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ABSTRACT. We enlighten a geometrical background for familiar substitutions
in certain ordinary differential equations. We explain how the existence of a
symmetry of a differential equation provides a change of coordinates (i.e. a
substitution) in which the initial equation becomes in quadrature form.
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1. INTRODUCTION

The simplest differential equation is one of the form
dz
— = f(t), x(tg) = xo,
= (), alte) = o
where f : I — R is a continuous function defined on an interval I C R. Its only
solution is obtained by a direct integration:

¢
z(t)y=x0+ [ f(7)dr.
to

The next very simple form is
d
M = = @), alt) =0,

where f(zg) # 0. It follows from the assumptions that x(¢) has the differentiable
inverse in some neighbourhood of z, so we can transform (1) into

dt 1 1 t( ) .
e Zo) = to,
dr & fla)

which is again solvable by integrating.
We accept the following definition.

Definition 1. An ordinary differential equation is in quadrature form if it is of the

first order:
dx
2 — =h(t
) L h(t,)
and if the right-hand side, i.e. the function h(t, ), depends only on t or on x.
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It is convenient to transform any differential equation ‘l%’ = h(t,z) to the one in

quadrature form; in some examples this can be done by a suitable choice of new
variables, i.e. by a substitution. In this note we will try to lighten the background
of certain substitutions from a geometrical point of view, i.e. to explain how some
substitutions naturally arise from a symmetry of a differential equation.

Let us recall some examples first.

Example 2. (Homogeneous equation.) Consider the equation
dx (:v)
at ~I\t)"

s(t,x) = logt, y(t.x) =7

one transforms it to quadrature form. The substitution s(¢,z) = ¢, y(t,z) =
transforms it to the equations with separable variables:

dz
i a(x)b(t).

Example 3. (Generalized homogeneous equation.) It is an equation of the
form:
de «x @
—=Cgl=).
dt t 8
o

S(tax) = logt, y(t,iﬂ) - %

transforms it to quadrature form and the substitution

Using the substitution

x
t

The substitution

s(ta) =t ylto) =7

transforms it to the equations with separable variables.

Example 4. (Linear equation.) The equation
dz

(3) 5 = P0z(t) +a(t)

can be transformed into the one in quadrature form using the substitution:

s=t, y= ze~ S P dt

2. SUBSTITUTIONS

Let us first precise some terminology. Let &/ be a domain (a connected open
subset of R™ or of a manifold M) and let F' = F(¢,z) be a vector field defined on
U which may also depend on ¢ € I C R, meaning

F:I1xU—TM, F(t,z)eT,M, forall zel, tel.
If M = R"™ we have the identification T,,M = R™, so
F:IxU—R"

Consider the differential equation

dx
4 — = F(t,z(t)).
@) = F(t,a(0)
We have the following notions:
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e the domain U is called the phase space of the equation (4)

e the product I x U is called the extended phase space of the equation (4)

e the image of any solution x : I — U of the equation (4) is called the phase
curve of the equation (4).

A substitution in the autonomous differential equation
dx
5 — = F(x(t
) = F(a(t)
on a domain U is a change of local coordinates, i.e. a diffeomorphism defined on U
which hopefully simplifies the form of (5). More precisely, let

o:U—-YV

be a diffeomorphism between domains U and V. Let ¢, F denotes the push-forward
of F' by ¢:

G F(y) = ddg-1() (F(6 (),
where d¢g-1(,) denotes the derivative of ¢ at the point o1 (y).

Proposition 5. The diffeomorphism ¢ maps the phase curves of the equation (5)
to the phase curves of the equation

W o F ()

Proof. By differentiation we check that y(t) := ¢(x(t)) is a phase curve of a vector
field ., F. 0

Let us now consider the non-autonomous case (4). The most important non-
autonomous equation that we study in this note is the following simple equation:

dzx

where f is a function of two variables defined at some domain in R2. It is often
more elegant to study a non-autonomous case as an autonomous equation in the
extended phase space. This means that we treat (¢,2) € I XU as a new function of
7 and instead of the equation (4) we consider the following autonomous equation
in the extended phase space:

dt
— =g(t,x
- 7 = 9(t,z)
d—x—d—mﬁ—F(t x) - g(t,x)
dr ~dtdr IR
for a suitable choice of g(t,x) (desirably of a constant sign, so that 7 — ¢ is a

bijection).

