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Abstract

This document contains formall correctness proofs of modern SAT
solvers. Two different approaches are used — state-transition systems
and shallow embedding into HOL.

Formalization based on state-transition systems follows [1, 3]. Sev-
eral different SAT solver descriptions are given and their partial cor-
rectness and termination is proved. These include:

1. a solver based on classical DPLL procedure (based on backtrack-
search with unit propagation),

2. a very general solver with backjumping and learning (similiar to
the description given in [3]), and

3. asolver with a specific conflict analysis algorithm (similiar to the
description given in [1]).

Formalization based on shallow embedding into HOL defines a SAT
solver as a set or recursive HOL functions. Solver supports most
state-of-the art techniques including the two-watch literal propagation
scheme.

Within the SAT solver correctness proofs, a large number of lemmas
about propositional logic and CNF formulae are proved. This theory
is self-contained and could be used for further exploring of properties
of CNF based SAT algorithms.
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1 MoreList

theory MoreList
imports Main Multiset
begin

Theory contains some additional lemmas and functions for the
List datatype. Warning: some of these notions are obsolete be-
cause they already exist in List.thy in similiar form.

1.1 last and butlast - last element of list and ele-
ments before it

lemma listEqualsButlastAppendLast:
assumes list # ||
shows list = (butlast list) Q [last list]
using assms
by (induct list) auto

lemma lastListInList [simp):
assumes list # ||
shows last list € set list
using assms



by (induct list) auto

lemma butlastIsSubset:
shows set (butlast list) C set list
by (induct list) (auto split: split-if-asm)

lemma setListlsSetButlastAndLast:
shows set list C set (butlast list) U {last list}
by (induct list) auto

lemma butlastAppend:

shows butlast (list] Q list2) = (if list2 = [] then butlast list1 else
(list1 @ butlast list2))
by (induct list1) auto

1.2 removeAll - element removal

lemma removeAll-multiset:
assumes distinct a x € set a
shows multiset-of a = {#x#} + multiset-of (removeAll z a)
using assms
proof (induct a)
case (Cons y a’)
thus Zcase
proof (cases z = y)
case True
with «distinct (y # a') @ € set (y # a’)
have - z € set a’
by auto
hence removeAll z o’ = a’
by (rule removeAll-id)
with ¢z = 3 show ?thesis
by (simp add: union-commute)
next
case Fulse
with @ € set (y # a’)
have = € set a’
by simp
with (distinct (y # a')
have z # y distinct o’
by auto
hence multiset-of o’ = {#zx#} + multiset-of (removeAll z a’)
using & € set a”
using Cons(1)
by simp
thus ?thesis
using x #
by (simp add: union-assoc)
qed



qed simp

lemma removeAll-map:

assumes Y zy.z#y — fr # fy

shows removeAll (f x) (map f a) = map [ (removeAll x a)
using assms
by (induct a arbitrary: z) auto

1.3 wuniq - no duplicate elements.

uniq list holds iff there are no repeated elements in a list. Obso-
lete: same as distinct in List.thy.

consts

uniq :: 'a list => bool

primrec

uniq [| = True

uniq (h#t) = (h ¢ set t A uniq t)

lemma uniqDistinct:
uniq | = distinct [
by (induct 1) auto

lemma unigAppend:
assumes uniq (11 @ [2)
shows uniq I1 uniq 12

using assms

by (induct I1) auto

lemma unigAppendlff:

unig (11 Q 12) = (unig 11 A uniq 12 A setll N set 12 = {}) (is ?lhs
= %rhs)
by (induct I1) auto

lemma unigAppendElement:
assumes uniq [
shows e ¢ set | = unig (I Q [e])
using assms
by (induct 1) (auto split: split-if-asm)

lemma unigIlmpliesNotLastMemButlast:
assumes uniq [
shows last | ¢ set (butlast [)
proof (cases | = [])
case True
thus ?thesis
using assms
by simp
next
case Fulse



hence [ = butlast | Q [last [
by (rule listEqualsButlastAppendLast)

moreover

with (uniq D

have uniq (butlast 1)
using unigAppend|of butlast 1 [last )]
by simp

ultimately

show ?thesis
using assms
using unigAppendElement|of butlast | last ]
by simp

qed

lemma uniqButlastNotUniqListImpliesLastMemButlast:
assumes uniq (butlast 1) — uniq
shows last | € set (butlast [)
proof (cases | = [])
case True
thus ?thesis
using assms
by auto
next
case Fulse
hence | = butlast | Q [(last )]
by (rule listEqualsButlastAppendLast)
thus ?thesis
using assms
using unigAppendElement|of butlast [ last ]
by auto
qed

lemma unigRemdups:
shows uniq (remdups x)
by (induct ) auto

lemma uniqgHeadTailSet:

assumes uniq [

shows set (tl 1) = (set 1) — {hd I}
using assms
by (induct 1) auto

lemma unigLengthEqCardSet:
assumes uniq [

shows length | = card (set 1)
using assms

by (induct 1) auto

lemma lengthGtOneTwoDistinct Elements:



assumes
uniq [ length 1 > 11 # ||

shows

3 al a2. al € setl AN a2 € setl A al # a2
proof—

let 2a1 =110

let 202 =111

have ?7al € set |
using nth-mem/[of 0 1]
using assms
by simp
moreover
have 742 € set |
using nth-mem/[of 1 1]
using assms
by simp
moreover
have %al # ?a2
using nth-eq-iff-indez-eq[of 1 0 1]
using assms
by (auto simp add: unigDistinct)
ultimately
show ?thesis
by auto
qed

1.4 firstPos - first position of an element

firstPos returns the zero-based index of the first occurence of an
element int a list, or the length of the list if the element does not
occur.

consts firstPos :: 'a => 'a list => nat

primrec

firstPos a [ = 0

firstPos a (h # t) = (if a = h then 0 else 1 + (firstPos a t))

lemma firstPosEqualZero:
shows (firstPos a (m # M') = 0)
by (induct M) auto

(a = m)

lemma firstPosLeLength:
assumes a € set [
shows firstPos a | < length |
using assms
by (induct 1) auto

lemma firstPosAppend:
assumes a € set [
shows firstPos a |l = firstPos a (I Q 1)



using assms
by (induct 1) auto

lemma firstPosAppendNonMemberFirstMemberSecond:
assumes a ¢ set [I and a € set 12
shows firstPos a (11 @ [2) = length I1 + firstPos a 12
using assms
by (induct I1) auto

lemma firstPosDomainForElements:

shows (0 < firstPos a l A firstPos a | < length 1) = (a € set ) (is
?lhs = %rhs)

by (induct 1) auto

lemma firstPosEqual:
assumes a € set [l and b € set |
shows (firstPos a I = firstPos b'l) = (a = b) (is ?lhs = %rhs)
proof—
{
assume ?lhs
hence ?rhs
using assms
proof (induct 1)
case (Cons m ')
{
assume a = m
have b = m
proof—
from @ = m
have firstPos a (m # 1') = 0
by simp
with Cons
have firstPos b (m # 1) = 0
by simp
with b € set (m # ')
have firstPos b (m # 1) = 0
by simp
thus ?thesis
using firstPosEqualZero[of b m ]
by simp
qed
with @ = m)
have ?case
by simp
}

note x = this
moreover

{

assume b = m



have a = m
proof—
from & = m
have firstPos b (m # 1) = 0
by simp
with Cons
have firstPos a (m # 1') = 0
by simp
with (o € set (m # 1)
have firstPos a (m # 1) = 0
by simp
thus ?thesis
using firstPosEqualZero[of a m 1]
by simp
qed
with (b = m»
have ?case
by simp
}
note xx = this
moreover
{
assume Q: a # mb#m
from Q <a € set (m # 1)
have a € set I’
by simp
from Q b € set (m # 1)
have b € set I’
by simp
from (a € set I b € set 1) Cons
have firstPos a I’ = firstPos b 1’
by (simp split: split-if-asm)
with Cons
have ?case
by (simp split: split-if-asm)
}
note xxx = this
moreover
{
havea=mVb=mVa#mAb#m
by auto
}
ultimately
show ?thesis
proof (cases a = m)
case True
thus ?thesis
by (rule *)
next



case Fulse
thus ?thesis
proof (cases b = m)
case True
thus ?thesis
by (rule #x)
next
case Fulse
with (a # m) show ?thesis
by (rule sskx)
qed
qed
qed simp
} thus ?thesis
by auto
qed

lemma firstPosLast:

assumes [ # [| uniq [

shows (firstPos x| = length | — 1) = (z = last 1)
using assms
by (induct 1) auto

1.5 precedes - ordering relation induced by firstPos

definition precedes :: 'a => 'a => 'a list => bool
where
precedes a bl == (a € set I AN'b € setl N firstPos al <= firstPos b

1)

lemma noFElementsPrecedesFirstElement:
assumes a # b
shows — precedes a b (b # list)
proof—
{
assume precedes a b (b # list)
hence a € set (b # list) firstPos a (b # list) <= 0
unfolding precedes-def
by (auto split: split-if-asm)
hence firstPos a (b # list) = 0
by auto
with a # b
have Fulse
using firstPosEqualZero[of a b list]
by simp

thus ?2thesis

by auto
qed
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lemma lastPrecedesNoElement:
assumes uniq [
shows —(3 a. a # last | A precedes (last 1) a )
proof—
{
assume — ?Zthesis
then obtain a
where precedes (last 1) a la # last |
by auto
hence a € set [ last | € set | firstPos (last 1) | < firstPos a l
unfolding precedes-def
by auto
hence length | — 1 < firstPos a |
using firstPosLast[of [ last ]
using (uniq D
by force
hence firstPos a | = length | — 1
using firstPosDomainForElements|of a [
using (a € set )
by auto
hence a = last [
using firstPosLast[of [ last ]
using (a € set ) <last | € set D
using (uniq D
using firstPosEqual[of a [ last ]
by force
with <a # last D
have Fulse
by simp

thus ?thesis
by auto
qed

lemma precedesAppend:
assumes precedes a b [
shows precedes a b (I @Q 1)
proof—
from (precedes a b I)
have a € set 1 b € set l firstPos a l < firstPos bl
unfolding precedes-def
by (auto split: split-if-asm)
thus ?thesis
using firstPosAppend|of a 1 1]
using firstPosAppend|[of b 1 1]
unfolding precedes-def
by simp
qed
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lemma precedesMemberHeadMemberTail:
assumes a € set l1 and b ¢ set I1 and b € set I2
shows precedes a b (11 @Q [2)
proof—
from <a € set I
have firstPos a l1 < length 1
using firstPosLeLength [of a 1]
by simp
moreover
from <a € set I
have firstPos a (11 Q [2) = firstPos a l1
using firstPosAppend[of a 11 12]
by simp
moreover
from b ¢ set 1) b € set 12
have firstPos b (11 @ [2) = length l1 + firstPos b [2
by (rule firstPosAppendNonMemberFirstMemberSecond)
moreover
have firstPos b 12 > 0
by auto
ultimately
show ?thesis
unfolding precedes-def
using (a € set l1) b € set 12)
by simp
qed

lemma precedesReflezxivity:
assumes a € set |
shows precedes a a1

using assms

unfolding precedes-def

by simp

lemma precedes Transitivity:
assumes
precedes a b | and precedes b ¢ [
shows
precedes a ¢ |

using assms

unfolding precedes-def

by auto

lemma precedesAntisymmetry:
assumes
a € setl and b € set [ and
precedes a b | and precedes b a |

12



shows
a=1»
proof—
from assms
have firstPos a | = firstPos b |
unfolding precedes-def
by auto
thus ?thesis
using firstPosEqual[of a 1 b]
using assms
by simp
qed

lemma precedesTotalOrder:
assumes a € set [ and b € set |
shows a=b V precedes a b 1 V precedes b a l
using assms
unfolding precedes-def
by auto

lemma precedesMap:
assumes precedes a b list andV zy. xc £y — fx £ fy
shows precedes (f a) (f b) (map f list)
using assms
proof (induct list)
case (Cons [ list’)
{
assume a = [
have ?case
proof—
from a = D
have firstPos (f a) (map f (I # list")) = 0
using firstPosEqualZerolof f a f 1 map f list]
by simp
moreover
from <precedes a b (I # list’)
have b € set (I # list’)
unfolding precedes-def
by simp
hence f b € set (map f (I # list’))
by auto
moreover
hence firstPos (f b) (map f (I # list’)) > 0
by auto
ultimately
show ?thesis
using <a = D (f b € set (map f (I # list”))
unfolding precedes-def
by simp

13



qed
}

moreover
{
assume b = [
with (precedes a b (I # list’)
have a = [
using noFElementsPrecedesFirstElement[of a [ list')
by auto
from «a =D &b =D
have ?Zcase
unfolding precedes-def
by simp
}

moreover

{
assume a £ [ b #£ |
with vV zy. 2 #y — fz # fy
have fa # flfb # fl
by auto
from (precedes a b (I # list')
have b € set(l # list") a € set(l # list’) firstPos a (I # list’) <
firstPos b (1 # list”)
unfolding precedes-def
by auto
with (@ # D b # D
have a € set list’ b € set list’ firstPos a list’ < firstPos b list’
by auto
hence precedes a b list’
unfolding precedes-def
by simp
with Cons
have precedes (f a) (f b) (map f list”)
by simp
with (fa # fb (fb#fD
have ?case
unfolding precedes-def
by auto
}
ultimately
show ?case
by auto
next
case Nil
thus ?case
unfolding precedes-def
by simp
qed
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lemma precedesFilter:
assumes precedes a b list and f a and f b
shows precedes a b (filter f list)
using assms
proof (induct list)
case (Cons [ list’)
show ?case
proof—
from (precedes a b (I # list’)
have a € set(l # list’) b € set(l # list’) firstPos a (I # list’) <
firstPos b (1 # list”)
unfolding precedes-def
by auto
from f @) <a € set(l # list’)
have a € set(filter f (I # list"))
by auto
moreover
from «f b b € set(l # list’)
have b € set(filter f (I # list’))
by auto
moreover
have firstPos a (filter f (1 # list’)) < firstPos b (filter f (I # list"))
proof—
{
assume a = [
with «f a
have firstPos a (filter f (I # list’)) = 0
by auto
with b € set (filter f (I # list"))
have ?thesis
by auto
}

moreover
{
assume b = [
with (precedes a b (I # list’)
have a = b
using noFElementsPrecedesFirstElement|of a b list]
by auto
hence ?thesis
by (simp add: precedesReflezivity)

moreover
{
assume a # [ b # |
with (precedes a b (I # list’)
have firstPos a list’ < firstPos b list’
unfolding precedes-def
by auto

