GROBNER BASIS (PARTIAL) FOR FLAG MANIFOLDS

BRANISLAV 1. PRVULOVIC, ZORAN Z. PETROVIC, AND MARKO RADOVANOVIC

ABSTRACT. Grobner bases for ideals determining cohomology of (partial) flag
manifolds in the Borel picture are obtained. In addition to that, corresponding
Grobner bases for isotropic flag manifolds are also given.

1. INTRODUCTION

Let n1,n2,...,n.,m € N. The complex flag manifold F = F¢(ny,...,n,,m) is
isomorphic to the homogeneous space

Umni+nag+---+n,+m)/U(ny) x U(ng) x - x U(n,) x U(m)

(here U(k) denotes the group of k x k unitary matrices). To avoid any confusion, let
us note that some authors use the term partial flag manifolds for these manifolds,
and the term flag manifolds for the special case when ny =no=...=n, =m=1
(in this paper these are called complete flag manifolds).

There are several ways to describe cohomology algebra H*(F';Z). The most no-
table are the ones using Schubert calculus and the Borel description via Chern classes
of canonical vector bundles over F'. For Schubert calculus a natural additive basis
Yr of H*(F;Z) is given by Schubert classes, and furthermore, some multiplication
rules for elements in X g are known. Another convenient additive basis B is given by
monomials in Chern classes (see Theorem 3.1), so it is natural to relate it to Borel’s
description.

Our main motivation comes from topology, where one naturally works with Chern
or Stiefel-Whitney classes, since problems in topology are often connected to vector
bundles and maps between various classifying spaces — for example, immersion and
embedding dimension of manifolds, Lusternik—Schnirelmann category, cup-length,
the existence of a non-zero section of a vector bundle etc. (see, e.g., [4, 9, 11,
Doe (1996), 13, 22]). Therefore, it is of great interest to better understand mul-
tiplicative structure in the additive basis Bp. Let us note that we cannot use basis
Y for this purpose, since the transition matrix between Xrp and Bp is hard to
compute already in the case of Grassmannians (Kostka numbers appear there; see
15)).
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Cohomology algebra H*(F';Z) is described in the Borel picture as a quotient of
a polynomial algebra in Chern classes by certain ideal Ir. Our aim is to make this
description "finer”, such that it supplies us with multiplication rules for Br. In
order to do so, we construct a suitable Grobner basis for the ideal Ir. This basis will
provide formulae for multiplication of elements of Br by Chern classes, which may
be understood as Pieri-type formulae for Br. These kind of formulae certainly do
not follow directly from Borel’s description.

Grobner bases for complete flags are well-known (see, e.g., [5, 23, 24]), but there
are only few results for other flags (see [6, 14, 16, 17, 18, 20]). All of these results are
either for Grassmannians or for flags for which every step (i.e., every n;) is at most 2.
It turned out that members of Grébner bases, which were obtained in our previous
papers, gave important identities related to multiplication in question. This proved
to be rather useful for various applications.

In this paper we complete this project by determining (in closed form) Grébner
bases for all flag manifolds. As in [18], we deal with both complex and real flag
manifolds. In fact, we do much more — Grobner bases that we obtain are such that
they produce the (minimal) set of identities that completely determine multiplication
in cohomology in terms of additive bases Br (see the discussion after the proof of
Theorem 3.1 and Remark 2). What may be also significant, especially from the
computational point of view, is that we give recurrence relations which may be used
to find these identities.

In [8] the authors discuss Grébner bases for a class of ideals motivated by compu-
tations in the Chow ring A(X) (for a nonsingular variety X) related to flag bundles
over X. They described the method that can be used to obtain them, but they
explicitly determined only the leading terms of these bases.

Another standard way of dealing with computations in the cohomology of flag
manifolds is to embed it in the cohomology of complete flags. We do not find it
useful for our purpose. One look at the formula from Remark 2 and a brief glance
at the elements of our Grobner bases, should convince a reader that no computation
with symmetric functions would easily give such formulae. So, we prefer to work
with native classes of our flag manifolds.

The presentation of the results in this paper is as follows. Sections 2 and 3 are
dedicated mainly to establish notation and recollect some necessary results about
cohomology of flag manifolds in general, together with some technical results. Section
4 is dedicated to the determination of Grébner bases for complex flag manifolds
FC(nl, ...,nr,m), where n; and m are arbitrary positive integers. Finally, Section
5 just describes Grobner bases for real flag manifolds which follows from previous
considerations for complex ones.

2. NOTATION

In this paper we use the same notation as in [18]. The set of all positive integers
is denoted by N and Ny = NU {0}. For n € N, in Z™ we have the vectors ey =
(0,0,...,0), e = (1,0,...,0), eo = (0,1,0,...,0),..., e, = (0,...,0,1). For an
n-tuple « = (a1, a9,...,a,) €Z" and 0 < i < j < n:

e a':=a+e¢ and a; == — e;;
e ai=a+e +ejand a;; = — e — ej;
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n n
o |a|:= Zaj and || := Zjaj.
j=1 j=1
If = (ma,...,my,) € Z" 1 let:

o e ) T

at—1 a
n

i [OZ,HJ] = H[Oé,,u]t-
t=2
The number [«, p]; is defined for all integers ai,as,...,a,, since we are assuming
that (7) is zero if b < 0 (a,b € Z).
It is clear that [a, 0] = [a1,az,...,ay,], where 0 = (0,0,...,0) € Z"! and

air+---+ap\ a2+ ---+ay, Gn—1+ an
[a17a27"'7an]:
aq a9 Gn—1

is the multinomial coefficient. Also, in the case n = 1 note that u must be (),
|0] = ||0]] = 0, and it is understood that [a, §] = 1 for all @ = a; € Z.

Let us also note that for u = (ma,...,m,) € Z" !, by our definition, [|u| =
mz + 2mgz + - - - 4+ (n — 1)m,, (Proposition 3.2 explains why we are indexing (n — 1)-
tuples by the integers 2,3,...,n).

Let n € N. The following lemma is proved in [18, p. 68].

Lemma 2.1. Ifa = (ay,...,a,) € N§ and p = (ma,...,my) € No~! are such that
la, 1] # 0, then |af < |u| or else 377_, a; > 375 my for all t such that 2 <t <n.

3. COHOMOLOGY OF FLAG MANIFOLDS

Let r,n1,n9,...,n.,m € N be fixed integers and n = m +ny + no + -+ + n,.
The flag manifold F = F®(ny,ns,...,n,, m) consists of complex flags in C™ of type
(n1,n9,...,n.,m), that is, (r + 1)-tuples (V1,Va,..., V1) of mutually orthogonal
complex vector subspaces of C" with dimc¢(V;) = n;, 1 < i < r, and dim¢ (V1) = m.
For 7 = 1, the flag manifold ' = F®(ny,m) is actually the Grassmann manifold
Gnim (C) = Gyp, (C").

