@)k(x),
i=1

where [;(a) = (9f/0m;)(a).
The Hadamard’s lemma is essentially a first-order form of Taylor’sE theorem. By iter-
ating the previous expansion we arrive at a second-order form,

fx) = fla) + > (m(x) — my()) (li(a) + ) (mi(x) - ﬂj(a))lij(x))
i—1 j=1
9

87Tl'

(@) + Y (mi(x) — mi(@)) (%) — 15(a)) i (x),

ij=1

=fla) + Y (mi(x) — mi(a))
i=1

where [;; € §(U) for1 <i,j <n.

Let (U, @) be a chart at p € M such that ¢(U) is convex (for instance, an open ball), and
let f € F(U). Applying the previous formula for the smooth function fo ¢~ € F(@(U)) and
points a = ¢(p) and x = ¢(q), we get

n ° -1 n
fla) = fp) + ) _(xi(q) - xi)2L22 () + > (@) — xi(p) (@) — x;(p))ly(9(q)).
i=1

87'[1' =
ij=1

Jacques Salomon Hadamard (1865-1963), French mathematician
$Brook Taylor (1685-1731), English mathematician
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2.2. Tangent maps

that is,
F=0)+ >0 xe) L o) + 3 X))l 9).

i=1 ij=1

where [; o ¢ is smooth for all 1 <i,j <n.

This allows us to examine the value of Xf for an arbitrary tangent vector X € T,M. The
first term is f{p), which is constant, so it vanishes by Lemma [1] The Leibnizian property
implies that X vanishes the last sum since each of three obtained terms has at least one
factor of the form (x; — x;(p))(p) = 0. It remains the sum in the middle, where

Xf:X(Zn:(xi—xl ) ZXXl <8xl>

i=1
and therefore we obtain

X = ZXxl <8x,) 2.1)

The formula ([1]) implies that the partial derivatives (9;), generate the tangent space
TpM. On the other hand, applying these partial derivatives on the coordinate functions
we get (9;)p (x]) = &;. Then 311 4;(9;)p = 0 implies A; = (A1(d1)p + -+ + An(On)p)(X;) = 0
forall1l <j < n, so (d1)p,...,(dn)p are linearly independent, and therefore they form a
basis of the tangent space. The following theorem summarizes the previous discussion
and establishes the fundamental link between coordinates and tangent vectors.

Theorem 2.3. Let M be an n-manifold and (U, ¢) be a chart at p € M with x; = m; o ¢. Then
the partial derivatives (01)p, . .., (On)p form a basis of TyM and the formula (El]) holds for all
X e TpM.

Let us go back to the beginning where we had a smooth curve y: (—¢,&) — M, a chart
(U,p) at p = y(0), and the relation ®: (¢ o y)’(0) — y’(0) which does not depend of the
choice of an equivalent curve. We have already seen that )y’(0) is a derivation at p, which
means that y’(0) € T,M.

The map @ is injective since (¢ o y1)'(0) # (¢ o y,)’'(0) means that there exists some
1 < i < nsuch that (70 ¢ 0 y,)(0) # (7; 0 @ 0 y,)'(0), Tespectively (y;(0))(x;) # (¥5(0))(x),
and therefore y/(0) # y5(0). The map @ is also surjective since any X € T,M by (2.1) has
the form X = > ; A;(9;)p for some A;,...,A, € R. This allows us to construct the curve
y: (—¢&,€) — M for small € > 0 with y(t) = ¢~ (¢(p) + t(A4, ..., An)), for which we have

A

(V'O)() = (Foy)(0) = (Foo Y (@) - (9op) @) = (L) - ZL@) | : | =x0.
An

In this way we have shown that T,M can be identified with the equivalence classes of
smooth curves which go through the point p € M,

2.2 Tangent maps

The basic idea of differential calculus is to approximate smooth objects by linear objects.
The tangent space TpM is a linear approximation of a manifold M at a point p € M. The
next idea is to approximate a smooth map between manifolds by a linear transformation
of tangent spaces.
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Chapter 2. Tangent spaces and maps

Let M and N be manifolds, and f: M — N is a smooth map. For X € T,M and h € F(N)
we can naturally set a linear map T,f(X): §(N) — R by

(TpfiX))(h) = X(hof).

Moreover, for hq, hy € §(N) we have

Tpf(X)(h1hz) = X((h1hz) o f) = X((h1 o f)(h2 o f)) = (h1 o f)(P)X(h2 o f) + (hz o f)(P)X(hy © f)
= hi(f(p)) Tpf(X)(h2) + h2(f(p)) Tpfi1X)(h1),

so it is Leibnizian at f(p), while the linearity is obvious. We can conclude that Tf(X) is a
derivation at f(p) € N, that is, Tpf(X) € Typ)N holds.

The previous result for any smooth f: M — N allows to define the tangent map of fat a
point p € Mby Tpf: TyM — Tpp,)N and Tpf(X)(h) = X(hof), where X € T,M and h € F(N). The
tangent map Tpfis linear, and it is worth noting that some authors call it the differential
of fat p, while the notations dfy, f,,, and D,f are also used.

f

Example 2.1. The tangent map of the identity map 1,,: M — M at some point p € M is
the identity map 1r,p: TpM — T,M since for X € T,M and f € §(M) we have the equation

(Tp(1a)) X)) (f) = X(fo ) = X(f). A

The chain rule can easily be generalised to manifolds, which gives that the tangent map
of composition is the composition of tangent maps.

Lemma 2.4. Given any two smooth maps f: M — N and h: N — P between manifolds, for
each point p € M we have Tp(h o f) = Tgp)h o Tpf.

Proof. The result follows directly from the straightforward calculation for X € T,M and

l € F(N), where we obtain T, (ho f)(X)(l) = X(lohof) = TpfiX)(loh) = (Trp) (Tpf(X)))( ). O

As a consequence, a diffeomorphism between manifolds induces an isomorphism
between the corresponding vector spaces.

Lemma 2.5. Let f: M — N be a diffeomorphism between manifolds and p € M, then
Tpf: TyM — Tgpp\N is an isomorphism between vector spaces and holds (Tpf) 1= Ty i)

Proof. Smcefandf are smooth, 17,y = Tp(Ly) = Tp(f ™ of) = Ty (f!) o Tpf holds by
Lemma .4, as well as I, 8 = Trp)(In) = Tpp) (fo 1) = Tpfo Ty (F ). O

A direct consequence of the previous lemma is the smooth version of the the dimen-
sion invariance theorem (Theorem @) which says that an m-manifold and an n-manifold
cannot be diffeomorphic, unless m = n. The original theorem (when we replace the word
diffeomorphic by homeomorphic) is not so easy to prove, but now we see that it is not
necessary for our theory of smooth manifolds.

If U is an open submanifold of a manifold M with inclusion ¢, then both y: (—¢,¢) - U
and:oy: (—¢&,&) — M essentially represent the same curve, so we expect that the tangent
map of the inclusion is an isomorphism between the corresponding tangent spaces.
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Lemma 2.6. Let U C M be an open subset with the inclusion +: U — M. For each p € U, the
tangent map Tp:: TpU — TpM is an isomorphism.

Proof Since X(F|y) = X(Fo1) = ((Tp1)(X))(F) for X € TpU and F € §(M), and by Lemma
g every f € F(U) has an extension F € §(M) supported in U which agrees with f on
some neighbourhood of p, then from Ty:(X) = 0 it follows Xf = 0, which gives X = 0 and
proves that Ty is injective. Since dim U = dim M the map T): is bijective, and therefore an
isomorphism. O

Example 2.2. Let M and N be manifolds and let 7);: M x N -+ M and 7iy: M x N — N be
canonical projections of the product M x N. For each (p,q) € M x N, we can define the map
72 Tpq)(MxN) = TpM x TgN by 71(X) = (T(p,q)Tm(X), T(p,q7in(X)). In the opposite direction,
we can define the map 6: TyM x TyN — T, (M x N) by 6(Y, Z) = Tpu(Y) + Tqv(Z) where
u: M — M x N is given by u(x) = (x,q), and v: N - M x N is given by v(x) = (p, x). The
calculation shows

70 0(Y,Z) = (Tp,qtm(Tpt(Y) + Tqv(2)), T(p, gy Tn(Tptt(Y) + Tqv(2)))
= (Tp(mar o W)(Y) + Tq(1tag 0 V)(Z), Tp(1iw o @) (Y) + Tq(mtw 0 v)(Z)) = (Y, 2),

from where we get that 10 0 = Lr,mx1,n holds, so we can conlude that 7 is surjective,
and since dim(Ty o) (M x N)) = dim(TpM x TgN) = dim M + dim N, we obtain that 57 is an
isomorphism of vector spaces. A

In the next two examples, we give some special cases in which the tangent map is equal
to zero.

Example 2.3. If f: M — Nis a constant map, then for h € §(N) the map hofis also constant,
so by Lemma P.1{ for every p € M and X € T,M we have (T,f(X))(h) = X(hof) = 0. Therefore
for every p € M and constant map fwe have T,f = 0. A

Example 2.4. Suppose that f € F(M) has a local extremum (minimum or maximum) at a
point p € M, then for a smooth curve y: (—¢,€) — M for which y(0) = p and every h € §(R)

we have (T,f(y'(0)))(h) = y'(0)(hof) = (hofoy)'(0) = K'(fip))(foy)'(0) = 0, and therefore
T,f = 0. A

Although so far tangent spaces and tangent maps look rather abstract, in local coordin-
ates things are becoming more practical. Let f: M — N be a smooth map between an
m-manifold M and an n-manifold N. Let (U, ) be a chart at p € M with x; = 7; 0 ¢ for
1 <j<m,and (V,¢) be a chart at f(p) € Nwithy; = m;o ¢ for 1 <i < n. According to the
formula (El]) for each 1 <j < mwe have

()5 (G50, 0 (), S50 (3),,

The matrix of the tangent map T,f with respect to these coordinate bases is

2l (py ... 291D (p) o
lO
S <>)
d(ynof) d(ynof) ( aXJ 1<i<n, 1<j<m
2l (p)y - 29ud)(p)

called the Jacobian matrixd of fat a point p relative to charts ¢ and .

“Carl Gustav Jacob Jacobi (1804-1851), German mathematician
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Since the entries of the Jacobian matrix satisfy

oYiof) O(mio(Yofop™))

8Xj 37’[]'

(p) = (@(P)),

we see that the tangent map is actually the derivative of the coordinate representation at
the corresponding point, T,f = (Y o fo 9~ 1)'(¢(p)), as well as T,f = f(p) in the case that fis
a map between open subsets of Euclidean spaces.

Especially, if we set f = 1;: M — M, then we have the formula

O\ Wi <0> 93
<8xj>p ;axj(m ), (2.3)

which gives the rule for the change of coordinates, and the Jacobian matrix here is the
Jacobian matrix of the transition map ¥ o ¢~ at @(p).

Example 2.5. The transition map between polar coordinates and standard coordinates in
suitable open subsets of the plane is given by (x,y) = (rcos 0, rsin ). Let p € R? has polar
coordinates (r,6) = (3,7/2) and let X € T,R? be the tangent vector whose polar coordinate
representation is X = 2(9/0r), — (9/00)p. Concrete calculations by the formula (@) give

(2) 2w (2) + 2w (5) ~eT(2) cmT(2) -(2)

a\ _ox . [0\ Oy O\ _ aunT (0 TloN _ (0
(58), =@ (35), + 300 (55), = 2507 (5, 20057 (55), = -2 (5%,

and therefore X = 2(9/9r)p — (0/00)p = 3(0/0X)p + 2(0/9y)p. A

Example 2.6. Itis important to note that a coordinate vector (9;), of the tangent space T,M
does not depend only on the specific coordinate function x;, but on the entire coordinate
system, because the derivative is obtained by differentiation with respect to x; but while
remaining coordinates are fixed. Let (x,y) denote the standard coordinates in R?, while
the new coordinates (X,y) are given by X = x and y =y + x. Then we have

(@), (), (5),7 (),

which differs at each point p € R?, A

2.3 Submersions and immersions

Let f: M — N be a smooth map between manifolds. The tangent map Tpf: T,M — Tg, N
should represent the best linear approximation of fat p € M, and investigating algebraic
properties of the map T,fwe can conclude a lot about fitself. The most important property
of the tangent map (as a linear map) is its rank, since it is independent of choices of bases.
The rank of a map fat a point p € M is the rank of the tangent map,

rank, f = rank T,f = dim Im(Tyf).

If the rank is independent of the choice of point p € M, we say that fhas constant rank,
and the rank is denoted by rankf.

The rank of a linear map has natural upper bounds, because it is never higher than
the dimension of either its domain (rank, f < dim M) or its codomain (rank, f < dim N).
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If the rank rank, f is equal to this upper bound we say that f has full rank at p, and if
additionally fhas constant rank we say that fhas full rank. The most important constant
rank maps are those of full rank.

In the case of rankf = dim M, which means that T,f is injective for any p € M, we
say that fis an immersion, and then flocally looks like an injective map. In the case
of rankf = dim N, which means that T,f is surjective for any p € M, we say that fis a
submersion, and then flocally looks like a surjective map. Let us note that if a map is an
immersion or submersion, according to our definition we always assume that it is smooth.

A prototype of immersion is the inclusion :: R™ — R" of Euclidean space into Euclidean
space of higher dimension (m < n) given by «(x1,...,Xm) = (X1,...,Xm,0,...,0). A proto-
type of submersion is the projection 77: R™ — R" of Euclidean space onto Euclidean space
of lower dimension (m > n) given by m(xq,...,Xn, Xn41,-.-,Xm) = (X1,...,Xn). Moreover,
it turns out (Theorem ) that every immersion is locally an inclusion, while every sub-
mersion is locally a projection.

Example 2.7. Every regular curve y on a manifold is an immersion since its derivative
never vanishes, which gives ranky = 1. Especially, y: R — R? given by y(t) = (cost,sint)
is an immersion, but although T;y is injective for all t € R, y is not injective. A

Lemma 2.7. Let f: M — N be a smooth map between manifolds and p € M. If Tyf is injective,
then p has a neighbourhood U such that fly is an immersion. If Tyf is surjective, then p has a
neighbourhood U such that f|; is a submersion.

Proof. Letdim M = mand dim N = n. If we choose a chart (U, ¢) atp € M and a chart (V,y)
at f(p) € N, either hypothesis means that the Jacobian matrix of frelative to ¢ and ¥ has
full rank at p. Consider the continuous map T: U — R™™ given by T(p) = (Yofoe@~1)(¢(p)).
Since matrices of full rank by Example form an open subset of R™™, their preimage
gives a neighbourhood of p where the Jacobian matrix of fhas full rank. O

The inverse function theorem from real analysis (Theorem ) gives a sufficient con-
dition for a smooth function to be invertible in a neighbourhood of a point in its domain.
The inverse function theorem can be generalised in terms of smooth maps between
manifolds.

Theorem 2.8. Let f: M — N be a smooth map between manifolds. If T,f is invertible for
some p € M, then there exists a neighbourhood U C M of p such that fl;: U — flU) is a
diffeomorphism.

Proof. Since Tyf'is a bijection, we have dim M = dim N = n. Choose a chart (U,¢) atp e M
and a chart (V,¥) at f(p) € N such that f{U) C V, and ¥ o fo ¢~ is smooth. Since ¢ and
Y are diffeomorphisms, (¢ o fo =1 (@(p)) = Tppy(Wofo o 1) = Trp)Y o Tpf o T(p(p)go—l is
invertible. Theorem guarantees a neighbourhood W C ¢(U) C R" of ¢(p) such that
the restriction ¥ o fo 1} is a diffeomorphism onto its image, so the restriction of f to
@~ 1(W) is a diffeomorphism onto its image as a composition of diffeomorphisms. O

A map f: M — N between manifolds is a local diffeomorphism if each point p €¢ M
has a neighbourhood U such that f(U) is open in N and f;: U — f(U) is a diffeomorphism.
The key properties of local diffeomorphisms can be seen in the following theorem.

Theorem 2.9. A smooth map f: M — N is a local diffeomorphism if and only if it is both
immersion and submersion.

Proof. if fis a local diffeomorphism then for each p € M there is a neighbourhood U > p
such that f;;: U — f(U) is a diffeomorphism, so Ty (f1y): TpU — Ty f(U) is an isomorphism
by Lemma @, as well as Tpf: T,M — Ty, )N by Lemma R.6, which proves that fis immer-
sion and submersion. Conversely, if fis both immersion and submersion, then T,fis an
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isomorphism for every p € M, so by Theorem @, any p has a neighbourhood on which the
restriction of fis a diffeomorphism onto its image. O

In the case that M and N have the same dimension, it is enough to know that fis an
immersion or a submersion, since then the other condition is immediate and fis a local
diffeomorphism by Theorem @

Example 2.8. The map ¢: R — S! given by (t) = (cost,sint) has coordinate repres-
entations (related to the projections of hemispheres) given by t — cost for points where
sint # 0 and ¢ — sint for points where cost # 0, so ¢ is a local diffeomorphism. For an
arbitrary a € R the restriction Y[ (g q427): (@, a + 271) — 81\ {¥(a)} is a homeomorphism,
and therefore a diffeomorphism. An angle function on U c S! is the restriction of the
inverse of that diffeomorphism 6 € F(U), so (U, 6), according to Example , is a chart of
the circle S! with the standard smooth structure. If we identify 8! ¢ C = R?, then the angle
function has e®®?) = z for all z € U. Now it is easy to see that the map f: S! — 8! given by
f(z) = z? is smooth, since in new charts it has the representation given by t — 2t + 2k for
some Kk € Z. A

Example 2.9. Let f: 8! x R — R? be defined by f{(x,y),r) = (e'x,e"y). If we use an angle

function 6 from Example @ as a chart of the circle S we get the coordinate representation
fo (0 x1g)~1(t,r) = (e" cost,e"sint). Therefore fis smooth with the Jacobian matrix

1, _ [—€'sint e"cost

Tier)(fo (0> 1r) ™) = < e'cost e'sin t) ’

whose determinant is —e?” # 0, which gives rankf = 2, so fis a submersion and a local
diffeomorphism. A

Example 2.10. Let 7: 8" — RP" be the canonical quotient map that sends x to its equival-
ence class [x] = {x, —x}, thatis, m(Xxq,...,Xp 1) = (X1 : ... : Xpy1). If we use the standard
charts ¢; on RP" and their corresponding charts on 8" which are projections of the hemi-
spheres to the planes x; = 0, then we get coordinate representations that are up to sign
equal to the diffeomorphism between B" and R" from Example , so 7t is a local diffeo-
morphism but not a diffeomorphism since it is not bijective. A local diffeomorphism is a
continuous map, and since $" is compact, so is RP". A

In the case that a smooth map has constant rank it can be locally written in a simple
canonical form using the change of coordinates, which we see in the constant rank the-
orem.

Theorem 2.10. Let f: M — N be a smooth map of constant rank r = rank f between mani-
folds M and N. For every p € M there is a chart (U, @) centred at p € M and a chart (V, )
centred at f(p) € N such that f(U) C V where f has a coordinate representation of the form

Yofoo t(Xy,....,Xr, Xr41, .-, Xm) = (X1,...,Xr,0,...,0).

Proof. Foreveryp € Mthereisachart (Uy, ¢,) centred atp € M and a chart (V1,9,) centred
at f(p) € N such that f{U;) € Vi and ¥, o fo @y ! is smooth. The Jacobian matrix of f at a
point p has entries in the form

IWiof)

15).4 j

oy ofoor )
87'[]'

() (0)

forl1 <i<n=dimN,1 <j<m=dimM. Since rank, f = r, we can permute the appropri-
ate coordinates, that is, we use permutations of rows and columns of the Jacobian matrix
in such a way that in the upper left corner we get an invertible square submatrix of order
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r. Formally, a permutation of coordinates is a diffeomorphism, which by Lemma @ leads
to new charts (Uq, @,) and (Vy, §,) related to which fhas the coordinate representation

Yyofop,t:(a,...,am) — (b1,...,bn),

where b; = b;(ay,...,am) = TjoP,ofo (pgl(al, ...,am) for 1 <i < n, while the submatrix of
the Jacobian matrix of fat p with entries (0b;/0q;)(0) for 1 < i,j <r, is invertible. Consider
the function 0, : R™ — R™ defined by

01(ay,...,am) = (b1(ay,...,am),...,br(ay,...,am), Qre1,...,am),

which the corresponding Jacobian matrix at 0 € R™ is a block upper triangular matrix

G (0) - GH(0) 5gA(0) oo £2(0)
Pe(0) -+ G(0) H2(0) oo 2= (0)
0 0 1 0
0 0 0 1

As on the diagonal we have the previously mentioned square submatrix of rank r, as well
as the unit submatrix of order m — r, we obtain ranky 6; = m, so by Theorem we
have a diffeomorphism on some neighbourhood W; > 0. This is a legitimate change of
coordinates that according to Lemma @ brings us a new chart (Us, ¢5) at p € M, where
Us=U;nN ¢51(W1) and @3 = 61 o @, [,, which is centred at p because of ¢, o fo g02*1(0) =0.
A new coordinate representation of fis of form

lpz OfO (pgl : (b1,.. . ,br,ar+1,. . .,am) — (bl,...,br,br+1,. . .,bn),

so the Jacobian matrix of frelative to new charts is a block lower triangular matrix

1 ... 0 o ... 0
0o .- 1 o ... 0
8br+1 . abr+1 abr+l . abr+l
81)1 8br BaH_l aam
Obn .. Obn Obn . Obn
8b1 Ooby 8ar+1 o0am

Since on the diagonal we first have the unit submatrix of order r = rankf, the other com-
ponent on the diagonal is the zero submatrix, which means that b1, ..., b, are independ-
entofa,,q,...,am, but depend only on by, ..., b,. This allows us to introduce a new change
of coordinates 6,: R" — R" by

02(b17 e '7b1"7cr+17 o '7Cn) = (b17 s 7bracl"+1 - br+1(b17 o '7br)7 e ~7Cn - bn(bh e '7br))7

on some neighbourhood W, > 0, because the corresponding Jacobian matrix is a block
lower triangular matrix with the unit submatrices on the diagonal. Hence, we have a new
chart (V,y) centred atf(p) € N,where V= V; m,bz_l(Wz) and ¥ = 0,01, |y, so with additional
U= UsNnf (V) and ¢ = p;]y we have the desired coordinate representation

Yofoo l:(by,...,br,bri1,...,bm) — (b1,...,br,0,...,0),

which finishes the proof. O
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Example 2.11. The constant rank theorem often applies to immersions and submersions.
For example, it shows that any submersion locally looks like a projection with respect to
suitable charts. Since a projection is an open map, while charts are diffeomorphisms, we
conclude that any submersion is an open map. A

Example 2.12. Is there a submersion f: §™ — R" for some m,n € N? The domain M = S™
is compact, so for a smooth f: M — R" we consider ir; of: M — R, where 7, is the projection
to the first component, which attains a maximum on M at some point p € M. According
to Example @ we have 0 = Tp(71 o f) = Tqp)7t1 o Tpf, but Ty, 711 is surjective, so Tpf is not
surjective, and consequently f cannot be a submersion.

Moreover, every continuous map with a compact domain is closed (Lemma ), while
according to Example , a submersion is an open map. If f: 8" — R" is a submersion,
then the image of 8™ is a nonempty open and closed subset in R", so f{S™) = R", and since
it is not compact, a submersion f does not exist. A

A topological embedding is a homeomorphism onto its image. More explicitly, it is
amap f: M — N which yields a homeomorphism between topological spaces M and f{M),
where f(M) C N carries the subspace topology inherited from N. As a consequence, any
topological embedding is injective and continuous.

An embedding (or imbedding) is an immersion that is also a topological embedding.
In other words, an embedding is an injective (smooth) immersion which domain is diffeo-
morphic to its image. This special case of immersion is rather important, and it allows us
to introduce the notion of submanifold.

Example 2.13. According to the constant rank theorem any immersion f: M — N has

a coordinate representation in the form of inclusion (xi,...,Xm) — (X1,...,Xm,0,...,0).
Thus, for each p € M there is an neighbourhood U C M of p such that f; is an embedding,
which means that any immersion is a local embedding. A

Example 2.14. Let f: M — N be an injective immersion. The answer to the question
whether fis an embedding is reduced to checking whether f~1: fiM) — M is continuous.
With the additional condition that fis open or closed map, this is obviously satisfied. If M
is compact, fis closed (Lemma %), so it is an embedding. If dimM = dim N, then fis a
local diffeomorphism (Theorem R.9), so fis open and therefore an embedding. A

Example 2.15. A smooth map y: R — R? given by y(t) = (¢?,t3) is a topological embed-
ding. However, although it is injective, it is not an immersion since y’(0) = 0, which gives
rankyy = 0. A

Example 2.16. Consider a map y: (—7m,7) — R? given by p(t) = (sin2t,sint). Since for
any t € (—m, ) we have y'(t) # 0, the map y is an injective immersion. However, its image
{(x,y) € R? : x* = 4y*(1 — y?)} is a compact set in R?, but since the domain is not compact
then y is not a topological embedding, and therefore y is not an embedding. A
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Example 2.17. Lety: R — T? = 8! x 8! ¢ C? =~ R* be a winding of the torus given by
p(t) = (e*7t 2ty — (cos 27t, sin 271t cos 27tct, sin 27rct),

for some irrational ¢ € R\ Q. Since y’(t) never vanishes, y is an immersion. It is also
injective since y(t;) = y(ty) implies both t; — t;, € Z and c(t; — t;) € Z, and consequently
t, = t,. According to the Dirichlet’sd approximation theorem (Lemma |A.33), for every € > 0
there exist integers m,n € Z such that |cn — m| < . Since the line segment is shorter than
the circular arc we have

h/(n) - V(O)| _ |(e27'[in7e2ﬂicn) - (17 1)‘ — ’eZJTic‘n - le[im’ < 27T|Cn o m‘ < 27T8,

so y(0) is a limit point of y(Z). However, Z has no limit point in R which proves that y is
not a homeomorphism onto its image y(R), hence y is not an embedding.

The second argument is that y(R) is not locally path-connected since in a ball we have
a countably infinite number of parallel lines shading it, each of which forms a (local) path-
component.

The third argument is that the image of an embedding cannot be dense, while it is
not hard to show that y(R) is dense in T? Let f: M — N be an embedding which is not a
submersion. The constant rank theorem gives a chart (V, ) on N, where P = VN f(M) # 0
such that 1)(P) C R™ x {0}. However, then the open set 1y (1)(V) N (R™ x (R*"™\ {0}))) lies
in V and does not intersect P, so f(M) is not dense in N. A

2.4 Submanifolds

Many familiar manifolds appear naturally as subsets of other manifolds. Roughly speak-
ing, submanifolds of some manifold M is a subset P C M that has a manifold structure in its
own right. That structure comes from M through the appropriate inclusion that has some
nice properties. A submanifold of a manifold M is a subset P C M which is a manifold
such that the appropriate inclusion +: P — M is an embedding. Thus, a submanifold has
the subspace topology inherited from its containing manifold and a smooth structure with
respect to which the inclusion map is embedding.

If P is a submanifold of M, then M is the ambient manifold for P, and the difference
dim M — dim P is the codimension of P in M. A submanifold of codimension 1 is called a
hypersurface. Let us notice that such defined submanifolds are also called embedded
submanifolds or regular submanifolds by some authors. In a more relaxed variant
where the corresponding inclusion +: P — M is an immersion (not necessarily an embed-
ding), we say that P is an immersed submanifold.

Example 2.18. In Example we show that the inclusion +: 8" — R*! is smooth. This
time it is more convenient to use ordinary projections from Example , where the co-
ordinate representation is given by

’LO(D;}O’L... 7_yn) = ()’17'--»)7i—1ai\/1 —)’% - _yrzbyia--- ayn)v

so the Jacobian matrix contains the n x n identity submatrix, from where Ty: is injective
for every p € S™. Therefore, : is an injective immersion, while S" is compact (closed and
bounded in R™**1), so + is embedding by Example , which implies that S" is a submani-
fold of R™+1, A

SPeter Gustav Lejeune Dirichlet (1805-1859), German mathematician

39



Chapter 2. Tangent spaces and maps

Example 2.19. Submanifolds of codimension 0 of a manifold M are exactly the open sub-
manifolds. If U C M is an open submanifold with the inclusion +: U — M, then : is ob-
viously an embedding (U has the subspace topology, while the corresponding coordinate
representation of . is the identity) with the codimension 0, which means dim U = dim M.
Conversely, if »: U — M is an embedding of codimension 0, then it is both an immersion
and a submersion, so by Theorem @ it is a local diffeomorphism, and therefore U is an
open subset of M. A

We often find submanifolds in the codomain of some embedding, which is discussed in
the following theorem.

Theorem 2.11. Iff: M — N is an embedding between manifolds, then P = f(M) has a unique
complete atlas with which it becomes a submanifold of N such that f is a diffeomorphism
between M and P.

Proof. Since fis an embedding, it is a homeomorphism between M and P. For any chart
(U, ) on M we take a corresponding chart (f{U), ¢ o f~1) on P which determines a unique
complete atlas such that fis the appropriate diffeomorphism (see Example ). The inclu-
sion P — N is a composition fof~! of diffeomorphism f~1: P — M and embedding f: M — N,
so it is an embedding, which means that P is a submanifold of N. O

Example 2.20. For some fixed p € N, the map f: M — M x N given by f(x) = (x,p) is an
embedding, so a slice M x {p} is a submanifold of M x N diffeomorphic to M. A

Example 2.21. Let M and N be manifolds, and f: U — N is smooth for an open set U C M.
Then the graph I'(f) = {(x,y) e M x N:x € U, y = f(x)} is a submanifold of M x N. The map
y: U— M x N given by y(x) = (x,f(x)) is smooth and y(U) = I'(f). From mp; 0 y = 1y follows
Tyomta o Txy = 11, for all x € U, so Txy is injective and y is an immersion. The inverse
of y: U — I'(f) is the continuous map 7 [r ), S0 y is a homeomorphism, which implies that
I'(f) is a submanifold of M x N diffeomorphic to U. A

It turns out that all submanifolds are actually slices, which leads to the following the-
orem which represents an alternative (and actually the most common) definition of sub-
manifolds.

Theorem 2.12. If P is a submanifold of dimension n of a manifold M, then for each point
p € P thereis a chart (V,y) at p € M such that (VN P) = (V) N (R"™ x {0}).

Proof. If P C M is a submanifold of dimension n then the inclusion :: P — M is an embed-
ding. Since: is an immersion, by the constant rank theorem (Theorem ) foreveryp e P
there are charts, (U, ¢) centred atp € P and (V,¢) centred at p € M, such that U =+(U) C V
and Yowo@ 1(xqy,...,Xn) = (X1,...,Xn,0,...,0). Since : is a topological embedding and U C P
is open, there exists an open W C M such that U = WnNP. Let 7: R™ — R" be the projection
onto the first n coordinates, then we have @(U) = mo(U),s0 C = ¢ (R"\ @(U)) x {0}) C V
is closed disjoint from U. If we restrict i to the open subset V3 = Vn W\ C, then we obtain
Y(VinP)=ypU\C) = yU) = (V1) N (R" x {0}), so (V1,¥ly,) is a chart at p € M that
satisfies the required condition. O
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Charts (V,9) on M for which (VNP) = (V)N (R" x {0}) holds are slice charts adapted
to a subset P C M and they naturally induce n-dimensional charts (VN P,y,) on P with
Yp = moyp, where 77: R™ — R™is the projection to the first n coordinates. If (U, ¢) is another
slice chart on M and ¢, = o, then we have q)Pol/)ljl = T[o(q)ol/)_l)o], where j(xq,...,Xn) =
(X1,...,Xn,0,...,0), which is smooth as a composition of smooth maps. If there is a slice
map at every point p € P, then the induced charts form a smooth atlas for P, and it is
clear that it assigns P the subspace topology from M. The coordinate representation of the
inclusion s: P — Misyozro ¢1§1 = 7 which is smooth, while the Jacobian matrix contains
the n x n identity submatrix, so  is an immersion, and consequently it is an embedding.

Thus, the slice charts on P induces a natural atlas with whicn P becomes a submanifold
of M. However, it turns out that the complete atlas of a submanifold is uniquely determ-
ined.

Theorem 2.13. Let M be a manifold, P C M, and n € N. If for each p € P there exists a chart
(V,y) atp € M such that (VN P) = (V) N (R™ x {0}), then there is a unique complete atlas
for P with which it becomes a submanifold of M of dimension n.

Proof. Let P be a submanifold of M consisting of the set P and some other atlas such that
the inclusion 7: P — M is an embedding. This inclusion when restricting the codomain to
P = 7(13) becomes 71 : P < P, where 1 o 11 = 7. Since ¢ is continuous (a homeomorphism
because7is an embedding), and Ypoi;o@~! = mo (Yorop~1) is smooth for a chart (U, ¢) on
P and asslice chart (V, §) on M that induces the chart (VNP, Yp) on P, 71 is smooth according
to Lemma [1.13. Since for p € P we have Tpv = Tp1 o Tprq, and both Tyz and Ty are injective,
then T is injective, which means that +; is an immersion. However, due to dimP = dim P
itis alocal diffeomorphism, and since it is a ijection, the it is also a diffeomorphism, which
means that P and P have the same complete smooth atlas. O

Theorem finds submanifolds in the codomain of smooth maps, but we can notice
them in the domain as well, because in practice, submanifolds are most often shown as a
set of solutions of equations or a system of equations.

Theorem 2.14. Iff: M — N is a smooth map of constant rank r, then for every q € f(M), the
level set P = f~1(q) is a submanifold in M of codimension r.

Proof. By the constant rank theorem, for every p € P thereisa chart (U, ¢) centred atp € M
and a chart (V, ) centred at ¢ = f(p) € Nsuch that frelated to these charts has a coordinate

representation in the form Yofo@=1(xy,...,Xr, Xr41,. .., Xm) = (X1,...,Xr, 0,...,0). Because
of (UNP) ={(X1,....,.Xm) € @(U) : X3 =--- =xr =0} = @(U) N ({0} x R™ "), Theorem
finishes the proof. 0

Especially, if f from the previous theorem is a submersion, then the level set is a sub-
manifold of codimension dim N. We say that a point p € M is a regular point if T,f is
surjective; otherwise, we say that p is a critical point. A point q € N is called a regu-
lar value if its preimage f~1(q) contains only regular points. A level set f~1(q) is called a
regular level set if q is a regular value of f.

Theorem 2.15. Every regular level set of a smooth map between manifolds is a submanifold
whose codimension is equal to the dimension of codomain.

Proof. Letf: M — N be asmoothmap andletq € Nbe aregular value. By Lemma @ the set
U of points p € M such that Tpfhas rank dim N is open in M and contains f~1(q). It follows
that f, is a submersion, so f~1(q) is a submanifold of U by Theorem . The composition
of embeddings f~1(q) — U < M is again embedding, which proves the statement. O

Example 2.22. If a function f: R"™ \ {0} — R is given by fiXy,...,Xp41) = X} + - + X%,
then fis a submersion, so 8" = f~1(1) is a submanifold in R**! of dimension n. A

41



Chapter 2. Tangent spaces and maps

Example 2.23. Consider the subspace M = {(x:y: z) € RP? : xy = z?} ¢ RP? which is first
of all well defined because (tx)(ty) = (tz)? for t # 0 holds if and only if xy = z2. Also, it is
easy to see that f: RP? — R is well defined by

g =2
f(X.y 'Z) - X2 +y2+zz7

and that M = f~1(0). In the first chart we have the smooth fop; ! (x,y) = (x—y?)/(1+x>+y?)
with the Jacobian matrix

—1y/ _ (Ayh)—2x(x=y?)  —2y(IexXP4yR)-2y(x—y*) | _ (1=xXP4yP 42097 —2y(14x+x?)
(fO (pl ) (X7y) - ( (1+X2+y2)2 (1+X2+y2)2 ) - ( (1+X2+y2)2 (1+X2+y2)2 ) )

which is of rank 1 except for y = 0 and x = +1, that is for the points (1 : +1 : 0) ¢ M. In
the second chart we have fo 9,1 (x,y) = (x — y?)/(1 + x* + y?), with a symmetric result. In
the third chart we have the smooth fo @z (x,y) = (xy — 1)/(1 + x* + y?) with the Jacobian
matrix

(fo ozl (x,y) = (YAHX0Y)-2x00-1) X1 y")-0y-1)) _ (y+2exy iy’ xt2y—xy*
(p?, 7y - (1+X2+y2)2 (1+X2+y2)2 - (1+X2+y2)2 (1+X2+y2)2 )

which is of rank 1 except for the solution of the system y + 2x — x?y +y3 = 0 and x + 2y —
xy? + x3 = 0. If we multiply the first equation by x, and the second by y and add them,
we get 2(x* + xy + y?) = 0, which is possible only for x = y = 0 that corresponds to the
point (0: 0: 1) ¢ M. Therefore, fis a submersion, except at three concrete points that do
not belong to M, and in any case M is a regular level set and therefore a submanifold of
RP2. A

It turns out that at each point of a regular level set we have a nice decomposition of the
tangent space.

Lemma 2.16. If P is a regular level set of smooth map f: M — N, then T,P = Ker Tyf for each
peP.

Proof. Let:: P = f~1(q) — M be the natural inclusion. Since f]p, = fo is constantly equal
to q € N, we have Tpfo Tpr = TpfTp = 0, and therefore Ty:(T,P) C Ker Tpf C TpM. Since the
subspace TP has the same dimension as Ker T,f, we conclude that they are equal under
the natural identification Ty:(T,P) = TpP. O

The concept od submanifolds allows us to restrict the domain or codomain of a
smooth map between manifolds to their submanifolds, whereby the restriction will re-
main smooth. Of course, for the domain restriction it is obvious because we have a com-
position of a smooth map and an inclusion which is an embedding.

Theorem 2.17. Let f: M — N be a smooth map and P be a submanifold of N, then the restric-
tion f: M — P is also smooth.

Proof. If fi: M — P is the observed restriction, then f= 1o f;, where the inclusion : P — N
is an embedding. A coordinate representation Y, ofj o9~ = moh o fo ¢! is smooth for
a chart (U, ) on M and a slice chart (V,¢) on N that induces the chart (VN P,y,) on P,
while f; is continuous since : is a homeomorphism onto its image. Therefore f; is smooth
by Lemma . O
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2.5 Vector fields

Basically, a vector field on a manifold M is a map p — X(p) that assigns to each pointp € M
a tangent vector X(p) € T,M. We would like such assignments to have some smoothness
properties when p varies in M. To do this we need to fit together all the tangent spaces
TpM as p ranges over M into a single manifold. The tangent bundle of a manifold M is
the disjoint union of tangent spaces to M,

™ = | | TpM = | ({p} x TpM) = | J{(0.X) : X € TyM}.

peEM pEM peM

An element of the tangent bundle TM can be thought of as a pair (p, X), where p is a
pointin M and X is a tangent vector to M at p. The tangent bundle comes equipped with the
natural projection map 7: TM — M defined by 7(p,X) = p, that maps each tangent vector
from T,M to the single base point p. We often conveniently identify the pair (p,X) € TM
with the tangent vector X € T,M and the fiber 7~1(p) with T, M.

To make a manifold from the set TM, it is necessary to give a smooth atlas in some
natural way. Let (U, ) be a chart on M, and let x; = 77; o ¢ be the coordinate functions. By
Lemma .6, for p € Uwe have T,U = T,M, and therefore TU — Lpev TpU = Upey TpM € TM.
A tangent vector X € TpM at p € U is the unique linear combination X = > ; X(x;)(9;)p,
which motivate us to define the map ¢: 771 (U) = TU — ¢(U) x R" C R?" by

(f/;(va) = (Xl(p>7 s 7Xn(p)7X(X1)7 s 7X(Xn))' (2.4)

We can notice that ¢ is a bijection with the inverse

5 o0 A= (2.5 2 () ).
9 (o) M1, An) (p,l; <0xi>,,>

Let (U, ¢) and (V, ) be charts on M, then the corresponding charts on TM are (IU, Q)
and (TV,y). The sets (ND(TUNO TV) =@(UNV)xR'and Y(TUNTV) = p(UN V) x R™ are open
in R?", while for the map ¥ o 66_1: e(UNV)xR" - yp(UNV) x R" holds

-~ ~ n o
(Yoo )(fp(le,---,/ln):l/)(p,izlﬂi(%>p>

- (wp),iai (35, om ow>,...,§;ai (&)p(nnozp))

i=1

n ¢} o1 n o o1
=<<wo<o—1><qo<p>>,zaia(”1 Woo ) iopy,... S a2 Woe >><¢<p>>>,
i=1

‘ OTT; ot
i=1

and therefore it is smooth. In this way, the original atlas for M induces a smooth atlas for
TM.

Since M has a countable subatlas, then TM also has one. For X € TpM and Y € TaM
where p # q (otherwise Lemma @ works) there exist trivially compatible charts, ¢ at
p € M and ¢ at q € M, and therefore ¢ and ¥ have disjoint domains that separate points
(p,X) and (q, Y), which proves the Hausdorff condition. Hence, the tangent bundle TM with
the induced atlas is a smooth manifold of dimension 2n.

A section of a tangent bundle TM is a map X: M — TM such that 77 o X = 1j;, where
m: TM — M is the natural projection. A vector field on a manifold M is a smooth section
of the tangent bundle TM, that is a smooth function X: M — TM that assigns a tangent
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vector Xp = X(p) € T,M to each point p € M. The set of all vector fields on a manifold M
we denote by X(M).

Let (U, @) be a chart on M with coordinate functions x; = ;o ¢. A section X: M — TM
has a coordinate representation ¢ oc Xo ¢~1: ¢(U) — ¢(U) x R" which due to (@) can be
expressed with ¢(p) — (@(p),Xp(X1),...,Xp(Xn)) for p € U. Every section X can be seen
as a map that assigns to each smooth function f € §(M) a function Xf: M — R given by
X (p) = Xp(f). Then X,(x;) = (Xx; 0 p~1)(p(p)) and for v € ¢(U) we have

(oXop )W) = (V,Xx1 09~ (V),..., Xxn 0 9~ (v)), (2.5)

so the section X is smooth on U if and only if Xx; are smooth functions for 1 <i <n.

For 1 <i < n we define the i-th coordinate vector field 0;: U — TU by 9;(p) = (9;)p,
but since 9;(x;): p — (9;)p(X;) = §; for all 1 < j < n, thus 9;(x;) € F(U), so we have 9; € X(U)
as a basic example of a vector field.

For f € §(M), the coordinate representation of 9;fis the smooth function

on-1
Oif o (0—1: o(p) — ((;i) f= M((p(m)’
t/p

OTT;

and therefore 9;f € §(U), while at a point p € U for a section X: M — TM we have
n 0 L of & of
XNP) =X = D_Xp(x) | 5. ) |[=D XpX)5 (D)= D Xxi)z | (D).
— oXi /), — 0X; — O0X;
so on the coordinate neighbourhood U we get
n
Xf=> (Xx)0f.
i=1

If X € X(M), the section is smooth, so Xx; are smooth, and Xfis smooth on U, but since
this holds for any chart, we obtain Xf € §(M). Any particular function X,,: §(M) — R is
a derivation at p, so linearity and Leibnizian properties can simply be extended to the
smooth section X: §(M) — §(M). The Leibnizian property for points gives X(fh) = fiXh) +
h(Xf) for every f, h € §(M), and if X is also linear then we say that X is a derivation, so we
have proved that any vector field is a derivation.

Conversely, every derivation X: §(M) — §(M) induces a derivation at a point p € M,
s0 X, (f) = (Xf)(p) for f € F(M) defines a tangent vector at p, and therefore the section
X: M — TM is also defined. Since in any chart (U, ¢) we have x; = m; o ¢ € §(U), then
Xx; € §(U), so using (@) we see that this section is smooth on U, and therefore smooth on
the whole M. This completes the proof that vector fields have a dual nature, which we see
in the following theorem.

Theorem 2.18. Derivations on a manifold are exactly smooth sections of its tangent bundle.

We can introduce basic operations on X(M) in a natural way. The addition and the
scalar multiplication (aX + BY)(h) = a(X(h)) + B(Y(h)) (for a, B € R, h € F(M)) make X(M)
a vector space over R. Additionally, a vector field can be multiplied by f € §(M) with
(fX)(h) = fX(h), which makes X¥(M) a module over the ring §(M). In accordance with the
introduced operations, analogous to the formula (@), we obtain the decomposition of an
arbitrary vector field via the coordinate vector fields in some chart,

L d
X = ;Xxiaxi.
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Example 2.24. If V € T,M is an arbitrary tangent vector of a manifold M > p, then there
exists a vector field X € X(M) such that X, = V. By choosing a chart (U, ¢) at p € M, we get
coordinate functions and corresponding base tangent vectors. Since V = 3", v;(9;)p holds
for some v; = V(x;) € R, we can define Y € X(U) by Y = ", v;0;, to get Y, = V. According to
Lemma there exists b € F(M) supported in U with b(p) = 1. If we define X = bY on U
and X = 0 on M \ supp(b), we obtain X € X(M) and X, = b(p)Y, = V holds. A

The multiplication for X, Y € X(M) can be seen as (XY)(h) = X(Y(h)) for h € §(M), which
is clearly R-linear. However, using the Leibniz property for X and Y we have

XY(fh) = X(Y(fh)) = X(fYh + hYf) = fX(Yh) + (Xf)(Yh) + hX(Y]) + (Xh)(Y)).

Looking closely at this formula, we see two extra terms (Xf)(Yh) and (Xh)(Yf). Since in
general there is no reason for these terms to cancel each other, XY is not Leibnizian, and
thus it is not a vector field. However, our extra terms are symmetric in X and Y, so if we
compute YX(fh) as well and subtract it from XY(fh), these terms will disappear. Hence,
XY —YXwill be Leibnizian and therefore it is a vector fields called the commutator or the
Lie bracket, with the notation [X, Y] = XY — YX € X(M).

The commutator on X(M) naturally has some nice properties. From the definition fol-
lows the anti-symmetry [Y, X] = —[X, Y]. The linearity of vector fields immediately gives the
R-bilinearity, [aX + BY,Z] = a[X,Z] + B|Y,Z] and [X,aY + BZ] = a|X,Y] + B[X,Z] for a, B € R,
and X,Y,Z € X(M).

However, although the commutator is R-bilinear it is not §(M)-bilinear. Since for every
X, Y € X(M) and f,h € §(M) we have X(fY(h)) = fXY(h) + (Xf)(Yh), we obtain the useful

formula
X(fY) = fXY + (XY,
from which we can easily calculate
fX,hY] = fh[X, Y] + fiXh)Y — h(YH)X. (2.6)
Another nice feature of vector fields is the Jacobi identity,
X[V, Z)] + Y, [Z,X]| + [Z,[X, Y]] = 0, 2.7)

that holds for all X, Y, Z € X(M), which can be easily checked, or shown by applying Lemma
for the subalgebra X (M) of the algebra of all linear endomorphisms End(§F(M)) of the
vector space §(M) over the field R.

A Lie algebra (over R) is a vector space endowed with an antisymmetric R-bilinear op-
eration [—, —] that satisfies the Jacobi identity. Since vector fields on an arbitrary manifold
M has all the above properties, we can say that X(M) is a Lie algebra.

Example 2.25. Let us determine all vector fields V € ¥(R?) that satisfy

29]-v- e8]

Their general form is V = adx + bdy, where a = a(x,y) and b = b(x,y) are some smooth
functions. From the initial conditions we get

b
Ox(ady + bdy) — (ady + b))y = gf;ax + gxay — ady + b,
oa ob

From 0a/0x = a follows a = f(y)e*, while ob/0x = b implies b = h(y)eX. From —oa/dy = a
we have —f(y) = fy), so fly) = Ce™?, while from —0b/dy = b follows —h'(y) = h(y), and
therefore h(y) = De™. Hence, we obtain a = Ce*”Y and b = De*” for some constants C and
D. The wanted vector fields are of form V = e~ (Cox + Ddy), where C and D are arbitrary
constants. VAN
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Example 2.26. Let us express the coordinate vector fields 9/9x and /9y in polar coordin-
ates, given by x =rcos0,y =rsin0 forr > 0, —m < 0 < 7. The calculations give

2—%2+8—y2—c0392+sin0g 2—gng({)—yg——rsin@ngrcosB2
or  orox ordy ox ay’ 00 000ox 009y 0x ay’

The matrix of coefficients is the Jacobian matrix of the change of coordinates, with the
inverse

cos® -—rsinf _1_1 rcos@ rsin6
sinf rcos@ ~ r\-sinf cosf )’

and therefore

A

It is important to see that a commutator is always zero in two special cases. The first
case is a consequence of anti-symmetry, [X, X] = 0 holds for all X € X(M). The second case
concerns coordinate vector fields from the same chart (U, ¢). Partial derivatives are the
same in either order on smooth functions,

2 -1 -1
Of _ 0 0, 0 (0foeh) N_ 0 (0foeh) 1), ,
8Xl'an aXi 8)(] 8Xi 87'[] 87‘[,- 87'[]
B 82(]00 gDfl) o aZ(fo (P71> o aZf‘
- Omom; ¢= omjom; - O0x0x;’
and therefore 5 9
[8}({ 6}9] _0, 2.8)

Example 2.27. Consider the following two vector fields on R?,

_ 9 _ 2y 0
X_a and Y_(1+X)8y’
Then
XY=(1 +x2)‘972 +2x2 and vx— (1 +x2)‘972
N oxoy ay N ayox’
SO we obtain 5
XY =XY - YX= ZX@.

Is it possible to find new coordinates (u,v) = f(x,y) such that X and Y are exactly vector
fields 9/0u and 9/9v? We can notice that the vector fields X and Y are linearly independent
everywhere, but this is not good enough. By (@) for the coordinate vectors fields holds

[0/0u,d/0v] = 0, so the answer is negative. A
Example 2.28. Consider the previous example for vector fields on R?, on the open subset
where xy > 0,
xXo 0 0
= 5& @, Y= 2\/@5

A straightforward calculations show that XY and YX are both equal to 2,/x/y(9/9x) plus
some second order derivatives which we need not to calculate, because we know in ad-
vance that these are the same, and therefore [X, Y] = 0. So, we can consider the change of
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coordinates x = x(u,v), y = y(u,v). We should set

X9 0 _, 0 _xo w0
yox 9y ©  ou Ouodx oudy

eyl —y_ 9 _9x9 YO
2 Xy&_y_av_avaﬁavay’

which implies
ox Xy ox_ oy _
oy st w50
First, we conclude y = u + C for a constant C. Then, dx/x = du/(u + C) gives x = (u+ C)f(v).
Finally, we have (u + C)f (v) = 2,/(u + C)f(v)(u + C), that is f(v) = +2,/f(v) and therefore
V/f = £V + Const, which gives f = (v + D)? for a constant D. Hence, for arbitrary constants
C and D, the change of coordinates x = (u+ C)(v+ D)2, y = u + C gives X = 9/0u, Y = 9/dv
and we have the affirmative answer. A

Example 2.29. Consider the same question as before, this time for vector fields

0 0 0 0
X_x@—y&, Y_x&ija—.
When we confirm [X, Y] = 0, we can introduce polar coordinates x = rcos0,y = rsin®,
which is well defined for r > 0, —r < 6 < 7. Then we have
0 ox9 Yo xo0 yo 1 g oxo oyo 0

B
O _X0o YOI _XO0 YO _1y O _O0X0 HO _ 90 0 _y
or —arox " ordy rox ray r 28 08ox "o6ay  “ox oy

We can introduce another change of coordinates with p = f(r), where we keep the coordin-
ate 0, in such a way to get the desired form Y = 9/9p. Since

o o0po K
ar ~ orop —f(’")ap7

we need f(r) = 1/r, so f(r) = Inr + Const, hence r = CeP and we have x = Cef cos0,
y = CeP sin 0 for any constant C > 0. A

2.6 Global tangent maps

Let f: M — N be a smooth map between manifolds M and N. By fitting together the tangent
maps of f at all points of M, we obtain a globally defined map between tangent bundles,
If: TM — TN with Tf(X,) = Tpf(X,) for all X, € TpM. This map Tf is called the global
tangent map and it is just the map whose restriction to each tangent space T,M C TM is
Tyf.

; The global tangent map Tf pushes a tangent vector X € T,M forward from the domain
manifold to the codomain manifold tangent vector f, (X) = Tpf(X) called the pushforward
of X. The pushforward of X can be denoted by T,f(X), Tf(X), or f.(X), depending what re-
lations we want to point out and whether we want to emphasize the base point p = 7(X).
Let us notice that if 7);: TM — M and ;riy: TN — N are the canonical projections of tangent
bundles, then we have an obvious relation 7ty o Tf = fo ;.

TML IN

| |

MTN
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Theorem 2.19. The global tangent map is a smooth map.

Proof. For a smooth f: M — N and any p € M there is a chart (U, ¢) at p € M with x; = 7jo¢
(1 <j<m=dimM) and a chart (V,¢) atf(p) € Nwithy; = ;09 (1 <i < n = dimN),
where f{U) C V such that ¥ o fo ¢~ is smooth. For associated charts (TU, ®) on TM and
(TV,¢) on TN, Tf(TU) C TV obviously holds. The coordinate representation

poTfod ': p(U) x R™ = h(V) x R"
of the global tangent map Tf can be calculated using the formula (),

- m o ~ - 0o 0
=¥ (f(p%j;?‘ijf(an)p) =¥ (ﬂl’)’Z"f ; ()(;Xjf)(p) <3yi>f(p>)

m othofol m nolWofo -1
(<¢ofoco1><co<p>>,zaja(”l Volo?T) (o)), 3 Ao Yo o0 )w(p))),
=1

87'[]'

which is smooth since ¥ o fo ¢~1 is smooth, and therefore Tfis smooth. O

If f: M — N is a constant map then Example @ implies Tpf = 0 for each p € M, and
therefore Tf = 0. Moreover, the converse is also valid, but only on the connected compon-
ents.

Lemma 2.20. Let f: M — N be a smooth map between a connected manifold M and a mani-
fold N. If the global tangent map Tf: TM — TN vanishes then fis constant.

Proof. Asbefore, for an arbitrary p € M we choose a chart (U, ¢) atp € M and a chart (V,y)
at f(p) € Nwith f{lU) C Vsuch that ¥ofo~! is smooth. If we apply Tf = 0 on the coordinate
vectors from T;M, then by () we have

oyiof) O(mio(Yofop™))

8Xj 67‘[]

(@) =

(9(q) =0,

forallg ¢ U,1 <j < dimM,and 1 < i < dimN. Thus ¢ o fo ¢~ is constant on some
ball around ¢(p), so fis constant on some connected neighbourhood of p, for each p € M.
Consider a closed set Q = f~1({f(q)}) that contains some fixed point ¢ € M. Since each
point from Q has a connected neighbourhood where fis constant, so Q is open. The only
nonempty closed and open subset of a connected space M is M itself, hence fis constant on
the whole M. O

Let f: M — N be a smooth map between manifolds M and N. If we apply the global
tangent map on a vector field X € X(M), every point p € M is associated to the vector
Tpf(Xp) € Tqp)N. However, this way in general does not establish a vector field on N. For
example, if fis not surjective there is a problem to assign a vector to points from N\ f(M).
On the other hand, if fis not injective we have f(p) = f(q) for some distinct points p,q € M,
and there is no reason why the vectors Tpf(X,) and Tyf(X;) from the same tangent space
TspyN = Ty q N should be equal.

In the case that vector fields X € X(M) and Y € X(N) have the property that for each
p € M holds Tyf(Xp) = Ypp), we say that X and Y are f-related and write X ~; Y. Since we
have (X(h o f))(p) = Xp(ho f) = (TpfiX,))(R) and (Yho f)(p) = (Yh)(f(p)) = Ypp(R) for any
p € M and h € §(N), the following statement holds.
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Lemma 2.21. Let f: M — N be a smooth map between manifolds, and let X € X(M) and
Y € X(N) be vector fields. Then X ~; Y holds if and only if X(h o f) = (Yh) o f holds for all

h € F(N).

Example 2.30. Let f: R — R? be the smooth map f(t) = (cost,sint) and X = d/dt € X(R).
There is a natural question whether there exists Y ¢ ¥(R?) such that X ~r Y. For a potential
solution Y = u(x,y)(9/0x) + v(x,y)(9/9y), by the formula () we have

v Tf<d> 8cost<8) Jr8sint<(‘)> sint<a> +cost<a>
= t - = _— —— —_ = — —_ 7 9
S dt), ot \ox) gy ot \ay) s X ) W) )

and therefore we need u(cost,sint) = —sint and v(cost,sint) = cost. For example it
works for u(x,y) = —y and v(x,y) = x, which gives a solution Y = —y(9/9x) + x(9/9y).

Let us notice that although fis not surjective, there is a solution since the condition from
the definition trivially holds for points that are not in the image f(R). However, this is the
reason why a required vector field Y is not uniquely determined. For example, the vector
field Y = —y(x? + y?)(9/0x) + x(x* 4+ y*)(d/dy) also satisfies the problem conditions. A

Theorem 2.22. If f: M — N is a diffeomorphism between manifolds M and N, then for any
X € X(M) there is a unique Y € X(N) such that X ~¢ Y.

Proof. Since fis a bijection, any point g € N is uniquely assigned with Yq = Tp1(\f{Xp-1(9)),
which defines a section Y = TfoXof~1: N — TN that is smooth as a composition of smooth
maps (Tfis smooth by Theorem ), S0 Y € X(N). O

The unique vector field Y € X(N) from the previous theorem such that X ~; Y'is called
the pushforward for fof X € ¥(M) and has the notation f,.X. So, f.X € X(N) is defined only
for diffeomorphisms f: M — N and can be calculated using the formula (£.X)q = Tf(X¢1(q)),
while by Lemma for any h € F(N) we have

((LX)h) o f = X(h of). 2.9)

The key thing about related vector fields is their cooperation respect to the commutator,
as discussed in the next theorem.

Theorem 2.23. Let f: M — N be a smooth map between manifolds M and N. If for vector
ﬁelds X1,Xy € %(]W) and Y, € %(N) hold X, ~f Y, and Xy ~f Yo, then [Xl,Xz] ~f [Yl, Yz]
also holds.

Proof. From Lemma for h € F(N) we have X1 X;(hof) = X1((Yz2h) of) = (Y1Y2(h))ofand
XoX1(hof) = (YoY1(h)) of, s0 [X1,X;](hof) = (Y1Y2(h)) o f — (YoY1(h)) o f = ([Y1,Y3]h) of. The
proof ends with the reuse of Lemma . O

As a consequence, if we put a diffeomorphism f: M — N in the previous theorem, then
for X1,X, € X(M) we have a nice formula

fulX1,Xz] = [ X1, fXo). (2.10)

2.7 Problems

Problem 2.1. In the half-plane M = {(x,y) € R? : y > 0} ¢ R?, the point p € M is given by
coordinates (x,y) = (0, 2). Express the tangent vector T,M > X = 4(2) T (£) p in terms of

dy
(%)p and (%)p in polar coordinates.
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Chapter 2. Tangent spaces and maps

Problem 2.2. Show that f: RP! — R given by f(x : y) = xy/(x*> + y?) is well-defined and
smooth. Determine the maximum of fon RPL if it exists.

Problem 2.3. Is the composition of two maps of constant rank always of constant rank?

Problem 2.4. Prove that any smooth map between manifolds can be decomposed into the
composition of a submersion and an embedding.

Problem 2.5. For which m,n € N does there exist a submersion f: RP™ — 8" that is not
surjective?

Problem 2.6. Let f: RP! — RP" for n € Nbe given by f{x : y) = (x": x* Ly ... . xy"1.y").
Prove that fis well-defined and examine whether it is an embedding.

Problem 2.7. Let f: RP! x RP! — RP3 be given by f((x : y),(z : w)) = (X2 : xw : yz : yw).
Prove that fis well-defined and determine whether fis an immersion, a submersion, or an
embedding.

Problem 2.8. For whichr e Ristheset M = {(x,y,z) e R3 : x> + y2 =1, x> + 22 =12} c R
a one-dimensional submanifold of R3?

Problem 2.9. Provethat M = {((X7 : ... : Xpy1), Y1 : ... : Yna1)) € RP'XRP" : Zf:*ll x;y; = 0}
is a submanifold of RP" x RP" and determine dim M.

Problem 2.10. For the manifold M = {(x,y) € R? : x > 0,y > 0} C R?, determine the vector

field V e X(M) if

and [y;X,V] =0.

9 gl Xty o
ay’ | T yr ox
Problem 2.11. Determine V € X(R?) for which [0x + X3y, [0x, V]] = 0 = [V,9,] such that
V(0,0) = (9x)(0,0) + (%) (0,0) and V(1 1) = 3(9x)1,1) + 3(&y)1.,1)-

Problem 2.12. Determine all constants ¢ € R for which the vector fields X, Y € X(R; xR)
given by
0

X=(x+ 1)£(+ (ylny+y)§} and Y= (2x+c)§x —1—)91@

allow a coordinate change such that X and Y become coordinate vector fields.

Problem 2.13. Determine the real constants a and ¢ for which the vector fields X and Yin
R4 x Ry given by
d d 0 c 0
X_x§+2y@ and Y_a&er y
allow a coordinate change such that X and Y become coordinate vector fields, and then

find such a coordinate change.

Problem 2.14. If f: D — f(D) is a diffeomorphism given by (x,y) = f(r,0) = (rcos 0,rsin9),
where D, fiD) c R?, compute (f1).(5x).

Problem 2.15. Let Q = {(x,y) € R? : x > 0,y > 0} be an open submanifold of R? and
f: @ — Q be given by (u,v) = fix,y) = (xy,y/x). Show that fis a diffeomorphism and
compute f (x0x + ydy) and f; (yox).
Problem 2.16. Let f: R* — RP? be given by fix,y) = (x:y : 1) and X = x5, - y5; € X(R?).
How many vector fields Y € X(RP?) satisfy X ~r Y? Write down a solution (if one exists)
for Yin all three standard charts.
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CHAPTER 3

TENSOR BUNDLES AND FIELDS

3.1 Vector bundles

The tangent bundle of a manifold has a natural structure as a smooth manifold in its own
right, which is a concept that can be generalised. Roughly speaking, a vector bundle is a
family of vector spaces, one for each point of manifold, glued together in some smoothly
varying manner.

Let an n-manifold M be the bundle base and let r € N be the fixed bundle rank.
Consider a family of real vector spaces E, of dimension r indexed by points p € M, and let
the bundle space be

E=||Ep.

peM

The bundle projection is the natural projection 77: E — M defined by 7(v) = p for v € E,.
A bundle charton E is a map ¢: 7~ (U) — @(U) x R" for which there exists a map (U, @)
on M such that ¢ for each p € U restricts to a linear isomorphism

Plg,: Ep =1 (p) = {p(p)} x R"=R".

A bundle atlas is a smooth atlas for E consisting of bundle charts on E. Every bundle
atlas for E determines a complete bundle atlas consisting of all bundle charts that are
compatible with all bundle charts from the given atlas.

A vector bundle (or smooth real vector bundle) of rank r over M is a smooth man-
ifold of dimension n + r generated by a set E with a (complete) bundle atlas for E. The
additional topological conditions from the definition of a manifold are automatically trans-
ferred from a base M. Since M has a countable subatlas, a bundle atlas also has a countable
subatlas, and therefore E is second countable. If x € E, and y € E4 hold for p # q (the case
p = q is covered by Lemma @), there exist open disjoint V,, V; ¢ M that separate p € V),
and q € Vg, so 1-1(Vy) and m~1(Vy) separate x and y, and therefore E is Hausdorff.

The bundle projection 7: E — M is a smooth surjective map in which the essential
information of a vector bundle is hidden, and they are often identified. Of course, when
there is no danger of ambiguity, it is easier to identify a vector bundle by its total space E.

The key property of a bundle chart ¢ is that, at the points p € U, it restricts to a linear
isomorphism between a fiber E, = 1~ (p) over p which has the structure of a real vector
space and R”. As a manifold M locally looks like an open subset of R", a vector bundle E
over M locally looks like the product of an open subset of R" and a vector space R".

W) 2 p(U) xR

e

U—2 - o
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Chapter 3. Tensor bundles and fields

For a transition function lZo gT)_l (UNV) xR — ¢p(UNV) xR", where (U, ¢) and (V,¢)
are the corresponding charts on M, we have 7y yny) o P o @’1 =yPoplo Tyunv), from
which it can be seen that the transition function is of form

Yog '(x,v) = (Yoo H)(x),T(x)V),

where 7: ¢(UN V) — GL(r,R). It follows that to check the compatibility of charts it is
sufficient to examine the smoothness of the map .

Example 3.1. The tangent bundle of an n-manifold M is a basic example of a vector
bundle. For a chart (U,¢) on M we can consider the global tangent map To: TU —
To(U) = ¢@(U) x R", which at a point p € U is restricted to the linear isomorphism
Tpo: ToU = TyM — Typ@(U) = R If (V,9) is some other chart on M, then we have
Tpp o (Tp@)™! = Ty (Y o ¢~ 1), from which follows the compatibility of bundle charts
TYo(Te) 1 (x,v) = (Yoo~ 1(x), Tx(Yop~1)(v)) because the Jacobian matrix depend smoothly
on x. Thus, an arbitrary smooth atlas for M generates a bundle atlas for TM, so TM is a vec-
tor bundle of rank n over M. Let us notice that from a simple calculation,

s <88Xj>p ) Z W(P) (aaﬂl')(p(p) B ; gz]l:(q}(p)) <£Ti>(p(p) ) (887[1')(/,(19)

follows that the bundle charts T correspond to the chart from (@) that we originally
introduced when we defined the tangent bundle. JAN

Example 3.2. The simplest, but certainly important example of a vector bundle is a
product bundle, that exists for any n-manifold M and each r € N. This is a manifold
E = M x R" of dimension n + r with the natural projection my;: M x R" — M, mtp(p,v) = p.
The product bundle of rank r over M assigns the fiber E, = 7'[];[1 (p) = {p} x R" to each point
p € M, while the bundle charts are ¢ x 1gr, where ¢ are charts on M. In particular, the
cylinder 8! xR is a product bundle over the circle $! via the projection 77g: : 8' xR — St A

Example 3.3. Let P be a submanifold of a manifold M, and let 7: E — M be a vector bundle.
Then its restriction 7rp: 7=1(P) — P is also a vector bundle, we denote E[, = 7~ 1(P) and
call it the restriction of E to P. If (U, ¢) is a chart at p € M, and (Up, ¢p) is a chartatp € P
such that Up C U, then from the induces chart ¢ on E we obtain the induced chart ¢, on
Elp by B _

@p = ((Ppo@ ') x Lgr) 0 @lr1(y,): T ' (Up) = @p(Up) x R,

while the transition function 1,~bp o (pp)~1 is smooth as a composition of smooth functions.
A

Example 3.4. Let ng: E — M and nip: F — N be vector bundles of rank r; and ry, then
their Cartesian product E x F is a vector bundle of rank r; + r, over M x N, whose fiber at
(p.q) € M x N is the vector space E, x Eg. A

Example 3.5. Let M be a manifold, and n@: E — M and nir: F — M be vector bundles of
rank r; and r, over M. The Whitney sum® of E and F is the vector bundle E & F over M
which fiber at a point p € M is the direct sum E, @ F), that is,

EoF=||(Ep®Fp)
pPEM

with the obvious projection 7 = 7tp o 711 = 71 o 713. For each p € M there is a chart (U, ¢) at
p € M and bundle charts ¢: 7;*(U) — @(U) x R and ¢: 717 (U) — @(U) x R, where we

1Hassler Whitney (1907-1989), American mathematician
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define @: 7~ 1(U) — @(U) x R"1*"2 by ® = (@ o 71, 7Tgry 0 Q 0 7T, Mgr, 0 Qo 1Ty). Let W: m~1(V) —
Y(V) x R"*"2 be another bijective map, where (V, ) is a chart at p € M. If the transition
functions ¢ o ngl and ¥ o ! correspond to smooth maps 7;: @(UN V) — GL(ry,R) and
To: @(UN V) — GL(ry,R), then the transition function ¥ o ®~! corresponds to the map
T: (UNV) — GL(r; + rp,R) where 7(p) = 71(p) @ 72(p) is the block diagonal matrix with
71(p) and 7(p) on the diagonal, which depends smoothly on p and proves that E @ F is a
vector bundle over M. A

Suppose nrg: E — M and mrp: F — N are vector bundles. A smooth map ®: E — F
is called a (smooth) bundle homomorphism if there exists a map f: M — N satisfying
7y o @ = fo 1y such that the restriction @[, : Ep — Fyp) is linear on fibers for all p € M. In
that case we say that fis the base map of ®, as well as that F covers f.

E-%®,F
TE lﬂp

MT>N

Example 3.6. If f: M — N is a smooth map between manifolds M and N, then its global
tangent map Tf: TM — TN is a bundle homomorphism covering f. A

If a bundle homomorphism @®: E — F is additionally diffeomorphism (thus fis also a
diffeomorphism), then we say that @ is a bundle isomorphism.

A bundle isomorphism ®: E — M x R" with the product bundle from Example is
called a trivialisation of E, and if it exists, then we say that a vector bundle E is trivial.
Each bundle chart ¢ defines a bundle isomorphism

(9! x1gr)o@: Ely=n"1(U) - Ux R,

which we call a local trivialisation of E over U. Of course, every vector bundle is locally
trivial in the sense that a trivialisation exists over some neighbourhood of every point from
base. However, we cannot expect a local trivialisation to exist for every subset U C M, but
if it does, we say that the bundle is trivial over U.

An important special case occurs when both E and F are vector bundles over the same
manifold M. In this case it is convenient to use slightly more restrictive definitions that
include f = 1,,. A bundle homomorphism over M is a bundle homomorphism covering
the identity map of M, and whose restriction to each fiber is linear. If there exists a bundle
homomorphism F: E — F over M that is also a bundle isomorphism, then ® is a bundle
isomorphism over M and we say that E and F are isomorphic over M.

E—%® .F
ﬂh AF
M

3.2 Local and global frames

A section of a vector bundle 7: E — M over an open set U C M is a map o: U — E such
that 77 o 0 = 1. Hence, for each point p € U, the section o selects one element of the fiber
E,. The term section comes from the geometric interpretation of the image o(U) C E as a
subset of the total space E. The basic example of section is a vector field on a manifold M,
which is a smooth section of the tangent bundle TM over M.
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If o is a smooth section of a vector bundle 7: E — M, then 7w o 0 = 1), implies the
injectivity of o and To, so from the continuity of 7 it follows that o is an embedding, and
o(M) is a submanifold of E. Especially, any vector bundle admits a canonical section called
the zero section, that maps each point p € M to the zero vector 0 € Ep, which gives a
natural embedding M < E.

Example 3.7. A section of a product bundle 7y;: M x R" — Misamapo: M — M x R" of
the form o = (1, f) for some map f: M — R’", which is smooth if and only if fis smooth.
Hence, a smooth section of a product bundle of rank r over M is essentially a smooth map
fiM—R". A

The set of all smooth sections of E over U C M is denoted by I'(U, E), while in the case
that U is the manifold M we use the notation I'(E) = I'(M, E). It is easy to notice that the set
I'(U,E) is a vector space over R under addition and scalar multiplication defined pointwise
by (c101 + €20%)(p) = ¢101(p) + 202 (p) for 01,02 € T'(U,E), ¢1,¢2 € R, and p € U. Just like in
the case of vector fields X(U) = I'(TU) = T'(U, TM), smooth sections of E can be multiplied
by smooth functions f € §(U) with (fo)(p) = fip)o(p), and I'(U, E) is a module over the ring
3(0).

Let M be a manifold of dimension n, and U C M is some its open subset. Consider a vec-
tor bundle 7: E — M of rank r. A local frame for E over Uis an ordered r-tuple (g4, ...,0r)
of smooth sections over U (g; € I'(U, E) for 1 < i < r) such that vectors o1 (p), ..., or(p) form
a basis for the fiber Ej, for each p € U. In particular, a local frame for E over M is called a
global frame for E.

The most frequently observed vector bundle is the tangent bundle (E = TM), and then
for frames for TM we say that they are frames for a manifold M. In other words, a local
frame for a manifold M over U is an ordered m-tuple of vector fields on U whose values at
each point p € U form a basis of the tangent space T,M. A manifold that admits a global
frame is called parallelisable.

Example 3.8. If (U, ¢) is an arbitrary chart on a manifold M with the corresponding co-
ordinate functions x; = m; o @, then the coordinate vector fields form a local frame

9 9
ax1 " Oxn

for M over U called the coordinate frame. Of course, any point of M has an neighbour-
hood over which there is such a local frame. Coordinate vector fields in some chart provide
a convenient way of representing vector fields. A

Example 3.9. The standard basis (ey,...,e;) for R"by E;(p) = (p,e;)) for1 <i<randp e M
gives a global frame (Eq, ..., E;) for the product bundle M x R". A

Example 3.10. Let 7: E — M be a vector bundle of rank r. A local trivialisation
®: 171 (U) - U x R" of E over U C M generates a local frame based on Example @
where we define g; = ® 10 E: U — Efor1 < i < r. Since m = my o ® we have
Moo =mo® L oE; = myoE; = 1y, so g; is a section, while it is smooth because ® is
a diffeomorphism. Since ® restricts to an isomorphism and ® o g; = E;, then (g, ...,0y) is
a local frame for E over U and we say that this frame is associated with .

() —> Ux R’

Y

Conversely, if (a4, ..., 0r) is a local frame for E over U, then ®: 7=1(U) — U x R" given
by @3>, 4;0:(p)) = (p, A1, ..., Ar) for each p € Uis alocal trivialisation of E over U. A
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From the previous example we see that the existence of a local frame for E over U is
equivalent to the existence of a local trivialisation over U. As a consequence, we have the
following theorem.

Theorem 3.1. A vector bundle E over a manifold M is trivial if and only if there exists a
global frame for E over M. Especially, a tangent bundle TM is trivial if and only if a manifold
M is parallelisable.

Example 3.11. A manifold M of dimension n with a single chart atlas {(M, ¢)} induces a
natural global trivialisation (¢~! x 1gn) 0 @: TM — M x R", so the tangent bundle TM is
trivial and the manifold M is parallelisable. A

Example 3.12. Let G be a Lie group with the neutral e € G. Consider f: G x T.G — TG
given by f(p,X) = (TeLp)(X), where L,: G — G is a diffeomorphism defined by L,(q) = pq.
Then the map f~! is a global trivialisation as the diffeomorphism between manifolds TG
and G x T.G = G x R4MG g0 any Lie group is parallelisable. A

Let m: E — M be a vector bundle. A subbundle of E is a subset D C E such that the
restriction 7[p: D — M is a vector bundle, and the inclusion «: D — E is a bundle ho-
momorphism over M. In particular, a distribution on M is a subbundle of the tangent
bundle, and its dimension is the rank of this subbundle. The following theorem is the local
frame criterion for checking that a union of subspaces is a subbundle.

Theorem 3.2. Let E be a vector bundle over a manifold M and assume that for eachp € M
we have a k-dimensional linear subspace D, C Ep. Then D = | |,.,,Dp C E is a subbundle of
E if and only if each point of M has a neighbourhood U C M over which there exists a local
frame for D.

Proof. In this proof we use Example and the relation between local trivialisations
and local frames. If D is a subbundle then a local trivialisation easily gives a wanted local
frame for D. On the other hand, let (gy, ..., 0x) be a local frame for D over some open sub-
set containing p € M. We can complete it to a local frame (o1,...,0y) for E over some
neighbourhood U of p. It is associated with a local trivialisation ®: 7=1(U) — U x R’
defined by ®(3>I_; 4;0i(q)) = (¢, A1,-..,Ar). However, @ takes D N 7~1(U) to the subset
{(q,A1,...,A,,0,...,0): q € U;Aq,...,Ax € R} C U x R", which is a submanifold. Moreover,
the map ¥: D N7 (U) — U x R¥ defined by ‘P(Z;‘:l Ai0i(q)) = (q,A1,...,Ax) is a local
trivialisation of D, so D is a vector bundle. O

Suppose ng: E — M and mip: F — M are vector bundles and ®: E — F is a bundle
homomorphism over M. The rank of ® at a point p € M is the rank of the linear map @/,
and if its rank is the same for all p € M we say that ® has constant rank. Let us define
subsets Ker® C Eand Im® C F by

Ker® = | | Ker(®z,) and Im®= | | Im(®[g).
peM peM

Since the fibers of a bundle have the same dimension everywhere, in order for Ker ® and
Im @ to be subbundles, it is necessary that F has constant rank. However, the converse
is also true, as can be seen from the following theorem that allows us to obtain new sub-
bundles (see Lee [81, Theorem 10.34]).

Theorem 3.3. Let E and F be vector bundles over a manifold M and let ®: E — F be a bundle
homomorphism over M. If ® has constant rank, then Ker @ is a subbundle of E and Im ® is a
subbundle of F.
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Proof. Let us suppose that ® has constant rank p. For any p € M we can choose a local
frame (o4, ...,0r) for E over a neighbourhood U > p. The maps ®oo;: U— Fforl1 <i<r
are smooth sections of F over U. Since these sections span (Im ®) [, we can assume (after
rearranging the indices if necessary) that the elements ® o g1 (p), ..., ® o 0g,(p) form a basis
for Im(®Jg,). By continuity they remain linearly independent in some neighbourhood V' 5
p, and because of constant rank, (® o o1,...,®o00,) is alocal frame for Im ® over V, which
proves that Im @ is a subbundle of F.

Consider a subbundle Ey C E[y, spanned by g, ..., g,. Since the bundle homomorphism
@, : Eg — (Im®@)[y is bijective it is a bundle isomorphism. Define a bundle homomorph-
ism W: Ely — Ely by ¥ = 1 —(®[g )~ ! o @ to see that ® o ¥ = 0 on both E; and (Ker ®)]y.
However, E, and (Ker @), together span EJy, so W takes its values in (Ker ®)[, and con-
sequently Im¥ = (Ker @)y, is a subbundle of E|y, which proves that Ker @ is a subbundle
of E. O

3.3 Vector fields on a sphere

The question of how many linearly independent vector fields exist on a sphere is a clas-
sical problem of differential topology. Let Span(M) € Ny denotes the maximal number
of linearly independent vector fields on a manifold M. We are interested in the values
Span(8™1), so we consider vector fields on a sphere 8"~1 ¢ R".

