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Ancrpakt

Anatu 3a ayromarcky BepuduKanujy codTBepa HOCTUIVIA Cy OIPOMAH HAIPEIAK U TO-
crajy cBe mnpe MpakTU4IHO yrorpeb/buBu. OHEIABHO ce NMPAKTUYHO pa3Marpa U jellaH
HOBU BHJ Bepudukaimje codTBepa — perpecuoHa pepudukanuja. Y PErpecuoHO] Bepu-
duKamju, CIMIHO KA0 Y PErPECHOHOM TeCTUpamy, (DYHKIIMOHAJHA UCIPABHOCT IIPOrpaMa
IIPOBEPABA Ce TAKO INTO Ce UCIUTYje EKBUBAJIEHTHOCT Ca IMPOTPAMOM 3a KOJjU Ce IPETIIOCTa-
BJba Ja je ucnpaBan. HapaBHo, perpecuona BepuduKaiiija, OH/Ia Kala je IpUMEH/bUBA, 1aje
MHOI'O IIOy3/IaHuje U JAyOJbe 3aKJbydKe HEro PErPDECHOHO TeCTHpame. ¥ OBOM DaJly OIHCa-
hemo yKpaTKo OCHOBHe I0jMOBe BepuduKaluje coprBepa U MOKA3ATH Ja BePUPUKAIN]CKH
cucrem LAV MozKe yCIIEIIHO Jia ce KOPUCTH 3a perpecuony Bepudukarujy. Morylhie npumerne
cy y pasBojy codrsepa (Kao aJTepHATUBA PEIPECUOHOM TECTHDAIbY) ajd U y 00pa3oBaiby,
3a ayTOMATCKY €BAJIYAIlA]y CTYIEHTCKUX IIPOrpaMa.

Kipyune peun: Bepudukamumja codpTBepa, perpecuona BepuduKalimja, CUMOOINIKO H3BPIIa-
Baibe, IPOBEPABAhe OIPAHNIECHUX MOJIE/a, ayTOMaTCKa eBaJIyallija CTYIEHTCKUX PaJoBa
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Abstract

Software verification tools have achieved enormous progress and are becoming practically
usable to a broad set of users. Over the last years, regression verification, a special sort of
software verification, is also practically considered. In regression verification, similarly as in
regression testing, functional correctness of a program is checked by analysing its equiva-
lence with the program which is assumed to be correct. Of course, regression verification,
when applicable, provides much more reliable and deeper conclusions than regression test-
ing. In this paper we briefly describe basic concepts of software verification and show that
the verification system LAV can be successfully used for regression verification. Possible
applications are in software development (as an alternative to regression testing), but also
in education, for automatic evaluation of students’ programs.
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1 VYBog

['pernike y codTBepy KOIITAjy CBETCKY €KOHOMU]Y MUJIHjapie Josapa Toauiime [27].
Heke codrBepcke Tperike MOry UMaTH W MaTepPHUjaHO HEMEPJ/bUBE MOCIETUIE KAo, Ha
npuMep, Tpemike y (hyHKIMOHUCamy codTBepa HyK/IeapHUX eJeKTpPaHa W T'PEIiKe y
dyukmonuncamy codrBepa ypehaja kKoju ce KopucTe y 37paBcTBY. 300r CBera TOTa,
UCIIUTUBAILE HUCIIPABHOCTU coTBEpa Tj. BepudukIimja copTBEpa jeJaH je oJ K/byIHUX
3ajlaTaka y pa3Bojy codrBepa.

[TocToje pazymuntu npuctynu BepuduKanmju copreepa, OJ JUHAMUYKAX IIPUCTYIIA
(ncimTHBaKA UCIIPABHOCTH COMTBEPA MPIJINKOM HErOBOT U3BpIaBarba, Hajuerhe myTeM
TecTUpama) J0 CTporo GOpMaTHUX MATEMATHIKUX MPUCTYIIA 3aCHOBHUX HA CTATHIKOM
HCHUTHBAIGY UCIPaBHOCTH codTBepa (6e3 m3BpiiaBama Komua). [Ipmimkom passoja cod-
TBepa, n300p W IMpUMeHa OjroBapajyher NnpucTyna UCIUTHBAILY HCIPABHOCTH COPTBEpa
3aBUCHU O] BeJIUKOT Opoja dakTopa, a Hajdelnrhe ce CBOJIU Ha TECTUPAIbe Kao Ha Hajje/IHO-
CTAaBHUJU W HAJIIPUCTYIIATHUjU METOJ] NCIIUTUBaba ncipaBHocTr. MehyTnMm, TecTupamem
ce He MOXKe YTBPJIUTH Jla Iperiaka y copTBepy HeMa, IITO 3HAYN Ja YaK U TeMeJHbHO Te-
cTupanu copTBEp U Jlajbe y cebu Moxke cajipxkatu dartaine rpemike. C Japyre crpaxe,
ynorpeba crporo opMaJHUX MaTEMATHIKUX METO/a y BepuduKaiyju omoryhasa Be-
JINKK OpOj MPETHOCTH 10 IHUTAIbY HOY3JaHOCTU cODTBEpa, aju YecTO 3axTeBa 3HAadajHe
dunaHCHjcKe U BpeMEHCKe Pecypce, KA0 M BUCOKOCTPYUIHE €KCIIepTe.

Jla 6u ce omoryhmia mmpoka npuMena (popMaHUX MATEMATUYKUX METOJA y WCIIH-
THBaky UCIPABHOCTU COMTBEPA, HEOIXO/IHO je M0jeJHOCTABUTH YIIOTPeOy U ayTOMaTU30-
BaTu mporiec (opmasiHe BepuduKamnmje. AyTomarmsaruja mporeca Bepudukaimje ody-
XBaTa MPEIU3HO MaTEMATUIKO MOJIEJIOBalheé OCHOBHUX I'DQ/INBHUX jeIMHUIIA ITPOrpaMa 1
TOKa KOHTPOJIE MporpaMa, ayTOMAaTCKO KOHCTpyHcame (hopMysIa Koje OAroBapajy ycio-
BHMa UCIIPABHOCTU IIpOrpama, Kao U ayTOMATCKO JIOKA3WBAIbEe CBOjCTABa KOHCTPYUCAHUX
dopmymma. Ayromaruzaiuja mnporeca BepudUKalmje cajap:Ku MHOIITBO U3a30Ba U IMPO-
OsieMa, KaKO TeOpUjCKe Tako W npakTudne npupoje. [Ipe cBera, 300r HeorydnBOCTH
pobJieMa 3ayCcTaB/barba, HE MOCTOjU OIIITH ayTOMATH30BAH HAYUH 3a MPOBEPABAILE 1A
JIA je HeKa Hapejda mporpaMa JIOCTUXKHA, T1a TUME HU Ja JIU je UCIpaBHA, OJHOCHO JIa JTU
je cam mporpaM mcrpaBaH. 10 3Ha4YM Jia HUje MOryhe HAIpPaBUTH IIPOrpaM Koju O moT-
IIyHO ayTOMATCKH, ¥ KOHATHOM BpeMeHy, Kopucrehn KoHadHe pecypce, MOTao Jjia yTBPIU
MCIPABHOCT MTPO3BOJHHOT IIPpOrpaMa MOTIIYHO MPEU3HO, Tj. 6e3 JaKHUX yIO30perha NN
MIPOITYIITEHNX TPENTaKa.