There are » + 1 canonical complex vector bundles over flag manifold F'; let us
denote them by 1,72, ..., ¥ Yr+1 (dime () =ny, 1 <@ <7, dime(v,41) = m). Let
cij € H2j(F; Z),for 1 <i<rand1<j<mny bethe j-th Chern class of the bundle
vi (observe that we now consider only the first r of the canonical bundles, the last
one is omitted).

For 1 <i <r and an n;-tuple o = (a1, az,...,an,) € Ny we use the notation C¢*
for the monomial cf’llc;”z e cf';jl Also, let Sp :=m and S; := m+ny +ng +---+n;,
1< <.

The following theorem is probably known, but we were not able to find a reference,
so we prove it here. It establishes one of our main objects of study here — an additive
basis of a flag manifold.

Theorem 3.1. The set
Bp = {Cf“)c;(?) 00 ()| € 81,1 < < r}
is an additive basis for H*(F;Z).
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Proof. The proof is by induction on r. It is a known fact that the theorem is true
for r = 1 (see e.g. [12, Proposition 2.5] or [18, Proposition 2]). Proceeding to the
induction step, for r > 2 observe the map p : F' — FC(na,...,n.,ny +m),

p(Vl, ‘/2, ey Vr+1) = (VQ, ceey V;a, V1 D Vr+1).
The map p is a fiber bundle with fiber F€(ny,m).

F€(ny,m) —— FC(ny,ns,...,np,m) = F
P (3.1)

FC(ng,...,np,ny +m)

Moreover, if I : F€(ny, m) < F is an inclusion of the fiber, then the pullback vector
bundle [*(y1) is identified with the canonical vector bundle over the Grassmannian
FC(nq1,m) (cf. [Doe (1996), p. 146]), and so the class I*(c1;) € H* (F€(n1,m); Z) is
equal to the j-th Chern class of this bundle (1 < j < ny). Therefore (see the remark
at the beginning of the proof), H*(F€(ny,m);Z) is a free Z-module with basis

{I(cr)™ - lerm)™ s a1+ 4 an, <m} ={I"(CT) : [a] < So}-
This means that we can apply the Leray—Hirsch theorem to the fiber bundle (3.1).
By the induction hypothesis, an additive basis for H*(F®(ny,...,n,,ny +m);Z) is
the set {Cg(z) o) la(i)] < Si—1,2 <4 < r}, where we use the same notation

for the appropriate monomials in H*(F(na,...,n.,n1 +m);Z) as in H*(F;Z). We
conclude that H*(F';Z) is free with basis

{Cf‘(l)p* (€@ ..o ali) < 81,1 <i < T}’

so it remains to prove that p* (C';(Q) e C’f(r)) = 03(2) ceoptn), However, this is an
immediate consequence of the fact that the pullbacks of the first »—1 canonical vector

bundles over F€(ny,...,n,,n; +m) via p are easily identified with the canonical
bundles 7o, ..., 7, over F. [l
Simple counting arguments show that there are [ny,...,n,,m] elements in this

basis. Of course, this agrees with the result one may obtain from the appropriate
Poincaré polynomial (see, e.g., [9, Corollary 9.5.15]).

Observe that a monomial C*MCS™® ... c2") is an element of the additive basis
Bp if and only if it is not divisible by any of the monomials C¢, 1 < i < r, |a| =
Si—1+1. This leads us to the idea of finding a Grébner basis for the ideal determining
the cohomology algebra H*(F;Z) with the property that the set of all its leading
monomials is exactly the set

Bf={C :1<i<r |al=5S_1+1}.

In fact, in this paper we obtain much more. Every element of the Grobner basis
that we construct will contain only one monomial not belonging to the additive basis
Bp — its leading monomial. Therefore, this bases gives the representation of each
element of B} in the additive basis Br. Thus, it produces the (minimal) set of rules
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for the multiplication in Bg, which is similar to some classical rules of this type (for
example, Pieri’s formula). This is what we do in the next section.

For 1 < ¢ < r the dual classes ¢; j, j > 1, are defined by the equation
(Atcipteiat+ein)l+er+eat--)=1

We also define ¢; o := 1 and ¢; ; := 0 for j < 0. From the equation one easily obtains
that, for all integers s,

n;
Cis = — E Ci,jCi,s—j> (3.2)
=1

and
G = Y (e g g el e,
a1+2az+-+nian; =s
= Z (_1)|a|[a7 0]Cy", (3.3)
lleell=s
where the sum is over all & = (a1, as,...,a,;) € N[’ such that ||a| = s.

By Borel’s description ([3]), the cohomology algebra H*(F;Z) is isomorphic to
the quotient algebra

Z[cle'-'7617"1562717'"7627n23"'707’717' "aCTJLr]/IFv

where Iy is the ideal generated by the classes (polynomials) €41, G2, - - - , Cn, Which
are obtained from the equation
.

(At +e+-) - [[a+ei+eo+tein) =1,

i=1

that is,

T T

146 +C+ = H(1+Ci71 +Cz',2+"'+6i7m)71 = H(1 +Ci1+GCio +0)

i=1 i=1
Now we have that

Ga= Y TG, SEN, (3.4)

Jit+ir=s

where the sum is taken over all r-tuples of nonnegative integers (j1,. . ., j.-) such that

nttg=s
We are going to use the following abbreviation:

Z[ChCQ, .. ~7Cr] = Z[Cl,lv - 7cl,n1702,17 .. .,Cg’nz, . -7C7‘,17 .. .,Cr,n,,_}.

The polynomials ¢; ; (1 < i <r,s € Z)and ¢, (s € N) are elements of this polynomial
algebra. Let us now define one important set of polynomials in Z[C}, Cs, ..., C,]. For
1 <k <r,an (np—1)-tuple of nonnegative integers y = (mg, ..., my,, ) and an integer
N, let
D D G VAR e/ (3.5)
lol|=N+1+] ]

where the sum is taken over all o € Ny* that satisfy ||a|| = N + 1+ ||p||. So, g,il\l?

is a polynomial in variables cy1,c2,...,Crn, Only. Note the similarity of these
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polynomials with those which form Grobner bases in [18]; consequently, they share
some of the properties. Observe that

N (e} « -_—
glg,o) - E : (_1)N+1+| |[a,0]Ck _ (_1)N+1Ck,N+1-
lall=N+1

Note also that g,(cj)\;) =0if N < —1—|u-

Ezample 1. Let F := F(2,3,3). Then for k =1 and p = (2) we have

N arpfa+b—2\ ,
g§,(§) = Z (=N +b( a >01,1Cl1),27
a+2b=N+3
where the sum is over all (a,b) € N2 that satisfy a + 20 = N + 3. In particular, for
—2 < N < 3 the polynomial gij\(lz)) is given in the following table:

N || 2| -1 ]o] 1] 2 | 3
gf\{g) H —C1,1 ‘ —C1,2 ‘ 0 ‘ C%,Q ‘ C1,10%,2 ‘ C%,lciZ *051)),2 .

