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Abstract

It was conjectured in [6] that for a complex flag manifold F' every endomorphism ¢ :
H*(F;Z) — H*(F;Z) is either a grading endomorphism or a projective endomorphism.
In this paper we verify this conjecture for a new class of complex flag manifolds that
captures all cases for which the conjecture was previously known to be true. This allows
us to calculate the noncoincidence index (invariant that naturally generalizes the fixed-
point property) for these manifolds.

1 Introduction

It is well-known that for any n» € N and any continuous map
f:CP*™ 5 cp

there exists x € CP?" such that f(z) = =, i.e. CP?" has the fized-point property (FPP).
Moreover, CP?"*! does not have the FPP.

A natural generalization of complex projective spaces are (complex) Grassmann manifolds
G,n (here G}, denotes the Grassmann manifold of k-dimensional spaces in C"™**; one has
G1,, = CP™). Somewhat surprisingly, classification of Grassmann manifolds that have the
FPP is still open. It was conjectured in [13] that Gy, has the FPP if and only if n # k and
nk is even ("only if” part is proven in Section 2 of [13]). This conjecture is proven only for
k=2 (in [13]), k = 3 (in [5]), and if n > 2k? —k — 1 (in [5]). (We note that there are similar
conjectures and results for real and quaternionic Grassmannians — see [5].)

The (complex) flag manifold F(ny,...,n,), where r > 2, ny,...,n, € N and n = n; +
-+ + n,, consists of complex flags in C" of type (ni,...,n,), that is, r-tuples (V1,...,V;) of
mutually orthogonal complex vector subspaces of C" with dimc¢(V;) = n; for 1 < i < r (in
this paper we only work with complex flag manifolds, so we omit the word ”complex” when
we refer to it). Note that for r = 2 the flag manifold F(n;,ng) is actually the Grassmann
manifold Gy, n,, while the flag manifold with ny = --- =n, =1 is the complete complez flag
manifold. In [7] Glover and Homer conjectured that F'(ni,...,n,) has the FPP if and only if
the numbers n; are distinct and at most one of them is odd (in the same paper they prove the
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"only if” part of this conjecture). Other than for the above-mentioned cases of Grassmann
manifolds, the only flag manifolds for which the ”if” part of this conjecture is proven are
F(1,p,q) for p>2and q > 2p? — 1 (see [6]).

In this paper we consider a related question. Let M be a connected topological manifold.
We say that self-maps f and g of M are coincident if there exists x € M such that f(z) = g(z).
Let m be the maximum number of self-maps of M such that none of them has the FPP and

that no two of them are coincident. Then the noncoincidence index of M (defined in [9]) is

m+ 1, if m is finite,
oo, otherwise.

NI(M) = {

Obviously, M has the FPP if and only if NI(M) = 1.

Let F := F(ny,...,n,). In this paper we calculate NI(F') for certain flag manifolds F'. To
do so we consider endomorphisms ¢ : H*(F;Z) — H*(F';Z). It was conjectured in [6] that any
such endomorphism is either a grading endomorphism or a projective endomorphism (these
notions will be defined in Sections 5.1 and 4, respectively). We note that this conjecture is
proven only in the following cases: 7 = 2 and n; < 3 or ng > 2n2—n;—1 (see [5]), 7 =3,n; = 1
and n3 > 2n3 — 1 (see [6]), ny = -+ = n, = 1 (see [11]), and later for ny = --- =n,_1 = 1
(see [9]), while some partial results where obtained for (general) Grassmann manifolds in [8].
Assuming this conjecture, in [10] Hoffman computed NI(F) (for all flag manifolds F').

The main result of this paper is the following extension of the previously mentioned results.
We note that our proof works equally well for the cohomology with rational coefficients (this
will be used in some of our applications).

Throughout the paper we will use the following notation: for [ € N and a € Z we denote

Theorem 1.1 Let F := F(1+7,k,m), where k,m € N, j > 0, k > 2 and m > 2k* — 1.
Then every endomorphism ¢ : H*(F;7Z) — H*(F;Z) is either a grading endomorphism or a
projective endomorphism.

Remark 1.2 In [9] this theorem is proven in the case k = 1 (so in this paper we only consider
the case k > 2).

We note that the bound for m in the previous theorem is the same as the bound from [6]
(where j = 1).

As an immediate consequence of Theorem 1.1, and Theorems 5.2 and 5.3 from [10] we
have the following result.

Theorem 1.3 Let F := F(1+7,k,m), where j >0, k > 2 and m > 2k? — 1. Then

g . .
NI(F) = { 7!, if at most one of j, k,m is odd,

24!, otherwise.

The paper is organized as follows. In Section 2 we recall some basic properties and
identities for the cohomology of flag manifolds that are going to be used throughout the
paper. In Section 3, for any flag manifold F we determine all nonzero classes in H?(F;Z)
with the minimal height. This result will be used repeatedly in the proof of Theorem 1.1.



In Section 4 we prove that there are no j-projective endomorphisms (which we define in the
same section) other than projective endomorphisms. In Section 5 we prove Theorem 1.1. In
Section 6, using Theorem 1.1 we prove that for certain pairs of flag manifolds all continuous
maps between them are rationally null-homotopic.

2 Cohomology of flag manifolds

Throughout the paper, for ¢t € N we denote [t] :={1,2,...,t}.

Let F := F(ny,...,n,,m) be a flag manifold. Then we denote with ~7 ... ,'ny (or
simply with 71, ...,79+1) the canonical complex vector bundles over F (dim¢(vy!) = n;, for
i € [r], dime(vf, ;) = m). Further, let ¢;; € H¥(F;Z), for i € [r] and j € [n;], be the j-th
Chern class of the bundle 'yiF, and c;- € H¥(F;Z), for j € [m], be the j-th Chern class of the
bundle % 1 (in most of our proofs we will not use classes c;, and hence this asymmetry in
notation; this will become more clear in the following subsection). Then

(Ataptoteom) - (Qtent o ten)l+a+ - +a)=1 (21)

By Borel’s description (see [1]) this relation fully determines the cohomology H*(F;Z),
that is
H*(F, Z) = Z[Cl,l, e ;Cl,nla e ,C,«,l, e 7C'r,nr]/IF7

where I is the ideal generated by the polynomials ¢,+1,Cny2, - - -, Cn, and we denote Np :=
n=ni+- - -+n, +m.

Remark 2.1 We abuse the notation and use c;; to denote both the class of the cohomology
algebra H*(F';7Z) and the element of the polynomial ring Zci1,...,Clnyy---Crly---sCrm,)-

The polynomials (classes) ¢; for i > 0, are obtained from the equation (we denote ¢y = 1)

.
A+a+e+-) - [[A+eai+eot - +ein) =1 (2.2)
=1

which implies

)
ltea+e+--=[D>. D D%ainamlei o, (2.3)

1=1d;>0a;1++a;n;,=d;

where for 0 = (s1,...,5;) € N&, [o] denotes the corresponding multinomial coefficient, that
is
o] = s1t 82+t S\ (S2t TSk Sk
51 52 sk/)
For i € [r] and an n;-tuple & = (a1, as,...,an,) € Nj* we use the notation C¢* for the

monomial ¢} ¢}% - - cfj;l and |a| = a1+ - -+ap,;. Also, let Sp :=m and S; := m+n1+---+n;,
for i € [r].
The following theorem gives an additive basis for H*(F;Z) in terms of Chern classes of

complex vector bundles ;.