The simplest example of making an autonomous equation out of the non-autonomous
one is the choice g(t,x) = 1; now (4) can also be written as:

dz  ~ ~
i F(z), where = (t,z)elIxU, F(@):=1,F(z)).
-

The solutions of the equation (4) are the projections of the solutions of the
equation (7) to the phase space U.

The substitution is now a diffeomorphism

b I xU—JxV,
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where U,V C M (or R") and I, J C R.

3. SYMMETRIES

Definition 6. Let F' be a vector field on a domainUd. We say that a diffeomorphism
©: U — U is a symmetry of the differential equation (5) if . F = F. In the non-
autonomous case (4) a symmetry is a diffeomorphism of the extended phase space
I x U which is a symmetry for the autonomous equation (7).

Remark 7. In the non-autonomous case (7), the symmetry ¢ : I xU — I X U is
a notion that depends on the choice of the function g in (7).

Proposition 8. The symmetry ¢ of the system (5) maps the phase curves of given
system to the phase curves of the same system. The same is true for the system (4).

Proof. The assertion for (5) follows directly from Proposition 5.

Regarding the system (4), from the autonomous case we conclude that ¢ : I x
U — I x U maps the phase curves of the extended system (7) to themselves. The
phase curves of the initial system are solutions of (4). Since

@*(g(tv 1')7 F(tv :L') ! g(t, 1')) = (g(tv $), F(ta (ﬂ) : g(tv x))v
we see that the projections of the phase curves are solutions to

dz
— =F(t,x)-g(t, ).
5. = Ft.2)-g(t,2)
But this is the reparametrized curve 4 = F(t, ), since % = g(t, z). O

Definition 9. Let ¢, be a symmetry of the equation (5) for every e € (—eg,€0)-
We say that pe is a one-parameter local Lie group if the following holds:

® (g is the identity map
® P50 Yt = Pstt
o for every x € U, the map
e p(x)
s smooth.

If . is defined for all € € R so that the above conditions holds, we have the
action of the Lie group (R, +) on U. Recall that the action of the group (G,o) on
a set U is a mapping

GxU—=U, (g,z)—=g-x
such that
ex=x, f-(g-a)=(fog) =

(where e is the neutral in G and o is the group operation). Recall also that the
orbit of a point z € U is defined as the set

G-z:={g-x|geqG}
Example 10. The one-parameter Lie group ¢, : R — R defined as

Pe: (t,x) = (¢, +¢)
is a symmetry for the non-autonomous equation in quadrature form

dz
= = 5.
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Remark 11. Ezample 10 is very simple, actually, one does not need to notice any
symmetry in order to solve an equation which is in quadrature form. However,
this simple example is important since it notices a symmetry that an equation in
quadrature form possesses - mamely the symmetry with respect to the translation
along x-axis.t The orbits of this action are vertical lines in the plane. The purpose
of this paper is to show how to find a substitution which transforms the orbits of
a given (more complex) symmetry (of a more complex differential equation) to the
strait lines (vertical or horizontal ones), and thus transforms the more complicated
equation to the simple equation in Example 10. We will come back to this later, in
Proposition 16 and Theorem 17.

The following example illustrates the previous remark.

Example 12. (Homogeneous linear equation.) The equation®

(8) % =p(t) -z, z(0)=z¢>0

is invariant with respect to the homothety
T = Az,

Of course, it is solvable as an equation with separated variables. The equation

dx

e p(t)dt
is easy to solve, since the left side is the derivative of the function y(t) = log x(¢).
The appearance of the logarithm here is not coincidental, from symmetries point
of view, since:

1Og : (RJF, ) 1) - (Ra =+, 0)

is a group homomorphism, so it transforms the action of the group of homotheties to
the action of the group of translations from Example 10. Therefore the substitution
y = log x transforms the equation (8) to the equation of Example 10, i.e. to the one
in quadrature form. This is also done with two different substitutions in Example 2
and Example 3. We will see later that this is actually a method.