As usual, for a polynomial f = 1€ + -+ + € € Z[C,C,...,C,], where
a1,...,00 € Z\ {0} and €y, ..., & are pairwise different monomials in variables Ci j
(1<i<r 1<j<n;), wedefine M(f) :={€,&,..., ¢} (it is understood that
M(0) =0).

Proposition 3.2. Let 1 < k < r and p = (ma,...,my,) € Ng’“_l be such that
lu| < Sk-1 +1.
(a) If N < Sk—1 and o € Ny* such that Cf € M(g,(c{\;)), then |a| < Sg—_1.
(b) For fi := (Sk—1+ 1 — |u|,ma,...,my,,) we have that CF € M(g,(ci’j’l)) and
the coefficient of C}' in g(sk_l) is 1. Moreover, if Cy¥ € M(g](gif_l)) \ {CF}

k.p
for some oo € Ng*, then |a| < Si_1.

Proof. (a) Since Cy € M(g,(gj’\;)), [, ] # O (by definition (3.5)). By Lemma 2.1, we

have that either |a| < |u| < Skp—1 + 1 (in which case the proof is completed) or

Nng Nk
> a; =Y my, 2<t <y
j=t =t

Summing up these inequalities we obtain Y 7%, (j —1)a; >3-
lal| = N 4+ 1+ ||| (since Cg € M(g(N))), and so

Nk

ito(j—1)m;. However,

k,p
Nk Nk
lall = lal = (G = Da; = (i = Dmy = |lull = a] =N = 1> |lal| = St — 1,
j=2 j=2

ie, |a| < Sk—1+1.
(b) The proof of this part of the proposition is exactly the same as the one of
Proposition 5 in [18]. O

As for the part (b) of Proposition 3.2, the proofs of the following results are
identical with the corresponding proofs in [18, Proposition 7 and Lemma 9].
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Proposition 3.3. Let 1 <k <r, pue Ng’“_l and 1 <i<j<ng—1. Then for all
integers N the following identity holds

N N N N
g](c,u)ivj = Ck,igl(g,u)j - Ck,j+1g;(€7u)i—1 + gl(g,“)i—l,jﬂa

where it is understood that g,(C]\;)i_lﬁl s equal to zero if j = ng — 1.
Lemma 3.1. Let 1 <k <r,s>0 ands = (s,0,...,0) € Ng’rl (if ng, = 1, then

s = 0, and we allow the case s = 0 only). Then for all integers N the following
identity holds

S
N S\ s—i _—
gl(e,s) = (*1)N+1 Z <Z.>CZ71Z * Ck,N+1+i-
i=0

4. GROBNER BASIS FOR THE IDEAL Ig

For 1 <k <randsé€Z,let

ek) = Z Chdy - Crod (4.1)
di+---+dr-=s
where the sum is over all (r — k + 1)-tuples (dg, dg+1, - - ., d,) of nonnegative integers,

such that dy + dxy1 + -+ + d» = s. (Note that the classes of these polynomials in
Z[C,...,C]/Ip &2 H*(F;Z) are actually Chern classes of the bundle (v, @ --- &
V)t =9 @ ®ye_1 D Yri1, which is an S,_;-bundle.) By looking at (3.4) and
(4.1) we see that e = ¢, for all s € N. Also, it is obvious that E(()k) =1, and that
Egk):Ofors<O(1§k¢§r).

Ezample 2. Let F := F(2,3,3). Then, for k = 2 we have
_ _ atbrcfa+b+c\ b+ , c
022) =025 = Z (-1 ot ( a )( b >C2,1Cl27,262,3a
a+2b+3c=s

where the sum is over all (a,b,c) € N3 that satisfy a + b+ ¢ = s. In particular, for
0 < s <4 the polynomial 6&2) is given in the following table:

o] 1 | 2 | 3 | 4
1 _ 2 _ .3 + 2 _ 4 3 2 2 2 :
C2,1 | €31 —C22 | —Cyy +2C21C2 — C23 | Co1 — 3C5 1C2,2 + 2C2,1C23 + €5 9

We shall need the following extension of definition (4.1) to the case k = r + 1:
Y =0 for s # 0, and 6(()T+1) = 1.

Proposition 4.1. For 1 <k <r and all integers s the following identity holds

ng
e = =" el e,
j=1
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Proof. The equality is obviously true for s < 0. For s > 1, by definition (4.1), identity
(3.2) and the fact that ¢, ; = 0 for j < 0, one has

—(k _ _ _ _
) = § Chydy " Crd, T E Ck+1,dps1 " Crd.
i+ tdr=s dip1+-Fdr=s
dp>1
ng
- - - —(k+1
== E E ChjChdy—j | ChLidnsr -~ Cra, + Y
At tdr=s \j=1
dp>1
Nk
- - - —(k+1
- Z Ch.j Z Ck,dx—jCh+1,dg 41 """ Crod, + et
J=1 (k=) +dpsrtotd=s—j
dr—j>0
N
—(k) | —=(k+1
=— g Ck,jCs_j —|—cg ),
j=1
which completes our proof. (Il

The ideal Ir <1 Z[C4,Cy, ..., C,], which determines H*(F';Z), was defined as the
ideal generated by the classes ¢,,+1,Cm42,- . .,Cn. We are now able to present a more
suitable set of generators for this ideal (cf. [6]).

Corollary 4.1.1. The ideal Ir is generated by the set
G ::{Egk) 1<k<r Sp_1+1<s< S}
Proof. For 1 < k < r observe the set
G =) 1<i<k-1, S +1<s<Stuf{e® : S _1+1<s<8S,}.

Since Sy = m, S, = n and aé” =¢, for all s € N, we have that

G(ll) = {6m+136m+25 s 76n}7
that is, Ir = (Ggl)). Since obviously GY) = (4, it suffices to prove that (ng)) =
(G§k+l)) for all k € {1,2,...,r — 1}.