Theorem 2.2 ([14]) The set
Bp = {cf““)c;‘(?) 0D L Ja(i)] < Sy for i € [r]}
is an additive basis for H*(F;7Z).

Endomorphisms @1, : H*(F;Z) — H*(F;Z) are equal up to a conjugation if there
exists a permutation 7 € Sym(r) that satisfies n; = n; whenever (i) = ¢/, and such that

p1(cis) = p2(Crs),s) foralli € [r] and s € [ng].

2.1 Flag manifolds F(1+7, nji1,...,nj,m)

In this paper we consider a special case of flag manifolds, namely F :=
F(1*J,nj41,...,nj4t,m), where j € N. Then Np := j + nji1 + -+ + njse + m, ng =

- =nj = 1 and nj1411 = m. For our proofs we will need several variants of the identity
(2.2), which we give in this subsection. Also, we simplify the notation, by denoting x; = ¢; 1,
for ¢ € [j], yig = ciy, for i € [j+t]\ [j] and I € [ni], yj1e417 = Cjyet1,, for | € [m], and
z; = G, for i > 0. In the special case ¢ = 1 (which will be the most interesting to us), we
denote y; = y1.

The identity (2.2) now simplifies to

J Jj+t
Zzi ' H(l“‘%)' H (L4 ys1 +Ys2+ -+ Ysm,) = 1
>0 s=1 s=j+1
and in the case t = 1 and njy1 = k to
j
I+y1+-+y)- H1+x5 oZzizl. (2.4)
s=1 i>0
For J C [j] the previous identities can also be written as
j+t
oz [0+ [ Q+vsa+ysn+ -+ ysm,) = (—xs)! (2.5)
>0  seJ s=j+1 se[j]\J >0

and (in the case t = 1 and nj1 = k)

Oyt [Ja+z) > a= [ Do(—x). (2.6)

seJ i>0 s€[f]\J 1>0
Ift =1 and njy1 = k, then for a = (ay,...,a;) € N\, B = (by,...,b) € NE, we denote
a ai ,.a2 aj by, bo

b
z® =ity and ¢”° =YYy eyt

So, in the case t = 1 and n;; = k identity (2.3) leads to

zmﬁzwsv-zzv

i>0 s=11>0 1>0 |a|=l
Z 1)l gr Z 1)ll[o (2.7)
HENY o€Ng



Recall that the height of a class ¢ € ﬁ*(F, Z), denoted by ht(c), is the largest n € N such
that ¢ # 0.

At the end of this section, we prove several technical results for H*(F;Z). Let N :=
Np. First, we recall Corollary 10 from [14]. More precisely, with the notation from that
paper, we apply this corollary for the flag manifold F’ := F(njt1,...,nj, -7, m) which is
homeomorphic to F'; also, let x; be the first Chern class of ’yf _;t_l- +1- Then, using the notation
from Corollary 8 of [14], for k=j+t—r+1and each s > N —r+ 1= Sip_1 + 1, we have
e =0 (in H*(F';Z)), that is

-1 Y apab =0 (2.8)
byt t+by=s
Note that the sum in the previous identity is in fact the complete symmetric polynomial on
variables x1,...,x, of degree s.
Since ht(x;) = ht(z2) = N — 1 (see Corollary 3.3), the identity (2.8) for k = j+t¢—1 and
s=2N —-3> N —1=5;_1+ 1 implies
0= Z $Iil$gg—${le2—|—l‘{VZNl.
b1 +bo=2N-3
By symmetry, this implies that for all 1 < i <4’ < j one has

+ :L‘N 21 = . (2.9)

)

N-1,N-2
T Ty

Lemma 2.3 Forr € [j] and a € Z the following identity holds in H*(F';7Z)
r N-1

2 : axz _ § : (_a)b1+~-+brxll>1 .. _wsr.
=1 [=0 0<by+-+b,<N-—r
PROOF — Our proof is by induction on r. Base case r = 1 is trivial. So, we assume that it

is true for r — 1 < j — 1 and prove it for r. For [ > 0, we denote with h; (resp. hl(rfl)) the
complete symmetric polynomial of degree [ on the variables z1,...,x, (resp. z1,...,%,—1).
Then

ho=h{"" 42 h T 4al

By the inductive hypothesis, identity (2.8) and since 2% = 0, for { > N (in H*(F;Z))

r N—1 N—-1
r—1
I3 az)= Y (a3 (~az,)
i=1 (=0 0<I<KN-—r+1 =0
N-1
_ Z (_a)lhl(r_l)'Z(_amr)l
0<I<N-1 =0
= > a0 e )
0<I<2N -2
= Y (a'm= > (-an
0<I<2N -2 0<I<KN-—r

= Z (_a)bl“l"‘l‘brxl{l . l;.r’

0<by+-++b,<N—71

which completes the proof of this lemma. O



3 Heights of the classes in H*(F;Z)

The heights of all classes in H?(F';Z) are known by the following result.
Theorem 3.1 ([2]) Let F := F(ni,...,n;) and t; = c1(yF'), fori € [l]. For
w = arty + agta + -+ +ayt; € H*(F;7),

let By, = {b1 <by <--- < by} be the set of different values of a; and m; = Z n;, for j € [g].
a;=b;

Then
ht(w) = Z mpMmy.

1<p<q<yg

Using this result (and keeping the same notation) we obtain all nonzero elements that
have the minimal height in H?(F;Z).

Lemma 3.2 Let = min{ny,...,n;}. Then the nonzero elements of the minimal height in
H?(F;Z) are a;t;, where i € [I] and satisfies n; = p and a; € Z\ {0}.

PROOF — Let Np :=nq1+---+n; and
w = aity + agts + - - + iy,

be a nonzero element of minimal height in H?(F;Z). Note that t; +--- +t, = 0 (by (2.1)),
so |By| # 1. Let I C [I] be the set of all indices ¢ that satisfy a; = b;. Then my = >, n;.
Assume that |B,,| = s > 3. Then, by Theorem 3.1

ht(w) = my Zmz + Z m;my > mq Zmz

i>2 1<i<i’<s i>2

So, for a,b € Z, a # b, and w' =a ;. ti +b) 47 ti, one has By = {a,b} and

ht(w') = an an =m Zmz < ht(w),

iel gl i>2

which is a contradiction.

Hence |By| = 2 and let By, = {a,b}. Then my + mg = Np, and p < mi,ms < Np — p.
Let i € [I] be such that n; = p. Then, by Theorem 3.1, the height of w” = at; + b3, ti is
ht(w”) =m; 3 4y = p(Np —p). Since my(Np —mi) > p(Np — p) with the equality if and
only if m; € {u, Np — p} (this inequality is equivalent to (m; — p)(Ng —p—mq) > 0), by the
minimality of ht(w) we conclude that m; € {y,np — p}. If m; = p, then my = ny = p, for
some i’ € [l], and hence w = aty+b Zi,,#/ tyr = (a—b)t;, as desired. Similarly, if m; = Np—pu,
then mgo = ny = p, for some i’ € [I], and hence w = a Zi,,#, tin + bty = (b—a)ty. O

Using the notation from Section 2.1, we have the following corollary.

Corollary 3.3 Nonzero elements of the minimal height in the cohomology algebra
H*(F(1*9,nji1,...,njy,m); Z), where n; # 1 fori € [j+t]\ [j], are a;z;, for alli € [j] and

a; € Z\ {0}. The height of these classes is Np — 1 = giﬁﬂ ni+j+m—1.



4 Projective endomorphisms

Throughout this section we use the same notation as in Section 2.1.