YIpKoC CBUM IpenpekaMa U TeOPHjCKUM OTrPaHUYerbuMa, TOKOM IOCJEIbUX TOINHA
HAIIPaBJbEH je OIPOMAaH IPOorpec y obJiacTu ayToMarcke Bepudukaiuje codTBepa U HOBU
BepuUKAINjCKU aJIaTU KOPUCTE Ce CBe delihe W cBe mmpe. Y TO 3HAYAjHE pecypce
yiaxy n Beiuke T komnanmje kao mro cy Majkpocodpr, UBM u Unten. V¥ rogunama
KOje Jloj1a3e, IpuMeHa BepuUKaIlijcKuxX ajaTta he OMTH CBe BUIIEe M BEPOBATHO he ux
pytuHcKu Kopuctutu Behnna mporpamepa. Bepudukanuja he ce npume-uBaTu y pasto-
BpcHUM hopmama, Ipe cBera y HajuenhuM — BepupUKAIUjU Y OJTHOCY Ha PACIIOJIOKUBY
crermuKaINjy U y OTKpHUBamy Oaropa, ajm y CHENUMUYHUM Kao IITO je perpecruoHa
BepudmKaIuja o kKojoj he 6uTn pedun y OBOM UIaHKY.



2 Mebhyje3unu, Teopuje u peraBadn y BepuuUKaIju

dopmasna BepuduKaIyja mporpamMa 9ecTo ce ocjama Ha Melyjesumke KOju OJaKiia-
Bajy aHaAJIM3Y UCIPABHOCTHU IIPOTrpaMa TpaHchopMUCakheM H3BOPHOT KOJia y oJiroBapajyhu
IorojlaH OOJIMK, Ka0 W Ha paJi peliaBada Koju yTBphyjy BasbaHOCT (hopMyJsia Koje ce re-
HEPUIITY MPUINKOM aHAJIN3e UCIPABHOCTH ITPOTPaMa.

Mebyjesunu y Bepudukanmuju. AHaan3a H3BOPHOD KOJa IporpaMa HAIIMCAHOI Ha BU-
IIIeM ITPOTPAMCKOM Je3WKy OTeKaHa je pasHuM (pakTopuma, Ha MIPUMED, IPUCYCTBOM CJIO-
JKEeHUX M3pas3a, MMILUIAIUTHIX KOHBEP3Wja TUIOBa 1 O0IHNX edeKkaTa. 300T TOra ce aHa-
JIn3a IporpamMa oOUTHO U3BOIU HAJI KOJOM KOjU ce J100uja TpaHnchOopMaIiimjoM OpUrnHall-
HOT KOJIa Y MOroHU 00JnK [22)].

LLVM mardopma je momyiapan copTBEPCKN ajar, CJIOOOIHO JOCTYHAH U OTBOPEHOT
KOJIa, KOJU ce MOXKe KOPHUCTHUTU 3a TpaHchOopMaIlijy mporpama y Mehyjesuk morogaH 3a
ananm3y. llogerna Bepsmja LLVM mpojekra mmasa je 3a mub ga 00e30edu MOJPIIKY
3a KOMITUJIAIH]Y IIPOM3BOJFHOT IIPOrPAMCKOT jesuka |23, 24|. Bpemenow je taj mpojexar
[pepacTao y HU3 Pa3/JuduTHX MOTIIPOjeKaTa KOJH Ce IMIUPOKO KOPHUCTE y MPOU3BOIBLA U
BepuduKanujn codpTsepa, Kao u y ucrpazkusauke cspxel. Ocmosnn LLVM notmpojexat
qynHe 6MOIMOTEKe Koje oMoryhaBajy pasne Bpcre TpaHchopMaliyja, aHaJ rm3e U ONTHMU-
3alfja mporpaMa He3aBHCHO OJ] U3BOPHOT KOJIa U IMUJbHE apXUTEKType, Kao 1 OubImoTeKe
Koje omoryhaBajy reneprcarme U3BPIITHOT KOJa 38 MHOIE IOIyJIapHe apXUTEeKTYPe MUKPO-
nporiecopa. OBe Oubsmmoreke pajsie Haj jesukom Koju ce 30Be LLVM wmebyjesuk. LLVM
“Ma pas3BHjeHe MPHUCTYyIIHe KOMIIOHeHTe 3a nporpamcke jesuke C, C++, Ada u Fortran.
[TocToje pasHu CrO/bHU TPOJEKTH KOjU IIPEBOJIE JIPyre MPOrpaMCKe je3uke (Ha IpuMep,
nporpamcke jesuke Python, Ruby, Haskell, Java, D, Pure, Scala u Lua) y LLVM wmebyje-
3uk. ¥ Bepudukarmuju coprsepa, LLVM ce kopuctu, na npumep, y oksupy ajara KLEE
[8], LLBMC [25] u SAFECode [15].

Teopuje 3a Mojiesi0OBambe IporpamMa 1 permasadu. Y ayTOMaTCKOj Bepudukanmju cod-
TBEpa, MOTPEOHO je 3aJIaTh OIHUC YCJI0Ba UCIIPABHOCTHU IIPOI'paMa y TepMUHUMA HEKE OJIJTy-
YUBE TEOPHje 3a KOjy IMOCToje edpuKacHe Iporieype o aydnBama. Heke oj1 Teopuja Koje ce
9eCTO KOPHUCTEe 3a MOJIe/IOBalbe TOHAIakha W YCJIOBa NCIIPABHOCTHU IIpPOrpaMa Cy MCKa3Ha
JIOTUKA, JIMHeapHa apuTMeTuka (Teopuja JIOPMKe IPBOI Pejia ¥ K0joj ce Kopucre (dhyHK-
nujcku cumbosn: 0 m 1 aproctu 0, — apHocTu 1, + apHOCTH 2 U IPEIUKATCKU CUMOOJI
< apHocTH 2), apuT™MeTHKa OUT-BeKTOpa (IMOKpHBa I1eJI00POjHE Olepaliije Koje MOXKe Jia
BPIIU TIPOIECOD HaJi HU30BUMa OGUTOBA) U Teopuja HemHTeplperupanux (yHKIHja (Teo-
puja Koja He 3ajlaje HUKaKBa OrpaHnyderha 3a (DYHKIINjCKe CUMOOJIE U KOja KOPUCTH CaMO
akcroMe jegHakoctn). [lerasbHe geduHMIMje W ONUCH Teopuja MOTy ce Halinm y jmrepa-
Typu [4].

[IpmukoMm ayToMaTCKe aHaIn3e UCIPABHOCTHU IIPOr'PaMa MeHEPHUIIY C€ YCJIOBHA HCIIPaB-
HOCTHU YH]Y je Ba/baHOCT, y OKBUPY M3abpaHe Teopuje, MOTpeOHO MPOBEPUTH aJICKBATHIM
cuctemoMm. CucreM 3a IIpoBepaBambe Ba/baHOCTH MOYKE OUTH CACTaBHU J1e0 BePUMUKAIIH]-
CKOT aJiaTa, Tj. MOyKe OUTHU CIeInjaIn30BaH 3a yCJI0BE UCIPABHOCTH KOje BepupUKAINjCKH
aJlaT TeHepuIle WIn MOXKe OUTH He3aBHCaH O BepuduKalujckor ajara. Kao ekcrepHn
CUCTEMU 3a IIPOBepaBambe BasbaHnocTu decto ce kopucre SMT pemasauu. 3a10Bo/bUBOCT y

'LLVM mnpojexat je mo6uo mpecrmxny Harpaxy ACM System Software Award 3a 2012. romumy.



onHocy Ha Teopujy (enr. Satisfiability Modulo Theory, ckpaheno SMT) npobiiem je ory-
YUBarba 3a10BOJLUBOCTH Y OJHOCY Ha OCHOBHY Teopujy T olmcany y KJIaCUIHO] JIOTHIIN
IpBOr pefia ca jeanakomhy. Pemasauu 3a oBaj npobieMm Hasubajy ce SMT perrasaun.
SMT peraBadu uMajy MHOTe OpUMeHe, ToceOHO Y BepuduKaIju Xapjasepa u codreepa.
Heku oz najnosnarujux SMT pemasaqa cy Z3 [13], Yices [16], MathSAT [7], STP [18] u
Boolector [6].