15



moreover
from <a # D <a € set (I # list’)
have a € set list’
by simp
moreover
from b # Iy b € set (I # list’)
have b € set list’
by simp
ultimately
have precedes a b list’
unfolding precedes-def
by simp
with «f @) «f b Cons(1)
have precedes a b (filter f list’)
by simp
with @ # D b # D
have ?thesis
unfolding precedes-def
by auto
}
ultimately
show ?thesis
by blast
qed
ultimately
show ?thesis
unfolding precedes-def
by simp
qed
qed simp

definition
precedesOrder list == {(a, b). precedes a b list A\ a # b}

lemma transPrecedesOrder:
trans (precedesOrder list)
proof—
{
fixzyz
assume precedes x y list x # y precedes y z list y # z
hence precedes © z list © # 2
using precedes Transitivity[of © y list z]
using firstPosEqual[of y list 2]
unfolding precedes-def
by auto

thus ?thesis

unfolding trans-def
unfolding precedesOrder-def

16



by blast
qed

lemma wellFoundedPrecedesOrder:
shows wf (precedesOrder list)
unfolding wf-eq-minimal
proof—
showV Q a. a:Q — (3 aMin € Q.V a’. (a’, aMin) € precedesOrder
list — a’ ¢ Q)
proof—
{
fix a :: '/a and Q::'a set
assume a € @
let 2listQ = filter (A xz. x € Q) list
have 3 aMin € Q.V a’. (a’, aMin) € precedesOrder list — a’
¢ Q
proof (cases ?list@Q = [])
case True
let 2aMin = a
have V a’. (a’, 2aMin) € precedesOrder list — a’ ¢ Q
proof—
{
fix a’
assume (a’, 2aMin) € precedesOrder list
hence a € set list
unfolding precedesOrder-def
unfolding precedes-def
by simp
with a € @
have a € set ?listQ
by (induct list) auto
with ?list@ = [
have Fulse
by simp
hence o’ ¢ Q
by simp

thus ?thesis
by simp
qed
with (¢ € ) obtain aMin where aMin € Q V a’. (a', aMin)
€ precedesOrder list — o’ ¢ Q
by auto
thus ?thesis
by auto
next
case Fulse
let 2aMin = hd ?listQ

17



from Fulse
have ?aMin € Q
by (induct list) auto
have V a’. (a’, ?aMin) € precedesOrder list — a’ ¢ Q
proof
fix a’
{
assume (a’, 2aMin) € precedesOrder list
hence a’ € set list precedes a' ?aMin list a’ # ?aMin
unfolding precedesOrder-def
unfolding precedes-def
by auto
have a’ ¢ Q
proof—
{
assume a’ € @
with (ZaMin € Q) <precedes a’ ?aMin list>
have precedes a’ 2aMin ?listQ
using precedesFilter[of a’ aMin list X\ z. z € Q]
by blast
from «a’ # 2aMin)
have — precedes a’ (hd ?listQ) (hd ?list@ # tl ?listQ)
by (rule noElementsPrecedesFirstElement)
with False (precedes a’ ?aMin ?listQ>
have Fulse
by auto
}

thus ?thesis
by auto
qed
} thus (a’, ?aMin) € precedesOrder list — a' ¢ Q
by simp
qed
with (?aMin € @
show ?thesis

qged

thus ?thesis
by simp
qed
qed

1.6 isPrefix - prefixes of list.

Check if a list is a prefix of another list. Obsolete: similiar notion
is defined in List_prefizes.thy.

consts
isPrefix :: 'a list => 'a list => bool

18



defs
isPrefix-def: isPrefit pt == 3 s.p Q s = ¢

lemma prefirlsSubset:
assumes isPrefix p [
shows set p C set [
using assms
unfolding isPrefiz-def
by auto

lemma unigListImpliesUniqPrefiz:
assumes isPrefix p | and uniq [
shows uniq p
proof—
from «sPrefix p ) obtain s
where p @ s =
unfolding isPrefiz-def
by auto
with (uniq D
show ?thesis
using unigAppend|of p s
by simp
qed

lemma firstPosPrefizElement:
assumes isPrefix p [ and a € set p
shows firstPos a p = firstPos a 'l
proof—
from «sPrefix p ) obtain s
where p Q@ s = [
unfolding isPrefiz-def
by auto
with @ € set p
show ?thesis
using firstPosAppend|of a p s]
by simp
qed

lemma laterInPrefirRetainsPrecedes:
assumes
isPrefix p | and precedes a b | and b € set p
shows
precedes a b p
proof—
from «sPrefix p [ obtain s
where p Q@ s = [
unfolding isPrefiz-def
by auto
from (precedes a b )
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have a € set [ b € set l firstPos a |l < firstPos bl
unfolding precedes-def
by (auto split: split-if-asm)

from (p @ s =10 b € set p

have firstPos b | = firstPos b p
using firstPosAppend [of b p s]
by simp

show ?thesis
proof (cases a € set p)
case True
from (p Q@ s =D <a € set p
have firstPos a | = firstPos a p
using firstPosAppend [of a p s]
by simp

from (firstPos a | = firstPos a p)> (firstPos b | = firstPos b p
(firstPos a | < firstPos b

(a € set p) b € set p

show ?thesis
unfolding precedes-def
by simp

next

case Fulse

from <a ¢ set p) (a € set b (p Q s =D

have a € set s
by auto

with (a ¢ set p) (p @ s =D

have firstPos a | = length p + firstPos a s
using firstPosAppendNonMemberFirstMemberSecond|of a p s]
by simp

moreover

from <b € set p

have firstPos b p < length p
by (rule firstPosLeLength)

ultimately

show ?thesis
using (firstPos b | = firstPos b p) (firstPos a | < firstPos b )
by simp

qed
qed

1.7 list-diff - the set difference operation on two
lists.

consts
list-diff :: 'a list = 'a list = 'a list
primrec
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list-diff ¢ || = =
list-diff © (y#ys) = list-diff (removeAll y x) ys

lemma [simp]:
shows list-diff [] v = |]
by (induct y) auto

lemma [simp]:
shows list-diff (z # zs) y = (if © € set y then list-diff zs y else x
# list-diff xs y)
proof (induct y arbitrary: xs)
case (Cons y ys)
thus ?case
proof (cases z = y)
case True
thus ?thesis
by simp
next
case Fulse
thus ?thesis
proof (cases x € set ys)
case True
thus ?thesis
using Cons
by simp
next
case Fulse
thus ?thesis
using Cons
by simp
qed
qed
qed simp

lemma listDiffIff:
shows (z € set a Az ¢ set b) = (z € set (list-diff a b))
by (induct a) auto

lemma listDiffDouble RemoveAll:
assumes z € set a
shows list-diff b a = list-diff b (z # a)
using assms
by (induct b) auto

lemma removeAllListDiff [simp]:
shows removeAll © (list-diff a b) = list-diff (removeAll z a) b
by (induct a) auto

lemma listDiffRemove AllNonMember:
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assumes z ¢ set a
shows list-diff a b = list-diff a (removeAll z b)
using assms
proof (induct b arbitrary: a)
case (Cons y b’)
from & ¢ set @
have = ¢ set (removeAll y a)
by auto
thus Zcase
proof (cases © = y)
case False
thus ?thesis
using Cons(2)
using Cons(1)[of removeAll y a)
using «x ¢ set (removeAll y a)
by auto
next
case True
thus ?thesis
using Cons(1)[of removeAll y a)
using & ¢ set a)
using & ¢ set (removeAll y a)
by auto
qed
qed simp

lemma listDiffMap:

assumes YV zy.x £y — fz £ fuy

shows map f (list-diff a b) = list-diff (map f a) (map fb)
using assms
by (induct b arbitrary: a) (auto simp add: removeAll-map)

1.8 remdups - removing duplicates

lemma remdupsRemoveAllCommute[simp]:
shows remdups (removeAll a list) = removeAll a (remdups list)
by (induct list) auto

lemma remdupsAppend:
shows remdups (a Q b) = remdups (list-diff a b) @ remdups b
proof (induct a)
case (Cons z a')
thus ?case
using listDiffIff [of = a’ ]
by auto
qed simp

lemma remdupsAppendSet:
shows set (remdups (a @ b)) = set (remdups a @ remdups (list-diff
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b a))

proof (induct a)
case Nil
thus ?case
by auto
next
case (Cons z a’)
thus ?case
proof (cases x € set a’)
case True
thus ?thesis
using Cons
using listDiffDoubleRemoveAll[of = a’ b]
by simp
next
case Fulse
thus ?thesis
proof (cases x € set b)
case True
show ?thesis
proof—
have set (remdups (x # o) Q remdups (list-diff b (x # o))

set (x # remdups a’ @ remdups (list-diff b (z # a)))
using «x ¢ set a’
by auto
also have ... = set (z # remdups a’ @ remdups (list-diff
(removeAll z b) a’))
by auto
also have ... = set (z # remdups a’ Q remdups (removeAll ©
(list-diff b a”)))
by simp
also have ... = set (remdups a’ @ x # remdups (removeAll x
(list-diff b a’)))
by simp
also have ... = set (remdups o’ @Q © # removeAll z (remdups
(list-diff b a”)))
by (simp only: remdupsRemoveAllCommute)
also have ... = set (remdups a’) U set (x # removeAll =
(remdups (list-diff b a’)))
by simp
also have ... = set (remdups a’) U {z} U set (removeAll x
(remdups (list-diff b a”)))
by auto
also have ... = set (remdups a’) U set (remdups (list-diff b
a’))
proof—
from @ ¢ set o’ @ € set b
have z € set (list-diff b a’)
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using listDiffIff [of z b o]
by simp
hence z € set (remdups (list-diff b a”))
by auto
thus ?thesis
by auto
qed
also have ... = set (remdups (a’ @ b))
using Cons(1)
by simp
also have ... = set (remdups ((z # a’) Q b))
using «x € set b
by simp
finally show ?thesis
by simp
qged
next
case Fulse
thus ?thesis
proof—
have set (remdups (x # a’) Q@ remdups (list-diff b (x # a’)))

set (z # (remdups a’) @Q remdups (list-diff b (z # a’)))
using «z ¢ set a’
by auto
also have ... = set (x # remdups o’ Q remdups (list-diff
(removeAll z b) a’))

by auto

also have ... = set (z # remdups a’ Q remdups (list-diff b a'))
using «z ¢ set b
by auto

also have ... = {z} U set (remdups (a’ Q b))
using Cons(1)
by simp

also have ... = set (remdups ((z # a’) Q b))
by auto

finally show ?thesis
by simp

qed
qed
qed
qed

lemma remdupsAppendMultiSet:

shows multiset-of (remdups (a @ b)) = multiset-of (remdups a Q
remdups (list-diff b a))
proof (induct a)

case Nil

thus “case
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by auto
next
case (Cons z a’)
thus ?case
proof (cases x € set a)
case True
thus ?thesis
using Cons
using listDiff DoubleRemoveAll[of x a’ b]
by simp
next
case Fulse
thus ?thesis
proof (cases © € set b)
case True
show ?thesis
proof—
have multiset-of (remdups (z # a’) @ remdups (list-diff b (z
# a) =
multiset-of (x # remdups o’ @ remdups (list-diff b (x # a’)))
proof—
have remdups (z # a’) = z # remdups a’
using @ ¢ set a”
by auto
thus ?thesis
by simp
qed
also have ... = multiset-of (z # remdups a’ @ remdups (list-diff
(removeAll z b) a'))
by auto
also have ... = multiset-of (z # remdups o’ Q remdups
(removeAll x (list-diff b a")))
by simp
also have ... = multiset-of (remdups o’ @ z # remdups
(removeAll x (list-diff b a’)))
by (simp add: union-assoc)
also have ... = multiset-of (remdups o’ Q z # removeAll
(remdups (list-diff b a”)))
by (simp only: remdupsRemoveAllCommute)

also have ... = multiset-of (remdups a’) + multiset-of (z #
removeAll = (remdups (list-diff b a’)))
by simp
also have ... = multiset-of (remdups a') + {#z#} + multiset-of