Let F := F(1*J,nji1,...,nj+t,m) be a flag manifold, such that j > 1 (it is possible that
n; = 1 for some i € [j +t] \ [j]). Then there is a natural map F' — CP"*~1 which induces
a monomorphism of cohomology algebras. An endomorphism ¢ : H*(F;Z) — H*(F;Z) is
projective if it factors through such a monomorphism. In other words, an endomorphism
v : H*(F;Z) — H*(F;Z) is projective if for each z € H*(F;Z), ¢(z) is, up to a conjugation,
a polynomial in 21 (in H*(F;Z)). In [6] the authors determined all projective endomorphism
of flag manifolds (in this result j =1 and n; = 1).

Theorem 4.1 ([6]) Let F := F(1,ng,...,n1,m) be a flag manifold. Consider a factor-
ization 1 — 27 = Py(x1)Py(x1) - - - Pryo(1) in the polynomial ring Z[x1], where deg P; = n;,
1<i<t+1, anddeg Poyo =m. If Pi(x1) =1 —x1 and X\ € Z, then the formula

(L +yix+- +¥Yin) = P(A\r1), 2<i<t+1,

o1+ x1) = Pi(Az1) and (1 + yer21 + -+ + Ytr2.m) = Pipa(Az1), gives a well-defined
(projective) endomorphism of H*(F';7Z). Conversely, every nonzero projective endomorphism
(for any flag manifold with ny =1, i.e. j > 1) has this form, up to a conjugation.

Note that in the previous theorem, if A = 0, then ¢ vanishes in positive dimensions. So,
if  is a projective endomorphism, we may assume that the corresponding A is nonzero.

In this section we extend this result for all j € N, that is for F := F(1"J, njq1,...,nj4,m)
we classify all endomorphism ¢ : H*(F;Z) — H*(F;Z) that factor through the monomor-
phism H*(F(1+J, Ng — 5); Z) — H*(F;Z) induced by the natural map F — F(1-J, Ny — §)
(this map is defined with (Si,...,Sj4i41) = (S1,...,55,5j41 ® -+ ® Sje41) for a flag
(S1,...,8j4t41) € F). Such endomorphisms we call j-projective, and in fact prove that
the only j-projective endomorphisms are projective endomorphisms. Of course, an endomor-
phism ¢ : H*(F;Z) — H*(F;Z) is j-projective if and only if for each z € H*(F;Z), ¢(z) is
a polynomial in variables x1,x2,...,z; (in H*(F;7Z)), up to a conjugation.

To prove this we will need the following result.

Theorem 4.2 ([15]) For each natural number m, the plane projective curve of degree m
defined by the vanishing of the polynomial

Gm(x,y,2) = Z x%yP ¢
a,b,c>0
a+b+c=m

is non-singular in characteristic 0 and has zeros at 2m? points where coordinates x, y and z
are roots of unity.

Corollary 4.3 For m,s € N, s > 2, the polynomial

Gms(T1,...,25) = Z it age

0<ai+--+as<m

is irreducible in Z[xy, ..., xs).



PROOF — Our proof is by induction on s > 2. First, let s = 2. Suppose that G, » = PQ, for
some P, Q € Z[z1, x2], where deg P = k and deg Q = [. By Theorem 4.2, G, » is non-singular.
Therefore both P and () are non-singular and do not go through the origin, and hence curves
P(z1,22) = 0 and Q(z1,22) = 0 have at most 2k? and 22, respectively, points of the form
(¢, (") where ¢ and ¢’ are roots of unity (see the bottom of page 87 in [15]). By the previous
theorem this implies 2k2 + 212 > 2m? = 2(k +[)?, which is only possible if k = 0 or [ = 0.
So, we assume that the result holds for s — 1 > 2 and prove it for s. Suppose that
Gm,s = PQ, for some P,Q € Z[x1,...,xs), where P and () are non-constant polynomials. Let
a (resp. b) be maximal such that z¢ (resp. 2%) is a monomial of P (resp. Q). Then a+b=m
a,b > 0, and the coefficients of these monomials are 1 or —1. But then, by letting s = 0 we
obtain a non-trivial factorization of G, s—1, a contradiction. O

Proposition 4.4 Fvery j-projective endomorphism ¢ of the flag manifold F =
F(1*9,njt1,...,njst,m) is projective.

PROOF — Since ¢ is an endomorphism, ht(c) > ht(¢(c)) for every ¢ € H?(F;Z), so, by
Corollary 3.3, p(z;) = a;c1(yL") for some a; € Z and s € [j + t] such that ngy = 1. Since ¢
is j-projective, this implies that for every i € [j] we have ¢(z;) = a;zs for some s € [j] and
a; € Z. So, up to a conjugation, we may assume that p(x;) = a;x; for i € [r], where r < j
is maximal (that is, we assume that the set {s € [j] : ¢(x;) = a;xs for some i € [j]} is equal
to [r]; in other words, for each i € [j]\ [r], ¢(z;) is not a non-zero multiple of one of the

variables @41, Zy42,...,2;). Additionally, if at least one of aq,as,...,a, is non-zero, then,
up to a conjugation, we may assume that all of them are non-zero (so, we assume that either
ag=ay=---=a,=0,o0r a; #0 for all i € [r]).

Let N := Np. We apply ¢ on (2.5) for J = {r+1,7+2,...,7} and observe this identity
in H*(F;Z). We have o(211) = @(2ma2) =+ = p(zy) =0 and 2l¥ = ... = :c = 0 (since
ht(z1) =--- =ht(z;) = N — 1), so (in H*(F;Z))

7 r N—1
1 PtQm H (1+90xl HZ azxz 9 (41)
i=r+1 =1 [=0

where Pi_j = (1 4+yi1+ -+ Yin,), for i € [j+t]\ [j], and Qm = (1 + 21 + - - - + 2p,) are
polynomials in variables z1,...,z;. Clearly, deg P; < nj;, for i € [t], and deg Q,, < m.

Note that F' is homeomorphic to F/(nj41,. .., nj4t, 1,m), so, by Theorem 2.2, an additive
basis for H*(F';Z) is the set

Jj+t  ny j
BF:{ H Hylelnfvfl : stl<m+ Z ng, a; < N —1,

i=j+11=1 i=1 i=j+1

for s € [j+t]\[j], i€ [j]}-

(Note: we have ”sorted 1’s” in F(nji1,...,Nj4ws, 1J,m) so that the class z1 is a Chern class
of the complex line bundle corresponding to the last 1, 2 a Chern class of the complex line
bundle corresponding to the second to last 1, and so on.) We prove that after expansion
each monomial of the left-hand side of (4.1) is in Bp. Indeed, the degree of each variable x;,
for 1 <1 < r, is at most ZZ ]an—l—m+j—7“ = N —r < N — [, and the degree of each

8



variable x;, for r +1 <[ < j, is at most ZJ_]H ni+m= N —j < N —1 (since the monomial
©(xr41) - - @(z5) is not divisible by ;).

Next, we show that it is enough to prove a; = --- = a, = a. Indeed, suppose that this is
the case, and apply Lemma 2.3 on the right-hand side of (4.1). From the previous paragraph
we conclude that the left-hand side of (4.1) is as a polynomial equal to the right-hand side
of identity from Lemma 2.3. Since the polynomial on the right-hand side of this identity is
by Corollary 4.3 irreducible for r > 2, we conclude that » = 1. Hence, identity (4.1) implies
that polynomials P, ..., P, Qm, 1+ ¢(x2),...,1 4+ ¢(z;) divide a polynomial in z1, so they
are also polynomial in x1, which completes our proof.