The idea is to assign to each point x € $"~1 a vector V(x) tangent to x (orthogonal to the
position vector of x) in a smooth way. The zero vector is orthogonal to everything, which is
inconvenient (since it violates linear independence), so we look for nowhere-zero vector
fields. Such a vector field can be normalised to get ||V(x)|| = 1 for all x, so we looking for
smooth maps V: 8"~1 — 8"~1 such that V(x) L x holds for all x ¢ S*~1,

Example 3.13. Consider a standard topological argument, where a required vector field V
would give a homotopy h:(x) = x cos(rtt) + V(x) sin(rrt) between the identity hyg = 1g.-1 and
the antipodal map h; = — 1g.-1. Then the degree of a continuous map from the n-sphere
8"~ 1 to itself, is a homotopy invariant, and we have that the degree (—1)" of antipodal map
(a composition of n reflections) is equal to the degree 1 of identity, and therefore n must be
even. Hence, for an odd n there are no such vector fields, which gives Span(82) = 0. This
claim is well-known as the hairy ball theorem (or the hedgehog theorem) and states
that there is no non-vanishing continuous vector field on even-dimensional spheres, or
expressed colloquially, you cannot comb a hairy ball flat without creating a cowlick. A

Example 3.14. When n is even we can identify R" =~ C'V2, and put V(x) = ix which is
clearly a vector field on every sphere of odd dimension, which gives Span(82<+1) > 0. In
the special case n = 2 we obtain a global frame for the circle S! consists of one vector field
given by V(x) = ix, that is a unit tangent vector field directed counter-clockwise. A

We can find a vector field on 8"~ of the form V(x) = Ax for some matrix A ¢ R"™™", As
we require Ax | x, we have that
XTAx =0 3.1

holds for all x € $"~1, and thus (by appropriate scaling) for all x € R™. By polarising (@),
0= (x+y)"A(x+y) = x"Ay+y"Ax = xTAy+xTATy = x"(A+A")y holds for all x,y € R", which
yields A+AT = 0. Hence, as a consequence of the condition (3.1) we have a skew-symmetric
matrix A = —A". Conversely, a skew-symmetric matrix A implies 2x"Ax = x"(A +AT)x = 0,
so we conclude that a required vector field uniquely corresponds to some skew-symmetric
matrix A.

Additionally, since V is normalised we have | V(x)|| = ||x|| that implies (Ax)"(Ax) = x"x,
so X"(ATA — 1)x = 0, which corresponds to the condition (8.1) for a matrix ATA — 1 that
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must be skew-symmetric. However, ATA — 1 is obviously symmetric, which yields ATA = 1,
and therefore A2 = — 1. A required vector field depends on a skew-symmetric orthogonal
matrix A, and since then (detA)? = det(A%) = det(— 1) = (—1)" holds, we can additionally
confirm that an odd n is out of the question.

If there exist vector fields Vi, ..., Vi € X(S"1) such that Vy(x),..., Vi(x) € T, 8" = x*-
are linearly independent for all x € $"~1, then the Gram?-Schmidt® process makes vector
fields with the condition that V;(x), ..., Vi(x) are mutually orthogonal for all x € S"1.
Thus, for appropriate matrices Ay, ...,A,_1 € R™" we additionally suppose that A;x 1 Ajx
holds for 1 <1i# j < k, which gives x"(A]A;)x = 0 and again, like the condition (El]), implies
that AA; is skew-symmetric. Thus, we obtain —A;A; = AJA; = —(AJA))T = —A}TAi = AjA;.
Finally, the required conditions are described with the Hurwitz® relation

AlA] +AjAl' = *2611 1, (3.2)

which holds forall1 <i,j <k.

A classical problem is to determine parallelisable spheres 8"~1 ¢ R”", which are char-
acterised by Span(S8"~1) = n — 1. Using methods from algebraic topology it was proved in
1958 by Bottd and Milnor [27] and independently by Kervaire [75] that we have parallelis-
able spheres only for n € {1, 2,4, 8}. In fact, this question is closely related with existence
of normed division algebra of the real numbers. There are only four such algebras: the
real numbers R, the complex numbers C, the quaternions H, and the octonions Q. Con-
cretely, the only parallelisable spheres are S°, S, 83, and §7, and they are assigned with
the algebras R, C, H, and O respectively.

Example 3.15. In the case n = 4 we can set three skew-symmetric orthogonal matrices
that satisfy the Hurwitz relations () by

0 -1 0 0 0 0 -1 0 00 0 -1
1. 0 0 O 0 0 0 1 00 -1 0
=19 0 0 1" %=1 0 o0 o]l ®=|lo1 0 o
0 0 1 0 0 -1 0 0 10 0 0

In this way, we obtain three orthonormal vector fields on S3, so the sphere S is parallel-
isable. It is not hard to notice that the matrices A;,A,, A3 correspond to multiplication by
unit quaternions i, j, k € H. A

Skew-symmetric orthogonal matrices such that () holds were discussed independ-
ently by Hurwitz [73] and RaldonE [105] (see also Eckmann[j [47]), which is closely related
to the Hurwitz-Radon function p: N — N given by

p(a-2+¢)=8h+2¢ for 0<c<3 and 2f{a (3.3)

Their algebraic construction gave the lower bound, Span(S"') > p(n) — 1. However,
Adams® used sophisticated techniques of homotopy theory to provide a definite solution
in 1962 [1]. The answer is that no more independent vector fields can be found than those
already constructed.

Theorem 3.4. For any n € N holds Span(S"~1) = p(n) — 1.

Jgrgen Pedersen Gram (1850-1916), Danish mathematician
3Erhard Schmidt (1876-1959), German mathematician

4Adolf Hurwitz (1859-1919), German mathematician

SRaoul Bott (1923-2005), Hungarian-American mathematician
%Johann Karl August Radon (1887-1956), Austrian mathematician
"Beno Eckmann (1917-2008), Swiss mathematician

8John Frank Adams (1930-1989), British mathematician
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Consequently, the only parallelisable spheres $"~1 are those with p(n) = n, which hap-
pens only for n € {1, 2,4, 8}.

Example 3.16. Although the sphere S? c R? does not admit a nowhere-zero vector field,
there exists a vector field on it that is zero at exactly one point. From the stereographic
projection given by ¢_(x,y,z) = (x/(1 -2),y/(1 —z)) = (u,v) we have coordinate vector

fields
0 0

5 € X(R?) and o (=1, <£{) op_ € X(§*\{p+}),

where x; = uo ¢_. The second chart, ¢_ (x,y,z) = (x/(1+2),y/(1+z)) = (u,V) smoothly
overlaps ¢_ on the intersection 82 \ {p,,p_}, and the relation from (@) is

(@v) =@, 0=t (wv) = <u2+v2’ u2+vz>'

Fory; =uo¢, andy, =vo @,  we can calculate

dyi _ 0o o9 ) - Opip o vE-u? R
R T T R TEar Ak e e S
Ay, 0o o@ll) - Opip o 2w gy 2y
ox; ou °- = Tou O(p*_(uz+vz)2oq)*_(_zuwoq)*_(1+z)2’
and obtain

O 9y 0 Oy, 0 y*—x* 0 —2xy 0

1 +z2ay;  (1+2)720y,
so the vector field 9/9x; can be extended to the point p. The concrete formula

Ox1  Ox19y1  Oxq 9y,

(8i1)q for g € 82\ {p, }

(yz—xza L 2 9
(1 + Z)Z 6y1 (1 + Z)z Byz

Vq:
) forqes\(p)
q

defines V at each point of the sphere 82, and since it is smooth in local coordinates, we
have V € X(8?). Of course, V,, = 0, while Vg = (9/0x1)q # 0 holds on §2\ {p}. A

Of course, any k linearly independent vector fields on a sphere span a k-dimensional
distribution. However, although any distribution is not determined in this way by some
vector fields, we know that a sphere 8™ admits a k-dimensional continuous distribution
for 2k < m if and only if it admits k linearly independent continuous vector fields (see
Steenrod? [115, Theorem 27.16]). Hence we have the following consequence of Theorem

Theorem 3.5. The sphere 8" for p(n) < k < n —1 — p(n) does not admit a k-dimensional
distribution.

3.4 Covector fields

The cotangent space of a manifold M at a point p € M is the dual space of the tangent
space,
ToM = (Tp,M)" = Hom(TpM, R).

9Norman Earl Steenrod (1910-1971), American mathematician
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Elements of the cotangent space T,M are tangent covectors at p, which are linear func-
tions wy: ToM — R. Following the theory of vector fields, we want to investigate a map w
that smoothly assigns to each point p € M a covector wy at p.

For example, for every function f € §(M) we define its differential df, that assigns to
each point p € M a covector dfy, € T,M given by df,(Xp) = Xp(f) for X, € T,M. A tangent
map in this important special case f € §(M) can be calculated in some chart (U, ) atp e M
by formula (2.2). We have Tpf(9/0x;)p = (9f/0x;)(p)(d/dt)sy), and therefore by linearity of
tangent maps

Tpf(Xp) = Xp(f) <6611t>f<p>

holds for X, € TpM. Thus, if we take advantage of the identification T, R = R, then we
can naturally identify the differential df, with the tangent map T)f.

Let M be an n-manifold, and let (U, ¢) be a chart at arbitrary point p € M with co-
ordinate functions x; = m; o . By Theorem @, (0/0x1)p, ..., (0/0xn)p form a basis of the
tangent space TpM. Since (dx;)p(9/0xj)p = (0/0xj)p(x;) = 6; for 1 < i,j < n, covectors
(dx1)p, - .., (dxn)p form a basis of the cotangent space T, M that is dual to given basis for
TpM. Additionally, for wp € T,M and Xp € TpM, from (2.1) follows

n n n
0 0 0
wp(Xp) = wy (prm) (5¢) ) =S %0 wp (5 ) =0 (5 ) @),

i=1 p i=1 P =1 p

and we obtain .
0
i=1 t/p

Theorem 3.6. Let M be an n-manifold, and (U, ¢) is a chart at p € M with x; = 1t; o ¢. Then

covectors (dx1)p, . . ., (dXn)p form a basis for T,M and (@) holds for all wp € TyM.

Since we want a map w: p — wp to be smooth, it is necessary that its codomain is a
manifold. Following the tangent bundle construction, we make the cotangent bundle

"M = |_| T,M
peEM

of a manifold M as a union of all cotangent spaces. As in the case of the tangent bundle, the
cotangent bundle goes together with the natural projection 77: T*M — M which is given by
n(wp) = p for wp € T;M. Similar to the construction of the tangent bundle, we use charts

(U, ) with coordinate functions x; = 77; o ¢ to make bundle charts ¢: 7-1(U) — @(U) x R"
by

¢ <Z ﬁi(dxi)p> = (@(p), A1, .., An).
i=1

If l~ﬁ: 7-YV) — (V) x R" is another such map, this time induced by a chart (V,y) with
coordinate functions y; = m; o i, then from

& ) ©.ox;
dx;)p = E ax)p | = dy)p = ——(p)(dy;
(dxi)p < (( )p <3Yj>p> (dyj)p < ay; (p)(dyj)p
we have

$od @D, A1, An) = ( Ai<dxi>p) =y (Z (Z Aigy)‘]’jw)) <dyj>p)
i j=1

¥
i=1
. OX; Ox;
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The corresponding map 7: ¢(UN V) — GL(n,R) is of the form

oo .. Za(p)
(o) =] :
Sip) - Za(p)
that is smooth, and it is the map that z € ¢(U N V) maps to the transpose of the Jacobian
matrix Tyop-1(,) (@ © 1~ 1). Hence T*M is a vector bundle with a bundle atlas consisting of
bundle charts ¢, and therefore T*M is also a smooth manifold of dimension 2n.

Consider sections of the cotangent bundle, which are maps w: M — T*M such that
7o w = Ip. The covector field on a manifold M is a smooth section of the cotangent
bundle T*M, and the set of all covector fields is denoted by X*(M) = I'(T*M).

If (U, p) is a chart on M with coordinate functions x; = 7; o ¢, then every section w of
the cotangent bundle T*U can be written as a linear combination w = Y"1, a; dx; for some
functions q;: U — R. Smoothness of these coefficient functions depends of smoothness of

sections, since for a bundle chart ¢ of T*U we have p o w = (¢, ay, ..., an), SO w is smooth if
andonlyifa; € §(U) forall1 <i<n.

Lemma 3.7. If (U, @) is a chart on an n-manifold M with coordinate functions x;, then a
section w = >_iL, a; dx; of the cotangent bundle T*U is smooth if and only if all coefficient
functions a;: U — R are smooth.

For f € (M), we can consider the differential df that in every chart (U, ¢) has a form
df = Y"1 ; a;dx;. Acting on coordinate vectors we get the coefficient functions

;x]; = (88)(],)]0— (df) <;X]> —éaidxi <(9ax]> —éai&'j— aj,

that are obviously smooth, so we obtain a covector field df € X*(M), and a local expression,

n
i
af = ;axl_dxl. (3.5)
Example 3.17. The differential of a function f: R? — R given by f(x,y) = xy? sin x is calcu-
lated by (@),
2 o 2 o
df = 8(xya)s(1nx) dx + a()gza)s)mx) dy = y?(sin x + x cos x) dx + 2xy sin x dy.

A

Example 3.18. Although the differential of a smooth function is a covector field, there
are covector fields that are not the differential of some smooth function. For example, if
there exists f € F(R?) such that dx + xdy = df, then we have 9f/ox = 1 and 9f/dy = x, and
therefore we obtain f(x,y) = x + y(y), and then y’(y) = x, which is impossible. A

From the formula (@), directly follows that the differential d: §(M) — X*(M) has the
following nice properties.

Lemma 3.8. Forallf,h € §(M), l € FR), a,p € R, the formula (@) holds as well as

d(af + Bh) = adf + Bdh,
d(fh) = fdh + hdf,
d(lof) = (U o f)df.
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Of course, for constant f € §(M) we have df = 0, while df = 0 for a connected M implies
constant f, which is a consequence of Lemma .

For an arbitrary section w of the cotangent bundle T*M and a vector field X € X(M), we
naturally define a function w(X): M — R by w(X)p = wp(Xp) for p € M. An arbitrary func-

tion f: M — R commutes with w because of w(fX), = wp(f(p)Xy) = fip)wp(Xp) =
which implies w(fX) = fw(X). In some chart (U, ¢) on M, from the formulas (3.4) and )

we can calculate

n D) n 9 n 9 9 n o

If w is a smooth section, Lemma @ gives w(9;) € §(U), and therefore w(X) is smooth on an
arbitrary coordinate neighbourhood, so w(X) € §(M). Conversely, if w(X) € F(M) holds for
all X € X(M), it especially holds for 9;, so w = 3" ; w(8;) dx; is smooth by Lemma @ Thus,
a covector field w € X*(M) can be seen as a map w: X(M) — F(M).

Lemma 3.9. A section w of the cotangent bundle T*M is smooth if and only if for every X €
X(M) holds w(X) € F(M).

Let f: M — N be a smooth map between manifolds M and N. The global tangent map
f« = If: TM — TN pushes tangent vector forward from M to N. Dualising this leads to a
map on covectors going in the opposite direction, from N to M. The pullback is a family
of maps fy: TN — TyM for p € M defined by

(F(wrp))) (Xp) = Wrp) (fe(Xp))

for a covector wyy,) € T, N and a vector X € TpM.

Unlike vector fields which in general can not be pushed by smooth map, covector fields
always pull back to covector fields. For a covector field w € X*(N) we define the pullback
ffw as a section of the cotangent bundle T*M such that (f'w), = f*(wyy)) holds for p € M,
witch means (fw)p(Xp) = wpy)(fi(Xp)) for all X, € T,M. There is also the pullback of a
function h € §(N) defined by f*h = ho fe F(M).

Lemma 3.10. For a smoothmap f: M — N and w, 7 € X*(N), h € F(N) we have
f(dh) = d(f°h),

flo+7)=fw+fr,
f(hw) = (fFh)(fw).

Proof. The pullback and differential commutes, since for p € M and X,, € T,M holds
(Fdh)p(Xp) = (dR)gip) (f.(Xp)) = (. (Xp))h = Xp(ho f) = Xp(Fh) = (d(f))p(Xp)

while the other two equalities are easy to show. O

Theorem 3.11. Iff: M — N is smooth and w € X*(N) then ffw € X*(M).

Proof. For p € Mwe can choose a chart (U, ¢) atp € Mwith x; = mjopfor1 <j <m =dimM
and a chart (V,¢) at f(p) e Nwithy; = m;o¢p for 1 <i < n = dim N, such that f{U) C Vand
Y ofop~tissmooth. Since wly = "1 ; a; dy; holds for some a; € F(V), from (8.5) we have

W)y = 3 (Fapf (dyy) - Z(f*al Jdify) =S @ efdyion = 33 (@ f)a%xjﬁ ax;
i—1 i=1 i=1 j=1

Since the coefficient functions Y, (a; o f)((y; o f)/0x;) are smooth, f*w is smooth on U by
Lemma @ Thus, f*w is smooth at each point p € M, so ffw € X*(M). O
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Example 3.19. Let f/: R3 — R? is given by (u,v) = f(x,y,z) = (x*y,ysinz) and w € X*(R?) is
given by w = udv + vdu. By direct calculations we have

fo=Ffu{fdv)+ (fv)(ffdu) = (ucf)divof) + (vof)d(uof)
= (x%y)d(ysinz) + (ysinz) d(x*y) = x*y(sinzdy + y cos zdz) + y sin z(2xy dx + x> dy),

and we obtain f*w = 2xy? sinz dx + 2x*ysinz dy + x?y? cos z dz. A

3.5 Tensor fields

The notion of a tensor field on a manifold M generalises the notions of smooth real-valued
functions §(M), vector fields X(M), and covector fields ¥*(M), and therefore encompasses
more general objects on a manifold. Tensors occur in many different guises, but their
common characteristic is multilinearity.

In general, we consider a module V over a ring K, and its dual module V* = Hom(V, K).
A tensor of type (r,s) € Ny x Ng on V is a K-multilinear map A: (V*)" x (V)* — K, and is
said to be of order r + s. The set T%(V) of all tensors of type (r,s) on V is a module over K
with the usual definitions of addition and multiplication by elements of K.

A tensor field A on a manifold M is a tensor on the §(M)-module X(M). This means
that it is an §(M)-multilinear map

A: X*(M) x - - X X*(M) x X(M) x --- x X(M) — §(M),

and is said to be of type (r,s) € Ny x Ny and of order r + s. Thus, the set % (M) of all tensor
fields on M of type (r, s) is a module over §(M).

In the special case (r,s) = (0, 0), tensor fields are smooth functions on M, TY(M) = F(M).
Moreover, tensor fields generalise the notions of vector and covector fields, as illustrated
by the following examples.

Example 3.20. Each vector field X ¢ X(M) determines a tensor field X: X*(M) — §(M) by
X(w) = w(X). Conversely, for every f € §(M) we have Xf = df(X) = X(df). This yields a
natural identification T3(M) = X(M), so we use the same notation X = X € X(M), that is,
X(w) = w(X) holds for every w € X*(M). A

Example 3.21. Each covector field w € X*(M) is, by Lemma @, an §(M)-linear map
w: X(M) — §(M), which immediately yields the inclusion X*(M) C ¥(M). Conversely,
let w € TY(M). We define w: M — T*M by wp(Xp) = (w(X))(p) for p € M and X, € T,M,
where X € X(M) is any extension of X, which exists by Example . Let (U, @) be a chart
atp € M, and let x; = 7; 0 @ € F(U) be the associated coordinate functions. By Lemma
there exists a bump function b € F(M) supported in U such that b(p) = 1. This allows us to
consider the globally defined objects bX(x;) € (M) and bd; € X(M). Now,

(@X))(p) = (B0 (0)(p) = (@BX)(P) = (0 X bX)b) ) (B) = 3~ Xp(x) (@ (b)) ().

In particular, if X, = 0 then (w(X))(p) = 0. Therefore, if Y € X(M) satisfies Y = X, we
have (w(X))(p) = (w(Y))(p), and hence the definition of w, is independent of the choice of
extension X. This yields the identification (M) = X*(M), and, as before, we use the same
notation w = w € X*(M). A

To prove that a given map A: X*(M)" x X(M)% — §(M) is a tensor field, we have to show
that it is F(M)-linear in each argument separately. Additivity in each argument is often
obvious, so the main question is whether functions from §(M) can be factored out of A in
each slot, namely whether

A((,()l, R 7 . C T ,in,. .. ,Xs) :fA((x)l, e, W, X, ,Xl', .. ,Xs)-
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Example 3.22. Consider a map E: X*(M) x X(M) — §(M) defined by E(w,X) = w(X). Itis
obviously §(M)-linear in both slots, so E € T1(M). A

Example 3.23. For a fixed 0 # w € X*(M) we define F: X(M) x X(M) — §(M) by F(X,Y) =
X(w(Y)). The map F is F(M)-linear in the first slot, but in the second slot it is only additive,
since F(X,fY) = X(w(fY)) = X(fw(Y)) = (X)w(Y) + fF(X,Y). Therefore, F is not a tensor
field. A

Example 3.24. Every §(M)-multilinear map A: X(M)® — X(M) is naturally identified with
A: X*(M) x X(M)S — §(M) defined by A(w, X1, ..., Xs) = W(A(Xy,...,Xs)), which induces the
tensor field A € T}(M). Therefore, we can use the same notation, A = A, and assume that
A€ THM). A

Tensors of type (0, s) are said to be covariant of order s, while tensors of type (r,0) are
said to be contravariant of order r > 1. For example, real-valued smooth functions and
covector fields are covariant tensors, while vector fields are contravariant tensors.

In general (for a K-module V), while we can add only tensors of the same type in the
natural way, any two tensors can be multiplied. For A; € T¢!(V) and A, € T2 (V) we define
Ay @Ay: (V¥ i (V)S1+52 — K by

(Al ®A2)<0‘)17 R (L)r1+r2,X1, s 7X31+Sz)
:Al(o‘)lv .. '70‘)7'17X17 s 7X81)A2(wr1+17 e 7wr1+r27X31+17 s 7X51+Sz)'

Then A; ® A, is a tensor of type (r; + 9, s1 + S2) called the tensor product of A; and A,.

In particular, for A € TL(M) and f € §(M) we have A ® f = f® A = fA, while for f1,f; €
§(M) the product f; ® f, gives the ordinary multiplication of functions in §(M). The tensor
product is §(M)-linear, since (f1A1 + [,bA2) ® B=f1 A1 ® B+ f, A, ® B holds for f1, 5 € (M),
A1, A; € TH(M), B € TZ(M), and similarly when acting on the other argument.

Also, directly from the definition, the tensor product is associative, so for tensors A, B, C
of any type we often write without brackets A ® B ® C. We can notice that for a covariant
tensor A and a contravariant tensor B, by definition A ® B = B ® A. However, although
functions (or elements from K in general) commute with anything, flA ® B) = (fA) ® B =
A ® (fB), the tensor product in general is not commutative.

Example 3.25. On a coordinate neighbourhood, (dx; ® dx;)(91,02) = dx1(01) dx3(d7) = 1
and (dx; ® dx1)(01,02) = dx2(01) dx1(02) = 0, s0 dx1 ® dxy # dxz @ dXy. A

Just as for a vector field or a covector field, any tensor field A on a manifold M can be
viewed as a field, assigning a value A, at each point p € M. It turns out that the value A,
does not depend on the whole vector and covector fields, not even on their values in some
neighbourhood of p, but solely from their individual values at the point p.

Lemma 3.12. Ifany of covector fields w4, . .., wy, or vector fields X1, . . . , Xs vanishes atp € M,
then A(wy,...,wr,Xy,...,Xs)(p) = 0 holds for A € TL(M).

Proof. In Example we have already proved the lemma for a covector field. Similarly,
we can compute the value of a tensor field in a chart (U, ¢) at p € M using a bump function
b € (M) supported in U with b(p) = 1. Then the extensions

ij(Xi) € F(M), bo; € X(M), bwj(ai) € F(M), bdx; € X*(M)

allow us to write

n n
b*A(....X;,...)=A(...,> bXj(x)bd;...) =Y bXj(x)A(...,bd;...),
i=1 i=1
n n
P’A(... wj,...)=A(...Y bwjd)bdx;,...)=> bwj(d)A(..,bdx...),
i=1 i=1
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evaluated at p. From this, if (Xj), = 0 for some 1 < j <'s, we obtain A(...,Xj,...)(p) = 0,
and similarly, (w;)p, = 0 for some 1 <j <rgives A(...,wj,...)(p) = 0. O

Theorem 3.13. The value A(w1,...,wr,X1,...,Xs)(p) of a tensor field A € TL(M) at a point
p € M depends only on the values (w1)p, - . ., (Wr)p, (X1)p, - - -, (Xs)p-

Proof. Let (w;)p = (wy)p for w;, w; € X*(M), 1 < i <r, and (X)), = (X;)p for X;, X; € X(M),
1 <j < s. The value of difference

A(wl, . .,(;()r’)(l7 “ . 7)(s) —A(wl, “ e 767"7)7(1, c .. ,Xs)
:A((Ul —W1,...,0r,X1,... ,Xs) —|—A(61,w2 —Wy...,0r,X1q,... ,Xs)
+ +A(wl7 7@]",5{17. "7XS —Xs)

at the point p € M is equal to zero, since by Lemma all r + s terms vanish at p. O

It follows directly from Theorem that a tensor field A € T{(M) has a value A, at
each point p € M, which is a function 4p: (T,M)" x (TpM)* — R given by

Ap((w1)p, .-, (Wr)p, X1)ps .-, Xs)p) = A(w1, ..., wr,Xq,...,Xs)(D)-

It is easy to check the R-multilinearity of the function Ap, so by restricting the tensor
field A € TL(M) to p € M we obtain the tensor A, € TH(Tp,M). Just as a vector field is
a smooth section of the tangent bundle, a tensor field A € T;(M) can be considered as a
smooth section of the appropriate tensor bundle that assigns to each point p € M the tensor
Ap. In particular, this interpretation allows us to view the restriction A[; of a tensor field
A € TL(M) to an open subset U ¢ M as a well defined tensor field on U, that is, A[y € T5(U).

Let (U, ¢) be a chart on an n-manifold M, and let x; = 77; o ¢ be its coordinate functions.
The coordinate formulas, (El]) for vector fields and (3.4) for covector fields, can be exten-
ded to tensor fields of arbitrary type. The components of a tensor field A € T (M) relative
to the given chart are functions

i 0 0
l...lr __ X .
Ajl---js =A (dxll, o dxg, —ale e 8st> € §(U),
which are defined for all indices 1 <iy,...,0r,Jj1,...,js <M.

The components of a covector field w € T3(M) = X*(M) are w; = w(J)), as seen in the
formula (@), w =3 ; w;dx;. Similarly, the components of a vector field X € To(M) = X(M)
are X' = X(dx;) = dx;(X) = X(x;), which appear in the formula €.1), X = 3", X0;.

Example 3.26. If A ¢ T!(M) is represented by A: X(M)® — X(M) as in Example , then
its components are determined by

0 a) .
A =) =NA
<8Xi1 axis j:1 fots ax]

since A(dx;, ..., ;) = AX(A(Dy, .., 8,)) = Y AX_ dx(0) = A . A

As

An arbitrary tensor field A € T5(M) can be expressed in terms of its components with
A1, ..., 0 X1, Xs) = S (@ (@) (KaYt e (XY AT T (3.6)

1<iy i 1, s <R

so if we use (wy); = wk(9;) = 9;(wy) and (Xi) = Xi(dx;j) = dxj(Xy), we obtain

i O 0

— Uelr 7 o @ — ; .

A= > Aliax @O gy @M @ @ 3.7
1< i 1o < ! '
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3.5. Tensor fields

We can observe that in a fixed chart, the components of a sum of tensors are just the sum
of their components, while the components of a tensor product are given by

ll q / iq...0 ir+1---ir r!
A®B = AlT . B. T
( ® )]1 ]s+s’ J1--Js ]S+1“']s+s’

The canonical pairing between vector fields and covector fields gives rise to a natural
operation on tensor fields that reduces the tensor type by one contravariant and one cov-
ariant index. The construction is based on the following essential case for tensor fields of

type (1,1).

Lemma 3.14. There is a unique §(M)-linear map C: T+(M) — (M) such that C(X®w) = w(X)
forallX € X(M) and w € X*(M).

Proof. In a coordinate neighbourhood U, any A € T1(M) can be written, by the formula
(@) in the form A = Zu 145 0; ® dx;. Since it must be that C(0; ® dx;) = dx;(0;) = &y, we

U’
are forced to define . .
=Y A=) A(dx;, 9)).
i=1 i=1

This definition yields a map C with the required properties on U. To extend the map to
the whole manifold it suffices to show that this definition is independent of the choice of
coordinate system. Indeed,

9\ _ 8yk 9% 9 Wk % , 0
;A (dyk’ 3)’k> B ?A ( i Z Yk OX; Z OX; 8yk b 0x;
0
=> 8;A (dxi, ) => A (dxi, ) ,
i aX] : 8Xi

which completes the proof. O

The map C from the previous lemma is called (1, 1) contraction. Although it is defined
for tensor fields, its construction is pointwise. Restricting a tensor field to a point p € M
yields a tensor on the vector space T,M, where the contraction reduces to the trace from
linear algebra, as illustrated by the following example.

Example 3.27. Let V be a finite-dimensional vector space and let L € End(V) be a linear
operator, which, by Example can be regarded as a tensor of type (1,1). With respect

to a basis (ey,...,en) of V, the tensor components of L € T1(V) coincide with the matrix
entries of L, since L(e;) = ZjL]iej (see Example ). Consequently, CL = ZjL§ =TrL,
which shows that the contraction and trace of L coincide. A

In general, let us choose one contravariantslot1 < i < rand one covariantslot1l <j <s.
For fixed wy, ..., Wi 1,Wit1,...,0r € X*(M) and Xy, ..., X;_1,Xj;1,...,Xs € X(M), the tensor
field A € TL(M) determines a tensor field of type (1,1) via

(Wi, X)) = AWy, - .., 0r, X1, ..., Xs).
Applying the contraction C to this tensor field yields a smooth function on M. Therefore,
(CA) W1, .., W1, W1, - O Xy, Xy, X, Xs) € F(MD),

and hence C}A € TQ:%(M). We say that C]?A is the contraction of A over the slots i,j. The
components of the contraction are given by

n

ia\P1-Pr—1 _ p1--Pi—1 KDi--Pr-1

(C Aqg 1 = A‘h---‘qu kqj..qs—1"
k=1
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Chapter 3. Tensor bundles and fields

The pullback of a covector field can be generalised to the pullback of a covariant tensor.
Let f: M — N be a smooth map between manifolds. The pullback of a covariant tensor
A € TY(N) is defined by

(fA) Xy, ..., Xs) = Af(X1), .., fu(Xs))

forallp e Mand X; € T,M. At each point p € M, the pullback f*(A) defines an R-multilinear
function from (T,M)® to R, that is, a tensor of type (0,s) on T,M. Coordinate computations
show that f*(A) is a covariant tensor field on M.

Thus, for a smooth f: M — N and each s > 0 we obtain an R-linear f*: TY(N) — T(M).
Moreover, for A € TY(N) and B € ?(N), we have f*(A®B) = f*(A)®f*(B). Finally,ifh: N — P
is smooth, then (ho f)* = f* o h*: TU(P) — TY(M).

In general, rearranging the arguments of a tensor need not have any predictable effect
on its value. However, some tensors do not change their values when their arguments are
rearranged. A covariant or contravariant tensor (of order at least 2) is said to be symmet-
ric if its value is unchanged under transposition of any pair of its arguments. If each such
transposition produces a sign change, the tensor is said to be skew-symmetric.

The symmetric part of a covariant tensor A of order s is the covariant tensor Sym A
of order s defined by

1
(SymA)(Xy,.... Xs) = & > AXo(1), - Xa(s));

’ geSs

where S; is the symmetric group on s elements, that is, the group of permutations of the
set {1,...,s}. Itis easy to see that Sym A is symmetric, and that A is symmetric if and only
if SymA = A.

If A and B are symmetric covariant tensors, then A ® B is not symmetric in general.
However, their symmetric product defined by

AB = Sym(A ® B),

is a symmetric tensor. It is easy to check that this product is commutative (AB = BA) and
R-bilinear ((aA + BB)C = aAC + BBC). In particular, if w and 7 are covector fields, then

WT=5(WRT+ TR W),

N[ =

and we often write w? as a shorthand for the symmetric product ww.

3.6 Tensor fields derivations

So far, the focus has been on the algebraic aspects of tensor fields; their differentiation is
addressed next. A tensor field derivation on a manifold M is a collection of R-linear
maps
D =1D;: Ty(M) — TLM), (r,s) € Ng x Ny,
that commute with contractions and satisfy the Leibniz law. In particular, the Leibniz law
takes the form
DA®B)=(DA)®B+A® (DB), (3.8

for arbitrary tensor fields A and B. Moreover, D commutes with contractions, that is,
iay _ pi
D(C/A) = C(DA), (3.9)
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3.6. Tensor fields derivations

foralll <i<rand1l <j <s,whenever A € T;(M). Thus, a tensor field derivation pre-
serves the tensor type, obeys the Leibniz rule with respect to the tensor product, commutes
with all contractions, and is R-linear.

Since fA = f® A for f € (M), it follows that D(fA) = (Df)A + fDA. In particular, when
(r,s) = (0,0), DY is a derivation on TY(M) = F(M), so there is a unique vector field X € X(M)
such that Df = Xf'holds for all f € F(M).

Since a tensor field derivation is not §(M)-linear, in general the value of DA ata pointp €
M cannot be determined from A, alone. However, it can be recovered from the values of A
on any arbitrarily small neighbourhood of p. This local character of tensor field derivation
can be expressed as follows.

Theorem 3.15. if D is a tensor field derivation on a manifold M and U C M is open, then
there exists a unique derivation Dy on U such that for each tensor field A on M, the restriction
satisfies Dy(Aly) = (DA)[y.

Proof. For each p € U, we have by Lemma a bump function b, € F(M) supported in
U and equal to 1 on some neighbourhood V, > p. For an arbitrary tensor field T € T}(U),
we have b,T € T((M), and we define the value of DyT at p by (DyT)p = (D(bpT))p. First,
one shows that the definition is independent of the choice of bump function and that DyT
defines a tensor field on U. It remains to verify that Dy is a tensor field derivation on U,
satisfies the stated restriction property, and is unique. O

The Leibniz rule for tensor field derivations can be rewritten and generalised to de-
scribe how a tensor field is evaluated on covector and vector fields. Consider the function
A(wy,...,Xs) € F(M) as in (@). This function can be viewed as the result of contracting
the tensor A ® wy ® - -- ® Xs € T,.15(M), whose components are given by

i rl ls i ....r l ls
ARW ® @0 ©X @ Xl — Al () (X)L (Xp).

After performing r + s contractions, pairing each i, with k, for 1 < a < r and each j, with
I, for 1 < b < s, the original function is recovered,

AWy, ..., 0rX1,..., Xs) =C1C;...CICTT I A0w1 © - @wr@X1 ® - ©Xs).

Applying a tensor derivation D to this function then produces the generalised Leibniz for-
mula,
D(A(a)1, e, W X, 7AX'S)) :(DA)(&)1, e, wWe X1, ,Xs)

r
+ ZA((X):[, .., Dwi, ... 0r, X, ,Xs)
i=1 (3.10)

S
+) A(wy, ..., 0, X1, DX}, Xs).
j=1

From the formula () it follows that the term involving DA can be expressed entirely
in terms of D applied to functions, vector fields, and covector fields. Moreover, since

(Dw)(X) = D(wX) — w(DX) (3.11)

holds for every w € X¥*(M), it is sufficient to know the action of D only on functions and
vector fields. It turns out that the converse is also true: given suitable data on F(M) and
X(M), one can construct a tensor field derivation.

Theorem 3.16. Let D) € X(M) and let D}: X(M) — X(M) be an R-linear map satisfying
D{(X) = (DYHX+fDLX for all f € F(M) and X € X(M). Then there exists a unique tensor field
derivation D on M which extends DY and D}.
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Chapter 3. Tensor bundles and fields

Proof. Uniqueness follows from (-) which we also use to construct the remaining com-
ponents of D. For w € X*(M), the relation (-) requires the definition (Pw)(X) =
DY(w(X)) — w(DiX). We verify that Ddw is F(M)-linear,
(Diw)(fX) = Dy (w(fX)) - an Do(fw w((DRf)X + fDoX)
= (DHwX) +fDo Daf)w ~ f(D§X) = IDYw) (X).

Hence D{w € X*(M), and it is immediate that D9: X*(M) — X*(M) is R-linear. For r + s > 2
and A € I’"(M) the formula (-) implies that DrA satisfy

(DSA)<("‘)17 co W Xy XS) - (A((Ul, c W X1, aXS))
r S
=Y A(wr,..., Dy, ., 0, X1, Xs) = Y A(ws,. .., wr, X1, DX, Xs),
i=1 j=1

and we therefore define DA by this formula. As before, we check that DA is F(M)-
multilinear, hence belongs to ¥;(M), and that D;: TL(M) — TL(M) is R-linear. A direct
computation shows that the Leibniz rule D(A ® B) = DA ® B + A ® DB holds for arbit-
rary tensor fields A and B. It remains to prove that D commutes with contractions. For the
contraction C: T1(M) — §(M) we have

DCX®w)=DwX)) = (Pw)(X)+ w(DX) =C(X®Dw+DX® w) =CDXR w).

Thus D and € commute on tensor fields of the form X ® w. By locality of D, the verification
may be carried out on coordinate neighbourhoods, where every tensor field of type (1,1)
is a finite sum of such tensor products. The general case of contractions of tensor fields of
arbitrary type then follows immediately. O

Example 3.28. For any V € X(M), the previous theorem allows us to define a tensor field
derivation Ly on M by setting Ly(f) = Vffor all f € §(M) and Ly(X) = [V, X] for all X € X(M).
The assumptions of the theorem are satisfied since (Ly)) = Vis a vector field, (Ly)§ = [V, ]
is R-linear, and Ly(fX) = [V,fX] = (VHAX+/]V,X] = (Ly/)X+fLyX. This tensor field derivation
Ly is called the Lie derivative relative to V. A

Lemma 3.17. If X, Y € X(M), then for the Lie derivative we have [Lx, Ly] = Lix y}-
Proof. First, we verify the identity for functions f € F(M):
[Lx, Lylf = LxLyf — LyLxf = XYf— YXf = [X,Y|f = Lix pf.
We next consider vector fields V € X(M). Using the Jacobi identity ([7]), we obtain
LxLyV—LyLxV = [X,[Y, V]| -[Y, [X, V] = [X, [Y, V][ +[X, [V, Y]] +[V, [V, X]] = [[X, Y], V] = Lix V.

Thus [Lx, Ly] and L(x,y; agree on TI(M) and T3 (M). By Theorem , it therefore suffices to
show that [Lx, Ly] is a tensor field derivation. The R-linearity and preservation of tensor
type are immediate. To verify the Leibniz rule, we compute for arbitrary tensor fields A
and B:

LxLy(A®B) = LxLyA®@B+ LxA® LyB+ LyA ® LxB +A ® LxLyB.

Subtracting the analogous expression with X and Y interchanged yields
[Lx, Ly](A®B) = [Lx,Ly]A ® B+ A ® [Lx, Ly|B.
Finally, let C = C]? be an arbitrary contraction. Then
[Lx, Ly|C = LxLyC — LyLxC = CLxLy — CLyLx = C[Lx, Ly,

so [Lx, Ly] commutes with contractions. The conclusion follows from the uniqueness state-
ment in Theorem . O
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3.7 Problems

Problem 3.1. Prove that there exists a covector field on the sphere 82 ¢ R3 that vanishes
at exactly one point.

Problem 3.2. On the manifold M = {(x,y) € R? : x > 0}, consider the function f ¢ (M)
given by fix,y) = x/(x* + y?). Compute the differential df both in standard and polar co-
ordinates. Determine the set of all points p € M where df, = 0.

Problem 3.3. Let f: R? — R? be given by (x,y) = f(s,t) = (st,e!). For w = xdy — ydx,
compute f*w.

Problem 3.4. Let f: R? — R3 be given by
(x,y,z) = f(8,9) = ((cos@ + 2) cos O, (cos @ + 2)sin B, Sin @).
For w = z? dx, compute f*w.

Problem 3.5. Let M be a manifold and A € T2(M). Show that Sym A € T(M) is the unique
symmetric tensor satisfying (SymA)(X,X,...,X) = AX,X,...,X) for every X € X(M).

Problem 3.6. Show that the symmetric product is associative for symmetric covariant
tensors.

Problem 3.7. Let M be a parallelisable two-dimensional manifold with a global frame
(01,02). The map det: X(M) x X(M) — F(M) is given in terms of the components of vector
fields with respect to (9,9;) by det(X,Y) = X'Y? — X?Y!. Determine whether det € T)(M).
Do there exist w, 7 € X*(M) such that det = w ® 7?

Problem 3.8. Let D be a tensor field derivation on the manifold R" such that for every
feFR" and 1 <i< n,we have Df = 9,fand D(dx;) = dx; + dx;. Find the general form of
DX, where X € X(R"). In particular, compute D9; and Dd,.
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CHAPTER 4

PSEUDO-RIEMANNIAN METRIC

4.1 Scalar products

Let V be a finite-dimensional vector space over R. A bilinear form on V is an R-bilinear
function g: V x V — R. A bilinear form g on V is called symmetric if g(X,Y) = g(Y,X)
holds for all X, Y € V. In other words, a symmetric bilinear form g on V is a symmetric
covariant tensor of order two on V. It is uniquely determined by its associated quadratic
form e: V — R given by

ex =8(X,X), 4.1)

because we can recover it using the polarisation identity

1
gX,Y) = Z(EXJrY — &x_v), 4.2)

or equivalently g(X,Y) = (ex.y — &x — €y)/2.

We say that a symmetric bilinear form g on V is nondegenerate if g(X,Y) = 0 for all
Y € V implies that X = 0. Moreover, if g(X,X) > 0 for all X +# 0, then g is positive definite.
Similarly, if g(X,X) < 0 for all X # 0, then g is negative definite. If g is positive definite
or negative definite, we say that g is definite, otherwise, it is indefinite. Evidently, if g is
definite then it is nondegenerate, but the converse is not true.

A scalar product g on V is a nondegenerate symmetric bilinear form on V. A finite-
dimensional real vector space V together with a scalar product g on V is called a scalar
product space (V, g). Since the scalar product g and its associated quadratic form ¢ are
interchangeable via (@) and (), we sometimes refer to (V,g) as a quadratic vector
space. In particular, an inner product is a positive definite scalar product, in which case
(V,g) is called an inner product space.

Given abasis (Eq, ..., Ep) of V, any bilinear form g on vV has an associated Gram matrix
G with entries g; = g(E;, E;) for 1 < i,j < n. The bilinear form g is recovered from G by
bilinearity, (3" a:Ei, >y BiEj) = i j—1 @iP;&y, which can be written in matrix notation
as g(X,Y) = X'GY, where X,Y € V are column vectors. The symmetry of g is obviously
equivalent to its Gram matrix being symmetric, G' = G. Finally, in the following lemma
we show that nondegeneracy implies det G # 0, so the Gram matrix is invertible.

Lemma 4.1. A symmetric bilinear form onV is nondegenerate if and only if its Gram matrix
with respect to any basis of V is invertible.

Proof. Let G be the Gram matrix of g with respect to a basis (Ey,...,Ey). If detG = 0, then
there exists a vector Y # 0 such that GY = 0, which implies g(X,Y) = X"GY = 0forallX € V,
and hence g is degenerate. Conversely, if detG # 0, then GY # 0 holds for any Y # 0, so
there exists 1 < i < n such that g(E;,Y) = E]GY # 0, and g is nondegenerate. O
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Example 4.1. A standard example of an inner product is the Euclidean scalar product on
R™, given by g(X,Y) = X'Y = 3, x;y;, whose Gram matrix with respect to the canonical
basis is the identity matrix. The simplest example of an indefinite scalar product is given
on R? by g(X,Y) = x1y1 — X2y. This form g is bilinear, and its Gram matrix with respect to
the canonical basis is diagonal with entries 1 and —1, hence symmetric and invertible. A

Let (V,g) be a scalar product space. The norm (or length) of any vector X € V is the
nonnegative number || X|| = /|g(X,X)|, while its quadratic norm is ex = g(X,X), so that
lex| = ||IX||>. The sign of ex distinguishes all nonzero vectors in V into three types, describing
the causal character of a vector. A nonzero vector X € V is called spacelike if €x > 0,
timelike if ex < 0, and null (isotropic, lightlike) if e¢x = 0. In particular, a vector X € V
is nonnull (non-isotropic, anisotropic, definite) if ¢x # 0, and it is unit if ey € {-1,1}
(equivalently, | X|| = 1).

We remark that the causal character of the zero vector has been left undetermined.
Naturally, it could be considered as null, however, when we say that a vector is null, we
tacitly assume that it is nonzero. Some authors, especially those working in Lorentzian
geometry (for example O’Neill [100]), classify the zero vector as spacelike. Another possib-
ility is to assign to it all three causal characters (see Lee [79]).

Two vectors X, Y € V are said to be mutually orthogonal if g(X,Y) = 0, which we
denote by X | Y. Similarly, for subsets A, B C V, typically subspaces, we say that they are
orthogonal and write 4 | Bif gX,Y) = 0forallX € Aand Y € B. In particular, one
may write X L 4 when Span{X} L A. The orthogonal subspace (or perpendicular
subspace) of a subspace W < V is defined as Wt = {X € V : X 1 W} <V, which is the
maximal subspace of V orthogonal to W.

In the definite case, W+ is also called the orthogonal complement of )V, since V =
W + WL, However, for an indefinite scalar product, W + W+ may not span all of V, so
W+ need not be a complement of /. Nevertheless, the perpendicular operation retains
several familiar properties, which we highlight in the following two lemmas.

Lemma 4.2. Let W be a subspace of scalar product space V. Then dim W+dim W+ = dim V.

Proof. Extend a basis (Ej,...,Ex) of W to a basis (Ey,...,En) of V. Avector X = >, ;E;
belongs to W+ if and only if 0 = g(X,Ej) = ;L a;g; forall 1 < j < k. This gives a ho-
mogeneous system of k = dim W linear equations in n = dim ¥V unknowns. By Lemma
@, the rows of the coefficient matrix are linearly independent, so the system has rank k.
Consequently, the space of solutions has dimension n — k, which coincides exactly with
dim W+, O

Lemma 4.3. Let W be a subspace of scalar product space V. Then W)+ = wW.

Proof. Since W 1L W+, we immediately have W < (W+)L. On the other hand, by Lemma
, dim W + dim Wt = dimV = dim W+ + dim(W+)+, so dim(W+)+ = dim W, and there-
fore W)+ =w. O

For any subspace W of a scalar product space (V, g), the restriction g[,, = &l 1S
a symmetric bilinear form on W. Moreover, if g is positive definite, then gI,, is a posit-
ive definite scalar product on W. However, if g is indefinite, the restriction need not be
nondegenerate.

Example 4.2. Suppose S € V is spacelike and T € V is timelike. We can then construct a
null vector N as

N=S+ —g(S,T') + \/(‘f(sﬂn)z — SSSTT’
S

where the coefficient of T solves the quadratic equation &g, ,7 = €5 + 2xg(S, T) + x*er = 0.
Since an indefinite scalar product always admits both spacelike and timelike vectors, such
a null N exists. Hence, for W = Span{N} <V, the restricted form g[,,, is degenerate. A
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We say that a subspace W of a scalar product space (V, g) has a property (such as being
nondegenerate, positive definite, or negative definite) if the restriction g1, possesses
that property. The radical of W is the subspace rad(WW) = W n W+, which will be useful
in characterising nondegenerate subspaces.

Lemma 4.4. Let W be a subspace of a scalar product space (V, g). Then the following state-
ments are equivalent: rad(W) is trivial, W is nondegenerate, W= is nondegenerate, and
V=W+W

Proof. By definition, W is nondegenerate if the only vector in W orthogonal to all of W is 0,
which is equivalent to rad(W) = Wn W+ = {0}. From Lemma , rad(W) = rad(W+), so
the nondegeneracy of W and W+ are equivalent. According to the Grassmannt formula,
dim(W + Wt) + dim(W n Wt) = dimW + dim W+, which equals dim V by Lemma .
Hence, V = W + W+ if and only if rad(W) = Wn W+ = {0}. O

Of course, since a scalar product space is nondegenerate, we have rad(V) = V*+ = {0}.
The orthogonal direct sum is denoted by the symbol &, so if W < V is nondegenerate, then
we can write V = Wao W,

A scalar product g on V can be diagonalised by applying Lemma . As usual, a set of
mutually orthogonal unit vectors is said to be orthonormal. Any set of dim V orthonor-
mal vectors in V is necessarily a basis of V, and such a basis always exists.

Lemma 4.5. Any scalar product space has an orthonormal basis.

Proof. The proof is by induction on n = dim V. The case dimV = 1 is obvious. If n > 1,
choose a nonnull vector X € V (otherwise €x = 0 holds for all X € V, so g = 0 is degenerate),
and by rescaling it we obtain the unit E; = (1/+/|€x|)X. The one-dimensional subspace
Span{E;} is nondegenerate, so by Lemma Span{E;}* is also nondegenerate. By the
induction hypothesis, there is an orthonormal basis (E, ..., En) of Span{E;}*. Since V =
Span{E;} @ Span{E;}*, we obtain the desired orthonormal basis (Eq,Es, ..., Ep). O

An indefinite scalar product often has the appearance of e, € {—1,1} for vectors from
an orthonormal basis (Ey, . .., Ey) in formulas that would be familiar from the positive def-
inite case. If X = Z?zl o;E; then g(X, E]) = a]g(E],E]), S0 a; = g(X, E])/g(E],E]) = SEjg(X, E]),
and therefore we obtain

n
X=> ergX E)E; (4.3)
i=1

Lemma4.6. If (Eq, ..., Ey) is an orthonormalbasis of a scalar product space (V, &), then each
X € V is uniquely expressed by the formula ().

The Gram matrix of a scalar product g with respect to an orthonormal basis (Ey, ..., Ep)
of V is diagonal, because we have g; = g(E;, E;) = 6;;€g,. Whenever it is convenient, we
order the vectors in an orthonormal basis so that negative signs come first, e, = —1 for
1 <i < v, and then positive signs, g, = 1 for v < i < n. The orthonormal expansion is still
available, taking these signs into account.

The index of a scalar product g on V is the largest integer Ind(g) € Ny which is the
dimension of a negative definite subspace of V. The number of negative &g, is equal to
the indeﬂx of g, which establishes the following theorem known as the Sylvester’s law of
inertia®.

Theorem 4.7. The number of negative e, does not depend on the orthonormal basis
(E1,...,En) in a scalar product space (V, g), and it is equal to the index of g.

'Hermann Giinther Grafmann (1809-1877), German physicist, mathematician and linguist
2James Joseph Sylvester (1814-1897), English mathematician
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Proof. If T < V is negative definite and S < V is positive definite, we have 7 NS = {0},
whence Grassmann’s formula gives dim 7+dim S = dim(7+S) < dimV = n. The subspace
S =Span{E, 1,...,En} is positive definite, which gives dim 7 < v, while dim 7 = v for the
negative definite 7 = Span{Eq, ..., E,}, so we obtain Ind(g) = v. O

The index of a scalar product space (V,g) of dimension n is the index of its scalar
product v = Ind(V) = Ind(g), while the signature is an ordered pair (p,q) represent-
ing the number of negative ¢, and the number of positive &¢,. According to Theorem @
the numbers 0 < p,q < n are independent of a particular choice of orthonormal basis, and
we havep=v,q=n—-v.

It is worth noting that (V, —g) is also a scalar product space with Ind(—g) = n — Ind(g).
Scalar product spaces (V,g) and (V, —g) exchange the numbers in the signature, but the
difference between them is not essential, so it is usual to normalize the index with v < n/2,
which ensures that there are no more temporal coordinates than spatial ones.

Let (V,gY) and (W, g") be scalar product spaces. We say that a linear map L: V — W
preserves the scalar product if gV (LX,LY) = g¥(X,Y) holds for all X, Y € V. Such a map L is
necessarily injective since LX = 0 implies g¥(X,Y) = 0 for all Y € V and therefore X = 0. Of
course, if L preserves the scalar product, then it preserves the associated quadratic forms,
while the converse holds by polarisation. A linear isometry is a linear bijective map that
preserves the scalar product.

Lemma 4.8. There exists a linear isometry L: V — W if and only if the scalar product spaces
VY and VW have the same dimension and index.

Proof. If L is a linear isometry, then dim V = dim W and L maps an orthonormal basis in
V to an orthonormal basis in W, and therefore Theorem @ gives IndV = Ind W. Con-
versely, we can reorder orthonormal bases (Ey,...,En) InV and (Fy,. .., Fp) iIn W such that
gV (E;, E;) = gV (F;, F;), and define the linear isometry by L(E;) = F;. O

4.2 Null vectors

In a scalar product space (V, g), a nonzero vector X € V that is self-orthogonal (X L X) is
referred to as a null vector. If g is definite, then the zero vector is the only vector of zero
norm, so null vectors exist only in the case of indefinite g. The set of all null vectors {X €
V:X # 0,ex = 0} is called the nullcone or lightcone. As our intuition readily accepts only
positive definite metrics, null vectors are quite inconvenient and often counter-intuitive,
but they are also crucial in understanding pseudo-Riemannian manifolds.

Lemma 4.9. Any scalar product space V of signature (p, q) can be decomposed as an ortho-
gonal sumy = V't @ V-, where V* is a maximal positive definite subspace of dimension g,
and V- is a maximal negative definite subspace of dimension p.

Proof. Let (Tq,...,Tp,S1,...,Sq) be an orthonormal basis of V, with er, = —1for1 <i<p
and &s; = 1for1 <j < gq. Subspaces V~ = Span{Ty,...,Tp} and V* = Span{Sy,...,Sq} are
mutually orthogonal and have trivial intersection, with V = V* + V-, O

Lemma @ yields a decomposition N = S + T of any null vector N € V = V* @&V, such
thatSe Vtand T € V. Since V* L V-,wehave g(S,T) = 0,hence 0 = ey = g(S+T,5+7) =
&s + €r. The condition N # 0 implies S # 0, so €5 # 0 and finally € = —e7 > 0. Hence, any
null N € V can be decomposed as a sum N = S + T of mutually orthogonal S and T, with
&s = —&r > 0. However, the previous decomposition is not unique, even in the same plane
Span{S, T}.
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Lemma 4.10. Any null N # 0 in a scalar product space V can be decomposed as N =S+ T,
suchthat S, TV and eg = —er = 1.

Proof. We already have a decomposition N = § + T with g(S,T) = 0 and &g = —&7 > 0.
Consider S =0S+ (1 —0)Tand T; = (1 — 6)S + 0T for some 6 > 1/2. Then S1,T; € V with
S1+T1=S+T=Nand

g(81,T1)=g6S+(1-0)T,(1-0)S+0T)=0(1—0)(es + €1) = 0.

We have g5, = 0%es+(1-0)%er = (6°—(1-0)%)es = (20—1)es > 0, while g(Sy, Ty) = 0 implies
Es, + €1, = €s,+1, = Env = 0, which yields &5, = —er, > 0. For any 6 > 1/2, this construction
gives a new decomposition, so for 6 = (1 + &5)/(2€s) > 1/2 we obtain &5, = —€7, =1,and a
new decomposition

N (Estlg es—1p) (es—1g sty
2¢&g 2¢&g 2¢&g 2¢&g

with desired properties. O

Example 4.3. New constructions are possible outside of the plane Span{S, T}. IfdimV > 2,
there exists a nonnull vector W € V, such that W | Span{S, T}. We look for a, 8,y € R such
thatS; =aS+BT+yWandT; = (1—a)S+(1—-B)T—yW, which ensures S;+T; =S+ T = N.
From S; 1 T; we have

0=g(81,T1) = a(l — a)es + B(1 — Ber — yew = ((a — a®) — (B — B*))es — y*ew,
and therefore
View = (a— B)(1—a— P)es. 4.4)
Since

g5, = ales+ Bler + yrew = (& — BPes + (a — B)(1 — a — B)es = (a — P)es,

the condition &g, > 0 holds if @ > B. We choose a +- B < 1 if Wis a spacelike, or a + B > 1if
W is timelike. This, together with a > f3, according to (@) determines the final conditions
for a and . Finally, every pair (a, B) satisfying the last two inequalities determines a new
decomposition, where y = +/(a — B)(1 — a — B)es/ew- A

We say that a subspace of a scalar product space is totally isotropic if it consists only
of vectors of zero norm. Using the identity (4.2) we see that any two vectors in a totally
isotropic subspace are mutually orthogonal. Thus, for a totally isotropic subspace W <V
we have g[,, = 0. Hence W < W+ holds, and consequently rad(W) = W.

It is worth noting that the radical of an arbitrary subspace ¢/ < V is totally isotropic as
rad(rad(i/)) = rad(). In general, any complementary subspace W to rad(¥/) in the sense
of usual linear algebra yields a radical splitting ¢/ = rad(i/) & W. It is easy to see that W is
far from unique, but it is necessarily nondegenerate.

Example 4.4. Let/ be an arbitrary subspace of a scalar product space (V, g). Assume that
U =W N is the orthogonal sum of a nondegenerate W < V and a totally isotropic ' < V.
First, we show that A is uniquely determined. On the one hand, we have A/ < U/, while
N LW, N gives N L U, so N <UNUL =rad(U). On the other hand, since nondegenerate
and totally isotropic subspaces have a trivial intersection, a simple dimension count shows
that dimrad(i/) = dim(W +rad(i/)) — dim W < dim# — dim W = dim N. Since N < rad(if)
and dimrad(i/) < dim N, we obtain the uniqueness, /' = rad(i/), which yields a radical
splitting.

Suppose that there is another such decomposition, ¥ = W @ rad(U/) = W & rad(U)
for some nondegenerate W' < V. If (Eq,. .., Ex) is an orthonormal basis for W, then from
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W < W'@rad(U) we can decompose E; = E}+ N;, where E; € W and N; € rad(i/). However,
since g(E;, Ej) = g(E; + Ni,E]’. + Nj) = g(Eg,E]’.), we see that (E},...,E}) is an orthonormal
basis for W/, where W and W' have the same signature. Thus, we introduce invariantly
the signature of a subspace U/ of a scalar product space V as an ordered triple (p,q,r),

where (p, q) is the signature of the scalar product space (W, gl,y), and r = dimrad(i). A

For a totally isotropic subspace W < V, Lemma gives dim W + dim W+ = dim V.
Since W < W+, it follows that dim W < (dimV)/2. Moreover, the dimension of a totally
isotropic subspace is bounded above by the index.

Theorem 4.11. For a totally isotropic subspace W of a scalar product space (V, g), we have
dim W < min(Ind(g),dim vV — Ind(g)), and especially dim W < (dim V)/2.

Proof. LetV = VT @V~ be a decomposition from Lemma @ According to the Grassmann
formula, we have dimW = dim(W + V) + dim(W n V*) — dimV*. Since W + V* <V
and WnN VYVt = {0}, we obtain dimW < dimV — dim V* = dimV~ = Ind(g). Consequently,
dimW < Ind(—g) = dimV — Ind(g). O

Example 4.5. If (V,g) is a scalar product space of signature (p,q), then it has an or-
thonormal basis (Tq,...,Tp,S1,...,Sq), where T; are timelike and S; are spacelike. The
bound in Theorem is easily attained by constructing a totally isotropic subspace
Span{S; + T1,Sy + Ty,...,Sy + Ty}, where v = min(p,q). Many other constructions are
also possible, because the elements in the basis can be permuted, while individual ele-
ments can be replaced by their negatives. The dimension of a maximal totally isotropic
subspace of (V, g) is called the Witt index!. Note that the Witt index v is in fact equal to
min(Ind(g),Ind(-g)). A

Any totally isotropic subspace of a scalar product space has its isotropic supplement
which we see in the following theorem (for example, see Clark [41, Theorem 6.2]).

Theorem 4.12. Let W be a totally isotropic subspace of a scalar product space (V, g). For any
basis (N1, ...,Ny) of W there is a corresponding basis (M, ..., My) of some totally isotropic
subspace of V which has a trivial intersection with W such that g(N;,M;) = &;; holds for
1<ij<k

Proof. The proof is by induction on k, where the case k = 0 is trivial. Let us introduce
P = Span{Ny,...,N,_1}. Since Span{N} is not a subspace of P, P+ is not a subspace of
Span{N;}+, and there exists X € P+ such that g(X, Ny) # 0. Then

—&x 1
N, + X
2(8(X,N))2 * " g(X,Ny)

is null with g(Ny, M) = 1. The subspace Span{Ny, M} = Span{N;, X} < P~ is nondegener-
ate since it has an orthonormal basis ((Ny + My)/v2, (Nx — My)/v/2). Thus, P is a subspace
of the nondegenerate space Span{N;, M; }*, viewed as a scalar product space, with the in-
duction hypothesis producing (Mjy, ..., My_) so that, together with M, they form a basis
of a totally isotropic subspace with the desired properties. O

My =

4.3 Pseudo-Riemannian manifolds

A metric tensor or a metric on a manifold M is a symmetric covariant tensor field of
order two on M, which is nondegenerate at any point and has constant index. In other
words, a metric is a map g: X(M) x X(M) — §(M) that smoothly assigns a scalar product

SErnst Witt (1911-1991), German mathematician
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&p: TpM x TpM — R to each tangent space TpM, such that the index Ind(gp) does not depend
onp € M. A pseudo-Riemannian manifold is a manifold M endowed with a metric g.

Strictly speaking a pseudo-Riemannian manifold (also called semi-Riemannian man-
ifold) is an ordered pair (M, g). Two different metrics on the same manifold establish dif-
ferent pseudo-Riemannian manifolds. It often happens that a pseudo-Riemannian mani-
fold has a default concrete metric, so we can denote it by the name of its smooth manifold.

The common index 0 < v = Ind(gp) = Ind(g) = Ind(M) < dimM = n of all scalar
products gj is called the index of a pseudo-Riemannian manifold (M, g). Since the distinc-
tion between g and —g in a pseudo-Riemannian manifold is not essential, we may, without
loss of generality, assume that the index satisfies v < n/2.

It is interesting to consider some special cases, depending on the index. The most com-
mon case is v = 0, in which case we say that M is a Riemannian manifold. Here, g is
called a Riemannian metric, and it is characterised by the fact that g, is a positive def-
inite scalar product on T,M for eachp € M. If v = 1 # n then M is called a Lorentzian
manifold@ and the corresponding metric is Lorentzian. A pseudo-Riemannian manifold
of signature (v,v) is a Kleinian manifoldE, it is necessarily of even dimension, and its
metric is said to be Kleinian or neutral.

Let (U, ¢) be a chart on a pseudo-Riemannian n-manifold (M, g), with coordinate func-
tions x; = m;o¢. The components of the metric tensor gon U are g;; = g(9;,0;) for1 <i,j < n.
Thus, for vector fields X, Y € ¥(U) we have

gXY) =g > X(x)0, Y Y(x)0; | = > 80, NXx)Y () =~ gy dxi(X) dx;(Y),
i1 =1

ij=1 ij=1

and therefore the metric tensor can be expressed as

n n
g=> gdxady =) gdxadx
ij=1 ij=1

where dx; dx; = (dx; ® dx; + dx; ® dx;)/2 denotes the symmetric product of covariant tensor
fields.

Example 4.6. The simplest and most important example of Riemannian manifold is, of
course, R" endowed with the Euclidean metric g which is the classic inner product on
each tangent space under the natural identification T,R" = R". In standard coordinates,
this can be written as

g=>_ &jdxidx; = (dx1)* + -+ (dxn)?, 4.5)
ij—1

so that g;; = &, giving the identity Gram matrix G = 1g-. Henceforth, in any geometric
context, the Euclidean space R" will denote the Riemannian manifold (R", g). A

Example 4.7. Starting from the standard metric g on R" given by (@), foranyl1<v<n
we may change the first v signs from plus to minus. This leads to the metric tensor g =
Z?:l g; (dx;)?, where g; = —1for1 <i <vandeg = +1forv+1 < i< n The resulting
pseudo-Riemannian manifold R} = (R", g) is called the pseudo-Euclidean space of index
v. In particular, for n > 2 the Lorentzian manifold RY is called the Minkowski spaceE, and
R{ is the simplest example of relativistic space-time. A

“Hendrik Lorentz (1853-1928), Dutch physicist
SFelix Klein (1849-1925), German mathematician
$Hermann Minkowski (1864-1909), German mathematician
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Example 4.8. The Walker metricl [121] is defined on an open subset M of R?" with the

standard coordinates (X1, X, ..., Xs,), by prescribing the Gram matrix with respect to the
natural global frame (01,0, ...,02n) as
fiir fiz .- fin 1 0 . 0
fiz foo - fon 01 0
_ fin fon -~ fan 0 O . 1
&=11 0 .. 0 00 .. 0l (46)
o 1 ... 0 0 0 . 0
o 0 ... 1 00 ... 0

where f; = fij(x1,X2,...,Xn) for 1 <i < j < n are arbitrary smooth functions on M. The
matrix (4.6) is symmetric and invertible, with determinant (—1)" # 0. A common difficulty
in the construction of pseudo-Riemannian manifold is to ensure the constancy of the index.
From () it follows that Wy, = Span{(9n+1)p, (On+2)p; - - -, (O2n)p} is an n-dimensional totall
isotropic subspace of the scalar product space (T,R?", g,) for every p € M. By Theorem

we have n = dimW), < Ind(g,) < dimM —dim W), = n, and hence Ind(g,) = n. Therefore, g
is a Kleinian metric on R?", yielding a large family of pseudo-Riemannian manifolds (M, g)
of signature (n, n). A

Sometimes, instead of the metric tensor g, one considers the corresponding squared
norm given by ex = g(X,X) for X € TM, which by (@) uniquely determines the metric.
Many authors denote this quadratic form € by ds? and refer to it as the line element of M.
In coordinates this becomes ds? = 3", ; &ij dx; dx;, which means that

Ex = Zgz] dx;(X) dx;(X) = Zginin-
ij ij

From our point of view, the expression ), i 8ij dx; dx; should be regarded as the metric
tensor g itself, and therefore we do not use the notation ds?.

In the presence of a metric tensor, one can speak of orthonormal vector fields. Let U be
an open subset of a pseudo-Riemannian n-manifold (M, g). A local orthonormal frame
for M over U is a local frame (Eq,...,E,) for M over U such that, at each point p € M, the
vectors (E1)p, . .., (En)p form an orthonormal basis of the tangent space T,M. For example,
the coordinate frame (01, ..., 0n) is a global orthonormal frame for (R", g).

Example 4.9. Consider the open subset U = R? \ {0} c R2. Let E; be the unit vector field
tangent to radial lines, and let E, be the unit vector field tangent to the circles centred at
the origin. Then

0 1 10 1 0 0

0 0
B=or= ey (xdx +ay) > B2 rop- Ve (xéy 7ax)

form a local orthonormal frame for R? over U (see Example for computations). How-
ever, the frame (E, E;) cannot be a coordinate frame with respect to any choice of local
coordinates, since [Ey, E5] = —(0/00)/r? # 0. A

Orthonormal frames are extremely useful in the study of Riemannian and pseudo-
Riemannian manifolds. In the Riemannian case the situation is straightforward, since the
Gram-Schmidt process produces a local orthonormal frame smoothly starting from any

7Arthur Geoffrey Walker (1909-2001), British mathematician
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local frame. This works because the vectors whose norms appear in the denominators are
nowhere vanishing. However, when the metric is indefinite, null vectors may occur and
additional care is required.

Theorem 4.13. There exists a local orthonormal frame over a neighbourhood of any point
of a pseudo-Riemannian manifold.

Proof. Let (M,g) be a pseudo-Riemannian n-manifold and let p € M. Consider a
local coordinate frame (01,...,9,) over some coordinate neighbourhood U > p and fix
an orthonormal basis (Vi,...,V,) of T,M. Since (V1,...,Vn) = ((01)p,---,(0On)p)A for
some transition matrix A € GL(n,R), we may define a new local frame (X3,...,Xn) by
(X1)g>---»(Xn)q) = ((D1)g, - - -, (On)q)A for all ¢ € U. Then gp((X;)p, (Xj)p) = &p(Vi,V}) = £6
and since g(X;, X;) € §(U), continuity implies that there exists a neighbourhood W C U of
p such that forall 1 <i+#j < nwe have

3 1 1
gXpX)| >a=7+5. <1 and |g(X;X)|<b= .

We apply the Gram-Schmidt process to construct inductively an orthogonal local frame
(Y1,...,Y,) over Wsuch thatforalll <j < k<n,

1

3
g Y| >d=7 and |g(¥; X <c= .

We start by setting Y1 = X;. Assume that (Yy,...,Y;_q) has already been defined for some
2 <j < nand define

j—1

=X-2
i=1

By construction, we have g(Y;,Y;) = 0 for 1 < i <j— 1. Moreover,

o9
=

i Yi

Ay

171
(&Y, X;))
5,1 - s.) - - S
i— [ %)
j-
‘g YlaX c? o
> |g(X; Z\ng,Y >a-nz=d
8%, Xi)| = |8(X), Xic) — Z T
i=1 g Ll
j-1
Y., X))||g(Y:, X, c2
< g0 ) + Y ECTBERRI p S e
i=1 ’

forall1 <j < k < n. This completes the inductive step. Finally, ||Y;|| = /|g(Y;, Y;)| € §(W)is
non-vanishing, so we may define E; = Y;/||Y;|| € X(W) for each 1 < i < n. Then (E,...,Ep)
is a local orthonormal frame over W > p, as required. O

Itis worth noting that the constant index condition in the definition of a metric tensor is
not particularly restrictive. Indeed, this condition was not required in the proof of the pre-
vious theorem, while the functions g(E;, E;) € §(W) constructed there are continuous and
take values 1 or —1. It follows that the index is automatically constant on each connected
component of the manifold.
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4.4 Pullback of metric tensors

When constructing new manifolds from existing ones, there is often a natural way to in-
duce a metric on the new manifold from a metric on the old one. For this reason, we
need the notion of the pullback of a covariant tensor field. Let f: M — N be a smooth
map between a manifold M and a pseudo-Riemannian manifold (N, g). The pullback of
g € TY(N) is the covariant tensor field f*g € (M) defined by

(F&)p(Xp, Yp) = &pp) e (Xp), fu(Yp)),

for each p € M and all Xp,Y, € T,M. Since g is symmetric, its pullback f*g is symmetric as
well. However, if fis not an immersion, then f; fails to be injective. Consequently, there
exists a point p € M and a nonzero vector X, € T,M such that f,(X,) = 0, which implies
(f&p(Xp,Yp) = 0 for all Y, € TpM. Thus (f*g), is degenerate. For this reason, f*g can be
a metric tensor only if fis an immersion. However, in general, this condition alone is not
sufficient.

Example 4.10. Consider the circle 8! naturally embedded into R? by t ~— (cost,sint),
where ¢ is the local coordinate given by the angle function from Example 2.8. The pull-
back of the metric tensor is +*g = —dx? + dy> = —(—sintdt)? + (cos tdt)?> = cos 2t dt*. This
tensor +*g is degenerate at 0 € {mr/4,3m /4,51 /4,71 /4}, and hence does not define a metric
there, moreover, its index changes across these points. JAN

However, in the Riemannian case this condition is also sufficient. If f; is injective, then
the positive definiteness of g implies that f*g is positive definite, and hence nondegenerate.
Therefore f*g is a Riemannian metric on M.

Theorem 4.14. If (N, g) is a Riemannian manifold and f: M — N is an immersion, then
(M, f*g) is a Riemannian manifold.

Let P be a submanifold of a pseudo-Riemannian manifold (M, g), and let +: P — M de-
note the inclusion. If +*g is a metric on P, then we say that (P, +*g) is a pseudo-Riemannian
submanifold of (M, g). Each tangent space T,,P is naturally regarded as a subspace of T, M,
but there is no a priorireason for it to be nondegenerate with respect to g,. Moreover, even
if this is the case at each point, the index of g, [7,p need not be constant on P.

Thanks to Theorem , the situation is much simpler in the Riemannian case. If P is
a submanifold of a Riemannian manifold (M, g) with the inclusion «: P — M, then (P,:*g)
is a Riemannian submanifold of (M, g). Since for each p € P we have T,P < T,M, the
Riemannian metric «*g on P is simply the restriction of g to T,P.

If we know the coordinate representation of an immersion, then the induced Rieman-
nian metric is easy to compute. In a chart with coordinate functions x;, we have

fg=r (Zgy dx; de) = fgpf (dx)f (dx;) => (ggofd(x;of)d(xjof),
ij i

ij
which we apply in the following concrete examples.

Example 4.11. Let f: R? — R3 be given by f(u,v) = (ucosv, usinv,v), which is an immer-
sion whose image is a helicoid. The induced metric f*g is computed as

g =f(dx* + dy* + dz?) = d(ucosv)? + d(usinv)? + d(v)?
= (cosvdu — usinvdv)? + (sinvdu + ucosvadv)? + dv? = du® + (u?® + 1) av?.

79



Chapter 4. Pseudo-Riemannian metric

To express a Riemannian metric in new coordinates, we regard the identity map writ-
ten in different coordinate systems on the domain and codomain.

Example 4.12. The Euclidean metric g = dx? + dy? on R? can be expressed in polar co-
ordinates as the pullback of the identity map. Because of x = rcosf and y = rsin we
have

g = dx* + dy* = d(rcos 0)% + d(rsin 0)?

— (cos@dr — rsin8d6)? + (sin O dr + rcos 6 d9)* = dr? + r>d6>*.
A

A Riemannian metric is required to be positive definite and is the most commonly stud-
ied type of metric. One nice feature of Riemannian metrics is that there are many of them.

Theorem 4.15. Every manifold admits a Riemannian metric.

Proof. Let M be a manifold with a smooth atlas {(Uqa, ¢,) }aca. By Theorem there exists
a partition of unity (¢,)qca subordinate to the open cover {Ug}qca. In each chart there is a
Riemannian metric g, = ¢;g induced by the standard Euclidean metric from (@). Bylocal
finiteness, there are only finitely many nonzero terms in a neighbourhood of each point,
and therefore g = >" .\ ¥,&q defines a symmetric covariant tensor field of order two. For
0 # X € To,M we have gy(X,X) = > ,ca ¥u(P)(&a)p(X,X). Since each term is nonnegative,
the sum is nonnegative, and since > ., ¥,(p) = 1, there exists at least one a < A such that
Yq(p) > 0. Thus g»(X,X) > 0, and g is a positive definite metric. O

It is important to note that there is a lot of choice in the construction of a metric g on a
given manifold. In particular, various metrics on the same manifold can have highly dif-
ferent geometric properties. However, the same procedure does not work in the indefinite
case, although we can construct a metric of index v on each coordinate neighbourhood for
any 0 < v < n. The reason is that the sum of two metrics of index v may be degenerate,
and therefore is not necessarily a metric.

Example 4.13. Let (M, gyy) and (N, gn) be pseudo-Riemannian manifolds, and consider the
natural projections rpy;: M x N — M and ry: M x N — N. On the product manifold M x N
we can define the product metric by

8M % &N = Tp(8m) + TN (8N)-

If we use the natural isomorphism T, (M x N) = TpM x TyN from Example , then
the associated Gram matrix is a block diagonal, with blocks given by the individual
Gram matrices. The pseudo-Riemannian manifold (M x N, gy x gy) is called the pseudo-
Riemannian product of (M, gy,) and (N, gn). A

Example 4.14. More generally than in the previous example, for any strictly positive func-
tion f € F(M) we can set

&m X &N = (&) + (Fo mmm) 7T (8n)-

This time, the Gram matrix at a point (p, q) is a block diagonal, where the first block is
the Gram matrix of gy, at p, and the second is the Gram matrix of gy at ¢ multiplied by
the positive constant ¢ = f(p) > 0. Symmetry and nondegeneracy are obvious, and since
Ind(cgny) = Ind(gy) it follows that Ind(g) = Ind(gy) + Ind(gy). The pseudo-Riemannian
manifold M xy N = (M x N, gy xygn) is called the warped product, while in the special
case f = 1 we recover the standard pseudo-Riemannian product. A
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Let (M, g)) and (N, gy) be two pseudo-Riemannian manifolds. A smooth map f: M — N
between the underlying manifolds is a pseudo-Riemannian immersion if it preserves
the metric tensors, that is, if f*(gx) = gu, which can be written explicitly as

(&m)p(Xp, Yp) = (&N)sp) (Tpf(Xp), Tpf(¥p))

for all p € M and X,,, Y, € TpM. Any such map is an immersion, which justifies the name
and yields the inequalities dim M < dim N and Ind g3, < Ind gy.

An isometry from (M, gy) to (N, gn) is a pseudo-Riemannian immersion f: M — N
which is also a diffeomorphism. We say that pseudo-Riemannian manifolds are isometric
if there exists an isometry between them. If a pseudo-Riemannian immersion fis only a
local diffeomorphism, then it is called a local isometry. Since such an fis already an
immersion, for a local isometry it follows from Theorem @ that dim M = dim N.

It is easy to see that the composition of isometries and the inverse of an isometry are
isometries, as well as the identity map. Thus, being isometric is an equivalence relation,
and hence we can say that an isometry is a special kind of map that provides a notion
of isomorphism in the category of pseudo-Riemannian manifolds. Pseudo-Riemannian
geometry is the study of properties of pseudo-Riemannian manifolds that are invariant
under local or global isometries.

For a fixed pseudo-Riemannian manifold M, an isometry f: M — M is called an iso-
metry of M. The set of all isometries of M forms a group Z(M), called the isometry group
of M. It is a classical result that Z(M) has the structure of a Lie group [83, Corollary 2]. For
Riemannian manifolds, this was established by MyersE and Steenrod in 1939 [91].

Example 4.15. Let f: 81 — 8! be given by f(z) = z2, where : 8 — C, so that 8! has
a Riemannian metric g = «*g. Since fis an immersion, by Theorem , f*g defines a
Riemannian metric on 8'. Thus, fis a Riemannian immersion from (8', f*g) to (S, g), but
it is not an isometry, because f'is not a diffeomorphism. A

Example 4.16. Let (V, g) be a scalar product space of dimension n. By choosing a basis on
V we obtain a bijective linear map which is a homeomorphism between V and R", so that
V is a manifold. There exists a canonical linear isomorphism X — X, from V onto each
tangent space TV, given by the directional derivative

Xh=2

7| h(Z+ ).

t=0

Then g7(X7,Y;) = g(X,Y) defines a metric tensor on the manifold V, making it a pseudo-
Riemannian manifold. If f: V — W is a linear isometry between scalar product spaces
(V,gv) and (W, g"), we have

d

Tzf(Xz)(h) = Xz(hof) = —

5| A2 + X)) = fX)pzh,

t=0

s0 Tzf(Xz) = f(X)fz), and therefore

(F8"™)z2(Xz,Yz) = 84y (fXz.£.Yz) = 8 ((X)5i2) S V)1iz)
=8V (fIX).A1Y)) = 8"(X.Y) = g (Xz,Yz),

which shows that fis a pseudo-Riemannian immersion. Since linear maps are smooth,
the linear isomorphism fis a diffeomorphism, and hence an isometry between pseudo-
Riemannian manifolds ¥V and W. It follows that if V is a scalar product space of dimension
n and index v, then as a pseudo-Riemannian manifold, V is isometric to RY. In fact, the
coordinate isomorphism given by any orthonormal basis in V is an isometry. A

8Sumner Byron Myers (1910-1955), American mathematician
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4.5 Musical isomorphisms

A pseudo-Riemannian metric induces a natural isomorphism between vector fields and
covector fields.

