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Ïðèìåð 1

Îäðåäèòè åêñòðåìíå âðåäíîñòè ôóíêöèjå f (x ,y) = 2−x2−2y2 óç
îãðàíè÷å»å g(x ,y) = x+ y −1= 0

L(x ,y ,λ ) = f (x ,y)−λg(x ,y) = 2−x2−2y2−λ (x+ y −1)

ðåøå»å ïðåêî ãðàäèjåíòà Ëàãðàíæèjàíà
∇L(x ,y ,λ ) = ∇f (x ,y)−λ∇g(x ,y) = 0

∂L(x ,y ,λ )

∂x
=−2x−λ = 0

∂L(x ,y ,λ )

∂y
=−4y −λ = 0

∂L(x ,y ,λ )

∂λ
= x+ y −1= 0

Ðåøå»å: x = 2

3
,y = 1

3
,λ = −4

3
, f = 4

3
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Ïðèìåð 2

Îäðåäèòè åêñòðåìíå âðåäíîñòè ôóíêöèjå f (x ,y) = x+2y óç
îãðàíè÷å»å g(x ,y) = x2+ y2−4= 0

L(x ,y ,λ ) = f (x ,y)−λg(x ,y) = x+2y −λ (x2+ y2−4)

ðåøå»å ïðåêî ãðàäèjåíòà Ëàãðàíæèjàíà
∇L(x ,y ,λ ) = ∇f (x ,y)−λ∇g(x ,y) = 0

∂L(x ,y ,λ )

∂x
= 1−2λx = 0

∂L(x ,y ,λ )

∂y
= 2−2λy = 0

∂L(x ,y ,λ )

∂λ
=−(x2+ y2−4) = 0

Ðåøå»å: x =± 2√
5
,y =± 4√

5
,λ =±

√
5

4
, fmin =

−10√
5
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Ïðèìåð 3
Îäðåäèòè åêñòðåìíå âðåäíîñòè ôóíêöèjå f (x ,y) = x2+ y2 óç
îãðàíè÷å»à g1(x ,y) = x+1= 0,g2(x ,y) = y +1= 0

L(x ,y ,λ ) = f (x ,y)−λ1g1(x ,y)−λ2g2(x ,y) =
x2+ y2−λ1(x+1)−λ2(y +1)

ðåøå»å ïðåêî ãðàäèjåíòà Ëàãðàíæèjàíà
∇L(x ,y ,λ ) = ∇f (x ,y)−λ1∇g1(x ,y)−λ2∇g2(x ,y) = 0

∂L(x ,y ,λ )

∂x
= 2x−λ1 = 0

∂L(x ,y ,λ )

∂λ1

= x+1= 0

∂L(x ,y ,λ )

∂y
= 2y −λ2 = 0

∂L(x ,y ,λ )

∂λ2

= y +1= 0

Ðåøå»å: x =−1,y =−1,λ1 =−2,λ2 =−2, fmin = 2
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Ïðèìåð 4

Îäðåäèòè åêñòðåìíå âðåäíîñòè ôóíêöèjå f (x ,y) = x3+ y2 óç
îãðàíè÷å»à g1(x ,y) = x2−1≥ 0

L(x ,y ,λ ) = f (x ,y)−λg(x ,y) = x3+ y2−λ (x2+1)

ðåøå»å ïðåêî ãðàäèjåíòà Ëàãðàíæèjàíà
∇L(x ,y ,λ ) = ∇f (x ,y)−λ∇g(x ,y) = 0

∂L(x ,y ,λ )

∂x
= 3x2−2λx = 0

∂L(x ,y ,λ )

∂y
= 2y = 0

∂L(x ,y ,λ )

∂λ
= x2−1= 0

Ïîøòî ñå ðàäè ñà íåjåäíà÷èíàìà, λ ≥ 0

Ðåøå»å: y = 0,x =±1,y =−1,λ =± 3

2
. Êàêî

λ ≥ 0=⇒ x = 1,y = 0, f (x ,y) = 1
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Ïðèìåð 5

Îäðåäèòè åêñòðåìíå âðåäíîñòè ôóíêöèjå f (x ,y) = x3+ y3 óç
îãðàíè÷å»à g1(x ,y) = x2−1≥ 0,g2(x ,y) = y2−1≥ 0,

L(x ,y ,λ ) = f (x ,y)−λ1g1(x ,y)−λ2g2(x ,y) =
x3+ y3−λ1(x

2−1)−λ2(y
2−1)

ðåøå»å ïðåêî ãðàäèjåíòà Ëàãðàíæèjàíà
∇L(x ,y ,λ ) = ∇f (x ,y)−λ1∇g1(x ,y)−λ2∇g2(x ,y) = 0