(removeAll x (remdups (list-diff b a’)))
by (simp add: union-assoc) (simp add: union-commute)
also have ... = multiset-of (remdups a’) + multiset-of (remdups
(list-diff b a’))
proof—
from « ¢ set ay @ € set b
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have z € set (list-diff b a’)
using listDiffIff [of z b o]
by simp
hence z € set (remdups (list-diff b a”))
by auto
thus “thesis
using removeAll-multiset|of remdups (list-diff b a’) x|
by (simp add: union-assoc)
qed
also have ... = multiset-of (remdups (a’ @ b))
using Cons(1)
by simp
also have ... = multiset-of (remdups ((z # a’) Q b))
using & € set b
by simp
finally show ?thesis
by simp
qed
next
case Fulse
thus ?thesis
proof—
have multiset-of (remdups (z # a’) @ remdups (list-diff b (z
# 7)) =
multiset-of (x # remdups o’ @ remdups (list-diff b (xz # a’)))
proof—
have remdups (z # a’) = z # remdups a’
using ¢ ¢ set a”

by auto
thus ?thesis
by simp
qed
also have ... = multiset-of (z # remdups a’ @ remdups (list-diff
(removeAll z b) a’))
by auto
also have ... = multiset-of (x # remdups a’ @ remdups (list-diff
b a’))
using ¢ ¢ set b
using removeAll-id[of z b)
by simp
also have ... = {#az#} + multiset-of (remdups (a’ Q b))
using Cons(1)
by (simp add: union-commute)
also have ... = multiset-of (remdups ((z # a’) Q b))
using <z ¢ set a «x ¢ set b
by (auto simp add: union-commute)
finally show ?thesis
by simp
qed

26



qed
qed
qed

lemma remdupsListDiff :
remdups (list-diff a b) = list-diff (remdups a) (remdups b)
proof (induct a)
case Nil
thus ?case
by simp
next
case (Cons z a’)
thus ?case
using listDiffIff [of = a’ ]
by auto
qed

definition
multiset-le a b r == a =0b V (a, b) € mult r

lemma multisetEmptyLel:

assumes

trans r

shows

multiset-le {#} a r

unfolding multiset-le-def

using assms

using one-step-implies-mult[of r a {#} {#}]
by auto

lemma multiset UnionLessMono2:
shows
trans r = (b1, b2) € mult r = (a + b1, a + b2) € mult r
unfolding mult-def
apply (erule trancl-induct)
apply (blast intro: multi-union transl)
apply (blast intro: multl-union transl trancl-trans)
done

lemma multiset UnionLessMonol :
shows
trans r = (al, a2) € mult r = (al + b, a2 + b) € mult r
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using union-commutelof al b]

using union-commute[of a2 b]

using multisetUnionLessMono2[of r al a2 b]
by simp

lemma multisetUnionLeMono2:
assumes
trans r
multiset-le b1 b2 r
shows
multiset-le (¢ + b1) (a + b2) r
using assms
unfolding multiset-le-def
using multiset UnionLessMono2[of r b1 b2 a)
by auto

lemma multisetUnionLeMonol :
assumes
trans r
multiset-le al a2 r
shows
multiset-le (a1 + b) (a2 + b) r
using assms
unfolding multiset-le-def
using multiset UnionLessMonol [of r al a2 b
by auto

lemma multisetLe Trans:
assumes
trans T
multiset-le Ty r
multiset-le y z r
shows
multiset-le © z r
using assms
unfolding multiset-le-def
unfolding mult-def
by (blast intro: trancl-trans)

lemma multiset UnionLeMono:
assumes

trans r

multiset-le al a2 r

multiset-le b1 b2 r
shows

multiset-le (al + b1) (a2 + b2) r
using assms
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using multiset UnionLeMonol [of r al a2 b1]

using multisetUnionLeMono2[of r b1 b2 a2]

using multisetLeTrans[of r al + bl a2 + bl a2 + b2]
by simp

lemma multisetLeListDiff:
assumes
trans r
shows
multiset-le (multiset-of (list-diff a b)) (multiset-of a) r
proof (induct a)
case Nil
thus ?case
unfolding multiset-le-def
by simp
next
case (Cons z a’)
thus ?case
using assms
using multisetEmptyLel [of r {#x#}]
using multisetUnionLeMonolof r multiset-of (list-diff a’ b) multiset-of
a’ {#} {#a#}]
using multiset UnionLeMono1 [of r multiset-of (list-diff a’ b) multiset-of
o (#a)]
by auto
qged

1.9 Levi’s lemma

Obsolete: these two lemmas are already proved as append-eq-append-conv2
and append-eq-Cons-conv.

lemma FullLevi:
shows (z @ y = 2z Q w) =
(t=zANy=wV
FtzQt=zANtQy=uw)V
FtzQt=2zAtQuw=y))(is ?lhs = ?rhs)
proof
assume ?rhs
thus ?lhs
by auto
next
assume ?lhs
thus ?rhs
proof (induct z arbitrary: z)
case (Cons a z)
show ?Zcase
proof (cases z = [])
case True
with (¢ # 2') Qy =2 Q@ w»
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obtain t where z Qt=a # 2't Qy =w
by auto

thus ?thesis
by auto

next

case Fulse

then obtain b and 2z’ where z = b # 2
by (auto simp add: neq-Nil-conv)

with (¢ # 2') Qy =2 Q@ w»

have 2’ Qy=2"Qwa=">
by auto

with Cons(1)[of 2/

have z'=2z'ANy=wV (3t. 2’ Qt=z'AtQy=w)V (It

'Qt=2'"ANtQw=y)

by simp

with <a = b <z = b # 2"

show ?thesis
by auto

qed
qed simp
qed

/

lemma SimpleLeuvi:
shows (p Q@ s = a # list) =
(p=[ANs=a#listV
Ftp=a#tANtQs=list))
by (induct p) auto

1.10 Single element lists

lemma lengthOneCharacterisation:
shows (length | = 1) = (I = [hd 1])
by (induct 1) auto

lemma lengthOnelmpliesOnlyElement:
assumes length | = 1 and a : set |
showsV a’. a': setl — a’' = a
proof (cases [)
case (Cons literal’ clause’)
with assms
show ?thesis
by auto
qed simp

end
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2 CNF

theory CNF
imports MoreList
begin

Theory describing formulae in Conjunctive Normal Form.

2.1 Syntax

2.1.1 Basic datatypes

types Variable = nat

datatype Literal = Pos Variable | Neg Variable
types Clause = Literal list

types Formula = Clause list

Notice that instead of set or multisets, lists are used in definitions
of clauses and formulae. This is done because SAT solver imple-
mentation usually use list-like data structures for representing
these datatypes.

2.1.2 Membership

Check if the literal is member of a clause, clause is a member of
a formula or the literal is a member of a formula

consts member :: 'a = ‘b = bool (infixl el 55)

defs (overloaded)

literal ElClause-def [simp]: ((literal::Literal) el (clause::Clause)) ==
literal € set clause

defs (overloaded)

clauseElFormula-def [simp]: ((clause::Clause) el (formula:: Formula))
== clause € set formula

primrec

(literal:: Literal) el ([]::Formula) = False

((literal:: Literal) el ((clause # formula):: Formula)) = ((literal el clause)
V (literal el formula))

lemma literal ElFormulaCharacterization:

fixes literal :: Literal and formula :: Formula

shows (literal el formula) = (3 (clause::Clause). clause el formula
A literal el clause)
by (induct formula) auto

2.1.3 Variables

The variable of a given literal

primrec
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var :: Literal = Variable
where

var (Pos v) = v
| var (Neg v) = v

Set of variables of a given clause, formula or valuation

primrec
varsClause :: (Literal list) = (Variable set)
where

varsClause [| = {}

| varsClause (literal # list) = {var literal} U (varsClause list)

primrec
varsFormula :: Formula = (Variable set)
where

varsFormula [| = {}

| varsFormula (clause # formula) = (varsClause clause) U (varsFormula
formula)

consts vars 2 'a = Variable set

defs (overloaded)

vars-def-clause [simp]: vars (clause::Clause) == varsClause clause
vars-def-formula [simp]: vars (formula:: Formula) == varsFormula formula
vars-def-set  [simp]: vars (s::Literal set) == {wbl. 3 1. | € s A var

I = vbl}

lemma clauseContainsltsLiterals Variable:
fixes literal :: Literal and clause :: Clause
assumes literal el clause
shows var literal € vars clause

using assms

by (induct clause) auto

lemma formulaContainsltsLiterals Variable:
fixes literal :: Literal and formula:: Formula
assumes literal el formula
shows var literal € vars formula
using assms
proof (induct formula)
case Nil
thus ?case
by simp
next
case (Cons clause formula)
thus ?case
proof (cases literal el clause)
case True
with clauseContainsltsLiterals Variable
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have var literal € vars clause
by simp
thus ?thesis
by simp
next
case Fulse
with Cons
show ?thesis
by simp
qed
qed

lemma formulaContainsltsClauses Variables:
fixes clause :: Clause and formula :: Formula
assumes clause el formula
shows vars clause C vars formula

using assms

by (induct formula) auto

lemma varsAppendFormulae:

fixes formulal :: Formula and formula2 :: Formula

shows vars (formulal @ formula2) = vars formulal U vars formula2
by (induct formulal) auto

lemma varsAppendClauses:

fixes clausel :: Clause and clause2 :: Clause

shows vars (clausel @ clause2) = wvars clausel U vars clause2
by (induct clausel) auto

lemma varsRemoveLiteral:

fixes literal :: Literal and clause :: Clause

shows vars (removeAll literal clause) C vars clause
by (induct clause) auto

lemma varsRemoveLiteralSuperset:

fixes literal :: Literal and clause :: Clause

shows vars clause — {var literal} C vars (removeAll literal clause)
by (induct clause) auto

lemma varsRemoveAllClause:

fixes clause :: Clause and formula :: Formula

shows vars (removeAll clause formula) C vars formula
by (induct formula) auto

lemma varsRemoveAllClauseSuperset:

fixes clause :: Clause and formula :: Formula

shows vars formula — vars clause C vars (removeAll clause formula)
by (induct formula) auto
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lemma varlnClause Vars:

fixes wvariable :: Variable and clause :: Clause

shows wvariable € vars clause = (3 literal. literal el clause N var
literal = variable)
by (induct clause) auto

lemma varlnFormulaVars:
fixes variable :: Variable and formula :: Formula
shows variable € vars formula = (3 literal. literal el formula N var
literal = wvariable) (is ?lhs formula = ?rhs formula)
proof (induct formula)
case Nil
show ?case
by simp
next
case (Cons clause formula)
show ?case
proof
assume P: ?lhs (clause # formula)
thus ?rhs (clause # formula)
proof (cases variable € vars clause)
case True
with varInClauseVars
have 3 literal. literal el clause A var literal = variable
by simp
thus ?thesis
by auto
next
case Fulse
with P
have variable € vars formula
by simp
with Cons
show ?thesis
by auto
qed
next
assume ?rhs (clause # formula)
then obtain [
where [FEl: [ el clause # formula and varL:var | = variable
by auto
from [El formulaContainsltsLiterals Variable [of | clause # formula)

have var | € vars (clause # formula)
by auto
with varL
show ?lhs (clause # formula)
by simp
qed
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qed

lemma varsSubsetFormula:
fixes F :: Formula and F':: Formula
assumes V c:Clause. c el F — c el F'
shows vars F C vars F'
using assms
proof (induct F)
case Nil
thus “case
by simp
next
case (Cons ¢’ F'')
thus “case
using formulaContainsltsClauses Variables|of ¢’ F]
by simp

qed
lemma varsClause VarsSet:
fixes
clause :: Clause
shows

vars clause = wvars (set clause)
by (induct clause) auto

2.1.4 Opposite literals

primrec
opposite :: Literal = Literal
where

opposite (Pos v) = (Neg v)
| opposite (Neg v) = (Pos v)

lemma oppositeldempotency [simp]:

fixes literal:: Literal

shows opposite (opposite literal) = literal
by (induct literal) auto

lemma oppositeSymmetry [simp]:

fixes literall ::Literal and literal2:: Literal

shows (opposite literall = literal2) = (opposite literal2 = literall)
by auto

lemma opposite Uniqueness [simp]:

fixes literall::Literal and literal2:: Literal

shows (opposite literall = opposite literal2) = (literall = literal2)
proof

assume opposite literall = opposite literal2

hence opposite (opposite literall) = opposite (opposite literal2)
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by simp
thus literall = literal2
by simp
qed simp

lemma oppositelsDifferentFromLiteral [simp]:
fixes literal:: Literal
shows opposite literal # literal

by (induct literal) auto

lemma oppositeLiteralsHaveSame Variable [simp):
fixes literal:: Literal
shows var (opposite literal) = var literal

by (induct literal) auto

lemma literals WithSame Variable Are Equal OrOpposite:
fixes literall::Literal and literal2:: Literal
shows (var literall = var literal2) = (literall = literal2 V opposite
literall = literal2) (is ?lhs = ?rhs)
proof
assume ?lhs
show ?rhs
proof (cases literall)
case Pos
show ?thesis proof (cases literal2)
case Pos
from prems show ?thesis
by simp
next
case Neg
from prems show ?thesis
by simp
qed
next
case Neg
show ?thesis proof (cases literal2)
case Pos
from prems show ?thesis
by simp
next
case Neg
from prems show ?thesis
by simp
qed
qed
next
assume ?rhs
thus ?lhs
by auto
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qed

The list of literals obtained by negating all literals of a literal
list (clause, valuation). Notice that this is not a negation of a
clause, because the negation of a clause is a conjunction and not
a disjunction.