Given a pseudo-Riemannian manifold (M, g), we define the mapb: X(M) — X*(M) called
the flat, which assigns to each vector field X € X(M) the covector field X’ € X*(M) defined
by X’(Y) = g(X,Y) for all Y € X(M). For any point p € M, this construction restricts to a
linear map by: TyM — T;M, sending a vector X, € T,M to the covector X, € T;M given by
X, (Yp) = gp(Xp, Yp) for all Y, € T, M.

Observe that the nondegeneracy of the symmetric bilinear form g, € T5(Tp,M) is equi-
valent to the condition Ker(b,) = 0, that is, to the injectivity of b,. Since we are working in
finite dimensions and dim TpM = dim T, M = dim M, injectivity is equivalent to bijectivity.
Thus by is an isomorphism for every p € M. Consequently, a pseudo-Riemannian metric al-
ways determines an isomorphism between the tangent and cotangent spaces at each point,
and hence between vector and covector fields on M.

Let us see what happens in a chart (U, ¢) with the coordinate functions x; = m; o ¢. If
X=3",X0,then

X = be( )dx Zg( ai ai)dx ZgUX’dx Zde,

ij=1 j=1

where X; = Sy gini. Thus X’ is obtained from X by lowering an index, which explains
the terminology flat. As we see, the matrix of the flat map with respect to the coordinate
basis is precisely the Gram matrix G of g.

On the other hand, the inverse isomorphism # = »=1: X*(M) — X(M) is called the sharp.
The sharp maps a covector field w € X*(M) to a vector field w* € X(M) such that w(X) =
biw(X) = g(w*, X) for each X € X(M). In coordinates, the matrix of the sharp is G~1.

While g;; are the entries of G, we denote the entries of G by g/, so that > ; g g = Sy
The components of the inverse matrix smoothly depend on the initial components, so the
functions g’k are smooth on U. Since G is symmetric, its inverse G~ is also symmetric, and
hence gi* = g¥. Now, for w = 3 w; dx; we have w* = 31 | /@), where o/ = 31, glo;
and we say that w* is obtained from w by raising an index.

The maps b: X(M) — X*(M) and §: X*(M) — X(M) are called the musical isomorph-
isms, a pleasant terminology propagated (and probably coined) by BergerE [18].

Probably the most important application of the sharp is the extension of the classical
gradient to pseudo-Riemannian manifolds. If (M, g) is a pseudo-Riemannian manifold and
fe F(M), the gradient of fis the vector field

gradf = gdf € X(M)

obtained from the differential df € X*(M) by raising an index. The gradientis characterised
by the identity g(grad f, X) = df(X) = Xf, which holds for all X € X¥(M). In local coordinates

this gives
s 5 (B00(2)) &y 0805

In particular, for the natural coordinates on the pseudo-Euclidean space R, the coordin-
ate frame is orthonormal, and the above formula reduced to gradf = >, £,0;f0;, which
coincides with the usual expression in Euclidean space, where the gradient has the same
components as df.

9Marcel Berger (1927-2016), French mathematician
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The flat and sharp operations can be applied to tensors of arbitrary type and at any
index position. In such cases, for the sake of precision, it is necessary to specify the po-
sitions to which they apply. For a tensor field A € ¥,"1(M) we introduce the notation
biA € Ty (M), which lowers the upper index in position 1 < a < r+1 to the lower position
1 < b < s+ 1. The inverse operation is denoted by ﬁg, and it raises the lower index from
position a to the upper position b.

In this way, contravariant and covariant tensor fields can be transformed into one an-
other, while the type of the tensor field changes and the order of the tensor is preserved. If
the specific index positions are not indicated, the default convention is to take the largest
possible values of a and b. In other words, for A € T5*1(M), the operation b = bgﬂ lowers
the last upper index to the end of the list of lower indices, whereas for A € T(_, (M), the

operation § = jjgﬁ raises the last lower index to the end of the list of upper indices.
For example, given a tensor field A € T1(M), we can lower its upper index and obtain a
covariant tensor A’ € T3(M), whose components are given by Ay = (VA)jx = 211 §ruA}-
In the general case, the flat operator can be transferred to the corresponding argument.
Indeed, using the coordinate expression (@), we obtain

HIA(. Z Sz A = Z Sz ZgﬂAZII’.'ZI'
:ZZ..-ZgﬁZI. AT = ZZ AT = AL Z,),
j i
and an entirely analogous argument applies to the sharp operator. More precisely, for
tensor fields A € 51 (M) and B € Tg,1(M), and indices1 <a <r+1,1 <b <s+1,we have

bgA((,L)l, .. .,(Ur,X1, e ,Xb_l,Z,Xb, c. ,Xs) :A((x)1, R ,(Ua_1,bZ, Wq, .. .,O)r,X1, .. ,Xs)

4.7
tB(w1,...,Wa-1,T,Wa, - -, Wr, X1,...,Xs) =B(w1,...,0r,X1,.... Xp 1,47, Xp, ..., Xs)

for all wq,...,wr,7 € X*(M) and Xq,...,Xs,Z € X(M). In particular, for A € T%(M) and
X, Y, Zec X(M),we have bA(X,Y,Z) = A(bZ, X, Y).

Another important application of the flat and sharp operators is the extension of the
notion of contraction. In the simplest case, we consider a tensor field A € T9(M). By raising
the last index, we obtain #A € T}(M), and applying the contraction yields trg(A) = CtA €
§(M). This operation trg is called the trace. Inlocal coordinates, the trace of A with respect
to g is given by

n n
trgA=CiA =Y Ai=> glAy,
i=1 ij=1
which, in the case of an orthonormal basis, reduces to the ordinary trace of the associated
matrix.
More generally, let A € TL(M) with s > 2. For a choice of covariant indices 1 < a,b <,
we define the corresponding trace of A with respect to g by

(trg)apA = CatpA = CT 1 1A € T, (M).

Since the inverse Gram matrix is symmetric (gX = g¥), it follows that (trg)g = (trg)pe- If
the covariant indices to be traced are not specified, the default convention is to takea = 1
and b = s. In this case, the trace of A is given by trg A = C}#1A = C] " #A.

Another application of the musical isomorphisms allows us to study when an n-
manifold admits a metric of a prescribed index 0 < v < n.

Proof. Suppose first that (M, g) is a pseudo-Riemannian n-manifold of index 0 < v < n.
By Theorem }.15, choose an auxiliary Riemannian metric g on M and define a tensor field

83



Chapter 4. Pseudo-Riemannian metric

T e TH(M) by T(X) = ighgX for X € X(M). Equivalently, T: X(M) — X(M) is the unique §(M)-
linear map satisfying g(X,Y) = g(T(X),Y) for X, Y € X(M). With respect to a g-orthonormal
frame, the matrix of T coincides with the Gram matrix of g. Since g has index v, this
matrix has eigenvalues +1 with multiplicity n — v and —1 with multiplicity v, and hence
det(A1-T) = (A-1)""V(A+1)". It follows that T+1 is a tangent bundle homomorphism over
M of constant rank n —v, and therefore, by Theorem @ its kernel defines a v-dimensional
distribution Ker(T+1) on M. Moreover, we obtain the splitting TM = Ker(T+1)®Ker(T—1).

Conversely, suppose that M admits a v-dimensional distribution D. Choose a Rieman-
nian metric g on M, and let D+ denote the orthogonal complement of D with respect to
g Then TM = D & D* and TyM = D, & Dy for all p € M. Writing g = g, & gp. for the
corresponding decomposition of the metric, the tensor g = (—gp) ® gp. defines a pseudo-
Riemannian metric on M of index v. O

Although a non-vanishing vector field on a manifold immediately determines a one-
dimensional distribution, the converse is not obvious. Nevertheless, the existence of these
two structures is closely related. Algebraic topology shows that the existence of a non-
vanishing vector field on a manifold M is equivalent to M being either noncompact or
having vanishing Fulerld characteristic X(M) = 0. This condition is, in turn, equivalent to
the existence of a one-dimensional distribution on M (see O’Neill [100, Proposition 5.37]).
Therefore, any noncompact manifold admits a Lorentzian metric, while the torus and the
Klein bottle are only compact two-dimensional manifolds with this property. A concrete
construction of a Lorentzian metric from a vector field is given in the following example.

Example 4.17. Suppose that a manifold M admits a non-vanishing vector field X € X(M).
By Theorem , we may choose a Riemannian metric g on M. Consider the symmetric
covariant tensor g, € T9(M) defined by

2
gL=g8— gi(X,X)Xb X .

It is clear that g7 (X, X) = —g(X,X) < 0, and if g(X, Y) = 0 for some Y € ¥(M), then g1 (Y, Z) =
g(Y,Z) for all Z € X(M). Hence, at each point p € M, any orthogonal basis of (T,M, gp)
containing X, remains orthogonal with respect to (g;), proving that gy is a Lorentzian
metric. A

4.6 Model spaces

The development of Riemannian and pseudo-Riemannian geometry has been strongly in-
fluenced by certain highly symmetric spaces, known as model spaces. These spaces serve
as fundamental examples: they allow us to compare more abstract pseudo-Riemannian
manifolds with simpler, well-understood geometries and to identify shared structural fea-
tures. The defining characteristic of model spaces is their high degree of symmetry, reflec-
ted in the existence of a large group of isometries.

The most important application of Lie groups in geometry arise through their action
on manifolds. A (left) group action of a group G on a manifold Misamap 0: Gx M — M,
often written as h - p instead of 8(h, p), such that hy - (hy - p) = (h1hy) -pand e-p = p for
all hy,hy € G and p € M, where e denotes the identity element of G. Given an action of G
on M, the isotropy group (or stabilizer subgroup) of G at a point p € M is the subgroup
Gp = {h € G: h-p = p} consisting of all elements of G that fix p. The action is said to be
free if all isotropy groups are trivial, that is, if h - p = p implies h = e. The orbit of a point
p € Misthe subset G-p = {h-p: h € G} of points that can be reached from p by the action

107, eonhard Euler (1707-1783), Swiss mathematician
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of G. The action is called transitive if it has exactly one orbit, or equivalently, if for every
pair of points p, q € M there exists an element h € G such thath-p = q.

If G is a Lie group, an action 8: G x M — M is called a smooth action if the map 0
is smooth. In this case, for each h € G, the map 0,: M — M defined by 6,(p) = h-pisa
diffeomorphism, since 6y is smooth and its inverse is given by 6, .

To describe the symmetries of a pseudo-Riemannian manifold (M, g), we consider its
isometry group Z(M) which naturally defines an action on M by f-p = f(p) for f € Z(M) and
p € M. Moreover, for any f € Z(M), the global tangent map Tf maps TM to itself and re-
stricts, at each point p € M, to a linear isometry T,f: T,M — Ty, M. A pseudo-Riemannian
manifold (M, g) is called homogeneous if the isometry group Z(M) acts transitively on M,
that is, if for any two points p, q € M there exists an isometry f € Z(M) such that f(p) = q.

The isotropy group of Z(M) at a point p € M is the subgroup Z,(M) consisting of all
f € Z(M) such that f(p) = p. For p € M and f € Z,(M), the linear map Tpf maps T,M to itself,
which yields the isotropy representation I,: 7,(M) — GL(T,M) given by I,(f) = Tpf. We
say that M is isotropic at p < M if the isotropy representation of Z,(M) acts transitively
on the set of unit vectors in T,M, that is, for any unit vectors X,Y € T,M there exists an
isometry f e Z,(M) such that f, (X) = Y. A pseudo-Riemannian manifold is called isotropic
if it is isotropic at every point.

A homogeneous pseudo-Riemannian manifold looks geometrically the same when
viewed from any point, whereas an isotropic one looks the same in every direction.
Clearly, a homogeneous pseudo-Riemannian manifold that is isotropic at one point is iso-
tropic at every point. However, it turns out that any isotropic pseudo-Riemannian mani-
fold is homogeneous (see Theorem ).

The three model spaces of Riemannian manifolds are Euclidean spaces, spheres, and
hyperbolic spaces. The most basic and important Riemannian model space is the Euclidean
space R" equipped with the Euclidean metric g defined in (@) (see Example @). Let us
note that Example shows that any scalar product space of index 0 is isometric to (R", g).
Isometries of the Riemannian manifold (R", g) are easy to construct, every orthogonal lin-
ear transformation on R" preserves the Euclidean metric, as does every translation.

The next model space is the sphere 8", whose inclusion :: S — R"™! induces the
Riemannian metric g = +*g on S, called the round metric. The sphere (S", £) is a Rieman-
nian manifold that is both homogeneous and isotropic.

Example 4.18. The linear action of the orthogonal group O(n + 1) on R**! preserves both
the Euclidean metric and the unit sphere S", and therefore its restriction defines an iso-
metric action on 8". Let q(0,...,0,1) € S" be the north pole, and let (94, ..., 9n) denote the
the standard orthonormal basis of T;S". Let p € 8" be an arbitrary point, and choose an
orthonormal basis (E1, ..., Ey) of T,S". Since these basis vectors are tangent to the sphere,
they are orthogonal to p, and hence (Ey,...,E,,p) is an orthonormal basis in T,R"*1. Let
f€ 0(n+1) be the orthogonal transformation whose columns are given by these basis vec-
tors. Then f: (01,...,0n411) — (E1,...,En,p), and in particular f(q) = f(0n+1) = p. Moreover,
since facts linearly on R"*1, its tangent map Tof: T,R"*! — T,R"*! isrepresented, in stand-
ard coordinates, by the same matrix as f. Consequently, we obtain f,.0; = E; for 1 <i < n.
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Thus, we obtain an isometry f that maps ¢ to p, and whose tangent map T,f pushes
forward an orthonormal basis of T;S" onto a prescribed orthonormal basis of T,S". This
shows that S" is homogeneous and isotropic. A

A smooth map f: M — N between pseudo-Riemannian manifolds (M, gy;) and (N, gy) is
called conformal if f*(gn) = hgy for some positive function h € F(M). If there exists a
conformal diffeomorphism between pseudo-Riemannian manifolds, we say that they are
conformally equivalent. Two metrics g; and g, on a manifold M are said to be con-
formal if there is a positive function h € §(M) such that g» = hgj, that is, if the identity
map between (M, g1) and (M, g») is conformal. In Riemannian geometry, it is known that
two metrics are conformal if and only if they define the same angles, while a diffeomorph-
ism is conformal if and only if it preserves angles.

Example 4.19. The sphere is locally conformally equivalent to Euclidean space, while the
stereographic projection is a conformal diffeomorphism between §"\ {(0,...,0,1)} and R".
Consider the stereographic projection ¢ = ¢ _ from Example given by

1
O(X1,- .-, Xn, Xna1) = 17(x1, .oy Xn), 4.8)
— Xn+1
with the inverse
O V1, ¥n) (2y1,.., 2Vn, — 1+ Y3+ +y2). (4.9)

IERR RS
For an arbitrary vector field V € X(R"), using

n+1 n+1

1y iy 0 -1y 9
01V = D0 VI =3 Vixie o

we can compute the pullback metric,

n+1

(@) 8V, V) =89 'V, 0 'V) = 80, V.0, 'V) = ) (Vixio9™1))?,
i=1

where

oy 2y, (Y YV ViV £+ YE)
ViXjop™)=V 7 2] = 2 2 272
1+y1+"'+yn (1+y1+"'+)’n)

for 1 < i < n, with the additional relation

— 24 ... 4y2 2 2
V(Xn+10§0_1):V< 1+y1+ +_yn>:2 V(y1+ —|—yn)

1+yi+-+yi (1+yf+-+yp)?
Hence, because of V(y2 +--- +y2) = 31, 2y;V(y;), we have
4
(L+yf+--+YR)
n
DAY+ YV - YiVOR + -+ YE)?)
i=1

(V)24 (Vyn)? 4 B
=4 (1+y%+...+yr21)2 _(1+y%+...+yrzl)2g(V,V),

(0~ 1)'8(V, V) =

(VO + -+ yR)?
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In other words,
4

(L+yf+--+yn)

(0 )g= 38>

where g represents the Euclidean metric on R", and therefore this stereographic projection
¢ is a conformal diffeomorphism. It follows that the sphere is locally conformally flat,
that is, each point of 8" has a neighbourhood that is conformally equivalent to an open
subset in R". A

The third class of model Riemannian manifolds consists of the hyperbolic space H"
defined by
H'={X=(Xo,...,Xn) € RM!: g(X,X) = ~1, xo > 0},

considered as a pseudo-Riemannian submanifold of the Minkowski space R?*! = (R"1 g).
Geometrically, this is the upper sheet of the two-sheeted hyperboloid x4 —xf —--- —x3 = 1.
Let f: R™1 — R be the smooth function fiX) = g(X,X). For any X, Y € R"*1, we have

d

dfx(Yx) = Yxf= -

Sl rxvm = &1 () 1 atg(xv) + £AY) = 28(X,Y) = 286X, Vo),

tli—o

t=0

so dfy = 2(Xx)’ and Txf has rank 1 for any X # 0. Hence, —1 is a regular value of f, and
by Theorem the regular level set f~1(—1) is a codimension-1 submanifold, which also
holds for its open subset H". Moreover, by Lemma .16, for each X € H" we have TyH" =
Ker Txf = Ker X’ = X*. Since g(X,X) = —1 < 0, the restriction of the ambient metric to X*
is positive definite, so g induces a Riemannian metric h = +*g on H".

Example 4.20. Consider the hyperbolic stereographic projection i from H" to the hy-

perplane xy = 0 using the point (—1,0,...,0). From the formula
7T(Xo, X Xn) = 1 (x Xn)
0,A1,---5An _1—|—X0 1,---54n),

we see that ||7(xo, X1, ..., Xn)|| = /(X0 —1)/(Xo + 1) /1 as Xo — +o0, so Im(7r) = B} is the
unit ball in R"™. Thus, the diffeomorphism 77: H* — B" gives rise to another model called
the Poincaré ball model HB" = (B", (7~1)*h) where h is the metric on H".

\\\‘4‘ A T I —— \—!!!” /" 4,(//,{4/ 4
N 7%
S N\ S
7 W[ 7747~ /
\ o i ,ﬂ” )‘;f )4

After calculating the inverse,

(1 +y%+"'+y%72y1a"'azyn)7

1 N
s ())1’“‘7))”)_1_)}%_"‘_))%
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as before, we consider an arbitrary vector field V € X(B"). From

n

n
_ _ 0 1, 0
7T*1V:§ (”*1V)(Xi)§: Vixjor ™)
i=0 ! 0

8xl-’

i=
we can compute,
n
(T YRV, V) = h(m 'V, 171V) = g(m; 1V, V) = —(Vixg ot )2 + ) (V(xjom1))?,

i=1

where

i —yZ .y ; V(v ... 2
V(Xioﬂfl) =V 5 zyl 5 | = 2(1 Y1 yn);/(yl) +y1‘£02’1 + +yn>
1-yi—--—yi Ty )

for 1 <i < n, with additionally

244y 24 ... 4 y2
V(Xooﬂ_l)_v<1+y1+ +yn>_2(V(yl+ +Y5)

1—y%—---—y% 1_))%_..._);’21)2'
Hence,
1k 4
(VY = _yﬁ_..._y;l)zl(—(V@%+---+y%>)2
(1 =y = = YRV + VR + -+ YE)?)
i=1
(Vy1)* + -+ (Vyn))* 1 _
= = v, V),
(1-yf—--—yh)? (1-y} —~~~—y%)2g( V)

which gives the metric of HB",

(dy1)* + - + (dyn)*

hy = ()R =4 .
PR T ey

(4.10)

In this way, we obtain the Riemannian manifolds H* = (H", h) and HB" = (B", h,) which
are isometric. A

Example 4.21. Let ¢: 8" \ {q} — R" be the stereographic projection from Example
with the formulas (@) and (), and let p: S* — S" be the rotation defined by
P(X1, ...y, Xn_1,Xn, Xn+1) = (X1, ..., Xn_1, —Xn+1, Xn), Which takes the hemisphere {x,.1 < 0}
to the hemisphere {x, > 0}. Consider the diffeomorphism

Y=@opop L R"\{(0,...,0,1)} = R"\ {(0,...,0,-1)}
and its restriction from the ball B" onto the half-space U" = {(z4,...,2z5) € R" : z;, > 0}.
Then the map ¢ |g.: B" — U" gives rise to the third model of our hyperbolic space, the
Poincaré half-space model HU" = (U", () 1)*hy).
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Let us calculate the inverse f=1 ! = ¢ o p~1 0 ¢~ in coordinates,
flze,....zn) =@optooYzq,... zp)

2 22 L] 2.Z A Zn
( ZI_.I_.., 7 ( 1 I n, 1+ ))

1+z24+.. +73%

1
- 221,...,2Z_17—1+Zz+...+zz.
(1—|—Zn)2—|—z%_|_..._|_zr21_1( n 1 n)

1
_q)< 2(2217"'7227117_1+Z%+“’+Z%,—22n>>

Thus we obtain
n
8 Z 8())1 Of) 0 Of

*87,1:1,:1 dzn Oy,

2(1+zn)? — 25—~ 22 ) of —A(L+2a) X0 21 of
(At zn)?+2d+ -+ 2h ) |

Hence, for the induced metric hy = f*h,, with z2 = z§ + .- + z2_|, we have

o 0 0 0
hs <aZn;aZn> =h, (f*azn’f*ﬁzn>

B 4 4((1+zn)? — 22)2 + 16(1 + z5)%2%
(=010 = = (Ynof)?)? (1+2zp)? +22)*
(1 +2p)* +2%)? 1

(1 +2zn)* +22)% — 422 — (-1 + 22 + 2§)%)*  zj

However, from the formula () we see that h; and g are conformal on B", while Example
shows that /1 is a conformal diffeomorphism between (B",g) and (U", g), and there-
fore hs and g are conformal on U™. This is why it is enough to calculate h3(V, V) for a single
chosen vector field, for example for V = 9/0z,. Finally, we obtain

(dz1)* + -+ + (dzn)*

Zj

(4.11)

hs =f"hy =
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Since the Riemannian manifolds H", HB", and HU" are all mutually isometric, we often use
the simple notation RH" to refer to any of these hyperbolic models, depending on which
is the most convenient in a given context. A

Example 4.22. The symmetries of RH" are most easily seen in the hyperboloid model
H". The Lorentz group O(1,n) is the group of linear maps from R}" ! to itself that
preserve the Minkowski metric. Each element of this group preserves the hyperboloid
x3 —x2? —...—x2 = 1, which has two components determined by {x, > 0} and {xo < 0}. The
subgroup O (1, n) that preserves the direction of time consists of maps that take the com-
ponent {x, > 0} to itself, and therefore acts isometrically on H". We can analogously fol-
low the arguments from Example to conclude that there is an isometry from O+ (1, n)
that maps an arbitrary point q to an arbitrary point p and pushes forward an arbitrary
orthonormal basis of T;H" to an arbitrary orthonormal basis of T,H", so the hyperbolic
space RH" is homogeneous and isotropic. A

The Euclidean, spherical, and hyperbolic metrics can be adapted to give model pseudo-
Riemannian manifolds. The first example is the pseudo-Euclidean space R} of index v > 0
from Example [7]

For other examples we consider pseudo-Riemannian submanifolds of the pseudo-
Euclidean space (R*!, g) given by M = {X € R : g(X,X) = ¢} for some real ¢ = +1. Sim-
ilar to the case of hyperbolic space H", we define a function f: R — R by f{X) = g(X, X).
Then dfy = 2X’, so c is a regular value of f and therefore M = f~1(c) is a submanifold of
dimension n, whose metric is induced from the ambient metric g. Since TxM = Ker Txf =
Ker X’ = X and g(X,X) = ¢, it is easy to see that the index decreases by 1 only if ¢ < 0.

The pseudo-Riemannian manifold (M,:*g) for ¢ = 1 has index v and is called the
pseudosphere, while for c = —1 it has index v — 1 and is called the pseudohyperbolic
space. In particular, de Sitter space@ is the pseudosphere dS" embedded in R}* 1 while
anti-de Sitter space is the pseudohyperbolic space AdS" embedded in RQH. In this way,
we obtain three standard models of Lorentzian geometry: Minkowski, de Sitter, and anti-
de Sitter spaces.

4.7 Length and distance

On Euclidean spaces there is an immediate notion of distance between points, so defining
the length of a curve is naturally justified by the approximating it with polygonal paths and
summing the lengths of their segments. Riemannian manifolds, however, are not metric
spaces a priori, while pseudo-Riemannian manifolds with indefinite metrics are not metric
spaces at all. Nevertheless, the positive definite scalar product on each tangent space of
a Riemannian manifold provides a well-defined notion of the length of tangent vectors.
This allows us to define the length of curves and, in turn, the distance between points on
a connected Riemannian manifold, which then becomes a metric space.

Let M be a smooth manifold. A curve (or smooth parametric curve) in M is a smooth
map y: I - M, where I C R is an open interval. Since I is an open submanifold of the real
line R, it is equipped with identity chart given by the single coordinate function t = 1;. The
velocity of a curve y: I —+ M is defined as the push-forward of the coordinate vector field,
Yy = Ty o (d/dt): I — TM. More precisely, the curve y assigns to each ¢ € I the velocity
vector y'(t) € Ty M, given by

v = (g) - (&)

"willem de Sitter (1872-1934), Dutch mathematician, physicist, and astronomer
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4.7. Length and distance

where (d/dt); € T¢I is the canonical basis vector at ¢, acting on a smooth function f € §(I)
by evaluation as the ordinary derivative f(t).

We say that a curve y is regular if y’'(t) # 0 holds for all ¢t € I, and hence y is an
immersion. The notion of a regular curve can be extended to a closed, bounded interval
[a,b] C R. Amap y: [a,b] — M is a regular curve segment if it extends to a regular
curve defined on some open interval containing [a, b]. More generally, a continuous map
y: [a,b] — M is an admissible curve (or piecewise regular curve segment) from y(a)
to y(b) if there exists a finite sequence a = ty < t; < --- < tx = b of real numbers ¢; € R,
called a partition of [a, b], such that the restriction y[,_, . is a regular curve segment for
each1<i<k.

The usual calculus concept of the length of curves in Euclidean space generalises in a
natural way to a pseudo-Riemannian manifold (M, g). The existence of the metric g allows
to measure the size of velocity vectors. The speed of a curve y € F(I) at time ¢ € I is the
magnitude of its velocity vector at ¢,

DAGIES \/!gy(t)(V’(t%V’(t))l-

Since the distance an object travels is the integral of speed over the time interval, we define
the arc length of an admissible curve y: [a,b] — M by

b
L(y) = / IV (0l dt.

The speed function is bounded and continuous everywhere on [a, b] except possibly at the
finitely many é)omts where y is not smooth, so it is integrable in the sense of the Riemann
(or Lebesguef?) integral, and therefore L(y) is a well-defined finite nonnegative number.

A reparametrisation of a curve y: I — M is a curve of the formy = yoo: I' — M,
where I' C R is another interval and ¢: I' — I is a diffeomorphism. Since intervals are
connected, ¢ is strictly monotone (either increasing or decreasing) on I'. We say that y is
a forward reparametrisation if ¢ is increasing (¢’ > 0), and a backward reparamet-
risation if it is decreasing (¢’ < 0).

More generally, a reparametrisation of an admissible curve y: [a,b] — M is an ad-
missible curve of the form y = yo ¢, where ¢: [c,d] — [a, b] is a homeomorphism for which
there is a partition ¢ = tp < t; < --- < tx = d of [c,d] such that the restriction @[, , , isa
diffeomorphism onto its image for each 1 <i < k. If the derivative ¢’ does not change the
sign we say that the corresponding reparametrisation is monotone.

It is important to notice that the arc length of an admissible curve is invariant under
monotone reparametrisations, where for ¢’ > 0 we have

yogp)= Z/ yoo)( rdt—Z/ IV (@(6)] d(@(t)) = L(y).

tll

Although the arc length on a Riemannian manifold behaves much as in Euclidean
space, in the case of an indefinite metric the term length can be misleading. For example,
a null curve has length zero. To avoid such pathologies, where a null velocity vector has
speed zero, we shall henceforth focus on Riemannian geometry.

Let (M, g) be a Riemannian manifold. Hence, an admissible curve y: [a,b] — M has
positive speed ||y’(t)|| > 0 for all t except at the points of a corresponding partition of [a, b].
Consider a function s: [a,b] — R, called the arc-length function of y, and defined by

t
S(6) = L(Yliq) = / 1Y (W] du,

2Henri Lebesgue (1875-1941), French mathematician
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which is continuous everywhere, and by the fundamental theorem of calculus it is smooth
wherever y is, with derivative s'(t) = ||)y/(t)||. Since s'(t) > 0 holds for all smooth points
t € [a,b], the function s is strictly increasing on [a, b]. Its inverse ¢ = s~1: [0,L(y)] — [a, b]
determines a forward reparametrisation y = y o ¢ of y, where

SO Y) |
o)l = [yl =

s—1(¢) s—1(t

Y@=y (s®) - s~ Ol = (

Y'(
s'(

holds wherever y is smooth. Such reparametrisation y has unit speed, while its arc-length
function takes the simple form s(t) = t. A unit-speed admissible curve whose parameter
interval is of the form [0, b] for some b > 0 is said to be parametrised by arc length.

Lemma 4.16. Every admissible curve in a Riemannian manifold admits a unique forward
reparametrisation by arc length.

Let us introduce the concept of distance between points on a connected Riemannian
manifold (M, g). For each pair of points p,q € M we define the path space Q, 4 consisting
of all admissible curves from p to q. This space is not empty, as shown in the following
lemma.

Lemma 4.17. Any two points of a connected manifold can be joined by an admissible curve.

Proof. A connected manifold M is path-connected, and therefore any two points p,q € M
can be joined by a continuous path y: [a,b] — M. By compactness, there exists a partition
a=ty<---<tpy=>bofab]suchthatyfy . . iscontained in a coordinate neighbourhood
diffeomorphic to a Euclidean ball, for each 1 <i < k. Each y[y, , ;) can then be replaced
by a straight-line path in coordinates, yielding an admissible curve from p to q. O

The previous lemma allows us to rigorously define the Riemannian distance d(p, q)
between points p,q € M by

d(p,q) = inf{L(y) : y € Qpq}-

Example 4.23. The infimum in the definition of d(p, q) need not be attained. Consider the
punctured plane R? \ {(0,0)} as a Riemannian submanifold of R?. The distance between
the points p = (—1,0) and q = (1,0) is d(p, q) = 2, but this distance is not realised by any
admissible curve, since any such curve that would attain the infimum would have to pass
through (0, 0). A

It follows immediately from the definition that d(p,q) = d(q,p) > 0 and d(p,p) = O.
Additionally, the triangle inequality d(p, q) < d(p,r)+d(r,q) for all p,q,r € M follows from
the fact that an admissible curve from p to g can be obtained by concatenating one from p
to r with one from r to q (possibly after reparametrising the starting time), and its length is
the sum of the lengths of the two original admissible curves. In order for (M, d) to become
a metric space, it remains to show that d(p, q) = 0 implies p = q. To this end, we introduce
the following topological statement.

Lemma 4.18. Let X and Y be topological spaces with Y compact. For any continuous f: X x
Y — R, the function h: X — R given by h(x) = minycyf(x,y) is well-defined and continuous.

Proof. For any fixed x € X, the function fx: Y — R defined by fx(y) = f(x,y) is continuous
and has compact domain, so fx(Y) is a compact interval, and hence h(x) = minf(Y). For
continuity of h, it suffices to check that h=1(—oo, a) and h—1(b, c0) are open. It is easy to see
that h~1(—o0,a) = mxof 1(—o0, a) is open, where myx: X x Y — X is the canonical projection,
which is continuous and open. On the other hand, for any x € h~1(b, ) and any y < Y,
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there exists a neighbourhood (x,y) € Uxy x Vxy C f~1(b, 00). Since Y is compact, there exist
Y1(X); -+ Yo (X) € Ysuch that Y C (2] ko) Vyy:(x)» and thus we obtain

k(x)

XpxYc (ﬂUxm(x)) x Y C | Uy X Vi) S (b, 00),
i=1

i=1
and therefore h=1(b, o) = Uxen—1(b,00) ﬂi.(:();) Uxy,(x) 1s open. O

Let us fix an arbitrary point p in an n-manifold M, and take a chart (U, ¢) centred at p
with the coordinate functions x; = 7;0¢. The Euclidean metric g on U, defined by g(9;, ;) =

&;j, yields the Euclidean distance d given by

d(q,r) = J > (xi(q) — xi(r)2.

i=1

Without loss of generality, a coordinate neighbourhood U can be reduced to a ball {q
U:d(p,q) < €} forsmalle > 0. Letf: UxS8"1 — R be the smooth function given by f(q, V) =
8V, V)(q) = g¢(Vy, Vq), where (ay,....ay) € ST and >1 ; a;0; € X(U) are identified. Since
$"-1 is compact, we apply Lemma , which yields well-defined, continuous, positive
functions y,v: U — R defined by

. . gq(Va ‘/)

= min , V)= _ min V,V)= min 2= > 0,
#(q) = min fq,V) ng,m:lg"( Vi=, g, (V.V)
gq(Va V)

v(q) = max f(q,V) = max V, max > 0.
(q) VES"*lf(q V) gq(V7m1gq< V) 0AVET,M gq(V’ W

This implies

18V, V) < gq(V, V) <v(q)8,(V, V)
for all V e TyM, which allows us to compare the two metrics gand gforq € U. Lety: [a,b] —
M be an admissible curve from p to q € U and set

¢= min u(y) >0, C= max v(y(t)) > 0.

If y lies in U then

b
= [ VEoroyod:e / Vo0 @y () de > cd(p. ).
Otherwise, y leaves U, and there exists the smallest s such that y(s) ¢ U, and again
S
> [ Voo © vz [ fgo0o.yw)d: e dp.a.
a

In either case, taking the infimum it follows that d(p,q) > cd(p, q). On the other hand, if y
is a straight-line path with respect to the Euclidean metric g, then it lies in U and we have

d(p,q) = C/ V&l dt>/ NG dt = L(y) > d(p,q).

Consequently, we obtain

0 < cd(p,q) <d(p,q) < Cd(p,q), (4.12)

which proves that d(p, q) > 0 for q # p. Moreover, () shows that the Euclidean distance
d and the Riemannian distance d are comparable on a neighbourhood of p, which means
that the metric topology and the manifold topology (coming from the Euclidean distance)
are equivalent.
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Theorem 4.19. A connected Riemannian manifold with the Riemannian distance is a metric
space whose metric topology is the same as the manifold topology.

4.8 Problems

Problem 4.1. Let V and W be inner product spaces of the same finite dimension. If f: V —
W is a map that preserves the origin and distances (that s, f{0) = 0 and ||f{x)—f(y)|| = [|x—Y||
for all x,y € V), then f'is a linear isometry.

Problem 4.2. Let (), g) be an indefinite scalar product space, and let b be a symmetric
bilinear form on V. Prove that b = cg for some ¢ € R if and only if b(N,N) = 0 holds for
every null vector N € V.

Problem 4.3. Let f: R? — R3 be given by fix,y) = (v/1 + 2x2 + 2y2 x + y,x — y). Compute
f*g, where g = —dx? + dx% + dx3 € TY(R?) is the Minkowski metric and show that it is a
Riemannian metric on R

Problem 4.4. Prove that the pseudo-sphere of dimension n, index v and radius r is diffeo-
morphic to RY x 8"V, Prove that the pseudo-hyperbolic space of dimension n, index v and
radius r is diffeomorphic to R"" x SV.
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CHAPTER 5

CONNECTION

5.1 Covariant derivatives

In order to introduce curvature on pseudo-Riemannian manifolds, it is necessary to study
geodesics, the pseudo-Riemannian generalisations of straight lines. In the original sense,
a geodesic was the shortest route between two points on a surface, so it is natural to
define geodesics as locally length-minimising curves. However, pseudo-Riemannian man-
ifolds with an indefinite metric are not metric spaces, and geodesics in this setting are
not distance-minimising. Even if we restrict ourselves to Riemannian manifolds, defining
geodesics via the minimising property leads to substantial technical difficulties.

For this reason, we adopt a different characterisation of straight lines and generalise
it. A natural property is that straight lines in Euclidean space are precisely those curves
that admit parametrisations with zero acceleration, and we extend this idea to pseudo-
Riemannian manifolds.

Let y: I — M be a curve in a pseudo-Riemannian manifold (M, g). The velocity vector
at time ¢ € I represents the derivative y’(t), while the second derivative y”(t) gives rise to
the acceleration. Therefore, it is necessary to form a difference quotient by subtracting the
vectors y'(t +h) € Ty nyM and y'(t) € T, M, which is not convenient because they live in
different spaces. In the case of abstract manifolds this difference makes no sense, so we
need a way to compare the values of a vector field at different points, or to connect nearby
tangent spaces. That connection is additional information on a manifold that allows the
differentiation of vector fields, as well as the interpretation of the acceleration of a curve.

Let us first consider the case of the Euclidean space R". We can differentiate a function
fe F(R") at a point p € R" in the direction X, € T,R" by

Dy = lim 12+ ) )

= (foy)(0) =Y'(0)f = Xp(f), (5.1)

where y(t) = p + tX,. Similarly, we can differentiate a vector field Y = >_1 ; Y'9; € X(R") at
p in the direction X, by

DXpY = lim

t—0 t

P+ 0%) “¥P) _ i VP 0510~ Y)Y
ﬁ
=1

n n (5.2)
= Dx, Yo, =) Xp(Y)o;
i=1 i=1

In the case of an arbitrary manifold M, which is not necessarily embedded in a Euc-
lidean space, we can use the result from (El]) to differentiate a function f € F(M) in the
direction of a vector X, € TpM by Vy,f = X, (f). However, since there is no canonical basis
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of the tangent space TpM, the result from (@) cannot be applied directly. Because we do
not have a canonical way to differentiate vector fields on an abstract manifold, we use the
formula (@) as a model and extract the properties that Dy, Y satisfies in R", in order to
build a general theory based on them.

For a vector field X € X(R") we define DxY by (DxY), = Dy, Y for each p € R". Because
of (@), we have (DxY), = 31, Xp(Y')(0;)p, so the vector fields X and Y determine a new
vector field

DxY=> X(Y")o, (5.3)
i=1

and hence an R-bilinear binary operation D: X(R") x X(R") — X(R"™). The map D is ob-
viously §(R")-linear in the first argument, while it satisfies the Leibniz rule in the second
argument, since for X, Y € X(R") and f € §(R") we have

n

Dx(fY) = S X(Y)0, = S (XAYD + S fX(Y)0; = (XY + fDxY.
i=1 i=1

i=1

These properties motivate us to introduce the notion of a connection on an arbitrary man-
ifold.

A connection (affine connection, linear connection) on a manifold M is an R-
bilinear map V: X(M) x X(M) — X(M) with the notation (X,Y) — VxY, that is §(M)-linear
in its first argument and satisfies the Leibniz rule in its second argument. The symbol V is
read “nabla” or “del”, and VY is called the covariant derivative of Y in the direction of
X.

For arbitrary X,Y,Z € X(M) and f,h € §(M), we can write the covariant derivative
formulas as follows. Since the connection is F(M)-linear in its first argument, we have

Vﬂ(+hyz :vaz + hVyZ. (5.4)
The connection is not F(M)-linear in its second argument, but only R-linear, so
Vx(Y+Z) =VxY+ VxZ, (5.5)

while the failure of §(M)-linearity is expressed by the Leibniz rule

Vx(fY) = fVxY + (X(f)Y. (5.6)

The model operation D defined by () clearly satisfies these conditions, and we call it the
standard connection on R".

A covariant derivative Vy in the direction of a vector field X € X(M), can be extended
to an arbitrary tensor field on M. We have naturally Vxf = Xf for f € (M), while VxY, by
formulas (@) and (@) satisfies the assumptions of Theorem . Therefore, there exists
a unique tensor derivation on M extending the covariant derivative.

For an arbitrary tensor field A € T5(M) we have VxA € T%(M). We additionally define a

map VA: X*(M)" x £(M)St1 — (M) by
VA(wl,...,wr, Yla"'7Y37X) - (VXA>((U17'--7(UT"7 Yl?'--7YS>-

Since VxA € %% (M), the map VA is F(M)-multilinear in the first r + s arguments, while
by () it is F(M)-linear in the last argument. In this way, we obtain a new tensor field
VA € T (M) called the total covariant derivative of A. We say that a tensor field
A € TL(M) is parallel if VA = 0.
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Example 5.1. For f € (M) we have (Vf)(X) = Vxf = Xf = df(X), so the total covariant
derivative of a function coincides with its differential, Vf = df. Moreover, if Vf = 0, then
df = 0, and since the differential is identified with the tangent map, Tf = 0. From the proof
of Lemma it follows that fis locally constant. Hence, if Vf = 0, the function fis locally
constant, and on a connected manifold M it is constant globally. A

Example 5.2. The covariant tensor of order two V2f = V(Vf) is called the Hessianl of f.
If C denotes the (1, 1) contraction, we have

Vx(Vyf) = Vx(VAY)) = Vx(C(Vf®Y)) = C(Vx(Vf®Y)) = C(VxVf@ Y + Vf® VxY)
= (VxVN(Y) + VAVxY) = VY, X) + Vy,f,
and therefore V2f(Y, X) = X(Y(f)) — (VxY)f. A

Although the connection is defined on global vector fields, it is in fact a local operator,
as stated in the following theorem.

Theorem 5.1. Let V be a connection on a manifold M. The value of a vector field VxY at
p € M depends only on the value of Y € X(M) in a neighbourhood of p and the value of

XeX(M)atp.

Proof. The dependence on the component Y follows from the tensor derivation property

in Theorem , while the dependence on the component X can be seen from Theorem
: for a fixed Y, consider the map T1(M) > T: X(M) — X(M) given by T(X) = VxY. This
shows that VxY(p) depends only on X(p) and the values of Y near p. O

Let V € T,M be a tangent vector at a point p = (V) € M, and let Z € X(U) be a vector
field defined on a neighbourhood U C M of p. By Theorem El] we can well-define VyZ =
(VxY)p, where X, Y € X(M) are arbitrary extensions such that X, = Vand Y|, = Z.

Let V be a connection on an n-manifold M, and let (Ey,...,Ey) be a local frame over an
open subset U C M. Most often this is a coordinate frame with E; = 9;, but it is useful to
consider general calculations. For any 1 < i,j < n the covariant derivative Vg E; can be
expressed in terms of the same frame as

n
VeEj =Y TEy,
k=1

so we obtain n3 functions Fg € §(U), called the Christoffel symbolsE of V relative to that
frame. If X = > | X'E;and Y = 3 ) VEj, then

Vx¥ = Vx( Y VE) = Y (XV)E + Y YV yip
j j j
= > XY)Ej+ ) XVVgE =Y (XY)E+ > X'VTHE,
j ij k ijk
which implies
n n
VY=Y (XYk +y Xinr{-}) Ey,

k=1 ij=1

1Ludwig Otto Hesse (1811-1874), German mathematician
2Elwin Bruno Christoffel (1829-1900), German mathematician and physicist
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so the connection on U is completely determined by its Christoffel symbols. In the case of
a coordinate frame, the previous formula reduced to

n n
Vx¥=>" (X(Y(xk)) + D X0)Y( )rk> aik (5.7)
k=1 ij=1
from which it is easy to see the locality of the connection, in accordance with Theorem El]
Moreover, if the manifold atlas consists of a single chart, (9q,...,09y) is a global frame,
and it turns out that an arbitrary choice of n® smooth functions F{-} € §(M) determines a
connection V via the formula (5.7). First, we observe that X, Y € X(M) clearly give VxY €
X(M). Itis also immediately evident that V is R-linear in Y and §(M)-linear in X. It remains
to verify the Leibniz rule in Y, which is a straightforward calculation.

Example 5.3. If we set all Christoffel symbols to zero, then from the equation (@) we
obtain VxY = >°F_; XY, which is the standard connection DxY on R™. A

Example 5.4. Any choice of smooth functions 1“{-]‘- € §(Uq) defines a connection V% on each
coordinate neighbourhood U,. Using partitions of unity ¢, subordinate to the atlas, we
can set VxY = >, 1,V%Y, which provides a method to construct many connections on
a manifold M. It is straightforward to verify the smoothness, R-linearity in Y, and §(M)-
linearity in X. For the Leibniz property in Y, note that a simple linear combination of
connections does not necessarily yield a connection, however, because ), ¢, = 1, we have

Vx(fY) = Ea lpav?((fY) = Za lPa((Xf)YJer?(Y) = (Xf)Y+vaY- A

5.2 Levi-Civita connection

Let (M, g) be a pseudo-Riemannian manifold and let V be a connection on M. We say that
a connection V is metric (or preserves the metric g) if g is a parallel tensor field, that is,
Vg = 0. For a metric connection we have

which yields the identity,

The map 7: ¥(M) x X(M) — X(M) defined by 7(X,Y) = VxY — VyX — [X,Y] is called the
torswn The torsion is evidently §(M)-bilinear, and therefore 7 € T}(M) (see Example
) We say that a connection is symmetric if it is torsion-free, 7 = 0, which gives

X, Y] = VxY — VyX. (5.9)

Since the commutator of coordinate vector fields vanishes, the symmetry of the connec-
tion can be seen in the equality Vy,d; = V40, that is, in the symmetry Fk = F" between
Christoffel symbols related to the coordmate frame.

Example 5.5. In Example , we expressed the Hessian of a function f € §(M) by

VY, X) = X(Y(f)) — (VxY)f, which implies V?f(X,Y) — V?f(Y,X) = (7(X,Y))f. Thus, the
symmetry of the connection is equivalent to the symmetry of the Hessian. A

We often require that a connection satisfies the last two conditions, which lead to a new
concept of connection that includes the metric. A Levi-Civita connectionf on a pseudo-
Riemannian manifold (M, g) is a symmetric metric connection. In other words, a Levi-
Civita connection is a map V: X(M) x X(M) — X(M) that satisfies (@) (@) (@) (@) and

3Tullio Levi-Civita (1873-1941), Italian mathematician
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(@) for everyf,h € §(M) and all X, Y, Z € X(M). It turns out that all of them can be unified
into a single identity. Let us start with the following expression,
X(g(Y,2)) + Y(8(Z,X)) - Z(8(X.Y)).
Since V is metric, we apply (@) three times to obtain
8X,VyZ —VzY) — g(Y,VzX — VxZ) + g(Z,VxY + VyX).

Since V is symmetric, we apply (@) three times to obtain

Thus, we obtain the equality,

Zg(VXY,Z) - X(g(Y7Z))+Y(g(ZaX)) _Z(g(Xa Y)) _g<X7 [Y,Z])—i—g(Y, [Z,X])+g(Z, [Xv ﬂ)v (510)

called the Koszul formulaﬁ, which is very useful because it completely determines the
Levi-Civita connection.

Theorem 5.2. A map V: X(M) x X(M) — X(M) is a Levi-Civita connection if and only if the
Koszul formula (5.10) holds for all X,Y,Z € X(M).

Proof. We have already seen that a Levi-Civita connection V satisfies the Koszul formula,
since it is derived from its defining properties. Conversely, it remains to verify (), (@),
(@), (@), and (@) under the assumption that () holds for all X, Y, Z € X(M).

We use the fact that g(V,X) = g(W, X) for all X ¢ X(M) implies V* = W”, and therefore
V = W. In the following calculations, functions f € F(M) are places in front of the tensor
field g, while for commutators we use special cases of (@). For example, to check the
Leibniz property (@), for all Z € X(M) we compute

28(VxfY,Z) =X(8(fY, Z)) + fY(g(Z, X)) — Z(8(X.fY))
— 8X.[fY.Z]) + g(Y, [Z, X]) + 8(Z, [X. fY])
=X(f8(Y,2)) + fY(8(Z, X)) - Z(f8(X, Y))
—8X.fIY, Z) - (Z)Y) + f8(Y, [Z,X]) + &(Z, fiX, Y] + (XN)Y)
=2g(VxY,2) + (X)8(Y.Z) - (Z)8(X.Y) + 8(X, (Z)Y) + &(Z, (Xf)Y)
=2fg(VxY,Z)+ 28((XNY,Z) = 28(fVxY + (X)Y,Z).
The symmetry (@) follows from the straightforward computation,
28(VxY - VyX,Z)
= X(g(Y,2)) +Y(8(Z X)) - 2(gX,Y)) — gX,[Y,Z]) + 8(Y, [Z, X]) + 8(Z, [X, Y])
- Y(g(X,2)) - X(g(Z,Y)) + Z(8(Y, X)) + 8(Y, X, Z]) — g(X, [Z,Y]) - 8(Z,[Y, X])
=8(Z,[X,Y) - 8(Z,[Y,X]) = 28([X, Y], Z).
The remaining identities (@), (@), and (@) are verified in a similar manner. O

Let us define the map F(X,Y): X(M) — §(M) by

FX,Y): Z— X(8(Y,2)) + Y(8(Z,X)) - Z(8(X, Y)) — 8X, [Y,Z]) + 8(Y, [Z,X]) + 8(Z, [X, Y]).

It is easy to show that F(X,Y) is §(M)-linear, and hence F(X, Y) € X*(M). By Theorem , \%
is a Levi-Civita connection if and only if 2g(VxY,Z) = F(X,Y)Z holds for all X, Y, Z € X(M).
This condition is equivalent to 2(VxY)* = F(X,Y) € X*(M), that is,

V¥ = JF(X, V)

from which the existence and uniqueness of a Levi-Civita connection follow.

“Jean-Louis Koszul (1921-2018), French mathematician
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Chapter 5. Connection

Theorem 5.3. Every pseudo-Riemannian manifold admits a unique Levi-Civita connection.

We can express the unique Levi-Civita connection on a pseudo-Riemannian n-manifold
(M, g) by computing its Christoffel symbols in an arbitrary chart (U, ¢) on M. Applying the
Koszul formula to the coordinate vector fields, we obtain

n

n
0 0 0
F(aiaaj) = ZF(@i,aj)al Xm = Z (f)xlgﬂ + 87)(].gli _ angl]> Xm,
=1 =1

which implies

1 k
Vadj = 5F(0; ) = ZZg’ ( xS " o 2 g o gl,) O

k 11=1
and therefore we obtain the explicit formula
g O0gu 98y
k (9oL 98U U5Y
T2 Z <8xl IX; 8x1> ' (5.11)

Consider the behaviour of the unique Levi-Civita connection from Theorem 5.3 in the
case of an isometry f: M — N. Since f'is a diffeomorphism, we use the formulas (2.9) and
(-) so for every X, Y, Z € X(M) we have

X(gm(Y,2)) = X((Fgn)(Y,2)) = X(gn(f.Y . £.2) o f) = LX(EN(f.Y. f.Z)) o f,
M( 7[ 7Z] _(fng 7[ 7Z] _gN(ﬁkaf*[szD Of:gN(f*Xv [f*Y,f*Z]) Of'
In light of this, the Koszul formula () gives

28n(f(VxY), fiZ) o f = 2gm(VxY, Z) = 28n(Vy.xfi Y, f.Z) of,
and consequently

which shows that the Levi-Civita connection is preserved under isometries.

Lemma 5.4. The total covariant derivative for a metric connection commutes with the mu-
sical isomorphisms.

r+1

Proof. Consider a tensor field A € T,*1(M). In coordinates, applying the flat b = Doty W

obtain the components
i1...lr iy...0rl o iy...0rl +1 iy...Ir
(bA)]i Jsk = Aji...js 8kl = Z(A ®g)]i Jskl — (C§+z (A ®g))ji.ujsk’
! l

so that bA = Cgﬁ (A ® g). This reasoning can be extended for an arbitrary flat bj. Let &,

be the tensor field operation which moves the last covariant index to the b-th position,
thatis, (E,T)(Y1,...Yx) =T(Y1,...,Yp_1, Yk, Yp, ..., Yi_q1). Then we obtain the more general
formula
bhA = EpCe 2 (A® g).
Let X € X(M) be an arbitrary vector field. The tensor field derivation Vx commutes
with contractions and with E;,, while Vxg = 0 since the connection is metric. Hence

Vx(bpA) = VxEpCq (A ® &) = EpCq o Vx(A ® &) = EpCq»((VxA) ® &) = bp(VxA),
which shows that Vx commutes with any flat 3. Moreover, using (@), we have
VOFA)(...,X) = Vx(FA)(...) =bF(VxA)(...) = VXA(...,bY,...)
= (VA)(...,bY,... . X) =b}(VA)(...,X),
and therefore Vbj = b7V. Finally, since fj is the inverse of b7, it immediately follows that
VA = EVOHIA = IHEVIA = Vi
and therefore 47V = V4. O
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5.3. Parallel transport

5.3 Parallel transport

Let y: I — M be a curve in an n-manifold M, where I C R is an open interval, and let
y': I — TM Dbe its velocity. In some chart (U, ¢) at y(t) € M with the coordinate functions
X; = m; o @, for a function f € §F(M) we have

n JR n
Y OF = Foyr® =3 ) (o) - (miop oy (t) = (x;0 w'(t)fj;(y(t)).

- on; :
i=1 i=1

If y; = x;0yfor 1 <i < n denote the curve components, then the velocity in coordinates

can be expressed as
Z yit <8xl> o (5.13)

A vector field along a curve y: I — M is a smooth map V: I — TM which satisfies
V(t) € TypM for all t < I, thatis, m o V = y. Let X(y) denote the set of all vector fields
along y, which is a module over F(I). A basic example of a vector field along a curve y is
its velocity y’ € X(y), which is expressed in coordinates by the formula ().

A large class of examples is obtained from an arbitrary vector field X € X(M) and a
curve y: I — M, by setting X, = X oy € X(y), that is, X, (t) = X, for t € I. A vector field
V € X(y) is said to be extendible if there exists a vector field X on a neighbourhood of
the image of y such that V = X,. However, if y(t1) = y(t2) and y'(t1) # y'(t2) for some
t1,t; € I, then )y’ € X(y) is not extendible. Moreover, the velocity of the injective immersion
y: (-7, m) — R2, y(t) = (sin 2t, sin t) from Example is not extendible.

Let V be an arbitrary connection on the manifold M. The covariant derivative along
y with respect to V is an R-linear operator V — V' on X(y) which satisfies the Leibniz rule
(fV)Y =fV+fViorall fe §(I) and V € X(y), and agrees with the ambient connection in the
sense that (X,)'(t) = VypXforall X € X(M) and t € I.

Theorem 5.5. Let V be a connection on a manifold M and let y: I — M be a curve. Then
there exists a unique covariant derivative along y with respect to V.

Proof. Fix ty € I and a chart (U, ¢) at y(t) € M with x; = m; o ¢. In a neighbourhood
Iy C I of ty such that y(Iy) C U express V € X(y) locally as V(t) = > Vi(©)(9))y), where
vj(t) = (V(1))(x;). By R-linearity and the Leibniz rule, we have

n n
V= vi@0)y) = DGy +vil(9)y))-
j=1 J=1
Using (), the derivative of the coordinate vector fields along y is

((9)y) () = V(05 = ZV )(Va,0))y ZV )Y TEY(©) @)y
k=1

Hence, on I we obtain

n n
V = <v;< + > vyi(Tfo y)> (O)y- (5.14)
k=1 ij=1
Since ty, was arbitrary, this formula uniquely determines V' at each point of y(I). For ex-

istence, cover y(I) with coordinate neighbourhoods and define V' locally by (5.14), where
uniqueness ensures that these local definitions agree on overlaps. Finally, the operator
V — V' defined in this way is R-linear and satisfies the Leibniz rule while also agreeing
with the ambient connection, and the remaining verification is straightforward. O
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Chapter 5. Connection

It is customary to denote the operator from Theorem @ by V/dt, especially when we
want to indicate which connection is used and along which parameter of the curve. We
say that V € X(y) is parallel along y with respect to V if V' = 0. A vector field X € X(M)
turns out to be parallel (VX = 0) if and only if it is parallel along every curve in M.

Example 5.6. Consider the standard connection DxY = S"I' | X(¥')9; on R" given by ().
For this connection we have Fg = 0, hence by () it follows V' = >, Vi (0k)y. Thus,
V € X(y) is parallel along y if and only if vj, = 0 for all 1 < k < n, which means that all
functions vy are constant. In other words, V is a constant vector field along y. A

The fundamental fact about parallel vector fields is that every tangent vector at any
point on a curve can be uniquely extended to a parallel vector field along the entire curve.

Theorem 5.6. Given a curve y: I — M, a point ty € I, and a vector Vo € T Vto)Ms there exist
a unique parallel vector field V along y such that V(ty) = V.

Proof. First suppose that y(I) is contained in a single chart. In the coordinates of that chart,
by (6.14), the condition that V'is parallel along y is equivalent to

n

Vi(t) = = Y vi(OVIOTEY (D)

ij=1

for all 1 < k < n. The initial condition V(ty) = Vo becomes vi(ty) = Vo(xi) for 1 < k < n.
Thus we obtain a linear system of ordinary differential equations with an initial condition.
Standard existence and uniqueness theory yields a unique solution on all of I. Now sup-
pose that y(I) is not contained in a single chart. Let a be the supremum of all b > t, such
that there exists a unique parallel vector field along y on [y, b] with the prescribed initial
value. For b sufficiently close to ¢y, the set y([to, b]) is contained in a single chart, so a > t,.
If a € I, choose a coordinate neighbourhood containing y(a — €,a + €) for some € > 0. On
(a — g,a + ¢€) there exists a parallel vector field W satisfying W(a — €/2) = V(a — €/2). By
uniqueness on the overlap, W agrees with Von (a — €, a) hence extends V beyond a. This
contradicts the definition of a as a supremum. A similar argument applies for values less
than ty, and therefore the parallel vector fields exists uniquely on all of . O

The vector field V along a curve y from the previous theorem is called the paral-
lel transport of V, along y. For a,b € I we define the parallel transport operator
Pb: Ty@M — Ty M by Ph(Vy) = V(b), where V is the parallel transport of V, along y.

Let (M, g) be a pseudo-Riemannian manifold, and let V. W € X(y) be vector fields along a
curvey: I — M. Letg(V, W) € §(I) denote the function given by t — g, (V(t), W(t)). We say
that a connection V on (M, g) is compatible with g if the parallel transport operator pre-
serves the metric. In other words, compatibility of the connection and the metric means
that for every curve y and parallel vector fields V, W € X(y), the function g(V, W) € §(I) is
constant. This condition is an obvious consequence of the more general equality

GV, W) =g(V',W) + g(V,W'). (5.15)

Lemma 5.7. A connection V of a pseudo-Riemannian manifold (M, g) is compatible with
if and only if for any two vector fields V and W along a curve y: I — M the equality (5.15)
holds.

Proof. Choose an orthonormal basis in Ty, M. By Theorem @ the basis vectors extend
to parallel fields Ey, ..., E, € X(y). Compatibility of V with g implies that for every t € I the
vectors Eq(t), ..., En(t) form an orthonormal basis of T, M. For arbitrary V = 3, v;E; and
W = > ;w;E; we have g(V, W) = 3, ;viw;8;€; = >, €;v;w;. On the other hand, from E; = 0
we obtain V' = 37, viE; and W' = 3, wiE;, and therefore g(V', W) + g(V.W') = 3 ;€ (v ‘w; +

W' ) which implies (-) O
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5.4. Geodesics

Theorem 5.8. A connection V of a pseudo-Riemannian manifold (M, g) is compatible with g
if and only if it is a metric connection.

Proof. Let V be compatible with g and X,Y,Z € X(M). Let y: I — M be an arbitrary curve
such that y(0) = p and y’(0) = X,. By Lemma @ we have (8(Yy,Zy)) = 8(Y),Zy) +8(Yy,Z)).
However, (g(Yy,Z,)) (t) = (g(Y,Z) o p)) (t) = y'(t)(g(Y, Z)), so for t = 0 it follows

Xp(g(ya Z)) = gp(vXpY, Zp) +gP(Yp? VXPZ),

which proves (@) at each point p, and therefore V is a metric connection.
Conversely, let V be a metric connection. Let y: I — M be an arbitrary curve and fix
t € I. Applying (@) to an extension of the vector y'(t) € T,M, where p = y(t), we obtain

Y ()(8(0: ) = &p(Vyr (6y0i: (9))p) + &p((D)p, Vyr(1F))

and therefore (g(E;, E;))'(t) = g(E;,Ej)(tHg(Ei,E]’.)(t), whereE; = (0;)y for1 <i<n=dimM.
Arbitrary V, W € X(y) can be expressed by V=3, v;E; and W = } ; wjEj, s0

n

gV, W) = 3" (Viwg(Ei, Ej) + viwjg(Ei, Ej) + viw;(8(Ei. E)))')

ij=1
n
gV, W) +g(V. W) = > (Viwg(Ei Ey) + viwg(ELE)) + viwig(Ei, Ej) + viwg(Ei Ej) )
ij=1
Thus, (g(V, W))'(t) = g(V', W)(t) + g(V, W’)(t), which holds for all t and therefore V is com-
patible with g. O

Let V, W € X(y) be parallel along y, and let a, B € R. Since (aV+ W)  =aV' + pW =0,
we have P2(aV(a) + BW(a)) = aV(b) + BW(b), which shows that the parallel transport
operator P? is linear. Moreover, if P2(V(a)) = 0, then by uniqueness V = 0, so V(a) = 0.
Hence P? is injective, and being a linear map between spaces of equal dimension, it is also
bijective. Combining this with Theorem @ we obtain the following fundamental property
of parallel transport.

Theorem 5.9. Parallel transport along a curve is a linear isometry in the case of the Levi-
Civita connection.

The covariant derivative along a curve y can be expressed in terms of parallel trans-
port. Starting from a basis of T) M, we obtain the corresponding parallel vector fields
Ei,....En € X(y), satisfying E; = 0 and Ej(t) = PiEj(a) for 1 <j < n. Writing V = 3", v;E;, we
have

n , no L vi(t) —vi(a . (PY)TIV(t)—-V
e = S = 3 e i3 e -y ER TS

Lemma 5.10. For a vector field V along a curve y we have

t—a t—a

5.4 Geodesics

Let V be a connection on a manifold M, and let y be a curve in M. The covariant derivative
along y allows us to define the acceleration of y as y” = (y')’ € X(y). A curve y is called a
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Chapter 5. Connection

geodesic with respect to V if its acceleration vanishes, y” = 0. In other words, a geodesic
is a curve whose velocity vector field is parallel along it.

In a coordinate neighbourhood, the equality (5.14) for V =y’ (and consequently v; = y]/.
for 1 <j < n) becomes

n n
V=) (Vﬁé + > ypyiTho y)) (Ok)y-

k=1 ij=1
The geodesic condition y” = 0 yields the system of second-order ordinary differential equa-
tions,

n
Vi) + ) i tyiOTE(y(1) =0 (5.16)
ij=1
for all 1 < k < n, called the local geodesic equations. For each ¢, € I, there exists € > 0
such that y(to — €, tp + €) is contained in some coordinate neighbourhood, so y is a geodesic
if and only if the corresponding restriction satisfies the local geodesics equations in every
chart whose domain intersects the image of y.

Theorem 5.11. Let V be a connection on a manifold M. For any p € M and V € T,M there
exist an open interval I C R with 0 € I and a geodesic y: I — M such that y(0) = p, y'(0) = V.
Any two such geodesics agree on their common domain.

Proof. A usual trick is to introduce auxiliary functions &, = y; that convert the local
geodesics equations () to an equivalent first-order system

Vi) = &(t),  &(t) == > &(O&OTy(1),

ij=1

in twice the number of variables and equations. According to Picardf-Lindelsff theorem
(for a system of first-order ordinary differential equations with an initial condition), for
some ¢ > 0 there exists a unique solution

C:(—&,8) > MR, {(t) = (y1(8), -, Yn(t), §1(0), - -, En(1))

satisfying the initial condition {(0) = (p, V), so the geodesic is y(t) = (y4(t),..., y,(t)).

For the uniqueness part, let y,,y,: I — M be two geodesics such that y;(0) = y5(0).
Define a = inf{t € I: t > 0, y{(t) # y,(t)} > 0. Then a > 0 and y/(t) = y,(t) on (0, a), so by
continuity yj(a) = y4(a). Now, t — y;(a+t) and t — y,(a + t) are geodesics with the initial
velocity yj(a) = y;(a), so y, and y, agree on some open interval containing a, which is a
contradiction. An analogous argument applies for ¢t < 0, which completes the proof. O

A geodesic y: I — M is maximal if there is no other geodesic with an open domain that
strictly contains I, and that agrees with y on I. From Theorem it follows directly that
for any V € TM there is a unique maximal geodesic yy, with y{,(0) = V.

If the domain of every maximal geodesic that goes through p € M is the whole R, we
say that M is geodesically complete at the point p. A pseudo-Riemannian manifold is
said to be geodesically complete if it is geodesically complete at every point. Example
shows that there are manifolds which are not geodesically complete.

Example 5.7. Consider the pseudo-Riemannian space R? of index v. The Christoffel sym-
bols of the Levi-Civita connection are computed according to the formula (). Since the
coefficients of the metric are constant, it follows that Fg = 0. For geodesics y we have
>k Vi) (9k)y@y = 0,80y = 0 for all 1 < k < n. Thus, geodesics have the form ¢ — p + tV
for some p,V € R]. A

5Charles Emile Picard (1856-1941), French mathematician
8Ernst Leonard Lindelsf (1870-1946), Finnish mathematician
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5.4. Geodesics

Example 5.8. Consider the hyperbolic half-plane HU? = {(x1.x3) € R : x, > 0} with
the Riemannian metric g = (dx? + dx3)/x% from Example | 4.21. The components of the
Riemannian metric can be read from the following matrices,

(1% 0 1 (X2 0
= (0" ) = (5 2)

First, we calculate the Christoffel symbols of the Levi-Civita connection by (), and be-
cause of g = x35,;, we have

agj1 8g . 08 1, (08k 0gu 08
k ] i J - ] ki y
~2 Zgl <8xl ox; 8xl) 2% <8xl~ T ox; 6xk>'

Since )
10) o(1/x 2
ag)?cb SapSca (8)/(22) = ——=6apbc2,

2
we have

1
I‘g. = —)(—2(5]';{61'2 + Ski(SjZ - 61']'5](2)7
from where we get

1
Ti1 =Ti, =Ty =0, Tf=-Tj,=-T3= X (5.17)

We want to find geodesics y(t) = (y(t), y,(t)) using the local geodesic equations (),
1O+ D ViOviOTEr©) =0, y3(6)+ D> yiOyieTiy(t) =0,
ij ij

which by substitution from () become

1 1
V= 2vvey =00 Vi (00" = (7)), - = 0. (5.18)

The equations (-) are solved by considering two cases. In the simpler one we have
Y1 =0, that is, y; = C = Const. This satisfies the first equation, while the second equation
becomes y — (y5)?/y, = 0, and after dividing by y, > 0 we get

Viva = VsV _ (V) 0
5 = =0.
(¥2) V2
Then y,/y, = (Iny,)’ = D, so Iny, = Dt + E and finally y, = eP**£. Thus, the first type of
geodesics consists of the curves
y(t) = (C,ePF),

which are open rays perpend1cu1ar to the x;-axis.
In the second case, we have y] # 0, and from the first equation of (-) it implies

Mgk <1n|y1\—21ny2>—(ln'yg‘> —o,

1 2 V2

so ¥} = Cy3. Then we have

/" N/
W+C2yz (22) +cu3-o
2 2
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If we introduce f = y,/y, = (Iny,)’, the equation becomes f + C2y3 = 0, and hence f < 0.
By differentiation we obtain f’ + 2C%y,y, = f' — 2ff= (f — f*)' = 0, so f = f* — A? for some
constant A% > 0. Then we have,

B+/dt: 7o Azz—/lf%ﬁ)zz—iartanh<£>,

that gives f= —Atanh(A(t+B)) = (Iny,)’. Further, y, = r/(cosh(A(t+B))) for some constant
r > 0. From f + C?y% = 0 we obtain the relation A> = C?r?, and we can adjust the sign of A
so that A = Cr. Substituting back into y} = Cy3, we obtain y, = (Cr?/A)tanh(A(t + B)) + L
Thus, the second type of geodesics consists of the curves of the form

y(t) = <rtanh(A(t+B)) +1, cosh(AI;tJrB))) ,

for which (y; — 1) + y4 = r? holds, so geometrically these are half-circles with centre (,0)
and radius r.

X2

AKX L

5.5 Exponential map

Let V be an arbitrary connection on a manifold M. According to Theorem , each ini-
tial velocity vector V € TM determines a unique maximal geodesic y,, with y7,(0) = Vand
Yv(0) = V. To understand geodesics more deeply, it is important to analyse how they de-
pend on the initial tangent vector. Geodesics with proportional initial velocities are closely
related, as shown by the following rescaling lemma.

Lemma 5.12. For any V € TM and c,t € R, we have y_,(t) = yy(ct) whenever either side of
the equality is defined.

Proof. We may assume ¢ # 0, since for ¢ = 0 both sides are equal to rV. It suffices to
prove the lemma whenever the right-hand side is defined, because the converse follows
by replacing V, t,c with ¢V, ct,1/c, respectively. Let y = y,,: I — M and define a new curve
Y: (1/c)I — M by ¢(t) = y(ct). Then ¥(0) = y(0) = V. In local coordinates x; = 7; o ¢ of
a chart (U, 9), write y; = x; o y and ¥; = x; o . Then y;(t) = (d/dt)y;(ct) = cy;(ct), and in
particular ¥’(0) = ¢y’(0) = cV. Since y is a geodesic, it satisfies y” = 0, hence

R0+ Y WORIOTEW(D) = cPyr(ct) + ¢ > yi(ctyi(et)TE(y(ct)) = 0.
L i

Therefore o is a geodesic with initial velocity ’(0) = ¢V, and thus ¢ = y,. O
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Let £ C TM be the set of all tangent vectors V € TM such that the maximal geodesic yy,
is defined on an interval containing [0,1]. The map exp: £ — M defined by exp V = y(1)
is called the exponential map. We use the same name for its restriction exp,: & = &N
T,M — M at a point p € M.

Lemma @ shows that from any given maximal geodesic one can obtain a new
geodesic whose domain interval is arbitrarily large by sufficiently reducing the initial vec-
tor. If tV € &, then y,(1) is defined, which implies that the geodesics y, has the form

Yu(t) = V(1) = exp(tV).

Therefore, the maximal geodesics through p € M with initial velocity V € T,M have the
form ¢ — exp, tV. In particular, straight lines in the tangent space T,M through the ori-
gin 0p € T,M are mapped by exp, onto geodesics. These geodesics are called the radial
geodesics through p. Similarly, one may speak of radial geodesic segments and radial
geodesic rays emanating from p.

Standard results on ordinary differential equations ensure that exp,(V) depends
smoothly on both V and p, so exp, is well defined and smooth on a neighbourhood of
the origin 0, € TpM.

Let 7: I — TpM be the curve in the tangent space defined by 7(t) = tV. It is easy to see
that for Vo, = 7'(0) € To,(TpM) we have

(To, €xpp)(Vo,) = (To, €xp,)(7'(0)) = (exp, o7)'(0) = yy(0) =V,

and therefore To, exp,: To,(TpM) — TpM is the canonical map Vo, — V, which becomes the
identity under the identification Ty, (TpM) = TpM.

Lemma 5.13. Let p be an arbitrary point of a pseudo-Riemannian manifold M. The tan-
gent map of the exponential map exp,, at the origin Oy € TpM is the identity map under the
canonical identification.

Since the tangent map To, exp, is an isomorphism, the inverse function theorem (The-
orem @) implies that exp, is a local diffeomorphism at the origin 0.

Theorem 5.14. Let V be a connection on a manifold M and let p € M. Then there exists a
neighbourhood Oy € U C TpM and a neighbourhood p € U C M, such that exp, [;;: U — U'is
a diffeomorphism.

A subset ¢4 > 0 of a vector space V is called star-shaped at 0 if V € U/ implies tV € U
for all t € [0,1]. Let us notice that &, is star-shaped at 0, € T,M. If the domain ¢/ of a
diffeomorphism from Theorem is star-shaped at 0p, then its image U = exp, (i) is
called a normal neighbourhood of p.

Let (M, g) be a pseudo-Riemannian manifold of dimension n and let p € M be an arbit-
rary point. A choice of orthonormal basis (Ej, ... Ey) in the scalar product space (T,M, gp)
is equivalent to an isometry L: T,M — R} given by L(3>"iL; &iE;) = (a1,...,an). If Uis a
normal neighbourhood of p € M, then ¢: U — R" given by ¢ = L o expl;1 Iy 1s a chart at
p € M. Coordinates x; = 5; o @ are called the normal coordinates centred at p € M.
Normal coordinates are extremely useful, since they yield a very simple representation
for geodesics.

Theorem 5.15. Let (M, g) be a pseudo-Riemannian n-manifold endowed with its Levi-Civita
connection V, and let (U, ¢) be a chart with normal coordinates centred at p € M. Then for
all1 <1i,j, k < nwe have

TE(p) =0, g;(p) =&y, hgy(p) =0.
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Proof. Every vector 0 # V = >, ;E; € T,M determines the radial geodesic y,, through p
of the form yy(t) = exp,(tV) for t € I, where 0 € I C R is some open interval. In normal
coordinates centred at p we have ¢ o yy(t) = L(tV) = (tvy,...tvn), SO Y; = X; o Yy = tv;
holds for 1 < i < n, which must satisfy the local geodesic equations (5.16), and we obtain
>ij vivjrg(yv(t)) = 0for 1 < k < n. This is certainly true for ¢t = 0, where y(0) = p, whence
every choice of (vy,...,vn) € R" yields

n
> viviTE(p) =0
ij=1

for all 1 < k < n. A suitable choice is V = E;, from which we get F{-‘i(p) = 0, and after that
for V = E; + E; we have Tf(p) + T§(p) + T(p) + [ji(p) = 0, which implies I'{(p) + T}i(p), and
since V is symmetric, we obtain Ff-}(p) = 0, so all Christoffel symbols vanish at p.

Consider the remaining properties. From V(x;) = (y,(0))(x;) = (X;j o yy)' (0) = yi(0) = v;
we have V="', v;(9;)p, which for V = E; = (), yields gp(9;, 9j) = &6;;. Since V is metric
we have kg = 8(V, 01, ) + (01, Vo, 0) = S(Thiy + r;qgil): and therefore d,g;j(p) = 0
because V is also symmetric. O

In Theorem we showed that every point of a pseudo-Riemannian manifold has a
normal neighbourhood. We say that a normal neighbourhood is totally normal if it is a
normal neighbourhood of each of its points.

Theorem 5.16. Every point of a pseudo-Riemannian manifold has a totally normal neigh-
bourhood.

Proof. We start from a normal coordinate neighbourhood U C M of a point p € M. We
define the map E: &y — U x Uby E(q,V) = (q,exp, V), where &y = ENTU C U x R™. The
Jacobian matrix of the tangent map of E at the point 0, = (p,0) is a block lower triangular
matrix with the identical matrices on the diagonal (the second of them comes from Lemma
5.13) and therefore it is invertible. According to the inverse function theorem (Theorem
2.8) there is a neighbourhood W C TU of the point 0, such that E[y, is a diffeomorph-
ism onto a neighbourhood of (p,p) € U x U. Since E is continuous, we can assume that
Elw(W) = Ue x U, for some € > 0, where U = {q € U: 3.1 1 (xi(q))? < €} is a Euclidean ball
associated with the normal coordinates (xy,...,X,). Let the tensor b € T9(U,) be defined
by its components with respect to the normal coordinates by

n
k
bij = 8= > TiXk.
k=1

It is obviously symmetric and positive definite at p, so we can choose a smaller € > 0
such that b is positive definite on the whole U,. For an arbitrary point q from such U, and
Wq = Wn TqM we know that Elyy, is a diffeomorphism onto {q} x Ue, which means that
exp, lw, isa diffeomorphism onto U, and hence U is a normal neighbourhood of each of
its points q provided we prove that Wy is star-shaped at 0.

Letq # s € Uc and E(q,V) = (q,S), which means that yy,: [0,1] — M is a geodesic from
q to s. If we denote its components by y; = x; oy, for 1 < i < n, then using the geodesic
equations () we can calculate

n n n
0<2b(yy,yy) =2 byyiyj =2 <6ij DT VV)> ViY)

ij=1 ij=1 k=1
n n n n n n
=2 ()* =2 ) yvyiThoyy) =2 (V)*+2) yivi = >_@yvi) = > ()"
i=1 ij,k=1 k=1 k=1 k=1 k=1
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5.6. Geodesics and minimising curves

From this it follows that the function >_}_, y is convex and therefore cannot attain a max-
imum on the interval (0,1). Consequently y([0,1]) € Ue, so Wy is star-shaped at 04 and U,
is a normal neighbourhood of the point g, which completes the proof. O

5.6 Geodesics and minimising curves

Atwo-parameter map is a smooth mapf: Ix] — M, whereI,] C R are open intervals. Vec-
tor fields along a curve can be naturally generalised to vector fields along a two-parameter
map. Thus, a vector field Z € X(f) along fis a smoothmap Z: I x ] -+ TM such that mo Z = f.
The partial velocities (9f/0t) and (9f/0s) are vector fields along f= f(t, s) defined by

569 =Teol (57) =RV, 569 =Tuof (55) = 076)

where f;: I — M and ff: ] — M are given by f(t) = f(t,s) = fi(s). In some coordinate
neighbourhood, from (2.2) we have

of , 0 of o

at ot 4L~ ot ax ’

where f} =Xjo f, so from the formula () it follows that

0%f; of; of;
ds at Z (838kt aé ds (Tj f)) Oof

In the case of symmetric connection, 1“5 F]’-‘i and we obtain

vof Vof

~ 9 _ x4 A1
dsot dtos (5.19)

Let (M, g) be a pseudo-Riemannian manifold, and let V be its Levi-Civita connection.