By definition, ngH) \ng) = {Egkﬂ) : Sk +1<s<S,.}. However, for Sy +1 <
s < S, by Proposition 4.1 we have that

Nk Nk
ettt —elh 4 ch,jég@j = ch,jéi@j e (G,
j=1 §=0
since if 0 < j < mg, then Sp_1+1 =S, —nx+1<s—j <5, and so Egli)j S ng).
Therefore, (ngﬂ)) C (ng)).
On the other hand, ng) \ngﬂ) = {Egk) : Sp+1<s<S,}. We know that

Egk) e Gg’”l) for Sx—1 +1 < s < Sk, and using induction and Proposition 4.1, for
Sr+1 < s <5, we obtain that

g
e = =3 el + el e (@),
j=1
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since s —j > s —ng > Sk + 1 —ng = Sk—1 + 1. Hence, (ng)) C (ng"‘l)), O

Corollary 4.1.2. For 1 <k <7 and every s > Sp_1 + 1 one has 6gk) clp.

Proof. The proof is by reverse induction on k € {1,2,...,r}. For k = r, by Corollary
4.1.1 zé") € lpifS,_14+1 < s < S,.. For s > S,.+1, the result now follows by induction
on s, since by Proposition 4.1

Ny
—(r) _ _ =(r)
Cs " = CTJCs—j
Jj=1

ands—j>S,+1—n,.=5,_1+1.

Let us now prove the result for an integer k € {1,2,...,7 — 1} assuming that it
holds for k + 1. According again to Corollary 4.1.1, 2" € I if Sp_1 +1 < s < Sg.
For s > Sk + 1, we know that E&kﬂ) € Ir (by induction hypothesis), and so, by
Proposition 4.1 we have that

Nk
ng) = — Z Ck,jégk_)j +Egk+1) € lp,
=1

using induction on s and the fact that s —j > Sy +1 —ng = Sp—1 + 1. O

In order to construct a Grobner basis for the ideal Ir, we now define a monomial
ordering < in Z[Cy,Cy,...,C,]. Let us fix an integer k € {1,2,...,7} for a moment,
and consider the monomials in variables cg 1, ck2,..., Ckn, only. Recall that the
graded lexicographical ordering <y,ic, on these monomials is defined as follows. For
aaﬂ € N(T)Lk (a = (ala"'aank)a B = (bla"'abnk))a C]? <grlem C]f if and Only if
la| < |B] or else |a| = |8] and as < bs, where s = min{j : a; # b;}.

Returning to monomials in Z[C1,Cy,...,Cy], for a(i), (i) € Ny, 1 < i <r, we
define:

Clﬂf(l)cgé@) o Cfﬁc(r) = 015(1)025(2) o CTB(T)

if and only if C’,‘:(k) <griex C,’f(k), where k = min{i : a(i) # 8(i)}.

For example, if 1 < k <1 <r, then for arbitrary o € N{* \ {0} and § € Nj' one
has Cp - CZ'B. Also, if 1 < k < r, note that the assertion that a monomial € does
not contain the variables ¢; ; for i < k can be stated as € < ¢y, p,, -

Now that we have specified the monomial ordering <, we recall the basic notions
in the theory of Grébner bases. For a nonzero polynomial f € Z[Cy,Cs,...,C,],
the leading monomial of f is LM(f) = max M(f) with respect to <; the leading
coefficient of f, denoted by LC(f), is the coefficient of LM(f) in f; and the leading
term of f is LT(f) = LC(f) - LM(f).

Now, if 1 < k£ < r, then the assertion that a nonzero polynomial f does not
contain the variables ¢; ; for ¢ < k, i.e., that polynomial f contains only variables
Ch4 1,15+ > Chtlinpprs -+ 1Crily -+ Cron,, 1S equivalent to LM(f) < ¢k n,. For example,

LM(Eng)) < Chmy, (80,1 <k <r).

Let us now define a set of polynomials in Z[Cy, Cs, ..., C,], which will turn out to
be a strong Grobner basis for Ip.
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Definition 4.1. For 1 <k <r and u € Ngk_l let

Sk-1
. Sk_1—=N (N)  —(k+1)
Gk, = Z (D™ gk, s N
N:—TL)C

Moreover, let
GC = {gru : 1<k<r |u <Sp1+1}.

Note that g, , = gﬁi{"l) since Eg‘:ill\, is nonzero only for N = S,_;. Therefore,

when 7 = 1, i.e., when F is the Grassmannian, the set G simplifies to the Grébner
basis obtained in [18, Definition 2].

It is evident that the polynomial gy, does not contain the variables ¢; ; for ¢ <
k — 1, so every monomial in gy, is of the form C:(k) e Cf(r) for some «(i) € N,
kE<i<r.

Ezample 3. Let F := F(2,3,3). Then for k =1 and p = (2) we have ny =2, Sy = 3
and
3

_ -N _(N)  (2)
91,(2) = Z (-1)° N91,(2)'¢37N'
N=-2

So, using the calculations done in Examples 1 and 2 we have

5 3 2 2 4
91,(2) =C1,1C31 —4€1,1¢5 1C22 + 3€1,1€5 12,3 + 3¢1,1€2,1¢5 9 — 2¢1,1C2,2C2,3 — €1,2C5 4

2 2 2 2 2 2 2 2 3
+ 301,265 1C2,2 — 2€1,2C2,1C2,3 — €1,2C5 5 + €] 9C5 1 — €] 2C2,2 — C1,1€7 92,1 + €7 1CT 9 — € 2.

Proposition 4.2. Let 1 < k <7 and p = (ma,...,my,) € Ng’“_l be such that
\u| < Sk—1+1 (i.e., such that gi, € G). Then gi, # 0 and LT(gx,,.) = CL, where
7= (Sg—1+1—|pul,me,...,my,). Moreover, if C,?(k) e = M(gr.) \ {CF},
then |a(i)| < S;—1 for allie {k,k+1,...,n}.

Proof. The summand in gy, for N = S;_1 (see Definition 4.1) is g(Sk’l), and Ckﬁ

k,p
is a monomial in g,(csl’:‘l) with coefficient 1 (by Proposition 3.2). Also, all other

monomials Cf € M(g,g{\;)), —np < N < Sk_1, have the property |a| < Sk_1 (again

by Proposition 3.2). Since [fi| = Si—1 + 1 and since the polynomials 6(5113)_]\,, —ng <

N < Sk_1, contain none of the variables c,1, ck,2, . . ., Ck,n,,, this proves that g ,, # 0,
LT(gx.,.) = CF and that |a(k)| < Sg_; for every C2® ... 2™ e M(gp,) \ {CF}.