definition

oppositeLiteralList :: Literal list = Literal list
where

oppositeLiteralList clause == map opposite clause

lemma literalElListIffOppositeLiteral EIOppositeLiteralList:
fixes literal :: Literal and literalList :: Literal list
shows literal el literalList = (opposite literal) el (oppositeLiteralList
literalList)
unfolding oppositeLiteralList-def
proof (induct literalList)
case Nil
thus ?case
by simp
next
case (Cons [ literalLlist")
show ?case
proof (cases | = literal)
case True
thus ?thesis
by simp
next
case Fulse
thus ?thesis
by auto
qed
qed

lemma oppositeLiteralListIdempotency [simp]:

fixes literalList :: Literal list

shows oppositeLiteralList (oppositeLiteralList literalList) = literalList
unfolding oppositeLiteralList-def
by (induct literalList) auto

lemma oppositeLiteralListRemove:
fixes literal :: Literal and literalList :: Literal list
shows oppositeLiteralList (removeAll literal literalList) = removeAll
(opposite literal) (oppositeLiteralList literalList)
unfolding oppositeLiteralList-def
by (induct literalList) auto

lemma oppositeLiteralListNonempty:
fixes literalList :: Literal list
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shows (literalList # []) = ((oppositeLiteralList literalList) # |])
unfolding oppositeLiteralList-def
by (induct literalList) auto

lemma varsOppositeLiteralList:

shows vars (oppositeLiteralList clause) = vars clause
unfolding oppositeLiteralList-def

by (induct clause) auto

2.1.5 Tautological clauses

Check if the clause contains both a literal and its opposite

primrec
clauseTautology :: Clause = bool
where
clause Tautology [| = False
| clauseTautology (literal # clause) = (opposite literal el clause V
clause Tautology clause)

lemma clause TautologyCharacterization:

fixes clause :: Clause

shows clause Tautology clause = (3 literal. literal el clause N (opposite
literal) el clause)
by (induct clause) auto

2.2 Semantics

2.2.1 Valuations
types  Valuation = Literal list

lemma valuationContainsltsLiterals Variable:
fixes literal :: Literal and valuation :: Valuation
assumes literal el valuation
shows var literal € vars valuation

using assms

by (induct valuation) auto

lemma varsSubset Valuation:
fixes valuationl :: Valuation and wvaluation2 :: Valuation
assumes set valuationl C set valuation2
shows vars valuationl C wvars valuation2
using assms
proof (induct valuationl)
case Nil
show ?case
by simp
next
case (Cons literal valuation)
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note caseCons = this
hence literal el valuation?2
by auto
with valuationContainsItsLiterals Variable [of literal valuation2]
have var literal € vars valuation2 .
with caseCons
show ?case
by simp
qed

lemma varsAppendValuation:
fixes valuation! :: Valuation and valuation2 :: Valuation
shows wvars (valuationl @ wvaluation?2) = vars valuationl U vars
valuation?2
by (induct valuationl) auto
lemma varsPrefixValuation:
fixes valuation! :: Valuation and valuation2 :: Valuation
assumes isPrefir valuationl valuation2
shows vars valuationl C wvars valuation?
proof—
from assms
have set valuationl C set valuation2
by (auto simp add:isPrefiz-def)
thus ?thesis
by (rule varsSubsetValuation)
qed

2.2.2 True/False literals

Check if the literal is contained in the given valuation

definition literalTrue it Literal = Valuation = bool

where

literal True-def [simp)]: literalTrue literal valuation == literal el valua-
tion

Check if the opposite literal is contained in the given valuation

definition literalFalse  :: Literal = Valuation = bool
where
literalFalse-def [simp]: literalFalse literal valuation == opposite literal

el valuation

lemma variableDefinedImpliesLiteralDefined:
fixes literal :: Literal and valuation :: Valuation
shows var literal € vars valuation = (literalTrue literal valuation V
literalFalse literal valuation)
(is (?lhs valuation) = (?rhs valuation))
proof
assume ?rhs valuation
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thus ?lhs valuation
proof
assume literalTrue literal valuation
hence literal el valuation
by simp
thus ?thesis
using valuationContainsltsLiterals Variable|of literal valuation)
by simp
next
assume literalFalse literal valuation
hence opposite literal el valuation
by simp
thus ?thesis
using valuationContainsltsLiterals Variable[of opposite literal val-
uation]
by simp
qed
next
assume ?lhs valuation
thus ?rhs valuation
proof (induct valuation)
case Nil
thus ?case
by simp
next
case (Cons literal” valuation’)
note th=this
show ?case
proof (cases var literal € vars valuation’)
case True
with h
show ?rhs (literal’ # valuation’)
by auto
next
case Fulse
with h
have var literal’ = var literal
by simp
hence literal’ = literal vV opposite literal’ = literal
by (simp add:literals WithSame Variable Are EqualOrOpposite)
thus ?rhs (literal’ # valuation’)
by auto
qed
qed
qed
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2.2.3 True/False clauses

Check if there is a literal from the clause which is true in the
given valuation

primrec
clauseTrue it Clause = Valuation = bool
where
clauseTrue || valuation = False
| clauseTrue (literal # clause) valuation = (literal True literal valuation
V clauseTrue clause valuation)

Check if all the literals from the clause are false in the given
valuation

primrec
clauseFalse : Clause = Valuation = bool
where
clauseFalse [| valuation = True
| clauseFalse (literal # clause) valuation = (literalFalse literal valua-
tion A clauseFalse clause valuation)

lemma clauseTruelffContains TrueLiteral:

fixes clause :: Clause and valuation :: Valuation

shows clauseTrue clause valuation = (3 literal. literal el clause N
literal True literal valuation)
by (induct clause) auto

lemma clauseFualselffAllLiteralsAreFalse:

fixes clause :: Clause and wvaluation :: Valuation

shows clauseFalse clause valuation = (V literal. literal el clause —
literalFalse literal valuation)
by (induct clause) auto

lemma clauseFalseRemove:
assumes clauseFalse clause valuation
shows clauseFalse (removeAll literal clause) valuation
proof—
{
fix [::Literal
assume | el removeAll literal clause
hence [ el clause
by simp
with (clauseFulse clause valuation)
have literalFalse | valuation
by (simp add:clauseFalselffAllLiteralsAreFalse)
}
thus ?thesis
by (simp add:clauseFalselffAllLiteralsAreFalse)
qed

41



lemma clauseFalse Append Valuation:
fixes clause :: Clause and valuation :: Valuation and wvaluation’ :
Valuation
assumes clauseFalse clause valuation
shows clauseFalse clause (valuation @ valuation’)
using assms
by (induct clause) auto

lemma clauseTrueAppendValuation:
fixes clause :: Clause and wvaluation :: Valuation and valuation’ :
Valuation
assumes clauseTrue clause valuation
shows clauseTrue clause (valuation Q valuation’)
using assms
by (induct clause) auto

lemma emptyClauselsFalse:
fixes valuation :: Valuation
shows clauseFalse || valuation
by auto

lemma empty ValuationFalsifiesOnlyEmptyClause:
fixes clause :: Clause
assumes clause # ||
shows — clauseFualse clause ||

using assms

by (induct clause) auto

lemma valuationContainsltsFalseClausesVariables:
fixes clause::Clause and valuation:: Valuation
assumes clauseFalse clause valuation
shows vars clause C vars valuation
proof
fix v:: Variable
assume v € vars clause
hence 3 [. var | = v A [ el clause
by (induct clause) auto
then obtain [
where var | = v [ el clause
by auto
from <[ el clause) (clauseFualse clause valuation)
have literalFalse | valuation
by (simp add: clauseFalselffAllLiteralsAreFalse)
with var I = v
show v € wvars valuation
using valuationContainsltsLiterals Variable|of opposite ]
by simp
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qed

2.2.4 True/False formulae

Check if all the clauses from the formula are false in the given
valuation

primrec
formulaTrue :: Formula = Valuation = bool
where
formulaTrue [] valuation = True
| formulaTrue (clause # formula) valuation = (clauseTrue clause val-
uation A formulaTrue formula valuation)

Check if there is a clause from the formula which is false in the
given valuation

primrec
formulaFalse  :: Formula = Valuation = bool
where
formulaFalse [| valuation = False
| formulaFalse (clause # formula) valuation = (clauseFalse clause val-
uation V formulaFalse formula valuation)

lemma formulaTruelffAllClausesAre True:

fixes formula :: Formula and valuation :: Valuation

shows formulaTrue formula valuation = (V clause. clause el formula
— clauseTrue clause valuation)
by (induct formula) auto

lemma formulaFalselffContainsFalseClause:

fixes formula :: Formula and valuation :: Valuation

shows formulaFalse formula valuation = (3 clause. clause el formula
A clauseFalse clause valuation)
by (induct formula) auto

lemma formulaTrueAssociativity:

fixes f1 :: Formula and f2 :: Formula and f3 :: Formula and
valuation :: Valuation

shows formulaTrue ((f1 @ f2) @ f3) valuation = formulaTrue (f1
Q (f2 @ f3)) valuation
by (auto simp add:formulaTruelffAllClausesAreTrue)

lemma formula TrueCommutativity:
fixes f1 :: Formula and f2 :: Formula and valuation :: Valuation
shows formulaTrue (fI @ f2) valuation = formulaTrue (f2 Q f1)
valuation
by (auto simp add:formulaTruelffAllClausesAreTrue)
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lemma formulaTrueSubset:
fixes formula :: Formula and formula’ :: Formula and valuation :
Valuation
assumes
formulaTrue: formulaTrue formula valuation and
subset: ¥ (clause:: Clause). clause el formula’ — clause el formula
shows formulaTrue formula’ valuation
proof —
{
fix clause :: Clause
assume clause el formula’
with formulaTrue subset
have clauseTrue clause valuation
by (simp add:formulaTruelffAllClausesAre True)

thus ?thesis
by (simp add:formulaTruelffAllClausesAreTrue)
qed

lemma formulaTrueAppend:

fixes formulal :: Formula and formula2 :: Formula and valuation
:t Valuation

shows formulaTrue (formulal @ formula?2) valuation = (formulaTrue
formulal valuation A formulaTrue formula?2 valuation)
by (induct formulal) auto

lemma formulaTrueRemoveAll:
fixes formula :: Formula and clause :: Clause and valuation ::
Valuation
assumes formulaTrue formula valuation
shows formulaTrue (removeAll clause formula) valuation
using assms
by (induct formula) auto

lemma formulaFalse Append:
fixes formula :: Formula and formula’ :: Formula and valuation ::
Valuation
assumes formulaFalse formula valuation
shows formulaFalse (formula @ formula’) valuation
using assms
by (induct formula) auto

lemma formulaTrueAppendValuation:
fixes formula :: Formula and valuation :: Valuation and valuation’
: Valuation
assumes formulaTrue formula valuation
shows formulaTrue formula (valuation @ valuation’)
using assms
by (induct formula) (auto simp add:clause TrueAppend Valuation)
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lemma formulaFalse AppendValuation:
fixes formula :: Formula and valuation :: Valuation and valuation’
:» Valuation
assumes formulaFalse formula valuation
shows formulaFalse formula (valuation @ valuation’)
using assms
by (induct formula) (auto simp add:clauseFalseAppendValuation)

lemma trueFormula WithSingleLiteralClause:
fixes formula :: Formula and literal :: Literal and valuation ::
Valuation
assumes formulaTrue (removeAll [literal] formula) (valuation @
[literal])
shows formulaTrue formula (valuation Q@ [literal])
proof —
{
fix clause :: Clause
assume clause el formula
with assms
have clauseTrue clause (valuation Q@ [literal])
proof (cases clause = [literal])
case True
thus ?thesis
by simp
next
case Fulse
with <clause el formula)
have clause el (removeAll [literal] formula)
by simp
with <formulaTrue (removeAll [literal] formula) (valuation Q
[literal]))
show ?thesis
by (simp add: formulaTruelffAllClausesAreTrue)
qed

thus ?thesis
by (simp add: formulaTruelffAllClausesAreTrue)
qed

2.2.5 Valuation viewed as a formula

Converts a valuation (the list of literals) into formula (list of
single member lists of literals)

primrec
val2form  :: Valuation = Formula
where
val2form [| =[]
| val2form (literal # valuation) = [literal] # val2form valuation
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lemma val2FormEl:

fixes literal :: Literal and valuation :: Valuation

shows literal el valuation = [literal] el val2form valuation
by (induct valuation) auto

lemma val2FormAreSingleLiteralClauses:

fixes clause :: Clause and wvaluation :: Valuation

shows clause el val2form valuation — (3 literal. clause = [literal)
A literal el valuation)
by (induct valuation) auto

lemma val2formOfSingleLiteral Valuation:
assumes length v = 1

shows val2form v = [[hd v]]

using assms

by (induct v) auto

lemma val2FormRemoveAll:

fixes literal :: Literal and valuation :: Valuation

shows removeAll [literal] (val2form valuation) = val2form (removeAll
literal valuation)
by (induct valuation) auto

lemma val2formAppend:

fixes valuationl :: Valuation and valuation?2 :: Valuation

shows val2form (valuationl @ valuation2) = (val2form valuationl
Q@ wval2form valuation2)
by (induct valuationl) auto

lemma val2formFormulaTrue:

fixes valuation! :: Valuation and valuation? :: Valuation

shows formulaTrue (val2form valuationl) valuation2 = (¥ (literal
:o Literal). literal el valuationl — literal el valuation?2)
by (induct valuationl) auto

2.2.6 Consistency of valuations

Valuation is inconsistent if it contains both a literal and its op-
posite.