3 Meroau u anatu 3a BepudmuKamnujy coprBepa

OCHOBHEU METO/M CTATHIKE aHAJN3e NCIPABHOCTH cOpTBEPa Cy ITPOBEpPaBambe Mojea,
aIlCTpaKTHa UHTEPIPETAIja U CUMOOTUIKO U3BPIIIABAILE.

IIposepaBame mogena Merox Bepudukaiyje y KojeM ce cucreM (XapaBepcKu miik cod-
TBEPCKH), KOjU je TOTpeOHO BepudHUKOBATH, OMHCYje KOHAYHUM ayTOMATOM, a CIIeld-
dbukarmja ce 3a7aje y TepMUHIMA TEMIIOPAJIHe JIOTHKE HA3WBA CE MPOBEPABAILE MOJIETA
(enr. model checking) [10]. JocrymHa crama Mojesia ce 3aTUM CHCTEMATCKH OOHJIa3e ca
IJbEM JIa Ce JIOKaXKy YCJIOBU 3aJlaTu crienudukanmjom. Y caydajy jJa JIoKa3 He YCIIe,
reHepwuilie ce KOHTPAIPUMeD KOju Hapyliasa ycjose crerudukarnuje. OCHOBHU TPoOJIeM
MeTO/[a IIPOBEPaBaba MOJIE/IA je IeroBa CKaJadUITHOCT — CKYIl MOI'yhnX cTamba eKCIIOHEeH-
jajgHo pacrte ca nosehamem Opoja mpoMeH/bUBUX. MeTo nposepasarva 02panuveHUT
modesa (enr. bounded model checking) sacHuBa ce Ha OrpaHHYABaILY JIyKHUHE ITyTAHE
crama Koja ce mposepaBa [3|. Ykosmko ce rpemika we nponale 3a (GUKCHpaHy BPETHOCT
JIy2KUHE TyTarmbe crama k, Tajga ce k moBehaBa cBe JIOK ce He mpoHalje rperika, J0K MO-
JIeT He ToCTaHe MPEBEINK 3a aHaJn3y WIN JOK Ce He JIOCTUTHE BPETHOCT KOja je ropiba
rpanuia JayKuHe Moryhinx myrama Kpo3 cucreM (duMe je Mojes Bepudukosan). Heku
0/1 BepUMUKAIMCKUX aJlaTa KOjU ce 3aCHUBAjy Ha IIPOBepaBarby OrPAHUYEHUX MOJeIa Cy
CBMC [9], ESBMC [11] # LLBMC [25]. OBu asatn cy IPBEHCTBEHO HAMEIHEHH aHATN3M
ANSI-C u C++ uporpama, npu demy cy ajgaru CBMC u ESBMC jaBHo mocrymam n
KOPHUCTe ce 3a aHaJu3y nporpama 3a yrpabene cucreme (enr. embedded software).

CumGosmyko u3BpIaBame. TexXHUKa CHMOOJIMIKOr U3BpIaBara (eHr. symbolic exe-
cution) omaBHoO je mo3uara [21], asu mocrasa je momysapHa TeK Mocjaeambux roauHa. Cum-
OOJIMYKUM M3BPIIABAKHEM Ce€ KOHCTPYHUIIY CUMOOJIMYKN M3pa3u KOjU OIHCY]y ojpehene
myTame Kpo3 mnporpam. CumMOoanvdkn m3pasu oMoryhasajy MCHUTHBAE MCIIPABHOCTU
mporpaMa 3a CBe Moryhe BpeIHOCTH Ha IyTambU KOja Ce aHAJIM3Mpa, 3a PA3IUKY OJl Te-
CcTpUpatba, IJIe ce jeJHUM TECT IPUMEPOM IIPOBEpaBa UCIIPABHOCT IIPOrpaMa, caMo 3a (hUK-
cupane BpejHocTH. CuUMOOJMYKO U3BPIIaBaibe je BeoMa Iperu3Ha aHaIu3a U HhoMe Ce
OoCTBapyje BeJIMKa IPEIHOCT Y OJHOCY Ha TEeXHUKE JTUHAMHUYIKOD TecTupama. MehyTum,
6poj mMoryhmx myTama Kpo3 IIporpaM UecTo je MPeBeuK Ja Ou ce MOrao CUCTEMATCKHU
MOTIYHO MPETPaXKUTu. 300T Tora ce CUMOOJMYKO U3BPIIABAILE Hajuerhie KOPUCTH 3a
[IpOHAJIAZKEIbE T'Pelllaka y [IporpaMy, a He U 3a MOTIyHY Bepudukarujy mporpama. Haj-
IOIyJIaPHUjU BepUPUKAIIIjCKNA ajJaTi KOJU Ce 3aCHUBajy Ha CUMOOJMIKOM HU3BpIIaBaiby
cy KLEE [8] n PEX [28]|. KLEE je jaBHo gocTynan ajaT OTBOPEHOT KOJa 33 CUMOOJIIIKO
n3BpmaBatme C mporpamMa n 3a ayToMaTCKO TeHepucame TecT npumepa. PEX je Majkpo-
coTOB jaBHO JIOCTYIIaH ajlaT 3a ayTOMATCKO I'eHEepHCaibe TeCT IPUMeEpPa U IMPOHAIAXKEIbE
rpelaka y mporpamMmMma, a Moxke ce kopuctutu 3a cse jesuke .NET rmrardopme.



AncrpakTHa nHTepnperanmja. Teopuja ancrpakTHe uHTeprperaiyje (enr. abstract int-
erpretation) je Teopuja anpokcumarije bopMaHe CEMAHTUKE TPOTpaMa, Tj. MATeMaTHI-
Kor Mojiesta Moryhinx nonarama nporpama [12|. Ancrpakrtha narepnperanuja gedunuiie
dopMmasiHe MeToIe alpOKCHMAIIFje CKYIIOBa U allpOKCUMAIIKje olepaliija Ha/l CKYIIOBIMA.
AmnpokcuMmaliije ce 3aCHHBA]y Ha KOPHUIINerny MOHOTOHUX (DYHKIIja Ha HaPIUjaIHO ype-
DeHnM CKymoBuMa M IOCEOHO HA ayTOMATCKOM padyHamwy (PUKCHHUX Tadaka IIporpama,
KOje oJ/IroBapajy Ier/baMa WU PeKypP3WBHUM IMO3WBUMA (DYHKIMja Y OKBUPY IIpOrpaMa.
ArnicTpakTHa WHTEpIpeTalnja mMa HU3 MOTYNuX mpuMeHa, a O/JINKYyje je M3y3eTHa CKJIa-
OUJTHOCT: TEXHUKE alCTpaKTHe MHTEepIpeTalije MOTy ce MPUMEHUTH U Ha IIporpame o]l
HEKOJINKO CTOTHHA XujbaJia JuHuja Koja [17]. CkajabuaHOCT OBUX TEXHUKA MOC/IETUIA
je ryOsberba IPEenu3HOCTH IPUIHKOM MOJIeJIOBatba, IMITO 9eCTO Pe3y/ITyje BeJTUKUM OpojeM
JIAYKHUX yIIo30pera. Hekn oj1 HajmomnyaapHujux BepuduKaIlnjcKuX ajaaTa KOju ¢e 3acHU-
Bajy Ha allCTPaKTHOj HHTEpIpeTaIyju ¢y koMmeprujaanu aigatu Astrée [5], Polyspace [14]
u Coverity SAVE [2].