1f Cp™ ..o e M(gp,) \ {CF} and k+1 < i < r, then Cpt&) ... cp(™)
is a monomial in E(S’f:?_N for some N € {—ng,...,Sk_1} (since gl(c],\;? may contain
variables ¢y 1,C2; .- ., Chn, only). By (4.1) and (3.3), >_,.q la()|| = Sk—1 — N,
and thus

(@) < lla@)] < Y fla@)] = Sk-1— N < Sk—1 +nx = Sk < Si1.
I=k+1
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Remark 1. In [8] the authors used the following monomial ordering on the polyno-
mial algebra Z[C4,Cs,...,C,]. In this paper this monomial ordering will be called
block graded reverse lexicographical ordering, and denoted with <.

First, for an integer k € {1,2,...,r}, the graded reverse lexicographical ordering
~<rleg ON monomials in variables ¢y 1,¢k2,. .., Ckn, is defined as follows. For o, 3 €
NIF (o= (a1, - any), B= (b1, b)), CF <piex CF if and only if ||af| < 8] or
else ||a|| = ||8]] and as > bs, where s = max{j : a; # b;}.

Returning to monomials in Z[C1,Cs, ..., C,], for a(i), 8(i) € N, 1 < i <r, one
has

Cfc(l)cg@) oo < 05(1)05(2) e

if and only if C’?(k) <rlex C,f(k), where k = min{i : «(i) # B(i)}.

Interestingly enough, for a polynomial g € G© its leading terms with respect to
monomial orderings < and <, are the same.

To prove this, let us consider a polynomial gy ,, where 1 < k < r and |u| <
Sk—1 + 1. By the definition of <,, the leading term of gy, with respect to this
ordering is the same as the leading term of g,(ci’j’l) with respect to the graded reverse
lexicographical ordering. So, let us assume to the contrary that for this leading term
Cy =gl ..cZ:;’;k, one has CF <,e; Cf, and let | = max{l : a; # m;} (note
that this set is nonempty; otherwise, since ||| = |[7z]| = Sk—1+1+||1||, the equalities
a; = my, 2 <1 < ny, would imply that o = 7). Let us consider the coefficient [, p].
Since, [a, u] # 0, one has [a, p]t # 0, for 2 < ¢ < ny. In particular,

o 11 = ( o m) 40

aj—1

By assumption a; < m;, and therefore a;_1+a; < m;. Now, using a reverse induction
on t <! (and the fact [a, u] # 0), one proves that a;+ai1+---+a; < myp1+---+my,
1 <t <[—1. Finally, adding these inequalities gives

a1 +2ag+ - +lag <mg+2mg+ -+ (I —1)my,
and therefore
llof| = (|l < mugr +mugo + - +mp, < |p| < Sk +1,
which contradicts the fact ||| = Sp—1 + 1+ ||u|l-

The following result is obtained by multiplying the equality from Proposition 3.3
with (—1)%k-1=N -ng:i)_N, and then summing up for —ny < N < Sp_;.
Proposition 4.3. Let 1 <k<r, ue Ng’rl and 1 <i<j<ny—1. Then

Gh,pid = Ch,ilk,ps — Ch,j+19k pi=1 + G pi—1.5+1,
where it is understood that g, ,i-1.5+1 is equal to zero for j = ny — 1.

Using this proposition, in the same way as it was done in the proof of Corollary
8 in [18], one can verify that gy, € (G®) for all k € {1,2,...,7} and all y € Np*~*
(not just for those with the property |u| < Skp_1 + 1).
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Lemma 4.1. Let 1 <k<r,0<s<mn,—1ands=(s,0,...,0) € Ny* . Then

Gk,s = (— Sk 1+IZ< >Ck 1 ESk) 1+1+2" (42)

Moreover, for any s > 0 one has gy s € IF.

Proof. For every ¢ > 0,

2k C ...
Sp_1+1+i — k,d r,dr
dite A dr=Sk_1+1+i
Sk—1+1+1
= § Ck,di § Ck+1l,dpi1 """ Crd,
di=0 dpt1++dr=Sk_1+1+i—dy
Sk-1
= E Ck,N+1+i E Ck+1,dgsy " Crod,
N=—i-1 s +o4dr=Sk_1—N
Sk_1
—(k+1)
= E Ck,N+1+i " Cg, | N- (4.3)
N=—i—1
By Definition 4.1 and Lemma 3.1, for all s > 0 we have
Sk_1
_ }: Sp—1—N _(N) —(k+1)
gk,s - (_]‘) kot «gk,s .Csk—1*N
N=—nk
Sk—1 s s
_ }: Sk_1—N N+1 Z . N\ k)
- (_1) ! (_1) (,Z:)Ck,l ck1N+1+Z CSk 1—N
N=—ny =0
s s Sk—1
_ Sk_1+1 s—1 — _(k+1)
_(—1) k=1 E (i)ck’l E Ck,N+1+i * CSkfl—N' (44)
i=0 N=—ny

If s<np—1,then —ny < —s—-1< —i—1, and ¢ n+14; =0 for N < —i—1, so
identities (4.4) and (4.3) imply (4.2).

Proceeding to the second part of the lemma, if 0 < s < ny — 1, then g s € Ir by
(4.2) and Corollary 4.1.2. For the case s > ny, let us observe the identity (4.4). For
i < ng — 1, as in the previous case we have

Sk,1 Sk—l
= S(k+1) = ~(k+1) k)
Y ChN+lticCs N = Y CeN+i+i T Ly = Csyya14i € 1Py
N=—ny N=—i—1

by (4.3) and Corollary 4.1.2. Now, let i > ng. In this case there are summands of
(4.3) not appearing in (4.4) — these are exactly the ones for which N < —n; — 1. So

= k) _ ) S (k1)
_ +1 _ _(k+
E Ck,N+1+i " Cg, | N = C5,_ 414 — E Ck,N+1+i * Cg, N € 1P,
N=—ny N=—i—-1

again by Corollary 4.1.2, since Sy_1 — N > Sx—1 +ng + 1 = Si + 1. This completes
the proof of the lemma. ([l
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In Corollary 4.1.1 we introduced the set G; — another generating set for the ideal
Ir. We now prove that G© generates I as well, and this turns out to be the hardest
part of the proof that G€ is a Grébner basis for this ideal.

Proposition 4.4. I = (G©).

Proof. Let k € {1,2,...,7} be a fixed integer. We are going to prove that g , € Ir
for all pu € Ng’“_l, by induction on the lexicographical right ordering on the set Ng"‘_l
(4 <iexr ' if and only if my < mj where t = max{i : m; # m}}), and then the
inclusion (G®) C I follows immediately.