primrec
inconsistent :: Valuation = bool
where

inconsistent || = False

| inconsistent (literal # valuation) = (opposite literal el valuation V
inconsistent valuation)
definition [simp]: consistent valuation == — inconsistent valuation

lemma inconsistent Characterization:
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fixes valuation :: Valuation

shows inconsistent valuation = (3 literal. literalTrue literal valuation
A literalFalse literal valuation)
by (induct valuation) auto

lemma clause TrueAndClauseFalseImpliesInconsistent:
fixes clause :: Clause and valuation :: Valuation
assumes clauseTrue clause valuation and clauseFalse clause valuation
shows inconsistent valuation
proof —
from (clauseTrue clause valuation) obtain literal :: Literal
where literal el clause and literalTrue literal valuation
by (auto simp add: clauseTruelffContainsTrueLiteral)
with <clauseFualse clause valuation)
have literalFulse literal valuation
by (auto simp add: clauseFalselffAllLiteralsAreFalse)
from <literalTrue literal valuation) literalFalse literal valuation)
show ?thesis
by (auto simp add: inconsistentCharacterization)
qed

lemma formulaTrueAndFormulaFalseImpliesInconsistent:
fixes formula :: Formula and valuation :: Valuation
assumes formulaTrue formula valuation and formulaFalse formula
valuation
shows inconsistent valuation
proof —
from (formulaFualse formula valuation) obtain clause :: Clause
where clause el formula and clauseFalse clause valuation
by (auto simp add: formulaFalselffContainsFalseClause)
with (formulaTrue formula valuation)
have clauseTrue clause valuation
by (auto simp add: formulaTruelffAllClausesAreTrue)
from (clauseTrue clause valuation) (clauseFulse clause valuation)
show ?thesis
by (auto simp add: clause TrueAndClauseFalseImpliesInconsistent)
qed

lemma inconsistentAppend:

fixes valuationl :: Valuation and valuation?2 :: Valuation

assumes inconsistent (valuationl Q valuation2)

shows inconsistent valuationl V inconsistent valuation2 V (3 literal.
literal True literal valuation A literalFalse literal valuation2)
using assms
proof (cases inconsistent valuationl)

case True

thus %thesis

by simp

next
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case Fulse
thus Zthesis
proof (cases inconsistent valuation?2)
case True
thus “thesis
by simp
next
case Fulse
from <inconsistent (valuationl @ wvaluation2)) obtain literal ::
Literal
where literalTrue literal (valuation! Q wvaluation2) and literal-
False literal (valuation! @ valuation2)
by (auto simp add:inconsistentCharacterization)
hence (3 literal. literalTrue literal valuationl A literalFalse literal
valuation2)
proof (cases literalTrue literal valuationl)
case True
with (- inconsistent valuationl)
have — literalFalse literal valuationl
by (auto simp add:inconsistentCharacterization)
with diteralFalse literal (valuationl Q valuation2))
have literalFalse literal valuation?2
by auto
with True
show ?thesis
by auto
next
case Fulse
with diteralTrue literal (valuationl @ valuation?2)
have literalTrue literal valuation?
by auto
with = inconsistent valuation?2)
have — literalFalse literal valuation2
by (auto simp add:inconsistentCharacterization)
with diteralFalse literal (valuationl @ valuation2))
have literalFalse literal valuationl
by auto
with «literalTrue literal valuation2)
show ?thesis
by auto
qed
thus ?thesis
by simp
qed
qed

lemma consistentAppendElement:

assumes consistent v and — literalFalse [ v
shows consistent (v Q [I])
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proof—
{

assume — ?thesis

with (consistent v

have (opposite 1) el v
using inconsistentAppend|[of v [I]]
by auto

with = literalFalse | v

have Fualse

by simp
}

thus ?thesis
by auto
qed

lemma inconsistentRemoveAll:
fixes literal :: Literal and valuation :: Valuation
assumes inconsistent (removeAll literal valuation)
shows inconsistent valuation
using assms
proof —
from cinconsistent (removeAll literal valuation)) obtain literal’ :
Literal
where ' True: literalTrue literal’ (removeAll literal valuation) and
l'False: literalFalse literal’ (removeAll literal valuation)
by (auto simp add:inconsistentCharacterization)
from ['True
have literal True literal” valuation
by simp
moreover
from ['False
have literalFalse literal’ valuation
by simp
ultimately
show ?thesis
by (auto simp add:inconsistentCharacterization)
qged

lemma inconsistentPrefiz:
assumes isPrefix valuationl valuation2 and inconsistent valuationl
shows inconsistent valuation?2

using assms

by (auto simp add:inconsistentCharacterization isPrefiz-def)

lemma consistentPrefix:
assumes isPrefic valuationl valuation2 and consistent valuation2
shows consistent valuationl

using assms

by (auto simp add:inconsistentCharacterization isPrefiz-def)
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2.2.7 Totality of valuations

Checks if the valuation contains all the variables from the given
set of variables

definition [simp]:
total valuation variables == wariables C vars valuation

lemma totalSubset:
fixes A :: Variable set and B :: Variable set and wvaluation ::
Valuation
assumes A C B and total valuation B
shows total valuation A
using assms
by auto

lemma totalFormulalmplies TotalClause:
fixes clause :: Clause and formula :: Formula and valuation ::
Valuation
assumes clauseFl: clause el formula and totalFormula: total valua-
tion (vars formula)
shows totalClause: total valuation (vars clause)
proof —
from clauseFEl
have vars clause C vars formula
using formulaContainsltsClauses Variables [of clause formula]
by simp
with totalFormula
show ?thesis
by (simp add: totalSubset)
qed

lemma totalValuationForClauseDefinesAllltsLiterals:
fixes clause :: Clause and valuation :: Valuation and literal :: Literal
assumes
totalClause: total valuation (vars clause) and
literalBl: literal el clause
shows trueOrFalse: literalTrue literal valuation V literalFalse literal
valuation
proof —
from literalEl
have var literal € vars clause
using clauseContainsltsLiterals Variable
by auto
with totalClause
have var literal € vars valuation
by auto
thus ?thesis
using variableDefinedImpliesLiteralDefined [of literal valuation]
by simp
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qed

lemma totalValuationForClauseDefineslts Value:
fixes clause :: Clause and valuation :: Valuation
assumes totalClause: total valuation (vars clause)
shows clauseTrue clause valuation V clauseFalse clause valuation
proof (cases clauseFalse clause valuation)
case True
thus ?thesis
by (rule disjI2)
next
case Fulse
hence — (V [. [ el clause — literalFalse | valuation)
by (auto simp add:clauseFalselffAllLiteralsAreFalse)
then obtain [ :: Literal
where [ el clause and — literalFalse | valuation
by auto
with totalClause
have literalTrue [ valuation V literalFalse | valuation
using totalValuationForClauseDefinesAllltsLiterals [of valuation
clause 1]
by auto
with = literalFalse | valuation)
have literalTrue [ valuation
by simp
with « el clause)
have (clauseTrue clause valuation)
by (auto simp add:clause TruelffContains TrueLiteral)
thus ?thesis
by (rule disjI1)
qed

lemma totalValuationForFormulaDefinesAllltsLiterals:
fixes formula::Formula and valuation:: Valuation
assumes totalFormula: total valuation (vars formula) and
literalElFormula: literal el formula
shows literalTrue literal valuation V literalFalse literal valuation
proof —
from literalElFormula
have var literal € vars formula
by (rule formulaContainsltsLiterals Variable)
with totalFormula
have var literal € vars valuation
by auto
thus %thesis using variableDefinedImpliesLiteralDefined [of literal
valuation)
by simp
qed
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lemma total ValuationForFormulaDefinesAllltsClauses:
fixes formula :: Formula and valuation :: Valuation and clause :
Clause
assumes totalFormula: total valuation (vars formula) and
clauseElFormula: clause el formula
shows clauseTrue clause valuation V clauseFalse clause valuation
proof —
from clauseElFormula totalFormula
have total valuation (vars clause)
by (rule totalFormulaImplies TotalClause)
thus ?thesis
by (rule totalValuationForClauseDefineslts Value)
qed

lemma totalValuationForFormulaDefineslts Value:
assumes totalFormula: total valuation (vars formula)
shows formulaTrue formula valuation V formulaFalse formula valuation
proof (cases formulaTrue formula valuation)
case True
thus ?thesis
by simp
next
case Fulse
then obtain clause :: Clause
where clauseElFormula: clause el formula and notClauseTrue: —
clauseTrue clause valuation
by (auto simp add: formulaTruelffAllClausesAreTrue)
from clauseFElFormula totalFormula
have total valuation (vars clause)
using totalFormulaImplies TotalClause [of clause formula valuation)
by simp
with notClauseTrue
have clauseFulse clause valuation
using totalValuationForClauseDefinesIts Value [of valuation clause)
by simp
with clauseElFormula
show ?thesis
by (auto simp add:formulaFalselffContainsFalseClause)
qed

lemma totalRemoveAllSingleLiteralClause:

fixes literal :: Literal and valuation :: Valuation and formula ::
Formula

assumes varLiteral: var literal € vars valuation and totalRemoveAll:
total valuation (vars (removeAll [literal] formula))

shows total valuation (vars formula)
proof —

have vars formula — vars [literal] C vars (removeAll [literal] for-
mula)
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by (rule varsRemoveAllClauseSuperset)
with assms
show ?thesis
by auto
ged

2.2.8 Models and satisfiability

Model of a formula is a consistent valuation under which for-
mula/clause is true

consts model :: Valuation = 'a = bool
defs (overloaded)

modelFormula-def [simp]: model valuation (formula:: Formula)== con-
sistent valuation A (formulaTrue formula valuation)
modelClause-def [simp]: model valuation (clause::Clause) == consis-

tent valuation A (clauseTrue clause valuation)

Checks if a formula has a model

definition satisfiable :: Formula = bool
where
satisfiable formula == 3 wvaluation. model valuation formula

lemma formula WithEmptyClauselsUnsatisfiable:
fixes formula :: Formula
assumes ([]::Clause) el formula
shows — satisfiable formula
using assms
by (auto simp add: satisfiable-def formulaTruelffAllClausesAre True)

lemma satisfiableSubset:
fixes formula0 :: Formula and formula :: Formula
assumes subset: ¥V (clause::Clause). clause el formula0 — clause
el formula
shows satisfiable formula — satisfiable formula0
proof
assume satisfiable formula
show satisfiable formula0
proof —
from (satisfiable formula) obtain valuation :: Valuation
where model valuation formula
by (auto simp add: satisfiable-def)
{
fix clause :: Clause
assume clause el formula0
with subset
have clause el formula
by simp
with (model valuation formula
have clauseTrue clause valuation
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by (simp add: formulaTruelffAllClausesAreTrue)

} hence formulaTrue formula0 valuation

by (simp add: formulaTruelffAllClausesAreTrue)
with (model valuation formula
have model valuation formula0

by simp
thus ?thesis

by (auto simp add: satisfiable-def)

qed
ged

lemma satisfiableAppend:
fixes formulal :: Formula and formula2 :: Formula
assumes satisfiable (formulal Q formula2)
shows satisfiable formulal satisfiable formula2
using assms
unfolding satisfiable-def
by (auto simp add:formulaTrueAppend)

lemma modelExpand:
fixes formula :: Formula and literal :: Literal and valuation ::
Valuation
assumes model valuation formula and var literal ¢ vars valuation
shows model (valuation @ [literal]) formula
proof —
from (model valuation formula
have formulaTrue formula (valuation Q [literal])
by (simp add:formulaTrueAppendValuation)
moreover
from (model valuation formula
have consistent valuation
by simp
with war literal ¢ vars valuation
have consistent (valuation @ [literal])
proof (cases inconsistent (valuation @ [literal]))
case True
hence inconsistent valuation V inconsistent [literal] V (3 1. liter-
alTrue 1 valuation A literalFalse 1 [literal))
by (rule inconsistentAppend)
with <consistent valuation)
have 3 [. literalTrue 1 valuation A literalFalse [ [literal)
by auto
hence literalFalse literal valuation
by auto
hence var (opposite literal) € (vars valuation)
using valuationContainsltsLiterals Variable [of opposite literal
valuation)
by simp
with war literal ¢ vars valuation
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have False
by simp
thus %thesis ..
qed simp
ultimately
show ?thesis
by auto
qed