Example 13. Let f(¢,x) be homogeneous function:
fleft,efx) = f(t, x).

Then the one-parameter local Lie group . : R — R:
e : (t, ) = (e°t, e’ x)

is a symmetry for the autonomous system

9) o
— =tf(t,x)
dr ’
which is an extension (in sense of (7)) of the non-autonomous equation
dx
= = f(t, ).
a )

1On the other hand, the one-parameter Lie group ¢¢ : (t,z) — (t +¢, ) is a symmetry for the
equation ‘;—f = f(x).
The assumption xg > 0 does not diminish the generality.
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This example is a generalization of Example 12.

Example 14. Let f(¢,z) be a quasi-homogeneous function:
f(est,ePa) = P2 f (¢, ).
Then the one-parameter local Lie group
0. ¢ (t,x) — (e°t, e x)

is a symmetry for the the autonomous system (9).

Example 15. The one-parameter local Lie group
et (t,x) — (t,m + el P dt)

is a symmetry for the system

dt
=~ -1
dr
dz
= plt)e + a(t).

-
This is an extended system of the linear equation from Example 4.

Proposition 16. Let f be a continuous function of two variables defined at some
domain in R?. If there exists an one parameter local Lie group ¢. of symmetries
of the equation (6) and a local diffeomorphism ¢ (defined on some neighbourhood
of (to,x0)) such that

popc0d i (y,8) = (y+e,s),
then ¢ transforms (6) into quadrature form.

Proof. Denote the new coordinates by (s,y) := ¢(¢,z) and

Yo i=dopc0p
We have
Ye: (s,y) = (s,y +e).
Let f = (g, fg) be a vector field on R? such that

(‘Pe)*f = f
(which exists by the definition of a symmetry). Note that 1. is a symmetry for
vector field g := ¢, f, since

(Ve)g = ¢*(<P6)*¢*_1¢*f = ¢*(SDE)*]E: ¢*f: g.

But since dy. = Id, and . is a symmetry for g, we have g(s,y +¢) = g(s,y), for
every € € (—eg, +€o). Therefore, in some neighbourhood of (so, y0) = ¢(to, z0), the
function g does not depend on y, meaning that in the new coordinates (s,y) the
equation (6) is in quadrature form. O

Theorem 17. Let . be a symmetry of (6) such that d{}’f ._o(to;m0) # 0. Then
there is a change of coordinates defined in a neighbourhood of (to,xq) that trans-

forms (6) into a quadrature form.
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Proof. By Proposition 16, we need to find the diffeomorphism ¢ with
QSOQDE O¢71 : (t7x) — (t7x+6)'

This is equivalent to the condition

dp:\ 0
& ( de ) - Oz’
The rest of the proof is similar to the proof of the Rectification theorem (see [1] for

the proof of the Rectification theorem).
We can assume that (o, o) = (0,0) and

e 9
Oe ox’

Indeed, if this is not a case, we can apply a simple affine change of coordinates (this

is always possible since the condition (10) concerns the vector field aai <= only at one

point, so this is just a transformation that sends one given vector to another one).
Consider a smooth mapping v defined in some neighbourhood of (0,0) in R:

Y (t,x) = p.(t,0).
Since @o = Id, we have 1|;;—oy = Id{z—0}, therefore

(10)

(to, o) =
e=0

9 _ o\ 0
E(O,O) = dv(0,0) <8t> =5
Since 5 5 5
M 0.0y = %= _9
ax (070) - 81} o0 (070) - ax?
we have
di(0,0) =1d.

By the Inverse function theorem there exists a neighbourhood U of (tg,xg) and V
of ¥(to, zo) such that
1/)|1/{ U -V

is a diffeomorphism. By the construction of ¢ we have

(220 2
*\Noz) Oz  9e

Therefore, if we denote by ¢ := ¢!, we have
dpe\ 0
O ( Oe ) - oz’

Remark 18. Theorem 17 assures that (under the given assumptions) one can
always transform the equation (6) to the one in quadrature form, without providing
an explicit way of doing it. However, by analysing the proof of Theorem 17 we can
also recover a method.