Note that since V is symmetric, the formula (5.19.) applies. Letus fixp € M, and let V, W ¢
TpM be such that 0 # V € &y. Consider the two-parameter map 7: I x J — TpM, 7(t,s) =
tV+tsW and its image under the exponential map f: IxJ — M, f(t,s) = exp, (tV+tsW). Itis
straightforward to see that there exists a small € > 0 such that for intervalsI = (—¢,1 + ¢)
and J = (—¢&,&) we have tV+ tsW € &. For any s € ], the curve f;: I — M, fs(t) = f(t, s) is the
restriction of the maximal geodesic yy, sy, and therefore

8 (or50) €5 =8(5r o0 ) Q0 =gV sW.V+sW), 37 =0

However, using Vg = 0 and the symmetry (), we have

s () -o G )~ ()
SURLAISY ML R

ot’ ds ot 2 0s
which yields
of of of of _
g <<9t’ 88) tgp(V+sW, W)+ g <8t 88) (0,0) = tgp(V+sW,W).
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Chapter 5. Connection

Since
oT ot

a(tj S) = (V+ sW)wiesw, g(ﬁ S) = (tW)tv4esw,

we have

0 0\ _of
TVepr(Vv) =Ty epr OT(l,O)T (8[’) = T(l,O) (epr OT) (81’) = a(l, 0),

B o\ of
Tvexp,(Wy) = Tyexpy,oT (10T <8s> = T(1,0)(€Xpy o7) (83) 751 0),

and therefore
8exp, v(Tv exp,(Vy), Ty exp,(Wy)) = gp(V, W). (5.20)
This result is known as the Gauss lemma.

Lemma 5.17. Let (M, g) be a pseudo-Riemannian manifold, p € M, and V,W € T,M such
that 0 # V € &, then the equality (5.20) holds.

The most important case to consider is a connected Riemannian manifold (M, g), which
is a metric space whose metric topology coincides with the manifold topology (Theorem
). Let us fix a point p € M. In the inner product space (T,M, g») we define tangent
spheres and tangent balls of radius r > 0 by

Sr(0p) = {X e TyM: |X|| =7}, Br(0p) ={Xe TM: |X| <r}.

For r small enough, B-(p) = exp, B;(0p) is a normal neighbourhood of p, and then we
say that B(p) is a geodesic ball (or normal ball) in M centred at p, while for all € < r,
Se(p) = exp, Se(0p) is a geodesic sphere (or normal sphere) in M centred at p. Gauss
lemma (Lemma ) asserts that a geodesic sphere S¢(p) is perpendicular to all geodesics
emanating from p, and permits the exponential map to be understood as a radial isometry.

An admissible curve y: [a,b] — M in a Riemannian manifold M is said to be minim-
ising if L(y) < L(y) for every admissible curve ¢ from y(a) to y(b). Of course, y is min-
imising if and only if L(y) = d(y(a), y(b)) (provided that M is connected, which we assume
here).

Theorem 5.18. Let B¢(p) be a geodesic ball in a Riemannian manifold M centred at p € M,
and p # q € Be(p). The radial geodesic from p to q is, up to reparametrisation, the unique
minimising curve from p to q in M.

Proof. For the unique radial geodesic y: [0,1] — M from p to q (y'(0) = expl;l(q)) we have
Ly) = Hexpljl(q)u =71 < & Let ¢¥: [a,b] — M be an admissible curve from p to q. Let
ap € [a, b] be the largest t such that ¢(t) = p and let by € [ay, b] be the smallest ¢ such that
Y(t) € Sr(p). For t € [ay, bg] we can express

P(t) = exp,(p(O)V(1)),
where p: [ag, bg] — [0,1] and V: [ag, by] — S;(0p). Hence

V' = Tpyexp,o(pV) = Tpyexp,(p'Vpv + pVyy) = p'Tpvexp,(Vpy) + pTovexp,(Vyy),

where V' = VV/dt has the property 2g(V, V') = (g(V,V))’ = (r?)’ = 0. The Gauss lemma
implies

g Y) = (p)*8(V, V) +2p'pg(V, V') + p*g(V', V') = (p'1)* + p*g(V', V') > (p'r)?,

and therefore
bo , bO bO
L(yp) > / W)l de > / pride > / p'dt =r(p(q) - p(p)) =T,
a ap ap
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which proves L(y) > L(y) = d(p, q).

In order to have the equality L(y) = r, it is necessary that ay = a and by = b, and
then V' = 0 and p’ > 0. This means that V is constant while p is increasing, so ¢ is the
exponential image of the segment connecting 0, and explﬂ(q). Thus, ¥ is a monotone
reparametrisation of y, and they have the same image, y([a, b]) = ¢¥([a, b]). O

Theorem 5.19. Every geodesic in a Riemannian manifold is locally minimising.

Proof. Let y: I — M be a geodesic in a Riemannian manifold M defined on some open
interval I. For t € I, according to Theorem , there exists a totally normal neighbour-
hood U > y(t). For a,b € y~1(U), the point y(b) is contained in the normal neighbour-
hood U centred at y(a), so by Theorem , the radial geodesic from y(a) to y(b) is min-
imising between these two points. However, the restriction of y to [a, b] is also a geodesic
segment from y(a) to y(b) lying in U, and therefore y[(, j coincides with this minimising
geodesic. O

From the previous theorems, we see that locally, a geodesic (or its reparametrisation)
connecting two points is the shortest such curve. However, globally this may not be the
case.

Example 5.9. Consider a sphere, where we know that the images of geodesics are the
great circles of the sphere, and two points from a great circle determine two arcs, one of
which is longer (unless they are antipodal points).

More interesting is the case of a cylinder, where the images of geodesics are helices. For
two nearby points, there are infinitely many geodesics (with different images) connecting
them, but there is only one (up to reparametrisation) whose image lies in a normal neigh-
bourhood of one of the points. A

Theorem 5.20. Every minimising curve in a Riemannian manifold is, up to reparametrisa-
tion, a geodesic.

Proof. Lety: [a,b] — M be a minimising admissible curve parametrised by arc length. For
each t € [a, b], there exists a totally normal neighbourhood U; > y(t), so the image ¥ ([a, b])
can be covered by finitely many such totally normal neighbourhoods. In each neighbour-
hood U, the unique minimising curve is a radial geodesic, so ¥ satisfies the geodesic equa-
tions. Since this holds for every point in [a, b}, ¢ is a geodesic. O

5.7 Completeness

A pseudo-Riemannian manifold (M, g) is geodesically complete at a point p € M if every
geodesic through p can be extended indefinitely. Since the maximal geodesic for some
V € TpM is of the form y(t) = exp,(tV), it is clear that the above condition is equivalent to
the fact that T,M is the domain of exp,,. Thus, M is geodesically complete if and only if the
entire TM is the domain of the exponential map. For example, an open submanifold U C R}
of pseudo-Euclidean space is not geodesically complete because there exist geodesics that
reach the boundary in finite time.

Any two distinct points of a totally normal neighbourhood can be connected by a min-
imising geodesic, which is a property that does not necessarily hold for two arbitrary
points of a Riemannian manifold. However, if a manifold is geodesically complete at one
of these points, we have the following lemma.

Lemma 5.21. If p € M is a point of a connected Riemannian manifold M such that exp,, is
defined on the entire T,M, then for every q € M there is a minimising geodesic from p to q.
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Chapter 5. Connection

Proof. Let x be the point of a (compact) geodesic sphere S¢(p) where the continuous func-
tion Se(p) > s — d(s,q) attains its minimum. Then x = exp,(eV) for some unit V € T,M,
and we can consider the geodesic yy, which for each t € R is defined by yy(t) = exp,(tV).
Every admissible curve from p to g must pass through S.(p), so
r=d(p,q) = min (d(p,s) +d(s,q)) = € + min d(s,q) = € +d(x,q),
s€Se(p) SESe(p)

which implies d(x,q) =r —e. The setI = {t € [e,r] : d(yy(t),q) = r — t} is nonempty (since
€ € 1), closed and bounded, and therefore attains its maximum ¢, € I. Fory = yy(tp) there is
a point z of a geodesic sphere Ss(y) for 0 < § < r—ty where the function Ss(y) > s — d(s, q)
attains its minimum. We then have d(z,q) =r — ty — 6, and therefore

d(p,z) >d(p,q) —d(z,q) =7 —(r—tg—6) =to + 6 =d(p,y) + dy,q),

sod(p,z) = d(p,y) + d(y,q), which means that the minimising curve from p to z passes
through y. As a minimising curve, according to Theorem @ is geodesic, we have z =
exp,((to +6)V) and therefore ¢y + 6 € I, which is impossible unless o = r. Hence we obtain
Yv(r) = q, and yy, is a minimising geodesic from p to q. O

Let (M, g) be a connected Riemannian manifold. According to Theorem , M with
the Riemannian distance forms a metric space whose metric topology is identical to the
topology of M. Naturally, the question arises whether M is complete as a metric space.

Assume that K C M is closed and bounded subset of the metric space (M,d). If M is
geodesically complete at a point p € M, then by Lemma for every q € M there is a
minimising geodesic from p to ¢, so the bounded set K is contained in some sufficiently
large geodesic ball B;(p). Thus, there exists r > 0 such that K C exp,(B;(0p)), and since a
closed subset of a compact set is compact, it follows that K is compact. The set of points
of CauchyIZ sequence is bounded, so its closure is compact, which means that a Cauchy
sequence has a convergent subsequence and is therefore convergent.

In this way, we prove that if M is geodesically complete, then M is complete as a metric
space. However, the converse also holds, which means that geodesic completeness and
metric completeness are equivalent concepts, and this is known as the Hop _RinowH the-
orem from 1931 [71]].

Theorem 5.22. A connected Riemannian manifold is geodesically complete if and only if it
is complete as a metric space.

Proof. Letp € M and V € T,M be a unit vector. Consider the maximal geodesic yy, : I — M.
Thanks to Theorem , the interval I is open. Let {t;}ney be a Cauchy sequence such
that limp ;o th = b = supl < oo. Since d(yy(t;), yy(tj)) < [t; — tj|, we see that {yy(tn) tnen
is a Cauchy sequence in M, so, using the fact that M is complete, we have the point g =
limp_,o Yy(tn) € M. There exists € > 0 such that By.(q) is a geodesic ball. Let us choose
a € Rsuchthat0 < b —a < g, so for W = yj(a) we consider the geodesic yy,. Then
Yw(t) = yy(a+t), so yy is defined for a + € > b, which is a contradiction. Therefore the
interval I is closed, and hence I = R, which proves that M is geodesically complete at the
point p. Since p was arbitrary, it follows that M is geodesically complete. O

5.8 Problems

Problem 5.1. Let (M, g) be a Riemannian manifold, and let P, Q € (M) be parallel tensor
fields. If T € TY(M) is defined by T(X,Y,Z, W) = P(X,Y)Q(Z, W) for all X,Y,Z, W € X(M),
prove that T is also parallel.

7 Augustin-Louis Cauchy (1789-1857), French mathematician
8Heinz Hopf (1894-1971), German mathematician
SWilli Ludwig August Rinow (1907-1979), German mathematician
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5.8. Problems

Problem 5.2. Consider R3 with the standard Euclidean metric, and introduce a connec-
tion V defined in standard coordinates by I'S, = I'3; =I5, = 1 and I3, = '}, = %5 = —1,
with all other Christoffel symbols equal to zero. Determine whether V is compatible with
the Euclidean metric. Compute the geodesics with respect to V. Is V the Levi-Civita con-
nection?

Problem 5.3. Construct the (Beltrami-Klein) model of hyperbolic space using the central
projection c: H} — K that maps a point P € H} C R’f“ to the intersection of the line OP
with the hyperplane x, = r. Show that c is a diffeomorphism and compute the induced
metric in the natural coordinates of KJ.

Problem 5.4. Determine the geodesics in the Beltrami-Klein disc model (M, g), where M =
{(x1,X2) € R? : x2 + x3 < 1},

_ a1 | (ada +Xpdxa)?
T 1-x3-x3 0 (1-x2-x3)?
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CHAPTER 6

CURVATURE

6.1 Curvature tensor fields

An important question in pseudo-Riemannian geometry is whether there are local invari-
ants that are preserved by isometries. Some useful structures in differential geometry do
not have local invariants. For example, any non-vanishing vector field can be written loc-
ally as a partial derivative, and all such fields are locally equivalent. Also, Riemannian
1-manifolds are all locally isometric to R. However, the sphere $2 and the plane R? are not
locally isometric.

Example 6.1. If we introduce spherical coordinates on the sphere 82 ¢ R3 without the
closed set {(x,y,z) : x < 0,y = 0} by x = singcosf,y = singsinf, z = cos ¢, for the
inclination 0 < ¢ < m and the azimuth —7 < 6 < 7, its metric inherited from R3 is

g = dx® + dy* + dz* = do? + sin® ¢ d6*.
Calculations for the Christoffel symbols of the Levi-Civita connection yield

0 0 0 :
Top =Tgp =Ty =Tgg =0, TIgg=cotp, Tg=—sinpcosg,
from which it can be seen that meridians 6 = Const are geodesics on the sphere, because
the curves of the form y(t) = (t,0) obviously satisfy the geodesic equations. Covariant
derivatives of the coordinate vector field 9, are

Vo,0p =0, Vg,0p = cOt@ 9y,

which means that it is parallel along each meridian, but also along the equator (¢ = 77/2).
Consider the point p given by coordinates (¢,0) = (7r/2,0) and the vector (9y),. If there
exists a parallel extension of this vector to a neighbourhood of p, it can only be 9, (parallel
transport along the equator and then along the corresponding meridian), but we have
Vo, # 0. In Euclidean space each tangent vector has a parallel extension to the entire
space, which is not true for the sphere, so the sphere and the plane are not locally isometric.

A

For a pseudo-Riemannian 2-manifold (M, g) there is an obvious attempt to extend a vec-
tor Z, € TpM to a parallel vector field Z € X(M). Choose local coordinates (x1,xz) centred at
p, construct the parallel vector field along x;-axis, and then parallel transport the resulting
vectors along the coordinate lines parallel to the x;-axis. Such a vector field Z is parallel
along any x, coordinate line and along the x;-axis. The question is whether V5 Z = 0, or
whether Z is parallel along x;-coordinate lines other than the x;-axis itself. The condition
Vs,Va,Z = 0 determines a unique parallel transport along xz-coordinate lines for some
initial vector, but since V,,Z vanishes at points with x, = 0, this implies V5, Z = 0. On the
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other hand we have V5,Z = 0, and also V, V5,Z = 0, so the problem would be solved if V5,
and V,, commuted.

Direct calculations give Dy,Dy,Z = Dy, (3";01Z'0;) = 3°;0,01Z!9;, for the standard con-
nection V = D in R?, and because partial derivatives commute we get Dy,Dp,Z = Dy, Dy, Z.
However, this does not hold in a general case, since the non-commutativity of such co-
variant derivatives allows us to distinguish locally between the sphere and the plane in
Example El] In order to express this non-commutativity in a coordinate-invariant way,
consider VxVyZ — VyVxZ, where in R" we have DxDyZ = Dx(3;YZ'9;) = 3; XYZ!9;, and
therefore we obtain DxDyZ — DyDxZ = ;(XY — YX)Z0; = DixyZ.

This analysis motivates us to define the curvature operator R: ¥(M)3> — X(M) on a
pseudo-Riemannian manifold (M, g) by

R(X,Y)(Z) = VxVyZ - VyVxZ - Vixv/Z,

for X,Y,Z € X(M), where V is the associated Levi-Civita connection. In other words, the
curvature operator is the map R(X,Y): X(M) — X(M) given by R(X,Y) = [Vx, Vy| = Vix y.
Let us remark that some authors define the curvature operator with the opposite sign,
which is a difference that is not important, but one should be careful about this.

From the very definition, the anti-symmetry

R(Y,X) = —R(X,Y) (6.1)

is evident, as well as its special case R(X,X) = 0. Since both the connection and the com-
mutator are R-bilinear, the curvature operator is R-multilinear with additivity in all three
arguments. Moreover, R is §(M)-multilinear. For §(M)-linearity in the first argument we
have,
R(X,Y) = [V, Vy] = Vixy = [fVx, Vy] — Vaxy—(vpx
=flVx, Vy] = Y)Vx = fVixy + (Y)Vx = fRIX,Y),

which also works for the second argument because of (@). For the third argument we use
properties (@) and (@) to obtain

RX, V)(fZ) =VxVy(fZ) — VyVx(fZ) - Vix v(fZ)
=Vx(fVyZ + (YNZ) - Vy(IVxZ + (X)Z) — (VxyZ + (X, YI/)Z)
=fVxVyZ + (XO\VyZ + (Y/)VxZ + (XYNZ — fVyVxZ
— (Y)\VxZ — (XOVvZ — (YX)Z - fVxnZ — (X, YIZ
=fVxVyZ - fNyVxZ - N ixnZ = fR(X,Y)Z.
Thus, the curvature operator R: X(M)3 — X(M) is §(M)-multilinear and we usually treat
it as a tensor field R € T1(M). By multiple use of (5.9), which expresses the fact that the
connection is symmetric, we get
RX,VZ+R(Y,Z2)X+R(ZX)Y
= vayz — VYsz — V[X,HZ + VyVZX— V2VYX — V[YZ]X-f- V2VXY— VXVZY— V[Z,X]Y
= Vx[Y.Z] + Vy[Z,X| + Vz[X. Y] - VixyZ = ViyzX - VzxY
= [Xv [Y’ZH + [Yv [Zv)Q] + [Za [Xv lmv
and therefore the Jacobi identity (@) implies
RX,Y)Z+R(Y,Z)X+R(Z,X)Y=0, (6.2)

which is the formula well-known as the Bianchi identity.

1Luigi Bianchi (1856-1928), Italian mathematician
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Theorem 6.1. For the curvature operator R € T3(M) of a pseudo-Riemannian manifold M,
the formulas (El]) and (.) hold for all X,Y,Z € X(M).

In local coordinates we have R(9;,d;)0k = >, Rijkal (see Example ), so the compon-
ents of the curvature operator can be written in terms of the Christoffel symbols. From

R(&i, 3])8]{ = Va‘Va.ak — VajVaiak — V[ahaj}ak

Z %) Om + Z kva Om — Z(ajr;’;)am — Z iV o, 0m

m

—Za am+z )0,

we obtain

R(0;, )0k =D ((air}k - ajrgk) +> (URT}, — TRT] )) a,
l

m

and hence
Rij = 0Tjx — OTh + Z ). (6.3)

By lowering an index we get the curvature tensor R = R’ € T9(M), which is a covari-
ant tensor field
R = ZRijkldXi@)de@ka@Xm
ijkl
with components Ry = >, glmR{]”k, and therefore for all X, Y, Z, W € X(M) we have
RX,Y,Z, W) =g(R(X,Y)Z,W).
From (6.1) it directly follows that
R(Xa sz,m = _R(Y’X727MI)7 (64)
while as a consequence of () we have the first Bianchi identity,
R(X,Y,Z,W)+R(Y,Z,X,W) + R(Z,X,Y,W) = 0. (6.5)
Since the Levi-Civita connection V is metric, from (@) it follows that

8(VxVyZ,Z) + g(VyZ,VxZ) = Xg(VvZ,Z),
8(VyVxZ,Z) + g(VxZ,VyZ) = Y§(VxZ,Z),

where the last equality is interesting in the cases W € {Y, X, [X, Y|}. Thus, we have

R(X, Y,Z, Z) = g(VXVYZ — VyVxZ — V[Xy}z, Z)
= Xg(VyZ,Z) - Yg(VxZ,Z) — §(VixyZ,Z)
1 1 1

so by polarisation of the identity
RX,Y,Z+W,Z+W)=R(X,Y,Z,Z)+R(X,Y,Z,W) + RX,Y,W,Z) + R(X,Y, W, W)

we obtain
R(X,Y,Z,W)=—R(X,Y,W,Z). (6.6)
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Theorem 6.2. For the curvature tensor R € T3(M) of a pseudo-Riemannian manifold M, the
formulas (6.4), (6.6), and (6.5) hold for all X,Y,Z, W € X(M).

Similar properties can be seen for the total covariant derivative of the curvature tensor
VR. Since

VR(X,Y,Z,W,V) =V(R(X,Y,Z,W)) — R(VyX,Y,Z, W) — R(X,VyY,Z, W)
—R(X,Y,VyZ, W) - R(X,Y,Z,VyW),

the properties (@) and (@) immediately give

VR(X,Y,Z,W,V) = ~VR(Y,X,Z, W, V),

6.7
VR(X,Y,Z,W,V) = —VR(X,Y, W, Z, V). 6.7

On the other hand, from multiple applications of () and (@),

VR(X,Y,Z,W,V) + VR(Y,Z,X,W,V) + VR(Z.X,Y,W, V)
— V(R(X,Y,Z,W)+R(Y,Z,X,W) + R(Z,X,Y, W))
— g(R(VvX,Y)Z + R(Z, VyX)Y + R(Y, Z)VyX, W)
— 2(R(VvY,2)X + R(X, VyY)Z + R(Z, X)VyY, W)
— g(R(VvZ,X)Y + R(Y, VvZ)X + R(X,Y)VyZ, W)
— 2(R(X,Y)Z + R(Y,Z)X + R(Z,X)Y, VyW) = 0,

we obtain the covariant derivative of the first Bianchi identity
VR(X,Y,Z, W,V)+VR(Y,Z,X,W,V)+ VR(Z,X,Y, W, V) = 0. (6.8)

These calculations can be simplified. Fix an arbitrary point p € M and compute in
normal coordinates cgntred at p. By Theorem , we have (Vy,0i)p = > F{-j‘-(p)(c‘)k)p =0.
Hence, Lemma gives R(Vy,,9;, 9, 9k, 9)(p) = 0, and therefore

(VR)jjtim(P) = (Vo Riji)(P) = (Om)pRijir-

Thus, (6.3) gives ((VR)jjim + (VR)jitm + (VR)ijim)(P) = (9m)p(Rijra + Ryt + Rigjz) = 0, which
shows that Tjxm = (VR)jjkim + (VR)jkitm + (VR)kjjim defines the zero tensor field T ¢ TUM).
However, T = 0 is equivalent to the identity (6.8).

More complicated is to define T € T2(M) by Tijiim = (VR)jjkim + (VR)jmii + (VR) miggj- In
this case, we use (@), (Va,0)p = 0, and [9;, 9;] = 0 to compute

(VR)jjkim(P) = (Om)pRijia = ((Om)&(R(0;, 9) 0k, A1) (P)
(Vo (R(9;,07)0k), ) (P) + &p((R(0%, 9j)Ik)p, (Vo Ol)p)

(Von Vo, Vo,9k — Vo, VoV, 0k, 9) (D),

=8
=8
and therefore
Tijkim(P) = (VR)jjiam (P) + (VR)jmiii(P) + (VR)mikij(P)
=8((VouVa,Vo, — Vo,V Vo, + Vo VaVa, — Vo Vo, Vo + VoV, Vo, — VoV, Vo) Ok O)(P)
=R(Om, 9;, Vo,0k, 01)(P) + R(9;, 0}, V9,,0k, 01) (D) + R(}, Om, V 9,0k, ) (p) = 0.
This proves T = 0, which is equivalent to the following formula, called second Bianchi

identity,
VR(X,Y,Z,W,V) + VR(Y,V,Z,W,X) + VR(V,X,Z,W,Y) = 0. (6.9)
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Theorem 6.3. For the total covariant derivative of the curvature tensor VR € T2(M) of a
pseudo-Riemannian manifold M, the formulas (@), (@), and (@) hold for all X, Y,Z, W,V €
X(M).

Example 6.2. The second Bianchi identity can be computed directly (without normal co-
ordinates). If we use (@) to calculate VR(X,Y,Z, W, V), then we have
VRX,Y,Z, W,V) =V(gR(X,Y)Z,W)) —R(X,Y,Z, VyW)
—R(X,Y,VyZ, W) —R(VyX,Y,Z, W) —R(X,VyY,Z, W)
= &(VyVxVyZ - VyVyVxZ — VyVixyZ, W)
— 8(VxVyVvZ — VyVxVvZ — VixyVvZ, W)
—8(Vv,xVYZ — VyVy,xZ — Vv, xvZ, W)
—8(VxVvy,vZ - Vv ,yVxZ - Vixv,nZ, W).

This can be written as
VRX,Y,ZW,V) =g(Ti(X,Y, V) + T2(X,Y, V) + T3(X,Y, V))Z, W),
where 71, 73, and 73 are defined by
T1(X,Y, V) = VyVxVy — VyVyVx — VxVyVy + VyVxVy = [Vy, [Vx, Vyl;
T2(X,Y,V) = VyVy,x — VvxVy + Vv, v Vx — VxVv,y + Vxn Vv — ViV y
= [Vy, Vuux] + [Vvuy: Vx] + [Vix v, Vvl
E(Xa Y7 V) = V[X7VVﬂ + V[VVXJQ-

The Jacobi identity from Lemma , applied to the algebra of all linear endomorphisms
End(X(M)) of the module X(M) over the ring (M), gives

XY, V)+T(Y,V.X) + Ti(V,X.Y) = [Vy, [Vx, Vy]] + [Vx, [Vy, Vv]] + [Vy, [Vv, Vx]] = 0.
From the equality (@) we have
T X, Y, V) + T (Y,V.X) + T2(V.X,Y)
= [Vyyv—vyv-iv.y), Vxl + [Vyw-vix-x v, VYl + [Vyx—vyev-vx, Vvl = 0.
The equality (@) and the Jacobi identity (@) yield
T3(X, Y, V) + T3(Y,V.X) + T3(V, X, Y)

= Vv + Vivexy + Vv + Vi y + Vivew + Vi

= Vixvyv-vyV + Viy,vgv-vix] T Vv, vyx—vyy]

= Vix[v.y)+[y,xv)+ v, vx) = 0.
Finally, by combining the previous results, we obtain the identity (@). A

Let f: M — N be an isometry between pseudo-Riemannian manifolds. Since the Levi-
Civita connection is preserved in the sense of the formula (), the curvature operator it
induces is preserved as well,

[(RX,Y)Z) = RI(EX fYfZ.

It is important to understand the behaviour of isometries and local isometries. The
various concepts of pseudo-Riemannian geometry defined so far are preserved, in an ap-
propriate sense, by isometries. Since these concepts are constructed from the metric tensor
using the tools of manifold theory, and since isometries preserve both the tensor and these
tools, it is natural to expect them to be isometric invariants.
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Example 6.3. Let f: M — N be a local isometry between pseudo-Riemannian manifolds.
The covariant derivative along a curve y is preserved in the sense that

vV VL.V
t)f - dt )
for V e X(y), where (f.V)(t) = T,f(V(t)) for all t. Hence, the parallel translation along a

curve is preserved in the sense that
Tywfo Py = Pry o Ty,

where P, = P} denotes the parallel transport from y(a) to y(b) along y in M and Py, denotes
the parallel transport from f(y(a)) to f(y(b)) along fo y in N. Thus, if y is a geodesic in M,
then fo y is a geodesic in N. More precisely, geodesics are preserved in the sense that

foyv="Yrav (6.10)

whenever both sides are defined (the domain of Yr,fv) Ay be larger than that of y),
where y,(0) = p and y}(0) = V. Therefore, the exponential maps are preserved in the
sense that

foexp, = expg, oTpf (6.11)

whenever both sides are defined. A

6.2 Algebraic curvature tensors

In the theory of pseudo-Riemannian manifolds, it is often convenient to work in a purely
algebraic setting. By restricting a pseudo-Riemannian manifold (M, g) to an arbitrary point
p € M, we obtain the vector space V = T,M equipped with the scalar product g,, while the
natural tensors give rise the the notion of algebraic curvature tensors. A tensor R € TJ(V)
over a scalar product space (), g) is said to be an algebraic curvature tensor if, for all
X, Y.Z W €V, it satisfies the symmetries

R(X,Y,Z,W) = —R(Y,X,Z, W), (6.4 revisited)
R(X,Y,Z,W) = —R(X,Y, W, Z), (6.6 revisited)
R(X,Y,Z,W)+R(Y,Z,X,W) + R(Z,X,Y,W) = 0. (6.9 revisited)

It is important to notice that this definition nicely agrees with Theorem . The
curvature tensor at any point of a pseudo-Riemannian manifold is an algebraic curvature
tensor. Thus, any result derived from an algebraic curvature tensor can be applied to the

curvature tensor of a pseudo-Riemannian manifold.

Applying (@) then (@) and finally (@) and (@) we get
2R(X,Y,Z,W) — 2R(Z, W, X,Y)

=R(X,Y,Z,W)—R(X,Y,W,Z) —R(Z,W,X,Y) + R(Z, W, Y, X)
=(—R(Y,Z,X,W) —R(Z,X,Y,W)) — (—R(Y,W,X,Z) — R(W,X,Y,Z))
— (-R(W,X,Z,Y) ~ R(X,Z,W.Y)) + (-R(W,Y,Z,X) - R(Y,Z, W, X))

=—R(Y,ZXW)-RY,ZW,X)-R(ZX, Y W)+RX,Z W.Y)
+RY, W, X, Z)—RW,Y,Z X)+ RW,X,Y,Z)+ R(W,X,Z,Y) =0,

and therefore we obtain the symmetry in pairs

R(X,Y,Z,W)=R(Z,W,X,Y), (6.12)
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which holds for all X,Y,Z, W € V and consequently can be transferred to the curvature
tensor of a manifold. With this in mind, let us remark that the equality (6.6) from the
definition of an algebraic curvature tensor, can be replaced by (), since (6.6) is a direct
consequence of (6.4) and ().

Let R be an algebraic curvature tensor on a scalar product space (V, g) of dimension n.
For simplicity, the properties of the scalar product will be transferred to the tensor. This
allows us to say that R is Riemannian or positive definite (if Ind g = 0), definite (Ind g = 0 or
Ind g = n), indefinite (1 < Indg < n—1), Lorentzian (Ind g = 1), n-dimensional (dim V = n),
and so on.

Example 6.4. The basic example of an algebraic curvature tensor on a scalar product
space (V, g) is the tensor R! € TY(V) given by

RYX,Y,Z,W) = g(Y,2)g(X, W) — g(X, Z)g(Y, W) (6.13)
for all X,Y,Z, W c V. It is easy to see that R! satisfies the Z, symmetries (@) and (@), as
well as the first Bianchi identity (@). A

Let J: V — V be a linear operator on a scalar product space (V,g). We say that J is
self-adjoint or symmetricif g(JX,Y) = g(X,JY) holds for all X, Y € V. Similarly, J is skew-
adjoint or skew-symmetric if g(JX,Y) = —g(X,]JY) holds for all X, Y € V. Self-adjoint and
skew-adjoint endomorphisms allow us to obtain further examples of algebraic curvature
tensors.

Example 6.5. A self-adjoint endomorphism J: V — V on a scalar product space (V, g) gen-
erates an algebraic curvature tensor K € T9(V) defined by

R](X7 Y.Z, VV) = gUXv VV)gUYv Z) - gUXv Z)gUYv m’
for all X,Y,Z, W < V. This can be verified directly. Let us notice that R! is the special case
forj=1-1. A

Example 6.6. A skew-adjoint endomorphism J: V — V on a scalar product space (V, g)
generates the algebraic curvature tensor ®/ € T3(V) defined by

R(X.Y.Z,W) = g(X,Z)g(JY, W) - g(JY.Z)g(X. W) + 28(JX. Y)8JZ, W), (6.14)
forall X,Y,Z, W €V, as can be easily verified. A
Example 6.7. Let Rq,..., R, € TI(V) be algebraic curvature tensors on a scalar product

space (V,g) and ay,...,a; € R. Then
k
> iR € V)
i=1

is also an algebraic curvature tensor, since it obviously satisfies the equalities (@), (@),
and (@). Thus, a new algebraic curvature tensor can be obtained as a linear combination
of existing tensors. In particular, kR! is an algebraic curvature tensor for any k € R. A

Raising the last index we obtain the affine curvature operator R = R* € TL(V),

defined by

R(X’ Y. Z, W) = g(R(Xv Y)Za VV),
for all X,Y,Z, W € V. In this pointwise setting we retain the notation used on a manifold,
R for the curvature tensor and R for the curvature operator. This allows us to adopt the
global terminology.

A common way to express an algebraic curvature tensor R is via its coordinate com-
ponents Ry = R(E;, Ej, Ex, Ey) with respect to a basis (Ey,Ea, ..., En) of V. It turns out that
only n?(n?> — 1)/12 components are independent, as stated in the following theorem (see
Weinberg? [123, pp.142-143]).

2Steven Weinberg (1933), American theoretical physicist
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6.2. Algebraic curvature tensors

Theorem 6.4. The dimension of the space of algebraic curvature tensors on a scalar product
space of dimension n is n*>(n®> — 1)/12.

Proof. Regard the components R;;; as determined by two index pairs (i,j) and (k,l). By
(@), there are (}) independent choices for the first pair, and by (@) the same number
for the second pair. However, the symmetry () relates these pairs, leaving () +--- +
2 + 1 distinct possibilities. The first Bianchi identity (@) introduces (}) linear relations
among these components, for example those with i < j < k < L. Therefore, the number of
independent components is

() +reer-(3)=30) () +2) - ()

_n(n- (n*—n+2) nn-1)(n-2)(n-3) n*n*-1)

8 24 12

O

The Jacobi operator and its related operators play an important role in our theory. The
polarised Jacobi operator is the linear map 7: V3 — V defined by

TXV)(2) =  (REZX)Y+R(ZVX). (615)

forallX,Y,Z € V. The Jacobi operator associated with X € V is the linear map Jx: V — V
defined by J7x = J (X, X), which is often written as

Ix(Y) = R(Y, X)X. (6.16)

Since (@) implies g(Jx(Y),X) = R(Y, X, X, X) = 0, it follows that J7x(Y) L X, so the codo-
main of the Jacobi operator Jx is X*. In the case of nonnull X (ex # 0), the orthogonal X+
is a nondegenerate subspace in V, while (@) gives Jx(X) = R(X,X)X = 0. Thus, the Jacobi
operator for nonnull X € V is completely determined by its restriction

Jx = Jxlxi: Xt — X4,

called the reduced Jacobi operator.
From (), (), and (6.6) we have R(Y, X, X,Z) = R(Z,X, X, Y), and therefore the Jacobi
operator is self-adjoint,
8(Jx(Y), Z) = 8(Jx(2),Y).
Similarly, (@) and (@) imply R(Y,X,X,Y) = R(X,Y, Y, X), so we obtain the compatibility
of the Jacobi operators,
8(Ix(Y),Y) = g(Iv(X), X). (6.17)

Thus, the Jacobi operators are self-adjoint endomorphisms on V for which the compatibil-
ity () is satisfied.

Let (Eq,...,En) be an arbitrary orthonormal basis in a scalar product space (V,g) of
dimension n. For any vector X = ) i ; x;E; we have Jx(Ej) = Y.i_q €£,8(Ix(Ej), E;)E;, so we
can calculate the entries of the matrix Jx with respect to the given basis,

n
(Jx)j = ee.8(Jx(E)), Er) = e R(E;, X, X, E;) = €5, Y RipqiXpXq
p,q:1

which clearly shows that they are homogeneous polynomials of degree 2 (quadratic forms)
in n variables xq,...,xn. Of course, this also applies to bases that are not orthonormal,
because M1 7xM is the matrix of Jx in the new basis, where M is the transition matrix.
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Lemma 6.5. The entries of the matrix Jx are homogeneous polynomials of degree 2 in coef-
ficients of X.

Although we defined the Jacobi operator using a scalar product space V), it is important
to notice that we can always take V = T,M, where p is a point in a pseudo-Riemannian
manifold M. Also, we can extend the Jacobi operator to the whole X(M) (or at least to the
tangent bundle TM) and retain our terminology.

6.3 Sectional curvature

The curvature tensor R of a pseudo-Riemannian manifold (M, g) is reasonably complic-
ated, so we introduce a commonly used quantity called the sectional curvature. A tan-
gent plane o to M at p € M is a two-dimensional subspace of the tangent space T,M. The
sectional curvature k of a nondegenerate tangent plane o = Span{X, Y} in T,M is given
by
R(X,Y, Y, X)
K(o) =k(X,Y) = .

(0) = &) ex€y — (8(X, Y))?

Let us notice that the denominator exey — (g(X,Y))? = g(X,X)g(Y,Y) — g(X,Y)g(Y,X)
is the determinant of the Gram matrix for g, with respect to the basis X,Y € T,M in
o = Span{X,Y}. Since by definition we consider only nondegenerate planes o, our de-
nominator, according to Lemma [1] is not zero. Moreover, for Riemannian manifolds, it
represents the square of the area of the parallelogram determined by the pair of vectors
X, Y e TyM.

We should check that the value x(X,Y) depends only on the (nondegenerate) plane
spanned by the vectors X and Y. Let X; = aX + pY and Y; = yX + 8§Y form another basis of
o. The change of basis for a bilinear form g gives

iy gnm) - G ) (v &) (5 3)

and therefore ex, ey, — (8(X1,Y1))? = (a8 — By)* (exey — (8(X.Y))?). On the other hand, by
using the symmetry properties of R, we have

R(X17 Yla Y17X1) = R(aX+BY VX+ 5Y7 Y17X1)
= (a8 — By)R(X,Y,yX + 8Y,aX + BY),
= (ad — By)’R(X,Y,Y,X).

Since the determinant of the change of basis is not zero, we have a§— By # 0, and therefore
K(X1,Y7) = k(X,Y), which means that the sectional curvature is well defined.

Note that for a two-dimensional Riemannian manifold, there is only one sectional
curvature at each point, which is the well-known Gaussian curvature. Although the sec-
tional curvature seems simpler than the curvature tensor R, it contains the same inform-
ation in the algebraic sense.

First, we can see that the curvature operator depends only on the Jacobi operators,
because using (@) and (.) we have

RX.Y)Z=RX,Y)Z+ (-R(Y,X)Z)+ (—R(Y,2) X — R(Z,X)Y)
=RX,Y)Z+R(X,2)Y) — (R(Y,X)Z+ R(Y,Z)X)
=RX,Y+Z)(Y+2Z2)-RX,Y)YY-R(X,2)Z

—RYX+2)(X+2)+R(Y, X)X+ R(Y,Z)Z
= Jy+zX — IyX — TzX — Txz2Y + IxY + T7Y.
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Since R(W,Z,Y,X) =R(X,Y,Z, W) =g(R(X,Y)Z, W), we have

1
R(X7 sz7 W) = gg((jY—f—Z - L7Y_ jZ)W_ (jY-i-W - jY_ jW>Z7X)7 (6-18)

which shows that the Jacobi operators completely determine the curvature tensor.
Also, the curvature tensor can be expressed only in the terms of the values y(X,Y) =
R(X,Y,Y,X). From the polarisation

2R(Y,X,X,W)=R(Y+ W,X,X,Y+ W) - R(Y,X,X,Y) - R(W,X,X, W)

it follows
28(IxY, W) = u(Y + W, X) — u(Y,X) — u(W,X),
and therefore R(X,Y,Z, W) = g(R(X,Y)Z, W) is expressed with 18 terms

6R(X,Y,Z, W)= uX+W,Y+2)—uX,Y+Z)— u(W,Y +2)
— X+ W,Y) +uX.Y) + u(W.y)
—UX+W,Z2)+ uX,Z2)+ u(W,Z2)
—wWY+WX+Z2)+uY,X+2)+uW,X+2)
+ Y+ W.X) — u(Y,X) — u(W,X)
+ WY+ W, Z2) —uw(Y,Z)— u(W,2),

—

—~~ —~

where 4 terms vanish in pairs for the final result,

6R(X,Y,Z W)= uX+W,Y+2Z)—uX,Y+2)—uW,Y+2)
X+ W, Y)+uW,Y) —uX+ W.Z) + u(X,2)
~UY+W,X+2Z)+ulY,X+2Z) +uW,X + 2)
+u(Y+W,X) — u(W,X) +u(Y+ W, Z) — u(Y, Z).

(6.19)

Alternatively, we have

0

55| RE+SW.YHIZY+IZX+sW)

s=0
zlin% (RX,Y+tZ, Y+ tZ, W)+ R(W,Y+tZY + tZ,X) + 2sR(W,Y + tZ,Y + tZ, W))
S—

—2R(X,Y + tZ,Y + tZ, W),

whence it follows that

82

g RX+SW.Y+tZY+tZX+s
atastzo,s:o( TSW YA Y 2, X4 sW)
= 2lim (R(X,Y,Z, W) +R(X,Z,Y,W) + 2tR(X, Z, Z, W))
*)

— 2(R(X,Y,Z,W) +R(X,Z,Y,W)),

S0 using some symmetries we can express R in terms of u in a different way,

6R(X,Y,Z, W) = 2(R(X,Y,Z, W) + (—R(X,Y, W, Z)) + (—R(Y,Z,X, W) — R(Z,X, Y, W)))
— 2(R(X,Y,Z,W) + R(X,Z,Y,W)) — 2(R(X, Y, W,Z) + R(X, W, Y, Z))

2
- 82& (RX+SW,Y+ZY+tZX+SW)—RX+SZY+tW,Y+tW,X +sZ))
s=0,t=0
2
- 2 (WX +SW,Y +tZ) — u(X + sZ,Y + tw)),
980t |s_¢ g
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and therefore

2
R(X,Y,Z, W) = 1o (WX + SW,Y +tZ) — u(X + SZ,Y + tW)), (6.20)
6 0s0t|s_p -0

which is known from Lee [79, Proposition 13.27].

We have shown, in two ways, that the overall values for u completely determine the
curvature tensor. In the case of a nondegenerate plane Span{X, Y}, its sectional curvature
determines u(X,Y) = R(X,Y,Y,X) = (exey — (g(X,Y))?)k(X,Y). However, the values u in a
degenerate case exey = (g(X, Y))? follow from continuity.

A degenerate plane o contains a null vector N, since otherwise it would be nondegen-
erate (being definite). If 0 = Span{N, X}, then ey = 0 implies g(N,X) = 0. There exists a
vector Z € Vsuch that g(N, Z) # 0, and therefore exex 1z — ((N,X+tZ))> = —t*(g(N,Z))*> # 0
for all nonzero ¢t € R. Thus, Span{N, X + tZ} is a nondegenerate plane for t # 0, and we
obtain

u(N,X) = lim(u(N, X) + 2tR(N, X, Z, N) + t*u(N,Z)) = lim u(N, X + tZ).

Moreover, for Y = aN + BX, we also obtain u(Y,X) = a?u(N,X). Thus, two algebraic
curvature tensors that have the same sectional curvatures must be equal.

Theorem 6.6. The values u(X,Y) = R(X, Y, Y, X) completely determine the curvature tensor.
The sectional curvature completely determines the curvature tensor at points where the
scalar product is known.

Although the sectional curvature appears simpler than the curvature tensor, its import-
ance arises from the fact that knowledge of all sectional curvatures completely determines
the curvature tensor (at points where the scalar product is known). This can be seen via
the Jacobi operators, which also contain exactly the same information as the curvature
tensor. These well-known results establish the uniqueness of the curvature tensor and
are purely algebraic in nature.

The question of existence of a curvature tensor for %iven Jacobi operators naturally
arises. This problem was observed and solved by Andreji¢®in 2022 [11, Theorem 1], and we
follow the arguments from [14], where omissions from the original work were corrected,
and the theorem was generalised to a pseudo-Riemannian case.

Let us suppose that we know self-adjoint endomorphisms Ky on V for each nonnull
X € V, such that they are compatible in the sense that () holds. Is there an algebraic
curvature tensor R on (V, g), such that Jx = Kx holds for all nonnull X € V?

Consider the condition JxX = 0 which holds for all Jacobi operators. However,
the construction Ky = &€x1 gives self-adjoint endomorphisms on V that are compatible,
g(ex1Y,Y) = exey = g(ey1 X, X), but ex 1 X = €xX # 0 holds for a nonnull X € V. Therefore,
we add the natural condition that

KxX =0, (6.21)

holds for any nonnull X € V.

The first step is to extend the family Ky for all X € V. The natural extension is £y = 0,
which completes the family in the Riemannian setting. However, if the scalar product is
indefinite, then we need to define Kx for any null X € V.

LetX, Y, X+ Y X—Y €V be nonnull. Using (), from

8(Kx+vZ,Z) = 8(Kz(X+Y), X+ Y) = g(KzX, X) + 28(KzX,Y) + 8(KzY,Y)
=8(KxZ,Z) £ 28(KzX,Y) + g(KvZ, Z),

it follows g(Kx,vZ,Z) + 8§(Kx_vZ,Z) = 28(KxZ,Z) + 2¢(KyZ,Z) for any nonnull Z € V. The
polarisation Z = V+ W gives g((Kx.y + Kx_y — 2Kx — 2Ky)V, W) = 0, when eyewey, . w # 0.

3Vladica Andreji¢ (1978), Serbian mathematician
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If (Eq,E,,...,Eyp) is an orthonormal basis in (V, g), then we can consider the orthogonal
basis (E1, 2E;, ..., nEy), which provides &;, = i?eg, # 0 and EiE, 1 = i?ex, + j*eg, # 0 for all
1 <i#j<n. Hence,

Kxiy+ Kx_y =2Kx + 2Ky (6.22)

holds, whenever exeyex vex_y # 0.
The equality (6.22) motivates us to define Ky for anull N € V by

2KN = Knyx + Kn—x — 2K,

whenever the right hand side is defined, which immediately shows that Ky is a self-adjoint
endomorphism of V. Because of (), if exeyen xEN_xENLYEN_Y # 0, then we have

2(Knyx + Kn—x — 2Kx) = (KNyxt+y + Knix—y — 2Ky) + (Kn_x+y + Kn—x—y — 2Ky) — 4Kx
= (KN+x+y + Kn—x4v — 2Kx) + (Knyx—v + Kn—x—y — 2Kx) — 4Ky
= 2(Knyy + Kn_y — 2Ky),

whenever ey, x.: yEn+x-vEN-x+YEN-x-v 7# 0. Otherwise, we can use
Kn+x + Kn—x — 2Kx = Knjpex + Kn—tx — 2Kex = Knyy + Kn—y — 2Ky,

where t is not a root of

EtXEN+HXEN—XEN+X+XEN—X+XEN+X—tXEN—X—tXEN+Y+HXEN—Y+HXEN+Y—tXEN-Y—tx = O,

which is a polynomial equation of degree 22. This proves that Ky does not depend on the
choice of X, and therefore Ky is well-defined.
If we use Z € V that satisfies ey, zen_z€z # 0, then the equality

28(KnX, X) = g(Knyz + Kn-z — 2K2)X, X)
=8(Kx(N+Z),N+Z) + 8g(Kx(N—~Z),N - Z) - 28(KxZ,Z) = 28(KxN, N)

holds for any null N and any nonnull X, which means that endomorphisms Ky and Kx are
compatible. With that in mind, we see that the very same equality holds when both N and
X are null. In this way, we obtain Cx for any X € V, and this extended family remains
compatible.

Let N € V be null. For any X € V such that exen, xen_x # 0 holds, using the properties

() and () we have
28(KnN,X) = 8(Kn+xN + Kn_xN — 2KxN, X) = —8(Kn4xX, X) + (Kn—xX, X) — 28(KxX, N)
= —8(Kx(N + X),N + X) + g(Kx(N — X), N — X) = 0.
If (E1,E,,...,En) is an orthonormal basis in (V, g), then we create an orthogonal basis
(mE{,mE,, ..., mEy), where m > maxj<;<, |2g(N, E;)| to provide eng, # 0 and eyimg, # 0
for 1 <i < n, which yields KyN = 0.

The second step considers a compatible family of self-adjoint endomorphisms Ky for
all X € V such that KxX = 0 holds. For all X, Y € V and t € R we have

g(]CtXY7 Y) = g(Kth, tX) = tzg(lch7X) = g(tzKXYa Y)7

where the polarisation Y = V + W gives g(KV, W) = g(t?KxV, W) for V, W € V, so since g
is nondegenerate, it follows K = t?Ky, which is a natural property of Jacobi operators.
Forall X,Y,Z € V and t € R, using the compatibility we have

8(KxevZ,Z) = g(Kz(X + tY), X + tY) = g(KzX, X) + 2tg(KzX, Y) + t*g(KzY,Y)
= 8(KxZ,Z) + 2tg(KzX, Y) + t*g(KvZ, Z),

125



Chapter 6. Curvature

which implies
&(Kxyty — Kx — *Ky)Z,Z) = 2tg(KzX,Y) = tg((Kx1y — Kx — Ky)Z,Z).

After the polarisation Z = V+Wwe get g((Kx.ey— Kx—t2Ky)V, W) = tg((Kx y—Kx—Ky)V, W)
for all V. W € V, and therefore, since g is nondegenerate, we obtain a generalisation of

6.22),

Kxity — Kx — t*Ky = t(Kxyy — Kx — Ky), (6.23)
which yields Ky, ¢y = tKxsy + (1 — t)Kx + (t? — t)Ky. Using the property (), we get
0 = Kxytv(X +tY) = tKy, y(X + tY) + (1 — )Kx(X + tY) + (t* — t)Ky(X + tY)

= th+Y((t - 1>Y> + (1 - t),CX<tY) + t(t - 1)ICY(X)
= t(t — 1)(Kx4vY — KxY + KyX),

which for t € R\ {0,1} implies
ICX+yY— KxY+KyX=0 (6.24)

forallX,Ye V.
Let us use a compatible family of self-adjoint endomorphisms Kx on V that satisfies
KxX = 0 to define a map R: V* — R, resembling the formula () by

1
R(X, Y.Z, W) = §g((’CY+Z - Ky — Kz)W— (]CerW - Ky— /Cw)Z,X), (6.25)
forallX,Y,Z W e V. From (), if we take the limit where t tends to zero, then it follows

KyiezW,X) — g(KyW, 0
8Ky ez X)t 8(Ky )—tg(iCzW,X): =  &(KyiezW,X),

8(Kyrz — Ky — Kz)W,X) = 5%
t=0

and therefore the equality () is equivalent to

RX,Y,Z,W) = % % t:O g(KyizW — Ky ewZ, X). (6.26)
However, from
26(KrsaW.X) = | (8U0Cr.X) + 258(0KraW. ) + S8(CrigW. W)
= Sl 80k W, W) + 258y W.2) + S8Ry X)).
we obtain
28Ky ezW, X) = % . UX+sWY+tZ) = % . UW +sX Y+ t7), (6.27)

where u(X,Y) = g(KyX,X) = g(KxY,Y) for all X, Y € V. The equality on the left side in ()
shows that (6.26) is equivalent to our formula (),

2
RXY,ZW) = = L

6 Osot (WX +SW,Y +tZ) — w(X +SZ,Y + tW)).  (6.20 revisited)

$=0,t=0

The definition () of R is equivalent to (6.20), but the latter is easier to prove that
R is an algebraic curvature tensor. The property (6.6) follows directly from (6.20), while
(@) is a consequence of commutativity ds9; = 9:0s. The equality on the right side in ()
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helps us to easily see (@). From (6.26), R(X, Y, Z, W) is obviously linear by X, but due to the
already proven symmetries, where (6.12) automatically follows, R is multi-linear, which
proves that R is an algebraic curvature tensor.

It remains to show that K for X € V are the Jacobi operators for R. From (-) using
g(JyW,X) = R(W,Y,Y,X) we have 3g(JyW, X) = g2KyW - Ky, wY+KwY, X), which implies

3TyW = 2KyW — Ky, wY + KwY.

According to () we have — Ky, wY = Ky, wW = KyW — KyY, so 3JyW = 3KyW holds
for all Y, W € v, which gives Jy = Ky. This finally proves the following theorem (see [14,
Theorem 1] and [11, Theorem 1]).

Theorem 6.7. Let Kx for all nonnull X € V be a compatible family of self-adjoint endomorph-
isms on a scalar product space V that satisfies KxX = 0. Then there exists a unique algebraic
curvature tensor on 'V such that Kx are its Jacobi operators.

6.4 Constant sectional curvature

The simplest case of a pseudo-Riemannian manifold is a space of constant sectional
curvature. Let (M, g) be a pseudo-Riemannian manifold such that k(o) = k(p) for any
nondegenerate tangent plane 0 < T,M and some fixed k(p) € R. According to The-
orem (.6, this uniquely determines the curvature tensor R. For any point p € M we have
the restriction that gives the scalar product space V = T,M and the associated algebraic
curvature tensor. Consider an algebraic curvature tensor R = kR! € T4(V) from Example
E?I where R! is defined in (-) Since it satisfies R(X,Y,Y,X) = k(exey — (g(X,Y))?), we
have k(X,Y) = k, so the curvature tensor on (M, g) has the form

RX,Y,Z,W) = k(g(sz)g(Xv W) - 8(X,Z)g(Y, VV)),

where k € §(M). Moreover, in dimension n > 3, we have the following surprising theorem
of Schur@ [112].

Theorem 6.8. Let (M, g) be a connected pseudo-Riemannian manifold of dimension n > 3.
If the sectional curvature k(o) does not depend on the plane o C T,M, but only on the point
p € M, then K is constant.

Proof. The sectional curvature at any point p € M is constant and equal to k(p), so the
curvature tensor must be R = kR'. Since V is a metric connection, from Vg = 0 we have

(VvR)(X.Y,Z. W) = V(g(Y.Z)g(X, W) - 8(X,Z)g(Y. W))

— &Y, 2)8(VyX, W) — g(VvX,Z)g(Y, W))
— (8(WwY,2)8(X, W) — (X, Z)g(VvY, W))
— &Y, Vy2)8(X, W) — (X, VvZ)g(Y, W))
— &Y, 2)8(X, VvW) — g(X,2)8(Y, VyW)) =

and therefore R! is a parallel tensor field, VyR! = 0. Thus
VyR = Vy(k®R') = Vyk - R' + k- VyR! = (VK)R!
and therefore

(VVR)(Xa Y.Z, W) = (Vk)(g(Y7 Z>g(X7 VV) - g(X7 Z)g(Y7 W))7
(VxR)(Y,V,Z, W) = (Xk)(g(V,Z)g(Y, W) — g(Y,Z)g(V, W)),
(VyR)(V.X,Z, W) = (YK)(&(X,Z)g(V, W) — g(V,Z)g(X, W)).

4Friedrich Heinrich Schur (1856-1932), German mathematician
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The sum of the previous equalities is zero by the second Bianchi identity (@), SO

g((Vk)g(Y,Z) — (YK)g(V,.2)X + (Xk)g(V,Z) — (VK)g(X,Z))Y
+ ((YK)g(X,Z) — (XK)g(Y,Z))V, W) =0

for all W, and therefore, by the nondegeneracy of the metric
(VK)g(Y,Z) — (YK)g(V, 2))X + (XK)g(V,Z) — (VK)(X, Z))Y + ((YK)g(X, Z) — (XK)g(Y,Z))V = 0

holds for all X, Y, Z, V € X(M). By restricting the previous equality to a point p € M, thanks
to Example @ we see that

p(Vpk)Yp — (Ypk)Vp, Zp)Xp + 8p(XpK)Vp — (Vpk)Xp, Zp) Yp + 8p(YpK)Xp — (Xpk)Yp, Zp)Vp = 0

holds for all Xp, Yy, Zp, Vp € TyM. Let us fix X € TpM. Since n > 3, we can find Y, V, € T,M
such that the vectors X, Y), V,, are linearly independent. This linear independence yields
zero coefficients in the previous equality, which gives

(YK Xy — (Xpk)Yp, Zp) = 0.

This equality holds for every Z,, so the nondegeneracy of g, gives (Y,k)Xp — (Xpk)Y, = 0,
and by linear independence we have X,k = 0. Since this holds for each p € M, we have
Xk = 0 for X € X(M), so by Example El], kis locally constant. Finally, since M is connected,
k is constant. O

A space of constant sectional curvature is a pseudo-Riemannian manifold (M, g)
for which the sectional curvature k(o) is constant, which is equivalent to R = kR! for
k € R. Scaling is the process in which a metric g is changed to a metric g = Ag for some
constant A > 0 (the multiplication of a metric by a negative number is not convenient since
it reverses its signature, which essentially changes the manifold). After the scaling we get
RY(X,Y)Z = AR (X, Y)Z, while the corresponding relations are

~k

I, =Tk VxY=Vy¥, RX,Y)Z=RXY)Z K=x/A

/A
Thus, there are three essential cases for a curvature tensor of constant sectional curvature,
R = R! (with k = 1), R = 0 (with ¥k = 0), and R = —R! (with k = —1). The corresponding
model spaces for Riemannian manifolds are, respectively, a sphere S", Euclidean space R",
and hyperbolic space H".

Example 6.8. For the hyperbolic half-plane HU? from Example @ we had calculated g1, =
= 1/(xy)* aswellas T}, = T%, =T}, = 0,T3 = —T}, = —T%, = 1/x,. From the formula
(6.3) we have

Rigy = 01Ty — 92Ty + T3 T7y — T14T% + F%J%z - r%lr%z =0,
Rip = alr%l - 821"%1 + r%lr%l - r%lr%l + F%IF%Z - r%lr%Z =(1-1+1)/(x2)* = 1/(x2)%,

that is, R(d1,92)01 = (1/(x2)?)d,. Then R(dy, 0, 01,9) = 1/(x2)%, and finally k = —1. A

In the Riemannian setting, the sectional curvature x may be viewed as a continuous
real-valued function on the Grassmann bundle of 2-planes of a Riemannian manifold M.
It follows that k on any compact subset of M is bounded, that is, k attains its minimum
and maximum values [22, Section 9.3]. Thus, in Riemannian geometry, lower and upper
bounds for the sectional curvature have been intensively studied.

However, in a pseudo-Riemannian setting, some bounds on « usually imply that « is
constant. Let us examine the sectional curvature at a fixed point of a pseudo-Riemannian
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manifold. Consider an algebraic curvature tensor R on an indefinite scalar product space
(V, g) of dimension n > 3.
Let A,B,X € V be orthonormal vectors such that €4 = €g = —€x. Then we have

2
K(X + 6B, 4) — R(X+ OSB;;i;;iqu+ 6B) _ 0°K(B,A) — ;<(X9,;41+1 20RX,AAB)  coo

If K > m is bounded from below, then QZK(B,A) — K(X,A) + 20R(X,A, A, B) is greater than
m(6* —1) for || > 1 and less than m(6* — 1) for |§| < 1. By continuity, it therefore vanishes
for 6 =1 and 8 = —1, which implies k(B,A) = k(X,A) and R(X,A,A,B) = 0.

Changing the orthonormal vectors to A cosh ¢t + Xsinh ¢, B, Asinht + X cosh ¢, for an ar-
bitrary t # 0, we obtain

0 =R(Asinht+ Xcosht,Acosht+ Xsinht, Acosht+ Xsinht, B)
=R(X,A,A,B)cosht— R(A,X,X,B)sinht,

where R(X,A,A,B) = 0 implies R(A,X,X,B) = 0. This argument was originally given by
Kulkarni® [[77], and the remainder is straightforward.

For example, we can use an orthogonal basis (Ej, ..., En)in (V,g)withE; = XandE, = A
to obtain Jx(A) = > ; g, R(A, X, X, E))E; = €aR(A, X, X, A)A. Hence, if X is spacelike (time-
like) then any timelike (spacelike) vector in X is an eigenvector of Jx. In particular, A and
E;+2A fori > 2 are non-orthogonal eigenvectors and therefore share the same eigenvalue
(Lemma ), which yields Jx = exu(X) 1. for some function u. However, the equation
() implies exeyu(X) = eyexu(Y) for orthogonal X and Y, so for nonnull vectors we have
w(X) = u(Y) = Const. This ensures constant sectional curvature and proves the following
theorem given by Kulkarni in 1979 [77].

Theorem 6.9. Let k be the sectional curvature function of an indefinite algebraic curvature
tensor. If k is either bounded above or bounded below, then k is constant.

Consequently, by Schur’s theorem (Theorem @), if the sectional curvature function
of a connected indefinite manifold M of dimension n > 3 is either bounded above or
bounded below, then M is a space of constant sectional curvature. This result of Kulkarni
was the starting point for extensive research on the sectional curvature of indefinite (usu-
ally Lorentzian) metrics.

Let us suppose that the sectional curvature of indefinite planes are bounded both above
and below. Again, we start with orthonormal vectors A,B,X € V such that 4 = €5 = —¢&x
and use the equality (). For|0| < 1, the plane Span{X+6B, A} is indefinite and therefore
—m < K(X+ 6B,A) < m for some constant m > 0, which gives

—m(1 - 6% < 0°k(B,A) — k(X,A) + 20R(X,A,A,B) < m(1 — 6%).

By continuity at 6 = 1 and 0 = —1, we obtain k(B,A) — k(X,A) + 2R(X,A,A,B) = 0, and
the remainder of the proof is the same as in the previous theorem. Thus we obtain the
following theorem given by Dajczer and Nomizuf in 1980 [42].

Theorem 6.10. Let k be the sectional curvature function of an indefinite algebraic curvature
tensor. If k on indefinite planes is bounded both above and below, then k is constant.

As before, if the sectional curvature function of indefinite planes of a connected indef-
inite manifold M of dimension n > 3 is bounded both above and below, then M is a space of
constant sectional curvature. However, one-side boundedness on indefinite planes does
not imply that k is constant.

SRavindra Shripad Kulkarni (1942), Indian mathematician
fKatsumi Nomizu (1924-2008), Japanese-American mathematician
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6.5 Ricci curvature

The divergence of a tensor field is an operation that reduces the order of a tensor by one,
commonly defined as the contraction (or trace) of its covariant derivative. Let (M, g) be a
pseudo-Riemannian manifold and let T € <% (M) be a tensor field of order r + s > 1. We
define the divergence of T by

r
divT — Ce VT ifr>0;
trg VT ifr=0

We often use a local orthonormal frame (Eq,...,E,) from Theorem to express
tensor fields in components. Let (E7, ..., E;;) denote the corresponding dual coframe, and

let &; = gg, for 1 < i < n. Since (E;)"(Ej) = &;8;5, we obtain E; = g;E..

First, consider an arbitrary vector field V € X(M) = KO( M), for which the divergence is
defined by divV = C(VV) € §(M). If V=3 WEj is expressed in a local orthonormal frame,

then
divV="> (VV)i= Z(vg V)(EY) ZE* Vi V) = Zelg VeV, E)

Ze,g(El,ZE E+ZWZ ) ZE +ZWF

In natural coordinates on RZ, this reduces to div V = 3", 8V'/dm;, which coincides with the
usual formula in Euclidean space.

Example 6.9. The Laplacian[j Af of a function f € F(M) is the divergence of its gradient,
that is, Af = div(gradf) € §(M). According to Lemma the sharp operator commutes
with the covariant derivative, so

Af = div(gradf) = CVidf = CtVdf = CEV VS = trg(V2f),

which means that the Laplacian is the trace of the Hessian. In an orthonormal frame we
obtain .
A= div(gradf) = Y eEEf+ Y gENT
i i
=trg(V?) = > _&EESf— > e(ENT,
i i

and therefore in natural coordinates on R}, we have Af = }"; eg,0%f/9n%, which reduces to
the usual Laplacian on Euclidean space R3. A

In the other important case, we consider a covariant tensor field A € T9(M), for which
divA = trg VA = C}#1VA € TY9(M) = x*(M). In an orthonormal frame we obtain

(divA)(X) = > (tVA)(E],E, X) = > &Y (VA)(E X, E) = &(VEA)(E,X).
i ij i

If we multiply the tensor field by a function f € F(M), then

(divfA)(X Zel VEefA)(E, X) = Ze (VENA(E,X) + fAVEA)(E;, X))
_A<Ze EﬁEl,X) +st (VEA)(E, X) = A(gradf,X) + fldiv A)(X).

"Pierre-Simon Laplace (1749-1827), French mathematician, physicist and astronomer
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In particular, the case A = g yields (div(fg))(X) = g(gradf,X) = df(X), which gives the
following useful formula
div(fg) = df. (6.29)

This identity expresses that the divergence of the scaled metric equals the differential of
the scaling function.

Since covariant tensors of higher order are quite complicated, it is often useful to con-
struct simpler tensors that encode some of their information. The trace of the curvature
tensor is called the Ricci tensor®,

Ric = trgR = C{4R = C{ R € TI(M).

The trace of R using the first and last index is a natural choice, since Z, symmetries imply
(trg)24R = —Ric and (trg)s4R = 0.

In local coordinates, the components of the Ricci tensor are denoted by R; = (Ric);.
Since Ry = > R = Y18 Rujk = Rji, the Ricci tensor Ric = 3, ; Ry dx; © d; is symmetric.
In an orthonormal frame we obtain

Ric(X,Y) = > eg(R(E, X)Y,E) =Y &R(E;, X, Y, Ey). (6.30)

The trace of the Ricci tensor is called the scalar curvature, Sc = trgRic € F(M). In
local coordinates, we have Sc = 3, : g/R;; = >"; i .1 878 Ry, while in an orthonormal frame
it becomes Sc = ZiJ &i&;R;jji.

Reducing to a point, we can use the sectional curvature to describe the Ricci tensor and
scalar curvature. Let (Eq,. .., E,) be an orthonormal basis of a scalar product space (V, g).
Then we have

n i£k n i#]
exRiC(Ex,Ex) = &k Y &Ry = Y _K(Ep,Ex),  Sc= > &&Ryi=> K(E,E)).
i—1 i ij=1 ij

Example 6.10. The Ricci tensor is determined by the sectional curvatures, but in gen-
eral contains less information. However, in low dimensions (n = 2,3) the Ricci tensor
determines the full curvature tensor. In dimension n = 3, for a nondegenerate plane
o we can choose an orthonormal basis (Eq,E,, E3) such that 0 = Span{Ei,E;}. Then
8kRkk = Zi#k K(Ek,Ei), and therefore K(O') = K(El,Ez) = (81R11 + &9Ry9 — 83R33)/2. A

Consider the tensor field T € TY(M) defined by Tyxim = (VR)jkimi + (VR)kitmj + (VR)ijimk-
The second Bianchi identity implies that T = 0. Applying the trace twice, we obtain

0= (trgtrg T = > _ &> g™ Tjam.
il im
On the other hand, we have

> @D &M VR)jumi =Y &MY &' (VoRjiam=—>_&™>_ &(VoR)jum
i,m jl i,m Jil

Jil i,m

== gMtrgVoR)m=— > _ &™(Vo trgR)m =—>_&™(Vo, RiC)im

im im im
== g"™(Vo RiC)pu = — > _ 8™ (VRiC)my; = —(trg VRic); = —(divRic)y,
im im

8Gregorio Ricci-Curbastro (1853-1925), Italian mathematician
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while

> &8 g™ (VR)kimi=—>_ &Y g™ (VR)iamj = — »_ &"'(Vg Ric)yg = —(divRic)y,
i im i im il
> Y g™(VR)jynk = trgtrg Vo R = Vi, trgtrg R = Vg, Sc = (V Sc)g,

Jil i,m

which implies 2(div Ric), = (V Sc), and therefore 2 divRic = V Sc. This is the fundamental
equation in general relativity known as the contracted Bianchi identity.

Theorem 6.11. For a pseudo-Riemannian manifold, 2 divRic = d Sc.

We say that a pseudo-Riemannian manifold (M, g) is Einsteinf if its Ricci tensor is pro-
portional to the metric, that is, if Ric = Ag for some constant A € R. Taking the trace,
we obtain Sc = trgRic = trg(Ag) = Atrgg = An, and therefore an Einstein manifold has
constant scalar curvature.

Example 6.11. Let (M, g) be a space of constant sectional curvature k. Then we have

Ry =" "Ry = kg™ (gugy — gygu) = (n — DKgy,

Lk Lk

and therefore Ric = (n — 1)kg. Hence (M, g) is an Einstein manifold, and Sc = n(n — 1)k
holds. A

More generally, we can say that (M, g) is Einstein at a point p € M if the corresponding
algebraic curvature tensor at that point is Einstein, that is, if the Ricci tensor is proportional
to the metric at p. With this terminology, we have the following well-known statement for
Einstein manifolds (see BesseE [20, Theorem 1.97]).

Theorem 6.12. If a connected pseudo-Riemannian manifold of dimension n > 3 is Einstein
at each point, then it is Einstein.

Proof. Since (M, g) is Einstein at each point, Ric = Ag holds for some function A € F(M).
Taking the trace with respect to g, we obtain Sc = nA, while applying the divergence, using
Theorem and the formula (6.29), we obtain

nVA =V Sc = 2divRic = 2div(Ag) = 2VA.

Hence VA = 0 for n # 2, so A is locally constant on a connected manifold and therefore
constant everywhere, the same conclusion holds for Sc. O

By Theorem , an algebraic curvature tensor of dimension n = 3 has only six inde-
pendent components, while for n = 2 there is only one. Thus, in low dimensions, we obtain
the following interesting examples.

Example 6.12. In dimension n = 2, there is only one 2-plane, so any two-dimensional
algebraic curvature tensor has constant sectional curvature, and by Example itis Ein-
stein. A

Example 6.13. In dimension n = 3, by Example , the Ricci tensor completely determ-
ines the sectional curvature, and consequently also determines the curvature tensor. In
particular, if a three-dimensional algebraic curvature tensor is Einstein, then it has con-
stant sectional curvature. Additionally, a three-dimensional connected Einstein manifold
is a space of constant sectional curvature. A

%Albert Einstein (1879-1955), German theoretical physicist
Y Arthur Besse is a pseudonym of French differential geometers, led by Marcel Berger
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6.6 The Ricci identities

Let M be a pseudo-Riemannian manifold and V an arbitrary connection on M. Comparing
the components, for an arbitrary tensor field A € T,(M) and X, Y € X(M) we have

(VxA); 5 = 2 (VA& = (CCA(VA@ X))y,
k

from where we get
VxA = CiH(VA® X),
and similarly we have

(VErA) = D (VAR VX = CICA (VR A @ X) @ V),
k1

which gives
V)ZgyA _ Cr+1(Cr+1(v2A ®X) ® Y)

S+1\~s42
Because of
VxVyA =VxCi (VAR Y) = CHIVx(VA®Y) = CT1(VxVA® Y + VA ® VxY)
=Ci (G (VPA®X) @ ) + CL1 (VA ® VxY) = Vi yA + Vi,
we obtain

ViyA — VixA = VxVyA — VyVxA — Vy,y v,x4,

or more simply, V)Zc,y — V%X = [Vx, Vy] — Vy,v-vyx-
The simplest case of a tensor field A € T4(M) is a smooth function f € §(M), and then
the derived formula gives

sz(X’ Y) - vzf(Y’)Q = v%/,)(f* vg{,Yf: (=X, Y] + VxY - vYXv)f: T(X, Y)f’

where 7 is the torsion, which we have already seen in Example @, related to the Hessian
of a function f.

In the context of curvature, a connection V is always taken to be the Levi-Civita con-
nection. Then the symmetry of V gives symmetry of the Hessian, V§ ,f = V3 ,f, while in
the case of an arbitrary tensor field we obtain

Viy— Vix = [Vx, V¥l = Vixy. (6.31)

The next simplest case considers a tensor field A € T%(M) that is a vector field Z € X(M),
and then the formula (), by the definition of R, becomes

VivZ— VixZ=R(X,Y)Z. (6.32)
In the case of a covector field w € X*(M) we have

(vayw)z :X((Vyw)Z) - (Vyw)(VXZ)
=X(Y(w(2)) — w(VyZ)) — (Y(w(VxZ)) — w(VyVxZ))
=XY(w(Z)) — (Vxw)(VyZ) — w(VxVyZ) — (Vyw)(VxZ),

from where, using the formula (), we obtain

(Viyw — Vixw)Z =(VxVyw)Z — (VyVxw)Z — (Vixyw)Z
=(XY — YX)(w(Z)) — w(VxVyZ — VyVxZ) — [X,Y](w(Z)) + w(Vix nZ)
=—W(VxVyZ - VyVxZ — VixyZ) = —w(R(X,Y)Z).
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IfR*X,Y): X*(M) — X*(M) is the map defined by
(R*(X,Y)w)Z = w(R(X,Y)Z),
then our formula yields
Viyw — Vixw = —R*(X,Y)w. (6.33)
Let us now consider the general case. First, note that if A and B are arbitrary tensor
fields then VxVy(A®B) = VxVyA® B+ VyA® VxB+ VxA ® VyB+ A ® VxVyB, from which,
using (), we get
(Viy— Vix)(A®B) =(VxVy— VyVx — Vixy)(A ®B)
=(VxVy—VyVx — V[Xﬂ)A ®B+A® (VxVy—VyVx — V[X,Y])B
=(Viy- Vix) A®B+A® (Viy— Vix)B.

An arbitrary tensor field A € T (M) can be written as a sum of tensor products com-
posed of vector and covector fields. Thus, for Vy,...,V, € X(M) and Aq,...,As € X*(M),

using () and (), we obtain

:R(X’Y)Vl®VZ®"'®A3+"‘+V1®"'®Vr71®R(X,Y)Vr®/11®"‘®)\s
_V1®...®Vr®R*(X,Y)A1®A2®...®AS_..._V1®...®AS—1®R*<X7Y)AS.

Since (R(X, Y)V})w; = Vi(R*(X,Y)w;) for 1 < i < r, while (R*(X,Y)A))Z; = 4;(R(X,Y)Z;) for
1 <j <s,where w; € X*(M) and Z; € X(M), we obtain

(Viyr—Vix)(Vi® @V, @ @ ® A))(W1, ..., W, Z1, ..., Zs)
=V1(R*(X,Y)w1)Va(wz) - - - As(Zs) + - - - + Vi(w1) - - - Vim1 (Wr—1) Vr(R* (X, Y)wr) A1 (Z1) - - - As(Zs)
—Vi(w1) - Vi(wr) A (R(X, Y)Z1)A2(Z2) - - As(Zs) — -+ = Vi(w1) - - As—1(Zs—1)As(R(X, V) Zs).

From here follows the final formula for an arbitrary tensor field A € T¢(M),

(ViyA — VixA)(w1,... 0 Z1,. ... Zs)
:A(R*(X, Y)U)l, wWa, ... ,Zs) + - +A(0)1, ce U)r_l,R*(X, Y)(A)r,Zl, R 7ZS) (6.34)
—A(O)l, ceey (L)r,R(X, Y)Zl,Zz, .. Zs) — —A(O)l, .. ,Zs_l,R(X, Y)Zs),
called the Ricci identity.
It is customary to examine special cases of the Ricci identity in which A € TL(M) is a

simpler tensor field. In (@) and (5.33) we treated the cases when A is a vector or covector
field. For J € ¥1(M) the formula (6.34) gives

(Vi — Vix)(@,2) = J(R"(X.Y)w.Z) - J(w,R(X. Y)Z),

and viewing J as the §(M)-linear operator J: X(M) — X(M) we obtain

(VxVy] = VyVx] = Vixn))Z = R(X,Y)(JZ) - J(R(X,Y)Z). (6.35)

134



CHAPTER 7

MORE PSEUDO-RIEMANNIAN GEOMETRY

7.1 Jacobi fields

For an arbitrary vector field along a two-parameter map we have the following relation
with the curvature.

Lemma 7.1. Let (M, g) be a pseudo-Riemannian manifold, and f: L x I — M is a two-
parameter map. Then for every V € X(f) we have

VY. VV_  _(of Of

Proof. This is a local result, so for each (s,t) € L x I we use local coordinates (xq,...,Xn)
defined on some neighbourhood of the point f{s, t). If we denote Vi (s, t) = (V(s,t))(xx) and
fi = xxoffor 1 < k < n, then we calculate

v /9. 0 VvV 0
i’ =2 <8th8xk+det8xk> of
and therefore

VV., (80,0 6. Vo oV O VV 9
dsdt’ ~ ,; <(93c‘)tvkc‘)xk "ot Kdsoxy T Bs Kdtox, desdtc‘)xk> °f

which gives
\Y% V VvV d VvV 0
sa’ aids Z (dsdtc’)xk dtdsaxk) of
On the other hand, we have

"9 "9 of; " of;
vV o v( 8) ds fva_ ajjv a+ ﬁvva

dsdtox,  ds \ ' % oxy < ot a%aixk_; 0s Ot 5% OXy, HE% % OXk
ﬁ 0 9 ofi o Y
~ 2 asatvaaxjaxk+_J ot os a5 oy
which implies
VV 9 VV 9 = 9f; of; 0 o
= VoVo-———Voa
ds dtox,  dtds oxy i 8t 0s 7 o OXk % % Bxk
"afaﬁ 9 9\ 9 Rafaf a
o < Ot 25 % ox;’ 0x; ) 9xy ds’ dt ) Oxy
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and finally

VV., VV_ & of of\ o _(of of
UZS(HV_dtdsV_ZVk<R(c‘)s’8{>(9xk>of_R(as’8t>V'

O]

Consider a two-parameter map f: L x I — M for a pseudo-Riemannian manifold (M, g),
where L = (—¢,€) for some € > 0 and I C R is an interval. It determines the longitudinal
curves fs: t — f(s,t), and the smooth curve y = f; has special importance as the central
longitudinal curve. The variation vector field along y is V € X(y) given by

of
V(t) = =(0,0).
(1) = 50,0
We are interested in the special case when the partial maps f; are geodesics for each
s € L and we say that fis a variation through geodesics of y. In that case, for the
variation vector field V € X(y) we use the equality ( ) and Lemma @ to compute

VV,_ VVO VVY_ VV R(af af)af__R(af af)af

dtdt” — dtdtds  dtdsot  dsdtdt — \9s dt) ot 9s’ ot ) ot

Thus, if y: I — M is a geodesic in a pseudo-Riemannian manifold M, then its variation
vector field J € X(y) satisfies

J"+R(JY)y =0. (7.2)

The equation () is called the Jacobi equation, while a vector field | € X(y) along a
geodesic y that satisfies it is called a Jacobi field.

It turns out that a Jacobi field J is determined by its initial conditions J(a) and J'(a) for
some a € I. Let us choose a parallel orthonormal frame (E, ..., E,) along y. An arbitrary
J € X(y) can be written as J(t) = >_; Ji(t)E;(t) for J; € F(I), 1 <i < n, so we can express the
Jacobi equation () as

Y JIOE() + ) 8y (RU®). Y (6)Y' (1) Ei(t))Ei(t) = 0,
i=1 i=1

which gives
n
!+ JRE;,Y, Y, E)oy =0,
j=1

for all 1 <i < n. This is a system of n second order ordinary differential equations for the
n functions J; € §(I). Making the usual substitution V; = J; converts it to an equivalent first
order linear system for the 2n unknown functions,

n

Ji=Vi, Vi==3 (RE,Y.Y.E)op)
j=1

This guarantees the existence and uniqueness of a solution on the whole interval I with
arbitrary initial conditions J;(a) = (E;(a))*(J(a)) and V;(a) = (Ej(a))*(J'(a)).

Theorem 7.2. Let y: I — M be a geodesic in a pseudo-Riemannian manifold M. For a € I
and every pair of vectors X, Y € Ty qM there exists a unique Jacobi field | ¢ X(y) satisfying
the initial conditions J(a) = X and J'(a) =Y.
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Theorem [7.2is the existence and uniqueness theorem for Jacobi fields, so we introduce
the notation J¥ € X(y) for the Jacobi field such that J¥(a) = X and (J¥)'(a) = Y hold. The set
of all Jacobi fields along a geodesic y: I — M,

Jy) =% : X, Y€ TyoM} C X(y),

Iclan be identified with T}, M x T) M. Moreover, for X,Y,Z,V € T,yM and a, B € R we
ave

(afx +BI7)" = a(x)" + BU7)" = —aR(x. V)V — BRUZ. Y)Y = —R(ax + Bl7, V)Y
which proves that aJ¥ + BJ% is a Jacobi field, while

(o + BIY) (@) = aX + BZ = Jo (@), (@ + BIEY (@) = a¥ + BV = (oxhy) (@

yields
Y4BV
a])Y( + B]}/ :]aaxigz
Hence, J(y) becomes a vector space of dimension 2n, isomorphic to T, M x Ty M.