2.2.9 Tautological clauses

lemma tautologyNotFualse:
fixes clause :: Clause and wvaluation :: Valuation
assumes clauseTautology clause consistent valuation
shows - clauseFalse clause valuation

using assms
clause TautologyCharacterization|of clause]
clauseFalselffAllLiteralsAreFalse[of clause valuation)
inconsistentCharacterization

by auto

lemma tautologylnTotal Valuation:
assumes
clause Tautology clause
vars clause C vars valuation
shows
clauseTrue clause valuation
proof—
from (clause Tautology clause)
obtain literal
where literal el clause opposite literal el clause
by (auto simp add: clauseTautologyCharacterization)
hence var literal € vars clause
using clauseContainsltsLiterals Variable|of literal clause]
using clauseContainsltsLiterals Variable[of opposite literal clause]
by simp
hence var literal € vars valuation
using wars clause C wvars valuation)
by auto
hence literalTrue literal valuation V literalFalse literal valuation
using varInClause Vars|of var literal valuation)
using varInClause Vars[of var (opposite literal) valuation]
using literals WithSame Variable Are EqualOrOpposite
by auto
thus ?Zthesis
using iteral el clause) (opposite literal el clause)
by (auto simp add: clause TruelffContainsTrueLiteral)
qed
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lemma modelAppendTautology:
assumes
model valuation F clauseTautology c
vars valuation O vars F U vars ¢
shows
model valuation (F @ [c])
using assms
using tautologylnTotal Valuation|of ¢ valuation]
by (auto simp add: formulaTrueAppend)

lemma satisfiableAppendTautology:
assumes
satisfiable F' clause Tautology c
shows
satisfiable (F Q [c])
proof—
from (clauseTautology c
obtain [
where [ el ¢ opposite | el ¢
by (auto simp add: clauseTautologyCharacterization)
from (satisfiable F»
obtain valuation
where consistent valuation formulaTrue F valuation
unfolding satisfiable-def
by auto
show ?thesis
proof (cases var | € vars valuation)
case True
hence literalTrue | valuation V literalFalse | valuation
using varInClauseVars[of var 1 valuation)
by (auto simp add: literals WithSame Variable Are EqualOrOpposite)
hence clauseTrue ¢ valuation
using « el ¢ (opposite | el ¢
by (auto simp add: clauseTruelffContainsTrueLiteral)
thus ?thesis
using (consistent valuation) (formulaTrue F valuation)
unfolding satisfiable-def
by (auto simp add: formulaTruelffAllClausesAreTrue)
next
case Fulse
let ?valuation’ = valuation Q [I]
have model ?valuation’ F
using war [ ¢ vars valuation)
using formulaTrue F valuation) (consistent valuation)
using modelEzpand]|of valuation F ]
by simp
moreover
have formulaTrue [c] ?valuation’
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using (el o
using clause TruelffContains TrueLiteral[of ¢ ?valuation’]
using formulaTruelffAllClausesAreTruelof [c] Pvaluation’]
by auto

ultimately

show ?thesis
unfolding satisfiable-def
by (auto simp add: formulaTrueAppend)

qed
ged

lemma modelAppendTautologicalFormula:
fixes
F :: Formula and F' :: Formula
assumes
model valuation F'V c. ¢ el F' — clause Tautology c
vars valuation O vars F U vars F'
shows
model valuation (F Q F)
using assms
proof (induct F')
case Nil
thus ?case
by simp
next
case (Cons ¢ F")
hence model valuation (F @ F'')
by simp
hence model valuation ((F Q@ F") Q [¢])
using Cons(3)
using Cons(4)
using modelAppendTautology|of valuation F @ F'' (]
using varsAppendFormulae[of F F']
by simp
thus ?case
by (simp add: formulaTrueAppend)
qged

lemma satisfiableAppendTautological Formula:
assumes

satisfiable F'V c. ¢ el F' — clauseTautology ¢
shows

satisfiable (F @ F')
using assms
proof (induct F’)

case Nil

thus ?case

by simp

o7



next
case (Cons ¢ F'")
hence satisfiable (F Q F”)
by simp
thus Zcase
using Cons(3)
using satisfiableAppendTautology[of FF @ F'' ¢]
unfolding satisfiable-def
by (simp add: formulaTruelffAllClausesAreTrue)
ged

lemma satisfiableFilter Tautologies:
shows satisfiable F' = satisfiable (filter (% c. — clauseTautology c) F)
proof (induct F)
case Nil
thus ?case
by simp
next
case (Cons ¢’ F)
let ?filt = X\ F. filter (% c. = clauseTautology c) F
let 2filt’ = X\ F. filter (% c. clauseTautology ¢) F
show ?case
proof
assume satisfiable (¢’ # F’)
thus satisfiable (?filt (¢’ # F'))
unfolding satisfiable-def
by (auto simp add: formulaTruelffAllClausesAre True)
next
assume satisfiable (?filt (¢’ # F'))
thus satisfiable (¢’ # F)
proof (cases clause Tautology c’)
case True
hence ?filt (¢’ # F') = ?filt F'
by auto
hence satisfiable (?filt F')
using <satisfiable (2filt (¢’ # F')
by simp
hence satisfiable F'
using Cons
by simp
thus ?thesis
using satisfiable Append Tautologylof F' ¢]
using (clause Tautology ¢
unfolding satisfiable-def
by (auto simp add: formulaTruelffAllClausesAreTrue)
next
case Fulse
hence ?filt (¢' # F') = ¢’ # ?filt F'
by auto
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hence satisfiable (¢’ # 2filt F)
using <satisfiable (2filt (¢’ # F'))
by simp
moreover
have V c. c el ?filt’ F' — clause Tautology c
by simp
ultimately
have satisfiable ((¢’ # ?filt F') @ ?filt’ F)
using satisfiable Append TautologicalFormula[of ¢’ # 2filt F' 2filt’
P
by (simp (no-asm-use))
thus ?thesis
unfolding satisfiable-def
by (auto simp add: formulaTruelffAllClausesAre True)
qed
qed
qed

lemma modelFilter Tautologies:
assumes
model valuation (filter (% c. = clauseTautology ¢) F)
vars F' C vars valuation
shows model valuation F
using assms
proof (induct F)
case Nil
thus ?case
by simp
next
case (Cons ¢’ F)
let ?filt = X\ F. filter (% c. = clauseTautology c) F
let 2filt’ = X\ F. filter (% c. clauseTautology ¢) F
show ?case
proof (cases clause Tautology c¢)
case True
thus ?thesis
using Cons
using tautologyInTotal Valuation[of ¢’ valuation]
by auto
next
case Fulse
hence ?filt (¢’ # F') = ¢’ # ?filt F’
by auto
hence model valuation (¢’ # ¢filt F')
using <model valuation (?filt (¢’ # F'))
by simp
moreover
have V c. c el ?filt’ F' — clauseTautology c
by simp
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moreover
have vars ((¢’ # ?filt F') Q 2filt’ F') C vars valuation
using varsSubsetFormula[of ?filt F' F|
using varsSubsetFormula|of ?filt’ F' F
using varsAppendFormulaelof ¢’ # ?filt F' ?filt’ F')
using Cons(3)
using formulaContainsltsClauses Variables[of - 2filt F]
by auto
ultimately
have model valuation ((¢’ # ?filt F') Q 2filt’ F’)
using modelAppend Tautological Formula[of valuation ¢’ # ?filt F'
2filt! F|
using varsAppendFormulaelof ¢’ # ?filt F' ?filt’ F'|
by (simp (no-asm-use)) (blast)
thus ?thesis
using formulaTrueAppend|of ?filt F' 2filt’ F' valuation)
using formulaTruelffAllClausesAre Truelof ?filt F' valuation]
using formulaTruelffAllClausesAre True|of ?filt’ F' valuation]
using formulaTruelffAllClausesAre True[of F' valuation]
by auto
qed
qed

2.2.10 Entailment

Formula entails literal if it is true in all its models

definition formulaEntailsLiteral :: Formula = Literal = bool
where
formulaEntailsLiteral formula literal ==

YV (valuation:: Valuation). model valuation formula — literalTrue
literal valuation

Clause implies literal if it is true in all its models

definition clauseEntailsLiteral :: Clause = Literal = bool
where
clauseFntailsLiteral clause literal ==
Y (valuation:: Valuation). model valuation clause — literalTrue lit-
eral valuation

Formula entails clause if it is true in all its models

definition formulaEntailsClause :: Formula = Clause = bool
where
formulaEntailsClause formula clause ==

V (valuation:: Valuation). model valuation formula — model valua-
tion clause

Formula entails valuation if it entails its every literal

definition formulaEntails Valuation :: Formula = Valuation = bool
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where
formulaEntails Valuation formula valuation ==

V literal. literal el valuation — formulaEntailsLiteral formula
luteral

Formula entails formula if it is true in all its models

definition formulaEntailsFormula :: Formula = Formula = bool

where

formulaEntailsFormula-def: formulaEntailsFormula formula formula’
Y (valuation:: Valuation). model valuation formula — model valua-

tion formula’

lemma singleLiteralClausesEntailltsLiteral:
fixes clause :: Clause and literal :: Literal
assumes length clause = 1 and literal el clause
shows clauseEntailsLiteral clause literal
proof —
from assms
have onlyLiteral: ¥ 1. | el clause — [ = literal
using lengthOnelmpliesOnlyElement|of clause literal]
by simp
{
fix valuation :: Valuation
assume clauseTrue clause valuation
with onlyLiteral
have literalTrue literal valuation
by (auto simp add:clause TruelffContains TrueLiteral)

thus ?thesis
by (simp add:clauseEntailsLiteral-def)
qed

lemma clauseEntailsLiteral ThenFormulaEntailsLiteral:
fixes clause :: Clause and formula :: Formula and literal :: Literal
assumes clause el formula and clauseEntailsLiteral clause literal
shows formulaEntailsLiteral formula literal
proof —
{
fix valuation :: Valuation
assume modelFormula: model valuation formula

with (clause el formula
have clauseTrue clause valuation

by (simp add:formulaTruelffAllClausesAre True)
with modelFormula <clauseEntailsLiteral clause literal)
have literalTrue literal valuation

by (auto simp add: clauseEntailsLiteral-def)

}
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thus ?thesis
by (simp add:formulaEntailsLiteral-def)
qed

lemma formulaEntailsLiteral Append:
fixes formula :: Formula and formula’ :: Formula and literal :
Literal
assumes formulaEntailsLiteral formula literal
shows formulaEntailsLiteral (formula @ formula’) literal
proof —
{
fix valuation :: Valuation
assume modelFF". model valuation (formula @ formula’)

hence formulaTrue formula valuation

by (simp add: formulaTrueAppend)
with modelFF' and (formulaFEntailsLiteral formula literal
have literalTrue literal valuation

by (simp add: formulaEntailsLiteral-def)

thus ?thesis
by (simp add: formulaEntailsLiteral-def)
qed

lemma formulaFEntailsLiteralSubset:
fixes formula :: Formula and formula’ :: Formula and literal :
Literal
assumes formulaEntailsLiteral formula literal and ¥V (c::Clause) .
c el formula — c el formula’
shows formulaEntailsLiteral formula’ literal
proof —
{
fix valuation :: Valuation
assume modelF'": model valuation formula’
with / (c:Clause) . ¢ el formula — ¢ el formula”
have formulaTrue formula valuation
by (auto simp add: formulaTruelffAllClausesAreTrue)
with modelF’ (formulaEntailsLiteral formula literal)
have literalTrue literal valuation
by (simp add: formulaEntailsLiteral-def)

thus ?thesis
by (simp add:formulaEntailsLiteral-def)
qed

lemma formulaFEntailsLiteralRemoveAll:
fixes formula :: Formula and clause :: Clause and literal :: Literal
assumes formulaEntailsLiteral (removeAll clause formula) literal
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shows formulaEntailsLiteral formula literal
proof —
{
fix valuation :: Valuation
assume modelF': model valuation formula
hence formulaTrue (removeAll clause formula) valuation
by (auto simp add:formulaTrueRemoveAll)
with modelF' (formulaEntailsLiteral (removeAll clause formula)
literal
have literalTrue literal valuation
by (auto simp add:formulaEntailsLiteral-def)
}

thus ?thesis
by (simp add:formulaEntailsLiteral-def)
qed

lemma formulaEntailsLiteralRemoveAllAppend:
fixes formulal :: Formula and formula2 :: Formula and clause :
Clause and valuation :: Valuation
assumes formulaEntailsLiteral ((removeAll clause formulal) @ for-
mula?2) literal
shows formulaEntailsLiteral (formulal Q formula2) literal
proof —
{
fix valuation :: Valuation
assume modelF: model valuation (formulal Q formula2)
hence formulaTrue ((removeAll clause formulal) @ formula2)
valuation
by (auto simp add:formulaTrueRemoveAll formulaTrueAppend)
with modelF (formulaEntailsLiteral ((removeAll clause formulal)
Q@ formula?2) literal
have literalTrue literal valuation
by (auto simp add:formulaEntailsLiteral-def)
}

thus ?thesis
by (simp add:formulaEntailsLiteral-def)
qged

lemma formulaFEntailsltsClauses:
fixes clause :: Clause and formula :: Formula
assumes clause el formula
shows formulaEntailsClause formula clause
using assms
by (simp add: formulaEntailsClause-def formula TruelffAllClausesAre True)

lemma formulaFEntailsClauseAppend:

fixes clause :: Clause and formula :: Formula and formula’ :
Formula

assumes formulaEntailsClause formula clause
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shows formulaEntailsClause (formula @ formula’) clause
proof —
{
fix valuation :: Valuation
assume model valuation (formula @ formula’)
hence model valuation formula
by (simp add:formulaTrueAppend)
with (formulaFEntailsClause formula clause)
have clauseTrue clause valuation
by (simp add:formulaEntailsClause-def)
}

thus ?thesis
by (simp add: formulaEntailsClause-def)
qed

lemma formulaUnsatlffImpliesEmptyClause:

fixes formula :: Formula

shows formulaEntailsClause formula [| = (= satisfiable formula)
by (auto simp add: formulaEntailsClause-def satisfiable-def)

lemma formulaTrue Extend WithEntailedClauses:
fixes formula :: Formula and formula0 :: Formula and valuation ::
Valuation
assumes formulaEntailed: ¥ (clause::Clause). clause el formula —
formulaEntailsClause formula0 clause and consistent valuation
shows formulaTrue formula0 valuation — formulaTrue formula
valuation
proof
assume formulaTrue formula0 valuation
{
fix clause :: Clause
assume clause el formula
with formulaEntailed
have formulaEntailsClause formula0 clause
by simp
with (formulaTrue formula0 valuation> <consistent valuation)
have clauseTrue clause valuation
by (simp add:formulaEntailsClause-def)
}

thus formulaTrue formula valuation
by (simp add:formulaTruelffAllClausesAre True)
qged

lemma formulaEntailsFormulalffEntailsAllltsClauses:
fixes formula :: Formula and formula’ :: Formula
shows formulaFEntailsFormula formula formula’ = (V clause:: Clause.