4 Cucrem LAV

LAV? je cucreMm 3a CTaTHYKy aHAJIN3y, FeHEPHCA-E U IPOBEPY YCJI0Ba HCIPABHOCTI
nmreparusaux nporpama [31, 30]. Komynukanuje cucrema LAV ca okpysKemeM mpuka-
3aHa je Ha cjurm 1.

LAV je HaMemeH NMPBEHCTBEHO aHAJU3M IIPOTpaMa HAIUCAHUX Ha IPOTPAMCKOM je-
3uky C, ayim, 1omTo 3a TpancdopMaIyjy yJIasHux rnporpamMa y ¢opmy Koja je morojHa
3a anaju3y kopuctu LLVM manrdopmy, Moxke ce NPUMEHUTH W 3a aHAJJIM3Y IIPOrpama
HAIMCAHUX y JIDYTUM IPOIEIYPATHUM IIPOIPAMCKUAM je3UIUMA. 3a UCIUTHBAKE Bajba-
Hoctu opmyiia, LAV mma noxpmiky 3a paj ca zHekoianko SMT pemasada (Boolector,
MathSAT, Yices u Z3). Cam cucrem 00yxBaTa MOJIEJIOBaE MOHAIIAKA IPOrPaMa, KOH-
CTPYKIIA]y yCJIOBa MUCIPABHOCTH IIPOrpaMa, TpaHChHOpMUCarmhe KOHCTPYUCAHUX YCJIOBa Y
dopmyse ogroBapajyhux teopuja, KOMyHUKAIM]y ca peliaBavdeM U T'€HEPUCAHE OJITOBa-
pajyher u3Bemraja 3a KOPHUCHUKA.

LAV komOuHyje ommcuBarbe IMOHAINAba MPOrpaMa MCKA3HUM MTPOMEH/bUBAMA, CHUM-
0OJIMYIKO U3BPINABalbe U IIPOBepaBarme OrpaHnvdeHnx Mojena. VHmuBuiayaanu OJIOKOBU
LLVM wmebhykona mogzeinyjy ce popmysiama JIOrUKe IPBOT PeJia KOje ce KOHCTPYUIILY CHUM-
OosmukuM u3BpinaBameM. Penarnuje namely 6/10koOBa ce MOJIETY]y NCKA3ZHUM ITPOMEH/bU-
Bama. Popwmysie Koje omnucyjy IHoHallama 0J0KOBa KOJia 3aje/IHO ca pesalujama u3Mmelhy
0/10KOBa KOMOWHY]Y Ce U Ha OCHOBY FbUX KOHCTPYHIIY ce (hOPMYJIe KOje OIUCY ]y TTOHAIIAHE
nporpama. Te dopmysie Kopucre ce 3a (popMuUpare yCja0Ba UCIPABHOCTU I10jeIMHAYHUX
HapeON TporpaMa. YCJIOBH HCIIPABHOCTH Imasby ce Ha mpoBepy SMT pemapady koju
okpuBa ojropapajyhy komounarujy teopuja. llompxkane teopuje, y Kojuma je moryhe
MO/IEJIOBATH YCJIOBE UCIPABHOCTH IIPOTrpaMa, Cy Teopuja JUHeapHe apuTMeTUKe, Teopuja
OuT BEeKTOpPa, TeOpUja HEMHTepIpeTupannx (GpyHKInja u Teopuja Huzona. Hapenbda moxke
umaTu craryc 6e30e/1He (M3BpIIaBame HapeI0e He JI0BOJIN JI0 TPEIIKe ), HeNCIpaBHe (U3BP-
maBame Hapeade CHIYPHO JIOBOJIH JI0 Tperrke), Hebe30e1He (M3BpIIaBame Hapeabe Moxke
Jla JTOBeJie JI0 TPeIKe) U HeJOCTHzKHe (/10 u3BpIiaBama Hapeabe Hukaaa nehe gohn).

LAV je nmmiementupan y mporpaMckom je3uky C-+-, jaBHO je JIOCTYTIaH U OTBOPEHOT
Koza [29).

2LAV je akpornm 3a LLVM Automated Verifier.
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Cnuka 1: Komynukarmja cucrema LAV ca okpykemeM.

5 @dDyHKINOHAJHA €KBUBAJEHTHOCT MporpaMa U NpuMeHe

QyHKIIMOHAHA HUCIIPABHOCT jeJIHOT IporpaMa MoxKe OWTH, W Hajderrhe jecte, (op-
MyJIICaHa y TepMHUHHMa Tperu3ne crernudukanuje. Hacympor tome, dyHKIMoOHAIHA
UCIPABHOCT jeHOT IporpamMa Moxe 0uTu hopMysircaHa y TEpMUHIMA [TOHAIIAA, IPYTOr
nporpama. Ha oBaj HaumH, m0jaM UCIIPaBHOCTH je cyrabuju (jep, Ha IpuMep, He YKIbydyje
pejycaoBe U moctycyioBe (yHKIHMjE), alu 3aTO MOCToje ciegehn mo3uTuBHN acreKkT:
Huje noTpedbHo popMysucaT crenuuKaImjy u, TeHEePaJHO, NCIIMTUBAE €KBUBAJICHTHO-
cru Tpebasio 6u J1a Oyje padyHCKH Makbe 3aXTeBHO o] (byHKIMOHaIHe Bepudukarmje (jep
OM KOMIIJIEKCHOCT aHaJIu3€e MOIJIa Jia 3aBUCU CaMO OJI pa3jnka m3Mmely jBa mporpama, a
He U OJ] IbIXOBHUX BEJIMINHA).

Uneja ncnmtuBama Jia JIiM ¢y JBa MporpamMa eKBUBaJEHTHA Ce IMIMPOKO U MHTEH3UBHO
KODUCTH y pe2pecuoHom mecmuparey. Perpecnono tectuparbe je TecTupare Koje uMma 3a
Wb Ja OTKpHje Jia JIn Cy yBeJ/leHe HOBe I'DENIKe Yy MPorpaM HAKOH ITPaB/beiba M3MEHa
Koje ce ojHOce Ha IoboJbIIama Tekyher cucrema, ,3akpie’ WX IIPOMEHY KOHQUIypa-
nuje cucrema. Y OKBUPY PErPDECHOHOT TeCTUpaba, BPIu ce nopeheme byHKIMOHATHOCTU
CUCTeMa TIPe W HAKOH YBEJCHUX M3MEHa W pa3MaTpa ce €KBUBAJCHTHOCT IPBOOUTHOT U
HOBOHACTAJIOT IIPOrPaAMA.

[IpoBepaBaibe €KBUBAJECHTHOCTH je HAJKOPUIITNEHUjU TPUCTYIT y BepuUKAIMU Xap-
nBepa. DopMasiHO, aKCHMOMATCKHM 3aCHOBAHO HMCIUTUBAE €KBUBAJEHTHOCTH IIpOrpama
pasmarpao je Toun Xop jorr Tokom 1960-ux [20], anu mporpec Ha OBOM IUIaHy je 61O
orpanuden u nocrojehe merojie wecto Hucy Ouiie nMpakTUYHO npuMen/buBe. CKopalrmbu
npucTymnu npodsemy hopMaTHOr UCITUTUBAA €KBUBAJIEHTHOCTH IIPOI'PaMa IIPY2Kajy HOBE
moryhnoctu |26, 19].