From Lemma 4.1 we know that gy s € Ir for all (ny — 1)-tuples of the form
s = (s,0,...,0), s > 0. Now, let u = (ma,...,m411,0,...,0) € Ng’“_l be such that
myy1 > 0, where t > 2, and suppose that gi, € Ip for all v such that v <jeur p.
Then, by Proposition 4.3 applied to p; = (ma,...,mer1 —1,0,...,0) € Ng’“_l, 1=1
and j =t — 1, we obtain that

Ghpp = Gp b=t = Ch1Gp it =1+ ChotGkop, € Irs

. t—1 1,t—1
since Uy <jexr Ui =lexr <lexr M-

In order to establish the inclusion Iz C (G©), by Corollary 4.1.1 it is enough to
prove that Egk) € (G for 1 <k <rand Sp_;+1 <t < S This will be done
by induction on ¢. According to Lemma 4.1 (for s = 0), we know that EES?A 1=
(=1)%k-1*1g, o € (GT). Proceeding to the induction step, for Sx_1 +1 <t < Sj, we
apply Lemma 4.1 in the case s =t —Si_1 —1 (then 0 < s < Sj, — Sk—1 —1 =ng — 1),
and obtain

s—1
(k) _ —(k) Sp_1+1 S\ s—i (k) C
G =Ty q1gs = (CD T ks — Z (i>ck,1 Ty 14i € (G)
1=0

by induction hypothesis. O

Let us now recall the definition of strong Grébner basis (see [1, p. 251] and [2, p.
455]; in [2] the authors use the phrase D-Grobner basis). The finite set G of nonzero
polynomials is a strong Grébner basis for an ideal I in a polynomial algebra if (G) = I
and for every f € I\ {0} there exists g € G such that LT(g) | LT(f). The strong
Grobner basis G is minimal if LT (g1) t LT (g2) for all g1, g2 € G such that g1 # ga.

Theorem 4.5. The set GC is a minimal strong Grébner basis for the ideal Ir with
respect to the monomial ordering <.

Proof. Tt is evident from Definition 4.1 that G€ is finite. By Proposition 4.2, 0 ¢ G©,
and by Proposition 4.4, GC is a generating set for Ip.

We are left to prove that for each f € Ir \ {0} there is a polynomial g € G® with
the property LT(g) | LT(f). Note that, according to Proposition 3.2,

[LT(g): g€ G°} = {Cf : 1<k <r, Ja| = Sk +1}. (4.5)
If there was a polynomial f € I\ {0} such that LT(g) { LT(f) for all g € G, then it

would mean that for any CZMCe® ... 2" € M(f) the inequality |a(k)| < Sp_1
holds for all k € {1,2,...,r}. However, by Theorem 3.1, then we would have that the
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class of f in Z[C1,Cy,...,C.]/Ir = H*(F;Z) is nonzero, which is a contradiction
since f € Ir. So, G® is a strong Grobner basis for Ip.

The minimality of G© is straightforward from (4.5) and the fact that distinct poly-
nomials from G have distinct leading terms (which is easily seen from Proposition
4.2). O

By Remark 1, the set GC is also a minimal strong Grobner basis for the ideal
Ir with respect to the monomial ordering <, (see [2, Exercise 10.5] or [8, Lemma
1.3]). Nevertheless, we feel that it is more natural to use the monomial ordering <
having in mind Theorem 3.1 and Proposition 4.2. This will be explained further in
the following remark.

Remark 2. For 1 < k < r and A = (I1,ls,...,1l,,) € Ni*, we define A :=
(I, ... ln,) € Ng* L
Now, let A = (I1,l2,...,1l,,) € Ng* be such that |A| = Sp_1 + 1. By Proposition
4.4, g, =0 (in H*(F;Z)), which gives rise to the following identity
Sp_1—1
G= Y (pEtlaNopE Y ()T Vg ) ()
llaH:Sf;—#l)TlHIAH N=—ng

By Proposition 4.2, all monomials on the right-hand side of this identity are in B, so
it actually gives the unique representation of C} in the additive basis Br. Therefore,
formula (4.6) can be understood as a Pieri-type formula for the elements of the basis
Bp.

More precisely, for 1 < k < r, 1 < i < ng and C,;\ € Bp, if |A] < Sk_1, then
Chi- C’,i‘ € Bp, and if |A| = Sk_1, then

Sk_1—1

iR =C = Y (Sl o Y (SNl

lall=Sk_1+1+IIX’] N==n
a#N"
(4.7)

In our previous papers we obtained special cases of formula (4.6) for flag manifolds
that we studied. These proved very useful in several applications: in [17] to give a
lower bound on the embedding and immersion dimension of the manifolds F'(1,2,n);
in [18] to provide new formulas for Kostka numbers; in [21] to obtain cup-length of
some flag manifolds of the form F(1,...,1,2,...,2,n); in [7] to estimate topological
complexity of F(1,...,1,m); in [19] to give new results on the characteristic rank of
oriented Grassmanians.

Ezample 4. Let F := F(2,3,m) and 0 <! <m+ 1. Then Sy =m, S; = m+ 2 and
So=m+5. For k=1and A= (m+1-1]1), formula (4.6) gives

m+1—-1.1 m+a+b a+b—1I a b
C11 Cl2 = E (-1 < a €1,1C1,2

a+2b=m+1+1
(a,b)£(m+1—1,1)

m—1
By (e £ e

N=—2a+2b=N+1+1 ut+vt+w=m—N

u U w
u, v, w]02,102,202,3-
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Remark 3. Grobner basis obtained in Theorem 4.5, i.e., the set G€, has

m+ny m—+ny + ng m+mny+---+n,
+ + -t
ny — 1 Ng — 1 ny — 1
elements. Since the Grébner bases that can be obtained using method from [8] are
such that their elements have the same leading monomials as ours (see Remark 1),

they naturally have the same number of elements (see [8, Remark 3.11 and Proposi-
tion 2.2]).

Remark 4. We have obtained closed forms of elements of the set G. Neverthe-
less, in practice, these elements can be calculated using recurrence formulas given in
Proposition 4.3 and Lemma 4.1.

Let us now recall the notion of reduction in a polynomial algebra over integers
(with a fixed monomial ordering), which is closely related to Grobner bases (see [2, p.
453], where the phrase D-reduction is used). For a polynomial f = a1€; + - - + &y,
where aq,...,a; € Z\ {0} and &, ..., &, are pairwise different monomials, we define
the set of terms of f, T(f) := {@1€1, 2€s, ..., €} (it is understood that T(0) = ().
If f and g are nonzero polynomials such that LT(g) | t for some ¢ € T(f), then we

say that the polynomial h := f — #(g) - g is a reduction of f by g, and we write

f—qh.