clause el formula’ — formulaEntailsClause formula clause)
(is ?lhs = ?rhs)
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proof
assume ?lhs
show ?rhs
proof
fix clause :: Clause
show clause el formula’ — formulaEntailsClause formula clause
proof
assume clause el formula’
show formulaEntailsClause formula clause
proof —
{
fix valuation :: Valuation
assume model valuation formula
with «?lhs)
have model valuation formula’
by (simp add:formulaEntailsFormula-def)
with <clause el formula’
have clauseTrue clause valuation
by (simp add:formulaTruelffAllClausesAre True)

thus ?thesis
by (simp add:formulaEntailsClause-def)
qged
qed
qed
next
assume ?rhs
thus ?lhs
proof —
{
fix valuation :: Valuation
assume model valuation formula
{
fix clause :: Clause
assume clause el formula’
with «?rhs)
have formulaEntailsClause formula clause
by auto
with (model valuation formula)
have clauseTrue clause valuation
by (simp add:formulaEntailsClause-def)
}
hence (formulaTrue formula’ valuation)
by (simp add:formulaTruelffAllClausesAre True)

thus ?thesis
by (simp add:formulaEntailsFormula-def)
qed
qed
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lemma formulaEntailsFormulaThatEntailsClause:

fixes formulal :: Formula and formula2 :: Formula and clause :
Clause

assumes formulaEntailsFormula formulal formula2 and formu-
laEntailsClause formula2 clause

shows formulaEntailsClause formulal clause
using assms
by (simp add: formulaEntailsClause-def formulaEntailsFormula-def)

lemma
fixes formulal :: Formula and formula2 :: Formula and formulal’
2 Formula and literal :: Literal
assumes formulaEntailsLiteral (formulal @ formula2) literal and
formulaEntailsFormula formulal’ formulal
shows formulaEntailsLiteral (formulal’ Q formula2) literal
proof —
{
fix valuation :: Valuation
assume model valuation (formulal’ @ formula2)
hence consistent valuation and formulaTrue formulal’ valuation
formulaTrue formula?2 valuation
by (auto simp add: formulaTrueAppend)
with (formulaEntailsFormula formulal’ formulal)
have model valuation formulal
by (simp add:formulaEntailsFormula-def)
with (formulaTrue formula2 valuation
have model valuation (formulal @ formula?2)
by (simp add: formulaTrueAppend)
with (formulaEntailsLiteral (formulal Q formula2) literal>
have literalTrue literal valuation
by (simp add:formulaEntailsLiteral-def)
}

thus ?thesis
by (simp add:formulaEntailsLiteral-def)
qed

lemma formulaFalselnEntailed ValuationlsUnsatisfiable:
fixes formula :: Formula and valuation :: Valuation
assumes formulaFalse formula valuation and
formulaEntails Valuation formula valuation
shows — satisfiable formula
proof —
from (formulaFalse formula valuation) obtain clause :: Clause
where clause el formula and clauseFalse clause valuation
by (auto simp add:formulaFalselffContainsFalseClause)

{
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fix valuation’ :: Valuation
assume model V. model valuation’ formula
with (clause el formula> obtain literal :: Literal
where literal el clause and literal True literal valuation’
by (auto simp add: formulaTruelffAllClausesAre True clause Truelf-
fContainsTrueLiteral)
with (clauseFalse clause valuation)
have literalFalse literal valuation
by (auto simp add:clauseFalselffAllLiteralsAreFalse)
with (formulaEntails Valuation formula valuation)
have formulaEntailsLiteral formula (opposite literal)
unfolding formulaEntails Valuation-def
by simp
with model V'’
have literalFalse literal valuation’
by (auto simp add:formulaEntailsLiteral-def)
from (iteralTrue literal valuation” (literalFalse literal valuation”
model V'’
have Fulse
by (simp add:inconsistentCharacterization)

thus ?thesis
by (auto simp add:satisfiable-def)
qed

lemma formulaFalselnEntailedOrPure Valuationls Unsatisfiable:
fixes formula :: Formula and valuation :: Valuation
assumes formulaFalse formula valuation and
Y literal’. literal’ el valuation — formulaFEntailsLiteral formula lit-
eral’ V= opposite literal’ el formula
shows — satisfiable formula
proof —
from <formulaFalse formula valuation) obtain clause :: Clause
where clause el formula and clauseFalse clause valuation
by (auto simp add:formulaFalselffContainsFalseClause)
{
fix valuation’ :: Valuation
assume modelV': model valuation’ formula
with <clause el formula) obtain literal :: Literal
where literal el clause and literal True literal valuation’
by (auto simp add: formulaTruelffAllClausesAreTrue clause Truelf-
fContainsTrueLiteral)
with (clauseFulse clause valuation)
have literalFalse literal valuation
by (auto simp add:clauseFalselffAllLiteralsAreFalse)
with v literal’. literal’ el valuation — formulaEntailsLiteral
formula literal’ vV — opposite literal’ el formula
have formulaEntailsLiteral formula (opposite literal) V — literal el
formula
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by auto
moreover
{
assume formulaEntailsLiteral formula (opposite literal)
with model V'
have literalFalse literal valuation’
by (auto simp add:formulaEntailsLiteral-def)
from <literalTrue literal valuation’ (literalFalse literal valuation”
modelV'
have Fulse
by (simp add:inconsistentCharacterization)
}

moreover
{
assume — literal el formula
with (clause el formula) <literal el clause
have False
by (simp add:literalElFormulaCharacterization)
}

ultimately
have Fulse
by auto

thus ?thesis
by (auto simp add:satisfiable-def)
qed

lemma unsatisfiable Formula WithSingleLiteralClause:
fixes formula :: Formula and literal :: Literal
assumes - satisfiable formula and [literal] el formula
shows formulaEntailsLiteral (removeAll [literal] formula) (opposite
literal)
proof —
{
fix valuation :: Valuation
assume model valuation (removeAll [literal] formula)
hence literalFulse literal valuation
proof (cases var literal € vars valuation)
case True
{
assume literalTrue literal valuation
with (model valuation (removeAll [literal] formula)
have model valuation formula
by (auto simp add:formulaTruelffAllClausesAreTrue)
with (- satisfiable formula)
have Fulse
by (auto simp add:satisfiable-def)
}
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with True

show ?thesis

using variableDefinedImpliesLiteralDefined [of literal valuation]
by auto

next

case False

with (model valuation (removeAll [literal] formula)

have model (valuation Q [literal]) (removeAll [literal] formula)
by (rule modelEzpand)

hence

formulaTrue (removeAll [literal] formula) (valuation @ [literal])

and consistent (valuation Q [literal])

by auto

from <(formulaTrue (removeAll [literal] formula) (valuation Q@

[literal])

have formulaTrue formula (valuation Q [literal])
by (rule trueFormula WithSingleLiteralClause)

with (consistent (valuation Q [literal])

have model (valuation Q [literal]) formula
by simp

with (= satisfiable formula)

have False
by (auto simp add:satisfiable-def)

thus ?thesis ..

qed

thus ?thesis
by (simp add:formulaEntailsLiteral-def)
qed

lemma unsatisfiable Formula WithSingleLiteralClauses:
fixes F::Formula and c::Clause
assumes — satisfiable (F @Q wval2form (oppositeLiteralList c¢)) —
clause Tautology c
shows formulaFEntailsClause F ¢
proof—
{
fix v:: Valuation
assume model v F
with - satisfiable (F Q val2form (oppositeLiteralList ¢))
have — formulaTrue (val2form (oppositeLiteralList ¢)) v
unfolding satisfiable-def
by (auto simp add: formulaTrueAppend)
have clauseTrue ¢ v
proof (cases 3 1. l el ¢ A (literalTrue 1 v))
case True
thus ?thesis
using clauseTruelffContainsTrueLiteral
by simp
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next
case Fulse
let v’ = v @ (oppositeLiteralList c)

have — inconsistent (oppositeLiteralList c)
proof—
{
assume — ?thesis
then obtain [::Literal
where [ el (oppositeLiteralList ¢) opposite | el (oppositeLiteralList
c)
using inconsistentCharacterization [of oppositeLiteralList c]
by auto
hence (opposite [) el c el c
using literal ElListIffOppositeLiteral ElOpposite LiteralList|of
lc]
using literal ElListIffOppositeLiteral ElOppositeLiteral List|of
opposite 1 c]
by auto
hence clauseTautology c
using clauseTautologyCharacterization|of c|
by auto
with = clauseTautology ¢
have Fulse
by simp

thus ?thesis
by auto
qged
with False ¢model v F
have consistent ?v’
using inconsistentAppend|of v oppositeLiteralList c]
unfolding consistent-def
using literalElListIffOppositeLiteral EIOpposite Literal List
by auto
moreover
from (model v F)
have formulaTrue F %v’
using formulaTrueAppend Valuation
by simp
moreover
have formulaTrue (val2form (oppositeLiteralList ¢)) v’
using val2formFormulaTrue|of oppositeLiteralList ¢ v @ oppo-
siteLiteralList c|
by simp
ultimately
have model ?v’ (F @ wval2form (oppositeLiteralList c))
by (simp add: formulaTrueAppend)
with = satisfiable (F Q val2form (oppositeLiteralList c)))
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have Fulse
unfolding satisfiable-def
by auto
thus %thesis
by simp
qed
}
thus ?thesis
unfolding formulaEntailsClause-def
by simp
qed

lemma satisfiable EntailedFormula:
fixes formula0 :: Formula and formula :: Formula
assumes formulaEntailsFormula formula0 formula
shows satisfiable formula0 — satisfiable formula
proof
assume satisfiable formula0
show satisfiable formula
proof —
from (satisfiable formula0) obtain valuation :: Valuation
where model valuation formula0
by (auto simp add: satisfiable-def)
with (formulaEntailsFormula formula0 formula)
have model valuation formula
by (simp add: formulaEntailsFormula-def)
thus ?thesis
by (auto simp add: satisfiable-def)
qed
qed

lemma val2formlIsEntailed:
shows formulaEntails Valuation (F' Q val2form valuation @ F"') valuation
proof—
{

fix [::Literal

assume [ el valuation

hence [I] el val2form valuation

by (induct valuation) (auto)

have formulaFEntailsLiteral (F' @ val2form valuation @ F'') |
proof—
{
fix valuation’:: Valuation
assume formulaTrue (F' @ val2form valuation @ F'') valuation’
hence literalTrue [ valuation’
using «[l] el val2form valuation
using formulaTruelffAllClausesAre True[of F' Q val2form
valuation Q F' valuation’)
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by (auto simp add: clause TruelffContains TrueLiteral)
} thus %thesis
unfolding formulaEntailsLiteral-def
by simp
qed
}
thus ?thesis
unfolding formulaEntails Valuation-def
by simp
ged

2.2.11 Equivalency

Formulas are equivalent if they have same models.

definition equivalentFormulae :: Formula = Formula = bool
where
equivalentFormulae formulal formula2 ==

YV (valuation:: Valuation). model valuation formulal = model valua-
tion formula2

lemma equivalentFormulaelffEntailEachOther:

fixes formulal :: Formula and formula2 :: Formula

shows equivalentFormulae formulal formula2 = (formulaEntailsFormula
formulal formula2 A formulaFEntailsFormula formula2 formulal)
by (auto simp add:formulaEntailsFormula-def equivalentFormulae-def)

lemma equivalentFormulaeReflexivity:

fixes formula :: Formula

shows equivalentFormulae formula formula
unfolding equivalentFormulae-def
by auto

lemma equivalentFormulaeSymmetry:
fixes formulal :: Formula and formula2 :: Formula
shows equivalentFormulae formulal formula2 = equivalentFormulae
formula?2 formulal
unfolding equivalentFormulae-def
by auto

lemma equivalentFormulae Transitivity:

fixes formulal :: Formula and formula2 :: Formula and formula3
:: Formula

assumes equivalentFormulae formulal formula2 and equivalentFor-
mulae formula2 formula3

shows equivalentFormulae formulal formula3
using assms
unfolding equivalentFormulae-def
by auto
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lemma equivalentFormulaeAppend:

fixes formulal :: Formula and formulal’ :: Formula and formula2
:: Formula

assumes equivalentFormulae formulal formulal’

shows equivalentFormulae (formulal Q formula2) (formulal’@Q for-
mula2)
using assms
unfolding equivalentFormulae-def
by (auto simp add: formulaTrueAppend)

lemma satisfiable Equivalent:
fixes formulal :: Formula and formula2 :: Formula
assumes equivalentFormulae formulal formula2
shows satisfiable formulal = satisfiable formula2

using assms

unfolding equivalentFormulae-def

unfolding satisfiable-def

by auto

lemma satisfiable EquivalentAppend:
fixes formulal :: Formula and formulal’ :: Formula and formula2
:: Formula
assumes equivalentFormulae formulal formulal’ and satisfiable (formulal
Q formula2)
shows satisfiable (formulal’ @ formula2)
using assms
proof —
from csatisfiable (formulal Q formula2)) obtain valuation:: Valuation
where consistent valuation formulaTrue formulal valuation for-
mulaTrue formula2 valuation
unfolding satisfiable-def
by (auto simp add: formulaTrueAppend)
from (equivalentFormulae formulal formulal”’ (consistent valuation)
(formulaTrue formulal valuation)
have formulaTrue formulal’ valuation
unfolding equivalentFormulae-def
by auto
show ?thesis
using (consistent valuation) <formulaTrue formulal’ valuation)
(formulaTrue formula2 valuation)
unfolding satisfiable-def
by (auto simp add: formulaTrueAppend)
qed

lemma replaceEquivalentByFEquivalent:

fixes formula :: Formula and formula’:: Formula and formulal ::
Formula and formula2 :: Formula