So, let us prove that a; = - -+ = a, = a. By the assumption made at the beginning of the
proof, we may assume that a; # 0 for all ¢ € [r]. Also, we may assume that r > 2, and, by
symmetry, it is enough to show a1 = a2. We apply ¢ on the identity (2.5) for J = {3,4,...,j}
and observe this identity in H*(F';Z). Similarly as for (4.1), we have

J 2 N-1
1 B&Qm H(l + (P(xz H Z azxz . (42)
1=3 i=1 1=0

Suppose that a; # ag. By (2.9), and since ht(z1) = N — 1, we have

N-1_N-1 N-2_ N-1 N-1_N-2
T Ty =TT Ty = -—x1x] Ty =0,

and also (again by (2.9))
(—arz)V " (—azw2) V7 4 (—arzn) VR (—agan) N
= (a1a2)V " 2(=ay + ag)xY 1z 2

Since :UN lxév 2 € Bp, we conclude that the nonzero monomial of the largest degree on the

right-hand side of (4.2) is

(alag)N_z( al—f—ag):rf[ lxév 2,

On the other hand, each monomial on the left-hand side of (4.2) is in dimension at most
ZJ—]H n;+m+j—2=N — 2, a contradiction. O

5 Endomorphisms

In this section we prove the main result of this paper, i.e. we classify all endomorphisms of
H*(F(1+9,k,m);Z). Throughout this section we use the notation from Section 2.1, but, for
simplicity and readability, we denote H*(F (17, k, m);Z) with Aj k,m and the ideal I with
I ;. m- So, by Borel’s description,

Aj,k,m = Z[xla s Ljy Yty e 7yk]/lj,k,ma

where I g = (Zm41s - - Zmtjrk) -

From now on we observe Z[x1,...,2;,y1, ..., Yk as a graded algebra, where deg z; = 2, for
i € [j], and degy; = 2i, for i € [k]. For simplicity we denote this algebra with Z[X )y (*)],
Also, for o = (s1,...,s;) € NE we define wt(o) = Zle 18;.

Let 6 : Ajrm — Ajrm be an endomorphism of the (graded) algebra A;,,. Then
6 is determined by 6(z1),...,6(x;),0(y1),...,0(yx), which are polynomials in the variables



Ty, T, Y1, .-, Yk Also, ht(x;) > ht(6(z;)), for ¢ € [j], and hence, by Corollary 3.3, there
is a function 7 : [j] — [j], such that 0(z;) = a;7.(;), where a; € Z. Note that there is a
unique (graded) endomorphism ¢ : Z[X@) Y #)] - Z[X0), Y] such that p(z;) = 0(x;),
i € [j], and @(y;) = 0(y;), i € [k]. By the definition, ¢ satisfies ¢(I;km) € ILjgm-. So,
in order to classify all endomorphism of A;j ,, we will find all grading endomorphism of
¢ Z[X0) Y] - 7[X ) Y#)] that satisfy the following two conditions:

(1) e(Ljkm) € Ljjkms
(2) for i € [j], p(x;) = @iy (), where a; € Z and 7 : [j] — [j] is some function.

This is what we do in the remaining of this section. In this situation we say that ¢ corresponds
to 6 (of course, ¢ uniquely determines 6).
Because of the grading, condition (1) implies that for ¢ € [m + j + k] \ [m]:

o(2i) = a;z; + > a2y 25— wi(o)s (5.1)
1< pl4wh(o) Simm—1

(4)

where «; and a6 are some integers. In particular,

So(zm-i-l) = Om+1Z2m+1- (52)

Again, because of the grading, the following identities hold

J
p(y) = Ay + > v,
=1

and
o(yi) = \iyi + Z cl(fga;“y", 2 <1<k, (5.3)
|ul+wt(o)=i
where X, v;, A\, c,(f(), € 7. We also define c,(}og =y, for p = (O"'(i_l), 1,0,...,0) and o = 0.
Let k > 3 and ¢t = z#y{* - - - y;* a monomial of zp,;, for some i € [j + k]. Then, in ¢(t)

the degree of y; in each monomial is at most ag, and if it is di, then the coefficient of this
monomial is a multiple of )\Z’“ (since only ¢(yx) can contain y; as a monomial). Additionally,
if yzk_’llyzk divides a monomial of ¢(t), then by < ax and bg_1 + by < agp—1 + ay (since only
©(yx) can contain yi and only ¢(yx_1) and ¢(yx) can contain y;_; as a monomial); also, if

bi_1 > aj — by, then the coefficient of this monomial is a multiple of )\Zk_’lﬁb’“ —ak )\Z’“. We will
call this Property (x) and use in this section.

We break our proof in two cases, ¢(2m+1) 7 0 and ¢(z,+1) = 0, and resolve each of them
in a separate subsection.

We will need the following result from [5, Proposition 1].

Lemma 5.1 ([5]) Let mg,ng € Z and p € N. If d is an integer such that
d > p(p—1)+nop+mo(p—1),
then there exist integers m > mg and n > ng such that

m(p—1)+np=d.
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5.1 Case ¢(z,41) #0

Let ® : H*(F(ni,...,ny);Z) — H*(F(ni,...,n;);Z) be an endomorphism of
H*(F(ni,...,n.);Z). Then @ is a grading endomorphism if there is a permutation = € Sym(r)
that satisfies n; = ny whenever (i) = ¢/, and A € Z, such that

®(cis) = Aepg),s foralli e [r] and s € [ng].

We prove that ¢ corresponds to a grading endomorphism. By [6], this is true for j = 1,
so we assume that j7 > 2.

Let S; = {s € [j] : w(s) =i} for i € [j]. Then for some i € [j] we have |S;| < 1. W.lo.g.
assume that i = 1; additionally, if |S1| = 1, then, up to a conjugation, we have p(z1) = a121
(note: if |S1| = 0, then (1) = ajz; for some 2 < i < j).

Let T = (x9,3,...,7;) and 0 : Z[ XM, Y®)] — 7[ X1 Y*)] be the endomorphism defined
with:

O(z1) = p(x1) mod Z and 6(y;) = ¢(y;) mod Z for i € [k].
(Note that: 8(z1) = 0 for |Si| =0, and 0(z1) = a1z for |S;| =1.)

Let us prove that 6 induces an endomorphism of A; j ,,. To prove this it is enough to
show 0(I1 km) € I km. By the definition we have 6(t) = ¢(t) mod Z for every monomial
t € Z[X(l),Y(k)]. Let z; = zimod Z for all ¢+ > 1. By (2.4), it is clear that Z,,,, for
i € [k + 1], are the polynomials that generate I; j,,. Since p(x;) € Z for all i € [5] \ {1}, we
have ¢(z;) mod Z = 0 for all 7 € [j] \ {1}, and hence

0(zi) = p(zi) mod Z = p(z;) mod Z for i > 1.