For a finite set G of nonzero polynomials, we say that a polynomial f can be reduced
modulo G if LT(g) | ¢ for some g € G and t € T'(f). Moreover, for a polynomial h we
say that f reduces to h modulo G , and write

f—=ch,
if there exists [ € Ny, g1, 92,...,9 € G and polynomials hq, ..., h;_1 such that
f g hy > ha R hi—1 ) h.

It is understood that f ——¢ f (this corresponds to the case | = 0). Note that
f —=¢ h implies LM(R) < LM(f) and f — h € (G).

Every polynomial f has a normal form modulo G, that is, a polynomial h which
cannot be reduced modulo G, and such that f ——¢ h (see [2, Lemma 10.2(ii)]).

It is a well-known fact that the following two assertions are equivalent for a finite
set G of nonzero polynomials:

(i) G is a strong Grobner basis for (G);
(ii) for every polynomial f, f € (G) if and only if f —¢ 0.

Returning to the polynomial algebra Z[Ci,Cs,...,C,], for a polynomial f €
Z[Cy,Cy,...,Cy] the class of f in Z[C1,Cs,...,Cy]/Ip = H*(F;Z) will be denoted
by the same letter (as usual).

Since {LT(g) : g € G°} = {Cg : 1 <k <r, |a| = Sg_1 + 1}, note that the claim
that f € Z[Cy,Cy, ..., C,] cannot be reduced modulo G€ is equivalent to M (f) C Bp
(see Theorem 3.1).

From the previous discussion we obtain the following consequence of Theorems
4.5 and 3.1.
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Corollary 4.5.1. For every f € Z[Cy,Cs,...,C,] there is a unique polynomial p
such that p= f in H*(F;Z), LM(p) < LM(f) and M(p) C Bp.

The case p = 0 in Corollary 4.5.1 is not forbidden — the relation LM(0) < LM(f)
for all polynomials f is understood.

Note that a base for reducing a polynomial f to the polynomial p (with the
property M(p) C Bp) is provided by Proposition 4.2 and Remark 2. Namely, if
M(f) ¢ B, then f contains a monomial that is divisible by CY = LT (gs,,,) for some
Gk € G®, and Remark 2 gives us the representation of Ckﬁ as a linear combination
of elements of Bp.

Let us now prove another corollary, which might be helpful in concrete calculations
in H*(F;Z).

Corollary 4.5.2. Let 1 < k < r, | € N and let oV, ..., a® be distinct ny-tuples
of nonnegative integers such that 9| < Sp_1 for 1 < j < 1. If fi,....fi €
Z[C4,Cy,. .., Cy] are such that LM(f;) < cgn,, 1 < j <1, then the following equiv-
alence holds:
l
N o =0 H (F;Z) < f;=0in H*(F;Z) for all j € {1,...,1}.
j=1

Proof. Assume that Z;Zl C,‘j(j)fj = 0 in H*(F;Z). By Corollary 4.5.1, there

are polynomials pq,...,p; such that p; = f; in H*(F;Z), LM(p,;) < LM(f;) and
M(p;) € By for all j € {1,2,...,l}. Note that then all monomials of C’,‘j(j)pj are
in Br (since [aW)| < Sip_y and LM(p;) < LM(f;) < Ckon,)- If some of p1,...,p €
Z[Cy,Cy, ..., C,] were nonzero, then the sum 2321 C’,(j(j)pj would be a nontrivial
linear combination of elements of Br. However, this contradicts Theorem 3.1, since
S oy =Y 0 £ = 0in H*(F3Z). So, f; = p; = 0 in H*(F;Z) for all
jed{1,2,...,1}.

The opposite implication is obvious. O

5. GROBNER BASES FOR REAL FLAG MANIFOLDS

The description of the mod 2 cohomology algebra of the real flag manifolds is
essentially the same as the one of the integral cohomology in the complex case.
Therefore, the completely analogous consideration to the one of the preceding two
sections is valid in the real case. In short, Chern classes are substituted with Stiefel-
Whitney classes and all the coefficients are considered mod 2 (in particular, the signs
are ignored). We just point out the crucial definitions and facts.

Let r,ny,...,n.,m € N be fixed integers, n = m + n; + --- + n, and F =
F®(nq,...,n,,m) the real flag manifold (which consists of the real flags in R" of
type (n1,...,n,,m)). For 1 <i<rand1<j<n;letw,; ;e Hj(ﬁ; Zs) be the j-th
Stiefel-Whitney class of the canonical n;-dimensional vector bundle 7; over F. If
a = (ay,az,...,a,,) € Ng’, then the monomial wijw; - -w; ™ will be abbreviated

[ 1,

to Wf. As before, So =mand S;=m+ny+---+n;, 1 <i<r.
Theorem 5.1. The set
Dy = {Wf““)W;@) W) (i) < Si_1,1 <0 < r}
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is an additive basis for H*(F; Zs).
Let
Zz[Wl, WQ, ey WT} = Zg[le, . ,wlym,wgﬁl, ey wgmm e ,wm, . ,wrvnr].

By Borel’s description, the cohomology algebra H *(ﬁ, Zs) is isomorphic to the quo-
tient of the polynomial algebra Zs[Wy, W, ..., W;] by the ideal Jz generated by the

classes (polynomials) Wy, 41, Wmt2,---, Wp. The explicit formula for these polyno-
mials is
wg = Z W15, * Wy j,., seN,
Jitet+ir=s
where

W= Y [e,0W7, 1<i<r, j>0.

lleell=3
Now, for 1 <k <r, p€ Ng’“‘*l and integer N, let
~(N -
](q,u) = [O[,,LL]Wk )

llall=N+1+pll

where the sum is taken over all o € N{* that satisfy ||| = N + 1+ ||u|. Also, for
1<k<r, let

o = Z Wiy Wra,, >0,
d++dp=s
and Egk) =0 for s < 0. As in the complex case, this definition extends to: Egrﬂ) =0

for s # 0, wy ™) = 1.

Definition 5.1. For 1 < k <r and p € Ng’“_l, let

Sk—1
~ L _ ~(N)  —(k+1)
Ghop = Z e Wsy_,—N-
N=—ny

Moreover, let
G* =Gk 1<k <r |u < Sk_1+1}.

In the theory of Grébner bases over a field, the notion of Grébner bases coincides
with the notion of strong Grébner bases from the theory over a commutative domain.
Besides that, the Grobner basis G is called reduced if for all g1, g2 € G, g1 # g2, one
has that LM(g1) 1 m for any m € M(g2) (note that this condition is stronger than
minimality). The reduced Grobner basis has the important feature of being unique
(for a fixed monomial ordering).