∂L(x ,y ,λ )

∂x
= 3x2−2λ1x = 0

∂L(x ,y ,λ )

∂y
= 3y2−2λ2y = 0

∂L(x ,y ,λ )

∂λ1

= x2−1= 0

∂L(x ,y ,λ )

∂λ2

= y2−1= 0
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Ïðèìåð 5 (íàñòàâàê)

Äîäàòíè óñëîâ jå λ1 ≥ 0,λ2 ≥ 0. Ðåøå»å jå

λ1 = 0∨λ2 = 0 íèjå ìîãó£å jåð òàäà x = 0∨y = 0 øòî íèjå òà÷íî çà
ïðåîñòàëå äâå jåäíà÷èíå

x =±1,y =±1,λ1 =±3

2

uslovλ1 ≥ 0=⇒ λ1 =±3

2
∧λ2 ≥ 0

=⇒ x = 1,y = 0, f (x ,y) = 2



Îäðå¢èâà»å Ëàãðàíæîâèõ ìíîæèëàöà Ëàãðàíæîâè ìíîæèîöè è ÑÂÌ

Ïðèìåð 6

Îäðåäèòè åêñòðåìíå âðåäíîñòè ôóíêöèjå f (x ,y) = (x−1)2+(y −3)2

óç îãðàíè÷å»à g1(x ,y) = 2−x−y ≥ 0,g2(x ,y) = y −x ≥ 0,

L(x ,y ,λ ) = f (x ,y)−λ1g1(x ,y)−λ2g2(x ,y) =
(x−1)2+(y −3)2−λ1(2−x−y)−λ2(y −x)

Ðåøå»å ïðåêî ãðàäèjåíòà Ëàãðàíæèjàíà
∇L(x ,y ,λ ) = ∇f (x ,y)−λ1∇g1(x ,y)−λ2∇g2(x ,y) = 0

Äîäàòíè óñëîâ jå λ1 ≥ 0,λ2 ≥ 0.
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Ïðèìåð 6 (íàñòàâàê)

∂L(x ,y ,λ )

∂x
= 2(x−1)+λ1+λ2 = 0

∂L(x ,y ,λ )

∂y
= 2(y −3)+λ1−λ2 = 0

∂L(x ,y ,λ )

∂λ1

= x+ y −2= 0

∂L(x ,y ,λ )

∂λ2

= x−y = 0

Ðåøå»å êîjå çàäîâî§àâà ñâå óñëîâå jå çà λ1 ̸= 0,λ2 = 0 jå

x = 0,y = 2,λ1 = 2,λ2 = 0, f (x ,y) = 2
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Ïðèìåð 1

Íåêà ñó ó äâîäèìåíçèîíîì ïðîñòîðó äàòå äâå òà÷êå x1 = (1,1) i
x2 = (2,2) êîjå ïðèïàäàjó ðàçëè÷èòèì êëàñàìà. Îäðåäèòè õèïåððàâàí
êîjà ðàçäâàjà òå äâå êëàñå.

Ïðåìà ôîðìóëè çà äóàëíè Ëàãðàíæîâ ïðîáëåì:

L(λ ) = λ1+λ2−
1

2
(λ1λ1y1y1x1 ·x1+λ1λ2y1y2x1 ·x2+

λ2λ1y2y1x2 ·x1+λ2λ2y2y2x2 ·x2)

Òà÷êå ó ðàçëè÷èòèì êëàñàìà =⇒ y1 = 1,y2 =−1

L(λ ) = λ1+λ2−
1

2
(λ 2

1
x1 ·x1−λ1λ2x1 ·x2−

λ2λ1x2 ·x1+λ
2

2
x2 ·x2)

L(λ ) = λ1+λ2+λ1λ2x1 ·x2− 1

2
λ 2

1
x1 ·x1− 1

2
λ 2

2
x2 ·x2
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Ïðèìåð 1 (íàñòàâàê)

L(λ ) = λ1+λ2+λ1λ2x1 ·x2− 1

2
λ 2

1
x1 ·x1− 1

2
λ 2

2
x2 ·x2

Íà îñíîâó ÊÊÒ ìîðà äà áóäå èñïó»åíî λi ≥ 0, êàî è äà âàæè
îãðàíè÷å»å −∑

i
λiyi = 0 (ó îâîì ñëó÷àjó (λ1−λ2 = 0). È îâî

îãðàíè÷å»å ñå äîäàjå ó Ëàãðàíæèjàí:

L(λ ,γ) = λ1+λ2+λ1λ2x1 ·x2− 1

2
λ 2

1
x1 ·x1− 1

2
λ 2

2
x2 ·x2− γ(λ1−λ2)
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Ïðèìåð 1 (íàñòàâàê)