For ¢ € I j;m, we have t= Zf’:ll DiZm+i, and hence

_ k+1 k+1
01) = 0(p)0Gmti) = Y (pi)¢(2m1s) mod T
=1 i=1
= ¢(t) mod Z,

where t = Zfill PiZm+i- Since t € Iy, it follows ¢(t) € Ijgm, i.e. o(t) = Zfilj Qi Zmti -

Finally,
k+j

0(t) = o(t) mod T = GiZm+i € Likm
i=1
where ¢; = ¢; mod 7 for i € [k + j] (note that, by (2.4), Zm4s € I1 g,m for all ¢ > 1).
So, # induces an endomorphism of the algebra A; i, and we can use the results of [6].
Indeed, since 8(Zmi1) = Qmi1Zme1 # 0 and m > 2k? — 1, by Lemma 5.3 and Lemma 5.4

from [6] we have that 6 corresponds to a grading endomorphism (of A; ). In particular,
O(x1) = Ax1 # 0 (and hence |S1| = 1), and

O(y1) = Ay1 = Ay1 + iz, ey =0,
O(yr—1) = N yey = Nty 4y,
1
O(yk) = Ny = MNyp, + 1 pm1yiyn—1 + bgy;l_lxlyk—l + Dk
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. 1 k ]
that is bg,)c_l = c¢ip-1 = 0, where cip—1 = Cgo,)...,0)(1,0,...,0,1,0)7 bﬂ_l =

E?'("*l),1,0~~~(j*i>)(0,...,0,1,0) for i € [§], k1 = A*"1 and A\ = A¥ (in the identities above pj_1
(resp. px) denotes some polynomial that does not have yi_1 (resp. yr, y1yx—1 and z1yg_1) as
its monomial (resp. monomials)).

Now, let us go back to ¢. Since |Si| = 1, we know that there exists some ¢ € [j] \ {1}
such that |Sy| < 1. Now, in a similar way as above, we conclude that |Sy| = 1. Therefore, by

reiterating the proof, we have that |S;| = 1 for all i € [j]. We conclude that

Cc

M1 =M e =M e =0, (5.4)
ai=X =0 b =0 forielj]. (5.5)

Let | and r be positive integers such that m + 1 = I[(k — 1) + rk (they exist by Lemma
5.1 since m > 2k% — 1). We now analyse the coefficient of y! ;37 in (5.2). This monomial
appears in zp, 11, so (2.7) and (5.2) imply that its coefficient is (—1)'*"[0]cm 11 N Q1 2met,
where o = (0,...,0,1,k). From (2.7) and (5.3), we deduce that the coefficient of y} ,yr in
@(zm+1) is (—=1)7[o]AL_; A} because none of non-y? terms in 2,41 can be mapped into y°
(for k& > 3 this is clear; for £ = 2 we also use the fact that ¢; 1 = 0 and that ¢(z;) does not
have y; as its monomial). Hence, by (5.4):

U1 = Ap_ A = AFTDHE = jmtl (5.6)

By (5.4) and (5.5), cf}cz =0 for p = (0-0=1,1,0,...,0) and o = 0; cgf,) =0 for p =
(0-(G=1.1,0,...,0) and o = (0,...,0,1,0); ¢ = 0 for p =0 and o = (1,...,0,1,0). Now,
we arrange the (j + k)-tuples (u, o) (where u is a j-tuple and o a k-tuple) in lexicographical
order, denoted by <jcx, and prove by induction on this order that CEZ(); = 0 (note that 7 is
uniquely determined by (i, 0)). Let us recall that the lexicographical order is defined with:
for a = (a1, a9,...,aj4%) and 8 = (b1,bo,...,bj11), a # B, we have

a <jex B iff  a; < b; where ¢ = min{s|s € [j + k], as # bs}.

We note that our proof is similar to the corresponding proofs in [5] and [6], but we give it for
the sake of completeness.

So, suppose that cl(f,lc)f, = 0 for all (¢/,0") <jezx (i1,0) and prove that c% = 0. We may
assume that (u, o) is not one of the (j + k)-tuples from the previous paragraph; then o =
(S1,...,8k-2,0,0), for some sy,...,s,_2 € NU{0}. Since m+1—k > k(k — 1), by Lemma
5.1 there exist [, > 0 such that [(k —1)+rk=m+1—1i>m+1— k. Let us compare the
coefficient of x“y”yé_ly}; on the left-hand and right-hand side of (5.2); denote them by L and

R, respectively. On the right-hand side the coefficient is (by (5.6)):
G (L)W 1 ] = XL (et R

since qp+1 = AL Let us prove that there are two nonzero coefficients on the left-hand
side; one comes from o((—1)HHolH4r (g 1 plzryoyl 47y and is equal to R. So, let p(x7yX)
for some (7, x) # (1, 0,1,7) be such that it contains the monomial z*y°y; ,y5 (with nonzero
coefficient). Then 27 | z#, and by (5.4), v ,v% | y*. Hence 2#~7y? is a monomial of ¢(t)
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for some t | yX; by the inductive hypothesis this is only possible if ¢ = y; and 7 = 0. So,
yX = yiyfc_ly}; and the corresponding coefficient is

(_1)1+l+7’[0...(j+i*1) 1 0...(]671'72) l ,r] (Z) )\l(k*l)‘i’T‘k le c [k. _ 2]
(00,4 1 el DN g~ k1,
(—1)””’“[0 0,07+ 1) (r+ NI g =

By our previous calculations this coefficient is equal to zero, and so c,(f), = 0.
We conclude that ¢ corresponds to a grading endomorphism of A; i ..

5.2 Case ¢(zp41) =0

We treat this case by induction on j > 1; further, we assume that ¢ does not vanish in
positive dimensions and prove that ¢ corresponds to a projective endomorphism. For j =1,
this follows from [6]. So, let us assume that it is true for j — 1 > 1 and prove it for j.

We divide the proof in several steps (the claim in each step is valid only in the case that
it is proven in).

(A) ¢(zm+i) =0 for i € [K].

First, note that (5.2) and ¢(zpmy1) = 0 imply amy1 = 0. For i € [k], let () > 1 and
() > k be integers such that

1Dk =1)+rD%k =m+i

(they exist by Lemma 5.1 since m +1i >m+ 1> k(k — 1)+ k> +k —1 = 2k? — 1). In the
remaining of the proof of (A) we assume k > 3, while the proof in the case k = 2 is given in
Appendix.

The monomial y”, where o = (0-*=2) (1) (1)) is a monomial of 2,41, so (2.7) and
(5.2) imply that y has the coefficient (—1)"*"[o]am11 = 0 in @(241). From (2.7), (5.3) and
Property (x) we deduce that the coefficient of 47 in p(2,11) is (—1)"*"[o ]/\l(l) /\”(1 . Hence
A1 Mg = 0.

Let us observe o(zm4s), for i € [k —1]\ {1}. For 7 = (02 1) 1)) similarly as above
we conclude that the only monomial of ¢(z,+;) that contains y” is also a monomial of p(y7).
The coefficient of y™ in @(y7) is )\51)1)\2(2), which is equal to 0. Hence, the coefficient of y”
on the right-hand side of (5.1) is also 0. But the only polynomial there that contains y” is
QmtiZm+i (since for each o in the sum, one has wt(o) <i—1 < k —2), and hence a,,4; = 0.

Finally, let us observe ¢(zm4x), and let § = (02 [*) (k) Ag before, we conclude

that the only polynomials on the right-hand side of (5.1) that contain 4 are cu,4x2m4r and

k
O‘E?B)(O (=1) 1) Yk —=1Zm+1, and hence

0= A4k - [5] — Q- [Om(k_2)7 l(k) - 177ﬂ(k)}7

(m+k)
(0...j)7(0m(k—2)71’0)‘

the monomial y® , for §' = (O"'(’I‘:_Q)7 1B 4k, r®) — k4 1), we obtain

where a = « This implies (I®) +7®) a1 x = (%) - . Similarly, by observing

0= amar-[0] —a [0 g®) f k1 ) _ k4 1],
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that is (I® + 7" + Dy = (%) + k)a. Hence,

0 = ek (AP +rE) B 4 ) — 1B (R 4 k) 4 1))
= s (R (I®) + 78y — 1)),

and so o+ = = 0.