O

Note that we choose a new coordinate y to be an orbit of the symmetry ., by
transforming the vector field Bgf; into 6%. In order to make an orbit of ¢. be the

coordinate line s = const, i.e.

(11) s(pe(t, x)) = const.
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we differentiate (11) with respect to € and obtain that the function s satisfies

dpe
12 t . = 0.
(12) Vi(t.a)- GE| =0
On the other hand, we want to have new coordinates such that
(13) y(pe(t,x)) =yo +e

(since the symmetry in the new coordinates has the from (s,y) — (s,y +¢)). By
differentiating (13) with respect to € we get
0.
Oe

(14) Vy(t, ) - =1.

e=0

Remark 19. The existence of a symmetry in a differential equation also leads to
an existence and uniqueness of its solution, without the assumptions from Picard
or Peano theorem. Namely, the equation in quadrature form (with a given initial
condition) has a unique solution defined on an interval, whenever the function (1)
is integrable, and not necessarily Lipschitz or continuous.

Note that the Lipschitz condition from Picard theorem or continuity condition
from Peano theorem are analytical by nature, while the symmetry existence as-
sumption is either algebraic (if we consider the equation (4) as an algebraic term
that possesses a symmetry - see also Example 12) or geometric (if we consider F
as a vector field which is invariant with respect to a Lie group action - as in Theo-
rem 17). This is the illustration of three points of view on a solvability problem of
a differential equation.

Example 20. Let us provide the substitution for a homogeneous equation (Exam-
ple 2) using the previous method. The one-parameter Lie group of symmetries of
the extended equation (see Example 13) is given by

pe 1 (8 x) = (€71, "),
SO

e B
9 |._, (t,z) = (t, ).

Hence we are looking for the new coordinates (s,y) such that
Vs(t,x)- (t,x) =0, Vy(t,x)-(t,z)=1.
We see that the substitution

x
s=—, y=logt

t
satisfies the above condition, since
s . as z n 1 0
ot Oz 12 t ’
dy oy 1
i+ r=>t4+0-2=1
ot + or C T 1 TO

In Example 2 we exchanged the roles of s and 3 to have the usual substitution.?

30f course in both cases we obtain the quadrature form; the only difference is weather h(¢, x)
in (2) depends on t or on z.
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Remark 21. The condition (12) ensures that s is constant along the orbits of pe,
implying that p. acts only ony. The condition (14) provides that . is a translation
along y-direction. We can replace the condition (14) by the condition:

0pe
Oe

and still obtain local coordinates (by the Inverse function theorem). By a suitable
choice of a new coordinate § = a(y) we can obtain

(15) Vy(t,z) - #0

e=0

~ 8@5 8906
V- =ad'(y)Vy- =1,
Oe |._o Oe |._o

so in the coordinates (s,7) we can obtain the equation in quadrature form:

dy
But this is equivalent to the equation

dy _ Bls)

ds ~ al(y)

which is an equation with separated variables. This is sometimes more convenient.
This is how the substitution

stba) =T, ylta) =t

in Example 2 transforms the homogeneous equation to the one with separated vari-
ables.

Example 22. Let us derive the substitution in a generalized homogeneous equation
(Example 3) using the symmetry from Example 14. Namely,

0pe
85 e=0

= (at, Bz)

and the substitution N

s(t,x) = 35, y(tx) = logt

satisfies the conditions (12), (14), hence transforms the initial equation to quadra-
ture form. Indeed:

0s 0Os x® zo~!
Oy Jy 1

Zot+ L= t4+0-z=1

ot +8x YT o

On the other hand, the substitution

(0%

T
S(t,ﬂf) = tiﬂa y(t,ﬂ]‘) =1

satisfies the conditions (12), (15), hence transforms it to the one with separated
variables.

Example 23. The substitution in a linear equation (see Example 4) can be derived
from the symmetry from Example 15:

ipe
Oe

= (0, el P() dt) .

e=0



10 JELENA KATIC

If we set
s(t,x) =t, y(t,x) = ze— Jp®) dt
we have that s and y satisfy (12) and (14) since:

0s 0Os
o2 =1 Lr =
St w=1-040-2=0,
% -1 —+ % = 7Ieffp(t)dtp(t) . 0 —+ effp(t)dt . efp(t)dt = 1
The linear equation (3) becomes
d
d—z = e_fp(s)dsq(s).