[TojaM eKBUBAJIEHTHOCTH IIPOrPaAMa Ce MOXKe OIMCATH IIOMONY T0jMa ITapIijaJiHe eKBH-
BaJIEHTHOCTHU U II0jMa y3ajaMHOI' 3aycTaB/batba. lIporpamu P; u Py cy napuujasno exsu-
sanenmru ako Bpahajy mcTu pe3y/rar 3a jeJiHaKke yJjia3He BPEJIHOCTH 3a Koje ce 00a 3a-
yCTaBJ/bajy, JOK CY y3ajamHo 3aycmas.najyha ako ce 3a je/IHaKe yaa3He BPETHOCTH WU
oba 3aycTaB/bajy WM ce HUjeJaH He 3aycTaBiba. llporpamu P u P cy momaano exsu-
8AAEHMHU aKO CYy TAPIHjaJIHO eKBUBAJIEHTHU U y3ajaMHo 3aycTtaBibajyhu. I[Ipobiemu ma
JIM Cy JBa IporpamMa HapliyjajHO eKBUBAJICHTHA, Y3ajaMHO 3ayCTaB/bajyha WIn TOTAJHO
€KBUBAJIEHTHA CY HEOJTyIUBH.



QopMaJHO HUCIUTUBAE €KBUBAJICHTHOCTU IPOrpaMa, Tj. pe2pecuona Gepudurau)a
MOXKE Ce KOPUCTHUTHU ¥ Pa3Bojy codTBepa y HHIYCTPUjH, AHAJIOIHO Kao PErPEeCHOHO TECTHU-
pame, ajim ca JaJeKo BehmM cTereHoM IOy37daHOCTH. Perpecmona BepuduKaimja MOKe
ce NMPUMEHUTHU U Y 00pa30Balby Ca IM/bEM IPElU3HE U [0Y3/IaHe ayTOMATCKe eBaJjIyalyje
CTYJIEHTCKUX PaJioBa, IIPU YeMYy ce BPIIHU IIpOBepaBambe eKBUBAJIECHTHOCTU CTYJ/IEHTCKOT U
HACTaBHUYKOL PeEIeha.

5.1 Perpecuona Bepudukalizja y ayToMaTcKOj €eBaIyalliji CTY/I€HTCKUX IPO-
rpama

Ayromarcka eBaJyalija mporpaMa BayKHa je U 3a HaCTaBHUKe U 3a cryjeHte [32]. 3a
HAaCTaBHUKE, ayTOMATCKO OIlehbUBam€ TECTOBA W WCIUTa KOPUCHO je jep mM omoryhasa
Jla IMajy BUIIlE BPEMeHa 3a OCTajle aKTUBHOCTH Ca CTYJIEHTHMA. 3a CTYJEeHTe, ayTOMAaT-
cKa eBaJIyarja omMoryhasa Op3y nosparHy nHMOpPMAIUjy 0 KBAJUTETY IIporpaMa, IITo je
BeoMa BayKHO 3a IPOIleC yuema. Bp3o jo0ujame moBpaTHux nHdopMalyje je HapOIuTo
KOPHUCHO CTYJeHTUMa YBOJHUX KypceBa IporpaMuparba. Ha oBUM KypceBuMa, IIporpa-
MUpaIbe MPEJICTaB/ba MOCEOHO TeKaK n3a30B. CTYIEHTH UMAjy MaJjio WU HUMAJIO 3HAHA
O OCHOBHHM aJITOPUTAMCKHUM U ITPOrPAMCKHUM TeMaMa, a decTO UMajy u Jayboke 3ab/rysie
[33].

Kopuctu oj1 ayromarcke eBaJiyaliyje mporpaMa cy joIn 3HaUYajHUju Y KOHTEKCTY yderba
y3 nomoh paudynapa. Benuku O6poj Bojiehux ¢cBeTCKUX yHUBEP3UTETa HY/IH OpOjHE KypceBe
KOju ce Mory nipaTtuTu peko MaTepreTa. bpoj cTynenara Koju mpaTe oBe KypceBe je Y 1Mo-
pacry u Mepu ce MujimonuMa [1]. Y oBaKBUM KypceBHMa, MPOIEC MOy daBamba IPey3uMa
padyHap, KOHTAKT Ca HACTABHUKOM je MUHUMAJIAH, 11a Cy Op3U U KBAJUTETHU IOJAIN O
pe3yJiTaTuMa pajia CTYJEeHTa TOCeOHO MOXKEe/bHHU.

Bepudukarujcku ajatu MOry ce yCIENIHO KOPUCTUTH 338 OTKPUBAIbe I'peliaka y CTy-
JICHTCKUM PaJIOBUMAa, T1a TUME U Y TOOOJbINAILY CTAHIAP/IHIX METO/Ia 38 KBAJUTETHY ayTo-
MAaTCKy eBajlyallnjy CTyaeHTCKuX pajosa [32]. Ilpumena perpecuone Bepudukaimje cob-
TBEpa Yy OBOM KOHTEKCTY MOKe JIa JIOJIATHO MoBehia MPenu3HOCT U yHAIIPEIN ayTOMATCKY
eBaJIyalyjy CTYJEeHTCKHX Iporpama. Perpecrnona Bepuduikanmja ce, y OBOM KOHTEKCTY,
oJiHoCH Ha yTBphuBare pyHKIIMOHATHE EKBUBAJIEHTHOCTHU PeElllerba Koje /laje HAaCTABHUK U
perema Koje jaje cryiaent. Hapeganm npumepuma niycrpoahemo Kako ce cucrem LAV
MOKE€ KOPUCTUTHU 32 UCIUTUBAILE €KBUBAJCHTHOCTH (DYHKIIH]A.

5.2 ®yHKnuje 6e3 nMeT/bu U peKyp3uja

Perpecnona Bepudukariuja (pyHKIHja KOje HE CaJIpKe MeT/he HI PEKPY3UBHE [MO3UBE
peJIaTUBHO je jeJIHOCTaBHA U Jlaje BeoMa Iperu3He pesy/rare. PasMorpuMo, Kao Ipu-
Mep, JIBe UMILIEMEHTAIIje aJropuT™Ma 3a ojipehuBarme MUHUMYMa, TPH Iiejia Opoja Koje cy
NIpUKa3aHe Ha CJUIH 2.

Jla 6u ce yTBpauIa pyHKIIMOHAIHA €KBUBAJICHTHOCT (DYHKIMja minA u minB y oKBUpY
cucrema LAV, moTpebHO je BepuduKOBATH IporpaM Koji je mpuKasaH Ha cannn 3. OyHK-
IUjCKU TI03WB assert, mporpamMa KoOjHu je NPUKa3aH Ha CJUIM 3 OJIHOCH Ce Ha IIPOBEPY
jeJIHAKOCTU MTOBPATHUX BPEHOCTHU IpeJIozKeHe JBe (byHKIMje (3a MPOM3BOJbHE yiIa3He
BpesHOCTH). 3a cBaky byHKIHjy, cucrem LAV renepurie dopmyity Koja (CHMO0OJINIKN)
ommcyje cBa mweHa moryha mssprraBama. OBa dopMmysia cagapxku nHMOPMAIje O CBUM
Moryhum myramama Kpo3 (PYHKIHje, KA0 U 0 OJHOoCHMa u3Mel)y MpOMeH/bUBUX Ha TUM
nyramama. Hirycrpanuje paju, ose dpopmyse 3a dpyHKimje minA u minB npukaszane cy



int minA(int x, int y, int z) int minB(int a, int b, int c)

{ {
int m = x; if (a<=b) {
if (y <m) m=y; if (a<=c¢)
if (z<m) m=z; return a;
return m; else
¥ return c;
}
else {
if (b <=c¢c)
return b;
else
return c;
}
}

Cnuka 2: /e mmmiemenTanuje byHKnnje Koja oapehyje Muaumym tpu 1esa 6poja.