(m—+1)
(0...j)’(0...k
where 0 < |u|+wt(o) < i—1, by induction on (u, o) w.r.t. the graded lexicographical ordering

denoted by <grlex. This ordering is defined in the following way:

(m+i) =0

Let us denote o )= Qi = 0, for i € [k]. We now fix 7 and prove that a,s

a <giex 8 i |a| < |B], or |af = |f] and o <jex 5.

For (u,o) = ((0+9),(0~*)), the claim holds, so we assume that it is true for all (y/,0"),
such that 0 < [¢/| + wt(o’) < i —1 and (i, 0") <griex (1,0), and prove it for (u, o). Since

m+k i —
QEO"ﬁ),)(O'-'(’“—Q),l,O) = 0, we may also assume that (u,0) # ((0-9),(0-*=2)1,0)). Let s =

i—|p|—wt(o). Then1 < s <i <k, solet 7= (0" "2 1"+ suchthat (k—1)'+kr' =m+s,
I!>kand 7 >0 ('’ and 7’ exist by Lemma 5.1, since m +s > m+1 > k(k —1) + k(k —
1) + k = 2k? — k). Let us observe the coefficient of the monomial z#y°*7 in ¢(2,,4;). Since,
(1, 0) # ((09), (0-*=2) 1,0)), if 2#y°*+7 is a monomial of ¢(t), where t is a monomial in
Zm+i such that the degree of y,_1 (resp. yx) in t is a (resp. b), then b > 7" and a+b > 1" + 1.
Ifa+b#1+1, then

m+i>alk—1)+bk=(a+b)(k—1)+b
>U+r+0)k-1)+r=m+s+k—1>m+i,

with the equality only if b = r/; hence a > I’ and the coefficient of z#y™™ in ¢(t) is a
multiple of A\b_ Ay, If a+b = I' + 1/, then a # 0 (since otherwise m +i > bk = (I' +
™Mk =m+s+1 >m+s+k >m+i), and hence the coefficient of z#y*™ in ¢(t) is a
multiple of A\;x_1Ag. So, in both cases the coefficient of z#y? ™™ in ¢(t) is equal to 0. On the

other hand, by (5.1), the coefficient of z#y°*7 in ¢(2,4;) is the sum of the coefficients of

. . . . ) / / . . .
this monomial in nonzero polynomial al(;r;,”)x# Y7 Zm4ir, where ¢ + |p/| + wt(o”) = i. Since
. . / / . . . . .
xHy’T7 is a monomial of #* 47 z,,, only if a multiple of y” is a monomial of z,,,; (since

(1, 0") & {(0-7,0-%),(0+7,0-(*=2) 1,0)}), we have wt(r) < m + i’ and hence |i//| + wt(o”) =
m+i—m—1i = |u| + wt(o) + wt(r) — m — ¢’ < |u| + wt(o), with the equality only for
(1',0") = (u,0). Hence, the conclusion follows by induction.

So, ©(zm+i) = 0 for i € [k], as desired.

After possibly renaming the variables, by Corollary 3.3 we may assume that, up to a
conjugation, ¢(x;) = ajx; (it is possible that a; = 0). For a polynomial ¢ € Z[X ), Y(*)] let
q denote its reduction modulo z;.

(B) The map @ : Z[XU~D Y®)] - Z[X =D Yy (*)] defined with
@(p) == (p) for p € ZIXU~ Y ")),

is clearly an endomorphism. Let us prove that @ induces an endomorphism of A;_1 ; n,. To
prove this it is enough to show @([;_1xm) C Ij—1km. Since ¢(z;) = ajz; and ¢ is an

endomorphism, for ¢ € Z[XU~1, Y *)] we have ¢(q) = ©(G) = B(q). By (2.4), it is clear that
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the polynomials Zp, 1, for i € [k + j — 1], generate Ij_1 kn. Now, for ¢’ € I;_y jm, we have
t' = Zfif‘lpim, and hence

k4j—1 k4j—1
)= > 2p)eEmr) = > e0i)e(zmsi)
=1 =1
= (1),

where t = Zf:f_lpizm+i. Since t € I, it follows ©(t) € Ijkm, i.e. p(t) = Ziﬁf QiZmti-

Finally,
k+j

2(t') = p(t) = Zqizm-&-i €Li_1km
i1

(note that, by (2.4), Zmyi € Ij—1xm for all i > 1). By the inductive hypothesis, @ vanishes
in positive dimensions or p corresponds to a projective endomorphism of A;_1 j .

CASE 1. 3 : Z[XU=D y(®)] 5 z[XxU-1 Y *)] vanishes in positive dimensions.

By Corollary 3.3, p(x;) = a;x;, for i € [j]. Applying ¢ on the identity (2.6) (for J = ()
gives

j
L+ o)+ + o) > elz) =[] D (—aiz;)

120 i=11>0

= Z Yhi(ay, . ..,aj)xé, (5.7)

1>0
where h; denotes the complete symmetric polynomial on j variables of degree .
(C) himtkti(ar,...,aj) =0 and @(zm4kti) =0, for i € [j —1].
The proof is by induction on i. From (5.7) and (A) we have

P(zmtkt1) = P(zmrn+1) + W) e(zmrr) + - + ©(yr) o(2mr1)
— (_1)m+k+1hm+k+1(alv o ’aj)l,gn+k+1.
By Corollary 3.3, ht(z;) = m+j+k—1>m+ k+ 1, and hence a:;r”rk“ & I; km; since
O(Zm4k+1) € Ijk,m, this implies Ay ypyi1(at,...,a;) =0 and @(2m4k+1) = 0. This proves the
base case i = 1.
So, let us now assume that our claim is true for all [ € [i — 1], and prove it for i < j — 1.
From (A) and the inductive hypothesis ¢(z45) =0 for all 1 < s < k+i— 1. So, by (5.7),

©(Zmikti) = P(Zmikti) + 0W1)e(Zmirti-1) + -+ ©(Yr)p(2m+i)

_ (_1)m+k+ihm+k+i(a17 o ,aj>x;n+k:+i.

Again, by Corollary 3.3, ht(z;) = m+j+k—12> m+ i+ k, and hence x;-”+k+1 & L km,
which implies hyqp4i(ai, ..., a;) =0 and @(zm4k4i) = 0.

To apply (C) we need the following lemma from [9].
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Lemma 5.2 ([9]) Let l,r be integers, | > 0, r > 2, and by, ...,b. some real numbers, such
that
hiyi(bi,...,by) =0 forie [r—1].

Then unless r =2 and [ is even, by =---=b. = 0. Ifr =2 and [ is even, then bo = —by.

We consider the following cases.
Case 1.1. j > 3.

In this case we prove that ¢ vanishes in positive dimensions. By (C) and Lemma 5.2,
ap =---=a; =0, ie p(x1) =--- = p(x;) = 0. Hence, it is enough to prove that ¢(y;) =0
for i € [k]. Suppose that this is not the case, and let ¢ < k be maximal such that ¢(y;) # 0.
By (5.7)

0= @(z11k) + (1) e(zre-1) + - -+ o(yr)e(z1)
= o(zirr) + o) (ziar-1) + -+ o) (z1r—i),
for all > 0. In particular, for | = m+i—k, from (A) we get ©(y;)p(zm) = 0, i.e. ¢(zy,) = 0.
Now, an easy reverse induction on s < m gives ¢(zs) = 0 for all s > 1. For s = 1 this gives
o(=y1) = —p(—2z1 —x1 — ... —xj) = p(z1) = 0. Also, from (2.7), we have z; = —y; + py,

for I € [k] \ {1}, where p; is a polynomial in variables z1,...,2;,y1,...,4—-1. S0, an easy
induction on [ > 1 gives ¢(y;) = 0, for all [ € [k], a contradiction.