4. LOWERING THE DIMENSION OR THE ORDER USING SYMMETRIES

In the case of an equations in R™ (or in a manifold) we can use symmetries to
reduce the equation to the one in R»~!, or even in a space of lower dimension.

Example 24. (Motion in a central force field.) The second Newton law gives
the differential equation
mi = F(r).

Since r = (7,7, z) € R?, and this is a second order equation, we actually deal with
a system whose phase space is of dimension six.* We say that the force field is
central if it is of the form
(16) F(r) = f(r)r, r=|r[.
The condition (16) is equivalent to F' being invariant with respect to the group of
rotations SO(3).

A central field is always conservative: if we set

Ur)=U(r):=— /rf(r)dr,
we have qU )
VU = f%Vr =r f(r) ST= fr)r = F(r).
Therefore the Law of conservation of energy holds:
m||E|?

2

+U(r)=F,

for some constant E € R.
The angular momentum, r X r is also constant in a motion with a central force

field. Indeed:

d . L . 1

%(rxr):rxr—&—rxr:O—&—rx Ef(r)r:O.
Note that here we used the fact that the system is SO(3)-invariant, i.e. that it is
of the form (16). We conclude that a position vector r satisfies

m|t]?
2

for some constant ji € R3. For a generic choice of E € R, ji € R? the set

8= {(u,v) €S x B® | m|v|’ + Ulu) = £, ux v = ji}

+U((r)=FE, rXxr=/[,

4Using the substitution (z1, 2, z3, 24, z5,26) = (r,T).
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is a two dimensional manifold, i.e. a surface. Therefore we lowered the order the
dimension of the phase space from six to two. The roots of these two conservation
laws lie in the fact that a central force field possesses the spherical symmetry,
meaning that the potential energy and the force field are invariant under rotations
around the origin (see [1, 4] for more details).

Theorem 25. Let p. be a symmetry of the system (4) and let

ipe
Oe

(to, zo) # 0.

e=0

Then there exist a neighbourhood Iy x Uy of (to,zo) in I X U and local coordinates

(S,Q) = (S7y17"~7yn)
in Iy x Uy such that the equation (4) has the form:

dy

ds = G(S7y17 s 7yn—1)-

Since the vector field G does not depend on y,,, we reduce the initial equation
to the one in R"~1 (at least locally). Let
G(s,y15- - Yn—1) = (91(8,¥15 -+ s Yn—1)s -+, Gn (8, Y1, - -+, Yn—1))-

If we are able to solve the new equation

yll(s) = 91(87y1a v 7yn—1)
y'izfl(s) = g’ﬂfl(svyla oo 7yn71)7

we get the solution of the initial equation by solving:

yiz(s) = gn(sa yl(s)a s 7yn—1(s))
which is in quadrature form.

Proof of Theorem 25. The proof is basically the same as the proof of Theorem 17.
We choose coordinates (s,y) = ¢(t, z) such that

Ve = pop.0¢ and G i= 6, F
satisfy
Vet (91,5 4n) = (8,01, U0+ ), (V)G =G.
This implies
G($,Y1y- - Yn+€) = (8,915 Yn)s

i.e. G does not depend on y,,.
The construction of the diffeomorphism ¢ goes as following. First we map

Ope
Oe

) .
. to Far Then we define:

U (t,xr, ..., Tn) = 0o, (21, ..., Tp—1,0).

Using the Inverse function theorem, we define ¢ as ¢~1 (locally). [
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In practice, as in the case n = 1, we can find the new coordinates (s,y1,...,yn)
from the condition:
Vs(t,x1,...,&p) - O =0
Oe
dpe
Vit zn, ..y an) - 8 =0
yl( , L1 x ) 85
0
Vyn_l(t,fﬁl, . ,l'n) . (;056 =0
0
vyn(t7x17 s ’xn) ! (z;i_e =1

From the above construction we can also see a geometrical meaning of some
substitutions which reduce the order of the equation:

(17) ™ = F(t,z, 2!, 2" D)

to n — 1, since every equation (17) can be transformed to (4).
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