#include <stdio.h>
int main()

{
int p, q, T;
scanf ("%d%d%d", &p, &q, &r);
assert(minA(p,q,r) == minB(p,q,r));
}

Cauka 3: Ilporpam koju je moTpebHO BepudUKOBATH Ja OU ce yTBpAmIa (pyHKIIMOHATHA €KBH-
BaJICHTHOCT 3a minA u minB.

Ha ciamkama 4 u 5 (0be dopmyiie ¢y ImojeHOCTaB/bEHE DA/ JAKIIe YUT/BUBOCTH). Y
okBupy dopmyna, npomensbuba TR m3HavaBa mpesasak u3 OJOKa MHCTPYKIHjA Ty
0JIOK MHCTPYKIHja ¥y, MpoMeH/buBa A, o3HavYaBa jia ce OJIOK MHCTPYKIMja T W3BPINABA,
ag o3HavaBa BPEJHOCT IPOMEHJ/bUBE @ y OJIOKYy T Ha yJacKy y OJIOK, JIOK af o3HadaBa
BPEJIHOCT MPOMEHJbUBE a Ha WM3JIACKy W3 OJoKa. DBJiokoBe mHCTpyKImja Ha OCHOBY C
kojta ojpehyje LLVM tpancdopmaTop, a jierajbaH OIUC TeHepucamba (hopMy/ia MOXKe ¢e
nahin y okBupy onuca cucrema LAV [30]. @opmysa uujy Basbanoct LAV uctiuryje u koja
0JIrOBapa yCJIOBY €KBUBaJECHTHOCTU (DyHKIMja minA u minB, renepuire ce ox dhopmyia
KOje OImucyjy oBe (pyHKIIMje U O jeITHAKOCTU IUXOBUX MOBPATHUX BPEIHOCTH.

Ag A (m = 20) A ((Ao A (¥ < 20)) & TRY) A (Ao A (=(38 < 29))) < TRY) A((TRIVTRY) & Ag) A(m} = yQ) A (TR &
A1) A (AL © TRHA(m2 =md) A (TRY = (mZ = mi)) A (TRY = (m2 = m9)) A (TR VTRY) & Az) A (A2 A (2§ <
m3)) < TR3) A ((A2 A (—(2) <md))) & TR A(TREVTR?) & A2) A(m$ = 28) AN(TR3 < As) A (As < TR A (m] =
mg) A (z] = 20) A (yf = y8) A (21 = 20) A (TR = (mg = m})) A (TRE = (m§ =m3)) A (TR} VTR]) & As)

Cnuka 4: Qopmysa koja onucyje Mmoryha nsspirasama GpyHkinje min.

LAV renepuriire opmysie u JoKa3yje €eKBUBAJCHTHOCT OBe JiBe (BYHKIHje Kopurihe-
IbeM TeopHje JuHeapHe apuTMeTuKe 1 Jiokasupada Z3 3a 0.008 cekyH m Ha padyHapy ca
nporecopoM Intel Core i3-2350M na 2.30GHz u ca 3.8GB Mmemopuje. YKOJUKO ce KOpu-
CTU Teopuja OUT-BEKTOPA, BpeMe IMOTPeOHO Jia ce JIOKaXKe eKBUBAJEHTHOCT MPETXOTHUX
dyukmuja je 0.16 cexynm.

[IpeTxoaHn TPUCTYIT MOXKe Ce NPUMEHUTH Ha CBE Iporpame KOju He cajpiKe IeT/be,
aJll M Ha TIporpaMe KOju CaJpzKe IeT/be 3a KOje IMOCTOjU Iopihba I'PaHuIia Opoja Mory-
hux w3BpmaBama. ¥ clydajy Jia y Hporpamy IOCTOJU TeT/ba 3a KOJY TOCTOJU TOPHHE



Ao A((Ao A (ad < 83)) & TRI)A((Ao A (—(ad < b]))) & TR A((TRIVTRY) & Ao) A(TRY < A1) A((A1A(ad < ) &
TR A (A1 A (=(ad < 8))) & TRL) A ((TRY VTR]) & A1) A (retval? = a) A (TR} & Az) A (A2 & TR2) A (retval? =
NTRS & A3)A(As & TREA(TRY & A A((Asn(b] < ) & TRHA((AsA(-(b] < ) & TRHAN(TREVTRE) <
Ag) A (retval = b3) A (TRE < As) A (As < TR3) A (retval$ = Q) A (TRg < As) A (As < TRS) A (a] = af) A (b] =
b)) A (c] =€) A (retvall = retvall) A (TRS = (retvaly = retval$)) A (TRS = (retvall = retval})) A (TR3 = (retvall =
retval3)) A (TRZ = (retvall = retval?)) A ((TRSVTR3 VTRV TR?) & Ar))

Cnuka 5: @opwmysa Koja omnucyje Mmoryha nsppiiaBama GpyHKIKje minB.

orpaHmYere Opoja M3BpIaBama, Taja ce Ta MeT/ba MOXKe PasMOTATH MaKCHMaJaH Opoj
IyTa ¥ OMHCAHW MPUCTYII Ce MOYKe MPUMEHUTH Ha MPOrpaM HAKOH eJIMMUHAIje TeT/hU
pa3sMOTaBALEM.

Ia 6u ce mera/bHEje aHAIM3Upa/Ia IpakTUIHA yroTpeb/buBocT cucreMa LAV y ayro-
MaTCKOM HCIUTUBAILY €KBUBAJIEHTHOCTU CTY/ICHTCKUX U HACTABHUYIKUX PEIICha, KOPU-
mheH je KOPIyC CTYJIEHTCKUX IIporpamMa ca UCIUTa U TeCTOBA YHUBEP3UTETCKOT YBOIHOT
Kypca MporpaMuparma KOju Cy MPOILIA ayTOMaTCKO TECTHPAHbE CIPOBEJICHO Y OKBUDY
onemuBama pajosa [32|. U3 osor kopmyca, Koju cagpxku 266 CTYJIeHTCKUX paIoBa, H3-
JBojeHo je 145 pajioBa Koju He cajpKe peKyp3uBHE Mo3uBe (PYHKIUja, KAO HU MET/be 3a
KOje He TIOCTOjU TOpHa I'paHulla pasMoTraBama. /Jla Ou ce m3Bpimmia mpoBepa eKBUBa-
JIEHTHOCTU HACTABHUYKHUX W CTYJIEHTCKUX PeIlerha, NOTPeOHO je U3BPIIUTH jeHOCTABHE
TparcdOpMaIije CTYJIeHTCKUX IporpaMa y obJIMK KOju je morojad 3a sepudukuiujy (Ha
npumMep, dyHKIUjy main Tpeba npenMeHoBaTH, Jia He Ou mocrojasie JBe (DYHKIHjE ca
UCTUM HMEHOM, JIOK je pe3y/TaTe KOjU Ce IITaMIlajy MOTPEeOHO IMPEBECTH y IOBpPATHE
BpesHocTH (PyHKIUja). Takobe, morpebHO je m HammcaTu mporpame ca ojaropapajyhnm
nosuBrMa GyHKIMje assert (HAJUK Ha IporpaM mnprkasaH Ha caunu 3) Koje LAV Tpeba
na Bepudukyje. Ananusupanu Kopiyc kao u cucreM LAV jaBHo cy mocrymnau [29).