Case 1.2. j =2.

By (C) and Lemma 5.2, we have two possibilities: a; = az = 0, or ag = —a; # 0 and
m + k is even. The first one is dealt with as in Case 1.1, and leads to ¢ = 0. So, we may
assume that ag = —a; = a # 0.

Applying ¢ on (2.6) for J = ), we get

L+ o)+ o) D elzi) = (am)' Y (—am) = (awy)*.

>0 >0 >0 >0

By (A) and (C), comparing polynomials of degree 2(m + k + 2) (w.r.t. the grading) in the
previous identity gives

(Zmrkr2) = @(Zmikr2) T+ @) P(2me2) = (azg)™ 2,

Let u;, for i € [k + 2], be the polynomial of degree 2i w.r.t. the grading, such that
T+ur+ - +uppp = 1T+ 2) (1 +22)(T+y + -+ yp)-

Using this notation and applying ¢ on (2.4) we get

1+ @(ur) + - + plurra) - > olz) = 1. (5.8)
>0

Let N :=m + k 4+ 2. We prove that
P(zN+r) = (Gwz)Nw(Zr), for N+r>m+1

(here, p(z,) = 0 for r < 0). We prove this identity by induction on N +r > m + 1. By
(A) and (C), the identity is true for r such that m +1 < N +r < N. So, we assume that
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N +r > N +1 and that the identity holds for N +r -1, N+r—2,..., N+r —k—2, and
prove it for N + 7.
By (5.8) and the inductive hypothesis, we get

P(2N+r) = —p(eN+r—1)p(u1) = — P(2Nfr—k—2)P(Ukt2)
= —(awa)Np(zr—1)p(ur) — -+ — (aw2) Vo (2 —2)p(ur12)
= —(az2)" (p(zr—1)p(u1) + - + P(2r—k—2) P (U s2))
= (az2)No(2),

which completes the inductive step.

Now, an easy induction on [ proves that for I > 0 and r € [N — 1] U {0}, ¢(zin1r) =
(az2)™ p(z).

Hence,

By applying ¢ on (2.4) we get

k m
(L4 (21))(1 + p(x2)) (1 +) @(%)) > p(z) =1 (am)".
i=1 =0

So, 1+p(z1), 1+p(z2) and 1+p(y1)+- - -+ ¢ (yk) are in Z[xs], and hence ¢ indeed corresponds
to a projective endomorphism of A; j .

CASE 2. 3 : Z[XU~D Y®)] - 7Z[XU-D Y#)] corresponds to a projective endomorphism
of Ajka’m.

By Theorem 4.1, we have j € {2,3} (indeed, for every n the polynomial 1 — z™ has at
most two rational roots, i.e. 1 and —1, and each of them has multiplicity at most one, so
j—1<2).

Case 2.1. j =3.

Since P corresponds to a (nonzero) projective endomorphism, by Theorem 4.1, we may
assume that @(z1) = a1z1 and P(ze) = —aiz1, a1 # 0 which implies ¢(z1) = a1z and
©(x2) = —ajzy (by Corollary 3.3). Note that ® was constructed by reducing modulo z3; in a
similar way the function ¢ that reduces polynomials modulo z; could be constructed. Then,
if ¢ vanishes in positive dimensions, the proof follows as in Case 1; otherwise ¢ corresponds to
a projective endomorphism, which, by Theorem 4.1, implies ¢(z2) = —@(x3), a contradiction.

Case 2.2. j =2.

First, we prove that o(1 +y1 + -+ k), (1 + 21 + -+ + 2;) € Z[z1,22). Again, let
N = m + k + 2. Since p corresponds to a projective endomorphism, by Theorem 4.1,
@(1‘1) =a1x1.

If a; = 0, then @ vanishes in positive dimensions (by Theorem 4.1). So, we may assume
that a; # 0. Again by Theorem 4.1, B(y1) € Z[z1], $(z1) = ai1x1, and hence, by Corollary
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3.3, ¢(x1) = ayx;. Similarly, we can conclude that the reduction of ¢(y;) modulo z; is in
Z|x2], and hence that p(y1) € Z[z1, z2].

Applying ¢ to (2.6) for J = ), and compering polynomials of degree 2(N — 1) (w.r.t. the
grading) gives

o(en-1) = (P(ZN 1) +e)e(en—2) + -+ @(Yr)o(2m+1)

N—
N—1—1
= § —ayz1)' (—agra) !
=0

and of degree 2N (w.r.t. the grading)
o(zn) + e1)e(zn-1) = v(zn) + e(y1)e(zn-1) + - + ©(Yr)(2m12)

N . .
= Z(—alm)z(—aﬂ?)N%a

-
Il
o

which implies p(zn_1), ¢(2n) € Z[x1, z2].
Let t; := ¢(zn—-1) and

t2 == p(an) — tip(21) = (an) + tip(zr + 22 + 1) € Zlz1, 22].

We prove that
©(zNtr) = t1p(zr+1) + tap(zr), for N +r>m+1 (5.9)

(here, p(z,) = 0 for r < 0). We prove this identity by induction on N +r > m + 1. By
(A) and (C), the identity is true for r such that m +1 < N +r < N. So, we assume that
N +r > N +1 and that the identity holds for N +r -1, N+r—2,..., N+r—k—2, and
prove it for N 4+ 7.

By (5.8) and inductive hypothesis, we conclude that ¢(zy4,) is equal to (where 7/ =
r—k—2)

SO(ZN+r Dp(ur) — o(enr—2)p(u2) — - — @(eN+r)p(Upt2)
—(tip(zr) + t280(2r 1))e(ur) =+ = (t1p(zr41) + tap(z) ) (ugt2)
:—tl( (zr)p(ur) + - + p(z41)p(urt2))
—ta(p(zr—1)p(ur) + - + (2 )p(ust2))
= t1p(2r41) + tap(2r),

which completes the inductive step.
Now, (5.9) implies

(th+12) Y (zi) = Y (ip(zinn) + () = D @(z)-

>0 i>—1 iSN—1
Since, p(zm41) =+ = @(an—2) =0, for Q= (1 + 21+ +2p) € Z[x1, 22, Y1, - - ., Yi] We
have
(1—t1—12) > o(2) = Q. (5.10)
i>0
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Let P, := (1 +y1 + -+ yx) € Z[x1,22,91,--.,Yk]. Applying ¢ on (2.4), then multiplying
by 1 —t; — to and using (5.10) we get

1—t1 —ty = (1 + alxl)(l + ang)Pka.

This implies that the polynomials Py and @, divide 1 — t; — to € Z[x1,x2], and hence that
Py, Qu, € Z[x1,x2]. This implies that ¢ corresponds to a 2-projective endomorphism , which
by Proposition 4.4 must be projective.