Let us remark that the previous theorem works for an arbitrary a € I, but to avoid
ambiguity, unless otherwise stated we assume a = 0 € I. Of course, the translationt — t—a
does not violate the fact that y is a geodesic nor that J is a Jacobi field.

We have already seen that a variation vector field along y is a Jacobi field. However,
the converse also works, because every Jacobi field along y is some variation vector field
along y.

Theorem 7.3. Let y: I — M be a geodesic in a pseudo-Riemannian manifold M, where I is
a compact interval. Every Jacobi field along y is the variation vector field of some variation
through geodesics of .

Proof. Without loss of generality 0 € I. We suppose J¥ € J(y). Let us choose a smooth
curve ¥: (—€,€) — M such that ¥(0) = y(0) and ¥'(0) = X. Let us choose V € X(y) such
that V(0) = y'(0) and (VV/ds)(0) = Y. We define a variation of y by f{(s,t) = expy (tV(s)).
Since I is compact, the domain of exp is an open subset of TM that contains the compact
set {(¥(0),ty’(0)) : t € I}), so there is 0 < § < € such that fis defined for (s,t) € (-6,6) x I

Since f(0,t) = expy ) (tV(0)) = exp, ) (ty'(0)) = y(t), we see that fis a variation of y,
while f(s,0) = expy ) (0) = ¥(s). Let W(t) = (9f/9s)(0, t) be the variation vector field. Then
W(0) = ¥'(0) = X, each longitudinal curve f; is a geodesic with (f;)'(0) = V(s), while we
have

YW, Vof, . Vof, . VYV
W(O) = a%( ,0) = E&((L )= %(0) =Y,
which proves that Jf = W. O

The most obvious example of a Jacobi field is y’ € X(y), since it satisfies (@) because
of (y/)) =0and R(y’,y")y’ = 0, which is the variation field of the variation f{s, t) = y(s + t).
Another simple example is J(t) = ty’(t), which is the variation field of f(s, t) = y((1 + 9)t).
However, these Jacobi field examples are reparametrisations of y and they do not give us
anything new about the behaviour of the geodesic y.

To exclude such unimportant examples, whenever y’(t) is not null we can use the de-
composition Ty, M = Span{y’(t)} & Span{y’(t)}*+. If " is nowhere null, any V € X(y) de-
composes into an orthogonal sum V' + V+, where V' is a multiple of y’ and V* is normal
to y’. We say that V' is a tangential vector field along y, while V* is a normal vector
field along y. Using the compatibility with the metric

0= SVt y) = gV ) + V- (Y)) = 8V
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Chapter 7. More pseudo-Riemannian geometry

we see that (V*) is also normal to y’, and similarly (V") is parallel to y'.
A Jacobi field J satisfying J(t) L y'(t) for all ¢t € I is called a normal Jacobi field, while
we have the following theorem.

Theorem 7.4. Let y: I — M be a geodesic in a pseudo-Riemannian manifold M. If ] € J(y)
then the following are equivalent: | is a normal Jacobi field; | is orthogonal to y' at two
distinct points; both J and J' are orthogonal to y' at one point; both | and J' are orthogonal to
y' everywhere along y.

Proof. Consider the function f: I — R given by f(t) = g(J(t),y'(t)). A Jacobi field is normal
if and only if f = 0. For J € J(y) we have f' = (g(,y))' = g(J".y) = —&(R(.Y)V.y) = 0,
which means that f(t) = ct + d for some c,d € R. Since g(J',y’) = ¢, we have J/ L y’if and
only if c = 0, while J L y" att € I'if and only if ct + d = 0, which is enough to complete this
proof easily. O

We are interested in Jacobi fields that vanish at a concrete point. Let y: I — M be a
geodesic in a pseudo-Riemannian manifold M, where I is a compact interval containing 0.
According to Theorem , an arbitrary Jacobi field J € 7(y) such that J(0) = 0 is J = J& for
some X € Ty M. Theorem claims that J is the variation field of a variation through
geodesics of y, where in the proof we set ¥(s) = y(0) and V(s) = y’(0) + sX, to obtain the
variation

fis, 1) = exp,, ) (t(y'(0) + sX)).

This allows us to calculate

of
J) = %(07 t) = (Tt(V’(0)+s)() eXpy(O)) (tX)t(y/(0)+sX)L:0 = (Tty’(O) eXpy(O)) (tX) ey (0)

which gives an explicit formula

Js(t) = (Tty’(O) eXpy(O)) (tX)ty(0), (7.3)

where (tX)¢,(0) € Teyr(0)(Ty0)M) canonically corresponds to tX € Ty M.

In normal coordinates, the coordinate representation of the exponential map is the
identity, so on a normal neighbourhood of y(0) containing the image of y, f can be written
explicitly in coordinates as f(s, t) = (¢(y}(0) + sJ;(0)), ..., t(yn(0) + sJ(0))), so we obtain

T3 =t X3y,
i1

where Y7, Xi(0;)y(0) is the coordinate representation of X.

Example 7.1. Let (M, g) be a space of constant sectional curvature k, which implies that
R = kR In that case the Jacobi equation () becomes J" + x(g(y', V)] — &(J,Y)y') =0, so
for a unit-speed geodesic y in M, a normal Jacobi field ] satisfies

T+ K] =0.

Let E be an arbitrary parallel unit normal vector field along y. It is reasonable to try
J(t) = a(t)E(t) for some a € F(I). After the substitution we obtain that a is a solution of the
differential equation a” + ka = 0. We suppose J(0) = 0, which gives the initial condition
a(0) = 0, and the solutions are a(t) = ¢ - hg(t), where

t ifk =0,
i (t) = Sm\%ﬁ) ifk >0,
sinh(ty/—k)
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and c is an arbitrary constant. Thus, we obtain | = chxE. The simple calculations show
J(0) = ch,(0)E(0) = cE(0), since h;.(0) = 1 always holds, while ||J'(0)|| = |k|, because E is a
unit vector field. A

Consider ] = J3 € J(y) where we have J(0) = 0 and J'(0) = X. Because of J” = —R(J,y)y’,
we also have J”(0) = 0. Let us calculate the Taylor expansion of ||J(t)||?> about t = 0. For the
first coefficients we have

8U.1)(0) = g(J(0),J(0)) = 0,

(&7.0))'(0) = (&) + &(7.J))(0) = 2g(J'.])(0) =
(0)
(0) =

&U.))"(0) =28(",))(0) +28(J',J)(0) = 28(X, X) = 2,
(U, ]))"(0) = 2g(J",J)(0) + 68(J",J)(0) =0

For an arbitrary Y € X(y) we calculate

gy",Y)(0) = (gU", ¥))'(0) — g(J"(0), Y(0)) = (8(-=R(, Y)Y’ ¥))'(0) = —=(8(R(Y,y)y".]))(0)
= —&((R(Y,y)y)(0),]J(0)) — 8(R(Y,y)Y'.J)(0) = —g(R(J, y)Y', ¥)(0),

which implies J”/(0) = —(R(J',¥")y’)(0). This helps us to calculate the next Taylor coefficient,

(87.1)"(0) = 2g7™.](0) + 8g(",J)(0) + 68(",J")(0) = 8g(J",J")(0)
= —=8g(R(J",Y")Y, X)(0) = —88y(0)(R(X.¥'(0)),¥'(0),X) = —8Kk(y'(0),X),

where k()’(0),X) is the sectional curvature of the plane ¢ = Span{y’(0),/'(0)} < Ty)M.
The Taylor expansion shows

O =€~ 2x(@)ft+ 0 (E),

t—0
which implies

@) =t— 1;<(c;)t3 + 0 (th). (7.4)
6 t—0

Now we are able to give the relation between geodesics and curvature. An arbitrary
Jacobi field 3 € J(y) is the variation field of the variation f(s, t) = exp, ) (t(y'(0)+sX)), and
it is given in the formula (@) Intuitively, the formula ([7.4) shows how fast the geodesics
that start from y(0) and are tangent to the the plane o = Span{)’(0), X} spread apart. Loc-
ally, for k(o) > 0 the radial geodesics spread apart less than the rays in T,M, while for
k(o) < 0 they spread apart more than the rays in T,M (see the details in Do Carmo [34,
Remark 5.2.11]).

It is easy to check that the space 7,(y) of all Jacobi fields J € X(y) such that J(a) = 0 is
an n-dimensional subspace of 7(y), which is based on the choice of linearly independent
vectors J'(a) € Ty M. Since the tangent map of the exponential map is linear it is easy to
see that vectors J'(a) € Ty M are linearly independent if and only if Jacobi fields J € Ja(y)
are linearly independent.

Lemma 7.5. Let y: I — M be a geodesic in a pseudo-Riemannian manifold M and a € L. If
Ji€ Ja(y)for1 <i<keN,then]J(a),...,Ji(a) € TyqM are linearly independent if and only
ifJ1,...,Jx € Ja(y) are linearly independent.

Proof. Suppose that J; are linearly independent and ) ; a;/;(a) = 0 for some a; € R. We
create J = >, aif; € Ja(y) satisfying J'(a) = 0, so Theorem [7.2 implies J = 0, and therefore
0 = J(a) = >, afi(a) gives a; = 0. Conversely, suppose that Ji(a) are linearly independent
and ) ;a;/; = 0 for some a; € R. Differentiating, we obtain }_; a;J; = 0, which implies
> ;aifi(a) = 0, and therefore a; = 0. O
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The next application of Jacobi fields can allow us to examine when the exponential
map is a local diffeomorphism, that is, to find the relation between the singularities of the
exponential map and Jacobi fields.

Let y: I — M be a geodesic in a pseudo-Riemannian manifold M of dimension n. We
say that two distinct parameter values a, b € I are conjugate parameters along y if there
exists a Jacobi field 0 # J € X(y) such that J(a) = 0 = J(b). The multiplicity of conjugacy
is the maximum number of such linearly independent Jacobi fields, which is actually the
dimension of the subspace 7;,(y) = Ja(¥) N Tp(y).

It is often said that the points y(a) and y(b) are conjugate along y if a and b are con-
jugate parameters along y. However, if y has self-intersections, this definition becomes
ambiguous since we do not know which space J,(y) should be taken for a point y(a) in the

case y~1(y(a)) # {a}.

Example 7.2. Consider the pseudo-Euclidean space R}, where R = 0 yields the Jacobi
equation J” = 0. The case J(a) = 0 = J(b) implies J = 0, so there are no conjugate points. A

Consider the tangential Jacobi field J given by J(t) = (t — a)y’(t). Since )’ vanishes
nowhere we see J € Ju(y) and J ¢ J,(y) for b # a. Therefore, dim Jg,(y) < dim J,(y) = n,
which implies that the multiplicity of conjugacy does not exceed n— 1. The upper limit can
be reached, as we see in the following example.

Example 7.3. Consider the unit sphere S" ¢ R**1, which is a space of constant sectional
curvature 1. According to Example @ we know that J(t) = (sint)E(t) satisfies ] € 7, (y) for
an arbitrary parallel unit normal vector field E € X(y). Moreover, such J satisfies J(7) = 0,
and therefore J € 7y (y), which means that y(0) and its antipodal point y(57) are conjugate
along y with multiplicity n — 1. A

Theorem 7.6. Let y: [0,1] — M be a geodesic segment in a pseudo-Riemannian manifold M
such that p = y(0) and V = y'(0) € & < Tp,M. The point y(1) is conjugate to p along y if
and only if V'is a critical point of exp,. Moreover, the multiplicity of conjugation is equal to
dim Ker(Ty expy,).

Proof. Consider an arbitrary J € Jp1(y)._Since Jo1(y) € Jo(y) we have J = J5 for some
X = J(0) € T,M, where the equation (@) yields (Tyexp,)(Xy) = J(1) = 0. Therefore
JX € Jn(y) if and only if Xy € Ker(Ty exp,), where Lemma @ completes the proof. O

Let us remark that by reparametrising yy(t) = y,(1) from Lemma we have that
y(0) and y(t) are conjugate along y if and only if ty’(0) is a critical point of exp,,.

According to Theorem , a unique Jacobi field is naturally determined by giving its
initial value and initial derivative. However, if points y(a) and y(b) are not conjugate, then
we can determine a unique Jacobi field by giving J(a) and J(b).

Theorem 7.7. Let y: I — M be a geodesic in a pseudo-Riemannian manifold M. If y(a) and
y(b) for distinct a, b < I are not conjugate along y, then for every X € T M and Y € T, M
there exists a unique J € J(y) such that J(a) = X and J(b) =Y.

Proof. Define a linear map f: Ja(y) — Ty by fi/) = J(b). Since a and b are not conjugate
parameters, J(b) = 0 implies J = 0, which means that fis injective. Both the domain and
the codomain of fare of the same dimension n, so fis an isomorphism. Hence, there exists
J1 € Ja(y) such that J;(b) = Y. In a similar fashion, there exist J, € J,(y) such thatJ,(a) = X,
soJ=J1+], € J(y) satisfies J(a) = X and J(b) = Y as claimed. If K € 7(y) is another such
Jacobi field, then J — K € J(y) vanishes at both a and b, and therefore J = K, which proves
uniqueness. O
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7.2 Pseudo-Riemannian submanifolds

Let (M, g) be a pseudo-Riemannian manifold and (M, g) is its pseudo-Riemannian subman-
ifold. If 2: M — M is the corresponding inclusion, then it is a pseudo-Riemannian immer-
sion and M is endowed with the induced metric g = +*g. We want to investigate the rela-
tions between the pseudo-Riemannian geometry of a submanifold and that of the ambient
manifold.

For each p € M, the tangent space T,M is a nondegenerate subspace of the scalar
product space (TpM, g,) as well as its orthogonal NyM = (TpM)* called the normal space
at p. Hence, the ambient tangent space splits as an orthogonal direct sum

with the corresponding projections 77" : TyM — TpM and 7+ : T,M — NpM, so every vector
X € T,M has a unique expression X = X' + X+, where X" = 7n'X € T,M, X* = 11X € N,M.
Consider the ambient tangent bundle

My = | | TpM,
pPEM

which is a vector bundle as the restriction of TM (Example @). Given any point p € M,
there is a neighbourhood U of p in M that is embedded in M and we can use slice coordin-
ates from Theorem to create an orthonormal frame (g4, ..., 0y, 7;) thatis adapted to U
in the sense that the restrictions of o; to Ufor 1 < i < dim M form a local orthonormal frame
for M. The restriction of the last dim M — dim M vector fields g; to M for dim M < i < dim M
form alocal frame for NM = | |,,; NpM, which by Theorem 3.2 becomes a subbundle called
the normal bundle of M.

Applying 77 and 7+ at each point of M, we obtain two bundle homomorphisms, the
tangential projection 7" : TM|,; — TM and the normal projection 7-: TM|,; — NM.
On the other hand, the smooth sections X(M) = X(M)[,; = T(TM],,) of the ambient tangent
bundle can be decomposed by

X(M)=xM) o x(M)*, (7.5)

where X(M)+ = I'(NM) is the set of smooth sections of the normal bundle. Thus, X(M) and
X(M)* can be seen as submodules of X(M), while the tangential and normal projections
yields the appropriate module projections that decompose X € X(M) as X = X' + X+ with
X" € X(M) and X € X(M)*.

Let V be the Levi-Civita connection on (M, g), and V be the Levi-Civita connection on
(M, g). For any p € M and X € X(M) there is a neighbourhood p € U C M and an exten-
sion X € X(M) of X|;. Because of the local properties of a connection (Theorem El]), the
appropriate restriction along M of VxY = (VzY)[); € X(M) does not depend on extensions
XY € (M) for X, Y € X(M). An important question is how VY is decomposed by (7.5) into
a tangential and a normal component.

Let us start with X, Y, Z € ¥(M) and their extensions X, Y, Z € X(M). Applying the Koszul
formula () for V, along M for every Z € X(M) we have

28((VxY)",Z) = X(8(Y,2)) + Y(8(Z,X)) — Z(8(X.Y)) - 8(X, Y, Z]) + &(Y,[Z. X)) + &(Z, [X. Y)).
Hence, the tangential term is a Levi-Civita connection, and since it is unique we obtain
(VxY)" = VxY.

On the other hand, the symmetry of the connection V implies that (VxY)* is symmetric
because of (VxY — VyX)*+ = [X, Y]+ = 0. Since (VxY)* is §(M)-linear in X, it also must be
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§(M)-linear in Y. We define the second fundamental form (or shape tensor) as a map
II: X(M) x X(M) — X(M)* given by II(X,Y) = (VxY)*. It is a symmetric §(M)-bilinear map
such that for any X, Y € X(M) we have the decomposition

VxY = VyY + II(X, Y), (7.6)

called the Gauss formula.
For any N € X(M)*, the vector-valued second fundamental form II can be reduced to a
simpler scalar-valued form hy € TJ(M) given by

hN(Xa Y) = g(H(X’ Y),]V),

and called the scalar second fundamental form of M with respect to N. Raising an
index we get the tensor field Ay = (hy)* € T}(M) which can be seen as an F(M)-linear map
An: X(M) — X(M) given by Ax(X)f = (hy)f(df, X), which means that (hy)*(w,X) = w(s(X))
naturally holds. The map Ay is called the shape operator with respect to N € ¥(M)*+, and
because of

hw(X,Y) = () (X, Y) = ZXf(hN dx;, Y) = Zgg i(X) dx;(ANY) = (X, AnY),

for all X, Y € X(M) we have

8(X,ANY) = hy(X,Y) = g(II(X, Y), N).

Since hy is symmetric, Ay is self-adjoint, and therefore g(AyX,Y) = g(X, ANY).

In a more general case, we consider the connection V restricted to M as a map
Vin: X(M) x X(M) — X(M). For X, Y € X(M) and N € X(M)*, along M we have g(Y,N) = 0,
SO

0 =Xg(Y,N) = g(VxY,N) + g(Y, VxN) = g(II(X,Y),N) + g(VxN., Y),

which implies the equality

called the Weingarten formulaﬁ]. Hence, the tangent component of VxN is —AyX. On the
other hand, the normal component Vi N = (VxN)+ defines a compatible connection on the
normal bundle NM, called the normal connection. Thus, the Weingarten formula can be
written as

VxN = —AnX + VgN. (7.8)

Itis interesting to consider the relation between the corresponding curvature operators
R and R, or between the curvature tensors R and R. We use the Gauss formula (7.6) and
the Weingarten formula (@) to write

VxVyZ = VxVyZ + Vx I(Y,Z) = VxVyZ+ 1I(X,VyZ) + V)% I(Y,Z) — AH(YZ)X
forall X,Y,Z € X(M), and therefore
R(X,Y)Z =VxVyZ — VyVxZ — VixyZ
=VxVyZ + 1I(X,VyZ) + Vx (II(Y,Z)) — Az X
— VyVxZ — (Y, VxZ) — Vi (I(X, Z)) + Anx.2)Y
— VixyZ - I(VxY,Z) - II(VyX,Z)
=R(X,Y)Z + Anixz)Y — Any X + (Vx (Y, Z) — (Vy) (X, Z),

Julius Weingarten (1836-1910), German mathematician

142



7.2. Pseudo-Riemannian submanifolds

where
(Vx )Y, Z) = Vx(IL(Y, Z)) — II(VxY, Z) — II(Y, VxZ).

The tangential component is

(RX.Y)Z)" = R(X,Y)Z + AnxzY — AnrzX,

which after taking the scalar product by W € X(M) yields the Gauss equation (or Gauss
curvature equation),

R(X,Y,Z, W) =R(X,Y,Z W) + 5(II(X, Z), II(Y, W)) — g(II(X, W), 11(Y, Z)). (7.9)

The rE}ormal component is called the Codazzi equation@ (or Codazzi-Mainardi equa-
tiond),
(REX,Y)Z2)" = (Vx II)(Y,2) - (V¥ ID(X,2).

On the other hand, for N € X(M)* we have
VxVyN = VxVyN — VxAnY = Vx VyN — Ag. X — VxAnY — I(X, AnY),
and therefore
R(X,Y)N =VxVyN — VyVxN — Vix yN
=VxVyN — Ag.nX — VxANY - I[(X, AyY)
— Vy VN +Ag. Y + VyANX + (Y, AnX)
V[%MN +ANVxY — ANVyX
=R (X, Y)N + (Y, AxX) — II(X, ANY) + (V¥A) (X, N) — (VxA)(Y,N),
where
(VyA)(X,N) = VyAnX — AnVyX — AgypX.

The tangential component yields
(RX.YN)" = (VyA)(X,N) - (VxA)(Y,N),

which is an equivalent form of the Codazzi equation. The normal component is called the
Ricci equation,

Taking the scalar product by P € X(M)*, we have
R(X,Y,N,P)=R*(X,Y,N,P) - g([An. AplX. Y), (7.10)

which is also the Ricci equation.

The Gauss equation is a tensor equation, so it remains valid when we replace vector
fields by individual tangent vectors. Using the Gauss equation in the definition of a sec-
tional curvature gives the following relation between the sectional curvatures k€ of M and
k of M, also called the Gauss equation,

KX Y) = KX, 1) 4 SUEX) Y, Y)) — 8K ¥). TIX, V) 711)
8X. X)g(Y.Y) — (X, Y)g(X,Y)

2Delfino Codazzi (1824-1873), Italian mathematician

3Gaspare Mainardi (1800-1879), Italian mathematician
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Example 7.4. The position vector field N = "I ; x;0; on the sphere 81 <, R" is normal
at each point (xq,...,Xn) € S ! as a consequence of Lemma . On the other hand, for
the Levi-Civita connection V in R", for any X € X(S!'"!) we have VxN = S, X(x;)8; = X.
The formula (@) implies g(II(X,Y),N) = —g(VxN.,Y) = —g(X,Y), so since &y = r?> we obtain
II(X,Y) = —g(X, Y)N/r?. Finally, the equation (7.11) for & = 0, yields x = 1/r2. A

The Gauss formula (@) can be adapted to compare intrinsic and extrinsic covariant
derivatives along curves. For a curve y: I - M and Y € X(M) we have

VyoY = VY + I(y'(6), Yo (1)),
which implies
VY, . VY, ,
W(t) = W(t) + I(y'(1), Yy (1))
The special case Y, =y’ implies the formula for the acceleration of y,
vy vy

i - di + II(y",y). (7.12)

As a consequence of the previous equation, a curve y in M c M is a geodesic of M if and
only if its M acceleration is everywhere normal to M.

Example 7.5. A great circle of the sphere S} is a circle IINS} obtained as the intersection
by a two-dimensional plane II through the origin of R**1. If y is a constant speed para-
metrisation of IT N S}, then y’ and y” are mutually orthogonal and tangent to the plane II.
However, the position vector field is also tangent to II and orthogonal to y’ # 0, so the
position vector field and y” are collinear at each point of the curve, which means that y”
is normal to S!' and therefore y is a geodesic of the sphere. Conversely, any nonconstant
geodesic y can obatained in this way. If IT is a plane through the origin and y(0) to which
Y'(0) is tangent, then there is a suitable constant speed parametrisation of IT N S} and the
rest follows from the uniqueness of geodesics. A

A pseudo-Riemannian submanifold M of a pseudo-Riemannian manifold (M, g) is said
to be totally geodesic if every geodesic in M is also a geodesic in M. The formula ()
provides that M is totally geodesic if and only if the second fundamental form II vanishes.

Let (M, g) be a pseudo-Riemannian manifold. Let us consider the set of all fixed points
® ={peM:flp) =p}ofanisometry f € Z(M). Since ® is the inverse image of the diagonal
in M x M under the smooth map p — (p,f(p)), the set ® C M is closed. If p € ® is not
isolated, then there exists a normal neighbourhood U = exp,, (i) of p which contains some
p # q € ®. If y;, is a unique radial geodesic from p to g, then it is also Vr,fv) = foyyfrom
(6.10), and therefore Yr,fv) = Vv- Hence W = {V € T,M : Tpf(V) = V} is a closed non-trivial
subspace of T, M.

For q € ® N, the radial geodesic from p to q is y,, where V = expl;1 q and thus V e W.
Conversely, for Ve ¥ n U we have fo y,, = Y,f0v) = Yv» SO foyy(l) =yy(1) = exp,(V) € ®.
This proves exp,(¥ NY) = ® N U, which means that ® is a submanifold of M, and since
every radial geodesic y through p € @ satisfies foy =y, ® is totally geodesic.

Theorem 7.8. Every connected component of the fixed point set of an isometry of a pseudo-
Riemannian manifold M is a totally geodesic submanifold of M.

A pseudo-Riemannian hypersurface is a pseudo-Riemannian submanifold of codi-
mension one. Let (M, g) be a pseudo-Riemannian hypersurface in (M, g). By definition,
each tangent space T,M is a nondegenerate subspace of T,M that has constant index, so its
complementary space NpM is also nondegenerate and its constant index Ind N, M is called
the co-index of M. The co-index of a pseudo-Riemannian hypersurface M is either 0 or 1
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and it determines the sign of M, which is the sign of any nonzero normal vector. Hence,
the co-index 0 (Ind M = Ind M) gives sgn M = 1, while the co-index 1 (IndM = Ind M — 1)
implies sgn M = —1. Of course, any hypersurface in a Riemannian manifold is Riemannian
with sign 1.

Example 7.6. Consider the case ) # M = f~1(c) for some f € (M) and ¢ € R such that
grad f never vanishes on M. Since gradf # 0 on M implies df # 0 on M, we see that M is
a regular level set and by Theorem we conclude that M is a hypersurface of M. Since
g(gradf, X) = df(X) = Xf, while f = con M we conclude that grad fis normal to M. Therefore,
M is a pseudo-Riemannian hypersurface M if and only if g(grad f, grad f) has constant sign
on M. In this case the sign of M is the constant sign of g(gradf, gradf) and grad f/||grad ﬂ\
is a unit normal vector field on M.

Example 7.7. Basic examples of pseudo-Riemannian hypersurfaces in R?*! are pseudo—
spheres and pseudo-hyperbolic spaces defined by M = {X € R'*! . g(X,X) = ¢} = f1({c})
for some ¢ # 0, where f(X) = g(X,X) (see Section @) We already know that dfy = 2X°
which gives gradf = 2P, where P = )", X;0; is the position vector field. Consequently,
g(gradf, gradf) = 4g(P, P) = 4f, which gives g(gradf, gradf) = 4c on M and M is a pseudo-
Riemannian hypersurface. A

For a hypersurface M ¢ M, we use a unit normal vector field N € X(M)*, which is
locally unique up to sign. Once it has been fixed, we use the notation A = Ay for the shape
operator with respect to N. We have II(X,Y) = exyhy(X, Y)N, while the Gauss formula (7.6)
becomes

VxY = VxY+ Z(AX,Y)N.

On the other hand, since 2g(VxN,N) = Vxg(N,N) = 0, it follows that VxN is tangent to M,
so the Weingarten formula ([7.7) reduces to

VxN = —AX.

Let M be a hypersurface of the Euclidean space. At each point p € M, the shape operator
s is a self-adjoint endomorphism of the tangent space T,M. Such an operator (definiteness
of metric is important) has real eigenvalues A4, ..., Ay, and there exists an orthonormal
basis (E1,...En) in T,M consists of eigenvectors of s, that is, SE; = A;E; for 1 < i < n. In this
basis, both h and s are diagonal and hence h(X,Y) = ; A X'Y".

The eigenvalues of s are called the principal curvatures of M at p, while the corres-
ponding eigenspaces are called the principal directions. They are independent on the
basis choice, but the principal curvatures change sign if we reverse the normal vector. The
principal curvatures give a description of the local shape of the embedded surface.

There are two combinations of the principle curvatures which play important roles
for Euclidean hypersurfaces. The Gaussian curvature is defined as K = dets, while
the mean curvature is H = trs/n = trgh/n. The determinant and trace of a lin-
ear endomorphism are invariants, while in terms of the principal curvatures we obtain
K=MAy---Apand H= (A1 + -+ + Ay)/n.

7.3 Symmetric spaces

The main feature of the most beautiful and most important pseudo-Riemannian mani-
folds is that they are highly symmetric (they have large groups of isometries). A connected
pseudo-Riemannian manifold (M, g) is called a locally symmetric space if eachp €¢ M
is an isolated fixed point of some involutive local isometry of M. It is called a (globally)
symmetric space if each p € M is an isolated fixed point of an involutive isometry of M.
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Suppose that there is an involutive isometry s € 7,(U) with p € U € M to which p is
an isolated fixed point. Then s? = 1y implies (Tps)? = 17,um, which after subtracting %1
becomes

(Tps — A1)(Tps + A1) = (1 — A1,

and by taking the determinant we see that the characteristic polynomial of Tjs by A divides
the polynomial (1 — A)"(1 + A)". However, the case det(T,s — 1) = 0 is not possible because
then exists a nonzero V € T,M such that T,s(V) = V, from where the equation () shows
that yy(t) = exp, tVis a fixed point of s for every sufficiently small ¢, which contradicts the
fact that p is an isolated fixed point. This is why —1 is the only eigenvalue of Tys, which
gives det(Tps — A1) = (1 + A)", and therefore (Tps + 1)" = 0. Moreover,

0= (Tps +1)" = (Tps + 1) 2((Tps)* + 2Tps + 1) = 2(Tps + 1)1 = 2" (Tps + 1),

from where we obtain Tps = — 1.

The cond@tion TPS = —1 by () gives s(exp,(V)) = exps(p)(Tps(V)) = expp.(—V) for
V € TpM, which uniquely determines s. We see that s reverses geodesics emanating from
p because of s(yy(t)) = yy(—t), which motivates us to introduce the following definition.
A geodesic symmetry at p € M is a diffeomorphism f of some neighbourhood of p that
fixes that point (f(p) = p) and reverses geodesics through it, that is, f(y(t)) = y(—t) holds
for a geodesic y with y(0) = p. So far, we have shown that our involutive isometry s is a
geodesic symmetry.

Conversely, suppose that fis a geodesic symmetry at p € M. Immediately T,f = —1
because we have Tpf(V) = (fo yy)'(0) = (y_y)'(0) = —V. If fis an isometry on some neigh-
bourhood U C M of the point p, then according to Theorem @ the set of all fixed points of
f1is a totally geodesic submanifold P of M whose tangent space at p is the fixed point set of
Tpfin TyM. From T,f = — 1 we obtain T,P = {0} and hence P is discrete. Moreover, f2 is an
isometry with f%(p) = p and T,f? = 1, so it must be > = 1. Hence fis an involutive isometry
to which p is an isolated fixed point, and we obtain the following statement.

Theorem 7.9. A pseudo-Riemannian manifold is a locally symmetric space if and only if the
geodesic symmetry at each point is a local isometry.

A symmetric space has the property that the geodesic symmetry at any point extends to
an isometry of the whole space onto itself. Symmetric spaces can be observed from plenty
different points of view. The algebraic description allowed cartanff to develop the theory
of Riemannian symmetric spaces merged with the theory of semisimple Lie groups which
led to a complete classification in 1926 [32, 33].

One refined invariant of a symmetric space is the rank, which is the maximal dimen-
sion of a totally geodesic flat submanifold. The rank is always at least one, with equality
when the maximal flat submanifolds are geodesics, in which case the sectional curvature
is positive (compact type) or negative (noncompact type). Among the pseudo-Riemannian
symmetric spaces, those of rank one are of special importance.

On the other hand, we can consider the cosmological principle which says that the spa-
tial distribution of matter in the universe is homogeneous and isotropic at a sufficiently
large scale. A homogeneous pseudo-Riemannian manifolds looks geometrically the same
when viewed from any point, while an isotropic one has the geometry that does not depend
on directions.

Theorem 7.10. Every homogeneous Riemannian manifold is complete.

Proof. Let yy,: I — M be a maximal unit-speed geodesic that cannot be extended, which
means: 0 € I, y;,(0) =V, |V|| = 1, and a = supl < oc. For an arbitrary point p € M,

4Flie Cartan (1869-1951), French mathematician
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there exists a sufficiently small 0 < r < a such that By,(p) is a geodesic ball. Consider an
isometry f: M — M that maps yy(a —r) to p, and let W = (T)q_prf)(y'(a —r)). Isometries
preserve geodesics, and according to the formula () we have fo Vyoia—r) = Yw: which
is defined at least on (—2r, 2r). Hence, (—2r, 2r) is in the domain of Vyi(a—r) =f1oyy, but
since yy(t) = yylv(a_r)(t +r —a) holds for t € [0,a), yy extends to I U [a,a + r), which is a
contradiction. We have shown that a homogeneous Riemannian manifold is geodesically
complete, and is complete according to the Hopf-Rinow theorem. O

However, a homogeneous pseudo-Riemannian manifold does not have to be complete,
as we see in the following example.

Example 7.8. Let M be the right half-plane {(u,v) € R? : u > 0} with Lorentzian metric
g = 2dudy. An arbitrary (a,b) € M is mapped to (1, ab) by the isometry (u,v) — (u/a,av),
which is further mapped to (1,0) by the isometry (u,v) — (u,v — ab), which proves that
(M, g) is homogeneous. However, the null geodesic y(t) = (t,0) has the maximal domain
(0,), so (M, g) is not complete. A

A Riemannian manifold M is two-point homogeneous if any pair of points can be
transformed by means of an appropriate isometry to any other pair of points with the
same distance between them. This means that the isometry group Z(M) acting transitively
on equidistant pairs of points. The special case when the first point in a pair is fixed proves
that a two-point homogeneous M is homogeneous and in particular complete. However,
we have the following theorem of Wolfﬂ [124, Lemmma 8.12.1].

Theorem 7.11. A connected Riemannian manifold is isotropic if and only if it is two-point
homogeneous.

Proof. Let M be two-point homogeneous, B;(p) is a geodesic ball centred at p € M, and
0 < & <r. For arbitrary X, Y € §;(0,) we have d(p, exp, eX) = d(p, exp, €Y), so there exists
f € Z(M) such that f(p) = p and f(exp, €X) = exp, €Y, but from the equation () holds
flexp, €X) = epr(f*(sX)), which implies f.(eX) = €Y, and therefore f,X = Y, which means
that M is isotropic.

Let M be isotropic. For an arbitrary geodesic y,, with p € M,V € T,M there exists an
isometry f € Z, that reverses it, f.,V = —V, so M is complete and homogeneous. Consider
X1,X2,¥1,Y2 € M with d(x1,y1) = d(x2,y2). By homogeneity, there exists f; € Z(M) such that
fi(x2) = x1. By completeness, we have minimising geodesics yy , Yy, : [0,1] — M such that
Y1 = expx, (X1), f1(y2) = exp,, (X2). Since | X1[| = d(x1,y1) = d(X2,y2) = d(X1,f1y2) = || X2, by
isotropy we have f, € Z,, (M) with f, X, = X;. Thus, we obtain f, o f; € Z(M) that satisfies
fofilxe) = fa(xa) = x1 and fof1(y2) = f2 exp,, (X2) = expy,,, (f2.X2) = exp,, (X1) = y1, which
proves that M is two-point homogeneous. O

Tw%;goint homogeneous spaces were first studied by Busemann¥ in 1942 [31] and by
Birkhoff in 1944 [21]. We have a complete classification of these spaces, the compact ones
were classified by WangE in 1952 [122], while the noncompact ones by TitsE in 1955 [117].
As a consequence of the classification, it is known that any locally two-point homogeneous
Riemannian manifold is either flat or locally isometric to a rank one symmetric space, see
Helgason@ [70, p.535]. For the details about two-point homogeneous spaces we recom-
mend Wolf [124, pp.293-300] and Helgason [[70, p.535].

5Joseph Albert Wolf (1936), American mathematician

SHerbert Busemann (1905-1994), German-American mathematician
"Garrett Birkhoff (1911-1996), American mathematician

#Hsien Chung Wang (1918-1978), Chinese-American mathematician
®Jacques Tits (1930), Belgium-born French mathematician
Ysjgurdur Helgason (1927), Icelandic mathematician

147



Chapter 7. More pseudo-Riemannian geometry

Theorem 7.12. A two-point homogeneous connected Riemannian manifold is isometric (up
to a homothety) to one of the following: a Euclidean space; a sphere; a real, complex or
quaternionic, projective or hyperbolic space; or the Cayley@ projective or hyperbolic plane.

More precisely, the classification of two-point homogeneous spaces is as follows:

* R"=E(n)/0(n) for n > 1, Euclidean space;
» S"=80(n+1)/8S0(n) for n > 1, sphere;
* RP" =80(n+1)/0(n) for n > 2, real projective space;
* CP" =S8SU(n+ 1)/U(n) for n > 2, complex projective space;
* HP" =Sp(n+1)/Sp(n) x Sp(1) for n > 2, quaternionic projective space;
« OP? = F,/Spin(9), Cayley projective plane;
« RH" = 80'(n 4 1)/80(n) for n > 2, real hyperbolic space;
« CH" = SU'(n +1)/U(n) for n > 2, complex hyperbolic space;
« HH" = Sp’(n + 1)/Sp(n) x Sp(1) for n > 2, quaternionic hyperbolic space;
« OH? = F;/Spin(9), Cayley hyperbolic plane.
However, it is convenient to notice that there are following isomorphisms (isometries up

to a homothety) in low dimensions: RP! = 81, CP! =~ 82, HP! =~ 8%, OP! =~ 88, CH! =~ RH?,
HH! ~ RH4, OH! ~ RHS.

" Arthur Cayley (1821-1895), British mathematician
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CHAPTER 8

OSSERMAN TENSORS

8.1 Osserman conditions

Let R be an algebraic curvature tensor on a scalar product space (V, g). the characteristic
polynomial of the Jacoby operator is denoted by

wx()() = det()t 1 *jx).

We say that R is timelike Osserman if wy is independent of unit timelike X € V. We
say that R is spacelike Osserman if wy is independent of unit spacelike X € V. Naturally,
R is called Osserman if it is both timelike and spacelike Osserman. However, it turns out
%at timelike Osserman and spacelike Osserman conditions are equivalent (see Theorem

).

The Osserman condition is equivalent to the constancy of (possibly complex) eigen-
values of the Jacobi operators counting multiplicities. It was originally established in the
positive definite case, which enables us to diagonalize the Jacobi operator; as a self-adjoint
operator. However, for indefinite scalar product, the eigen-structure of a self-adjoint op-
erator is not determined by its characteristic polynomial (in general, the Jacobi operators
are not diagonalisable), so the Jordan normal form plays a crucial role (see Section ).

Further generalisations of Osserman conditions at a point concern the eigen-structure
of Jacobi operators. We say that R is timelike Jordan-Osserman if the Jordan normal
form of Jx is independent of unit timelike X € V. We say that R is spacelike Jordan-
Osserman if the Jordan normal form of Jx is independent of unit spacelike X € V. As be-
fore, R is called Jordan-Osserman if it is both timelike and spacelike Jordan-Osserman.
Timelike and spacelike Jordan-Osserman conditions, unlike the original Osserman condi-
tions, are not equivalent (see Theorem ).

The simplest case of Jordan-Osserman R for indefinite g considers diagonalisable Jac-
obi operators, which means that the corresponding Jordan normal form consists of dim V
blocks of size one. We say that R is Jacobi-diagonalisable if for each nonnull X € V
there exists an orthonormal eigenbasis in V related to Jx. Jacobi-diagonalisable algebraic
curvature tensors are closest to the definite case. Moreover, this condition is natural in
some way, because a Jordan-Osserman R that is not Kleinian (dimV # 21Ind g) have to be
Jacobi-diagonalisable (see Gilkey and Ivanovall [60D).

We say that an algebraic curvature tensor R is k-root if the reduced Jacobi operator
Jx has exactly k distinct eigenvalues (counting complex roots) for any nonnull X € V (see
Andrejic [10]). Of course, any Osserman R is k-root for some fixed k € N.

Example 8.1. Let J: V — V be a skew-adjoint endomorphism of a scalar product space
(v, g) of dimension n. Such J generates an algebraic curvature tensor ' € T3(V) by (6.14)

1Raina B. Ivanova
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from Example @ The corresponding curvature operator has

RI(X,Y)Z = g(X.Z)]Y - gJY. Z)JX + 28(JX. Y)JZ,

and consequently the Jacobi operator satisfies

TEY = RI(Y, X)X = 3g(JY, X)JX — gUX, X)JY = —3g (Y, JX)JX,

that is,
j] _ —38])(]1 on Span{]X} .
0 on Span{jX}+

If we additionally suppose that J> = ¢1 holds for some constant ¢ € R, then we have
ex = §JX,JX) = —g(X,J?X) = —cex. It is clear that the case ¢ # 0 implies

wx(A) = det(A1 —7%) = A" (A — 3cex). (8.1)

The case ¢ = 0 gives gx = 0, so j)]( vanishes on Span{jX} + Span{JX}*+ = Span{JX}*. If
JX = 0 then we have J) = 0. Otherwise, JX is null, so Span{JX}+ < Ker( (\7)]()") is degenerate
subspace of dimension n — 1, and therefore Lemma implies dim Ker((j)]()”) >n-1,
which yields Ker((j)]()”) = V. This proves that all the eigenvalues are zero in the case c = 0,
SO (El]) holds anyway. The formula (@) shows that wx(A) is constant on pseudo-spheres,
and therefore R/ is an Osserman algebraic curvature tensor.

Thus, any skew-adjoint endomorphism J such that J> = c1 holds, generates an Os-
serman algebraic curvature tensor F/. In particular any orthogonal skew-adjoint endo-

morphism (¢ = —1, a complex structure that preserves g) and any anti-orthogonal skew-
adjoint endomorphism (¢ = 1, a product structure) yield an Osserman algebraic curvature
tensor. VAN

Let R be a spacelike Osserman algebraic curvature tensor on a scalar product space
(V,g) of dimension n. The characteristic polynomial wy(A) = det(A1 —Jx) is independent
of a unit spacelike X, so the coefficients of wyx are constant, and according to (A.5) from
Lemma , there exist constants Cy,Cs, ..., C, such that Tr(jxf ) = Cj holds for each 1 <
Jj < nand any unit spacelike X. Evidently it works vice-versa, so R is spacelike Osserman if
and only if such constants exist. Since

Tr(Jx) = Tr (MZJ (JX/\/EY) = lext Tr ((jx/\/g)j) ’

our equations can be extended for a spacelike X to
Tr(Jx) = (ex)C;, (8.2)

foreach1 <j<n.
The equation R(Z, X + tY)(X + tY) = R(Z, X)X + t(R(Z,X)Y + R(Z,V)X) + t*R(Z,Y)Y can
be written using the polarised Jacobi operator as

Txsey = Tx + 2tT (X, Y) + 2 Jy

forallX,Ye VandteR.
If X is timelike, Y € X is spacelike, and |t| > \/—¢&x/¢€y, then ex, vy = €x + t>ey > 0 which
implies that X + tY is spacelike. In that case for a spacelike Osserman R we have

Tr((Jx + 2tT (X, Y) + CTyY) = Tr((Txrev)) = (Exev) G = (ex + t*ey)C,
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8.1. Osserman conditions

which yields
2j i,
S (TrE)t =Y <]l> (ex)~(ey)iCit, (8.3)
i=0 i=0

for some concrete linear operators Lo, Ly, ..., Ly. Since a polynomial of degree d has at
most d roots, while we have infinitely many ¢ such that (@) holds, the polynomials in (@)
are equal, so their coefficients must also be equal. Evidently Ly = (Jx) holds and therefore
we have Tr(Jx) = (ex)/C; for any timelike X.

In a similar way, it is easy to see that R is timelike Osserman if and only if there exist
constants C; such that () holds for each 1 < j < n and any timelike X. Thus, we have
already proven that a spacelike Osserman R is timelike Osserman, while the converse can
be obtained similarly. Therefore, spacelike Osserman and timelike Osserman are equival-
ent conditions in the case of indefinite g, which is originally proved by Garcia-Rio, Kupeli,
Vézquez—AbalE, and Vazquez-Lorenzo in 1999 [64].

Theorem 8.1. An indefinite algebraic curvature tensor is spacelike Osserman if and only if
it is timelike Osserman.

Consequently, an algebraic curvature tensor is Osserman if and only if there exist con-
stants Cy, ..., Cp such that Tr(Jx) = (€x)/C; holds whenever X is nonnull. If we look at the
coefficients of the characteristic polynomial,

wx(A) = det(Al —Jx) = A"+ AV - 4 oA + O,
then the equation (@) from Lemma gives
MO + Om1 Tr(Jx) + Oz Tr(JTx)* + -+ + 01 Tr(Jx)™ ' + Tr(Jx)™ =0,

for each 1 < m < n. After the substitution we have

(ex)™  m

(ex)m-1 Gt (ex)m—2

and by induction o, /(ex)™ are constant for 1 < m < n. Hence,

Om 1 Om-1 Om-—2 01
Co+---+—C1+C
< 2+ + Ex 1+ m> )

1 det(exA1 —Jx) wx(€xA) .n , 01,01 On-1 On
det (A1 —— = = ="+ 222 N
< Ex jX) (ex)" (ex)" Ex (ex)"17  (ex)"

is a polynomial with constant coefficients which proves the following theorem.

Theorem 8.2. An algebraic curvature tensor is Osserman if and only if the polynomial
det(A1 —Jx/ex) is independent of a nonnull vector X.

Thanks to Theorem , we no longer need to look at the Osserman condition through
two independent constancy of different polynomials, one for spacelike unit and the other
for timelike unite vectors, but we united all this through a unique polynomial that is con-
stant for each definite vector.

So far, () holds for a nonnull X, and obviously for X = 0. Any null X, by Lemma ,
can be decomposed as X = S + T, with g = —er > 0. For n > 2 there exists a nonnull
Y € Span{S, T}*. Because of Y | X we have ex ;v = g(X + tY,X + tY) = t’ey # 0 for t # 0.
According to Lemma @, the entries of the matrix Jx are homogeneous polynomials of
degree 2 in coefficients of X, so Tr(Jx,y) is a polynomial of degree 2j, and thus continuous
by t. If t decreases to zero, then we obtain Tr(Jx.v) = (€x4v)Cj = t¥(ey) C; which implies

o e e
Tr(JxY %{%Tr(jmry}] 1t1\f%t (ev/ G = 0.

2Maria Elena Vazquez-Abal, Spanish mathematician
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Chapter 8. Osserman tensors

Hence Tr(Jxy = 0 = (8X)ij holds, which extends the equation () for all X € V, and
motivate us to introduce the following definition.

An algebraic curvature tensor R on a scalar product space (), g) is called k-stein if there
exist constants Cq, ..., Cx such that

Tr(Jx) = (ex/C; (8.4 revisited)

holds for each 1 < j < kand any X € V. The previous calculations prove the following
theorem (see Gilkey [57, Lemma 1.7.3]).

Theorem 8.3. An algebraic curvature tensor of dimension n is Osserman if and only if it is
n-stein.

As a consequence, an Osserman algebraic curvature tensor has Tr(Jx) = 0 for a null X
and each 1 <j < n, which implies g, = 0, = --- = o, = 0 for the coefficients of wy. In light
of this wx(A) = det(A1 —Jx) = A" holds for all null X and we have the following theorem
(see Gilkey [57, Lemma 1.7.4]).

Theorem 8.4. If R is an Osserman algebraic curvature tensor, then all eigenvalues of Jx for
a null X are equal to zero.

8.2 Einstein, zwei-stein, k-stein tensors

An Osserman algebraic curvature tensor R on a scalar product space (V, g) of dimension
n > 3 is n-stein. Let us recall the previous idea starting with Jx,.y, where the k-stein
condition implies that

Tr(Jx + 2t (X, Y) + JyY = Tr(Txrer) = (Ex1evVC = (ex + 268X, Y) + tPey)C; (8.4)

holdsforeach 1 <j<k,and allX,Y € V, t € R. The simplest case is k = 1, which yields the
equal polynomials,

Tr(Jx) + 2t Tr(J (X, Y)) + t* Tr(Jy) = exC1 + 2tC18(X, Y) + t*eyCy,

and therefore C1g(X,Y) = Tr(J (X, Y)) = Ric(X, Y), which gives Ric = C,g. Hence, an algeb-
raic curvature tensor is Einstein if and only if it is 1-stein, which is the reason why Car-
penterE, Gray@, and WillmoreH [36] wittily choose the name k-stein for a generalisation. As
the name of the famous physicist Einstein means one-stone in German, by generalisation
we get zwei-stein (two stones), drei-stein (three stones), and so on.

Consider an orthonormal basis (Eq, E,, ..., Ep) in (V, g), where we introduce the short-
cuts g = ¢, € {—1,1} for 1 <i < n. Using the equality (6.30), the Einstein condition gives
C1g(X,Y) = Ric(X,Y) = Y1, &R(E;, X, Y, E;), and therefore Y 1" ; &Ry = C16x6xy holds for
all1 < x,y < n, where Ry = R(E;, Ej, Ex, E;) for 1 <i,j, k,I < n are components of R. Hence,
for an Einstein R we have

D &i&xRyyq = Const = Cy, (8.5)
1<i<n
Z giRixyi =0. (86)
1<i<n

Theorem 8.5. If R is an Einstein algebraic curvature tensor of dimension n, then in an or-
thonormal basis the equalities (@) and (@) hold for all1 < x#y <n.

3Paul Carpenter, British mathematician
4Alfred Gray (1939-1998), American mathematician
SThomas James Willmore (1919-2005), English mathematician
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8.2. Einstein, zwei-stein, k-stein tensors

Let us recall the equation (@) and consider the next simplest case k = 2. Without loss
of generality, we assume X L Y, so the equation becomes

Tr(Jx + 2tT (X, Y) + 2 Jy)? = Tr(Jxsv)? = (€x11v)*Co = (ex + tiey)*Ca.

The equal polynomials have the same coefficients, so comparing the coefficients of 1, ¢, and
t> we obtain
Tr(Jx)* = (€x)*Ca.
Tr(JxJ (X,Y)) + Tr(J (X, Y)Jx) = O,
Tr(JxJy) + 4Tr(J (X, Y))? + Tr(JyJx) = 2ex€vCa,

while due to the symmetry between X and Y, the equations obtained by comparing the
coefficients of t3> and t* are redundant.

For an arbitrary endomorphism .7 on V, from () follows 7 (Eq) = >_; €i8(J (Eq), E))E;,
so the matrix of 7 related to our basis has the entries (7 )pq = €p8(J (Eq), Ep) for1 <p,q < n.
Additionally, for endomorphisms 7 and K holds Tr(JK) = Tr(KJ7), which allows us to
calculate the traces of concrete endomorphisms,

Cy = (6x)°C2 = Tr(Jg,)* = Y (T)ij(TE i Z €i8(JE.(Ej), Ei)€i8( Tk, (Ey), Ej)
L

= ZE XXl8] xxj — 288] lXX] )
ij

0 = Tr(J.7 (B By) + e (B ) ) = 2Tr(5 T B )

—2 Z &R xszJ 5 (R + Riyy) = 2 Z €:€jRixxRixy,
ij

2exeyCy = Tr(Jg, Ji,) + 4 Tr(J (Ex, Ey))* + Tr(Jg, Jk,) = 2 Tr(Jg,Jg,) + 4 Tr(J (Ex, Ey))?

1 1
=2 EiRpuigiRiyyj + 4D Eim (Rixyi + Riyxi)&j5 (Riyj + Rigg)

i i
=2 &igiRigRiyyj + ) €i&j(Rigj + Rigyg)*.
i i

Hence, we obtain the equalities that are characteristic of a zwei-stein R,

Z 81'8]'(R'LYX]')2 = Const = Cy, (8.7)
1<ij<n
Z eiejRixijixyj =0, (8.8)
1<ij<n
2 Z giijixijiyyj + Z 818]<Rw] —l—Rinj)z = ZSXSyCZ. (8.9)
1<ij<n 1<ij<n

Theorem 8.6. If R is a zwei-stein algebraic curvature tensor of dimension n, then in an or-

thonormal basis (@) (@) (@) (8.8), and (@) hold for all1 <x#y <n.

Let R be an Osserman algebraic curvature tensor on a scalar product space (V, g) of
dimension n. By Theorem 8.3, R is n-stein. In light of this, constant eigenvalues (with
multiplicities) of Jx additionally give constant Tr(Jx)X for k > n, which extends R to be
k-stein for any k € N. Hence,

TI'(jX + 2tj(X, Y) + tzjy>k = Tr(jx+ty)k = (8x+ty)kck = (E'X + t2€y>kck
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Chapter 8. Osserman tensors

holds for all k € N, t € R, and mutually orthogonal X, Y € V. That recalls the equation (),

2k kK /K L
>odtrity = - () o enia,
i=0 i=0
which holds for concrete linear operators Lo, L4, ..., Ly. Especially, Tr(L;) = 0 for an odd
i, as well as
k
Tr(Lay) = () (0" PlerPCi (8.10)

for all 0 < p < k. We have already seen L, = (Jx)X which implies Tr(Jx)k = (ex)XCx. The
next simplest is

L =2((Jx) T X Y) + () PT X V) Tx + -+ T X Y)(Tx)< ).

Since
k-1
ZTr W) I X DR = Y T (G0)* I (XL Y) = KTr(n)* T T (XL Y),
i=0

we obtain 1
Tr((Jx)* 17 (X, Y)) = % Tr(L;) = 0.

The general case, for X = Ey, Y = Ey, with x #y, is rather complicated,
1
Z €iy gllezxx11Rl3xx12 ’ Rikxxik,l E(Rilxyik + Rilyxik) =0. (8.11)

If we assume that R is Jacobi-diagonalisable, or at least that J¢, is diagonalisable, then
there exists an orthonormal eigenbasis (Eq, Ep) related to Jg,. In this basis Rpqu =0
holds for all p # g, so the general equality (@) has sense only fori; =iy = --- = iy, and
therefore

) Z Rixxi) Riyyi + RlyXl Z (e RlXXl (8.12)

If we denote the sectional curvatures by k;; = €;€;R;; = K(E;, Ej), then we have

JeEi = €p8(Te, (i), Ep)Ep = > €pRiopEp = EiRixxiEi = ExKxiEy.
p p

Let {A1,A2,...,Am} = {A: det(exA 1 —Jg,) = 0} be the spectrum of the operator &g, , then
for any 1 < a < m we can combine together such 1 <i < n that k,; = A, holds. Multiplying

(8.12) by (ex)*~1 we have

0=> &il€iExRi) R = > > &) Ryyi= > (A) W,

i 1<a<mik,;=Aq 1<a<m

where Wy = >, _; €iRiyi- The equalities S (AW, = 0for 1 < k < m can be
written as

1 1 1 W,
Aq A Am W,
A A A Ws | —o.
Aptopet o A ) \Wh
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8.2. Einstein, zwei-stein, k-stein tensors

This system of equations has a well-known Vandermondef matrix, generated by distinct
numbers from the spectrum, and therefore its determinant is

=V(A1,...,Am) = H (Ap —Aa) #0

1<a<b<m

Thus, our homogeneous system is invertible and it has the unique trivial solution, which
gives W, = 0 for all 1 < a < m and the following theorem holds.

Theorem 8.7. Let R be an Osserman algebraic curvature tensor and let (Eq,...
orthonormal eigenbasis related to Jr,. Then for any A € R and y # x holds

Z giRixyi =0.

Kxi:A

,En) be an

Let us keep the previous notations (X = Ey, Y = Ey, with X # Y, Ryxxq = 0 for p # q) and
consider the next simplest L,. It is not hard to see that

Ly= Y (WPHINI+4 Y (PIX ) (InIT(X,Y)(Tx) =P +S.
p+q=k-1 p+q+r=k—2

We calculate the trace of L, = P + S. The trace of the first term is simple,

TrP= > Tr((FoPFv(Jx)7) = KTr((J0) %) = k() ey 3 Kyilicn) .
p+q=k-1 1<i<n

However, the trace of the second term is rather complicated,

TrS=4 Y Tr((BxPIXYV)(TITX Y)(Tx)")

p+q+r=k-2
-4 Z (s+1)Tr((Jx)°J (X, Y)(Jx)1T (X, Y))
s+q=k—-2
=2k > Tr((Jx)PJ X, Y)(Jx)T(X,Y))
p+q=k-2
1
*Ek Z Z p+1 Rlxxi)p(ijyi+R]yxi)(ijxj)q(RD<yj+Ri)’xj)
p+q=k-2 ij
1
Zik(gx)kfz D Eig(Rgy + Ri)® Y (k)P (K.
1<ij<n p+q=k-2

It is necessary to discuss cases, depending on whether k,; and k,; are equal,

Z (Kxi)p(Kxj)q =

p+q=k-2

_ k—1
(k)1 | (Ky) e _‘
K‘xi*Kxj Kxj*Kxi 1f KXl # KX]

{(k D)2 if Ky = Ky

Using the symmetry we have

2 ()1 y (k)
D Eii(Rugj+ Ripg)® T — = > €i&j(Rigj + Ripg)* ———
Xl

K . — K .
1<ij<n XX 14ji<n X

6Alexandre-Théophile Vandermonde (1735-1796), French mathematician, musician and chemist
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and therefore

) e k-1
TrS =k(e) > > eisj(Ri,O,]-JrRiyxj)z,(c’“)

Xi X
Kxi7Kxj g

1
+ ik(gx)k_2 D &i&j(Rigy + Rigyg) 2 (k — 1) (k) 2.

Kxi=Kyj

On the other hand, the equality () for p = 1 yields

Tr(Ly) = k(ex)* eyCr = KX Tr(Jx)* = k() ey 3 (Ka)*.
Ex

1<i<n

This equality, together with the previous calculations, after dividing by k(ex)k~2, gives

k-1
-1 2 (Kxi)
exgy Y () =exgy > Kyilk) T+ DY £igi(Rig + Ripy) ﬁ
1<i<n 1<i<n Kyxi7Kyj Xt X]
1 2 k—2
+t3 D &i&j(Rigj + Rigyg)*(k — 1) (k) 2.
Kxi=Kyj

We can combine together relate to the spectrum {Aq, ..., A} of exJE, to get

) 1
Yo Ak (exey 2, Wi=A)+ D e D D SiSJ(Rim+wa>z)

1<a<m Kyi=Aa b#a Kxi=Aa Kyj=Ap
k-2 1
+ D k=D " |5 > D iEi(Rugj + Ryy)* | =0.
1<a<m Kxi=Aa Kxj=Aa
If we set

1
Us=¢exgy > (Kyi—Aa)+ Y FP— > > &E(Rig + Ryy)*,

Kxi:Aa b;éa Kxi:Aa KXj:Ab
1 2
Wa=35 D > €i&Rogj+ Ry’
Kxi:Aa KX]':Aa

then our equality becomes

ST AT+ YD (k=DAT WL =0,

1<a<m 1<a<m

while for 1 < k < 2m we have the matrix form as follows,

1 1 0 0 Uy
A Am 1 1 :
)@ Azn 2)[% 2)(,2,1 Un .
TP L4 372 312, w, | =%
A2mel o 2melom A2 L 2m- DA \w,

Since the (m + a)-th column is the derivative of the a-th column, our system has the de-
terminant A derived from the Vandermonde determinant as

8mV(A17 v 7Am761a I 7Em)

A= :
661862 o afm 1=, .&m=2m
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On the other hand
VAL Am & &) = [[(Ea = A [T = Aa) T (&b — &) [T (€ — Aa) [ (80 — M)

a a<b a<b a<b a<b

when after % ] Iy survives just the term with differentiation of (¢, — A4). Thus

A=T]w—22) [T = 2a) [[ (A0 — 2a) [[(Ra — 2) #0,

a<b a<b a<b a<b

and the system has the unique trivial solution U, = W, = 0 for all 1 < a < m. This leads to
the following theorem given by Andreji¢ in 2006 [3] (see also [16]), which is a generalisation
of the result given by RakicH in 1998 [106] (see also [107]) that covers the definite case.

Theorem 8.8. Let R be an Osserman algebraic curvature tensor and let (Eq,...,E,) be an
orthonormal eigenbasis related to Jg,. Then for any A € R and y # x holds

Y D Eitj(Rigj + Ryy)* = 0.

Kxi:A KX]':A

Let R be a Lorentzian timelike Osserman algebraic curvature tensor of dimensionn > 3.
Consider a unit timelike T € V. Since T+ < Vis a positive definite subspace, by Lemma
it has an orthonormal eigenbasis (Vy,...,V,_1) related to J7. Then, J7V; = A;V; holds for

1 <i<n-1where0,Aq,...,A,_1 are roots of the characteristic polynomial det(A 1 —77)
and therefore they are independent of T. Hence, for an arbitrary X = Z?:‘ll a;V; € T+ we
obtain et o
TR acA;
K(T,X) = g(JrX),X) o1 G4
Eréx 2t 4

which implies the bounds

— max A; <k(T,X)<— min A;.
1<i<n-1 1<i<n-1

The sectional curvature of indefinite planes is bounded, so Theorem implies that
is constant. Garcia-Rio, Kupeli, and Vazquez-Abal used this argument in 1997 [63] for the
following theorem.

Theorem 8.9. A Lorentzian timelike Osserman algebraic curvature tensor has constant sec-
tional curvature.

However, for Theorem @ to hold, it is enough to assume that R is zwei-stein instead of
Osserman. Let R be a zwei-stein algebraic curvature tensor on (V, g) of dimension n. For
an arbitrary orthonormal basis and 1 < x # y < n, using (@) and (8.7) from Theorem @
we have

2 ) eigRugRyy+ Y Ei&j(Rigj + Riyy)’ =&xty Y €i&((Rieg)” + (Riyy)?)-
1<5j<n 1<ij<n 1<5j<n

Hence
E Ei&j ((Rixyj + Riyxj)z — gxgy(ngixxj — SyRiyyj)z) =0,
1<ij<n

which for ex&y < 0 becomes

> g ((R,-Xy,- + Riysg)® + (Ring +Riyy,-)2) =0.
1<ij<n

7Zoran Raki¢ (1964), Serbian mathematician
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Let us assume additionally that (V, g) is Lorentzian (Ind g = 1), where exgy < 0 implies that
gi=1holds for alli ¢ {x,y}. We can split the previous sum into four parts,

Z Ei&j ((Rixyj + Riyxj)z + (Rixxj + Riyyj)2>
Lj¢{xy}
+ 2 (exe((Ruy)” + (Rugy)®) + E381((Ryn)” + (Ryag)?))
JExy}

20 (B Rign) + (Riyn)®) + iy (i) + (Rissy)”))

where all parts except the first one disappearing. Therefore

> ((Rogj + Rip)* + (Roogj + Rey)?) =0,
L 0)

SO Rjyyj + Riyxj.: 0 and Ry + Ry = 0 hold for all i,j ¢ {x, y}. Especially, for i = j we have
the same sectional curvatures

K(Ej, Ex) = Kix = €i€xRixxi = €i€yRyyyi = Ky = K(E;, Ey),

whenever i, x,y are different with ex&, = —1, for example &, = —1.

In order to complete the proof we use the following argument given by Andrejic¢ in 2018
[9], that significantly shortens the proof, which was missed by the previous authors. Since,
zwei-stein is Einstein by definition, for fixed x and i # x, the equality (@) gives

Ci=Kix+ Y Ky =K+ Y Ki=(n—1)ky,
yix yELX

and therefore k;, = k;, = C1/(n — 1) for any orthonormal basis, so R has constant sectional

curvature. In this way, we got the following theorem originally given by Blaiiég, Bokang,
and Gilkey in 1997 [23].

Theorem 8.10. Any Lorentzian zwei-stein algebraic curvature tensor has constant sectional
curvature.

8.3 Four-dimensional zwei-stein tensors

Let R be a four-dimensional zwei-stein algebraic curvature tensor on a scalar product
space (V,g). According to Theorem @, a four-dimensional algebraic curvature tensor
has twenty independent components. These consist of six components of the form ky, =
Ryxxy = Rxyyx, twelve components of the form Uiy = R;xxv, and two additional components
given by p = Ry342+Rq432 and q = Ryz43+R1423, Where (X,y, z, v) represents a permutation of
(1,2,3,4). Consequently, the components Ri734 and Ry3y4 are given by Ryp34 = —(p + 2q)/3
and Ri3z4 = —(2p + q)/3.

Since by Theorem any Lorentzian zwei-stein algebraic curvature tensor has con-
stant sectional curvature, we may assume, without loss of generality, that £;€,€364 = 1.

From (@), for 1 < x <4, we have the system of four equalities:

€1E2K12 + €1€3K13 + E1E4K14 = C1, E€2E1K12 + E2E3K23 + €2€4K24 = (1,
€3E1K13 + €3E2K23 + €3E4K3g = C1, E€4E1K14 + E4E2K04 + €4E3K34 = (1,

8Novica Blazi¢ (1959-2005), Serbian mathematician
9Neda Bokan (1947), Serbian mathematician
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8.3. Four-dimensional zwei-stein tensors

with the solution €,€3K3 = €1€4K14, E2€4K24 = £1€3K13, and £3€4K34 = £1€9K12. Thus, we
obtain
K23 = K14, K24 =K13, K34 =Kq2. (8.13)

From (@), for 1 < x #y <4, we have the following six equalities

Ugpp = —E1E4llqy, Uzqp = —E€1E3Uq3, MUy = —E1E2Uq9
Mgz = —E€384lzy, Hyp = —E284llyy, Ugzy = —E283Uy3.

(8.14)

From (B.7), for 1 < x < 4, we obtain four equalities

Kiy +Kis + Ky + 282€301y + 262€4/f5 + 26384115 = Co,
K3y 4 K35 + K24 + 2818303, + 28164103, + 2838413, = Cy,
K35 + K35 + K3y + 2818243, + 2€1€4045, + 2628415, = Co,
K3, + K3, + K%, + 2818003, + 2818305, + 2828303, = Cy,

which, after using () and (), reduce to
2 2 2 _ 2 2 2
€283y + E2E4ll13 + E3E4llYy = E1E3M7y + E1€4lly3 + E3E4lU7)
2 2 2 2 2 2
= 81&2U3y + E1E84U33 + E2E4 73 = E1E€2d3y + E1E3UY, + E2E30U7y,

and yield the solution exesu?, = €143, €2643;5 = €1€313,, €342, = €1€,1%,. Therefore,
we obtain

2 2 2 2 2 2
U3 = Uiy, Hg = Hi3,  HU3zg = Hip- (8.15)
From two applications of the formula (@) we obtain the relation
D EigRigj(ExRing + EyRyy) = &x D EiERgRigj £ & D, &Ry iRy =0,
1<ij<n 1<ij<n 1<ji<n

from which, in the case n = 4, for x = 2,y = 3, we deduce

—€1€4(D + Q) (E2llp3 £ E3l3y) + (F1 — 1)(Eallpgllsy + E1li31M7)
+ U4 (E2K12 + E3K13) + Uy (E2K24 £ E3K34) = 0.

Applying () and (), this simplifies to
(1 F1) (—&3uy3(P + q) + Uya(E2K12 — €3K13)) = (F1 + 1)€a(Upallzg + Uq3llyz),

and hence
Uoallzy + Uzblyy =0, (8.16)
together with
—E3My3(D + q) + U14(E2K12 — E3K13) = 0. (8.17)
The derived formulas are valid in an arbitrary orthonormal basis, and hence they hold

for every permutation of indices. From (), for the permutations (1,2, 3,4), (1,4, 2, 3),
and (1, 3,4, 2), we obtain

Upalzg = —Hi3lyp,  Ugzallyz = E3E84llyollyy,  Hoglys = —E3E4ld14ldy3-

From (B.15) we see that the components Usyss Ugyg, @nd gy, In this order, correspond to the
components UUq,, U3, and iy, possibly differing by a sign. If y;, # 0, then there exists a
sign s € {—1,1} such that u,; = —&3su,,, while the remaining two relations follow from
the derived formulas, giving

Hpz = —E€3SUqy,  Hyg = EaSly3,  Uzg = —E4Sly. (8.18)
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Moreover, if for any nonzero component we set s according to (), then the derived
relations yield the remaining equalities in (). This proves that, in all cases, there exists
a sign s (if all components vanish, any choice of sign suffices) such that () holds.

It remains to use (@). For x = 2,y = 3 we obtain

AUy + 2818205, + 28284115, + 2E1E3034 + 2838451 + 4Gy + 2E2€3K7;
+ 2K12K13 + 2K24K34 + 4€1Eally3llsy — 281€4(D + q)* = 282€5C;.

Using (), (), and (), this reduces to
U3, + 2818955 + 281833, + €2€3KT 4 + 2K12K13 — E184(D + Q)% = £283Co,
which in turn implies
2628301y + 28284015 + 28384411y + Kiy + 28283K12K13 + (P + 4)* = Ca.
Thus we arrive at the important identity
(P +q)° = (e2K12 — €3K13)". (8.19)
Since this holds in an arbitrary orthonormal basis, we also have

—D — q = R1234 + R1324 = r4(€2K12 — €3K13),
q = R1423 + R1243 = —2R1234 + R1324 = '3(€4K14 — €2K12), (8.20)
P = R1342 + R1432 = R1234 — 2R1324 = I'2(€3K13 — €4K14),

for some ry,r3,r4 € {—1,1}. The corresponding sum is
(rj — rr)€iKq; + ('k — Ty) €Ky + (ry — Tj) €K1k = 0,

where (i,j, k) is a permutation of (2, 3,4). If r; = r; = —ry, then g;xy; = gjky;. In this case, in
the equalities ( ) we can replace ry by —ry, which yields r, = r3 = r4, = r. Consequently,

&1Cq &1Cq e1Cq
TRi234 = €2K12 — —3 rRi347 = €3K13 — —3 TRi423 = €4K14 — 3 (8.21)

with the remark that €/C; = €K1 + €3K13 + €4K14.

Finally, the formula (B.16) for three permutations determines the relationship between
sandr, so that s = r unless p,(€2K12 — €3K13) = 0, U13(E2K12 — €4K14) = 0, and i, (€3K13 —
€4K14) = 0. Thus, the only case in which we may not conclude s = r is when y,, = ), =
0 # Uy, and exkix # EyKyy = €K1, for some permutation (x,y, z) of (2,3,4). The formulas
hold in any orthonormal basis, and by reversing the direction of one basis vector, both s
and r change sign.

Hence, starting with the entries of the Jacobi operator matrix for the first basis vector
of an arbitrary orthonormal basis,

0 0 0
EK12 E2Uq4 E2Uq3
3l E3K13  E3lqy
E4llyz  E4llyp  E4K14

all components of R are determined by the formulas (8.13), (8.14), (8.18), and (8.21)) up to the
signs s and r. Moreover, if desired, we can reverse the direction of any basis vector to set
s = 1, while the case s # r arises only in the presence of a real Jordan block as described in
(). We have slightly adjusted the equations to accommodate the Lorentzian case (u,, =
0 and exeykyy = Cq for x # y), from which we obtain the following result, as presented by
Andrejic¢ in 2025 [12].

)

o O o

Jg, =

o
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Lemma 8.11. For any orthonormal basis, there exist signs s,r € {—1,1} such that a four-
dimensional zwei-stein algebraic curvature tensor satisfies the following relations:

E2E3Kp3 = €1E4K14, E2E4Kp4 =E1E3K13, E3E4K34 = E1E2K12,
—E3Slp3 = EaSU3py = —E€283Myy = Hyg,  — E2SUyp = €4Sy = —E284l31 = g3, (8.22)
—E4Sll3y = E3SlUy3 = —E3E4llyy = Uyy, P =T(E3K13 — E4K14), (= T(EsK14 — E2K12).

The main advantage of Lemma is that it holds in any orthonormal basis. However,
if an algebraic curvature tensor satisfies the conditions (8.22), this does not necessarily
imply that it is zwei-stein. For the converse, it is customary to discuss the Jordan normal
form of the reduced Jacobi operator.

Let us consider a four-dimensional zwei-stein algebraic curvature tensor on a scalar
product space of signature (2, 2). The pioneering work [24] discusses four possibilities for
Jordan normal form of a three-dimensional self-adjoint endomorphism A = Jg, : E{ — Ef
for an arbitrary unit vector Eq, using Theorem .

Type Ia corresponds to a diagonalisable endomorphism, in which case there exists a
basis e = (E,,E3,E4) of Ef such that the endomorphism A and the scalar product g have
matrices

a 0 0 g 000
[Ale=10 B 0f, [gle={0 & 0],
0 0 vy 0 0 &

for some a,B,y € R. Without loss of generality, we may choose an orthonormal basis
(E1,Es,E3, E4) such that pi,, = g3 = i1y, = 0 and &3 = £4. Applying (8.22) with r = &4 yields
Uig = U3 = Uyg = Hyg = Hp3 = Hpg = U3q = U3y = Uy = Uygg = My = Hy3 =0, (8.23)
K23 = K14, K24 =K13, K34 =Kip2, P =Ki3—Kig, (=Kiz2+Kuy,
where

Rinas — —2K12 — K13 — K14 Rinny — K12~ 2K13 + K14 Ropoa — K12~ K13+ 2K14
1234 = 3 , Rigpa = 3 , Rigz = 3 :

Type Ib corresponds to an endomorphism with a complex eigenvalue, in which case
there exists a basis e = (Ey, E3, E,) of Ef such that

a p O & 0 0
[Ale = (B a 0) ) [8le = (0 &3 0) ;
0O 0 vy 0 0 g

where B # 0 and &, = —€3. We may assume €3 = &4, since otherwise we can interchange
the vectors E; and E3 and replace g with —f. In this case, there exists an orthonormal basis

(E1,Ez,E3,Ey) such that k13 = —K1g, U3 = Uy5 = 0, 444 # 0 and &3 = &4. Applying ()
with s =r = g4 yields

Uip = Uy = Uyy = g = Ugq = Ugg = Ugp = Uy3 =0, Uy = —lzy = —Up3 = Uy # 0
K23 = K14, K34 = —K24 = —K13 = K12, — D =({q = K12 + Kig,

" (8.24)

where 1 1 5
Rig34 = —g(’ﬁz +K14), Rizpa = g(’ﬁz +K14), Risaz = g(K12 + K14).

Type II corresponds to a Jordan block of size two, in which case there exists a basis
e = (E,,E3, E4) of Ef such that

A 10 0 v O
[Ale=(0 2 0|, [ge=(v 0 0].
0 0 vy 0 0 &
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If we set F, = E5 F E5 and F3 = E; & E3, we obtain

1
AF, = AE, F ALy = AL, T AE3 T By = APy F 5 (F2 + Fs),

AF3 = AE) = AE3 = AEZ + )(Eg +E) = AFg + %(Fz +F3),
so that in the basis f = (F, F3, E4) we have
AFi £ O F2v. 0 0
A= 1 A+l 0], gf=| 0 +2v 0.
0 0 vy 0 0 &

If we normalise v such that |v| = 1/2, then for € = + sgn v with the substitution a = +1 we

obtain
a-1 1 0 - 0 0
[Af=esgnv| -1 a+1 0], =10 € 0.
0 0 0 &

Without loss of generality, in this case there exists an orthonormal basis (E1, E,, E3, E4) with
g3 = ggsuchthat ki = u— B, K13 = U+ B, 43 = Uy = 0, —y4 = 4 = ¥1/2 # 0 for some
sign + € {—1,1} and B € R. Applying (8.22) with s = r = &4 yields

Mqg = Uq3 = Ugg = Hgg =H31 = Ugg = gy = Hy3 =0,
1441:—H32:—.u23:H14:—#:i%a p=u+B-K, q=Uu-B+k (8.25)
Ky3 =Kig =K, Ky =Kiz=U+pf, Ksa=Kiz=U—p,
where
R34 = 'B;K — U Rizpa= K;ﬁ — U, Rygz= é(K - B).

Type III corresponds to a Jordan block of size three, in which case there exists a basis
e = (E,,E3, E4) of Ef such that

A 10 0 0 v
[A}e(o A 1), [g]e(o % 0).
0 0 A v 0 0

If we set Fy = Ey F E4, F3 = E5 + E4, and F, = V2E5, we obtain

1
AF; = AE; ¥ AEy = AE; F AEy F E3 = AF, + —=Fy,

V2
AF3 = AEy + AE; = AEy + AE; + E3 = AF3 + iﬂl,
V2
1
AFy = V2AE3 = V2)E3 + V2E; = AF4 + W(Fz +F3),
so that in the basis f = (F,, F3, F;) we have
A0 w2y 0 0
A= 0 A Lt g=(o0 v 0].
1 1
T t0 A 0 0 2v
If we normalise v such that |v| = 1/2, then for € = sgnv and + = 1 we obtain
A0 & £ 00
1
11
-5 7 A 0 0 ¢
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8.3. Four-dimensional zwei-stein tensors

In this case there exists an orthonormal basis (Eq, Eq, E3, E4) such that k13 = K14 = —Kq9,
Uiy = 0, —liy3 = Uy, = V2/2 with €3 = &4. Applying (8.22) with s = —¢,4 yields

Upg = Uzg = Uyp = —Uy3 = —Ug1 = —U3z1 = —Uy3 = Uy,
Hig = U3 = H3p =gy =0, p=q=0 (8.26)
K13 = K14 = K23 = Kg4 = —K34 = —K1q2,

where Ry334 = R1324 = Ry423 = 0.

Summarising the results of [24] and [65], we conclude that a four-dimensional algebraic
curvature tensor R of signature (2, 2) is Osserman if and only if there exists an orthonor-
mal basis (E1, E;, E3, E4) such that one of the four possibilities (8.23), (8.24), (8.25), or (8.26)
holds. In particular, we are interested in the if direction of this statement, namely the
sufficiency of these conditions for R to be zwei-stein or Osserman.

This can be achieved elegantly, as mentioned in [30, Lemma 3.2], where Jordan-
Osserman tensors are constructed using a paraquaternionic structure. Alternatively, we
can verify this directly by setting X = aE; + bE; + cE3 + dE4 with €3 = €4 and computing Jx
and (Jx)? while attempting to factor out g46x = ¢ + d?> — a? — b?. After calculating Tr Jy,
Tr(Jx)?, and Tr(Jx)3, the characteristic polynomial is

wx(x) =x3 — (Tr Jx)x* + %((Tr Jx)? — Tr(Jx)?)x

# (~3 0 + 5T I ) - (Tr 3.
which allows us to confirm whether R is Osserman.

To simplify calculations, we often consider the tensor R’ = R+ AR" instead of R, for some
convenient A € R. The new tensor R’ preserves the components of the form 1, as well as
p and g, while shifting the components ex&yKyy. Since R’ retains the eigenstructure of the
Jacobi operator while shifting its eigenvalues, R’ is Osserman if and only if R is Osserman.