Theorem 5.2. The set G® is the reduced Grébner basis for the ideal J5 with respect
to the monomial ordering <.

The monomial ordering < is the analogue of the one defined in Section 4:
Wla(l)W;@) S Wf(l)Wf(z) )

if and only if Wka(k) <griex W,;B(k), where k = min{i : «(i) # B(i)}. According to
(the mod 2 variant of ) Proposition 4.2, for 1 < k <rand p = (ma,...,my, ) € I\
such that gi, € G®, one has that LT(gx,,) = LM(gx,.) = W', where T = (Sk—1 +
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1 —|pl,ma,...,my,) € Ng*, and that |a(i)] < Si—1, & < i < r, for all others
W,?(k) = Wa(r) € M(gk,,)- Therefore, it is easily seen that the Grébner basis G® is
really the reduced one.

Remark 5. As in the complex case, Grobner basis G¥ gives rise to a Pieri-type
formula for the additive basis Dz. Indeed, if A = (I1,1l2,...,1,,) € Ng* is such that
|A| = Sk—1 + 1, then
Sk—1—1
~N)  —(k+1

le = Z [a’A]WIS + Z gl(c,A) ’ w»(S‘k—l)*N' (51)

lleell=Sk—1+1+[All N=—ny

aFEA

Also, it is easy to see that (mod 2) variants of Corollaries 4.5.1 and 4.5.2 hold in
H*(F;Zs).

Example 5. Let s > 2. In what follows we prove that the cup-length of the flag
manifold F := F®(2,3,2°—1)is 9-2571 — 1 (recall that the Zs-cup-length (or simply
cup-length) of a path connected space X, denoted by cup X, is the supremum of all
integers d such that there exist classes a1, as9,...,aq € ﬁ*(X; Zs) with nonzero cup
product ajas...aq).

First, let us prove that cupF <9251 1, Lett = wy 1wl1’ QW5 lwg ows 3 # 0 be the
class that achieves the cup-length of F. Then, by Poincaré duality, ¢t € H™ F (F Zs),
and hence a + 2b+ ¢ + 2d 4 3e = dim F = 5 - 2 + 1. Since ht(ws 1) = 2°T! — 2 and
ht(wg,) = 25F1 —1 (see [Doe (1996), p. 147]), we have a < 257! —2 and ¢ < 2571 —1
(recall that the height of a class y € H*(X;Zs), denoted by ht(y), is the largest
positive integer n such that y™ # 0). This implies

2-cup F = 2a+2b42c+2d+2e < 2571 — 2425t 14 g4 2b+c+2d+3e = 9-2° —

as desired.
So, to finish the proof it is enough to show that the class z := w%jl_gwigwg’fl_lwg;l -t
is nonzero (in H(F;Z)).
Let us first prove that w1 1 Qw:f 5 = Wi 2+ Since F' ~ F®(3,2,25—1), we observe
the fiber bundle p : F®(3,2,2% — 1) — FR(Q 2% 4+ 2) defined as in Theorem 3.1. By
[10, Proposition 5], in H*(F®(2,2°+2);Zs) one has wfsl i, = w% 52, and hence
wiy “wda = el Pedy) = pr(ell?) = el i HU(ERE,2,20 - 1):Z,).
This implies = w% ;2 51“ 1w§; L
Next, we prove that w2’1 17111)375271 = 0. Suppose that this is not the case.
Observe the fiber bundle p : F®(2,3,2% — 1) — F¥(3,2% 4+ 1) defined as in The-

s+1_ s—1 s+1_ s—1 s—1
orem 3.1. Then p (wg1 1w§2 ) = wgl 1w§2 , and hence w§1 1w§2 is
nonzero in H*(F®(3,2° 4+ 1);Z3). So, by Poincaré duality, there exists a class

z € H*(F®(3,2° 4+ 1); Z3), such that w2 o w%} "2 # 0. Since z is a polynomial in
classes wa 1, wa 2 and wg 3, and ht(we 1) = 25711 (in H*(F®(3,2°+1); Z2)), we have
z=w} 2~ Hence, w% A 2b 42 # 0, and therefore cup F®(3,25+1) > 5-25"1 4+ 1.
But cup F®(3,2° +1) =5 - 2S 1 (see [22, p. 104]), a contradiction.
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Now, we use formula (5.1) to represent w2 *2 in the additive basis Dz. In fact,

. st1 s+1 s—1 o
since w3, = 0 and w3, ~'wi, =0, in order to prove x # 0, it is enough to

represent wl 2 2 modulo wy,1 and modulo ws 2. Additionally, by Corollary 4.5.1 (i.e.,
its variant for real flag m.aurufolds)7 every nonzero monomial in variables wsy 1, w22
and ws 3 has cohomological dimension at most 3(2° + 1). Hence, if a monomial ¢ is

such that th 1 1wgf;_1 # 0, then the degree of wy 3 in ¢ is at most 2. So, in what

follows, for t',t"” € H* (ﬁ, Zs), we write t' ~4 t” if and only if ¢’ and ¢” are the same
modulo wg ; and modulo wsg 2, and the degree of ws 3 in each monomial of ¢” is at
most d.

By formula (5.1), applied to A = (3,2° — 3) and A = (0,2°) (and k = 1), we have

3 . 2°-3
Wy Wy 2 ~0 0

s

2 252
Wy g ~1 W1,1Wy o W23

2¢ 2°_2 4 2° 2°-3\ 92
Wy g ~v2 W1, 1W] 5 “W2,3 + (w1,1w1,2 +wi 1“’1 s+ wy 5 ")W3 3,

and hence

2 28 gstl_q  gs—l_g
T = Wy oWy oWy 1 Wy 2

2 2 4 25— —3y,..2 gstl_1 9513
= W] 2(w1,1w1 9 wa3+ (W Wy, ® + w? 1w1 s+ w1 o JWig)wy g W,

928 2§+ —1 95 1 1

= w1 1w12w21 w3 9 w23+(w1 1w12 +wl 1“’12 +w12 wyy Wia
o 25_9 9stl_71 9os—1_j 252 251y, 2°tl_1 9s-1_4
= wl 1Wig "Wy Wio w2,3 +(0+ wmw +wis Jwyy Wy w2,3

28—1, 2stl_q1 9s71_1 9
Wy o Wy, Ws o Wy 3-

By Corollary 4.5.2 (i.e., its variant for real flag manifolds), to prove that  # 0 it is
enough to prove that wQS+ 1w§f;—1w§,3 # 0. This follows from [22, p. 112], using
the fiber bundle p : FR(2,3, 2% — 1) — F®(3,2% + 1) defined as in Theorem 3.1.
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