6 Maps between certain complex flag manifolds

It was proven in Theorem 1.1 from [6] that there is a strong connection between homotopy
classes of maps between flag manifolds F' and F’ and homomorphisms between H*(F’; Q) and
H*(F;Q). Using this result, we prove that for certain flag manifolds F' and F’ every class in
[F, F'] is rationally null-homotopic. We recall that similar results for Grassmann manifolds
(complex and real) were obtained in [12, 3, 4]

For flag manifolds F, = F(aq,...,as,m") and F, = F(by,...,bs,m”) such that m’ < m”
and a; < b; for i € [s] (we allow a; = 0 for some i), there is a natural imbedding ¢ : F, C
F},, which induces a homomorphism ¢* : H*(Fy; Q) — H*(F,;Q). In this homomorphism
L*(cr(fyf”)) = ¢, (yf*), for all i € [s+ 1] and 7 > 0. In particular, if a; < r < b; (where i € [s]),
then L*(Cr<’yin)) =0.

Using the same ideas as in the proof of Theorem 1.1 from [3], we prove a partial extension
of this theorem.

Theorem 6.1 Let Fy := F(1+% k,n) and Fy = F(1-7,1,m), where j,k,I,m and n are
positive integers and i > 0 such thati < j, k <1, n <m, m > 2k*>—1 and (;) +ik+in+nk <
m+1+j—1. Then any homomorphism ¢ : H*(F1;Q) — H*(Fy;Q) vanishes in positive
dimensions.

PROOF — It will be convenient to write Fy as F(0-U=9 1+ k. n). Let F := F(1"J,k,m),
and v : FF C F5 and 19 : Fy C F, be the imbeddings described above. Then we have the
endomorphism

¢ =110powy: H(F;Q) = H'(F;Q).

To prove that ¢ is vanishing in positive dimensions, it is enough to prove that for s € [j42]
and 0 < r < dim~!", one has ¢(c, (1)) := p.s = 0. Let us first consider p; s € H?(Fy;Q),
for s € [j]. If p1,s # 0, then, by Corollary 3.3, ht(p1,s) > m + 1+ j — 1. On the other hand,
ht(p1,s) = ht(p(c1(v1))) < ht(er (/1)) < dimFy = () +ik+in+nk <m+1+j—1, a
contradiction (here, dim F; denotes the complex dimension of F}). Hence, p; s = 0 for all
s € [j], which implies ¢(c1(7f)) = 0. By Theorem 1.1, ¢ is a grading endomorphism or a
projective endomorphism, and hence ¢ vanishes in positive dimensions (this is clear if ¢ is
a grading endomorphism; if ¢ is a projective endomorphism, then ¢(c1 (7)) = 0 for s € [4]
implies that for this projective endomorphism A from Theorem 4.1 is equal to 0 and hence ¢
indeed vanishes in positive dimensions). So, ¢ (p,s) =0, for all » > 0 and s € [j+2]. Suppose
that pr.s has a non-zero monomial []¢;(7£?). Then [ (7)) is a monomial of ¢f(py.s), and
since dim 'yf 1 < dim 75 , for every ¢, this monomial is non-zero. Since the degree of p, s is at
most 7 < max{k,n} < m, each of the monomials []c;(+}") is in B (see Theorem 2.2), and
hence ¢i(pys) # 0, a contradiction. O
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As in the proof of Theorem 1.2 from [3] (this proof uses Theorem 1.1 from [6]), the previous
theorem implies the following.

Theorem 6.2 Let i,j,k,l,m,n, F1, Fy be as in the previous theorem. Then the set [Fy, F]
of homotopy classes of maps is finite and moreover each homotopy class is rationally null-
homotopic.

7 Appendix

We will prove part (A) of Subsection 5.2 when k = 2, that is ¢(z,42) = 0.
We rewrite (5.3) for i = 2 and k = 2:

J
o(y2) = Aay2 + cyi + Z dswsy1 + Z dgy s, (7.1)

s=1 1<s<t<j

where Ao, ¢, ds, d),; are some integer coefficients.
We pick two integers I’ and 7’ such that m +1 =1+ 2r":

(I r') = (1,m/2), if m is even
L (0,(m+1)/2), if mis odd
Let o/ = (I',r'). Since the degree of  in 3 is maximal, the coefficient of this monomial
in ©(zmy1) is the same as its coefficient in (y? ), which is equal to (—1)"*" [o/]A\" A5, Now,
©(zm+1) = 0 implies

a1 = AN = 0. (7.2)
Let us rewrite (5.1) for i = 2:
J
¢(2mt2) = Omi2zmi2 + BY1zZmi1 + ) Bidizmi1, (7.3)
i=1
where g := O‘ngﬁizl,o) and (; = aggfle)71’0_‘_(]._1,))(0’0). Now we analyse the coefficients of

monomials in ¢(zy,4+2) depending on whether m is odd or even.
First, let us consider the case when m is odd; then (7.2) immediately implies Ao = 0.
Also, let r:=1' > 4.
(1) u = (0-79), o = (1,r). The equations (7.3) and (2.7) imply that the coefficient of 135 in
©(zma2) is (—1)" 1, 7]amae + (—1)7[0,7]3. However, since Ay = 0, this coefficient equals 0
from (2.7) and (7.1). Therefore,
(r + msa = 6. (7.4)

(2) p = (0°79), 0 = (3,7 — 1). In the same fashion as in the previous point, we obtain
(=)™ 2[3,7 — Namq2 + (=1)7[2,7 — 1]8 = 0. When we combine this identity with (7.4),
we deduce a2 =8 =0.

(3) = (0-0=D 1,000-9) o = (0,r). By comparing the coefficients of 2;y5 in (7.3), since
Ao = 0, it is easy to see that ; = 0 (using (2.7) and (7.1)).
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This just leaves the case when m is even. Let r := (m + 2)/2 > 4. Then (7.2) implies
Ao = 0.
(4) u = (07), o = (0,7). From equations (7.3) and (2.7) the coefficient of y5 in ¢(z,42) is
(=1)"[0, r]ctyp42. On the other hand, the equations (2.7) and (7.1) show that the coefficient
is (—1)"[0, 7]AL. Therefore, we have
Um4+2 = )\g (75)

(5) p = (0+79), 0 = (2,7—1). Now we use the equation (2.7) both for i = m+1 and i = m+2.
Similarly to the previous step, using (7.3) and (2.7), we deduce that the coefficient of y%y’;l
in (zmi2) is (=1)" 2,7 — amia + (=1)"[1,r — 1]8. Also, from (2.7) and (7.1), it is equal

to (—=1)7[0,7](}) c\h ! because A\ = 0. Using (7.5), this leads to
r+1

=TTl oy, (7.6

(6) = (0-7),0 = (4,7 —2). Assume that Ay # 0; then A = 0. Similarly to (5) the coefficient
of ylys > in p(zmya) is

(1)t~ s + (173 = 28 = (17001} )72

After applying (7.5) and (7.6) we get

r+2\,, r+l/r+1\ ., (r+1\ 4 [T\ 2,2
(e (s (o

Then the previous identity leads to

4 12
A3+ —cA 2 =0. :
2+T62+7’(T‘+1)C 0 (7.7)
Since 4 A 19 A
A2+ =ce\ —2>0 d —> —
2+TC 2+r20 > an r(r+1)>r2’

we deduce that the left-hand side of (7.7) is positive, therefore we have a contradiction. This
proves that Ao = 0, which implies o, +2 = 8 = 0.

(7) p = (00D, 1,0-0-9) ¢ = (1,r — 1). Since Ay = 0, by calculating the coefficient of
x*y? in @(zm42) it is easy to see that 5; = 0 (using (7.3), (2.7) and (7.1)).
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