LAV ycrerno joka3yje eKBUBaJCHTHOCT 3a 143 cTy/1eHTCKa IIporpaMa ca oJiroBapa]y-
hum HacTaBHUYIKEUM perrebnMa. 3a 2 nporpama LAV je yTBpano ja Hucy eKBUBAJIEHTHA
ca HAaCTABHUYKUM DeIehUMa U TU CTYIEHTCKHU MPOTrpaMu 3amcTa cajipyke rpemike. OBe
IpeIIKe MPOMaKJje Cy ayTOMATCKOM TeCTUPalby, IITO IMOKa3yje Jla NCIUTUBAE (PYyHKITNO-
HaJTHEe €KBUBAJIEHTHOCTU MOKe Jia 11000JbIIIa KBAJIMUTET U MPEIU3HOCT ayTOMATCKe €BaJIy-
arnuje nmporpaMa. Bpeme norpebHo 3a anaausy cBux 145 mporpama yKyIHO je 4 MUHYTa
u 50 ceKyHIH.

5.3 ®dyHKUUje ca peKyp3ujoM WU MeT/baMa

Kao mro je Beh peueno, ¢dpyHKIMje Koje cajpzke IeT/be 3a KOje IOCTOjU Iopbha I'pa-
nura Opoja MOryhux m3BpIaBaiba MOTY ce, Pa3MOTaBalbeM IeT/bU, TPaHCPOPMHUCATH Y
dyHKIMje Koje He caipyKe MeT/he U Yy TOM CIydajy MOTY OUTH ayTOMaTCKN BepHMOUKOBAHE
perpecuoHoM BepupUKAIMjOM WU BepdUKaInjoM y oJHOCY Ha crerudukanujy. Mebhy-
THM, ayTOMaTCKO yTBPhUBalbe eKBUBAJEHTHOCTH (PYHKIHja Ca MMPOU3BOJHHUM TEeT/haMa
IIPEJICTaB/ba BEJIMKU U3a30B M y OMIINTEM cJiydajy Huje pemmusB mpodsem. [locToju Besa
u3Mehy 1meT/bu U PEeKypP3UBHUX IO3UBA, I1a Ce Pa3MaTpambe MeT/bU MOXKe CBeCTH Ha pas3-
MaTpame PeKyP3UBHUX (DYHKIUjCKUX ITO3UBA.

Y onpehennm curyarujama, perpecuona Bepudukaluja peKyp3uBHUX (PYyHKIIIja MOKe
Jla ce 3acHMBaA Ha Kopulnhiby HenHTeprnperupanux GyHkiuja 26, 19]. OBy TexHUKY HIy-
crpoBaheMo na npuMepy Eykiaummosor ajiropurma 3a ojipehuBaibe Hajseher 3ajeHuyuKkor
JleJInoria JIBa pupo/iHa Opoja. /IBe pekyp3mBHe MMIIJIEMEHTAIN]e OBOT' aJlOPUTMA IIPH-



unsigned EuklidA(unsigned a, unsigned b) unsigned EuklidB(unsigned x, unsigned y)

{ {
unsigned g; unsigned z;
if (b == 0) z =X
g = a; if (y > 0)
else { z = EuklidB(y, z % y);
a=ab%b; return z;
g = EuklidA(b, a); +
}
return g;
}

Cnuka 6: /IBe nmmemenTanuje EykimnoBor anropurma 3a oapehuBaie najseher 3ajesnuyaxor
JIeJIIONa JiBa MPUPOIHa Opoja.

KazaHe cy Ha ciaunm 6. MareMaTwmdkoM WHJIYKIIMjOM, IO JIDYTOM apryMeHTy (pyHKIHje,
MOZKe ce JOKa3aTH Jia cy Te jiBe (DYHKINje eKBUBAJIEHTHE:

NuaykTuBHA OCHOBA. YKOJIUKO je Jipyru apryMent jeanak 0, npsa dyuknuja spaha g
rje je g = a, a jgpyra z, rie je z = x. Jlakie, kajga je a = x Baxku FuklidA(a,0) =

FEuklidB(x,0).

NunykTuBaM kopak. [IpernocraBumo jia dyHkimje Bpahajy mcre BpeJIHOCTH 3a CBe
BPEJIHOCTHU JIPYTOT apryMeHTa Marbe OJ N U JIOKaXKUMO Ja QyHKImje Bpahajy ucre
BPEJIHCOTU U 3a N, YKOJHUKO je a = x. ¥ TOM ciyd4ajy, npsa ¢yHknuja Bpaha
g = EuklidA(b,d') tne je b = n, a ' = a%b. pyra dyukuuja pahia spegnoct
z = BEuklidB(y,z%y) tne je z = x u y = n. Jakie, u3 a = z, UHIYKTUBHE
xurorese, g = FuklidA(b,ad'), b = n, a’ = a%b, z = EuklidB(y,z%y), z = v u
Yy = n, norpebHo je mokaszatu g = z. Baxku b=y u a’ = 2z%y. Ilomro je a’ ocrarax
[IPH JIeJbEIbY Ca N, CATYPHO Bazku a’ < m, 11a Ha OCHOBY MHJLYKTHBHE XHUIIOTE3€, BaXKH
EuklidA(b,a') = EuklidB(y, z2%y), na onarie u g = z, o je n Tpebajo J0Ka3aTH.

Hagenenu nHIyKTUBHE JOKA3 MOXKEe Ce CUMYJIUPATU JIOKA30M KOjU He KOPUCTH MHIYK-
nnjy Beh nennreprnperupane dpyukinuje. HIyKTHBHA IPETIOCTABKA Y HABEJIEHOM JIOKA3y
MOXKe OMTH OITOHAIlIaHA TaKo IITO he peKyp3uBHU IMO3UBH y 00e dyHKIHje Ja OyIy 3ame-
eHu 11o3uBoM Tpehe dbyHKIMje, peruMo 4. YKOJUKO Cy BPEJIHOCTU apryMeHATa T0YeTHE
JnBe (yHKIMje jeHake, oHjia he n BpegHocTH (PyHKIMje u CBAKAKO OWTHU jeJIHAKe, TIPU
JeMy HEje ONTHO KOja je TO TaIHO BPEIHOCT. 3aTO OBa (PYHKIIMja U MOYKE OUTH MOJIEIO-
BaHa HEMHTEPIPETUPAHOM (PYyHKIHjOM. AyTOMATCKN JOKa3 eKBUBAJIEHTHOCTH 3acHuBahe
ce 3a MHIyKTUBHU KOPaK Ha OMUCAHO] MOINMUKAIN]U, IPH YeMy hie Y YCI0B eKBUBaJIEHT-
HOCTH, TIOPE/T YCJIOBa KOjU OJIrOBapa WHIYKTHBHOM KOPakKy, yhu n omuc 0a3HuX caydajeBa
KOj¥W TTOKPUBA]y WHyKTUBHY OCHOBY.

[Ipema Tome, j1a Ou ce jToKa3aJio Jia cy GpyHKIUje ca cjiuke 6 eKBUBAJIEHTHE, JTOBOJHHO
je JoKazaTu Jla Cy €KBUBAJIEHTHE Bep3uje y KOjuMa Cy PEKYP3UBHU IMO3UBU 3aMEH-CHU
[IO3UBOM ucTouMeHe (byHKIMje u, Ha ciejgehn HaduH:

® DEKypP3UBHU TO3UB
g = EuklidA(b, a);
y dyuknuju EuklidA 3amemyje ce ca
g = u(b, a);

® DEKYyP3UBHU IIO3UB
z = EuklidB(y, z%y);
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y dyuknuju EuklidB 3amemyje ce ca
z = uly, zhy);

IIpy YeMy HOBOYBeJieHa (DYHKIHja u Tpeba Jia ce TpeTupa Kao HemHTepIpeTupana (PyHK-
nuja. ExBuBasenTHOCT 0Bux dyuknuja LAV morsphyje 3a 0.008 cekyHau Kopurihemem
JIOKa3nBaJa Z3 u Teopuje JuHeapHe apuTMeTnke. Harmacumo jia ce octatak 1mpu Jie/berby
y OKBUDPY JIMeHapHEe apUTMeTHKe TpeTupa Takohe Kao HemHTepIpeTnpana (QyHKIIja.

unsigned faktorijelA(unsigned n) unsigned faktorijelB(unsigned n)

{ {

if (n<=1) return 1; if (n<=1) return 1;

return faktorijelA(n-1)*n; else return n*faktorijelB(n-1);

} }

unsigned faktorijelC(unsigned n) unsigned faktorijelD(unsigned n)

{ {

if (n<=0) return 1; if (n<=1) return 1;

else return n*faktorijelC(n-1); else return n*(n-1)*faktorijelD(n-2);
} }

Cruka 7: UMmiutemenTtaliuje ajropurMa 3a ojipehuBarbe dhakTopujesia npupogHor opoja.