For Type Ia, we consider the tensor R given by () with k13 =0, K13 = K, and K14 = 4,

and we compute

—kc?—ud?® (—k+u)cd kac—ubd xbc+uad
(—k4u)cd —xd*—uc* xad+ubc xbd—uac
—kac+ubd —xad—ubc ka?+ub? (k—u)ab |’
—kbc—uad —xbd+pac (k—up)ab kb%+ua?

Jx = &4

—Kk22—p?d? (—k*+u®)cd x*ac—u*bd k*be+uad
(—k24+u?)ed —Kk?d?—p?c? k?ad+-u?bc k*bd—yu?ac
—k%ac+u®bd —x%*ad—u?bc k*a?+u*b? (k*2—u®)ab |’
—k%bc—p?ad —x*bd+y?ac (k*—u*)ab xk*b*+ua?
which gives Tr Jx = —ex(k + ), Tr(Jx)? = (ex)?(k? + u?), and Tr(Jx)® = —(ex)3 (k3 + ud).
Hence, wx(X) = x(X + €xK)(x + exut), which proves that R is Osserman, as well as R + k1,R™.
Moreover, the case of a double root k1, = K13 can be represented by k = 0, where we have
(Jx)? = —exuJx, and therefore x(x+&xu) is the minimal polynomial of 7x. Thus, both R and
R +K1,R? are Jacobi-diagonalisable, so the conditions (8.23) determine a Jordan-Osserman
algebraic curvature tensor.

For Type Ib, we consider the tensor R given by () with k13 =0, K14 = K, and pqy, = U,
and we compute

(Jx)* = —€48x

—2bcu—d?k  (ac—bd)u+cdk (ab—cd)u—bdx (b*+c?)u+adk
(ac—bd)u+cdx  2adu—c*k  —(a?+d?)u+bck (cd—ab)u—ack

JTx = & (cd—ab)u+bdk (a®+d?)u—bek  —2adu+b?c  (ac—bd)u—abx |’
—(b®+c?)u—adk (ab—cd)u+ack (ac—bd)u—abx  2bcu+a’k
(b= u®+d?k*  —(ab+cd)u®—cdk? (ac+bd)u?+bdk? —adxk?
(T )2 — £.8 —(ab+cd)u? —cdk?  (a®—d?)u®+c?k? —bck? (ac+bd)u?+ack?
X 4°X| _(ac+bd)u?—bdx? bck? (a®—d?)u?-b*k? (ab+cd)u?+abk?® |’
adk? —(ac+bd)u?—ack? (ab+cd)u®+abk? (b%—c?)u?—a’k?
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which gives Tr Jx = —exk, Tr(Jx)? = (ex)?(k? — 2u?), as well as

Tr(Jx)® = ea(ex)?((2bcu® — d*k®) + (—2adu® — *k®) + (2adu® + b*k3) + (—2bcu® + a’k?))

= —(ex)’K

Hence, wx(x) = (X + &xk)(x* + (ex)?u?), which proves that R is Jordan-Osserman with a
complex eigenvalue. Thus, R + k1,R! is also Jordan-Osserman, so the conditions ()
determine a Jordan-Osserman algebraic curvature tensor.

For Type II, we consider the tensor R given by () with k14 = k = 0, and we compute

—(b—c)*u+(b*~c*)B  (a+d)(b—c)u—(ab+cd)p (a+d)(c—b)u+(ac+bd)B —(b—c)*u
T (a+d)(b—c)u—(ab+cd)p  —(a+d)*u+(a*—d*)B (a+d)*u (a+d)(b—c)u+(ac+bd)p
X (a+d)(b—c)u—(ac+bd)B —(a+d)*u (a+d)?u+(a®—a*)p  (a+d)(b—c)u+(ab+cd)p
(b—c)*u (a+d)(c—b)u—(ac+bd)B (a+d)(b—c)u+(ab+cd)p  (b—c)*u+(b*—c*)B

and (Jx)? = £46xA, where

2(b—c)?u+(c2-b*)B  2(a+d)(c—b)u+(ab+cd)B 2(a+d)(b—c)u—(ac+bd)p 2(b—c)%u
2(a+d)(c—b)u+(ab+cd)B  2(a+d)*u+(d?>—a?)B —2(a+d)?u 2(a+d)(c—b)u—(ac+bd)B
2(a+d)(c—b)u+(ac+bd)p 2(a+d)*u —2(a+d)*u+(d?>—a*)B  2(a+d)(b—c)u+(ab+cd)B |’
—2(b—c)%u 2(a+d)(b—c)u+(ac+bd)B 2(a+d)(c—b)u—(ab+cd)B  —2(b—c)?u+(c2—b?)B
which gives Tr Jx = —2¢expB, Tr(Jx)? = 2(ex)2B?, and Tr(Jx)3® = —(ex)3B°. This proves that
wx(x) = x(x + €xB)?, so R is Osserman, and the same holds for R — kR'. Since we already
covered the Type Ia case, there are no diagonalisable Jx for a nonnull X, which means
that both R and R — kR! are Jordan-Osserman with one Jordan block of size two. Thus, the
conditions () determine a Jordan-Osserman algebraic curvature tensor.
For Type III, we consider the tensor R given by (8.26) with k1, = 0. A direct computation
yields

b(b—c)+d(d—a) (d—a)(b+c) 2b(a—d) a(a—d)+b(c—D)

2d(b—c) c¢(b—c)+d(d—a) b(c—b)+d(a—d) (a+d)(c—Db)
(a+d)(b—c) a(d—a)+c(b—c) a(a—d)+b(c—b) 2a(c—b)

Tx = E4lly (c(bc)+d(da) 2¢c(d—a) (a—d)(b+c) a(a—d)+c(c—Db)

(c-b)(a-d) (a-d? —(a-d)* (c-b)(d-a)

(c=b)?>  (c=b)(a—d) (c—b)(d—a) —(c—b)? )
(c=b)?>  (c=b)(a—d) (c—b)(d—a) —(c—b)?

—b)(a— ~d)?  —(a—d)? (c—b)(d—
(Tx)? = 84#%28)(((6 b)(a-d) (a—d) (a-d)* (c—b)(d-a)

which implies (Jx)* = 0. It is easy to see that (Jx)* = 0 implies b = c and a = d, but then
egx = 0. Therefore R is Osserman with Jx consisting of a Jordan block of size three for
any nonnull X € V. In particular R is Jordan-Osserman, and the same holds for R + x,R".
Hence, the conditions () determine a Jordan-Osserman algebraic curvature tensor.

Lemma 8.12. If an algebraic curvature tensor on a scalar product space of signature (2, 2)
satisfies any of the conditions (®8.23), (8.24), (8.25), or (B.26), then the tensor is Jordan-
Osserman.

Let R be a four-dimensional zwei-stein algebraic curvature tensor. As a consequence
of Lemma .12, if R is Kleinian then R is Jordan-Osserman. According to Theorem [.10,
the same holds when R is Lorentzian. It remains to consider the case of a Riemannian R,
for which Jy is always diagonalisable. Similarly to the case of Type Ia, we may choose an
orthonormal basis (E1, Ey, E3, E4) such that yuy, = uy3 = U4, = 0. Using Lemma we
have

Uy = Uyg = Uyg = Uyy = Upg = Upg = U3q = Ugy = Ugq = Uyq = Uyp = lUy3 = 0,
K23 = K14, K24 = K13, K34 =K12, P =Ki13 —Ki14, (=Kig—Ki12.
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As before, we consider the tensor R with k5 = 0, K13 = K, K14 = U, and compute

kc24ud?  (k—u)ed —kac+ubd —xbc—uad
Ty = (k—p)ed  xkd*+uc* —kad—ubc —xbd+puac
X =\ —xac+ubd —xad—ubc ka*+ub> (k—pjab |’

—kbc—uad —xbd+uac (k—p)ab  kb%*+ua®

—Kk2ac4+u*bd —x*ad—u*bc x*a’+u’b?*  (k*—u?)ab

k22 +utd>  (k*—p?)ed —x*ac+p*bd —k*bc—p?ad
b
—Kk%bc—p?ad —k*bd+y?ac (k*—u®)ab k2b%4ua?

2 K2—u®ed K2d*4-p*c: —x*ad—p*bc —k2bd+u?ac
(JTx) 8x( (k=—u?) u u u

where ex = a® + b? + ¢ + d?. This gives Tr Jx = ex(k + u), Tr(Jx)? = (ex)?(x? + u?), and
Tr(Jx)% = (ex)3(x3+u3). Hence, the characteristic polynomial is wx(Xx) = x(X—&xK)(X—exu),
which proves that R is Osserman, as well as R + k1,R'. Summarising the previous results,
we obtain the following theorem.

Theorem 8.13. A four-dimensional algebraic curvature tensor is zwei-stein if and only if it
is Jordan-Osserman.

8.4 Duality principle

Let Rbe an Osserman algebraic curvature tensor on a positive definite scalar product space
(V,g) of dimension n. Then for unit vectors X, Y € V the implication

HKY=1Y = X=X (8.27)

appeared naturally, and it can significantly simplify some calculations. For a unit X € ,
Lemma gives an orthonormal eigenbasis (Eq,...,E,_1) in X* such that JxE; = AE;
holds for 1 < i < n— 1. An arbitrary Y = Y1 ' ;E; € X" satisfies g(JxY,Y) = Y1 a? A,
so all sectional curvatures lie between min; A; and max; A; and they attain these extremal
values precisely when X and Y are eigenvectors relative to each other. Thus, the statement
() holds when A is an extremal (minimum or maximum) eigenvalue of the Jacobi oper-
ator, which was used by Chi in 1988 [37, Lemma 3]. Moreover, Raki¢ used the implication
() to formulate and prove the duality principle in 1998 [106, 107].

However, in an indefinite setting the implication () is inaccurate when X and Y be-
long to different unit pseudo-spheres. This was corrected, according to Theorem , with
the following implication given by Andrejic¢ in 2006 [3] (see also [16]),

Ix(Y)=exAY — Jy(X)=eyAX. (8.28)

Because of the compatibility g(J7vX, X) = g(JxY, Y), whenever X and Y are eigenvectors
relative to each other, the corresponding eigenvalues are the same and we can exclude A
from () to introduce an equivalent implication,

Yis an eigenvector of 7y = X s an eigenvector of Jy. (8.29)

It is important (especially if we deal with the converse problem from Section @) to
examine an optimal extension for our (X, Y) domain from (8.29). We use three kinds of
duality depending on that domain. If (8.29) holds for mutually orthogonal units X and Y,
justlike in the original definition (see Rakic [106, 107]), we say that R is weak Jacobi-dual.
If (8.29) holds for all X,Y € V with ex # 0, we say that R is Jacobi-dual or that R satisfies
the duality principle (see Andreji¢ and Rakic¢ [17]). Finally, if () holds with the only
restriction X # 0 (a concept where the implication () has no restriction on X and Y), we
say that R is totally Jacobi-dual.
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By definition, totally Jacobi-dual implies Jacobi-dual, while Jacobi-dual implies weak
Jacobi-dual. Let us consider other relations between our dual properties. Since

JX/\/@(Y/\/@) = gx/\/@ﬁ(y/\/ﬁ)

is equivalent to Jx(Y) = exAY (multiplication by |ex|\/|€y| # 0), we have a straightforward
extension from unit to nonnull vectors. The mutually orthogonal condition can be easily
removed using the following lemma, given by Andrejic¢ in 2010 [5, Lemma 2].

Lemma 8.14. Ifthe implication () holds for all mutually orthogonal X and Y with ex # 0,
then it holds with the only restriction €x # 0.

Proof. Let us suppose Jx(Y) = exAY for ex # 0 with g(X,Y) # 0. The orthogonal decompos-
ition Y = aX + Z with g(Z, X) = 0 implies a +# 0. Since

0 = g(JxX, aX + 2) = g(Jx(aX + Z),X) = glexA(aX + Z),X) = glexAaX,X) = (ex)’aA,

the conditions €x # 0 and a # 0 imply A = 0. Hence JxZ = Jx(aX + Z) = exA(aX + Z) = 0,
and because of g(Z,X) = 0 and €x # 0, the lemma assumptions give J,X = 0. Thus arises

X = Jax+2z(X) = aR(X, 2)X + R(X,Z)Z = —aJxZ + J7X = 0,
which proves JyX = 0 = eyAX. O

In the case that R is Jacobi-diagonalisable, our domain can be equivalently extended to
all X, Y € V with ex # 0, which is given by Andreji¢ in 2006 [3, Theorem 3.1] (see also [116,
Theorem 3.2] and [5, Theorem 2]).

Theorem 8.15. If R is a Jacobi-diagonalisable algebraic curvature tensor, then R is Jacobi-
dual if and only if it is weak Jacobi-dual.

Proof. Let us suppose JxY = exAY, g(X,Y) = 0, ex # 0, and €y = 0. Since R is Jacobi-
diagonalisable, then Ker(Jxy — exA1) > Y is an (generalised) eigenspace. According to
Lemma it is nondegenerate, so Lemma allows a decomposition Y = § + T, such
that S, T € Ker(jx — exAl) and € = —e7 = 1. For 0% £ 1, S + 0T is nonnull because of
Esior = Es + 028T =(1- 92) # 0. The vectors S + 0T, S, and T are nonnull, orthogonal to X,
eigenvectors of Jx corresponding to the eigenvalue x4, so the weak Jacobi-duality gives

TsrorX = Espo7AX,  TsX = €sAX, JrX = erAX.
Hence
s.0mAX = Ts orX = TsX + 0> TrX + 207 (S, T)X = esAX + 0*e7AX + 207 (S, T)X,
which, for any 6 ¢ {—1,0, 1}, implies 7 (S, T)X = 0. Then
TJvX = Tsi1X = Ts X+ TIrX+ 2T (S, T)X = esAX + e7AX = 0 = eyAX,

which proves () for X | Y and ex # 0. Finally, Lemma removes the condition
X1Y. O

Let R be a Jacobi-diagonalisable Osserman algebraic curvature tensor on a scalar
product space (V, g) of dimension n. For any fixed unit X = Ex € V there exists an or-
thonormal eigenbasis (Eq,...,E,) in V related to Jx. For any root A € R of det(exA 1 —J),
we can set A = {1 <j < n: &é&Ryjjx = A} and apply Theorem @ to get

> €i€j(Rigj + Riyg)* = 0,
ijeA
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forall1 <y#x<n.

If we assume that Jx has no null eigenvectors, then any eigenspace consists of vectors
of the same type, €;¢; = 1 holds for i,j € A, which implies }_; i\ (Rixy; + Riyxj)z = 0. Thus
arises Ry + Ryyj = 0 for all i,j € A, and especially for i = j it yields R;y,; = 0 for all i € A.
Since any z belongs to some A we have Ry;;y = 0 for all y # x, and therefore the condition
Je Ez = €xAE; implies Jg,Ex = Zp EpRyzzpEp = ExRxzzxEx = €,AEx, which proves that R is
Jacobi-dual.

Theorem 8.16. Let R be a Jacobi-diagonalisable Osserman algebraic curvature tensor such
that Jx has no null eigenvectors for all unit X. Then R is Jacobi-dual.

Theorem is established by Andrejic¢ in 2006 [3, Theorem 3.4] (see also [16, Corollary
3.5]) and it has significant consequences. For example, an Osserman R with all different
eigenvalues of Jacobi operator is necessarily Jacobi-diagonalisable with one-dimensional
eigenspaces, and therefore it is Jacobi-dual. Let us remark that the previous statement can
be seen as a consequence of Theorem @, rather than Theorem 8.8,

Anyway, the most valuable consequence comes in the definite case, where null vectors
do not exist and any R is Jacobi-diagonalisable. Therefore, any Riemannian Osserman R
is Jacobi-dual, moreover it is totally Jacobi-dual. Let us notice that this valuable statement
(in fact that a Riemannian Osserman R is weak Jacobi-dual) was first proven by Raki¢ in
1998 [106, Theorem 2.5] [107, Theorem 1.1], which is later reproved by Gilkey in 2001 [57,
Theorem 3.1.2].

Theorem 8.17. A Riemannian Osserman algebraic curvature tensor is totally Jacobi-dual.

Every Osserman tensor is zwei-stein, and in dimension n = 4 the calculations simplify
considerably due to the small number of curvature tensor components. Suppose that R
is a four-dimensional zwei-stein algebraic curvature tensor, and adopt the notation and
results from Section @

If 7xY = exAY holds for unit mutually orthogonal X, Y € V, then the most convenient
way to proceed is to calculate in an orthonormal basis (Ey, E,, E3, E4) of V with E; = X,
E, =Y. The assumption Jg, Ey = €1AE; gives K13 = Ry11p = €162, Ugy = Rz113 = 0, and
U3 = Ro114 = 0. From this, (8.15) (or more generally ( ) yields p,5 = Rqz24 = 0 and
Uys = Riz23 = 0. We then have Jg,Eq = €1K12E1 + €3Uy,E3 + €4ly3E4 = €9AE1, Which shows
that JyX = EyAX.

In this way we proved that every four-dimensional zwei-stein algebraic curvature
tensor is weak Jacobi-dual, which is a result originally established by Andreji¢ in 2006
[3] (see also [[16, Theorem 4.1]), while a simpler proof is presented in [5, Theorem 3].

Suppose that JxY = €xAY holds for mutually orthogonal X, Y € V, where X is unit, and
Y is null. Set E; = X. By Lemma , we can decompose Y = E,; + E3 with mutually
orthogonal unit vectors E; and E3, both orthogonal to X, so that e; = €, = —&3. Choose a
vector E4 such that (Eq, E, E3, E4) is an orthonormal basis of V, which is a convenient basis
for considering tensor components.

From the condition Jg, (Ez + E3) = €1A(E + E3) we obtain ;K12 + &2114 = €14, €3K13 +
€ = &1, Uy3 + Uy, = 0, which implies k13 + K13 = —2uq,. If R is zwei-stein, then from
(8.14) it follows p,3 = U3y, While (8.18) gives u,, = €4SUy3 = —€4Sll1y = U34. On the other
hand, from (8.17) and (@) we have {,3(p + q) = —Uy4(K12 + K13) = 2u%, = 2u3,, while
®B.19) yields (p + q)? = (k12 + K13)> = 4p55, which implies p + q = 2453 = i3 + U3, Since

JEy+EsE1 = €1(K1a+2014 +K13)E1+82(—Upa +U3a)Ea+E3(Ups — Usa)Es+Ea(lys — (P+q) +Usy)Ea,

the above relations give Jg, g, E1 = 0 = €, p,AEq, that is JyX = eyAX.
We have shown that the implication (8.28) holds for mutually orthogonal X and Y with
X nonnull, and therefore, by Lemma B.14, the orthogonality condition may be dropped.

This yields the following theorem due to Andreji¢ in 2010 [5, Theorem 4].
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Theorem 8.18. Any four-dimensional zwei-stein algebraic curvature tensor is Jacobi-dual.

Of course, since every Osserman tensor R is zwei-stein, it follows that any four-
dimensional Osserman algebraic curvature tensor is Jacobi-dual.

8.5 Quasi-Clifford tensors

Let us first recall examples of algebraic curvature tensors of a scalar product space (V, g).
These include R! from (6.13) and R/ from (), where ] is a skew-adjoint endomorphism
of V. As shown in Example 6.7, any linear combination

m
R =R+ wR (8.30)
i=1

is again an algebraic curvature tensor, where [y, ..., are skew-adjoint endomorphisms
of V,and y; e Rfor0 <j<m.

A Clifford family of rank m is an anti-commuting family of skew-adjoint complex
structures J; for 1 <i < m. Algebraic curvature tensors of form () associated with such
a family were introduced by Gilkey in 1994 [56] (see also [61]). We consider a generalisa-
tion, an anti-commuting family of skew-adjoint endomorphisms J; such that J> = ¢; 1 for
some ¢; € R. These endomorphisms fulfil the Hurwitz-like relations,

Jilj +JiJi = 2¢i6 1, (8.31)

for 1 <i,j < m. An algebraic curvature tensor R is called quasi-Clifford if it has the form
() satisfying (8.31). This concept was introduced by Andreji¢ and Lukidld in 2019 [13].
In the special case where ¢; = —1 for all 1 < i < m, the tensor R is called Clifford.

It is well-known that a Clifford algebraic curvature tensor is Osserman. The converse,
however, is a deep result. According to Nikolayevsky [96, Section 2], in the Riemannian
setting any Riemannian Osserman algebraic curvature tensor is necessarily Clifford. This
holds in all dimensions except possibly n = 16, and also for many cases when n = 16.

Let us consider a quasi-Clifford algebraic curvature tensor R and an arbitrary vector
X € V. Since each J; is skew-adjoint, we have g(J;X,X) = 0. This property simplifies the
Jacobi operator, which takes the form

JxY = R(Y. X)X = lp(§X.X)Y — g(Y.X)X) + ) _ 3ug(iY. X)JiX,
i=1

and hence "
TIxY = Uy(exY — g(Y,.X)X) - 3> ug(Y, JiX)JiX. (8.32)
i=1

Moreover, the Hurwitz-like relations () imply g(JiX,J;X) = 0 and gx = —ciexfor 1 <i#
J < m. Defining
Fe=A{X 1 X,... . ]I X}

for 1 <t < m, we obtain
Ix(JiX) = ex(Uo + 3city)JiX,
JIxZ =€xUyZ,

foralll <i<mandZec F.

OKatarina Luki¢ (1994), Serbian mathematician
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It is important to distinguish the case ¢; #0,1 <i < kfromthecasec; =0,k <i < m.
For a nonnull X, the set 7, consists of mutually orthogonal nonnull eigenvectors, so both
Span 7 and F;- are nondegenerate, whereas Span(Fn, \ F) is a totally isotropic subspace.
From the inclusion 7" N Span(Fy \ Fx)* < Ker((Jx! - L — Exllo 1)"), it follows that

Fi&n Ker((jxfka — exply 1) < Span{Ji 11X, . ... JmX}.

However, a generalised eigenspace is nondegenerate (Lemma ), as is its orthogonal,
which cannot be contained in a totally isotropic subspace, unless it is trivial. Hence
Ker((Jx[r: — exblo 1)") = Fi&, and therefore

det <x]l—jX> = X(x — po) K= 1H (Lo + 3cilt;))
i=1

is constant. According to Theorem , this shows that R is Osserman (see Andreji¢ and
Lukié 2019 [13, Theorem 2.1]).

Theorem 8.19. Any quasi-Clifford algebraic curvature tensor is Osserman.

Additionally, the Jordan normal form of Jx has its critical part on F;-, where
Im(Tx[ £+ — xtlo 1) € Span{fi1X, . ... JmX} C Ker(Jx[z: — exblg 1).

Hence, (Jx| FL—Exlo 1)% = 0, so the restriction is two-step nilpotent. It follows that a quasi-

Clifford R does not admit Jordan blocks of size greater than 2. On the other hand, Example
@ exhibits a Jordan-Osserman curvature tensor whose Jordan normal form contains a
Jordan block of size 3. This shows that the converse question does not hold in signature
(2,2), where an Osserman R need not be quasi-Clifford.

We now follow the arguments of Andreji¢ and Luki¢ (2019) [13], which generalise
earlier work of Andreji¢ and Rakic (2015) [17]), in order to investigate whether a quasi-
Clifford tensor R = yyR! + Y"1, u;R)i is Jacobi-dual. Let X € V be nonnull and suppose Y is
an eigenvector of Jy, so that JxY = €xAY holds for some A € R. Then () yields

m
ex(A — o) Y = —p18(Y. X)X = 3%  wg(Y.JX)JiX. (8.33)
i=1
while interchanging the roles of X and Yin () gives
m
TvX = Uo(evX — (X, Y)Y) =3 " wig(X, iY)JiY. (8.34)
i=1
In the case A # u,, the equality () allows us to express Y as
m
Y — _uOg(va)X _3 [Jlg(Y’]lX)]lX (8.35)
ex(A — lo) 1 ex(A — o)
Substitution this into (), we obtain

R R e s LH )

m —g(Y, X) w8, JiX)
-3 ;yig(X,]iY)]i (SX&MO)X 3];: M]]X) '
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This simplifies to

B i1y (X, V)
TrX = o (”* ex(A = i) )X

+ 31«‘0g(X7 Y)
ex(A — o)
L9
ex(A — Yy)

> ui (8(Y.JiX) + X, JiY) JiX

i=1

SN wpg X JY)(Y. JX)JTX.

i=1 j=1

Since any J; is skew-adjoint, the middle term on the right-hand side vanishes. Moreover, for

1 <i#j< mtherelation u;u;g(X.J;Y)g(Y. [ X)J;X + w;u;8(X, J;Y)8(Y, JiX)J;JiX = 0 eliminates
the cross terms in the double sum. Consequently, we obtain

_ H3(8(X. Y))* 9 Sy 2
jYX— <HOSY+ Sx()( — #0) Sx()l — HO) 121!11 (g<Y7]lX)) Cl) X7

and hence X is an eigenvector of Jy.
Otherwise, when A = u,,, the equality () reduces to

m
Uo8(Y, X)X +3> wg(Y,JiX)JiX = 0. (8.36)
i=1

Separating the indices so that¢; # Ofor1 < i < kand¢; = 0 for k < i < m, we see
that for any nonnull X the subspace Span{X,J1X,...,JiX} is nondegenerate of dimension
k + 1, and it is orthogonal to {Jx.1X,...,/mX}. For such an X, the equality () yields
w,g(X.JiY) = u;,g(Y,Ji:X) = 0 for 1 <i <k, together with u,g(Y,X) = 0. Thus, we are left with
S 1 1&(Y, JIX)JiX = 0, while (8.34) becomes JyX = eyitoX — 3514 18X, V)Y

In the special case m = k + 1, the relation above reduces further to
U 18(Y, Jx1X)Jks1X = 0, which forces u, ,18(Y,Jx+1X) = 0. Consequently, we obtain
the duality relation JyX = eyu,X. This establishes the following result (see [13, Theorem
3.1D.

Theorem 8.20. Any quasi-Clifford algebraic curvature tensor with at most one index i such
that c; = 0 is Jacobi-dual.

However, this statement is no longer true if there are at least two such J; with ¢; = 0. Let
(T1,...Tp,S1,...,Sq) be an orthonormal basis of a scalar product space (V, g) of signature
(p, q@)- Define an endomorphism J of V by

JTh =Ty + S, =—JS1, —JTy,=T1+S81=]S;
JT3=Ts+S4s=—JS3, —JT4=T3+S35=]S,
JTs=---=]JTp=]Ss =]JS¢ =+ =]Sq = 0.

It is straightforward to check that J is skew-adjoint with J> = 0, so we can construct the
algebraic curvature tensor R = R/. Its Jacobi operator is given by JxY = —3g(Y,JX)JX by
( ), from which it follows that its characteristic polynomial is xP*4. If JX # 0, then the
Jordan normal form of Jx has exactly one block of size 2, whereas if JX = 0 we have Jx = 0
and no such blocks occur. Writing X = 37, a;T; + 3_{ ; B;S;, one sees that JX = 0 holds
if and only if a; = pB; for each 1 < i < 4. This condition never holds for nonnull X €
Span{Ty,...,T4,S1,...,S4}, but it always hold for arbitrary X € Span{Ts,...,Tp,Ss,...,Sq}.
In the special case 4 = p < ¢, the Osserman tensor R = R/ is timelike Jordan-Osserman,
but not spacelike Jordan-Osserman. This behaviour is analogous to results of Gilkey and
Ivanova [59, Theorem 3], as well as Gilkey [57, Section 3.2].
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Theorem 8.21. There exist timelike Jordan-Osserman algebraic curvature tensors that are
not spacelike Jordan-Osserman.

To construct an example of a quasi-Clifford tensor R which is not Jacobi-dual, in ad-
dition to the previously defined skew-adjoint endomorphism J with /> = 0, Theorem
shows that we need at least one more skew-adjoint endomorphism K with K* = 0. It is ne-
cessary to arrange matters so that there exists a nonnull X such that /X and KX are linearly
dependent. At the same time, we must ensure the anti-commutativity relation JK = —K]J.
We introduce such an additional endomorphism K of V by

KT1 =T, +S)=—-KS;, —KT,=T1+8 =KS,
KTs =Te +S¢ = —KSs, —KTg =Ts5+ S5 = KSg
KT3 =KT4 =KT7=---=KTp =KS3 =KS4 =KS7=---=KS;=0.

A new endomorphism K is modelled on J, where the roles of the vectors T3, Ty, S3, Sy are
exchanged with Ts, T, S5, S, respectively. Hence, K is skew-adjoint with K = 0, and we
additionally have JK = KJ = 0, which satisfies the anti-commutativity requirement. If we
define

R=FR —RK

then R is a quasi-Clifford algebraic curvature tensor, which is Osserman by Theorem .
From (B.32), the Jacobi operator of R satisfies JxY = 3(g(Y,KX)KX — g(Y,JX)JX). Since
JT1 = KTy = T, + Sy, it follows Jr1, Y = 0 for any Y € V. On the other hand, for Y = T, + V284,
we have
8(Y,JT1) = g(Y,KT1) = g(To + V254, T2 + S2) = —1,

and therefore 7yTy = 3(g(Y,JT1)JY — g(Y,KT,)KY) = —3v/2(T3 + S3). Hence, we obtain
T (Ta+V282) =0, Ty, , a6, (T1) = —3V2(T3 + S3),

which demonstrates that R is not Jacobi-dual. Moreover, this counterexample contains
mutually orthogonal unit vectors X = Ty and Y = T, + /284, for which the duality principle
fails.

Theorem 8.22. There exist quasi-Clifford (and therefore Osserman) algebraic curvature
tensors which are not Jacobi-dual.

The first attempt to construct an Osserman algebraic curvature tensor that is not Jacobi-
dual was published in 2019 [13, Theorem 3.2]. In that construction, K is modelled on J
so that only the vectors S; and S5 were exchanged. Unfortunately, this original example
does not satisfy the anti-commutativity condition for J and K, and the resulting tensor is
neither quasi-Clifford nor Osserman. Nevertheless, the underlying idea is sound, and our
calculations after introducing K follow the original approach almost verbatim.

Let R be a quasi-Clifford algebraic curvature tensor. For a nonzero vector X € V and
0o, ...,0m € R, consider the relation

00X + 011X + - + OpfmX = O. (8.37)

For every @ = (ay,...,am) € {0,1}™ we define the endomorphism J* = Ji"...J{* and
(—1)% = (1)@t -+tam_ Applying (—1)%J% to (), we obtain >°I",(—1)%0%%X = 0, where
we introduce e; = (6j1,6i2, - - ., 0im) With the additional convention e, = (0, ...,0), so that
Jé = Jiand J% = 1. Since (—1)%J%J% = (—1)%++am(c,)%[%*e for 1 < i < m, where a + e
differs from a only in the i-th slot, we obtain for every a € {0,1}™ the equality

m

S (1)t () Mg X = 0,

i=0
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In this way we arrive at a homogeneous system of 2™ linear equations with 2™ unknowns,
> g MgpJPX = 0, where
Mg = (—1)0t+ang,
Ma(ai—ei) = (_1)ai+---+am(ci)aiei’

for1 <i<m,and My =0 otherwise. Now consider the square of this matrix. Its entries
are given by

(Mz)aa = MaaMaa + Ma(aiel)M(aiel)a +oot Ma(aiem)M(aiem)a = 9(2) - CIQ% - Cmerznv
(Mz)a(aiei) - MaaMa(a:tei) + Ma(aiei)M(aiei)(a:tei) =0,
(Mz)a(aj:eiiej) - Ma(aj:ei)M(aiei)(aieiﬁ:ej) + Ma(aie]-)M(aie]-)(aﬁ:eiie]-) =0,

and (M?),5 = 0 otherwise. Thus M? is diagonal, with
(det M)? = det(M?) = (05 — c105 — - -- — cm02)*".

If detM +# 0, the system admits only the trivial solution X = ;X = --- = J,X = 0. Since
X # 0, we must have det M = 0. This proves the following theorem given by Andreji¢ and
Lukié in 2019 [13, Theorem 4.1].

Theorem 8.23. Let {J1,...,Jm} be a quasi-Clifford family with J* = ¢;1 for 1 < i < m. If for
some nonzero vector X and 0, . .., 0y € R the relation 06X + 01J1X + - - - + OJmX = 0 holds,
then 0% — c103 — -+ — cp02, = 0.

In particular, if R is Clifford, then ¢; = —1 forall 1 < i < m. By Theorem the
condition 6X + 011X + - - - + OpJmX = 0 implies 63 + 6% + - - - + 62, = 0, which forces 6; = 0
for all 0 < i < m. Hence, the set {X,/1X,...,JmX} is linearly independent. By Theorem
, R is Jacobi-dual. Now, suppose that Yis an eigenvector of 7x for a null vector X. Then
Theorem 8.4 gives 7xY = 0,and () reduces to (8.36) yielding 1;8(Y,J;X) = 0for1 <i<m,
together with pyg(Y, X) = 0. It follows that JyX = eyuyX, so X is an eigenvector of Jy. This
establishes the following result, as stated in [13, Theorem 4.2].

Theorem 8.24. Any Clifford algebraic curvature tensor is totally Jacobi-dual.

Let R be a quasi-Clifford algebraic curvature tensor. Skew-adjoint endomorphisms with
J? = 0 alter the Jordan normal form of Jx and are therefore incompatible with the duality
principle, as already observed in Theorem . Let us exclude these by setting m = K,
leaving only the J; that are automorphisms. Without loss of generality, after rescaling each
Ji by (1/+/]ci])Ji» we may assume c; € {—1,1}. We then say that such R is semi-Clifford. It
is straightforward to see that a semi-Clifford R is Jacobi-diagonalisable and hence Jordan-
Osserman.

Consequently, we consider a family {/;, ..., ]} of anti-commuting skew-symmetric or-
thogonal and anti-orthogonal operators on V. These correspond to complex structures
(c; = —1) and product structures (¢; = 1). It is important to note that a product structures J;
changes the signature, since &;x = —&x. Therefore, any semi-Clifford R that is not Kleinian
is necessarily Clifford.

Let R be a semi-Clifford algebraic curvature tensor on a scalar product space (V, g). By
Theorem , R isJacobi-dual, and the next step is to examine whether R is totally Jacobi-
dual. Consider the initial condition JxY = 0 for a null vector X € V. If we set 6y = u,8(Y, X)
and 0; = 3u;g(Y,JiX) for 1 <i <m, then 6pX + 01J1X + - - - + Om/mX = 0. Hence

m m g2
05 = 1o8(Y, 00X) = —t1g > 0:8(Y.JiX) = —ttp > =,
i=1 i
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while Theorem yields

) m ) m 62
05 = Z ci0f = — g Z 372 (8.38)
i=1 =1
and therefore "
S e+ 2267 = 0. (8.39)

3U;

i=1 L
The question of whether R is totally Jacobi-dual reduces to asking whether the initial
condition always gives JyX = eyu,X—09Y+01J/1Y+- - - +0/mY which must be proportional
to X. This is immediate when 6; = 0 holds for all 0 <i < m.
If all the numbers (3c;u; + y,)/u; for 1 < i < m are positive, or all are negative, then
the only solution of the equation (8.39) is 8, = --- = 0, = 0. Substituting into () then
forces 6y = 0, which establishes the following theorem from [13, Theorem 4.3].

Theorem 8.25. Let R be a semi-Clifford algebraic curvature tensor generated by a semi-
Clifford family {J1, ..., Jm}, whereJ? = c¢; 1 for 1 <i < m. If (3cjt;+ o) i; > Oforalll <i<m,
or (3cil; + Ug)it; < 0 forall1 < i< m, thenR is totally Jacobi-dual.

Suppose there exists at least one product structure J = J;. Since J> = 1, we have (J —
1)(J+ 1) = 0. Thus, the minimal polynomial of J is (x — 1)(x + 1), which shows that J has no
Jordan blocks and is therefore diagonalisable. If JX = +X and JY = +Y for some X,Y € V,
then g(X,Y) = g(+X, £Y) = g(JX,JY) = —g(X,Y), which forces X | Y. Hence, the eigenspaces
Ker(J+1) are totally isotropic, and we obtain the decomposition V = Ker(J—1) @ Ker(J—1).
In this setting, te set {X,]1X,...,JmX} becomes linearly dependent for some X € V, so the
argument used in the proof of Theorem can no longer be applied.

We call a semi-Clifford tensor R anti-Clifford if ¢c; = 1 for all 1 < i < m. In this case,
Theorem implies that from 6;J;X+ - -+0/;mX = 0 we must have 6%+ . .+-62, = 0, which
shows that the set {J1X,...,JmX} is linearly independent for every null X € V. Therefore,
by Theorem , there exists an isotropic supplement My, ... Mm, such that g(J/;X, M;) = §;
and M; LMjforalll <ij<m.

For each 1 < k < m, there exists a null eigenvector X such that J;,X = X, which further
implies [ M) = —M. In this case we have

IxY = —(Blty + o)X, V)X — 3> ug(JiX, Y)JiX.
ik
Theorem restricts the possibilities for constructing an anti-Clifford tensor that is not
totally Jacobi-dual. The simplest way in which its condition fails is when 3y, + u, = 0 for
some 1 < k <m. Now let Z € Span{J1X, ..., JmX,My,... Mn}*. Then Jx(My + Z) = 0. On the
other hand,

IM+2X = Ug€zX — Uo(My + Z) + 3 Ju(My + Z) = uoezX + 3u(Z + JiZ).

If n > 2m, then there exists a nonnull Z, and in this case Jy, . zX is not proportional to X,
which shows that R is not totally Jacobi-dual.

Theorem 8.26. Let R = uyR! + Y-, y;R)i be an anti-Clifford algebraic curvature tensor of
dimensionn. If 3y, + U, = 0 for some 1 < k < mandn > 2m, then R is not totally Jacobi-dual.

Example 8.2. Let J be a skew-adjoint product structure on a scalar product space of di-
mension n > 2. Then R = 3R! — R/ is Osserman, but not totally Jacobi-dual. A

According to Theorem , the only other way to construct such an example is when,
for some j # k, we have

(3845 + Mo) (3iy + o) Uity < 0.
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Since (Jjcost + Jisint)* = J¥ cos t + Ji sin® t = 1, it follow that for any t € R there exists a
null vector X such that
X = JiXcost + JiXsint.

If we additionally take Y | J;X for all i # j, k, then the condition becomes
Uo8(Y, X)X + 3ug(iX, Y)J;X + 3w (iX, Y)JkX = 0,

which expandes to

((#o cos® t + 3u,)g(J;X, Y) + (U sin t cos t)g(JiX, Y))]jX

+ (1o cos tsin )X, ¥) + (1o sin® ¢ + 3p,)UKX. Y) ) JiX = O.
The idea is to choose t € R such that g(J;X,Y) # 0 # g(Ji.X, Y) and

Uy c032t+3uj Upsintcost <g(]]-X,Y)) _ <0>
ppcostsint  pysin®t+3u, ) \&UkX,Y)) —\0/"

The determinant condition gives iyu; sin t + Uolty COS% t + 3u;uy = 0, which is equivalent
to the pair

(3 + L) sin?t — Ui (3 + Uo)

Lo (8 — Hy) Mo (g — 1)

Note that the two right-hand sides are symmetric and they sum to 1, and both are positive

because
34 Ko <3+“0><0 :><3+“°> 34 Ho —(3+”0) <o.
U M M Y My

Thus we can take

(3 +
t=cos! M, Y = (u cos®t + 3u;)Mj + (Uo sin t cos ¢) M,
Mo (W — Hy)

to obtain JxY = 0. For Z € Span{/1X,...,JmX, My, ... My}, we have Jx(Y + Z) = 0. On
the other hand, Jy,zX = JyX + Uo€zX — (X, Y)Z + 3ug(;X. Y)J;Z + 31, &(JxX. Y)JxZ. Thus, if
JyX x X, then Jy,zX is not proportional to X for a nonnull Z.

cos®t =

Theorem 8.27. Let R = uyR! + Y-, ;R be an anti-Clifford algebraic curvature tensor of
dimension n. If (31; + Uo) (3 + Uo) Uil < 0 for somej # k and n > 2m, then R is not totally
Jacobi-dual.

8.6 Jacobi-dual tensors

In the previous sections we proved that Osserman algebraic curvature tensors are Jacobi-
dual under assumptions of small index or low dimension. In the Riemannian setting
(Indg = 0), any Osserman R is totally Jacobi-dual (Theorem ). In the Lorentzian set-
ting Ind g = 1), any Osserman R has a constant sectional curvature (Theorem ) and
therefore it is totally Jacobi-dual (Theorem ).

In the case of dimension n = 4, any Osserman R is Jacobi-dual (Theorem ). However,
a four-dimensional Osserman R is not necessarily totally Jacobi-dual (Example ), so the
main converse question should be whether a Jacobi-dual R necessarily implies that R is
Osserman.

Let us start with an elementary and elegant proof that every Riemannian Jacobi-dual
R is at least Einstein (Andreji¢ and Luki¢ 2024 [15]).
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Lemma 8.28. Any Riemannian Jacobi-dual algebraic curvature tensor is Einstein.

Proof. For an arbitrary unit E; € V there exists an orthonormal eigenbasis (Eq,...,E,) inV
related to Jg,, so there are A4, ..., A, € Rthat depend on Ey, such that 7, E; = A;E; holds for
1 <i< n. IfRisJacobi-dual then J¢ E1 = A;E1 and considering the sharp of the Ricci tensor

as a linear operator we have Ric* = Jg, +- - -+ JE,, and therefore Ric*(E1) = (A1 +- - -+ An)E1.

Hence, any unit E; € V is an eigenvector of Ric%, so all eigenvalues of Ric’ are the same,
which gives that A; + - - - + A, is constant, and proves that R is Einstein. O

In solving the converse problem, the following universal lemma given by Andrejic¢ in
2009 [4, Lemma 1] is very useful.

Lemma 8.29. If 7x(Y) = exAY and Jy(X) = eyAX for X 1 Y, then for all a, B € R holds

Tax+py(EYBX — €xaY) = €4x, pyA(EyBX — €xaY).

Proof. This is a consequence of straightforward calculations,

Jax+py(EvPX — exaY) = R(eypX — exa¥,aX + BY)(aX + BY)
= (exa® + ey’ )R(X, Y)(aX + BY)
= Eax1 pY(BIY(X) — aTx(Y)) = €axpyA(EyBX — €xaY).
]

We consider the converse problem in low dimensions. Let us start with three-
dimensional Jacobi-dual algebraic curvature tensor R. Since three-dimensional Einstein
R has constant sectional curvature (Example ), we expect the following theorem given
by Andreji¢ in 2009 [4, Theorem 1].

Theorem 8.30. Three-dimensional Jacobi-dual algebraic curvature tensor has constant sec-
tional curvature.

Proof. Let (E1,E;, E3) be an arbitrary orthonormal basis in V, such that €, = €3. Since the
Jacobi operator [Jg, has the matrix

0 0 0
Je, = |0 &Rz112 €2R3112 |,
0 &e3Rz113 €3R3113

the characteristic polynomial of its reduced Jacobi operator fgl is

W, (A) = 2% — (82Rz112 + €3R3113)A + €2€3R2112R3113 — €263R3112R2113-
The discriminant D of the quadratic equation wg, (A) = 0 is

D = (&3Rp112 + €3R3113)* — 4€2€3R2112R3113 + 4€2€3R3112R2113
= (€2R2112 + €3R3113)* + 4(Rp113)* > 0.

For D > 0 our quadratic equation has two distinct real roots, which give two distinct
eigenvalues of jEl, so there are two one-dimensional eigenspaces. Otherwise, D = 0
gives &,Ry112 = €3R3113 and Ryy13 = 0, and therefore jEl is diagonal with a double root,
so we have a two-dimensional eigenspace. Thus, there exists an orthonormal eigenbasis
(Eq,Eq, E3) related to Jg,.

Since R is Jacobi-dual, E; is an eigenvector of Jg, which fulfils the requirements of
Lemma , and hence &,8E1 — €1aE; is an eigenvector of Jyg, 4 gg,- Moreover, for a, B € R
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such that a%e; + f%e; # 0 holds, both aE; + BE, and &, 8E; — £1aE, are nonnull and mutually
orthogonal. Since Jy, 4 gk, is self-adjoint, Jyg, 4 g, E3 is orthogonal to both €, BE1 —€1aE> and
aE; + BE, and therefore Ej3 is an eigenvector of Jug, , gg,- By the Jacobi-duality, aEq + BE;
is an eigenvector of J¢,, which is possible only if Span{E;,E,} is a two-dimensional ei-
genspace of 553. Similarly, one can prove that Span{E;, E3} is an eigenspace of jEz. Thus
arises E1&9R 19921 = €2E3R9330 = £1€3R1331 = K and Ry113 = R1923 = R332 = 0. This equations
completely determine R, and therefore R has constant sectional curvature . O

Let R be a four-dimensional Jacobi-dual algebraic curvature tensor on (V, g). Suppose
that there exists some nonnull X such that Jx is diagonalisable. Then, there exists an or-
thonormal eigenbasis (Eq,Eq, E3, E4) in V such that Jg E; = €1A;E; holds for i = 2,3,4.
Without loss of generality we assume €3 = &4.

Since the Jacobi-duality gives Jg,E1 = €2412E1, we see that g, is invariant on the def-
inite subspace Span{Es,E;}. Hence, Jg, is diagonalisable with two mutually orthogonal
eigenvectors asEs + asE4 and g4a4E3 — €3a3E, for some a3, ay € R such that a§83 + aﬁe4 £ 0.
Thus, we obtain the proportionalities

a5 Jx,(E2) + a5 Jx, (E2) + 2a3047 (E3, Eq)(E2)  Ea,
a5 Tz, (E2) + a§Jx, (E2) — 2€3€4a3a4.7 (E3, E4)(E;) o Es,
and therefore
(8384(1% + ai)jgs (Ez) + (8384(1421 + a%)j54(Ez) x Ey.

Thus, Jg,E; L E4 with Jg,(Span{E;,E4}) C Span{Ey, E;} (from Jg,E1 = €3A13E1) implies
Je,Eo o< Ey and consequently Jg,E; o E4. Hence Jg,Es3 « E3 and Jg,E4 o E4, which
means that our basis diagonalizes any of operators Jg,, Jg,, Jg,, Jg,- In this way, we obtain
jEi (E]) = elAl]E] where Al] = A]l forall 1 < l,] <4,

This conclusion allows simple calculations,

1 1
J(Ex,E)(E3) =) €i5 (R312i + Rap1i) Ei = 5 €a(Rs12a + R3z14)Ea,
i

which holds in all permutations of indices from {1, 2, 3,4}. Since,
Ja\ErrarE, (E3) = (3€1A13 + a3€2423)E3 + a1a2€4(R3124 + R3214)E4,
JarEy +ayE, (Ea) = (a3€1A14 + a5€2A24)Eq + a1a2€3(Ra123 + Raz13)Es,
after the substitution le = R3124 + R3214 = R4123 + R4213, We have
JarEy+ayE, (A3E3 + QuEq) = (az(aie1A13 + a5€rAzs) + Qsa102630Q12)E3
+ (as(ade1A1a + Q5€2A04) + Q301 A2€4Q12)Es.

We should discuss two cases Q2 # 0 and Q2 = 0.

First, let us suppose that Q, # 0. For any a;,a, € R such that a%el + a%ez # 0, by
Lemma we have Ju £, 1a,E, (€202E1 — €101 E3) = €q,F, 1a,E,A12(€202E1 — €101 E»), so there
exist az, as € R such that a§83 + aﬁe4 # 0 and Jy, E, +a,E, (@3E3 + a4E4) o< asEz + ayE4. Thus

as(as(aderris + ajerdas) + Qa1 a283Q12) = a3(aa(ale1A1a + a5€2224) + A30102€4Q12),
which implies
asas(aier (A3 — Aa) + A5€2(A23 — A1) = A1a2Q12(a5€4 — ajes).

However, the Jacobi-duality implies that a1E1 + a3E, is an eigenvector of 7.k, +q,r,, and
because of Q34 = Ry341 + R2431 = R1342 + R1432 = Q12, we can use the symmetric formula to
get

a102(a5€3(A31 — Agz) + az€a(Aa1 — Ag2)) = asa4Qrz(ader — azey).
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Let us rescale this with a; = x,a; =1 and a3 =y, ay = 1, which means that for any x (with
X? # —gq&,) there exists y (with y? # —g3&4) such that
(£4Q12X)Y* — (€1X*(A13 — A1a) + €2(A23 — A24))y — €3Q12X = 0,
(3(A13 — A23)X)y* — (Q12(€2X* — €1))Y + €4(A14 — Aza)X = 0.

Since the solutions (of quadratic equation by y) goes in pairs (mutually orthogonal eigen-
vectors), the two previous equations give the same solutions, which implies

€4Q12X = Ke3(A13 — A23)X,
£1X*(A13 — A1a) + €2(Aa3 — Aga) = KQu2(€2X* — &1),
—€3Q12X = Keg(A14 — A24)X,

for infinitely many x and some K = K(x) € R. Immediately, A;3 — A23 = —(A14 — A24), Wwhich
gives
A3+ A1g = Ag3 + Aoy

Additionally, we have
€3(A13 — A3)(£1X% (A3 — A1) + €2(A23 — A24)) = £4Q7,(€2X" — £1),
and the polynomial equation
(e163(A13 — A23)(A13 — A1a) — £2€4Q7,)X° + €283(A13 — A23)(Azs — Aga) + £1€4Q7, =0

has infinitely many solutions, so we obtain

(A3 — Ag3)(A13 — A1g) = €182€38407,,

(A13 — A23)(A23 — Aza) = —€1€2€3€4Q7,.
Hence A3 — A4 = A4 — A3, which together with A13 + A4 = A4 + A3 implies

A3z =22 and Agy = Ags.

Moreover, we have
(A13 — A1a)® = €162€3€40%,, (8.40)

that immediately implies €1€,6364 = 1, which means that Q2 # 0 is impossible in the
Lorentzian setting.

We turn now to the case Q12 = 0, where Ju,r, +a,E,(E3) = (@3€1A13 + a4€,4,3)E3 holds,
and the Jacobi-duality gives

a%81/\13 + 0%82/\23
ajel + aje,

a1€3A13E1 + a2€3A93E7 = Jg, (a1 E1 + azE3) = &3 (a1E1 + azE),

that 1mp11es A13 = Azg. Slmllarly, \7&1514—&252 (E4) = (a%sl)tm + a%82A24)E4 gives A14 = 124.
The conclusion of the discussion is that Q1 # 0 gives A13 = A4 and A4 = Ay3, while
otherwise Q1 = 0 yields A;3 = A3 and A4 = A4. We obtain similar conclusions using the
symmetries for Q13 = Ra134 + R2314 and Q14 = R3142 + R3412 relative to Q12 = R3124 + R3214.
The case Q13#0 giVES /\12 = }K34 and A4 = Azg, while Q13=0 y1€1dS AIZ = )(23 and A4 = }(34,
aswell as Q14 75 0 giVQS A13 = )(24 and Alz = )(34, while Q14 =0 y1€1dS }(13 = )(34 and }(12 = )(24.
The case le = Q13 = Q14 =0 immediately giVQS }(12 = Alg = A14 = Azg = }(24 = }(34,
while 0 = Ry234+R2314+R3124 = R1234+(Q13—R2134) +(R3412 — Q14) = 3Rq234 follows from the
first Bianchi identity, so Ri»34 = —R1324 = 0. Hence R = A1,R', and therefore R has constant
sectional curvature. Notice that this is the only possible case in the Lorentzian setting,
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because if Q1; # 0 holds for some 2 < i < 4, then immediately, due to (), €1628384 =1
holds.

Since the first Bianchi identity gives Q12 + Q13 + Q14 = 0, the other cases have at least
two of Q12, @13, and Q14 which are nonzero. Thus, it is obvious that in any case (including
the one with Q15 = Q13 = Q14 = 0) we have

AlZ - /\347 A13 - A247 /\14 - AZS-

Thanks to the formula (8.40) which holds for Q;, # 0, as well as its symmetric formulas,
we additionally have €;&;65e4 = 1 and the equations (A1 — A13)? = Q2,, (A1 — A14)? = Q%,,
(A13 — A12)* = Q3,, because for a possible Q;; = 0 we have A;; = Ay = Aj = Ay, Where
{i,j,k} = {1,2,3}. Changing the sign of one vector in our basis, if necessary, we can set

AMa—A13 =Q12, A1z —Aia = Q13, A1z — A1z = Qua.

For example, the case Q1; # 0 implies A4 — A3 = —Q42, which after we change E; by —Ey,
giVQS A14 —Alg = le. Hence, ifﬁlz —A14 % ng then we have }LIZ —)\14 = —ng, and we obtain
+(A13 — A12) = Q14 = —Q12 — Q13 = A1z — 214 + Aq3. Since Ayq # Aq3 it implies A4 = Aq3, SO
ng =0= AlZ — 114. Thus

Aa — A13 = Q12 = —Ri324 + R1432 = R1234 — 2R1324,
A2 — A4 = Q13 = —Ri1234 + R14a23 = —2R1234 + R1324,

and therefore

2 1 1 1 2 1
Ryp34 = —ghz + 57\13 + §/114, Rq324 = —§/\12 + §A13 - 5114-

In this way, we calculated the last two of the 20 independent coordinate curvature
tensor components (see Theorem @), which completely determines R. The calculations
were made depending on three parameters Aq,, A13,A14 € R, while previously we have 6
independent terms of the form R;;; = A;; = Ay and another 12 of the form Rj;; = 0, where
{i,j,k,1} = {1,2,3,4}. Every semi-Clifford algebraic curvature tensor is both Osserman
(Theorem ) and Jacobi-dual (Theorem ), so the basic idea is to construct a semi-
Clifford algebraic curvature tensor that will have components equal to those of our R, and
from the uniqueness, we see that R is Osserman.

If the signature is definite, without loss of generality we suppose €1 = €, = €3 =&, =1,
and introduce a quaternionic Clifford family {Ji, J,,/3} given by

J1iE1 = E;, J1iEs =—Ei, J1iEs= Es4, J1E4 = —Ejs,
J2E1= Es, JoE; =—E4, JoEs=-E1, J:Es= Ey,
JsEi= Es4 J3E;= Es, JsEs=-E;, J3E4=—E,

to see that our R is induced by Clifford

A Aizg, Ay,
R=—3"R = 7R = 7R,

If the signature is neutral, we can suppose €; = €, = —1, €3 = & = 1, and introduce
paraquaternionic semi-Clifford family {J1, J»,/3} given by

JiE1 = —Ez, J1E2 = E, J1iE3= Ei, J1E4= —Ej3,
JoE1= E3, J2Ey= E4 JoE3= Ei, J2E4= Ej,
J3E1 = Ei, J3Ey=—E3, J3E3=—E;, J3E4= Ey,
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to see that our R is induced by semi-Clifford

A

R = 3

R+ @R]z + @R]f“.
3 3
The previous considerations prove the following theorem given by Andreji¢ in 2018 [9,
Theorem 4.2].

Theorem 8.31. Any four-dimensional Jacobi-dual algebraic curvature tensor such that Jx
is diagonalisable for some nonnull X is Osserman.

Consequently, any Riemannian four-dimensional Jacobi-dual R is Osserman, which is a
variant of this theorem originally proved by Brozos—Vézquez@ and Merinot4 in 2012 [29].
Additionally, we notice that any Lorentzian four-dimensional Jacobi-dual R has constant
sectional curvature.

According to Theorem a Lorentzian Osserman curvature tensor has a constant
sectional curvature, so it is natural to have the following theorem given by Andreji¢ and
Raki¢ in 2015 [17, Theorem 4.1].

Theorem 8.32. A Lorentzian totally Jacobi-dual algebraic curvature tensor has constant
sectional curvature.

Proof. Let T be a unit timelike vector in a Lorentzian scalar product space (V,g). Then T+
is positive definite, so Jris diagonalisable. Let (S1,...,S,_1) be an orthonormal eigenbasis
of T+ related to J7. Then 77S; = £7A;S; and the Jacobi-duality gives Js,T = esA;T for all
1 <i<n-—1.Because of

Ires, T =R(T, T+ 8)(T*S;) = FIrSi + TIs,T = (T £ S;),
TIr+sSi = R(Si, T S;)(T£S;) = IrSi 7 Is, T = FA(T £ Sy),

it follows that Jr.g, is invariant on ¢; = Span{T,S;}, and since it is self-adjoint, it is also
invariant on/;- = Span Uj.i{S;}- Therestriction Jr., Ful% is diagonalisable as a self-adjoint
operator on a definite space. If M is a nonnull eigenvector of Jr.g [,,., then Jr s M = uM
together with the totally Jacobi-dual condition gives 7y (T + S;) = v(f + S;). However,

uem = g(JIres; M, M) = g(Tm(T+ §;), T+ §;) = verss, = 0,

so 4 = 0, and therefore Jr.s M = 0. Consequently, Jr.s, = 0 on Z/tl#, and therefore Jr.s.S; =
0 holds, for all 1 <i # j < n— 1. Then the relation Jr,sS; = 0 and the total Jacobi-duality
implies that T + S; is an eigenvector of Js. Since g(T,T + §;) = —1 # 0, eigenvectors T
and T + §; of Js; are not orthogonal, so they have the same eigenvalues. Thus, Js.S; = 4;S;,
which implies 4; = A; and R has constant sectional curvature.

Alternatively, from Jris, = Jr + Js, £ 27 (T, S;) we get Jris, + Jr—s, = 2(Jr + Js;)- Thus
Jr+sSj = 0 implies J5.S; = —JrS; = A;S;. Comparing this equation after (i,j)-symmetry
Ts;Si = A;S; and after the Jacobi-dual property Ts;Si = A;S;, we easily conclude that A; = A;
for 1 <i#j<n-1,which proves that R has constant sectional curvature. O

Let R be a Jacobi-diagonalisable algebraic curvature tensor on a scalar product space
(V,g). Consider an analytic curve y: I — V defined on an open interval I C R, and define the
one-parameter family of self-adjoint endomorphisms A(t) = 7, for t € I. By Lemma @,
the entries of the matrix 7, are homogeneous polynomials of degree 2 in the components
of y(t), and hence analytic on I. Since R is Jacobi-diagonalisable, each 7, has a hyperbolic
characteristic polynomial.

Miguel Brozos-Vazquez, Spanish mathematician
12Eugenio Merino, Spanish mathematician
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The conditions of Theorem are satisfied, yielding an analytic eigenvalue function
A: I — R and an analytic eigenvector curve V: I — V such that

Ty V(t) = A()V(¢)
holds for t € I. Consequently, we have

R(V(1),y(0),y(1), V(1)) = 8(Tyr V(1), V(1)) = A(O)8(V(1), V(1)) = A(D)Ev(y).

Differentiating both sides with respect to t gives

28(Fy V(1), V(1)) + 28(Tvyy (1), Y (1) = A' (D) (V(1), V(1)) + 2A(0)g(V(2), V'(1)),
which leads to the identity

28Ty Y (1), V' (1) = ey A (t). (8.41)

Assume that R is Osserman. Then the eigenvalue satisfies A(t) = &, C for some constant

C € R, and thus A'(t) = 2g(y(t),y'(t))C. Substituting this into (8.41) yields g(Jy(y(t), Y (1)) =
ey &(Y(1),y'(t))C, so we obtain

Tvy Y (t) — ey Cy(t) Ly'(0). (8.42)

Now suppose JxY = exuY for some p € R and vectors X,Y € V, where ex # 0 and Y # 0.
For an arbitrary Z € V, define a curve y: I — V by y(t) = X + tZ, where I = (-6, ) for
some small § > 0. Evaluating () att = 0 gives Jy0)X — €y(0)CX L Z. Since this holds
for every Z € V, the nondegeneracy of the scalar product implies Jy )X = €y CX. Using
the construction from Theorem , we can prescribe the initial conditions V(0) = Y and
A(0) = exu = €xC, which yields JyX = eyuX. This proves that R is Jacobi-dual.

Conversely, suppose that R is Jacobi-dual. Then for any nonnull vector y(t),
we have JypY(t) = (Evn/Epw)At)y(t). Substituting this into (), we obtain
2ey A0y (1), V' (1)) = €y &y A’ (t), which simplifies to

v (25(?)) =0. (8.43)

Now fix two vectors X,Z € V such that ex = €z # 0 and assume sgng(X,Z) # —sgney.
Define the curve y: I — V by y(t) = (1 — t)X + tZ, where I = (-§,1 + §) for a small § > 0.
The condition on g(X,Z) ensures that €, # 0 for all t € I, since &, = ((1 - )2 + t?)ex +
2(1-1t)tg(X,Z). By Theorem there exist analytic functions 4;: I — R and analytic maps
Vi: I — V, for 1 <j < n, such that (V(t),..., Va(t)) is an orthonormal basis of V' for each
t € I, and Jy)Vj(t) = A;(t)V;(t). From (8.43), each A;(t) must be of the form A;(t) = &, C;
for some constants C; € R, so in particular A;(0) = A;(1) for each j. This implies that Jx
and 7z have the same characteristic polynomial. Noting that 7, = J_z, the assumption
sgn g(X,Z) # — sgn ex can be removed. Therefore R is Osserman.

Theorem 8.33. A Jacobi-diagonalisable algebraic curvature tensor is Osserman if and only
if it is Jacobi-dual.

The previous theorem is a consequence of a more general result due to Nikolayevsky
and Raki¢, established in 2016 [98]. Specifically, any Jordan-Osserman algebraic curvature
tensor is Jacobi-dual [98, Theorem 1], while a semisimple algebraic curvature tensor is
Osserman if and only if it is Jacobi-dual [98, Theorem 2]. Let us also note that a Riemannian
algebraic curvature tensor is Osserman if and only if it is Jacobi-dual, which is a special
case of Theorem (), previously proved by Nikolayevsky and Raki¢ in 2013 [97, Theorem
2.1].
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8.7 Orthogonality principle

An algebraic curvature tensor on a scalar product space is said to be Jacobi-orthogonal
if, for any mutually orthogonal vectors X and Y, the Jacobi operator of X applied to Yis itself
orthogonal to the Jacobi operator of Y applied to X. The notion of Jacobi-orthogonality was
introduced by Andreji¢ and Luki¢ in 2024 [15], and this property has proved to be closely
related to Osserman tensors (see also [84] and [12]).

It turns out that the condition only needs to be verified for unit vectors, as we see in
the following lemma (see [84, Lemma 2.1]).

Lemma 8.34. If J7xY | JyX holds for all mutually orthogonal unit vectors X and Y, then R is
Jacobi-orthogonal.

Proof. We need to show that 7xY | JyX holds for all mutually orthogonal X,Y € V. We
may assume that X and Y are linearly independent, since otherwise JxY = 0. If at least one
of X or Y is nonnull, we can normalise it and replace by a proportional unit vector. This
settles the case when both X and Y are nonnull.

Now consider the case where X is unit and Y'is null. By Lemma , we can decompose
Y = S+ T, where S, T € X' are mutually orthogonal unit vectors. The lemma assumption
gives JxS L JsX and JxT | JrX, and therefore for any ¢ € R we have

g(Ix(S +tT), Tsy11X) = g(IxS + tIxT, TsX + 2t (S, )X + t2 JrX) = At* + Bt,

where A = g(JxS, JrX) + 8(JxT, 2tJ (S, T)X) and B = g(JxS, 2tJ (S, 1)X) + g(JIxT, JsX). For
any t # +1, the vector S + tT is nonnull, so Jx(S + tT) L Js,¢X, which forces A = B = 0.
Hence g(J7x(S+ 1), Js.1X) = 0, that is, JxY L JyX.

It remains to treat the case where both X and Y are null. By Theorem there exists a
null vector M such that g(Y,M)=1and X | M. SetS= (Y+M)/2and T = (Y — M)/2. Then
&s=—-¢r=1/2andS L T L X L S. Applying the previous case, for any t € R we again
obtain g(Jx(S + tT), Js,rX) = At? + Bt. For t # +1, the vector S + tT is nonnull, hence the
previous result gives At? + Bt = 0, which yields A = B = 0. Substituting t = 1 then gives
IxY L JyX. O

Let R be a Jacobi-orthogonal algebraic curvature tensor. If X | Y for some X, Y € V, then
for any t € R we also have X + tY | eytX — exY. We compute:

Txrer(EvtX — exY) = (ex + eyt )R(X, Y) (X + tY) = expor(tTyX — TxY)
Teytx—eyv(X +tY) = (ex + eyt )R(Y, X) (extX — exY) = ex,v(extIxY + exTvX).

Since JxY L JyX, Jacobi-orthogonality yields (€xv)?(exte 7x — €yte7,v) = 0. For a nonnull
Y, we may choose any t # 0 such that t*> # —ex/ey. This gives the fundamental identity

EXE 7yx = EYE 7y y- (8.44)

By symmetry, () also holds when Xis nonnull, while in the case ex = ey = 01itis trivially
satisfied. Thus, the identity (8.44) holds for arbitrary mutually orthogonal vectors X and Y.

Conversely, suppose that (8.44) holds for all mutually orthogonal X and Y. For X L Y
and any t € R, we then have

EX1tYE(Teytx—exy(X+1Y), Teytx—exv(X+1Y)) = Ecpex—e, v8(Tx4tv(EvX —xY), Txyev(EvtX —€xY)).
This yields
(ex1ev)g(eytIxXY + exTyX, eyt IxY + exJvX) = (€x:v)’exev8(t X — TxY, tIyX — JxY),

181



Chapter 8. Osserman tensors

and therefore
(extey)® ((SY)ZtZEJXY + (ex)%ex + 2exevtg(IxY, JYX))

= (Ex1tv) Exey <t2€JyX + €,y — 2t8(IxY, jYX)) :

By (), this reduces to (ex.v)3exeytg(JxY, JyX) = 0. For nonnull X, Y € V we may choose
t # 0 such that ex + t?ey # 0, which forces JxY L JyX. Finally, Lemma shows that R is
Jacobi-orthogonal, and we obtain the following lemma.

Lemma 8.35. An algebraic curvature tensor is Jacobi-orthogonal if and only if exe 7,x =
£y€ 7,y holds for all mutually orthogonal vectors X, Y.

We now turn to the question of whether Riemannian Osserman algebraic curvature
tensors are Jacobi-orthogonal. Suppose that R = p,R' + -, y;Ri is Clifford, or more
generally quasi-Clifford, where J;,...,J;, form an anti-commuting family of skew adjoint
endomorphisms satisfying J? = ¢;1 for 1 < i < m. The Jacobi operator takes the form
calculated in (),

JxY = Uo(exY — (Y. X)X) - 3 ug(Y.JX)JiX.

i=1

For X 1 Y we compute

g(IxY, JvX) = & (uoexY -3 wgY.JXJX, HoeyX—3) u,-g(XJjij)
i j
=9 wug(Y JX)gX ETX.J;Y) = 9> wig(Y, JiX)g(Y, J;X)g(Y, JJiX)

ij )

= O Ha (Y TG Y XY, () + %) = 9 S wEeig(Y JiX)g(¥.X) = 0,
i i

which shows that R is Jacobi-orthogonal and yields the following theorem (see [15, The-
orem 2] and [84, Theorem 2.1]).

Theorem 8.36. Any quasi-Clifford algebraic curvature tensor is Jacobi-orthogonal.

The only other known Riemannian Osserman examples are two-root. Suppose R is
two-root Riemannian Osserman algebraic curvature tensor. Then there exist two distinct
eigenvalues A1,4; € R such that for any nonzero Y € V we have a decomposition V =
Span{Y} @ V;(Y) @ V,(Y), where V;(Y) = Ker(Jy — €yA; 1) for i = 1, 2. Let us decompose any
X 1 YasX =X, +X,withX; € Vi(Y)and X; € V,(Y). Since JyX = ey(A1 X1 + 1:X3), we
obtain

8(IxY, JyX) = eyR(Y, X1 + Xo, X1 + X2, 11 X1 + A2X;)
= €y(A2 — A)R(Y, X1 + X2, X1, X2) = ey(A2 — A1) (8(Tx, Y, X2) — 8(Tx, Y, X1))-
By Theorem B.17, any Riemannian Osserman tensor is Jacobi-dual, which gives

&(Jx, Y, Xy) = g(ex,M1Y,Xy) = 0 and g(Jx,Y,X;1) = 0. Hence JxY 1 JyX, proving that R
is Jacobi-orthogonal.

Theorem 8.37. Any two-root Osserman algebraic curvature tensor is Jacobi-orthogonal.

We want to examine under which conditions Jacobi-orthogonality implies Jacobi-
duality. Suppose that 7xY = exAY holds for some A € R and X | Y, where €x # 0. Since
g(JyX, X) = g(JxY,Y) = exeyA, we obtain JyX = eyAX + Z for some Z € Span{X,Y}+. Ac-
cording to Lemma @, in order to establish Jacobi-duality it suffices to show that Z = 0.
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If R is Jacobi-orthogonal, then (8.44) yields ex((ey)?A%ex + £7) = ey(ex)2A%ey, which
forces ez = 0. Next, let W € V be an arbitrary vector orthogonal to X. Since Y+ tW L X for
every t € R, Jacobi-orthogonality implies Jy,;wX L Jx(Y + tW), and therefore

RX, Y+ tW Y+ tW, IxY + tTxW) = 0.

The coefficient of t in this expression is R(X,Y, Y, 7xW) + exAR(X, Y, W, Y) = 0, so we obtain
JyX L JxW — exAW, which can be rewritten as

Z 1 (jX — Sx)\ ]l)W (8.45)

Let u € Rwith u # A. For W € Ker(Jx — exul) we have Z | ex(u — A)W,so0Z L W,
and hence Z | Ker(Jx — exu1). Moreover, for W € Ker(Jx — exu 1)1 the relation ()
becomes Z | (Jx — exu 1)W + ex(u — AW. If Z L Ker(Jx — exu 1)K, it follows that Z 1. W.
By induction on k, we conclude that Z | Ker(Jx — exu 1)". Thus, Z is orthogonal to every
generalised eigenvector of Jx corresponding to an eigenvalue different than exA. Using
Theorem , it follows that Z € Ker(Jx — exA1)".

Lemma 8.38. Suppose JxY = exAY for some A € Rand X L Y, where ex # 0. If R is a Jacobi-
orthogonal algebraic curvature tensor, then JyX = eyAX+Z, where Z | Xis anull generalised
eigenvector of Jx corresponding to the eigenvalue exA. Moreover, Z | Im(Jx — exA1).

In particular, in the Riemannian case, the condition €; = 0 immediately yields Z = 0.
Moreover, by Theorem , any Riemannian Jacobi-orthogonal R is Osserman. Thus we
recover the following result from [115, Theorem 1, Corollary 1].

Theorem 8.39. Any Riemannian Jacobi-orthogonal algebraic curvature tensor is Jacobi-
dual, and consequently Osserman.

More generally, let R be a Jacobi-diagonalisable Jacobi-orthogonal algebraic curvature
tensor. If we can show that R is weak Jacobi-dual, then Theorem ensures that R is
Jacobi-dual, and by Theorem it follows that R is Osserman. To this end, we assume that
Yis a unit vector and apply Lemma B.38. If dim Ker(Jx—exA 1) < 2, then (Jxy—exA 1)nYtisa
nondegenerate subspace of dimension at most one, which forces Z = 0. In dimensionn = 4,
the remaining case dim Ker(7x—exA 1) = 3 implies that R is one-root. However, any Jacobi-
diagonalisable one-root tensor necessarily has constant sectional curvature (see Section
). Thus we obtain the following result, originally stated in [84, Theorem 3.2].

Theorem 8.40. Any four-dimensional Jacobi-diagonalisable Jacobi-orthogonal algebraic
curvature tensor is Osserman.

Let R be a Jacobi-orthogonal algebraic curvature tensor on a Lorentzian scalar product
space (V,g). For an arbitrary timelike T € V and a nonzero X € T+, we have exJrX =
exRX, T)T = RX, T, T, X)X + P and e7JxT = erR(T,X)X = R(T,X,X,T)T + Q, where P,Q <
Span{T,X}*. Applying (8.44) we obtain

(R(X, T, T,X))2 + %’; = exenx = Er€5,7 = (R(T,X. X, T)) + ‘Z‘;,
which leads to the relation ep/ex = £9/e7. However, since €7 < 0, ex > 0, and Span{T, X3t
is a positive definite subspace containing P and Q, it follows that P = Q = 0.

If we fix a timelike T € V, then P = 0 implies 77X X, so every nonzero X ¢ T is
an eigenvector of Jr, and consequently, we have Jr = erkr1 for some kg € R. Similarly,
if we fix a spacelike X ¢ V, then Q = 0 implies JxT « T, so every timelike T ¢ X' is
an eigenvector of Jy. For a nonzero Z ¢ Span{T,X}* such that &; < —&r, both T and
T+ Z are timelike vectors that are not mutually orthogonal. Since the Jacobi operators are
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self-adjoint, T and T + Z, as well as Z, are eigenvectors of Jx corresponding to the same
eigenvalue exkx = g(JxT, T)/er = §(JrX, X)/er = €xkr. Now, it is easy to conclude that for
any nonnull X € V, there exists ky € R such that Jx = exkx 1.

In this way, we obtain a Lorentzian R such that Jx has a single eigenvalue for any non-
null X € v, so by Theorem R has constant sectional curvature. Of course, we do not
need to use this theorem, since kx = k7 holds for any mutually orthogonal spacelike X and
timelike T, and it is not hard to conclude that R has constant sectional curvature directly.

Theorem 8.41. Any Lorentzian Jacobi-orthogonal algebraic curvature tensor has constant
sectional curvature.

Let R be a Jacobi-orthogonal algebraic curvature tensor, and let (Ey,...,E,) be an or-
thonormal basis for V with respect to the scalar product g, where ¢; = ¢g, € {-1,1} for
1 <i<n Forx #y, wehave Ex L Ey, so Jacobi-orthogonality implies that Jg, Ey | Jg, Ex.
Since Jg,Ey = R(Ey, Ex)Ex = }_; €iRyxxEi, We obtain

n
> &iRyiRyyyi = 0. (8.46)
i=1

On the other hand, the fundamental identity () can be rewritten as

n n
ExY ERY, =&Y &R (8.47)
i=1 i=1

Another equality can be derived from () by setting X = Ex and Y = Ey + tE,. For
distinct x, y, z, this leads to the expression  _; &;(Ryxxi+tRzxxi) (nyyi"‘t(nyzi"‘szyi)+t2szzi) =
0 for all t € R. By taking the coefficient of t we obtain

n n
Z giRyxxi (nyzi + szyi) + Z giszxinyyi =0. (8.48)
i=1 i=1

Similarly, by setting X = Ex and Y = Ey + tE, + SE, for distinct x,y, z,v, and then taking
the coefficient of ts, we obtain

n n n
Z SiRyxxi (szvi + vazi) + Z EiRgxxi (nyvi + vayi) + Z EiRyxxi (nyzi + szyi) = 0. (8.49)
i=1 i=1 i=1

Alternatively, we can set X = Ex + tEy and Y = E, + sE, for distinct x, y, z, v, and take the
coefficient of ts to obtain

n n
Z 8iszxi (Ryzvi + Ryvzi) + Z gi(szyi + Rzyxi)(szvi + vazi)
=1 =1 (8,50)

n n
+ Z givaxiRyzzi + Z gi(vayi + Rvyxi)szzi = 0.
i=1 i=1

8.8 Low-dimensional Jacobi-orthogonal tensors

Let R be a three-dimensional Jacobi-orthogonal algebraic curvature tensor on a scalar
product space (V,g) and let (Eq,E;, E3) be an orthonormal basis of V. By Theorem @
R has six independent components: three of the form ky, = Ryyyx and three of the form
U, = Ryxxz, Where (x,y,z) denotes a permutation of (1,2, 3).
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Now, (8.46) becomes Uyit, = 0, while (8.47) becomes K3y + Ex€zlly = K§y + €y€z445, Which
implies exp? = 8),;15 for distinct x,y, z. Hence u, = 0 for any x. Next, observe that Ey, + tE,
and &;tE, — &yE; are mutually orthogonal and both orthogonal to Ey. For any t € R we
therefore obtain

O - R(Ey + th,Ex,Ex, EZtEy - gyEz) - (EZtZ - gy)ux + (ezK)g) - enyz)t == (gszy - 8nyz)t

Thus, €16:K17 = €1€3K13 = £2€3K23, Which shows that R has constant sectional curvature.
Conversely, any curvature tensor of constant sectional curvature is Jacobi-orthogonal.
Hence we obtain the following theorem, given in [84, Theorem 3.1].

Theorem 8.42. A three-dimensional algebraic curvature tensor is Jacobi-orthogonal if and
only if it has constant sectional curvature.

Let R be a four-dimensional algebraic curvature tensor on a scalar product space (V, g)
and let (Eq,Ey, E3, E4) be an orthonormal basis of V. We retain the notation introduced
in Section]@? where R has twenty independent components: six of the form Ky, = Ryyyx,
twelve of the form Uy = Roow, and two additional components p = Rj3qp + Rig32 and
q = R1243 + R1423, Where (x,y,z,v) denotes a permutation of (1,2, 3, 4).

If R iz zwei-stein, then a direct application of Lemma gives

Je,E2 = €2R112E2 + €3R2113E3 + €4R2114E4 = €2K12E0 + €30 4E3 + E40i43Ey,
Je,E1 = €1R1221E1 + €3R1223E3 + €4R1204E4 = €1K12E1 + €3€4SU 3E3 — €4€3SUU4E}.

Thus, g(Jg,E2, Jg,E1) = (€3U14)(E3E4SU13)E3 + (E4ld13)(—Es€3SU14)€4=0. Since Lemma
applies to any orthonormal basis, it follows that 7xY 1 JyX for any mutually orthogonal
unit vectors X and Y. Hence, any four-dimensional zwei-stein algebraic curvature tensor
is Jacobi-orthogonal (see [12, Proposition 4]).

Conversely, let R be a four-dimensional Jacobi-orthogonal algebraic curvature tensor.
We can exclude the Lorentzian case by setting eyxey€,&, = 1, since it is addressed in The-
orem . In our notation, the identities () and () become

Ezlxzly, + Evllyylyy = 0,

9 9 5 9 (8.51)
Ex€zllyz + ExEvllyy = EyEzlly; + EyEvllyy.

Additionally, () gives Evllyylly; — Ezllyyllzy + E2Kxzllyy — EyKxylly, + Evily, (Rxyzv + Rxzyv) = 0.
Because (i, 11, = —€vEyllyyl,,, We obtain

[lxy(gvllyz + gxuzy) + yyv(SZKXZ - gnyy) + SV[JXZ(RXYZV + szyv) — 0, (852)

which provides 24 equalities.
Finally, (8.49) yields

EyKxy(Rxzvy + vazy) + €2Kxz (nyvz + vayz) + EvKxv (nyzv + Ryzyv)

(8.53)
—Ezllxylzy — Evllyzlhy — Eylhlly; — Evllyly, — Eyllyzlhyy — EzUyylzy = 0,
while (8.50) yields
Uy, (SyKyz — ExKxz) + Uyy (EvExy — £,Kxz) — (Syllyv + gv.uvy)(szvy + vazy) 8.54)

+ zg)huyxllxv B ngluxy#xv + nguzyuvz B zgluzyyzv B evxuxyuvx B ‘%/Hyzuzv =0.