∂L(λ ,γ)

∂λ1

= 1+λ2x1 ·x2−λ1x1 ·x1− γ = 0

∂L(λ ,γ)

∂λ2

= 1+λ1x1 ·x2−λ2x2 ·x2+ γ = 0

∂L(λ ,γ)

∂γ
=−λ1+λ2 = 0

Êàêî jå λ1 = λ2,x1 ·x1 = 2,x1 ·x2 = 4,x2 ·x2 = 8, äîáèjà ñå ñèñòåì
jåäíà÷èíà

1+4λ1−2λ1− γ = 0

1+4λ1−8λ1+ γ = 0

Îäàêëå ñëåäè λ1 = λ2 = 1,γ = 3
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Ïðèìåð 1 (íàñòàâàê)

Èç îïøòå ôîðìóëå: w =
N

∑
i=1

λiyixi äîáèjà ñå

w1 = 1−2,w2 = 1−2,odnosno w = (−1,−1)

Êàêî ñó λi > 0, âàæè [w ·x1+b]−1= 0. Îäàòëå

b = 1−w ·x1 = 1− (−1,−1) · (1,1) = 1− (−1−1) = 3

Àíàëîãíî, èç [w ·x2+b]+1= 0 ñëåäè

b =−1+w ·x2 =−1+(−1,−1) · (2,2) =−1− (−2−2) = 3
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Îäðå¢èâà»å Ëàãðàíæîâèõ ìíîæèëàöà
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Îäðå¢èâà»å Ëàãðàíæîâèõ ìíîæèëàöà

Ïîìî£ó CPLEX ïðîãðàìà

float x[1..2][1..8]=[

[0.3858,0.4871,0.9218,0.7382,0.1763,0.4057,0.9355,0.2146],

[0.4687,0.6110,0.4103,0.8936,0.0579,0.3529,0.8132,0.0099]];

dvar float lambda[1..8];

int y[1..8] =[1,-1,-1,-1,1,1,-1,1];

maximize

sum (i in 1..8) lambda[i]

- (sum (i in 1..8) sum (j in 1..8) lambda[i] * lambda[j]

* y[i] * y[j] * (sum (k in 1..2) x[k][i] * x[k][j] ))/2;

subject to {

ct1: sum (i in 1..8) lambda[i] * y[i]==0;

lambda[1]>=0; lambda[2]>=0; lambda[3]>=0; lambda[4]>=0;

lambda[5]>=0; lambda[6]>=0; lambda[7]>=0; lambda[8]>=0;

}
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Îäðå¢èâà»å Ëàãðàíæîâèõ ìíîæèëàöà
Çà äîáèjåíå âðåäíîñòè λ=(65.55,65.55,0,0,0,0,0,0) èç îïøòå ôîðìóëå:

w =
N

∑
i=1

λiyixi äîáèjà ñå

w1 = 65.55×1×0.3858+65.55×−1×0.4871=−6.64

w2 = 65.55×1×0.4687+65.55×−1×0.6110=−9.32

Êàêî ñó λi > 0, âàæè [w ·x1+b]−1= 0. Îäàòëå

b1 = 1−w ·x1 = 1−< (−6.64,−9.32),(0.3858,0.4687)>=

1− ((−6.64×0.3858)+(−9.32)×0.4687)) = 1− (−2.5617−4.3682) = 7.9299

Àíàëîãíî, èç [w ·x2+b]+1= 0 ñëåäè

b2 = 1−w ·x1 = 1−< (−6.64,−9.32),(0.4871,0.6110)>=

−1− ((−6.64×0.4871)+(−9.32)×0.6110)) =−1− (−3.2343−5.6945) = 7.9288

Äîáèjåíà âðåäíîñò çà b jå b = avg
i

bi = 7.9293
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Îäðå¢èâà»å Ëàãðàíæîâèõ ìíîæèëàöà
Îäðåäèòè jåäíà÷èíó õèïåððàâíè êîjà ðàçäâàjà
ñëåäå£è ñêóï òà÷àêà

xi xi1 xi2 yi
x1 3.5 4.25 1
x2 4 3 1
x3 4 4. 1
x4 4.5 1.75 1
x5 4.9 4.5 1
x6 5 4 1
x7 5.5 2.5 1
x8 5.5 3.5 1
x9 0.5 1.5 -1
x10 1 2.5 -1
x11 1.25 9.5 -1
x12 1.5 1.5 -1
x13 2 2 -1
x14 2.5 0.75 -1

xi xi1 xi2 yi
x15 4 2 1
x16 2 3 1
x17 3 2 -1
x18 5 3 -1
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