[Iperxomun mpuUCTYI ce He MOYKe YBeK NpuMeHnTH. HamMe, oH mpeTnocraBsba Jia y
PeKyp3UBHUM (PYHKIHjaMa KOje ce UCIUTYjy HeMa yTHUIllaja U IIpoMeHa II00aHUX IMpo-
MEHJBUBHX (jep ce IpeTrnocTaB/ba Ja moMohHa (DyHKIMja YBEK MMa HCTY BPEIHOCT 3a
ucre BpejnocTu aprymenara). Ilocroje m smpyra orpanundema. Ha comru 7 npukasane
Cy YeTHPH CJIMYHE PEKyp3UBHE UMILIeMeHTanuje dyHkimje gakTopujesa. 3a MpBe JIBe
ce MO¥Ke JIOKa3aTU E€KBUBAJIEHTHOCT KOpHUIIhemeM omnmucanor meroga. Mehyrum, ywme-
CTO JIMHEapHe apUTMETHKE Y KOjOj Ce MHOXKEHe MOpa MOJICJIOBATH HEUMHTEPIPETUPAHOM
dyHKIIjoM, TOTPEOHO je KOPUCTUTU TEOPHUjy KOja PAaCIojiakKe 3HAIbeM Jia je MHOXKEIbe
KOMYTaTHBHA Ollepallija, Ha IpUMep — Teopujy apurMeTuke 6ut-sekropa (LAV mokasyje
oBy ekBuBasieHTHOCT 3a (.06 cekynn). ExBuBaientroct ca rpehiom dyHKIMjoM He MOXKe
ce JIOKa3aTw Ha oBaj HauuH. Hamme, ycaoBu mu3jiacka u3 pekypsuje (1j. 6asHum ciyda-
jeBH) Cy pas/IMuYUTH U HEe MOXKE Ce YTBDJUTU eKBUBAJIEHTHOCT (DyHKIMja 3a n = 1: Ha
OCHOBY UMILJIEMEHTAIja 1IpBe JiBe (DYHKIMje, TO3HATO je Jia je 3a n = 1 BPeJHOCT OBUX
dyuknuja 1, 1ok je 3a tpehy dyuknujy ta Bpeaunoct 1*u(0). Takohe, ekBuBaJIeHTHOCT
ce He MOKe YTBPJUTH HU Ca YeTBPTOM HMMILJIEMEHTAIIM]OM: HAKO Cy YCJIOBU M3JIaCKa U3
peKyp3uje MCTU, PEKYP3UBHU IO3WB UMa JPyraduju apryMeHT OJ IpBe TPHU (QyHKIHje.
30or oBux orpaHmUema Huje Moryhe mpuMeHnTH HU (GOPMY JI0Ka3a Koja je MpuKa3aHa y
IIPBOM IIPUMEDY.

Ha ocnoBy HaBemeHnx mpumepa Mmokas3asn CMO Jla OIMCAHN METOJ He MOYKe Jla Ce IPH-
MEHU Ha CBe TapOBe eKBUBAJEHTHUX PeKyp3uBHUX (yukimja. MehyTuMm, y npakcu Beoma
9ecTO MOZKe, 300r MpUpo/ie yoOruajHuX MOAndUKAIIja TOKOM pa3Boja mporpama (HIMILIe-
MeHTalja peKyp3uBHe (DYHKIMje MOXKe Ja ce Meiba, ajlil Ce YeCTO He Mea IheH 0a3Hu
cJlydaj U caM PeKyp3WBHU 1103uB). VI3 cimdHUX pasjiora, ONUCAHU METOJ MOXKe Ja Oyjie
NPUMEHJ/BUB Y MHOTUM CJIy4YajeBUMa Y ayTOMAaTCKO] €BaJIyAIljUi CTYJIEHTCKUX ITporpaMa.
3a mpakTuvHe IPUMEHe y MpOorpaMuMa Ca IeT/hbaMa 0CTaje N3a30B KpPenparba OIIITer Me-
XaHU3Ma 38 TPaHC(HOPMUPAIHE ITET/he Y PeKypP3uBHE (DYHKIIN]e WM MOIU(MUKAIIA]e METO 1A
3a HETIOCPETHU PaJl ca MeT/baMa, ITO IPeBasmjia3n OOMM OBOT WIaHKA.
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6 3ak/pydlu U gajbu paj

Bepudukaruja je moceamux rojinHa MOCTUTJIa OTPOMAH HAIpeIaK. AJiaTu U MeTou
BepudumKaIumje coprBepa cy OMiM OrpaHMYEHN HA aKaJIEMCKY 3ajeJ/IHUILY, aJld TO ITOJIAKO
nmounme Ja ce Mema. OdexkyjemMo Ja y HapeIHOM IEPUOILY BepU(UKAIIN]CKHI aJaTu UMajy
Behy yJiory y cBuM acriekTuMa u cdepama y pa3Bojy codTBepa.

Perpecuona Bepudukaliuja ce, 1ako je IOMUIbaHA OJIABHO, MOYKE CMaTpPaTH jEeJIHIM O]
HajHOBUjUX BePUMUKAIN]CKUX PUCTYIA jep Cy 3HAYajHU MOMAIM Ha OBOM II0JbYy HAYU-
IbeHU TeK HesaBHo. Perpecmona Bepudukaruja ce y pa3sojy codrBepa MOyKe KOPUCTUTHU
[0 aHAJIOTHjU Ca PErPECHOHUM TEeCTUPAIbeM aJjid, HapaBHO, ca MHOTO BehuM crereHom
MIOY3/IaHOCTH.

Y 0BOM pajLy MOKa3aHo je Ja ce perpecuona BepuduKaImja MoxKe BeOMa, YCIIENTHO TPHU-
MEHUTHU Y ayTOMATCKO] €BaJIyallljy CTYJACHTCKUX IIporpaMa, IITo MOXKe j1a OyJie n3y3eTHO
KOPHUCHO W 3a HACTaBHHKE W 3a cTyjente. llopes Tora, mokasamo je jia oBaj BepuduKa-
IIAjCKN TIPUCTYIT MOXKe YCIeInTHo Jja criposejie cucteM LAV. Ca moapiikoM 3a pas3amauTe
Teopuje Koje OIucyjy moHalmame mporpama u nparehe perrasade, cucrem LAV Hym Bucok
creneH GpJIEKCUOUTHOCTH.

3a jta/pu pai IJIAHIPAMO pa3BOj HOBUX METOJIa 3a perpecuony Bepuduranujy dyHK-
nuja ca mneT/baMa W PeKyp3uBHUM no3uBuMa. [lopes Tora, Kao KOHKpeTHY IpHMEHY,
IJIAHIPAMO J[a UHTETPUINEMO PErpPecuoHy BepuUKaIUjy ca JAPYTUM HAIUM TEXHUKAMa
3a eBaJIyallljy CTYJIEHTCKUX ITPorpaMa.
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