Consider the case when Jx for some unit X = E; € V has the Jordan normal form
consists of one Jordan block of size 3. As seen in Section @ there exists an orthonormal
basis such that

—Kig =K1z =Kig = A, f13 =0, WUy =—ly3=m=V2/2,
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with g = €9 = —€3 = —¢4.

Applying (8.51) we obtain y,; = 0, u2, = m? (for x = 1,y = 2) and ys, = 0, u%, = m?
(for x = 1,y = 3) with p,, = —uys (for x = 1,y = 4). After that we obtain u,,us; # 0 (for
x = 2,y = 3), which implies p; = 0, p%, = p3;, u3, = pi, forx =2,y =4 and x = 3,y = 4).
Additional py i, = Uy lig (for x = 2,y = 3) gives 3, = u3,pu3, = p3,u%, = m*, which leads
to

Uig = Upg = U3y = gy =0, #%4 = #%4 = H%g = H%z = H§1 = szm = #4212 = #%1 =m?,

With liy3 = — g and Uy lizy = Uyq U3

Applying (8.52) for the permutations (1, 2,4, 3), (1,3,4,2), (2,1,3,4), and (3,1,2,4), we
obtain g, = Uy, Hy3 = —H3g U3g = Hy3, @nd Uy; = —lyp. The permutations (1,4,3,2)
and (1,4, 2,3) give p = q = 0. Finally, the permutations (2,4,1, 3), (2,3,1,4), and (3,1,4, 2)
implies K34 = A, Ko3 = A, and kK34 = —A.

Without loss of generality, we assume u,, = l;,, since otherwise, if necessary, we can
reverse the direction of E; in the orthonormal basis. In this way, we determine all the
components of the tensor R, obtaining the conditions (-) and therefore, by Lemma -
R is Jordan-Osserman.

Lemma 8.43. If R is a four-dimensional Jacobi-orthogonal algebraic curvature tensor such
that Jx has the Jordan normal form consists of one Jordan block of size 3 for some nonnull
X, then R is Jordan-Osserman.

Consider the case when Jx for some unit X = E; € V has the Jordan normal form
consists of two Jordan blocks. In that case there is an orthonormal basis (Eq, Ey, E3, Ey)
with €1 = €9 = —g3 = —g4 such that

Uip =13 =0, U4 #0.

Applying (), we obtain u,, = 0 (for x = 1,y = 2), u3, = 0 (for x = 1,y = 3). After
that we have py; = fig; = 0 (for x = 2,y = 3) and u2, = u3, = %, # 0 (for x = 1,y = 2 and
x =1,y =3). Then y,, = 45 = 0 (for x = 2,y = 4 and x = 3,y = 4) and y3, = p?,. Thus, we
have

Uip = Uq3 = Ugy = Ugg = Uy = Uzg = Uygp = UUy3 =0, szn = #%3 = #%2 = #%4 # 0.

Without loss of generality we suppose p,3 = —U;,, since in the case of u,; = u;, we can
reverse the direction of E4. Let us introduce the signs s,r € {—1,1} such that pq, = sy,

and fyy =Tl
Applying (@) for the permutations (1,2,4,3) and (2,1, 3,4) gives K3 = K14, While for

the permutations (1, 2,4, 3), (4,3,1,2), (1, 3,4,2), and (4, 2,1, 3) we obtain
Kiz + Kig =(, K34+ Kig=—-5rq, Ki3—Kig=—Sp, Kyg—Kigq=TP.
Applying () we obtain

— K12P + K139 — K14(P + q) — Uspliqq + Uogllyy = 0
— K12P + Koaq — K23(P + q) — Upsllgg + Upslyy = 0,
and therefore pg = —y2, orr = —s = 1.

Applying (8.54) for the permutations (1, 2,4,3), (1,3,4,2), (2,1,3,4), and (2,4,3,1) we
obtain

U14(K14 — K2a) + gy (K13 — K14) + (U3 — U32)P = 0,
U14(K1a + K3a) — #41(K12 + K1a) + (Ug3 — U3z)q = 0,
Up3 (K23 — K13) + U3y (K2g — K23) + (Uy4 — Ugq)P = 0,
Ua3(K23 + K3a) — Usp (K12 + K23) + (14 — Ua1)q = 0,

186



8.8. Low-dimensional Jacobi-orthogonal tensors

and therefore
s+)(r+1)p=0, (s+1)(r+1)gq=0, (s—-1)(r-1)p=0, (s—1)(r—1)q=0,

so (s+r)p=(s+r)q=0,which givesr=—-sorp=q=0.
Hence, we have r = —s anyway, and therefore k34 = K12 and k34 = K13. In this way we
obtain

Uip = Uy3 = Uyy = Hggq =U3q = Uzg = Uy = Uy3 =0,
SlUzy = —Sllyy = —Uyz = 14 # 0, Koz = K14, K34 =K1z, K4 =Kq3 (8.55)
p = —S(K13 —K14), ¢ = K12+ Ki4.

Let us remark that we have k1, + K13 = ¢ — sp. We discuss possible options, one with
s = —1, and the other with s = 1 and pq = —u3,.

Consider the case when 7x for some unit X = E; € V has Jordan normal form consisting
of areal Jordan block (with a complex eigenvalue) of size 2 and one Jordan block of size 1.
It is known that this case allows an orthonormal basis (Eq, E;, E3, E4) With g1 = €9 = —€3 =
—&4 such that

K13 = —K12, HUyp =U3=0, 4 #0.

Let us apply (). We have q — sp = ky2 + k13 = 0, and therefore pq = sp?. Since
pq = —u, is not possible for s = 1, we obtain s = —1. Hence, we obtain the conditions
(@), and by Lemma , R is Jordan-Osserman.

Lemma 8.44. If R is a four-dimensional Jacobi-orthogonal algebraic curvature tensor such
that Jx has the Jordan normal form consists of two Jordan blocks where one is a real Jordan
block of size 2, for some nonnull X, then R is Jordan-Osserman.

Consider the case when Jx for some unit X = E; € V has the Jordan normal form
consisting of one Jordan block of size 2 and one Jordan block of size 1. It is known that this
case allows an orthonormal basis (Ey, E,, E3, E4) with &1 = €, = —€3 = —&4 such that

1

1 1
K12 = £(A — E)’ K13 = F(A+ E)’ Uip =U13 =0, Uyy= i?

for some sign + € {-1,1}.

Let us consider the case s = 1, where we know that () implies pq = —u2,. In this
case, ¢ — p = K1z + K13 = —2ly, # 0, and therefore (q — p)* = 4u3, = —4pq, which gives
(p + q)? = 0 and implies p = —q = ;4. Hence, we obtain

Uig = U3 = Hgg = Hgg = Ugq = Ugg = Hgp = Ug3 =0, — Uy = Uy = —lg3 = Uyy F#
K23 = K14, K34 =K12, Kz4=Ki13, D= —q= Uy,

0 (8.56)

where

1 1 2
Ri234 = 3t Ri324 = —3ts Rig3 = FH14:

To simplify calculations, consider the tensor R given by the conditions () with k4 =
0 and u,, = u. The calculations for X = aEy + bE; + cE3 + dE4 show

(b—c)? —(ab+bd+cd—ac) ab+bd+cd—ac b%—c?
—(ab+bd+cd—ac a+d)? d?—a? —(ab+bd+cd—ac
Jx = €40l ( ) (a+d) ( ) ’

—(ab+bd+cd—ac) a’—d? —(a—d)? ab+bd+cd—ac
c?—b? ab+bd+cd—ac  ab+bd+cd—ac —(b+c)?

which proves that R is not even Einstein, and therefore the original tensor R — k4 is not
Osserman.
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It turns out that our equalities (8.51), (8.52), (8.53), and (8.54) do not describe Jacobi-
orthogonality completely. This example satisfies all our equalities, so we introduce some
nice vectors X = Ey + E, — 3E5 + 2E, and Y = —4E; + E, + E3, which both satisfy ab + bd +
cd — ac = 0 and simplify calculations. We have X | Y, but JxY = —64E + 12E, —4E3 — 32E,
is not orthogonal to JyX = 64E, + 64E3 — 8E,. This removes the case s = 1, which is not
Jacobi-orthogonal.

It remains to consider the case s = —1, where we have p+q = K13 + K13 = F1 = =24, #
0. Applying () in this case, we obtain the conditions (@), and by Lemma @., Ris
Jordan-Osserman.

Lemma 8.45. If R is a four-dimensional Jacobi-orthogonal algebraic curvature tensor such
that Jx has the Jordan normal form consists of two Jordan blocks where one is a regular
Jordan block of size 2, for some nonnull X, then R is Jordan-Osserman.

Consider the remaining case when Jy is diagonalisable for some unit X = E; € V. As in
the previous analysis, having exhausted all other possibilities, we conclude that R is Jacobi-
diagonalisable. This situation has already been resolved in Theorem . By combining
the preceding results, we obtain a new characterisation of Osserman tensors in dimension
four, established by Andreji¢ in 2025 [12, Theorem 1].

Theorem 8.46. A four-dimensional algebraic curvature tensor is Jacobi-orthogonal if and
only if it is Osserman

8.9 Simple-root Osserman tensors

Consider a k-root Osserman algebraic curvature tensor R on a scalar product space (V, )
of dimension n for which

wx(/\) = det()t 1 —jx) = A(A — Sx)\1>vl <o (A — gXAk)Vk

is the characteristic polynomial of the Jacobi operator, and (A — exAq)*1 -+ (A — exAy)Hk is
the minimal polynomial of the corresponding reduced Jacobi operator. In general we know
that 1 < y; < v; holds for 1 <i < k, while for a Jacobi-diagonalisable R (for example, for a
Riemannian R) we have yu; = 1.

Any of self-adjoint linear operators K = Jx — exA; 1 for 1 < i < k share with Jx the
same generalised eigenspaces,

Ker(lC}'( — EX()\j — )(l) ]1)#]‘ = Ker(jX — 8xAj ]l)yf,
for 1 <j < k. Every two such operators commute,
Kl = KKk = (%)% — ex(Ai + ) JTx + exAiAi 1,

and therefore their composition is also self-adjoint. This motivates us to define a self-
adjoint linear operator L(X): V — V for any nonnull X € V by

L(X) = (K3)F2(ICq)Ha - - (KK)H.

In a chosen orthonormal basis (Ey, ..., Ep) for X = Y"1 | x;E; we get

n

g(lC&(Ea),Eb) = Z (Raqu - 8a€p6ab6pq)(i)xpxqa
p,q::l
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so the entries of the matrix L(X) are homogeneous polynomials of degree 2(u, + - - - + Uy).
However, for a nonnull X € V, because of

k .
V = Span{X} & (O Ker(k%)",
=1

it is easy to see that

holds with additional L(X)X = (—ex)H2 ™ tHkA52A5% - - ARKX.

In this section we examine the case v; = 1, which means a simple eigenvalue A{, where
LX) = (ex)f2 (A — A2 (Aq — A3)s - (A4 — A 1 on Ker(Ky)#. If Apds--- Ay # O,
then we consider a new algebraic curvature tensor defined by R = R — A, R! instead of
the original R, which is a common trick. The associated reduced Jacobi operator j} has

the same eigenspaces as those of Jx, but eigenvalues are shifted in such a way that A} = 0,
which allows L(X)X = 0.

In this way, for any nonnull X € V, we have the self-adjoint matrix L(X) of rank one such
that its entries L; are homogeneous polynomials of degree 2(u, + - -- + y) in n variables
X1,...,Xn. Any submatrix of order two in a rank one matrix is singular which gives

Lii(X)Ljj(X) = Ly(X)Lji(X)
for all 1 <i,j < n. However, L(X) is self-adjoint which implies
&iLj(X) = g(L(X)E}, E;) = g(L(X)E;, Ej) = &L;i(X),

and consequently
&:i€;Li(X)L;j(X) = Lyj(X)*. (8.57)
If we fix some monomial order (for example, the lexicographical order) then there is
a unique monic (the coefficient of the largest monomial is 1) G(X) which is the greatest
common divisor of all L;;(X). Permuting the basis we can set

&ili(X) = 0,G(X)Q;(X)P;(X)*,

where P;(X) and Q;(X) are some non-zero polynomials for 1 < i < m, with additional
L;;(X) = 0 for m < i < n, while 0; € {-1,1}. However, such decomposition is unique up to
sign of P;(X) if we set that Q;(X) is monic square-free. Then

0:0;G(X)*Q;(X) Q;(X)Py(X)*P;(X)* = Lyj(X)*
implies Q;(X) = Q;(X) = Q(X) and g; = gj = g for 1 < {,j < m, and therefore we have
&iLij(X) = &L;i(X) = 0€i&;G(X)Q(X)P;(X)P;(X),

where o;; € {—1,1}. Additionally, by (), Ljj = 0 holds wheneverm <i<norm<j<n,
which can be treated as P;(X) = 0 for m < i < n and extend the indices to m = n. Since all
the matrix entries are divisible by G(X)Q(X) it must be Q(X) = 1.

Another submatrix of order two gives

L1ij(X)Lj(X) = L1j(X)Ly(X),

which implies 01,05 = 0404 but 0; = 0; = o yields g; = 00y;04j, and therefore
gLij(X) = GG(X).oliPi(X)olej()Q. Since. the polynomials P;(X) are unique up to sign, we
can use 0q;P;(X) instead of P;(X) to obtain

&iLj(X) = OG(X)P{(X)P;(X)
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for all 1 <i,j < n. The previous equality implies

X) (zpmfi) zp XLOE - S R0 Li0E,

i=1 i=1 j=1

= Z ZP (0&;G(X)P;(X)P;(X))E;

j=1i=1
G(X) ) &Pi(X)? <Z Pi(X)Ei> :
j=1 i=1

Hence, > 1 , P;(X)E; is an eigenvector of L(X) associated to the simple eigenvalue
Z &iP;(X)? Z (X) = TrL(X).

Moreover, "1 | P;(X)E; is an eigenvector of f)’( for ex(A; — A) and also an eigenvector of Jx
corresponding to the eigenvalue exA;. However,

n
0G(X) > &Py(X)* = TrL(X) = (ex)"2*" (A — Ag)H2 -+ (Ag — Ago)x
which gives G(X) = (ex)® = (e1X + - - + &,X3)" for some integer s > 0, and consequently
n
0> &Pi(X)? = (x) (A1 — A)2 -+ (Ag — A, (8.58)

whered =y, +--- + U, — .

Although we originally observed only nonnull X, P; are homogeneous polynomials of
order d < u, + --- + U, and P;(X) exists for every X € V. This allows us to construct the
map P: V — V by

1 n
P;(X)E;.
VI = 22)f2 - (A = A)¥ ; o
If X is nonnull, then P(X) is nonnull and orthogonal to X, such that

jXp(X) = SXA:lP(X), (8.59)

P(X) =

while the equality () yields
epen) = 8(ex)%, (8.60)
where § = asgn((A; — Ag)H2 -+ (A1 — Ap)Hx) is the fixed sign.
Let R be Jordan-Osserman. Then it is Jacobi-dual (see comments after Theorem 8 ) SO

the equality (-) gives Jpx)X = €px)A1X, and consequently by Lemma - foralla,p € R
we have

Jax+pp(x) (Epx) BX — exaP(X)) = €axppx) A1 (Epx) BX — £xaP(X)).
Thus, for a nonnull aX + BP(X) we obtain P(aX + BP(X)) x &px)BX — exaP(X), which means
that there exists the proportionality coefficient 0 # Kx(a, f) € R such that
P(aX + BP(X)) = Kx(a. B)(aP(X) — B(eppn /€x)X)
For a fixed X = )", x;E; we have fixed P(X) = >, p;E;, so for each 1 <i < n holds
Pi(...,ax; + Bpj, .. .)
I — A (A — Ao

Kx(a, B)(ap; — BS(ex)* " x;),
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from which it can be seen that Kx(a, ) is continuous, as a rational function of a and S,
where a? + B*8(ex)T! # 0, which is equivalent to the fact that aX + BP(X) is nonnull, as
well as that aP(X) — BS(ex)?1X is nonnull.

Since P;(—X) = (—1)P;(X) holds for 1 < i < n, we have P(—X) = (—1)4P(X) Therefore, in
addition to the obvious Kx(1,0) = 1, we also have Kx(—1,0) = (—1)4-1, From () we get

= Ex

5 4 ) d—1
(Kela )7 — orerepron___OCext Penn) (azwﬁ er> ,
EaP(X)—B(ep) /ex)X  Ep(x) (A% + B Ep(x)/€x)

and therefore for an even d we always have a? + $28(ex)™! > 0, so the domain of Ky is
the connected set R? \ {(0,0)} whose image is not a connected set because of Kx(1,0) > 0,
Kx(—1,0) < 0, and Kx(a, B) # 0. Hence d is odd and P(—X) = —P(X) holds.

Additionally, we have Kx(a, B) = Sx(a, B)(a? + B*S(ex)*1)*T, where Sx(a, B) € {~1,1}.
Thus Sx(a, B)(a®+ B*8(ex)?1) o (ap;— BS(ex)%1x;) is a homogeneous polynomial by a and
B of degree d, and its coefficient by a? is fixed and it is equal to Sx(a, B)p;, S0 choosing i such
that p; # 0 we obtain that Sy is constant. Hence Sx(a, ) = Sx(1,0) = 1, which leads us to
the formula

P(aX + BP(X)) = (a® + B*S(ex)™ 1) T (aP(X) — BS(ex)?1X). (8.61)

Let us remark that the formula () also holds when aX + BP(X) is null (the case

6 = —1), because from the continuity of polynomial map we have P(aX + pP(X)) = 0.
In particular, the formula () for a = 0, 8 = 1 implies

_ 2_

P(P(X)) = (8(ex)* 12 (—8(ex)F V)X = —8°T (ex) T X. (8.62)

Lemma 8.47. Let R be a k-root Jordan-Osserman algebraic curvature tensor on (V, g) whose

reduced Jacobi operator Jx has a simple eigenvalue exA1, while y; for 2 < i < k are root

multiplicities of the minimal polynomial. Then there exists a homogeneous polynomial map

P:V = Vofodd degree d < u, + - - - + 1, such that for any nonnull X € V holds (8.59), (8.60),
and (B.61).

The most often case of Lemma considers a Jacobi-diagonalisable R where we have
u; = 1for 1 <i < k, while the most important case is a Riemannian R where additionally
we have ¢ = 1 for 1 <j < n, and consequently () gives § = 1. Therefore as a corollary
we have the following lemma similar to one given by Nikolayevsky in 2003 [92, Lemma
2.1].

Lemma 8.48. Let R be a Riemannian k-root Osserman algebraic curvature tensor on (V, g)
whose reduced Jacobi operator Jx has a simple eigenvalue exA,. Then there exists a homo-
geneous polynomial map P: V — V of odd degree d < k — 1 such that for any nonzero X € V
and all a, B € R we have

jXP(X) = Sxﬂlp(X), Epx) = (EX)d,
P(aX + BP(X)) = (® + F(ex)* 1)@ V2 (aP(X) — Blex)*'X).

8.10 Riemannian Osserman tensors

Let R be an algebraic curvature tensor on a positive definite scalar product space (V, g) of
dimension n. If A € R is an eigenvalue with a constant multiplicity r of the reduced Jacobi
operators Jx forall X € 8" 1 = {Xc V:ex =1} C V, then

jX— A]le
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is a tangent bundle homomorphism over $"~! with the identification TxS" 1 = X', Since
it has a constant rank n — r, according to Theorem @ Ker(Jx — Alx.) is a subbundle of
TS"~1. Thus we have the following useful lemma.

Lemma 8.49. Let R be a Riemannian algebraic curvature tensor of dimension n. If A € R
is an eigenvalue with a constant multiplicity r of Jx on 8", then Ker(Jx — Aly.) is an r-
dimensional distribution on "1,

According to Theorem @, 81 for p(n) < k < n—1 — p(n) does not admit a k-
dimensional distribution, where p is the Hurwitz-Radon function given by the equation
(@). Hence, Lemma reduces the possibilities for the multiplicity of eigenvalues of J7x
on 8" 1.

Theorem 8.50. A Riemannian Osserman algebraic curvature tensor of odd dimension has
constant sectional curvature.

Proof. The Osserman condition implies that any eigenvalue A of the reduced Jacobi oper-
ator Jx for X € $"~1 has constant multiplicity r, which allows to apply Lemma . The
fact that p(n) = 1 holds for odd n excludes multiplicities r with 1 < r < n— 2, which leaves
us with r = n — 1, and therefore Ker(Jx — A1y.) = TS"1. Hence, Jx = A1 holds for all
X € 8"1, s0 R has constant sectional curvature A. O

Consider the next simplest case of twice an odd dimension n = 4m+2. Lemma and
the fact p(4m+2) = 2leftus withr € {1,n—2,n—1}. There are no two eigenvalues A and u
with multiplicities 1, because then Ker(J7x — A1) @ Ker(Jx — u 1) defines a two-dimensional
distribution which is not possible. Thus, either we have a constant sectional curvature as
before, or two different eigenvalues with multiplicities 1 and n — 2.

Theorem 8.51. A Riemannian Osserman algebraic curvature tensor of twice an odd dimen-
sion has constant sectional curvature or it is Clifford of rank 1.

Proof. Let Jx has exactly two eigenvalues, a simple eigenvalue exA and exu with multipli-
city n — 2. Applying Lemma 8.48 we construct a homogeneous polynomial map P: V — V
of degree d = 1 (it means that P is linear) such that JxP(X) = exAP(X) holds with &px) = €x.
Moreover, P is a complex structure on V, since the equality () gives ~P2 = —1. Addi-
tionally, if we set Y = aX + BP(X) + Z for Z € Span{X,P(X)}* = Ker(Jx — exu1), then
X € Ker(Jz — gzul) = Span{Z,P(Z)}*, which implies X 1 P(Z). Therefore we have
g(P(X),Y) = Bepx) = Bex = —g&(X,P(BP(X))) = —g(X,P(Y)) and P is skew-adjoint. Since
our orthogonal skew-adjoint endomorphism P on V uniquely determines the Jacobi oper-
ators, it determines the curvature tensor. Thus, the only solution is R = uR® + (u — A)/3RP?,
which is Clifford. O

We have already seen that thanks to Lemma the previous theorem is very easy
to prove. However, this case can be resolved by direct calculations, as Chi originally did
in 1988 [37, Section 2]. Also interesting is the solution given by Garcia-Rio, Kupeli, and
Vazquez-Lorenzo [65, Lemma 2.1.4]. In the following example we show some calculations
based on their ideas.

Example 8.3. Let Jx has exactly two eigenvalues, a simple eigenvalue exA and exu with
multiplicity n — 2. A smooth one-dimensional distribution Ker(Jx — A1) gives a vector field
J: 81 — T8""! such that X — JX € X*. Let Ux = Span{X} ® Ker(Jx — exA1) = Span{X, JX}
and Uy = Ker(Jx — exui1). By Theorem we have Y € Uy if and only if X € ¢/, while
Lemma additionally gives Y € Uy if and only if X € Uy. According to this, we have
J(XcosO + JXsin0) = £(JXcos O — Xsin 0) where the sign is determined using continuity
and values at 6 = 0,
J(XcosO + JXsin0) = JXcosH — Xsin 0,
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8.11. Proportionality principle

and consequently we obtain J(—X) = —JX and J* = — 1.

We use the shortcuts ¢ = cos 6, s = sin 0 to calculate J(Xcos6 + Ysin ), where Y € Uy.
From Y € Uy = Ui we have X,JX € Uy, soJY L {X,JX,Y}. For Z € Span{X,JX,Y,JY}",
we have Z € Ug NUy, hence X,Y € Uy, and therefore cX + sY € Uy, which finally gives
Z € Uiy sy = Ujexysy) FOTr every Z € Span{X,JX,Y,JY}* we have Z L J(cX + sY), and
therefore J(cX + sY) € Span{X, /X, Y,JY}. On the other hand, we have

Texs7(8X —¢Y) = R(sX — cY,cX + sY)(cX +8Y) = R(X,Y)(cX + sY)
=8sJyX — ¢cJxY = u(sX — cy),
which additionally gives J(cX + sY) L Span{X, Y} and yields J(cX + sY) € Span{JX,]Y}.

Let us set J(cX + sY) = aJX + BJY, where a = a() and B = B(6) with a® + B = 1. From
aJX + BJY € Ucx, sy follows cX + SY € Uypx gy, Which gives Jyx gry(cX + SY) = A(cX + sY).
Hence,

a? Jpx(cX + SY) + B> Try(cX + sY) + 2aBT (JX,JY)(cX + sY) = A(cX + sY),
a*(cAX + suY) + B*(cuX + sAY) + aB(R(cX + sY, JX)JY + R(cX + SY, JY)JX) = A(cX + sY),
(1 = A)(B*cX + a®sY) + aB(cR(X,JX)JY + SR(Y, JX)JY + CR(X, JY)JX + SR(Y,JY)]X) = 0.

Since X, JX, cX + Y € Uy imply JY € Uy Nl NUyg, x We have J (X, JX)]Y = 0, that gives

RJY,X)JX + R(JY,JX)X = 0. If we include the first Bianchi identity, we get the equality
R(X,JX)JY = 2R(X,]JY)JX, and similarly R(Y,JY)JX = 2R(Y,JX)JY. Thus arises,

(1 — A)(B*cX + a®sY) + 3aB(cR(X,JY)]X + SR(Y, JX)]Y) = 0.
Since R(X,]JY,JX,X) = 0 =R(Y,JX,]Y,Y), taking the scalar product by X and Y we obtain
(1 — A)Bc + 3aBsR(Y,JX,JY,X) = 0
(1 — Na®s + 3aBcR(X,JY,JX,Y) =0

and therefore
(1 — 2)B*c* = —3aBscR(X,JY,JX,Y) = (u — A)a’s>.
Hence a2s? = B*c? holds, which gives a? = cos? 6 and % = sin® 6. Again, by continuity we
get
J(XcosO +Ysin6) =JXcosO +JYsin 0,

which proves thatJislinear. The extension J(tX) = tJ(X) for t € R defines an endomorphism
Jon YV, and so on... JAN

8.11 Proportionality principle

Let R be a k-root Jacobi-diagonalisable algebraic curvature tensor on a scalar product space
(V, g) such that

Ox(A) = det(A1—Jx) = (A — exda (X)) ... (A — exAe(X))""

holds for all nonnull X € V and some scalars vy, ..., vy € Nand A;(X),..., Ax(X) € R, which
are ordered by A;(X) < --- < Ax(X). In other words, Jx has eigenvalues exA;(X), . . ., exAx(X)
with multiplicities vq, ..., vy, respectively. Let us define v;-dimensional (generalised) ei-
genspaces B

VI(X) = Ker(jX — ExAl(X) ]1)
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of Jx for any nonnull X € V and 1 < i < k. In this way, for any nonnull X € V one has a
direct orthogonal decomposition

<

k
_ @ Vi(X), (8.63)
i=0
where Vy(X) = Span{X}.
We say that a k-root Jacobi-diagonalisable R is Jacobi-proportional if for any pair of
nonnull vectors X, Y € V we have the proportionality

8X(£Y07 8Y1> SERE) SYk) = 8Y(£X0> 8X17 SR eXk)v

where X = zl oXiand Y = Z Y; are decomposed such that X; € V;(Y) and Y; € V;(X).

In the Riemannian setting, the 1mportant special case, where Y € V;(X) for some 1<i<
k implies X € V;(Y), is related to the Jacobi-dual implication () Hence, it is clear that a
Riemannian Jacobi-proportional R is weak Jacobi-dual, by Theorem B.15 it is Jacobi-dual,
and according to Theorem - R is Osserman, with 4;(X) = A; for 1 <i<k.

Jx

Y

X

—_—
—_—

The Jacobi-proportionality for Riemannian Osserman tensors was invented by Andreji¢
in 2022 [11], while a generalisation to the pseudo-Riemannian case is presented in [14]. The
main idea was to consider a Jacobi-proportional Osserman algebraic curvature tensor R,
and use JxV = exA;Vto define KxV = exy;V for arbitrary u,, ..., u, € R. Of course, we need
to add K£xX = 0, which means y, = 0. In this way, we obtain endomorphisms Kx for any
nonnull X € V by keeping the existing eigenspaces and replacing the eigenvalues.

Since () decomposes Y = Z{.‘:O Yiand Z = Z?:o Z;withY;, Z; € Vi(X) for 0 < i < k, we
have

8(KxY,Z) = (Z’CXYUZZ>8XZM§Y“Z —eXZu]g Zj) = 8(Y.KxZ),

ij=0

which means that each K is self-adjoint.

Since R is Jacobi-proportional, if we decompose nonnull X, Y € vV by X = Z:'(:o X; and
Y :_Z]I'{:o Y; such.thgt X; € Vi(Y) and Y; € V;(X) hold, then we have exey, = eyey, for all
0 <i< k. Hence, it yields

8(KxY.Y)=g (Z exl; Yy, Y) = 8XZulg Y., Y) = SXZHISYN

i=0

g(KyX.X) =g (Z 8YuiXiaX> = 8y2uig(Xi,X) = eyZ 1;Ex,,

i=0 i=0 i=0
and therefore the compatibility g(KyX,X) = g(KxY,Y) holds for nonnull X,Y € V. Thus,
we fulfilled the conditions of Theorem .7, which gives the following theorem (see [14,

Theorem 2] and [11, Theorem 2]).
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Theorem 8.52. If there exists a Jacobi-proportional Jacobi-diagonalisable k-root Osserman
algebraic curvature tensor such that det(A 1 —Jx) = Hﬁ;l (A—exAy)Vi, thenforany uy, ..., U, €
R there is a new Osserman algebraic curvature tensor such that det(A1 —Jx) = Hﬁ‘zl(/l —
Exy)V.

Any Riemannian Jacobi-proportional R is Osserman, while it turns out that any known
example of Riemannian Osserman R is Jacobi-proportional. Since eyX, = g(X,Y)Y and
exYy = g(Y, X)X always hold, we obtain

evex, = (8(X,Y))* = exey,. (8.64)

Any two-point homogeneous manifold of nonconstant sectional curvature is two-root.
In that case k = 2, because of ex = €x, + €x, + €x, and €y = €y, + €y, + €y,, the equality ()
yields
8x8yl — 8y8X1 = SYSXZ — EXSYZ.

On the other hand, g(JxY,Y) = g(JvX,X) gives ex(A1ey, + As¢ey,) = ey(A1€x, + A2€x,), and
therefore
A1(exey, — €vex,) = A2(€vex, — ExEy,)-

However, since A; # A,, from the previous two equalities we obtain

8X8Y1 — Sygxl =0= ngXz — 8X8Y27
which implies ey(ex,, €x,, €x,) = €x(€y,, €y,, €y,) and gives the following theorem.

Theorem 8.53. Any two-root Jacobi-diagonalisable Osserman algebraic curvature tensor is
Jacobi-proportional.

The previous theorem is given by Andreji¢ in 2022 [11, Theorem 3], but it is essentially
the weak duality lemma published by the same author in 2010 [6, Lemma 5.6] (see also
[8, Lemma 9]), which can be considered a precursor to the proportionality principle for
Osserman manifolds.

However, although every known Riemannian Osserman manifold is either one-root
or two-root, this does not necessarily apply to Riemannian Osserman algebraic curvature
tensors. Fortunately, every known example of a Riemannian k-root Osserman algebraic
curvature for k > 2 is Clifford.

Let R be semi-Clifford, and consequently R is Jacobi-diagonalisable Osserman. If we
split Y = apX+ >, afiX+Pand X = B, Y+> 1, BJiY+Q, where P € Span{X,J1X, ..., JmX}*
and Q € Span{Y,J;Y,...,JnY}*, then we obtain

—Cigxar = Erxar = §(Y, JiX) = —g(X,JtY) = —¢&;,yB; = ci€yP;

; i 242 _ 22 — 2B — _c.e2q? —
for 1 <t < m, which gives eza; = eyf;, s0 eyeépy = —Ci€yP; = —Ci€xA; = ExEayx- We
2R2 _ o242 . i i
already have e5B; = €xag from (), S0 it remains

m m
202 | o2 2 2.2 | o2 2
EyEQ = EyEx — EyPy + EYZ Cifi = exey — €xap + EXZ ¢ia; = €x€p,
i=1 i=1

which is enough to conclude that R is Jacobi-proportional (see [11, Theorem 4]).
Theorem 8.54. Any semi-Clifford algebraic curvature tensor is Jacobi-proportional.

Let R be a Riemannian k-root Osserman algebraic curvature tensor on a scalar product
space (V, g) of dimension n, such that wx(A) = ]_[le()t — &xA;)Vi. According to Nikolayevsky
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[92, 93, 94, 95], any such R is Clifford, except for n = 16, with v; = 7 or v; = 8 for some
1<i<k

Let us suppose that R is Riemannian Jacobi-proportional k-root for k > 3 that is not
Clifford, which implies n = 16. We can order the multiplicities by vi > vy, > -+ > vy,
to conclude that v; = 8 or vy = 7. According to Theorem , there is a new Osserman
algebraic curvature tensor such that wx(A) = Hi-‘zl (A—exu;)Vifor any scalars uq, ..., U € R.
Let us use u, = Ay with y; = A; for i # 2 to create Ry, and u, = Az — A; with y; = 0 for i # 2
to create R,. It is easy to conclude that R = Ry + R,. However, R, is (k — 1)-root Osserman
with Vimax = V1 + v, and therefore Clifford, unless

V1:7,V2:'-‘:V9:1, (8.65)
while R, is 2-root Osserman with vyhax = n — 1 — v, which is Clifford, except
Vi =Vy = 7,V3 =1. (8.66)

Hence, if we exclude the cases () and (), R = Ry + Ry is a sum of two Clifford
tensors. However, R, and R, have compatible Jacobi operators, so if J; is a complex struc-
ture from Clifford family of rank v3 + --- + v, in Ry, and J, is a complex structure from
Clifford family of rank v, in Ry, then J;X | J,X holds for all X € V. Hence, we obtain
g(J1J2X,X) = 0, which after the polarisation gives g(J1/,X,Y)+g(J1J.Y,X) =0forallX, Y € V.
Thus we have g((J1J2 + J2J1)X,Y) = 0, and consequently J1J, + J»J1 = 0, which means that
the union of our Clifford families is also a Clifford family, and therefore R is Clifford.

Moreover, the case () is also Clifford, because in a similar way as before, it decom-
poses into two Clifford tensors, Ry given by u, = ps = A; with y; = A; for i # 2,3 and Ry
given by u, = Ay — A1, U3 = A3 — Ay with y; = 0 for i # 2,3. Then, R; is 7-root Osserman
with Vimax = 9, while R, is 3-root Osserman with viax = 13 and therefore both of them are
Clifford.

On the other hand, the remaining case v, = 8,v, = 7 was mentioned by Nikolayevsky
[95, Theorem 1.2] who announced the statement that such an Osserman manifold is locally
isometric to OP? or OH? (but one should be careful since no proof is given). Let us remark
that these are the only known Osserman manifolds which are not Clifford. Other potential
counterexamples that are Jacobi-proportional should be sought in the case ().

Theorem 8.55. If R is a Riemannian Jacobi-proportional algebraic curvature tensor which
is not Clifford then R is 2-root with multiplicities 8 and 7, or it is 3-root with multiplicities 7,
7, and 1.

The previous theorem, given by Andrejic¢ in 2022 [11, Theorem 5], can be useful in solv-
ing the Osserman conjecture. Therefore, the key question is whether we can prove that
Osserman algebraic curvature tensors are Jacobi-proportional.
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CHAPTER 9

OSSERMAN MANIFOLDS

9.1 Osserman manifolds examples

Let (M, g) be a pseudo-Riemannian manifold and p € M is an arbitrary point. The set of all
unit vectors in T, M,

SpM ={X € T)M : [gp(X. X)| = 1},

in the Riemannian setting corresponds to the tangent sphere S1(0,) . However, if g is indef-
inite, S,M is not even compact (a hyperbola in dimension 2, a hyperboloid in dimension
3), and it is convenient to observe spacelike and timelike vectors separately (geometric
difference between one-sheet and two-sheets hyperboloids). Thus, we introduce pseudo-
spheres

SpM={XeTpM: gp(X,X) = -1},

where S,M = SpyM U S;M. Moreover, on a manifold, we often consider pseudo-sphere
bundles {X € TM : gx(X,X) = Const}, which are hypersurfaces of the tangent bundle
TM. In this way we have the timelike unit tangent bundle S"M = | |,.,,S, M and the
spacelike unit tangentbundle S*M = | |, Sy M, as well as their union SM = S"MUSM.

According to Theorem [7.12, the classification of two-point homogeneous connected
Riemannian manifolds includes: R", $", RP", CP", HP", OP2, RH", CH", HH", and OH?2.
Local isometries of a locally two-point homogeneous space M act transitively on the sphere
bundle SM, and therefore fix the characteristic polynomial of the Jacobi operator there. In
this way we get a generalisation of locally two-point homogeneous Riemannian manifolds,
called the Riemannian Osserman manifolds, in which the characteristic polynomial
(or equivalently, the eigenvalues and their multiplicities) of a Jacobi operator Jx is inde-
pendent of X from the unit tangent bundle.

The lack of other examples led Osserman [101] to conjecture that the converse might
also be true. The question of whether the converse is true (every Osserman Riemannian
manifold is locally two-point homogeneous) is known as the Osserman conjecture. The
first results on the Osserman conjecture were given by Chifl [37], who established the af-
firmative answer for manifolds of dimension not divisible by four. The largest progress
in solving the conjecture was made by NikolayevskyE [92, 93, 94, 95], who proved it in all
cases, except the manifolds of dimension 16 whose reduced Jacobi operator has an eigen-
value of multiplicity 7 or 8.

We can extend this concept to pseudo-Riemannian manifolds. We say that a pseudo-
Riemannian manifold (M, g) is Osserman or globally Osserman, if the characteristic

1Quo-Shin Chi (1955), Taiwanese-American mathematician
2yuri Nikolayevsky, Australian mathematician

197



Chapter 9. Osserman manifolds

polynomial wx(A) = det(A1 —Jx) of a Jacobi operator Jx is independent of a choice of
X € TM on both S"M and STM.

It is often convenient to study certain geometric problems in a purely algebraic setting.
Reducing a pseudo-Riemannian manifold (M, g) to a point p € M allows us to deal with an
algebraic curvature tensor R, on the scalar product space (TpM, gp).

This algebraic approach brings us a less restrictive concept of manifolds in which the
characteristic polynomial of Jacobi operator is constant on both S, M and S;;M forallp
M, but can vary from point to point. We say that a pseudo-Riemannian manifold M is
pointwise Osserman if the associated algebraic curvature tensor R, is Osserman at each
point p € M. Of course, globally Osserman manifolds are necessarily pointwise Osserman,
while the converse is not true (see [25]).

We say that a pseudo-Riemannian manifold (M, g) is pointwise Jordan-Osserman if
its corresponding algebraic curvature tensor Ry is Jordan-Osserman for each point p € M,
while itis globally Jordan-Osserman if the Jordan normal form of Jx is constant on both
S™M and StM. We say that (M, g) is Jacobi-diagonalisable if R, is Jacobi-diagonalisable
for each point p € M.

We say that a pseudo-Riemannian manifold (M, g) is k-root if the curvature tensor is k-
root at each point, which means that the reduced Jacobi operator Jx has exactly k distinct
eigenvalues for any nonnull X € TM.

Example 9.1. As we have already pointed out, two-point homogeneous connected
Riemannian manifolds (R", ", RP", CP", HP", OP?, RH", CH", HH", OH?) are globally Os-
serman. A

Example 9.2. Spaces of constant sectional curvature of dimension n > 3 (from Section
@) have the corresponding algebraic curvature tensor of form R = kR! for some global
constant k € R. Hence R(X,Y)Z = k(g(Y,Z)X — g(X,Z)Y), so for a nonnull X and Y € X+ we
have

jXYz R(YvX)X = K(g(XvX)Yig(YvX)X) = SXKY-

Thus Jx = €xK Ly holds for any nonnull X, which shows that the reduced Jacobi operator
Jx has the single eigenvalue exk on pseudo-spheres ex = Const # 0. Therefore the charac-
teristic polynomial of Jx is wx(A) = A(A — exk)"1, which is constant on both unit tangent
bundles. As a corollary, spaces of constant sectional curvature are globally Osserman. In
particular, apart from the Riemannian spaces already seen (R", §", RP", RH"), we have
pseudo-Riemannian model spaces from Section @ such as R, dS", and AdS". A

The following concrete examples allow us to illustrate our definitions in a nice way.
Garcia-Rio, Kupeli, and Vazquez-Lorenzo [65] are constructed the collection of pseudo-
Riemannian manifolds (M, g) with M = R* and the usual coordinates (x1, x2, X3, X4), by the
following Gram matrix

X3f1 a 10

. a X4f2 01

£=11 0o 0o O
0 1 00

related to the natural global frame (9, 9o, 93, 94) for M, where smooth real-valued functions
fi = filx1,x2) and f; = f2(x1,x2) depend on x; and x; only, while a € R. This is a special
case of the Walker metric from Example , and therefore (M, g) is a pseudo-Riemannian
manifold of index two, that is, a Kleinian manifold of dimension 4. The Christoffel symbols
are given by the formula

n og; . O
Tk = %Zglk < S, O8u _ g”) : (5.11 revisited)

= O0X; ox j 0X;
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9.1. Osserman manifolds examples

where g;; are entries of the matrix g from (El]), while g¥ are entries of the inverse matrix,

00 1 0
1 |00 o 1
8 = 10 —X3f1 —a

01 —a —X4f2

Concrete calculations give all nonzero Christoffel symbols:

1 Oh
r%l = - Efla F%]_ E aX 3f‘17
afl (9f1
M= - E a af b Top =T = 2 Soxy’
afz 1
ri}z :r21 2 8 F%Z = 7f27
afZ 8f2
FZZ - 2 a + f27 r 2 a + 4f27
T3 =T3 = fla T34 =T%p = fz-
Using the formula
Rige = Ok — i + > _(TRTn — TR ). (6.3 revisited)
m

we find all nonzero curvature operator components:

10f f1
Zax

2
+i<2x gxfj o axfz + (afy—20) L o 2 o —af1fz) on,

8+

R(D1,00)01 = 5701 — 5 3f1

10 0
R(r,02)0 — —~ P25, + Xaf> fzaf

2 0xq
1 o2 (32 15)
(z g—21 h L+ 2x T 3 T Xafas f1 +(xf ~2a) 52 f2 af1f2> s,
4 ox 2 3 1
10 10
R(01,02)03 = ~3 afl 03, R(01,02)04 :28264’
1 9f1 B 1 9f1
R(01,03)01 = =5 x 234, R(01,03)0p = — 587)(283’
10 10
R(02,04)01 = — 281:2184’ R (02, 04)02 :2<9§2183

The previous calculations give the matrix of Jacobi operator Jx for X = Z?:l a;0; as the

block matrix
A 0
jX - <B AT> )

1 oh 1 ,0h
A 2%, 2%ax,
2°20x; 2 Y %oxg

where
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Chapter 9. Osserman manifolds

Since the determinant of a block triangular matrix is the product of the determinants of
its diagonal blocks, the characteristic polynomial of 7x does not depend on the matrix B,

wx(A) = det(A1 —Jx) = det(A1 —A) det(A1 —AT) = (det(A1 —A))%

Since

_e ! O O
det(A 1 —A) =A zﬂalaz <8X2 + X,
it is not hard to conclude that the characteristic polynomial wx(A) is constant on pseudo-
spheres only if

iﬁ+a—ﬁ—o (9.2)

0Xy 0Xq

holds at each point of M. Assuming (), we have wx(1) = A% and (M, g) is a globally
Osserman pseudo-Riemannian manifold.

Let us consider Jordan-Osserman conditions for these manifolds. Thanks to a small
dimension of M, the Jordan normal form of 7x can be described in terms of its minimal
polynomial py. If the more restrictive condition

ofi  ofr
a—xz = X, =0 (9.3)

holds at some point of M, then the curvature operator formulas are much simpler, and the
curvature operator components at this point are nonzero only for

19} 0
2X3 f1+24 fz

R(01,02)01 = i < P oy

af1f2> Oy,
R(01.02)0 = (2 gfl T 2%, afz aflfz)

Hence
0 0 00
1/, % 8%f, O 0 00
Jx = 4(2 3 ox,2 +24a flfz) a3 aja; 0 0
aa;, —-ai 0 0

and Jx? = 0. At points satisfying (@), the condition

2
2X3 o + 2Xy fz —afif =0
8X2 (91

gives ty(A) = A. Otherwise, Jx = 0 holds only for a; = a; = 0, but any X = a3ds + @40, is
null, and therefore uy(A) = A% holds for a nonnull X. Concrete Osserman manifolds can be
given by a suitable choice for fi, f>, and a.

Example 9.3. For f;(x1,x2) =1, fo(x1,X2) =1, and a = 1 hold

ofr  of 0*f1 0°f> _

For a nonnull X we have py(A) = A% at each point of M. This manifold is globally Jordan-
Osserman, but it is not Jacobi-diagonalisable. A
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9.1. Osserman manifolds examples

Example 9.4. For fi(x1,X2) = X1, fo(X1,X2) = 1, and a = 1 hold

2
a7]01287]!‘2:07 2X38f1—}—2X4af22
Ixy  0xp X2 X1

—afif; = —xq

In this case, for a nonnull X, we have uy(A) = A at points with x; = 0 and uy(A) = A% at
points with x; # 0. This manifold is globally Osserman and pointwise Jordan-Osserman,
but it is not globally Jordan-Osserman. A

For completeness and some possible examples we can calculate the matrix B. Under
the condition () we have

where

_10f (maz  —af _ (b1 b1y
20x; \ a3 —aay)’ by1 bay)’
_ 0°fi a2x i 1,
= 20‘2)(3 e E Yoxiox, T a2
1 o

(2a1a2x3f1 + a%X?,fz — a%x4f1 + 4a,as + Zaag)

4 8x2’

b Zf Zfl 1
12 —Ealazxa ox % - 2a1a2x48x 0%, Zaalazflfz
1/, 2 o
+ = <2a1x3f1 + a1QaX3fy — a1QaXaft + 20103 + 2aa1a; — 2a2a4) —,
4 Xy
1 o’ 1 0%
b1 —Ealaz)@aixg - 510X Yox0x, 4 alazflfz
2 o
- — <a1a2x4f1 =+ 2a2X4f2 — a1a2x3f2 — 2a1a3 + 2aa1a2 + 2a2a4) -,
4 00Xy
*fi 1 a2x *h 1,
baa = 20’1 Yo T2 ax0x, © g0hs
1
4 <2a1a2x4f2 + @ixaft — AiXsfy + dagay + 2aa1> aﬁlz
The straightforward calculation gives
0 0 00
g2 A 0\ 0 0y _1, (0 0 0 00
X “\BA+A™B (A"2) " \BA+A™B 0) 47X\ ox, —a} aja, 0 0’
aa, —-a: 0 0

3 _ 0 0y _
= <(BA L ATB)A 0) =0,

for all X € TM. Therefore, for all nonnull X, the condition

o o

aXZ N (9X1

implies py(A) = A3, which allows new concrete examples.
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Chapter 9. Osserman manifolds

Example 9.5. For fi(x1,X2) = Xg, fo(X1,X2) = —X1, and a = 1 hold

oh  ofs
0xXy  O0xq 170.
For a nonnull X we have uy(4) = A3 at each point of M, which gives another example of a
globally Jordan-Osserman manifold. A
Example 9.6. For f;(xq,X2) = X1Xg, fo(X1,X2) = —%x%, and a = 1 hold
oh I 0*f1 0%fy 153
— =——"=X1, 2X3—5 +2x4—5 —a = —2X4 + =X7X3.

Here, p1x(A) for a nonnull X varies from point to point. It can be A3 (for points with x; # 0),

or A% (for x; = 0,x4 # 0), or A (for x; = x4 = 0). The constructed manifold is globally
Osserman and pointwise Jordan-Osserman. A

9.2 Schur problems

In this section we consider pseudo-Riemannian manifolds and investigate results related
to Schur type of problems, based on Theorem @ We say that a pseudo-Riemannian man-
ifold (M, g) is k-stein if its curvature tensor at each point of M is k-stein. In other words,
(M, g) is k-stein if there exist smooth functions C; € F(M) such that

Tr(Jx) = (ex/C(p)

holds for any p € M, X € TpM, and 1 < j < k. We want to study if the functions C; are
necessarily constant, and such problems are called Schur-like problems (see Gilkey [57,
Section 1.13]).

The simplest case considers the function C;, where the following theorem is just The-
orem written differently.

Theorem 9.1. Any connected 1-stein manifold of dimension n # 2 has constant Cy.

We say that a symmetric A € TI(M) has the Schur property if, given A = fg for some
function f € (M), then fis constant (see Carpenter 1980 [35, Chapter 2]). Hence, according
to Theorem 9.1, the Ricci tensor has the Schur property, unless dim M = 2.

Let us define an interesting symmetric covariant tensor Q@ € T9(M) by setting in a neigh-
bourhood of some point

QX.Y)= Y  &geRX, E, E,EQR(Y,E;, Ej, Ey),
1<ijk<n

where (Eq,...,Ep) is an orthonormal local frame over that neighbourhood. If (Fy,...,Fp)
is some other orthonormal local frame, then the link with the old frame is E; = )", myF;
and Fp = Y, m®E;, where ", m;m? = &jp (inverse matrix) and epmy,; = g(E;, Fp) = gmP.
Since ) _; eimymy; = eumpimi“ = £y6pu, We have

Z EiEjERR(X, Ei,Ej,Ek)R(Yy Eiij7Ek)

ij.k
=> eigier Y MpimgiMuR(X, Fp, Fq, Fr) > mymymy,R(Y, Fy, Fy, Fy)
ijk p.q,r u,v,w
= Y R(X.Fp,Fg,Fr)R(Y,Fy, Fy, Fy) > &iMyMy; Y &MgiMy; Y MMy
p.,q,r,u,v,w i ] k
= &peqerR(X, Fp, Fq, Fr)R(Y, Fp, Fq, Fy),
b.q,r
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9.2. Schur problems

and Q is well defined because it does not depend on the choice of an orthonormal frame.
This natural invariant is algebraically the simplest one after the scalar and Ricci
curvatures, and it is mentioned by Besse in 1978 [19, pp.164-165]. If we introduce

er = |R|* = trg @,
then we have the following lemma.
Lemma 9.2. For an Einstein manifold holds Ver = 4 div Q.

Proof. In an orthonormal local frame we have,

(divQ)(Ex) = Y &VEQEGLE)= Y.  €&p&qerVe (RipgrRipgr)

1<i<n 1<ip,q,r<n
= Z gigpgqgrRipqrviRkpqr + Z SigpgqgrRkpqrviRipqr‘
1<ip,q,r<n 1<ip,q,r<n

For an Einstein manifold Ry = si6l~jC1 holds, so VR;; = 0. Thus (@) implies

> &ViRpgr = Y &(~ViRipig— VaRipr) = > &'ViRpa— Y. &'VeRipn
1<i<n 1<i<n 1<i,l<n 1<il<n

= VEerq - VEqur - O,

and therefore the second term vanishes, >, _, ; <n €p€q€rRipqr > -1<i<n €iViRipgr = 0. Then,

(AiVQ)(EK) = Y €iEp€qerRipgrViRipgr

1<ip,q,r<n
1
=9 Z €i€p€q€rRipgr(—ViRpigr — VpRikgr + ViRkpqr)
1<i,p,q,r<n
1 1 , 1
=5 > €iEpeqerRipgrViRipgr = 1 > €iEpeeerVE (Ripgr)* = 1 VEER:
1<i,p,q,r<n 1<ip,q,r<n

O]

According to Gray and Willmore [66], an Einstein manifold (M, g) of dimension n > 4 is
called super-Einstein if it satisfies Q = fg for some f € F(M). In this case, taking the trace
with respect to g, we have e = fin, and therefore by (6.29),

divQ =divfg = Vf= %VSR.

Using Lemma , we have
1

1
“Ver = -Ve
4VR nVR,

which implies Ve = 0, and therefore ¢ is constant. Thus, we see that in an Einstein
manifold, Q has the Schur property unless n = 4. Additionally, a super-Einstein manifold
of dimension n = 4 is defined to be an Einstein manifold with constant &.

Let us consider a 2-stein manifold (M, g) of dimension n. In an orthonormal local frame
(E1,...,En), Theorem @ for 1 < x #y < n gives the equality (@),

2 Z giijiijRiyijr Z gigj(Ri)g)j+Riyxj)2:28x8yC2-

1<ij<n 1<ij<n
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Using the symmetry >°; ; £:€j(Rig;)* = 3 ; €€i(Ryyyg)%, it becomes

> &g (Rixijiyyj + RixgRiyj + (Rixyj)z) = ex€yCy.
1<ij<n
We multiply by €y, and sum over the index y for all y # x. We add and subtract the case
y = x on the left hand side, while >, j eiej(R-D(Xj)z = C, holds from (@), SO

—3&xCy + Z EyEiE; (Rixijiyyj + Rle]RlyX] + (Rlxyj)z) — Z £xCy,

1<y,ij<n 1<y<ny#x
and therefore
D e (Rixijiyyj + RixyjRiyxj + (Rixyj)z) = (n+2)&xCy. (9.4)
1<y,ij<n

Let us discuss the terms on the left hand separately. We use the Einstein formulas (@) and
(8.6) for the first term,

Z 8y8i8jRixijiyyj: Z eiijiij Z 3yRiyyj+ Z Rixxi Z gyRiyyi

1<y,ij<n 1<i#Aj<n 1<y<n 1<i<n 1<y<n
2
= Z Rivxi - €iC1 = SXCI'
1<i<n

For the second term in (@) we use some symmetries and the first Bianchi identity,

Z EyEi€iRixyjRiyxj = Z &y€i€j(RuipyRyjiy + RxiyjRoyi)
<y,ij<n <y,ij<n
1
=5 > &€i&Ruy(—Ruy — Ryji) + RyjyRogi)
1<y,ij<n
1 1
=9 > &g Ry Ry = 5 (Ex, Ex).
1<y,ij<n

The last term is simple,
Z EySiSj(Rbg,j)z = .Q(EX,EX).
1<y,ij<n
After the substitution in () we have

1
&xCt + 5 Q(Ex. Ex) + Q(Ex. Ex) = (N + 2)&xCa,

and therefore

2
Q(Ex, Ex) = g&x((n+2)C, — C7).

After the polarisation it yields

Q=3((n+2)C; - C)g,

OJ\N

and therefore

2
e = gn((n+2)C, - C7).

Our calculations show that a 2-stein manifold of dimension n > 4 is super-Einstein, which
implies that € is constant, and therefore C, is constant. Additionally, in dimension n = 3,
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9.3. One-root manifolds

according to Example , R has constant section curvature. However, there are problems
in the remaining dimensions because C; may not be constant in n = 2 and ez may not be
constant in n = 4.

Some variations of the following result, mostlg restricted to the Riemannian setting, one
can find in Besse [19, pp.164-165], Gilkey, Swann Vanheckell [61, Theorem 2.4], Gilkey [57,
Section 1.13, pp.75-78], Garcia-Rio, Kupeli, Vazquez-Lorenzo [65, pp.10-15].

Theorem 9.3. If (M, g) is a connected 2-stein manifold of dimension n ¢ {2,4}, then C; is
constant.

9.3 One-root manifolds

Let R be a k-root algebraic curvature tensor on a scalar product space (V,g). Consider
the Jacobi operator Jx for a nonzero vector X = > ; x;E;. The entries of its (real) matrix
related to some orthonormal basis (Eq, ..., E,) are homogeneous polynomial functions of
degree two in coefficients x, ..., Xn,

n
(Tx)ab = €a8(JIx(Ep),Ea) = €a Y RpjjaXiX;.
ij=1

Since the k-root condition implies no crossing of elgenvalues the multiplicities of eigen-
values do not change as X varies. According to Theorem .28 , this allows us to label the
eigenvalues so that they depends analytically on the coordinates of X(xy,...,xn) # 0.

The simplest case k = 1 is associated with one-root manifolds which is considered by
Andreji¢ in 2018 [9, Section 5]. Let R be an algebraic curvature tensor on (), g) such that
the reduced Jacobi operator 7x has a single eigenvalue exliy for any nonnull X € V. Let us
remark that in this case, the single eigenvalue is necessarily real.

In the Riemannian setting we obtain X+ = Ker(Jx — exlix 1y ). Therefore, for mutually
orthogonal nonnull X, Y € V we have Jx(Y) = exuyY and Jy(X) = eyuyX, so

Exeylly = 8(JxY,Y) = exeyk(X,Y) = g(JyX, X) = ex€ylly,

which implies a constant sectional curvature uy = uy = k(X,Y). The same proof remains
valid for a Jacobi-diagonalisable R (see [65, p.102]). The final touch of the Schur’s theorem
(Theorem 6.8) implies the following theorem.

Theorem 9.4. A connected one-root Jacobi-diagonalisable manifold of dimensionn > 3isa
space of constant sectional curvature. In particular, a connected Riemannian one-root man-
ifold of dimension n > 3 is a space of constant sectional curvature.

Let us consider the same problem in the Lorentzian setting. In this case we can use the
fact that 77 is diagonalisable for any timelike T. For a spacelike X orthogonal to timelike
T we can apply Jx.ir = Jx + 2tJ(X,T) + t*Jr on an arbitrary A € Span{X,T}*. Then
Tx+tr(A) = Exqerliy, 7A for exir < 0, while Jx(A) = aA + B, J(X,T)A = BA + C, and
Jr(A) = erurA, where B,C € A+. Thus, B + 2tC = 0 holds for all |t| > \/—¢&x/er which
implies B = C = 0, and hence A is an eigenvector of Jx. Therefore Jx is diagonalisable for
any spacelike X and like before we have a constant sectional curvature. This proves the
following theorem given by Andreji¢ in 2018 [9, Theorem 5.1].

Theorem 9.5. Any Lorentzian one-root algebraic curvature tensor has constant sectional
curvature. A connected Lorentzian one-root manifold of dimension n > 3 is a space of con-
stant sectional curvature.

3 Andrew Francis Swann, Danish mathematician
“Lieven Vanhecke, Belgian mathematician
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Chapter 9. Osserman manifolds

The problem of one-root algebraic curvature tensor in higher signatures are more com-
plex. For example, in Section 0.1 we have seen some globally Osserman one-root manifolds
which are not Jacobi-diagonalisable.

Additionally, let us suppose that a one-root manifold is pointwise Osserman, with the
single eigenvalue exu(p) € R of Jx for X e TpM. Since any Osserman R is Einstein, we have
exC1(p) = Tr(Jx) = ex(n — 1)u(p). A connected 1-stein M of dimension n # 2 by Theorem

has constant Cy, therefore p is constant on M and consequently M is globally Osserman.

Theorem 9.6. A connected one-root pointwise Osserman manifold of dimension n > 3 is
globally Osserman.

9.4 Two-root Osserman manifolds

Consider the next simplest k = 2. Let (M, g) be a connected pointwise Osserman manifold
of dimension n such that at each p € M for every X € T,M the associated reduced Jacobi
operator Jx has exactly two distinct eigenvalues exA(p) and exu(p) with multiplicities o(p)
and 7(p) respectively.

According to Theorem . an Osserman algebraic curvature tensor for n > 3 is n-stein.
This is why there exist smooth functions Cy, ..., C, € (M) such that

(exYCi(p) = Tr(T¥) = (exV (0 (p)(AP)Y + T(P)(1(P)))-

holds forall1 <j <n.

We already know that C; is constant for n # 2 (Theorem El]) and that C, is constant for
n ¢ {2,4} (Theorem @) Hence, the condition n > 5 excludes the undesirable cases and
we have constant both C; and C,. Let us set Co = n — 1 and look at the system of equations
forje {0,1,2}:

a(p) + t(p) = Co,
a(p)A(p) +T(p)u(p) = CL
a(p)A(P)* + T(p)u(p)* =

From the first two equations we have
Ci -G _ Ci—GoA
A—u u—-A

and after the substitution into the third equation it implies

)

C1(A +u) — C()/\[J =C,.
Since 7 > 1, we have C; — CyA # 0, so the previous equation gives

G -GA
T CL - CoA

The other functions can be expressed in terms of A in the following way

GGy C (- CoA)?
CoA? — 2C1A+Cy’ CoA2 —2C10+Cy

Hence, a concrete o gives at most two values for A, which are solutions of the related quad-
ratic equation. Since values for g are integers 1 < o < n—2, it follows that A can get at most
2(n — 2) concrete values. From Cj(p) = a(p)A(pY + t(p)u(py, we can see that Ci(p) forj > 2
can get at most 2(n — 2) concrete values. The function C;j(p) is smooth, so it is continuous,
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and therefore it can get exactly one value. Thus C; is constant as is the case with all other
functions (o, 7, A, and u), which proves that M is globally Osserman.

The result is also valid in the case of complex eigenvalues. The existence of a complex
eigenvalue a(p) + if(p) of Jx implies that its conjugate a(p) — if(p) is also a root of char-
acteristic polynomial with the same multiplicity (n — 1)/2. Then we have C; = (n — 1)a(p)
and C, = (n—1)(a(p)? — B(p)?), which imply that a(p) and B(p) are constant, too. Constant
a and B give constant eigenvalues and therefore we have a globally Osserman manifold.

Theorem 9.7. Any connected two-root pointwise Osserman manifold of dimension n > 5 is
globally Osserman.

There is a variant of Theorem @ that requires constant multiplicities o(p) and 7(p)
(see Garcia-Rio, Kupeli, Vazquez-Lorenzo [65, pp.10-16]), but we have already seen that
this requirement is not necessary since o is an integer by definition as Andreji¢ showed in
2013 [7, Theorem 2.1].

9.5 Two-root Riemannian tensors

Let R be a two-root algebraic curvature tensor on a positive definite scalar product space
(V, g) of dimension n. Then, the reduced Jacobi operator Jx for a nonzero X € V has exactly
two eigenvalues exuy and exvx with constant multiplicities, so the characteristic polyno-
mial of Jacobi operator is

wx()K) = det(A 1 —Jx) = /\(A — EX‘UX)p(/\ — erX)q

for fixed integersp > q > 1withp+q=n-1.
Let us focus on the unit sphere S = 81 = {X € V: gx = 1} c V. Consider fX—yX 1y as
a smooth tangent bundle homomorphism over S with the identification TxS = X*. Since it
has a constant rank g, Ker(Jx — Ux 1x1)is a subbundle of TS (see Theorem @), thatis, a p-
dimensional distribution on S. Similarly, Ker(7x — vx 1x.) is a g-dimensional distribution
on S. By Theorem @ S for p(n) < k < n—-1— p(n) does not admit a k-dimensional
distribution, which leaves us with
q < pn), (9.5)

where p is the Hurwitz-Radon function from (@).

The inequality (@) significantly reduces the possibilities for the multiplicities p and q.
For example, it immediately removes an odd n because of p(n) = 1, which means that n
must be even, noticed by Andreji¢ in 2023 [10, Theorem 3].

Theorem 9.8. There is no odd-dimensional Riemannian two-root algebraic curvature tensor.
In particular; there is no Riemannian two-root manifold of odd dimension.

Without loss of generality we can suppose iy < Vx, since otherwise we consider —R as
a new algebraic curvature tensor. For any nonzero X € V we define the eigenspaces,

M(X) = Ker(Jx — exlix 1y ), N(X) =Ker(Jx — exvxlyx.),
where dim M (X) = p and dim AV (X) = ¢, which allows an orthogonal decomposition
Xt =MX)aNX).

For nonzero X,Y € V that satisfy Y € M(X), we can decompose X = M + N such that
M e M(Y) and N € N (Y). Because of

g(Ix(Y),Y) = g(exuxY,Y) = exeyliy,
&(Jv(X),X) = g(eyuyM + eyvyN,M + N) = eyepylly + EyENVy,
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we have exuy = epylly + (€x — Em)Vy, and consequently

Yy — Hx (9.6)

Ev = E&x
Vy — Uy’

which gives
0< Vy — Ux <1,
Vy — Uy
and hence py < uy < vy. In a similar fashion, Y € N//(X) implies

—v Vy —
8N:8X‘1Yix and ngi‘uygl’

Uy —Vy Vy — Uy

and therefore uy < vy < vy. Hence

0#£Ye MX) = Uy <ux<vy,

9.7
0#£A#YeNX) = uy<vx<vy S

The restrictions y[s: S - Rand v[s: S — R are continuous functions on a compact, so
their ranges are closed intervals. Because of J;x/€x = Jx/€x we obtain u(tX) = u(X) for all
X # 0andt € R. Hence, for anonzero X € Vwereach ty € [Upin; Umax) aNd Vx € [Viin, Vmax),
which allows us to define

U= uil(tumin) U {0}7 W= v! (Vmax) U {0}

If 0 # Y € M(X) holds for 0 + X € i/, then (0.7) gives Y € ¢/, while (9.6) implies &, = ey,
thatis, X = M € M(Y). Similarly it can be done for Y € N (X) and X € W. In this way we get
some kind of the Raki¢ duality principle when the eigenvalues are extremal,

0LYEMX) AO£LXeU = O0£XeMY)AO0£YeU,

0LYENX)AO£LXEW = O0£XeNY)AO£YeEW. (9:8)

If we have both Jx(Y) = exAY and Jy(X) = eyAX for nonzero mutually orthogonal vec-
torsX,Y e Vand A € R, then for all @, B € R, by Lemma we have

Jax+py(EYBX — exY) = €qx, pyA(EyBX — exay). 9.9)

According to (0.8), Y € M(X) with X € ¢/ implies X € M(Y) with Y € %, so (0.9) yields
eyPX —exaY € M(aX+ pY) with aX+ Y € Y. Hence, 0 # U € U gives Span{U} s M (U) C U,
or consequently &+ C N'(U), as well as its analogue for W,

0£A£UcU = Span{U}oM(U)CU,

04A£WeWw = Span{WloN(W)CW. (10

Since dim(Span{U} & M(U)) = p + 1, dim(Span{W} & N (W)) = q + 1, while we have
dimV =p+q+1> (p+1)+(q+1), the Grassmann formula gives a non-trivial intersection,

0 # (Span{U} & M(U)) N (Span{W} S N(W)) CUNW. (9.11)

The formula () allows to take 0 # A € U N W, as an initial step, and exploit its nice
properties u, = Ui, and V4 = Vmax.

Due to Theorem 9.8, n must be even, so we consider the next simplest case of twice an
odd dimension n. In that case p(n) = 2, so the inequality (@) gives ¢ = 1, which means a
simple root.

Let us assume that one eigenvalue is simple, that is, ¢ = 1. If we suppose p > n/2 (which
excludes only n = 4), then according to the Grassmann formula any two M spaces have a
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non-trivial intersection. Thus, for nonzero X, Y € U there exists 0 # S € M(X) N M(Y), so
(@) yields X, Y € M(S) with S € U/, and therefore by (), Span{X,Y} c U, which proves
that ¢/ is a subspace of V.

We want to show that u is constant, or equivalently ¢/ = V. Assuming the opposite,
U # V, since U is a subspace, applying () we have dim#/ = n — 1, and therefore

04XecUd = U=Span{X}oMX) A U'=N(X). (9.12)

Let us start with 0 # A € 4 N W from (). For0 #Z € N(A) = U+, by (@) we have
A € N(Z)with Z € W, so M(A) = M(Z) = Span{A,Z}+. For 0 # B € M(A) = M(Z) we
have B € U, so by (), Z € U+ = N(B). Then g(Jp(Z),Z) = g(Jz(B),B) gives vg = U, = c.
However, if B and Z are units, then by (9.9) holds

Jzcost+Bsint(BCOSt —Zsint) = c(Bcost — Zsint),

which implies p(t) = u(Zcost+ Bsint) = cor V(t) = v(Zcost + Bsint) = ¢, for any t € R.
The functions f1,v: R — R are continuous with g < v and u(0) = v(ir/2) = ¢, and hence
R =i~ (c) UV 1(c) is a disjoint union of nonempty closed sets, which is not possible.

It proves that uy = u must be constant for ¢ = 1, unless n = 4. This allows us
to introduce a new algebraic curvature tensor R = R — uR!, where R! € (V) is the
tensor of constant sectional curvature one given by (). This trick just shifts the eigen-
values, which means the characteristic polynomial of the new Jacobi operator becomes
det(A1 —Jg) = A" (A - ex(vx — p)).

In order not to complicate things too much, we shall keep the previous notation and
assume that Jx has a simple eigenvalue exvx > 0, while other eigenvalues are all zero.
This essentially means that the original reduced Jacobi operator 7x has a simple eigenvalue
ex(vx + u), while the other root is exy with multiplicity n — 2.

A simple eigenvalue motivates us to modify the ideas from Section @ Let us choose
an arbitrary orthonormal basis (Ej,...,E,) in V. Then for any nonzero X = Y% | X;E; € V,
the Jacobi operator Jx is of rank one such that its matrix entries 7;(X) are quadratic forms
in n variables x4, ..., Xx,. Any submatrix of order two in a rank one symmetric matrix is
singular which gives

Ti(X) T(X) = Ty(X)* (9.13)
forall1 <i,j < n. If we fix some monomial order then there is a unique monic G(X) which
is the greatest common divisor of all 7;;(X). Permuting the basis we can set

Ji(X) = 0iG(X)Qi(X)Pi(X)?,

where P;(X) and Q;(X) are some nonzero polynomials for 1 < i < m, with additional
Ji(X) = 0form < i < n, while g; € {-1,1}. However, such decomposition is unique
up to sign of P;(X) if we set that Q;(X) is monic square-free. Then

0:0;G(X)*Qi(X)Q;(X)Py(X)*P;(X)* = Jy(X)*

implies Q;(X) = Q;(X) = Q(X) = 1and 0; = 0; = o for 1 < i < m, and therefore we have
Ji(X) = 0;G(X)Py(X)P;(X), where o; € {~1,1}. Additionally, by 0.13), 7;(X) = 0 holds
whenever m < i < nor m < j < n, which can be treated as P;(X) = 0 for m < i < nand
extend the indices to m = n.

Another submatrix of order two gives J1;(X)7;;(X) = J1j(X)J;(X), 80 01,05 = 010y
Because of 0;; = 0; = 0 we have g;; = 004;04;, and therefore J;;(X) = 0G(X)0d1;P;(X)01;P;(X).
Since the polynomials P;(X) are unique up to sign, we can use g;P;(X) instead of P;(X) to
obtain J;(X) = oG(X)P;(X)P;(X) forall1 <i < n.

Moreover, comparing the degrees in a polynomial 7;;(X) we conclude that all P; have the
same degree, zero or one. The degree zero yields constant polynomials P;, so Jx = G(X)M,
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for some constant matrix M. In that case, if Jx(Y) = exvxY, then Jx(Z) = 0 for all Z € Y+,
which gives MZ = 0. However, then Jy(Z) = G(Y)MZ = 0, which gives the contradiction
Jy = 0. Therefore, all P; have degree one, while G(X) has degree zero and consequently
GX) =1.

Summarising the previous results, the equality
Jij(X) = aP{(X)P;(X)

holds for all 1 < i,j < n, where P; are linear homogeneous polynomials. If we set
n
P(X) =) P{(X)E;,
i=1

then it implies

n n n
Tx(PX)) =Y PiX) Y Fi(XE =0 Pi(X)*(P(X)).
i=1 j=1 i=1
Thus, P(X) is an eigenvector of Jx associated to the simple eigenvalue
n
O-SP(X) = O'ZPI'(X)Z =Tr Jx = exVvy,
i=1

but since we set vy > 0, it must be o = 1. In this way we construct a linear map P: V — V
such that V' (X) = Span{P(X)} and
Vx = Spﬂ
€x
with Vpx) > Vx (because of (E?I)) for any nonzero X € V.
Let us start with 0 # A € W, when P(A) € N (A), because of (@), implies A € N(P(A))

with P(A) € W. Hence, by (@),

Jaa+ppa)(Epa)BA — EAQP(A)) = Eqa4 pp(a)Vmax(Epa)BA — €4aP(A)),

which gives v(aA + BP(A)) = Vmax and P(aA + BP(A)) oc €pa)BA — €4aP(A). Using the lin-
earity of P and the fact that P(A) L Span{A, P?(A)}, we get the coefficient of proportionality
equal to —1/&,4, and consequently P?(A) = —v,A with Span{A,P(A)} C W.

We can continue in a similar manner, using A; = A and v; = vVmax as the induc-
tion basis. Let us suppose that we already have mutually orthogonal nonzero vectors
Al,P(Al), - ,Ak,P(Ak) such that

Span{A; P(A)}\ {0} C v l(v;) and P%*(4;) = —vi4; (9.14)
hold forall1 <i< kwith0 < vi < --- <vq;. We define
Viyr =max{vy : X e SN M(Aq)--- N M(Ar)} < vk

and take arbitrarily 0 # A1 € v"1(viyq). It is fruitful to notice that, since u is constant,
the duality (@) always provides Y €¢ M(X) < X € M(Y). As a consequence of this,
Agy1 € M(Ay) = M(P(A)) = Span{A;, P(A;)}" implies A;, P(A;) € M(Aky1) L N(Ags1), and
therefore P(Ay, 1) € Span{A;, P(A;)}* = M(A;). Thus we have vp(, ) < Vi;1, which by the
formula (@) yields vpa,,,) = Vky1, While (@) gives Span{Ay, 1, P(Ax;1)}\ {0} C v 1(viiq)
and P*(Ag11) = —Vii1Aki1-

This procedure uses constants 0 < vy, < --- < v with the properties () to exhaust

the space
n/2
V = Span{A;, P(A;)}. (9.15)
i=1

210



9.6. Two-root Riemannian manifolds

Having that on mind, it is easy to conclude that P is skew-adjoint. Namely, if we intro-

duce X = Y2 (xA; + X:P(A) and Y = 32 (yiA; + J;P(4))), then

n/2 n/2
8(P(X),Y) =Y g0GP(Ay) — XiViAy, YiAi + YiP(A) = > viga, (xF; — Xi) = —8(P(Y), X).
i—1 i—1

The key idea is that any skew-adjoint endomorphism P on V, according to Example El]
generates an algebraic curvature tensor R” € T4(V), where we have

TP _ —3exvx1l on Span{P(X)} .
X 0 on Span{P(X)}+

Therefore, taking into account the shifting of eigenvalues for exu, and the possible choice
of vx < uy from the beginning of discussion, the algebraic curvature tensor must be of
form

R=+ (—;RP + le> . (9.16)

This result is better expressed in an orthonormal basis (E1, Fy, ..., Ey/2, Fy/2) obtained
from () by rescaling E; = A;/,/€4; and F; = P(A;)/,/€p(a,. Conversely, it is easy to see
that for any orthonormal basis (Eq, F1,...,Ey/2,Fy/2) in V, constants 0 < vpp < --- < vp
define a skew-adjoint endomorphism P on V by

for all 1 <i < n/2. Hence we obtain the following theorem given by Andrejic¢ in 2023 [110,
Theorem 4].

Theorem 9.9. Any Riemannian two-root algebraic curvature tensor of dimensionn > 4 with
a simple root is of the form (), for u € R and some skew-adjoint endomorphism P defined
by (9.17) using positive constants vy, ...,Vys € R.

9.6 Two-root Riemannian manifolds

Theorem @ and the formula () characterize all possible two-root algebraic curvature
tensors of twice an odd dimension. The next step is then based on the use of the second
Bianchi identity with an idea to decide which of these algebraic curvature tensors may be
realised as curvature tensors of a Riemannian manifold.

We shall study the Riemannian manifold M locally in a neighbourhood U ¢ M of some
point. There we can set a local orthonormal frame and smoothly extend the elements of
our construction. The smoothness of the curvature tensor R € T4(U) gives the smoothness
of u € §(U), while v is smooth on the tangent bundle TU minus the zero section. Then,
the way we constructed P brings the smoothness of P;(X) € §(U), which yields a skew-
adjoint operator P € T}(U). Finally, v € F(TU \ (M x {0})) implies vy, .. -, Vny2 € $(U), and
we can extend our orthonormal bases from the construction to a local orthonormal frame
(E1,F1,...,Enj2, Fny2) in X(U) that fits the formula (). It is convenient to use this frame
in the following proof.

Such extensions allow us to apply covariant derivatives to our tensors. It is important
to notice that VyP € T}(U) is also skew-adjoint, since PX | X implies

0 = Vv(g(PX, X)) = 8(Vv(PX),X) + g(PX, VyX) = g(Vv(PX),X) — g(PVyX, X) = g((VvP)X, X),

which after the polarisation gives
g((vVP)X7 Y) - _g<(vVP)Y7X)7
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forallX,Y, Ve X(U).
Since VR! = 0, the covariant derivative along a vector field V € X(U) of our curvature
tensor R from the formula () can be expressed by

1
VyR = $§VVRP + (Vyu)RL.

Forall X,Y,Z, W,V € X(U) we can calculate

(VvRP)(X,Y.Z.W) = g(g(PX,Z)(VyP)Y - g(PY.Z)(VyP)X + 28(PX, Y)(VyP)Z, W)

(9.18)
+ 8(8((VvP)X,Z)PY — g((VyP)Y,Z)PX + 2g((VyP)X,Y)PZ, W),

d
. (VyRP)(X,Y,Y,X) + (VxRP)(Y,V,Y,X) + (VyRY)(V, X, Y, X)

= 3g(PX.Y)(28((VvP)Y,X) — g((VxP)Y. V) + 8((VyP)X. V)
— 38(g((VxP)X,Y)PY + g((VyP)Y,X)PX, V).
Thus, applying the second Bianchi identity yields

0=(VyR)(X,Y,Y.X) + (VxR)(Y, V.Y, X) + (VyR)(V, X, Y, X)
= T g(PX,Y)(28((VvP)Y, X) — g((VxP)Y, V) + g((VyP)X, V))
+ g(g((VxP)X,Y)PY + g((VyP)Y, X)PX, V) (9.19)
+ (Vvu)(exey — 8(X, Y)?) £ (Vxi) (X, V)g(Y, V) — evg(X, V)
+ (Vyt)(8(X, Y)g(X, V) — exg(Y,V)).

Assuming Y | PXin () we get

0= g(g((VxP)X,Y)PY + g((VyP)Y,X)PX, V)
+ (Vxt)gEX. Y)Y — eyX, V) + (Vyi)g(8(X, V)X — exY, V) + (Vyu)(exey — 8(X. Y)?),

and thus

(exey — 8X, YV)*)(Vu)* = — g((VxP)X, Y)PY — g((VyP)Y,X)PX
+ (X(u)ey — Y()g(X, V)X + (Y(u)ex — X(u)g(X. Y))Y.

Therefore, for nowhere vanishing X, Y € X(U) such that Y € Span{X, PX}+ we have that
(Vu)* € Span{X, PX, Y, PY} holds. However, using our frame with (9.17) we get

(V) e ﬂ Span{E;, F;,E;, F;} = 0,

1<i<j<n/2
which gives Vu = 0. Therefore u must be constant, while the formula () yields

8(PX,Y)(28((VvP)Y,X) — 8((VxP)Y, V) + &((VyP)X,V))
— 8(8((VxP)X,Y)PY + g((V¥P)Y,X)PX,V) = 0.

Again, Y | PX gives g((VxP)X,Y)PY + g((VyP)Y,X)PX = 0, while the additional Y | X
provides linear independence for PX and PY (since X and Y are linearly independent as
orthogonal), and therefore g((VxP)X,Y) = 0 for Y € Span{X, PX}*. However, we know that
g((VxP)X,X) = 0 holds, which implies (VxP)X x PX.

Let us define the map Ax: U — R for any X € X(U) by Ax = g((VxP)X, PX)/g(PX, PX)
on (epx) 1(Ry) = (ex)"}(Ry) C Uand Ax = 0 on (ex)~1({0}), where the previously proven
proportionality yields

(9.20)

(VxP)X = AxPX. (9.21)
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It is easy to check that Agx = fAx holds for f € F(U). On the other hand, from () for any
X, Y € X(U) we have

(VxP)Y + (VyP)X = (Axyvy — Ax)PX + (Axyy — Ay)PY,
which after taking the scalar product by X gives
(Axty — Ay)g(PY.X) = g((VxP)Y.X) = —g((VxP)X,Y) = ~Axg(PX.Y),
and therefore (Ax,y — Ay — Ax)g(PX,Y) = 0. Hence, the additivity
Axiy = Ax + Ay

holds whenever g(Y, PX) is nowhere zero. For any p € U, the condition Y, L PX), can be

excluded by continuity of A(p): T,U — R given by A(p)(X,) = Ax(p). Thus, the additivity

holds for all X, Y € X(U), which means that A is §(U)-linear. Consequently, since Ar € F(U)

for a unit E € X(U), we have Ay € §(U) for any X € X(U), and finally A € T%(U) = x*(U).
With this in mind, the equality (9.20) becomes

8(PX.Y) (Zg( (VvP)Y,X) — g((VxP)Y — (VyP)X + AxPY — AyPX, V)) = 0.
Hence,
28((VvP)Y,X) = g((VxP)Y — (VyP)X + AxPY — AyPX, V) (9.22)

holds in the case that g(PX,Y) is nowhere zero. However, since the right hand side is lin-
ear in Y and there is a frame consisting of vector fields that are not orthogonal to PX, the

equality () holds for all X, Y, V € X(U). Applying () twice, we have
4g((VvP)Y,X) = g((VyP)Y — (VyP)V + AyPY — AyPV, X) + 2g( — (VyP)X + AxPY — AyPX, V),
and therefore
2Axg(PY, V) = g(3(VyP)Y — (VyP)V — AyPY — AyPV, X),
which implies
28(PY, X)\* = 3(VxP)Y — (VyP)X — AxPY — AyPX.

On the other hand, the definition of A € X*(U) gives (VxP)Y + (VyP)X = AyPX + AxPY,

and therefore we obtain g(X, PY)A* = (VxP)Y — (VyP)X, which can be written as
2(VxP)Y = g(X,PY)A* + AyPX + AxPY. (9.23)

Now that we know VP, it remains to calculate V2P and use the Ricci identity for the
tensor field P € T}(U). From () we have
2(VxVyP)Z =2V x((VyP)Z) — 2(VyP)(VxZ)
=Vx(g(Y,PZ)A* + AzPY + AyPZ) — (g(Y, P(VxZ))A* + Ay, zPY + AyP(VxZ))
—(g(VxY,PZ) + g(Y, VxPZ))A* + g(Y, PZ)Vx\*
+ (g(VxA*, Z) + g(A*, VxZ))PY + A, VxPY
+ (g(VxAY) + g(A*, VxY))PZ + AyVxPZ
— g(Y,P(VxZ))A* — Ay,zPY — AyP(VxZ)
=(8(VxY,PZ) + g(Y, (VxP)Z))A* + g(VxA*, Z)PY + (g(VxA"Y) + g(A*, VxY))PZ
+ g(Y, PZ)VxA* + AzVxPY + Ay(VxP)Z,

213



Chapter 9. Osserman manifolds

and therefore
2(ViyP — VixP)Z = 2(VxVyP — VyVxP — Vy,y v,xP)Z
=(8(VxY.PZ) + g(Y, (VxP)Z))A* + g(VxA*, Z)PY + (g(VxA",Y) + g(A*, VxY))PZ
+ g(Y,PZ)VxA* + A;VxPY + Ay(VxP)Z
— (8(VyX,PZ) + (X, (VyP)Z))X* — g(VyA*, Z)PX — (g(Vy A, X) + g(A*, VyX))PZ
— 8(X,PZ)VyA* — A;VyPX — Ax(VyP)Z
— g(VxY — VyX, PZ)A* — AzP(VxY — VyX) — Av,v_vyxPZ,
=(8(Y, (VxP)Z) — g(X, (VyP)Z2))A* — g(VyA*, Z)PX + g(VxA*, Z)PY
+(8(VxA", Y) — g(VyA*, X))PZ + g(Y,PZ)VxA' — g(X,PZ)VyA*
+ Az(VxP)Y — Az(VyP)X + Ay(VxP)Z — Ax(VyP)Z.
Applying () again we obtain
2(ViyP — VixP)Z
=Az8(Y,PX)N* — g(VyA*, Z)PX + g(VxA*, Z)PY
+ (g(VxAY) — g(VyA*, X))PZ + g(Y, PZ)VxA* — g(X, PZ)VyA*
+ Az8(X, PY)A* + %(Ayg(x, PZ) — Axg(Y,PZ))A* + %/\Y)LZPX - %AX/\ZPY

=3 (Av8(X. PZ) — Mg(Y, PZ))X + (G Ay — g(Vyh Z)PX — (3 Axhz — 8V 2))PY
+ (8(VxA'.Y) — g(VyX'. X))PZ + g(Y. PZ)VxA* ~ g(X. PZ)VyA.

We introduce the operator Q € T1(U) defined by QX = 12xA* — vxA* to simplify the
notation, so the previous equality becomes

2(VxyP = VyxP)Z =8(X.PZ)QY — (Y. PZ)QX (©0.24)
+8(Z,QY)PX — g(Z, QX)PY + (8(QY, X) — 8(QX, Y))PZ.

On the other hand, for the curvature operator R we have +3R = —RP + 3uR! from

(), and therefore
+3(R(X,Y)PZ — P(R(X,Y)Z))
= —RP(X,Y)PZ + 3uR (X, Y)PZ + P(RY(X,Y)Z) — 3uP(R}(X,Y)Z)
— — g(PX,PZ)PY + g(PY,PZ)PX — 2g(PX,Y)P*Z + 3u(g(Y,PZ)X — g(X,PZ)Y)
+ g(PX,Z)P*Y — g(PY,Z)P*X + 2g(PX, Y)P*Z — 3u(g(Y,Z)PX — g(X, Z)PY)
— — g(PX,PZ)PY + g(PY,PZ)PX + 3ug(Y,PZ)X — 3ug(X,PZ)Y
+ g(PX,Z)P*Y — g(PY,Z)P*>X — 3ug(Y,Z)PX + 3ug(X, Z)PY.

We introduce the self-adjoint operator S € ¥1(U) defined by SX = 3uX-+P2X, so the previous
equality becomes

+3(R(X,Y)PZ — P(R(X,Y)Z)) = g(PX,Z)SY — g(PY,Z)SX + g(SX, Z)PY — g(SY, Z)PX.

The Ricci identity (6.39), ((VxVy — VyVx — Vixy))P)Z = R(X,Y)PZ — P(R(X, Y)Z), holds for
allX,Y,Z € X(U), which using (9.24) yields

8(X,PZ)QY — g(Y,PZ)QX + 8(Z,QY)PX — g(Z, QX)PY + (8(QY, X) — g(QX,Y))PZ
—+ % (g(PX, Z)SY — g(PY, Z)SX + g(SX, Z)PY — g(SY, Z)PX) .
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It is convenient to introduce another operator K = Q + %S € T1(U), that is
KX — %AXM RV g(swu P2x),
for X € X(U), so the previous equality becomes
g(X,PZ)KY — g(Y,PZ)KX + g(Z,KY)PX — g(Z, KX)PY + (g(KY, X) — g(KX,Y))PZ = 0.
The special case Z = Y implies
g(X,PY)KY + g(Y,KY)PX + (g(KY,X) — 28(KX,Y))PY = 0, (9.25)

which holds for all X,Y € X(U). For an arbitrary nowhere vanishing Y € X(U) we can take
a nowhere vanishing X € Span{Y, PY}~. In this case X | PY gives

g(Y,KY)PX + (g(KY,X) — 2¢(KX,Y))PY = 0,

but since X and Y are linearly independent as mutually orthogonal, PX and PY are linearly
independent, which implies g(Y,KY) = 0.

Hence, KY L Yholds for any Y € X(U), so the polarisation gives g(KX,Y) + g(KY,X) =0,
and proves that K is also skew-adjoint. With this in mind, the equality (9.25) becomes

g(X,PY)KY + 3g(KY,X)PY =0,

and holds for all X,Y € X(U). Substituting X = PY for a nowhere vanishing Y € X(U),
we obtain KY « PY, while taking the inner product by PY we get 4¢pyg(KY,PY) = 0, and
therefore K = 0. Thus arises the important formula

VAt = %Axaﬁ L %(3ux+ P2X). 9.26)

For any X,Z € X(U), we use () to calculate
Vx(epz) = Vx8(PZ,PZ) = 2g(Vx(PZ),PZ) = 28((VxP)Z + PVxZ,PZ)
= g(X,PZ)Apz + g(PX,PZ)Az + g(PZ,PZ)Ax — 28(VxZ, P*Z).
On the other hand, Vx(epz) = Vx(vzEz) = vzVx€z + €2V xVz, which gives
VzVxEz + €,VxVz = 8(X,PZ)Apz — (X, P*Z) Az + epzAx — 28(VxZ,P*Z).
Consider the eigenspaces of P?, defined by
P; = Ker(P* + v;1) = (&) Span{E;, F;}.

ViZVj
;fZ € P holds for some 1 < j < n/2, then —2g(VxZ, P*Z) = 2v;g(VxZ,Z) = v;Vxez, which
implies
SZvaj = g(X, PZ)APZ + V]g(X, Z)AZ + VjezAx.

Hence, we obtain

a0 == - {ii’}of?}iiiii?fp’éi , ©027)
whenever Z € P, and therefore
re %d(m Vi) = Ld(ln(vm ©+Vny2))- (9.28)
n+2 — n+2 /2
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The equation () shows that A cannot be any covector field, but at least one that is the
differential of a smooth function. Moreover, using () we have the necessary condition,

1 n+ 2
Vxgrad(In(vivy - vp2)) = 5Axgrad(In(vivy - vp2)) £ —3 (3uX + P°X),

that holds for any X € X(U). This finally proves the following theorem given by Andreji¢
in 2023 [10, Theorem 5].

Theorem 9.10. A two-root Riemannian manifold of dimensionn = 2 (mod 4) locally has the
curvature tensor of the form (), for a constant u and some skew-adjoint linear operator
P defined by (9.17) using positive smooth functions v,..., vy ,. In addition, the equations

©.23), (0.26), (0.27), and (9.28) hold.

The most natural case has A = 0, where the equation () implies VP = 0, so ()
gives VR” = 0, and consequently VR = 0, which means that M is locally symmetric.
Moreover, the equation (9.26) for A = 0 implies P> = —3u 1, which implies v = 3y, and
consequently M is globally Osserman, where the reduced Jacobi operator Jx has a simple
eigenvalue 4exu, while the other eigenvalue (with multiplicity n — 2) is four times smaller.
Thus, a connected two-root Riemannian manifold of dimension n > 3 with n = 2 (mod 4)
that has A = 0 is globally Osserman, and hence is two-points homogeneous.

Let us remark, that if Vv; = 0 holds for some 1 < j < n/2, then A = 0, and the previous
conclusion holds. The question whether there are two-root Riemannian manifolds of twice
an odd dimension that are not Osserman remains open and requires a construction of
concrete manifolds with A # 0. Let us remark that the first attempt could be A* = Ej for
some 1 < k < n/2, where (9.27) yields d(Invy) = 2A = 2d(In v;) for any i # k, and therefore
there exist constants C; such that vy = Civiz.
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CHAPTER A

APPENDIX

A.1 Set theory

To avoid potential ambiguities, let us clarify the notation for the standard sets we use
throughout this book. We denote the set of all natural numbers (without zero) by N =
{1,2,...}, while Ny = NuU {0} = {0,1,2,...}. The set of integers is Z, the set of rational
numbers is Q, the set of real numbers is R, and the set of complex numbers is C.

A set is countable if there is an injective map from it into the set of natural numbers N.
In other words, each element of the set can be assigned a unique natural number, which
means that either the set is finite or there is a bijective map between it and N. If we want
to emphasize that a countable set is not finite, we say that is is countably infinite. Let us
remark that there are authors who use the term at most countable instead of our countable,
while they use the word countable only if the set is not finite. Anyway, we consider a finite
set to be countable.

Let us state some basic facts about countable sets. The sets N, Z, Q are countable, while R
isnot countable. Every subset of a countable set is countable. The product of two countable
sets is countable. A countable union of countable sets is countable.

The following lemma tells us how a map between sets behaves with respect to set op-
erations.

Lemma A.1. The image of the union of subsets under an arbitrary map is equal to the union
of their images. The image of the intersection of subsets under an injective map is equal to
the intersection of their images.

Proof. Let X and Y be arbitrary sets, A, C X for each a € A, and f: X — Y be a map. From
Ap C Uy Aq it follows f(Ag) € fllJ, Aa) for each B € A, so U, flAa) € fill,Aq). On the other
hand, for x € f({J, Aq) there exists y € | J,Aq such that f(y) = x, so there is § € A such that
y € Ag, whence x = f{y) € flAg) C U, f(Aa), which gives f(l, Aa) € U, f(Aq) and proves

f(UAd) = URAq). (A1)

From (N, Aq C Apg it follows f(N, Aa) C flAp) for each B € A, s0 f{(NgAa) € Ny f(Aa). On
the other hand, for x € N, flAq) we have x € f(Ag) for each B € A, and using the condition
that fis injective we get f~1(x) ¢ Apg for each B € A and therefore x € f{(N, Aq), which gives
Naf(Aa) € fiNy Aq) and proves

f(N4a) = NfiAa). (A2)

a a
Let us remark that the formula () does not have to hold if fis not injective, for example
for constant fand disjoint Ag. O
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A.2 Topology

This book is written for readers who already have a solid understanding of basic topology,
while Lee [80] and Crainicﬁ] [40] can serve as a reminder. In this section we give the basic
ideas from topology we have used throughout this book.

A topology on a set X is a family 7 of subsets of X such that (), X € 7, while an arbitrary
union of elements from 7, as well as a finite intersection of elements from 7 are also
in 7. The elements of topology are open subsets, while a subset A C X is closed if its
complement X \ A is open. A topological space is an ordered pair (X, 7) consisting of a
set X equipped with a topology 7 on X, but when topology is well-known, it is common to
say that X is a topological space.

For a given x € X, a neighbourhood of x is any open subset U C X such that x € U.
Many authors use the term neighbourhood more broadly to refer to any subset containing
an open subset around x. We use the term generalised neighbourhood for such subsets
that are not necessarily open. In this text, however, a neighbourhood is always considered
to be an open set.

Example A.1. Let (X, 7) be a topological space and A C X. The subspace topology is the
topology 7o onaset Agivenby 7o ={ANU:Ue T}. A

Example A.2. Let (X,7) be a topological space, and q: X — Y be a surjective map. The
quotient topology is the topology 7 = {V C Y : ¢ (V) € T} given on the set Y. The
surjection q is often the natural projection that sends elements from X to their equivalence
classes for some equivalence relation on X. A

Amap f: X — Ybetween topological spaces is continuous if the inverse image f~1(U) C
X is open for every open U C Y. A bijective map f: X — Y such that both fand f~! are
continuous is called homeomorphism. If there is a homeomorphism from X to Y, then
we say that X and Y are homeomorphic.

The union of all open subsets that are subset of the set A is called the interior of A
and is denoted by IntA. The intersection of all closed subsets that are a superset of the
set A is called the closure of A and is denoted by A. The boundary of the set A is the set
0A = A\ IntA. A point x € A is said to be an isolated point of A if x has a neighbourhood
Usuch that UnA = {x}.

For a sequence (xn)nen Of points of a topological sapce X we say that converges to x € X
if for every neighbourhood U of x there is N € N such that x, € U for all n > N, then we
write lim;,,_, .o Xn = X.

A topological space X is said to be Hausdorff space if for every pair of distinct points
p,q € X there exist open subsets U,V C Xwithp e Uand q € Vsuchthat UnV = (. In
other words, a topological space is Hausdorff if every two distinct points can be separated
by its disjoint neighbourhoods. A topological space X is a regular space if for every x € X
and every closed subset C ¥ x, the point x and the set C can be separated by disjoint neigh-
bourhoods. The space is normal if any two disjoint closed subsets of X can be separated
by disjoint neighbourhoods.

Let (X, T) be a topological space. A topology basis is a family B C 7 such that each
U € T is the union of some elements from B. A local basis at x € X is a family By C T
of neighbourhoods of x such that each neighbourhood of x contains at least one element
from By. Some authors allow elements of a local basis not to be open sets, so a general-
ised local basis at x € X is a family of generalised neighbourhoods of x such that each
neighbourhood of x contains at least one element from that family. We say that a topolo-
gical space is first countable if every point in the space has a countable basis, and it is
second countable if it has a countable topology basis.

Marius Crainic (1974), Romanian-Dutch mathematician
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Two most frequently studied topological properties throughout the history of topology
are certainly connectedness and compactness. We say that a topological space is connec-
ted if it cannot be expressed as the union of two disjoint nonempty open sets. A topological
space is path-connected if there is a path joining any two points (for any x,y € X there
exists a continuous map f: [0,1] — X such that f{0) = x and f{1) = y). We say that a subset
of a topological space is connected or path-connected if it has these properties with re-
spect to the subspace topology. Connectedness is a continuous map invariant, and every
path-connected topological space is connected.

Roughly speaking, we say that a topological property is satisfied locally if each small
region of the space resembles a region of a space where that property holds. More con-
cretely, if X is a topological space and P is an adjective which can apply to spaces, then X
is locally P often means that for every x € X and every neighbourhood U > x there exists
a subset A C U that satisfies the property P and contains a neighbourhood of x. In other
words, a topological space islocally P if and only if every point has a generalised local basis
consisting of sets with the property P.

A topological space is locally connected if every point has a local basis consisting of
connected neighbourhoods. Since the union of local bases over all points forms a topology
basis, and every topology basis includes a local basis for each point, a topological space
is locally connected if and only if it has a basis consisting of connected sets. Similarly, a
topological space is locally path-connected if it has a basis of path-connected sets.

A connected component of a topological space is its maximal connected subset. Each
point of a topological space X belongs to some of its connected components, and the con-
nected components are disjoint and closed in X. If a topological space is locally connected,
then all connected components are open, from which it follows that it is the disjoint union
space of its connected components, which is not true in the general case.

Example A.3. A connected space that is not locally connected nor path-connected can
even be found as a subset of the Euclidean plane, and classic examples are the topologist’s
sine curve (the graph of sin(1/x) for x € (0, 1], together with the segment {0} x [-1,1]) and
the infinite broom (the union of segments joining the origin to the point (1,1/n) for n € N,
together with the segment [1/2,1] x {0}) A

A cover of a set is a family of sets whose union contains this set as a subset, and if all
elements of that family are open, then it is an open cover. A subcover of some cover is
its subset that is still a cover. A topological space or some its subset is called compact if
each of its open covers has a finite subcover. We say that a subset is relatively compact
if its closure is compact.

Every closed subset of a compact space is compact, while every compact subset of a
Hausdorff space is closed. Compactness is an invariant of a continuous map, and the fol-
lowing lemma also holds.

Lemma A.2. Iff: M — N is a continuous map between a compact space M and Hausdorff
space N, then f'is closed.

Proof. Every closed subset X C M of a compact set is compact, so f{X) C N is compact and
therefore closed. O

The structure of compact subsets of Euclidean space was well understood through the
Heine?-Borelf theorem.

Theorem A.3. A subset of R" is compact if and only if it is closed and bounded.

2Heinrich Eduard Heine (1821-1881), German mathematicain
3Félix Edouard Justin Emile Borel (1871-1956), French mathematician and politician
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A topological space is locally compact if every point has a generalised local basis con-
sisting of compact sets. If the space is Hausdorff (which is almost always the case), it can
be shown that it is locally compact if and only if every point has a local basis consisting
of relatively compact sets. However; it turns out that a Hausdorff space is locally compact
if and only if every point has a compact generalised neighbourhood, which is the most
commonly used definition. Of course, any compact Hausdorff space is locally compact.

It is interesting to consider the domain invariance theorem, which is a deep result
introduced by Brouwerd in 1911 [28], and we give it without proof.

Theorem A.4. If U C R" is open for some n € N and f: U — R" is continuous and injective,
then f(U) C R" is open.

In other words, any continuous injective map between Euclidean spaces of the same
dimension is an open map. An important consequence of domain invariance is the di-
mension invariance theorem.

Theorem A.5. A nonempty subset of R™ is not homeomorphic to an open subset of R" except
form=n.

Proof. Letanopen U C R™be homeomorphicto V C R" under ahomeomorphismf: U — V.
Without loss of generality we can assume that n < m (otherwise consider f~1), so there
exists a linear inclusion «: R" — R™. The map o f: U — R™ is continuous and injective,
and according to Theorem @ 1(flU)) is open. However, this is impossible for n < mbecause
the inclusion image lies in a hyperplane, while every neighbourhood of a hyperplane point
contains points that are not in the hyperplane, which implies m = n. O

A.3 Eigen-structure of endomorphisms

In this section, we review some fundamental concepts from linear algebra and discuss
both the algebraic and analytic aspects related to the eigenstructure of a vector space. A
primary reference for this material is the book by Friedbergﬂ, InselE, and Spence[j [54].

Let V be a vector space of dimension n € N over a field F, where we primarily consider
the cases F = R and F = C. An endomorphism of the vector space V is a linear map
A:V — V, and the set of all endomorphisms of V is denoted by End(V).

An eigenvector of A € End(V) is a nonzero vector that does not change direction after
applying A. In this case, the endomorphism A simply scales X by some A € F which is
called the eigenvalue of A, which can be written as AX = AX with X # 0. The set of all
eigenvectors of A corresponding to the value A, together with the zero vector; is called the
eigenspace and is denoted by £, = Ker(A — A1) < V.

In the presence of a basis e = (Eq,...,Ep) for V, each A € End(V) is identified with the
matrix [A]e € F™*" for which the relation A(Ej) = >4 ([Ale);E; holds for each 1 <j < n. If
Xis an eigenvector of A for the eigenvalue A, then (A1 —A)X = 0, and the matrix [A 1 —A], =
A1l —[A]e cannot be invertible, as this would lead to a unique solution X = 0, so we must
have det(A1 —[A]e) = 0. Conversely, if det(A1 —[A]e) = 0, the equation (A1 —A)X = 0 has
infinitely many solutions (since X = 0 is certainly a solution), so there exists an eigenvector
for which A is an eigenvalue.

The polynomial wa(x) = det(x 1 —A) = det(x1 —[A].) does not depend on the choice of
basis e, and we call it the characteristic polynomial of A, while the eigenvalues of the
endomorphism A are exactly the roots of the polynomial w,. The characteristic polynomial

*Luitzen Egbertus Jan Brouwer (1881-1966), Dutch mathematician and philosopher
Stephen Howard Friedberg, American mathematician

6 Arnold Joseph Insel (1940), American mathematician

"Lawrence Edward Spence (1946), American mathematician
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is of degree n, so the number of distinct eigenvalues cannot exceed the dimension of the
space.

Multiplicity (or algebraic multiplicity) of an eigenvalue A of the endomorphism
A € End(V) is the largest r € N such that the polynomial (x — A)" divides w4 (x), while
its geometric multiplicity is given by s = dim &,. If a basis for &, is extended to a basis e
for V, then [A]. is an upper triangular block matrix. From this, we can see that the polyno-
mial (A —x)® divides w4 (x), which implies that the geometric multiplicity of the eigenvalue
is not greater than its algebraic multiplicity, and is certainly at least 1.

For an endomorphism A € End(V), we say that A is diagonalisable if there exists a
basis e for V such that the matrix [A], is diagonal. If some eigenvectors of A form a basis
for V, we call this an eigenbasis, and A is diagonalisable if and only if V has an eigenbasis
with respect to A. A polynomial from F[x] is split (over F) if it can be factored into linear
factors, that is, if all of its roots lie in F. The characteristic polynomial of a diagonalisable
endomorphism is obviously split.

Lemma A.6. Eigenvectors of an endomorphism of a vector space corresponding to distinct
eigenvalues are linearly independent.

Proof. Let r € N be a minimal number of linearly dependent vectors corresponding to
distinct eigenvalues of A € End(V), and let a1.X; + - - - + arX; = 0 hold for some X; € V' \ {0},
a; € F where AX; = AX; for 1 < i < r, with distinct eigenvalues A; € F. Then, we have
a1AX1 + - - + a,AXy = 0, which leads to az(A; — A1)Xy + -+ + ar(Ar — A1)X, = 0. Since ris
minimal, the vectors X, ..., X, are linearly independent, so az (A, — A1) = - - - = ar(Ar— A1) =
0. From this, we obtaina; = --- = a, = 0, and then a; X; = Oimpliesa; = 0,50 Xy, ..., X, are
linearly independent, which contradicts the assumption, thus proving the statement. [

As a consequence of the previous lemma, it can be shown that £, 1 >>,., & = {0},
which means that the eigenspaces form a direct sum 9, £; < V. Note that the notation €,
formally represents a direct sum over all scalars A € F, butif Ais not an eigenvalue, then by
definition £, = {0}, so essentially we have a direct sum over the eigenvalues A. The equality
D, £, = V holds if and only if A is diagonalisable, and in the case of a diagonalisable A, the
geometric multiplicity is equal to the algebraic multiplicity for each eigenvalue of A.

For W < V, we say that it is A-invariant subspace of V for A € End(V) if AOW) C W
holds, that is, if A(X) € W for every X € W. In this case AJ,,, € End(W), and if we extend
a basis for W to a basis e for V then the matrix [A]. is an upper triangular block matrix,
which shows that the polynomial wy,, (x) divides wa(x).

Lemma A.7. The characteristic polynomial of the restriction of an endomorphism A on a
finite-dimensional vector space to an A-invariant subspace divides the characteristic polyno-
mial of A.

Abasic example of an A-invariant subspace of V for A € End(V) is the A-cyclic subspace
Cx = Span{J,.y,{A"(X)} generated by a nonzero vector X € V, which is the smallest A-
invariant subspace of V that contains X. If m € N is the largest integer such that the set
U;”:‘Ol{Ar(X)} is linearly independent (m < n), then Span U'rn:_ol {A"(X)} is A-invariant and
equal to Cx. In this case e = (X,A(X),...,A™1(X)) is a basis for W = Cx, and we have
dimCxy = m. Iffor ag,...,a,_1 € F it holds that

apX + 1 AX) + - + Ay 1AM HX) + AT(X) =0,

then the matrix of the restricted endomorphism A in our basis is

00 --- 0 —ay
10 - 0 -a
[ATwle = oL : ’
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and we obtain the characteristic polynomial way,, (X) = ap + a;x +--- + A XML 4 XM,

Hence (way,, (A))(X) = (@p 1 +@1A +--- + Ay 1A™ 1 4+ A™)(X) = 0, and since by Lemma
@ the polynomial way,, (X) divides wa(x), it follows that (w4 (A))(X) = 0 for every X # 0. Of
course, wa(A) is linear, so (wa(A))(0) = 0, which completes the equality ws(A) = 0, known
as the Cayley-Hamilton theorem.

Theorem A.8. An endomorphism of a finite-dimensional vector space annihilates its char-
acteristic polynomial.

Every endomorphism A € End(V) annihilates its characteristic polynomial, so there
exists a monic polynomial u, (x) € F[x] of the smallest possible degree that satisfies 4 (A) =
0. Such a polynomial p, is unique and is called the minimal polynomial, and it is clear
that it must divide the polynomial w,. If p(x) = Zj’io a]-xf € F[x] is such that p(A) = 0, then
we have

m m J
PO =p()1-p(Ad) = 3 g(x1) — ) = (x1-A) Y ¢ > KAk,
j=0 j=1 k=1

from which it follows that w4 (x) = det(x 1 —A) divides the polynomial det(p(x) 1) = (p(x))™,
where n = dim V, and proves the following lemma, which especially holds for the minimal
polynomial.

Lemma A.9. If an endomorphism annihilates a polynomial, then this polynomial has as
factors all the irreducible factors of the characteristic polynomial.

The basic idea is to decompose V into a direct sum of A-invariant subspaces because
the behaviour of the endomorphism A on V can be understood from its behaviour on the
individual subspaces. If V = @lel Wik, where W, < V are A-invariant for 1 < k < m, then
from the individual bases, we can construct a basis for V in which A had a block diagonal
matrix, so the characteristic polynomial of A is equal to the product of the characteristic
polynomials of the individual restrictions,

wa¥) =[] WAy, (X).
k=1

Let A be an endomorphism of an n-dimensional vector space V over a field F. Anonzero
vector X € V for which there exists r € Nsuch that (A —A1)"(X) = 0is called a generalised
eigenvector of A corresponding to A € F. The set of all eigenvectors of A for the value A,
together with the zero vector, is denoted by V, and is called the generalised eigenspace.
It is easy to verify that V, is a vector subspace of V. For a more concise notation, we define
Ay=A—-A1 €End(V)for A eF.

If d < nis the multiplicity of the eigenvalue A, then there exist a polynomial p(x) € F[x]
and 0 # u € F such that wy(x) = (x — )4(p(x)(x — A) + u). By the Cayley-Hamilton theorem
(Theorem [A.8) we have 0 = w4 (A) = p(A)(A;)%+1 + u(A;)4. From this, it follows that (4;)4 =
—(1/w)p(A)(A;)4, so if (A;)"X = 0 for r > d, then (4;)2X = 0 as well, and this holds for
d = n by Theorem A.8. Therefore, we conclude that V; = Ker(4,)¢, and since d < n, we can
always express this as V, = Ker(4;)".

For arbitrary polynomials p(x), q(x) € F[x] it holds p(A)q(A) = q(A)p(A). Applying this
to q(A) = (A4,)? yields p(A)(V;) C V;, which means that every generalised eigenspace V; is
p(A)-invariant, and hence also A-invariant. Moreover, if a polynomial p(x) is not divisible
by x— A, then the restriction of p(A) to V, is injective. Assuming X € V, NKer p(A), we obtain
the minimal 0 < r < d such that (A3)"X = 0, aswell as 0 = p(A)(X) = q(A)AX + uX for
some q(x) € F[x] and 0 # u € F. For r > 1, this leads to q(A)(A,)"X + u(A;) X = 0. Since
r is minimal, this implies (4;)"~1X = 0 and therefore r = 0, that is, X = 0. Thus p(A) [y, 18
an automorphism of the subspace V, whenever p(x) is not divisible by x — A. In particular,
this holds for A, when u # A.
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Lemma A.10. Let A be an endomorphism of a finite-dimensional vector space V over a field
I, let A be its eigenvalue, and let p(x) € F[x] be an arbitrary polynomial. The generalised
eigenspace V, is p(A)-invariant, and if the polynomial x — A does not divide p(x) then the
restriction p(A)ly, is an automorphism of the subspace V.

By the rank-nullity theorem applying to (4;)¢ € End(V), the A-invariant subspaces
Ker(4;)4 =V, and Im(4,)? = (4,)4(V) are complementary, meaning that V = V; @ (4;)4(V).
For X = (A,)4(Y), the condtion A;(X) = 0 implies that Y € V, which leads to X = 0. Thus,
there is no X € (4;)4(V) that is an eigenvector of A for A, meaning that A is not an eigen-
value of the restriction of A to (4,)%(V). Since Aly, annihilates the polynomial (x — A4,
its characteristic polynomial, by Lemma |A.9, has no irreducible factors other than x — A,
which means it must be exactly (x — 1)<,

Lemma A.11. If d is the multiplicity of an eigenvalue A for an endomorphism A of a finite-
dimensional vector space V, then dim V; = d and the characteristic polynomial of the restric-
tion Aly, is (x — )%

fXev,ny uzA Y then (4,)"(X) = 0, and since, by Lemma , Aj isan automorphism
on V, for u # A, it follows that (4,)" is an automorphism on }, ., V; > X, from which we
conclude that X = 0. Thus, the generalised eigenspaces form a direct sum @, V), < V,
generalising Lemma @ If the characteristic polynomial wj, is split, then the sum of the
multiplicities of the eigenvalues is equal to n, which gives V = @, V.

Theorem A.12. If an endomorphism A of a finite-dimensional vector space V has a split
characteristic polynomial, then V decomposes as a direct sum of the generalised eigenspaces
with respect to A.

Let us consider how an endomorphism A acts on the generalised eigenspace V,. For a
fixed eigenvalue A, let W = V; and B = A, ]y, € End(W). By Lemma |A.11,, we have B? = 0
for d = dim W, so it follows that for every 0 # Y € W there exists r(Y) € N such that
B'VY = 0. Thus, for f{Y) = B"")-1Y = 0 and f{0) = 0, we define the map f: W — &, = Ker B,
which assigns to each generalised eigenvector for the eigenvalue A an eigenvector for A.

For every nonzero X € &£, we introduce the nonempty set Uy = {Y ¢ W : B'V-1y = X},
where an arbitrary nonzero Y € Uy for which s = r(Y) holds, gives the B-cyclic sub-
space Cy = Span(Ji_3{BX(Y)} < W with the property fiCy) = Span{X}. The cycle
(BS~1y,...,B?Y,BY,Y) is a canonical basis for Cy, and with respect to this basis, the mat-
rix of the endomorphism Af., = A, lc, + Ale, = Bl¢, + Al¢, takes the form

A10 .- 00
0A1 .00
00A - 00
JsA=1. . . . . . |EF (A.3)
000 -~ A1
000 - 0 2

which is referred to as the (standard) Jordan block or Jordan matrix of order s for the
value A € F.

Let (Ey,...,Em) be an arbitrary basis of the eigenspace &, and Y; € g, for1 <i <m
an arbitrary choice of vectors. By mathematical induction on m we prove that ' ; Cy, =
@k~1 Cy,» which is obvious for m = 1. For the induction step, we have Y-, Cy, = Cy, +
> k2 Cvic = Cy; + iy Cy,» and since Cy; N Py Cy, = {0} holds because of f(Cy,) = Span{E;}
and f(y; Cv,) € SpanJy{Ex}, we obtain the direct sum Dy Cy, < W.

If we choose Y; € U, for 1 < i < m so that r(Y;) is maximal for Y; € Ug,, we can prove
that W = @y, Cy,. We perform the proof by mathematical induction on d = dim W, which
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is obvious for d = 1. For the induction step, we consider the subspace B(W) < W and the
restriction Bp ), where we have Ker B = &, and therefore dim B(WW) = d —m < d. By the
induction hypothesis, we have B(W) = @y, Csy,, Where by convention Cy = {0}, which
we have in the case Y; = Ej. Since diméy.,Cy, = m + dim Py, Cgy, = d, we obtain
W =@, Cy,.

Lemma A.13. A generalised eigenspace of an endomorphism A decomposes into a direct
sum of A-cyclic subspaces.

As a consequence of Theorem , we obtain the following theorem.

Theorem A.14. If an endomorphism A of a finite-dimensional vector spaceV has a split char-
acteristic polynomial, then V decomposes into a direct sum of A-cyclic subspaces, and there
exists a basis consisting of disjoint cycles of generalised eigenvectors in which the matrix of
A is block-diagonal with Jordan matrices on the diagonal

Let us consider the most important case for us, where F = R, meaning V is a finite-
dimensional real vector space. The characteristic polynomial ws of A € End(V) has real
coefficients, but its roots are not necessarily real. Thus, it is possible for an endomorphism
A to have a non-split characteristic polynomial and, consequently, not be diagonalisable.
The field of complex numbers is algebraically closed, and the fundamental theorem of
algebra states that every non-constant polynomial in C[x] has at least one complex root,
so in the case F = C, every endomorphism has a split characteristic polynomial.

That motivates us to naturally extend the real vector space V to a complex vector space
Ve = {X)Y) : XY eV} =VxV=VaiV ={X+1Y: XY € V} which we call the
complexification of V. Any basis V is also a basis of its complexification V¢. Of course, if
(E1,...,En) is a basis for V, and we view V¢ as a real vector space, then its natural basis is
given by (El, iEq,...,En, lEn)

For A € End(V), the complexification of A is the endomorphism A¢ € End(V¢) defined
by Ac(X+1Y) = A(X) +1A(Y) for all X, Y € V. It is common to identify the eigenvalues and
eigenvectors of A with those of A¢, allowing us to say that the eigenvalues of A are precisely
the roots of its characteristic polynomial w,. If A ¢ R is an eigenvalue of A, we refer to
A € C as a complex eigenvalue of A. Complex eigenvalues must appear in conjugate
pairs, as demonstrated in the following lemma.

Lemma A.15. Let A be an endomorphism of a real vector space V. If A € C is an eigenvalue
of Ac with eigenvector Z € V¢, then A is also an eigenvalue of Ac with eigenvector Z € V.

Proof. f A=a+ipfora,feRand Z=X+1iYfor X,Y € V, then by assumption,
AX)+1A(Y) =Ac(X+1Y) = (a + iB)(X + 1Y) = (aX — BY) + i(aY + BX).

From this, we obtain the real and imaginary parts, A(X) = aX — fY and A(Y) = BX + ay,
and therefore

Ac(X —1Y) = A(X) —1A(Y) = (aX — BY) — i(aY + BX) = (a — if)(X — i¥),
which proves Ac(Z) = AZ, while Z # 0 because of Z # 0. O

If the characteristic polynomial of A is not split, we can use complexification to obtain
Ac € End(Vc) from A € End(V). The characteristic polynomial of A is split, so by Theorem
, we get the decomposition Ve = @);(Vc),. Since by Lemma @ complex eigenvalues
appear in conjugate pairs, we define, in addition to usual A, = A — A1 for A € R, the
endomorphism
Aj=(A-A1)(A—-21) =A% _2R(DA+ |A]*1
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for complex eigenvalues A € C \ R, which gives additional generalised eigenspaces of
the form

— n
Vi = Ker(A,\)” =R (Ker ((A(c —A1)(Ac — A ]l)) > =R ((V@)A &5 (V(C)j)
and allows the decomposition

- O w

A,S(A

ForZ=X+iYe Ve and A = a + ip € C, we can compute for any r € N:

(Ac — (a+1B) 1) (X 1¥) = Z() (£ i (AKX & 1

_ kz:% (D(_l)k

where the vectors (iy (A" KX + iAT-XY) and (—iy (A"-KX — iA"-XY) are complex conjugate of
each other (which can be easily verified for both even and odd j), from which we obtain:

k
> (i‘) ak TP (LY (ATKX + AT KY),

j=0

(Ac —A1)YZ = (Ac — A1)"Z. (A.4)

Therefore (Ac — A1)SZ = 0 if and only if (Ac — A1)SZ = 0, so every (Ac — A1)-cyclic
subspace Cz of (V¢), generated by the vector Z and of dimension s has a corresponding
conjugate (Ac — A 1)-cyclic subspace Cz of (Vc); generated by the vector Z and of dimension
s. This allows us to combine the two subspaces and obtain the space C; & C; < (V¢) @
(Ve);. If we introduce E; = (Ac — A1)’JZ and F; = (Ac — A1)’ JZfor 1 < j < s, then
e = (Eq,...,Es, Fy,...,F;) is a natural basis for Cz @ C;, while the endomorphism Ac in this
basis has the form,

A1 000 0
0 A 000 0
_ Js(A) 0 _ 00 - A 9 0 0 25x2s
[Acfcz@cz]e_<0 JsA)) |10 0 011 o T
0 0 0 0 2 0
00 .- 000 - A

Since E; and F; are conjugate to each other, by formula (), we can rearrange the basis
vectors as
E+E ), H - S(E, Ej—F
2 © =3E) =
and define anew basis ¢’ = (G1,Hy, . .., Gs, H;). Since for 2 < j < swe have AcE; = AEj+Ej_4
and AcF; = AFj + F;_q, for A = a + if we obtain

Gj = R(Ej) = Lev,

AGj = %(AE]') + éR(Ej—l) = an — BI‘I] + Gj—17
AI‘I] = %(AE]) + %<E]71) = aHj + BG] +H;_

with the additional relations AG,; = aG, — BH; and AH, = aHq + fG;. In the new basis, the
restriction of Ac to Cz @ C;, and consequently the restriction of A to R(Cz @ C;) < V), takes
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the form
a B 1 0 0 0 0 0
B a 0 1 0 0 0 0
0 0 a B 0 0 0 0
0 0 -8B a 0 0 0 O
Js@B)=1{ 1 i onor o EREE
0 0 0 0 a B 1 0
0 0 0 O B a 0 1
0 00 0 -- 0 0 a B
0 00 0 -~ 0 0 -8 «a

which is a real Jordan block or a real Jordan matrix of order 2s corresponding to the
pair of conjugate eigevalues a+if € C\R. A consequence of Theorem is the following
theorem, which allows us, in the case F = R, to decompose V canonically as a direct sum
where each summand corresponds to a Jordan block.

Theorem A.16. If A is an endomorphism of a finite-dimensional real vector space V, then
there exists a basis for V in which the matrix of A is block-diagonal, with (standard or real)
Jordan matrices on the diagonal.

The unordered family of Jordan blocks from the preceding theorem is called the
Jordan normal form of the endomorphism.

The coefficients of the characteristic polynomial w, of an endomorphism A are ex-
pressed polynomially in terms of the matrix of A. In particular, we recognise the trace
and determinant as coefficients in the equation

wa(X) = X" — Tr(A)X" 1 + ... + (—1)"det(A),

while additional invariants are given by the traces of powers, as shown in the following
lemma.

Lemma A.17. If A is an endomorphism of a vector space with characteristic polynomial
wa(X) = X"+ g X" 1 ... + 041X + Op, then

M0y + Om_1 Tr(A) + Om_y Tr(A%) + - - 4+ 01 Tr(A™ 1) + Tr(A™) = 0 (A.5)
holds for every1 <m < n.

Proof. Letw(X) = X" +oxX" 14 ..+ 0 = (Xx—A1)(x—A3) - -- (x— Ay) (if complex eigenvalues
exist, we may consider A¢ instead of A). The coefficients o, for 1 < m < n are expressed
using Viete’sH formulas,

om= (=" > Aydi, Ay

i1 < <Im

For1 <j<m -1, we obtain

Oy Tr(A) = ()™ IX + Xy -+ X)) ST Ady Ay,

iy < <pj

which, after substituting

n
SZZ(/\?' > A ---qu),

i=1 J1<e<jq, i

8Francois Viéte (1540-1603), French mathematician
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becomes gy, ; Tr(A/) = (-1)™J (Sj+1 L+ _;), from which it follows that

m—1 m—1
Oy Tr() = > (-1 IS+, ) =—Sg+ (-1 'S,
j=1 j=1

Clearly, S' = >°I ; A" = Tr(A™), while we also have

n
Srln*1 - Z (Ai ' Z /11'1/1]'2 o .Ajml) .

i=1 J1<<Jm—1, JiFl

Each term in

Z AllAlz' im>

1< <Im
for instance A;2; - - - A, appears exaclty m times in S}, which gives S}, | = m(-1)"opn.
Finally, we obtain
Z Om ;T = —Tr(A™) — mopn,
which proves the equation (@). O
The characteristic and minimal polynomial share the same roots, so if A,..., A, are

distinct eigenavlues, then wa(x) = (x — A1) (x — A2)% - -- (X — A)%, where a; for 1 <j < k
are the (algebraic) multiplicities of the eigenvalues. The minimal polynomial must be of
the form g1, (x) = (x—A1)P1(x—23)P2 - .- (x—A,)Px, where its multiplicities satisfy 1 < §; < ;.
Considering Theorem and Theorem , we observe that f; is the largest order of a
(standard) Jordan block withing the subspace Vi

A.4 Self-adjoint endomorphisms

This section is a natural continuation of the previous one, where we studied the eigen-
structure of endomorphisms. If we introduce a scalar product that interacts well with en-
domorphism, we can fine-tune aspects related to the eigenstructure and achieve certain
advantages. As a reference, we recommend Malcev 8 [85].

It is customary to consider a self-adjoint endomorphism of a scalar product space, but
it is also useful to have an appropriate extension for a complex vector space.

Let V be a finite-dimensional vector space over the field C. A complex scalar product
gon Visusually anondegenerate symmetric bilinear form g: V xV — C, which generalises
the scalar product. A complex scalar product space is a complex vector space equipped
with a complex scalar product.

A sesquilinear form on V is a function g: V x V — C that is C-linear in the first
argument and conjugate-linear in the second argument, i.e., such that g(aX + pY,Z) =
ag(X,Z)+ Bg(Y,Z) and g(X,aY + BZ) = ag(X,Y) + Bg(X,Z) hold for all X,Y ¢ Vand a, B € C.
An Hermitian form on V is a sesquilinear form g on V such that for all X, Y € V, we have
g2(Y.X) = g(X,Y). An Hermitian scalar product is a nondegenerate Hermitian form,
while an Hermitian scalar product space is a complex vector space equipped with an
Hermitian scalar product.

9Anatoly Ivanovich Malcev, Russian mathematician
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Example A.4. An Hermitian scalar product space that is positive definite is called a unit-
ary space. A standard example of a unitary space is C" with an Hermitian form g defined
by

g((X17 s 7Xn)7 (Yla ERE Yn)) = X1?1 +X2?2 + - +Xn?n7

forallXy,.... X, Yq,..., Y, e C. A

Following the real case, the quadratic form associated with g is a function €: Vv — C
defined by ex = g(X,X). The sesquilinear form g is certainly R-bilinear, and for X,Y € V,
we have the polarisation identities

48(X,Y) = exyy — ex—v +lexiy — lex iy, 28(X.Y) = (1 +iex+ (1 +1)ey — ex—y — lex iy
For the Hermitian form g, for every X,Y € V and a, B € C, the following equality holds:
g(aX + BY.aX + BY) = |aex + 2R(aPg(X. Y)) + |Bl ey,

which implies that ex € R for every X € V.

Let (V, g) be a (real) scalar product space. The complexification yields the complex vec-
tor space V¢, and we can perform complexification of the scalar product g in two natural
ways. For any X, Y, Z, W € V, the formulas

g(C(X+ iY,Z + lVV) = (g(XaZ) _g(Ya VV)) + l(g(Y>Z) +g(X’ M)>
gg(X+ Y, Z + lVV) = (g(XaZ) +g(Ya VV)) + l(g(Y>Z) _g(X’ M)>

define the complex scalar product gc: Ve x Ve — C and the Hermitian scalar product
g8: Ve x Ve — C. If for every Z € V we have gc(X +iY,Z) = 0 or g(X +iY,Z) = 0,
then we obtain g(X,Z) = 0 and g(Y,Z) = 0, so X + iY = 0, proving that both forms are
nondegenerate. Moreover, in a Hermitian scalar product space, Sylvester’s law of inertia
holds, and the Hermitian extension preserves the signature of the original space. In any
case (V,g) induces both a complex scalar product space (Vc, gc) and an Hermitian scalar
product space (V¢, gH).

If A is a self-adjoint endomorphism of V, then in the complex scalar product space
(Vc, 8c) we have

ge(Ac(X +1Y), Z + W) = (8(AX, Z) — g(AY, W)) + i(8(AY, Z) + g(AX, W))
= (8(X,AZ) — g(Y,AW)) + i(g(Y,AZ) + g(X,AW)) = gc(X + iY, Ac(Z + IW)),

while in the Hermitian scalar product space (Vc, gf) we have

8E(Ac(X +1Y),Z +1W) = (§(AX. Z) + 8(AY, W)) + i(g(AY. Z) — g(AX, W)
= (8(X,AZ) + g(Y.AW)) + i(8(Y,AZ) — §(X. AW)) = g¢ (X + 1Y, Ac(Z +1W)),

which means that the complexification A¢ € End(V¢) is also self-adjoint in both cases.

It is important to note that if A is a self-adjoint endomorphism of a complex scalar
product space, then A — A1 for A € C, as well as p(A) where p(x) € C[x] is an arbitrary poly-
nomial, are also self-adjoint. However, this does not hold in the Hermitian scalar product
space, where we have g((A — 11)X,Y) = g(AX,Y) — 2g(X,Y) = g(X, (A — A1)Y).

From the proof of Theorem , we know that the generalised eigenspaces have a
trivial intersection and thus form a direct sum. In the case where A is a self-adjoint endo-
morphism, this direct sum is orthogonal.

Lemma A.18. The generalised eigenspaces of a self-adjoint endomorphism of a real or com-
plex scalar product space are orthogonal to each other.
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Proof. LetA € End(V), and letX € V, and Y € V, be arbitrary for A # u. By Lemma , the
restriction of A, is an automorphism of V,, so there exists Z € V;, such that (4,)"Z =Y. Since
A is self-adjoint, (A;)" is also self-adjoint, so we have g(X, Y) = g(X, (A)"Z) = g((A)"X, Z) =
0, which proves that V, L V. O

Lemma A.19. The generalised eigenspaces of a self-adjoint endomorphism of an Hermitian
scalar product space corresponding to non-conjugate eigenvalues are orthogonal to each
other. In particular, the generalised eigenspace corresponding to eigenvalues that are not
real are totally isotropic.

Proof. Similarly to the proof of Lemma , for A # u, there exists Z € V), such that
(A;)"Z =Y. Since A is self-adjoint, we get g(X,Y) = g(X, (A7)"Z) = g((Ax)"X,Z) = 0. O

Additional advantages arise if the (real) scalar product is (positively) definite, as in this
case all eigenvalues are real.

Lemma A.20. The eigenvalues of a self-adjoint endomorphism of a definite scalar product
space are real.

Proof. Let A = a +if € C be a complex eigenvalue of a self-adjoint endomorphism A on a
definite scalar product space (V, g). Then there exists a nonzero Z = X + iY € V¢ such that
AcZ = AZ, which gives AX = aX — fY and AY = BX + aY. Since A is self-adjoint, we have
glaX — pY.Y) = g(X, BX + aY), which leads to B(ex + €y) = 0. As V is definite, ex + €y # 0,
thus we conclude g = 0, which gives A € R. O

For 0 # X € V there exists r € N such that (A;)"X # 0, from which the definite scalar
product gives g((4;)¥X,X) = g((A,)"X, (A;)"X) # 0, but (4,)*"X = 0 for 2r > r, which im-
pliesr = 0, and thus A;X = 0 so V, = &,. By Lemma , the characteristic polynomial w,
is split, and by Theorem , V decomposes into a direct sum of eigenspaces V,, which,
due to Lemma A.18, is orthogonal. Thus, A is diagonalisable and admits a spectral decom-
position V = O, &,, which is the statement we call the spectral theorem.

Lemma A.21. A self-adjoint endomorphism A on a definite scalar product space V is diag-
onalisable and satisfies V = (5, Ker(A — A1).

Spectral decomposition is not always possible when g is indefinite, primarily because
w4 may not be split. The characteristic polynomial of A¢ is split, and from Theorem
and Lemma , we obtain Ve = @, (Vc),, which subsequently allows the decomposition
V = D) 50 Va- Since the direct sum is orthogonal, the generalised eigenspaces V, are
nondegenerate.

Lemma A.22. The generalised eigenspaces of a self-adjoint endomorphism of a scalar
product space are nondegenerate, and the space is equal to their orthogonal sum.

The generalised eigenspace V, for A € End(V) is, by Lemma , decomposed into a
direct sum of A-cyclic subspaces. Consider Cy = Span Ui;}) {BKY}, where B = (A — A1) [V,
and s = r(Y) (B~ 1Y is an eigenvector).

In the presence of a real or complex scalar product g, we can construct a sequence of

scalars ag, aq,...,as_1 € F by recursively defining ay = 1 and
1 s—2—-m min(s—1-m—j,s—2—m)
j+k
As_1-m = 9 Z Z ajakg(Bm+]+ YY)
j=0 k=0
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fors — 2 > m > 0, in order to introduce Z = Ef;(} a]-Bf Y € Cy and obtain

j=0 k=0 j=0 k=0

s—1-m s—-1-m—j

=¥ > ajmgB™ITFYY) = 0.

j=0 k=0

s—1 s—1 s—1s-1
gB"Z.7)=g (Bm > aBY,> akBkY) => Y ajaxg(B™IY, B*Y)

The sequence of vectors E; = BSJZfor1 <j < sformsabasise = (Eq,...,Es)forCy = Cz.
With respect to this basis, the endomorphism has a Jordan matrix [Afc Je = Js(A), while
the Gram matrix is [g[.,Je = VNs, where v = g(Bs~1Z,7) and

00 --- 001
00 --- 010
00 --- 100
Ns: . . . . . . E]sts- (AG)
01 .- 00O
10 .- 000

If v = 0, we cannot do much, as Cy is a totally isotropic subspace. However, if v # 0,
in the construction, we can replace the vector Z with the vector uZ for any 0 # u € F,
so we obtain g(BS~'uZ, uz) = u?g(Bs~1Z,Z), which allows us, in the case F = R to choose
u = 1//|g(Bs~1Z,Z)| and thus normalise v = +1, while in the case F = C, the choice
U= (gBs 12 7)1/? givesv = 1.

From the existing basis, we can construct a new basis with

G] = E] + sgn(2] —S— 1)Es+1—j’
for 1 <j <s, from which we obtain

8(G;,Gy) =g (Ej+sgn(2j —s —1)Es;q1_j, Ex +sgn(2k —s — 1)Es 4 )
= v57+1_k +vsgn(2k — s — 1), + vsgn(2j — s — 1)8,

N

+vsgn((2j —s—1)(2k—s—1))&,_,

— 208, sgn(2j —s — 1) + véiﬂ_k (1 —sgn(2j — s — 1)2)
= v6’,'( (2 sgn(2j—s—1)+ 6311) )
which gives
2véji for 2j > s+ 1
g(G], Gk) = V6jk for 2j=s+1
—2v8j for 2j < s +1

and proves that our basis is orthogonal.

The main idea is to decompose each V, into an orthogonal sum of nondegenerate
subspaces of the form Cy. If we choose an arbitrary definite vector D € V,, we have
X = fiD) € &, and since Cy > D is not totally isotropic, it follows v # 0. Now, the or-
thogonal basis we had can easily be transformed into an orthonormal one, and Cy is a
nondegenerate subspace of index s/2 for even s, or (s — sgnv)/2 for odd s. This procedure
can be continued on the nondegenerate subspace V; N (Cy)+, and thus in dim &, steps, we
decompose the entire V.
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Theorem A.23. If A is a self-adjoint endomorphism of a complex scalar product space V),
then V decomposes into an orthogonal sum of nondegenerate A-cyclic subspaces, and there
exists a basis for V in which the matrix of A is block-diagonal with Jordan blocks, and the
Gram matrix is block-diagonal with blocks of the form (A.6).

It remains to consider V, for a complex eigenvalue A in the case F = R. In the
proof of Theorem , we decomposed V, into a direct sum of subspaces of the form
Cz ®Cz < (Ve)a @ (Vc)z- We had a canonical basis (Ey, ..., Es, F1,...,Fs) in which the en-
domorphism has a block-diagonal matrix with J5(A) and Js(A) on the diagonal. The new
basis (G1,Hy, ..., Gs, Hs), where G; = R(E;) and H; = S3(E)), led us to the matrix Js(a, B),
where A = a + if, and it remains to determine how the Gram matrix looks in this basis.

If we extend g to the complex scalar product g¢, by Lemma we have gc(Ej, Fy) = 0,

while gc (Fj, Fx) = gc(Ej, Ex) = gc(Ej, Ex). Now, we can compute:

8(Gj, Gx) = 8c(R(E)), R(Ex)) = 5 R(&e (B, Ex)),
8(Gj, Hy) = 8c(R(E)), S(Ex)) = 0,

g(H) Hy) = 8c(S(E), S(Ey) = 5 R(Ee(E; E)),

and since gc(Ej, Ex) = 6’8 L1V if v # 0, by appropriately choosing the vector uZ instead of
Z, we can normalise v = 2 to obtain g(G;, Gx) = 1 and g(H;, Hy) = —1 only forj + k = s + 1,
while the other components are zero, Thus, we arrive at a basis in which the endomorph-

ism has the matrix Js(a, B), while the Gram matrix takes the form

00 -0 0 1 0
00 -0 0 0 —1

0 0 1 0 0 0

0 0 0 -1 0 0 |¢pzsxes (A7)
10 -0 0 0 O

0 -1 -0 0 0 0

which has index s and means the neutral signature.

As in the case A € R, we choose an arbitrary definite vector D € (V¢);, to ensure that
Cy > D is not totally isotropic (although by Lemma , in the Hermitian case (V¢); is
totally isotropic, but our case is complex), and by exhaustion, we decompose the entire V,
as before.

Theorem A.24. If A is a self-adjoint endomorphism of a real scalar product space V, then
V decomposes into an orthogonal sum of nondegenerate subspaces, and there exists a basis
for V in which the matrix of A is block-diagonal with (standard or real) Jordan matrices, and
the Gram matrix is block-diagonal with blocks of the form (@) and (A.7).

A.5 Perturbation theory

Understanding how the spectral decomposition of an endomorphism of a scalar product
space depends on parameters is a natural and significant problem. It is well-known that
the nroots of areal or complex polynomial of degree n depend continuously on the polyno-
mial’s coefficients. Consequently, the eigenvalues of an endomorphism vary continuously
with the entries of its matrix. It is important to emphasise that we consider the roots as an
unordered n-tuple of scalars. Since there is no canonical way to order the roots, it is not
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always possible to label the eigenvalues so that they individually form continuous func-
tions.

However, we are primarily interested in the question of the smoothness or analyticity of
the eigenstructure. The history of perturbation theory began in 1937 with Rellich® and his
first article in a series [108], which ultimately led to his book [109]. The theory culminates
in the classic monograph by Katold [74]. For a modern perspective, we recommend the
survey by Parusinski®4 and Rainer®2 [103].

Let Po(X) = X* + ;X1 + ... + a, denote a monic polynomial of degree n with real
coefficients A = (aq,...,an) € R". A monic polynomial P, is called hyperbolic if all its
roots Ay, ..., A, (counted with multiplicities) are real.

For an open interval I C R containing 0, we consider a one-parameter family of hy-
perbolic monic polynomials P, of degree n for t € I, where A = (ay,...,an): I — R is
analytic. Applying the Tschirnhaus transformation

a n n—j n—j v (a1 n—j—k n X
Pp(x) =P, (x—n):Za]-Z< ) )x <n) :kz_%bnkx,

j=0 k=0
we obtain B = (by,...,bn): I — R", where ap = 1 and
n—k . n—j—k
n—-j\ /-1 ik
=S (") ()
j=0

for 0 < k < n. Thus, we obtain a family of polynomials Pg() that remain monic (by = 1)
and have the coefficient of X~ equal to zero (b; = 0). Such a polynomial P is said to be
in Tschirnhaus form. Its roots are y; = A; + a;/n for 1 <j < n, so Py is also hyperbolic,
and B: I — R" remains analytic.

Since Y yjz = Y ikMilk — 22 kil = (—b1)* — 2b,, the condition b; = 0 implies
—2by = p? +--- + p?, and consequently b, < 0. The case b, = 0 is straightforward, since
then y; = 0 for 1 < j < n, which implies that the original roots A; = —a;/n are analytic.
Otherwise, we may shrink the interval so that —b,(t) = t*™u(t), where u(0) > 0 for some
m € Ny (note thatif b,(0) #0thenm =0)and te I', with0O e I' C I.

Since the parameter space is one-dimensional, we can always choose 0(t) = £t™u'/2(t)
as one of the two analytic square roots of —b,(t), and define

n
Pc(X) = 07 "Pg(0x) = X" — x"2 + 3" 0 bjx" .
j=3

In this way, we obtain an analytic function C = (¢y,...,¢n): I' — R" such that ¢; = 0 and
c; = —1. Hence, {1 + -+ &, = 0andE§+---+Ef, = 2, where ¢; = 9’1yjfor1 <j<n
are the roots of Pc. This allows us to factor Pcy = PpPg, where Pp and Pr are monic real
polynomials of positive degree with no common root.

Consider the map y: RP x RY — RP*4 defined by y(Y,Z) = W, where Py, = PyP; holds.
In other words, for Y = (y1,...,yp) and Z = (21, ..., 2q), we obtain W = (wy, ..., Wp4) such
that wy, = Z]k:o Yk—jZj forall1 < k < p + q, where yg = z5 = 1. The Jacobian matrix of this
polynomial map o is exactly the Sylvester matrix associated with Py and P,. Furthermore,

Franz Rellich (1906-1955), Austrian-German mathematician

"Tosio Kato (1917-1999), Japanese mathematician

12 Adam Parusinski, Polish mathematician

3 Armin Rainer, Austrian mathematician

“Ehrenfried Walther von Tschirnhaus (1651-1708), German mathematician, physicist, and philosopher
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the resultant of Py and Py is, up to sign, equal to the determinant of the Sylvester matrix.
Hence, Py and P; have no common (complex) roots if and only if ¢ is invertible.

Since Pp and Pr have no common roots, ¥ is invertible at (D, E), and by the Inverse
function theorem (Theorem ), itremains invertible in a neighbourhood of (D, E). Thus,
there exists a neighbourhood &/ C R" of C(0) = ¢(D,E) such that, for any W € U, the
corresponding polynomial splits uniquely as Py, = PyP;. Moreover, the inverse map )~ *
is analytic on ¢/, so the compositions 7y o ) "*: W — Yand ;0 *: W — Z are analytic as
well, with 74 0 »~1(C(0)) = D and 77, 0 %~ 1(C(0)) = E.

In this way, we obtain the identity Py Pz = Pcq) forallt € I”, where 0 ¢ I" C I' C 1,
and the maps Y: I” — RP, Z: I” — R? are analytic. Since p = degD < nand q = degE < n,
we may apply the induction hypothesis on deg A = nto obtain analytic functions 4;: I — R
for 1 <j < n, which parametrise the roots of Py

This local result may be regarded as a reformulation of Rellich’s theorem [108, Lemma
2] inspired by the approach developed in [103]. However, owing to the uniqueness of ana-
lytic continuation, we may, without loss of generality, assume that I C R is an arbitrary
open interval and that I” = I. Consequently, we obtain the following global version of the
theorem.

Theorem A.25. Let Py (X) = X"+ a1 ()X "1 + .-+ ay(t) for t € 1 be a one-parameter family
of hyperbolic monic polynomials of degree n with real analytic coefficients a;: I — R for
1 <j < n, wherel C R is an open interval. Then there exist analytic functions A;: I — R for
1 <j < nsuchthat Py (x) = [[}2y (x = (1)) forall t € L.

Let I C R be an open interval containing 0, and consider a one-parameter family of
endomorphisms A(t) on a vector space V of dimension n € N. Fix a basis (E1,...,Ep) of V.
The matrix entries of A(t) in this basis are given by A(t)(E;) = >, Ayj(t)Ex for 1 <j, k <n,
and we assume that all functions Aj.: I — R are analytic. It is important to note that the
analyticity of the matrix entries Ajy is preserved under a change of basis, provided that the
transition matrix depends analytically on ¢.

If the characteristic polynomial of A(t) is hyperbolic for all ¢ € I, then we may apply
Theorem . This yields analytic eigenvalues A;: I — R for 1 < j < n, such that

n
det(x1 -A(t)) = [J(x — A,(t))
j=1
holds for all t € I.

Let V(t) = > ;v;(t)E; be an eigenvector corresponding to an eigenvalue A(t). Denote
M(t) = A(t) — i(t)]l. Then the eigenvalue equation M(t)V(t) = 0 yields the system
> k1 Mjk(t)vi(t) = 0 for 1 < j < n, where M, (t) = Aj(t) — A(t)Sj, are analytic functions.

If M(0) # 0, then, since detM(0) = 0, there exists r € N such that all minors of order
r+ 1 vanish, while there is a minor of order r = |A| = |B| for which det((Mjx(0));c 4 ke # O.
Let Nj(t) denote the cofactor of Mj(t) in the (r+1) x (r+ 1) matrix (Mj(t))jc 4’ kep’» Where
A" = AU {a} and B = B {b}. Define vy (t) = Ng(t) for k € B’ and v(t) = 0 for k ¢ B/, so
that the vector V(t) = >, vi(t)Ey satisfies

Mp,q,(t) Mp,q,(t) -+ Mp,q(t) Mpp(t)

n Mpqu (t) Mszz (t) e Mpz‘]r(t) Mpzb(t)
> My (t)vr(t) = > Mj(t)Nek(t) = : : : : |=0,

k=1 ke Mp.q, () Mp,q,(t) -+ Mp,q,(t) Mpp(t)

Maq1 (t) Maqz(t) T Maqr(t) Mab(t)

forall 1 <j <n,where A= {p4,...,pr} and B = {qy, ..., qr}. By continuity, we may shrink
the interval so that

D(t) = det(((Mji(t))jeakes) # 0,
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forallt € I', where 0 € I' C I. Hence, vy (t) = Ng,(t) = D(t) # 0, so V(t) is an eigenvector of
A(t) corresponding to the eigenvalue A(t) for allt € I'.

If M(0) = 0, then the case M(t) = 0 for all ¢t € I'is trivial. Otherwise, since all functions
Mj: I — R are analytic and satisfy Mj;(0) = 0, there exists m € N such that M(t) = t"M°(t),
where M°(0) # 0. In this case, we may solve the system > j_; J\/[Jf’k(t)vk(t) = 0 as before and
construct the eigenvector V(t).

Suppose that A(0)X = pX holds for some nonzero vector X € V and ¢ € R. There
exists a basis (Ej,...,Ey) of V in which the matrix of A(0) is block-diagonal with Jordan
matrices on the diagonal such that E; = X (see Theorem ). Using A(0) = u, there
exist indices 1 < a,b < n such that M4 (0) = 0 and My;,(0) = O hold forall1 < k < n
(with b = 1, of course), and therefore a ¢ A and b ¢ B. Applying the previous results we
obtain the eigenvector V(t) = >, vi(t)Ey for A(t), where vy (0) = 0 for all k # b = 1, which
gives V(0) = v1(0)E;, and therefore W(t) = V(t)/D(t) generates an analytic eigenvector
corresponding to A(t) such that W(0) = X and A(0) = u. As before, the uniqueness of
analytic continuation ensures that the construction extends from the local interval I' C I
to the entire interval I.

Theorem A.26. Let A(t), for t € I, be a one-parameter family of endomorphisms on a finite-
dimensional vector space V with a hyperbolic characteristic polynomial, such that the entries
of the corresponding matrices are real analytic functions on an open interval I C R contain-
ing 0. If A(0)X = uX holds for some nonzero vector X € V and u € R, then there exist an
analytic function A: I — R and an analytic map V: I — V \ {0} such that A(t)V(t) = A(t)V(t)
holds for t € I, where V(0) = X and A(0) = p.

If we have a scalar product space (V, g), then it is natural to assume that all A(t) are self-
adjoint. We also assume that each A(t) is diagonalisable (with hyperbolic characteristic
polynomial). This condition is geometrically natural and automatically satisfied when V is
definite (see Lemma and Lemma ).

Let u be an eigenvalue of A(0) with multiplicity r, and let (Fy,...,F;) be an orthonor-
mal basis of the eigenspace Ker(A(0) — u1). Theorem immediately yields an analytic
eigenvalue A: I — R with A(0) = u. We proceed by induction on r to show that there exist
orthonormal analytic maps V;: I — V such that AV; = AV; for all 1 <i < r with V;(0) = F;.

Theorem yields an analytic map V: I — V such that AV = AV with V(0) = Fj.
Furthermore, possibly after shrinking the interval, the map V can be normalised to obtain
a unit analytic map V; = V/||V]|. As before, this local construction in a neighbourhood of
any t € I, implies a global statement on the open interval I, yielding V3 : I — V via analytic
continuation. In this way, we resolve the case r = 1.

For r > 1, we define the endomorphism P(t): V — V, called the projection operator,
by P(t)U = g(Vy(t),U)Vy(t). The matrix entries of P(t) with respect to a fixed orthonormal
basis (E1,...,Ep) are given by pji(t) = &,v;(t)vi(t), where Vi (t) = >i_; v;(t)E;. Hence, P(t)
is self-adjoint and analytic, so we consider the new family of self-adjoint endomorphisms
defined by B(t) = A(t) — P(t). It is easy to see that B(t) and A(t) share the same eigenvalues
and eigenvectors on Vi (t)*, while V; (t) now corresponds to the eigenvalue A(t) —f,. Thus,
the multiplicity for the eigenvalue y for B(0) becomes r — 1 and we apply the induction
hypothesis to construct orthonormal maps V;: I — V such that AV; = AV;for 2 < i <,
with V;(0) = F;. Since Vi(t) L Vi(t) for all i > 1, this construction yields the desired r
orthonormal analytic eigenvector maps V; associated with the eigenvalue A.

Applying the same argument to each eigenvalue of A(0) recovers the classical result of
Rellich: the eigenvalues and corresponding eigenvectors of A(t) can be chosen to depend
analytically on t. This was originally proved locally in a neighbourhood of 0 (see [108,
Proposition 1], [109, Theorem 1], [103]).

Theorem A.27. Let A(t), for t € I, be a one-parameter family of diagonalisable self-adjoint
endomorphisms on a scalar product space V of dimension n, such that the entries of the
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corresponding matrices are real analytic functions on an open interval I C R. Then, there
exist analytic functions A;: I — R and analytic maps V;: 1 — V, for 1 < j < n, such that
(Vi(t), ..., Va()) is an orthonormal basis of V for each t € I, and A(t)Vj(t) = A;(t) Vj(¢).

If the entries of the corresponding matrices are not analytic, but merely smooth, the ei-
genvectors may fail to admit even a continuous choice, as shown in the following example
from [108].

Example A.5. Consider the one-parameter family of self-adjoint endomorphisms defined
by the matrices
1 (cosi sini >

— 0 2

Al)=e (sin} —cosi

for t # 0 and set A(0) = 0. This family is smooth for all ¢t € R, including t = 0, but is not
analytic at t = 0 (see Example @). Since TrA(t) = 0 and detA(t) = —e~%/ ¢ the eigenval-
ues of A(t) are A(t) = +e~1/t, For example, the vector V(t) = (cos(1/2t),sin(1/2t)) is an
eigenvector corresponding to A(t) = e~/ . However, this eigenvector cannot be extended

to a non-vanishing continuous map at t = 0, since the map ¢ — V(t) oscillates wildly and
has no limit as ¢t — 0. A

However, both Theorem and Theorem do not extend to the multi-parameter
case, as demonstrated by the following example from [108].

Example A.6. Consider the two-parameter family of self-adjoint endomorphisms defined
by the matrices

(142t t+s
A(t’s)<t+s 1+23>

for t,s € R. The eigenvalues of A(t,s) are given by A(t,s) = 1 + t + s + /2(t% + s2), which
are not analytic in any neighbourhood of the origin. A

Some multi-parameter versions have been proposed by Kurdyka@ and Paunesculd [78],
but for our purposes, it is sufficient to consider only simpler cases. When dealing with
multi-parameter families of self-adjoint endomorphisms, analytic dependence of eigen-
values and eigenvectors is generally lost, as demonstrated in ExampleI@

If we consider a multi-parameter family of hyperbolic monic polynomials P47 of de-
gree n,where T € U C R™is an open set with m > 1, then the proof of Theorem |A.25 cannot
be directly extended, as we are no longer able to choose an analytic square root of —b;(T).
For instance, taking A(t,s) = (0, —t* — s?) yields the family P4, (X) = x* — t* — s% whose
roots +v/t% + s% are not analytic at the origin.

However, if the eigenvalue multiplicities remain constant in a neighbourhood of a given
point, then partial regularity can be established. When the multiplicities do not change as T
varies, there is no eigenvalue crossing, and the polynomial Pgr) in Tschirnhaus form splits
simultaneously. Since b,(T) = 0 corresponds to a single eigenvalue of maximal multiplicity,
the condition b,(0) = 0 implies b, = 0, which is the trivial case. The remaining case is
—b, > 0, in which the square roots of —b, can be defined analytically provided that the
domain U is simply connected, thereby ensuring that analytic branches of the eigenvalue
functions are globally well-defined on U.

Theorem A.28. Let Py (X) = X" + a1(T)x" ! + - + an(T) for T € U be a multi-parameter
family of hyperbolic monic polynomials of degree n with real analytic coefficients a;: U — R
for1 <j < n,where U C R™ is a simply connected open set and m > 1. If the multiplicities
of the roots remain constant throughout U, then there exist analytic functions A;: U — R for
1 <j < nsuch that Pyr)(x) = [TZ1(x = A(T)) for all T € U.

5Krzysztof Kurdyka (1957), Polish mathematician
6L ,aurentiu Paunescu (1952), Romanian-Australian mathematician
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A.6 Analysis

In this section, we have some results from the real analysis that we need in the book.

Example A.7. Consider the function f: R — R defined by

1
e x ifx>0
f(x)_{o itx <0

For x < 0 it is obviously /Y (x) = 0. For x > 0 we can use the induction over n to prove that
the n-th derivative of the function fhas the form

£ () = Eno1 g (A.8)

in

where P,_1(x) is a polynomial of degree n—1. The induction basis n = 1 gives f (x) = f(x)/x?,
which is realised for Py(x) = 1. The induction step follows from

f(n-i-l)(x) _ (P;‘Ll(x) znPn—l (X) + Pn—l(X)>f<X)

in X2n+1 in+2

x*P! [ (X) — (2nx — 1)Pp_1(X) P,
= : 22 = flx :Xzafﬁ)f(x)’

where P,(x) is a polynomial of degree n given by Pp(x) = X2P}, ,(X) — (2nx — 1)Pp_1(X).
Although it is sufficient to say that P,(x) is a polynomial of degree not greater than n, it
is easy to see that the leading coefficient of P,(x) is obtained by multiplying the leading
coefficient of P,,_;(x) by —(n+ 1), and it is equal to (—1)"(n + 1)! # 0.

It remains to show that the right-hand derivative of fat x = 0 is zero. The exponential
dominates the powers of x > 0, for example for all m € Ny we have

and therefore

<=

lim & < (m+ 1)!limx = 0. (A.9)
x\0 XM X\0

Using (@) for m = 1, we see that

i JO=A0) . ex
N0 Xx-—0 xXN\0 X

and therefore f(0) = 0. Since (@) is established for x > 0, the limit (@) form =2n+1,
with the assumption that f(0) = 0, implies

n) _ fn
1imf( () = f™(0) —lim?
XN0 x—-0 N0 x2n+l

which by induction over n proves that f'V(0) = 0 for every n € N, and therefore fis smooth.

The functiOﬁf is not analytic (at zero), since f (0) = 0 holds for all n € Ny, and therefore
the Maclaurin®! series of f converges everywhere to the zero function, which cannot be
equal to f(x) for x > 0. In this way we obtain an example of smooth function that is not
analytic. A

17Colin Maclaurin (1698-1746), Scottish mathematician
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Lemma A.29 (Hadamard’s lemma). If U > a is an open convex neighbourhood in R", then
for f € F(U) there exist functions l; € §(U) for 1 < i < n such that for each x € U we have

f00) = fla) + Y~ (mi(x) — 7i(@)li(x),
i—1

where l;(a) = (9f/0m;)(a).

Proof. If we define h: [0,1] — R by h(t) = fla + t(x — a)), then since

o =3 L as - a)mo - mi@)
i=1 !

we have
1 . n 1 P
fx) — fla) = h(1) — h(0) = /0 H(0dt= (X ~ (@) /0 afT:(a L tx—a))dt,
where .
W00 = [ L@+ - e
so the function [; is smooth and [;(a) = (9f/9m;)(a) holds. O

If f: U — Vis a smooth function, where U C R™ and V C R" are open subsets of Eu-
clidean spaces, then the (total) derivative of fat p € U is the linear map f(p): R™ — R"
such that for v € R™ we have

d

FPNv) = & t_of(P +tv).

Theorem A.30 (Inverse function theorem). Let f: U — R" be a smooth function for an
open U C R™. Iff(p) is invertible for p € U, then there exists a neighbourhood V C U of p
such that f1y: V — f(V) is a diffeomorphism.

Proof. For example, see Lee [81, Theorem C.34]. O

A.7 Algebra

Let a set V has two binary operations + and x, and let 0 be the neutral element for +. The
Jacobi identity is the equality given by

XX (yxz)+yx(Zxx)+zx (xxy)=0, (A.10)

for all x,y,z € V. The standard cross product x x y satisfies the Jacobi identity, as well as
the commutator operation [x,y] = x x y —y x x. In a general case, we have the following
lemma.

Lemma A.31. In a submodule of an algebra over a ring that is closed to the commutator; the
Jacobi identity () holds for the commutator operation.

Proof. The Jacobi identity [x, [y, z]] + [y, [z,X]] + [z, [x,Y]] = 0 can be easily checked by com-
putation, since the direct substitution resulting twelve terms on the left hand side cancel
in pairs, Xyz — xzy — YzZX + ZyX + YZX — YXZ — ZXY + XZY + ZXy — ZyX — XyZ + yxz = 0. O
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It is interesting to consider a bilinear map f: R™ x R™ — R™ In general, the image
Im f C R™ is not a vector subspace. However, if it is, then the following inequalities apply,
as stated in the theorem given below due to Howard™ in 1980 [72] (see also [102] for a
simpler proof).

Theorem A.32. Iff: R™ x R™ — R" is bilinear and surjective, then n < 2m — 1. Additionally,
if fis skew-symmetric, thenn < 2m — 3.

A.8 Number theory

Lemma A.33 (Dirichlet’s approximation theorem). For every c € R and N € N, there
exist m,n € Ng with n < N such that |[nc — m| < 1/N.

Proof. Consider the numbers pc — |pc| € [0,1) for integers 0 < p < N. If we split the
interval [0,1) into N subintervals of equal lengths, according to the pigeonhole principle,
two of our numbers 0 < p < g < N must be in the same subinterval from where we obtain
l(qc — |qc]) — (pc — |pc])| < 1/N. Finally, we putn = q — p and m = |qc| — |pc]. O

18Ralph Elwood Howard (1950), American mathematician
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