assumes equivalentFormulae formula formula’
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shows equivalentFormulae (formulal @ formula @ formula2) (formulal
Q@ formula’ @Q formula2)
unfolding equivalentFormulae-def
proof
fix v :: Valuation
show model v (formulal Q formula Q formula2) = model v (formulal
@ formula’ @Q formula2)
proof
assume model v (formulal @ formula @Q formula2)
hence *: consistent v formulaTrue formulal v formulaTrue formula
v formulaTrue formula2 v
by (auto simp add: formulaTrueAppend)
from <(consistent v) <formulaTrue formula v) <equivalentFormulae
formula formula”
have formulaTrue formula’ v
unfolding equivalentFormulae-def
by auto
thus model v (formulal @ formula’ Q formula2)
using x
by (simp add: formulaTrueAppend)
next
assume model v (formulal @ formula’ @ formula2)
hence x: consistent v formulaTrue formulal v formulaTrue formula’
v formulaTrue formula2 v
by (auto simp add: formulaTrueAppend)
from (consistent v» formulaTrue formula’ v) (equivalentFormulae
formula formula”
have formulaTrue formula v
unfolding equivalentFormulae-def
by auto
thus model v (formulal @ formula Q formula2)
using *
by (simp add: formulaTrueAppend)
qed
qed

lemma clauseOrderIrrelevant:
shows equivalentFormulae (F1 @ F Q F'@Q F2) (F1 Q F/Q F Q
F2)
unfolding equivalentFormulae-def
by (auto simp add: formulaTruelffAllClausesAre True)

lemma extendEquivalentFormula WithEntailedClause:

fixes formulal :: Formula and formula2 :: Formula and clause :
Clause

assumes equivalentFormulae formulal formula2 and formulaFEn-
tailsClause formula2 clause

shows equivalentFormulae formulal (formula2 Q [clause])

unfolding equivalentFormulae-def
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proof
fix valuation :: Valuation
show model valuation formulal = model valuation (formula2 Q
[clause])
proof
assume model valuation formulal
hence consistent valuation
by simp
from (model valuation formulal> (equivalentFormulae formulal
formula2)
have model valuation formula2
unfolding equivalentFormulae-def
by simp
moreover
from (model valuation formula2) (formulaFEntailsClause formula2
clause
have clauseTrue clause valuation
unfolding formulaFEntailsClause-def
by simp
ultimately show
model valuation (formula2 Q [clause])
by (simp add: formulaTrueAppend)
next
assume model valuation (formula2 @ [clause])
hence consistent valuation
by simp
from <model valuation (formula2 Q [clause]))
have model valuation formula2
by (simp add:formulaTrueAppend)
with (equivalentFormulae formulal formula2)
show model valuation formulal
unfolding equivalentFormulae-def
by auto
qed
qed

lemma entailsLiteralRelpacePart WithEquivalent:
assumes equivalentFormulae F F' and formulaEntailsLiteral (F1 @
F@F2)l
shows formulaEntailsLiteral (F1 @ F'@Q F2) 1
proof—
{
fix v:: Valuation
assume model v (F1 Q F' Q F2)
hence consistent v and formulaTrue F1 v and formulaTrue F' v
and formulaTrue F2 v
by (auto simp add:formulaTrueAppend)
with (equivalentFormulae F F'
have formulaTrue F v
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unfolding equivalentFormulae-def
by auto
with (consistent v» (formulaTrue F1 v) (formulaTrue F2 v
have model v (F1 @ F Q F2)
by (auto simp add:formulaTrueAppend)
with (formulaEntailsLiteral (F1 @ F @Q F2) D
have literalTrue [ v
unfolding formulaEntailsLiteral-def
by auto

thus ?thesis
unfolding formulaEntailsLiteral-def
by auto
qed

2.2.12 Remove false and duplicate literals of a clause

definition

removekFalseLiterals :: Clause = Valuation = Clause

where

removeFalseLiterals clause valuation = filter (X I. — literalFalse 1 val-
uation) clause

lemma clause TrueRemoveFalseLiterals:

assumes consistent v

shows clauseTrue ¢ v = clauseTrue (removeFalseLiterals ¢ v) v
using assms
unfolding removeFualseLiterals-def
by (auto simp add: clause TruelffContains TrueLiteral inconsistent Char-
acterization)

lemma clauseTrueRemoveDuplicateLiterals:
shows clauseTrue ¢ v = clauseTrue (remdups c) v
by (induct ¢) (auto simp add: clauseTruelffContains TrueLiteral)

lemma removeDuplicateLiteralsEquivalentClause:
shows equivalentFormulae [remdups clause] [clause]
unfolding equivalentFormulae-def
by (auto simp add: formulaTruelffAllClausesAreTrue clauseTruelff-
ContainsTrueLiteral)

lemma falseLiteralsCanBeRemoved:

fixes F::Formula and F’:Formula and v:: Valuation
assumes equivalentFormulae (F1 @ val2form v @ F2) F’
shows equivalentFormulae (F1 @ wval2form v Q [removeFalseLiterals
cv] Q@ F2) (F'Q [d])
(is equivalentFormulae ?lhs ?rhs)
unfolding equivalentFormulae-def
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proof
fix v’ :: Valuation
show model v’ ?lhs = model v’ ?rhs
proof
assume model v’ ?lhs
hence consistent v’ and
formulaTrue (F1 Q val2form v @ F2) v’ and
clauseTrue (removeFalseLiterals ¢ v) v’
by (auto simp add: formulaTrueAppend formulaTruelffAllClaus-
esAreTrue)

from <consistent v’ formulaTrue (F1 @ wval2form v Q@ F2) v’
equivalentFormulae (F1 @ val2form v @ F2) F'’
have model v’ F'
unfolding equivalentFormulae-def
by auto
moreover
from (clauseTrue (removeFalseLiterals c v) v
have clauseTrue ¢ v’
unfolding removeFualseLiterals-def
by (auto simp add: clauseTruelffContainsTrueLiteral)
ultimately
show model v’ ?rhs
by (simp add: formulaTrueAppend)
next
assume model v’ ?rhs
hence consistent v’ and formulaTrue F' v’ and clauseTrue c v’
by (auto simp add: formulaTrueAppend formulaTruelffAllClaus-
esAreTrue)

h

from <consistent v (formulaTrue F' v’ <equivalentFormulae (F1
@ wval2form v Q F2) F)
have model v’ (F1 @ val2form v @ F2)
unfolding equivalentFormulae-def
by auto
moreover
have clauseTrue (removeFalseLiterals ¢ v) v
proof—
from <clauseTrue ¢ v’
obtain [ :: Literal
where [ el ¢ and literalTrue | v’
by (auto simp add: clause TruelffContains TrueLiteral)
have — literalFalse | v
proof—
{
assume — ?Zthesis
hence opposite | el v
by simp
with (model v’ (F1 @ val2form v Q@ F2)

!
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have opposite [ el v’
using val2formFormulaTruelof v v’]
by auto (simp add: formulaTrueAppend)
with diteralTrue l v’ <consistent v"
have Fulse
by (simp add: inconsistentCharacterization)
}
thus ?thesis
by auto
qged
with ( el o
have [ el (removeFalseLiterals ¢ v)
unfolding removeFalseLiterals-def
by simp
with diteralTrue [ v/
show ?thesis
by (auto simp add: clauseTruelffContains TrueLiteral)
qed
ultimately
show model v’ ?lhs
by (simp add: formulaTrueAppend)
qed
qed

lemma falseAndDuplicateLiteralsCanBeRemoved:

assumes equivalentFormulae (F1 Q val2form v @ F2) F'
shows equivalentFormulae (F1 @Q val2form v Q [remdups (removeFalseLiterals
cv)] Q@ F2) (F'Q [c])

(is equivalentFormulae ?lhs ?rhs)
proof—

from (equivalentFormulae (F1 @ val2form v Q@ F2) F

have equivalentFormulae (F1 @ val2form v @ [removeFalseLiterals
cv] @Q@F2) (F'Q [c])

using falseLiteralsCanBeRemoved

by simp
have equivalentFormulae [remdups (removeFalseLiterals ¢ v)] [removeFalseLiterals
c v)

using removeDuplicateLiteralsEquivalentClause

by simp
hence equivalentFormulae (F1 @Q val2form v @Q [remdups (removeFalseLiterals
cv)] Q@ F2)

(F1 @ val2form v Q [removeFalseLiterals ¢ v] @ F2)
using replaceFEquivalentByEquivalent
[of [remdups (removeFalseLiterals ¢ v)] [removeFalseLiterals ¢ v)
F1 @ val2form v F2]
by auto
thus ?thesis
using <equivalentFormulae (F1 @ val2form v @Q [removeFalseLiterals
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cv] @ F2) (F'Q [c])
using equivalentFormulae Transitivity|of
(F1 Q wal2form v Q [remdups (removeFalseLiterals ¢ v)]

Q F2)
(F1 Q val2form v Q [removeFalseLiterals ¢ v] Q@ F2)
F’a [¢]]
by simp
qed

lemma satisfiedClauseCanBeRemoved:
assumes
equivalentFormulae (F Q val2form v) F
clauseTrue c v
shows equivalentFormulae (F Q val2form v) (F' Q [c])
unfolding equivalentFormulae-def
proof
fix v’ :: Valuation
show model v’ (F @ val2form v) = model v’ (F' Q [¢c])
proof
assume model v’ (F @ val2form v)
hence consistent v' and formulaTrue (F @ val2form v) v
by auto

/

!

from (model v' (F @ wval2form v)y <equivalentFormulae (F @
val2form v) F’
have model v’ F'
unfolding equivalentFormulae-def
by auto
moreover
have clauseTrue ¢ v’
proof—
from <clauseTrue ¢ v)
obtain [ :: Literal
where literalTrue l v and [ el ¢
by (auto simp add:clause TruelffContainsTrueLiteral)
with (formulaTrue (F Q val2form v) v’
have literalTrue | v’
using val2formFormulaTruelof v v']
using formulaTrueAppend|of F val2form v]
by simp
thus ?thesis
using ( el o
by (auto simp add:clause TruelffContains TrueLiteral)
qed
ultimately
show model v’ (F' @ [c])
by (simp add: formulaTrueAppend)
next
assume model v’ (F' Q [c])
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thus model v' (F @ val2form v)
using (equivalentFormulae (F Q val2form v) F
unfolding equivalentFormulae-def
using formulaTrueAppend[of F' [c] v’
by auto
qed
qed

h

lemma formulaFEntailsClauseRemoveFEntailedLiteral Opposites:
assumes
formulaEntailsClause F clause
formulaEntails Valuation F valuation
shows
formulaEntailsClause F' (list-diff clause (oppositeLiteralList valua-
tion))
proof—
{
fix valuation’
assume model valuation’ F'
hence consistent valuation’ formulaTrue F valuation’
by (auto simp add: formulaTrueAppend)

have model valuation’ clause
using (consistent valuation”
using (formulaTrue F valuation”
using (formulaFEntailsClause F clause)
unfolding formulaEntailsClause-def
by simp

then obtain [:: Literal
where [ el clause literalTrue | valuation’
by (auto simp add: clauseTruelffContainsTrueLiteral)
moreover
hence — [ el (oppositeLiteralList valuation)
proof—

assume [ el (oppositeLiteralList valuation)
hence (opposite 1) el valuation
using literal ElListIffOppositeLiteral ElOppositeLiteralList[of
oppositeLiteralList valuation)
by simp
hence formulaEntailsLiteral F (opposite 1)
using (formulaEntails Valuation F valuation)
unfolding formulaEntails Valuation-def
by simp
hence literalFalse | valuation’
using (consistent valuation”
using (formulaTrue F valuation”’
unfolding formulaEntailsLiteral-def
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by simp
with (literalTrue | valuation’
(consistent valuation”
have Fulse
by (simp add: inconsistentCharacterization)
} thus %thesis
by auto
qed
ultimately
have model valuation’ (list-diff clause (oppositeLiteralList valua-
tion))
using <consistent valuation”
using listDiffIff [of | clause oppositeLiteralList valuation)
by (auto simp add: clauseTruelffContainsTrueLiteral)
} thus ?thesis
unfolding formulaEntailsClause-def
by simp
qed

2.2.13 Resolution

definition
resolve clausel clause2 literal == removeAll literal clausel Q removeAll
(opposite literal) clause2

lemma resolventlsEntailed:
fixes clausel :: Clause and clause2 :: Clause and literal :: Literal
shows formulaEntailsClause [clausel, clause2] (resolve clausel clause?
literal)
proof —
{
fix valuation :: Valuation
assume model valuation [clausel, clause2]
from (model valuation [clausel, clause2]) obtain 1 :: Literal
where (1 el clausel and literalTrue 11 valuation
by (auto simp add: formulaTruelffAllClausesAreTrue clause Truelf-
fContainsTrueLiteral)
from (model valuation [clausel, clause2)) obtain [2 :: Literal
where [2 el clause2 and literalTrue 12 valuation
by (auto simp add: formulaTruelffAllClausesAreTrue clause Truelf-
fContainsTrueLiteral)
have clauseTrue (resolve clausel clause2 literal) valuation
proof (cases literal = 11)
case Fulse
with (1 el clausel)
have 11 el (resolve clausel clause2 literal)
by (auto simp add:resolve-def)
with diteralTrue 11 valuation)
show ?thesis
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by (auto simp add: clauseTruelffContains TrueLiteral)
next
case True
from (model valuation [clausel, clause2)
have consistent valuation
by simp
from True cliteralTrue 11 valuation) literalTrue 12 valuation)
(consistent valuation)
have literal # opposite 12
by (auto simp add:inconsistentCharacterization)
with (2 el clause2)
have 12 el (resolve clausel clause? literal)
by (auto simp add:resolve-def)
with (iteralTrue 12 valuation)
show ?thesis
by (auto simp add: clause TruelffContainsTrueLiteral)
qed

thus ?thesis
by (simp add: formulaEntailsClause-def)
qged

lemma formulaFEntailsResolvent:
fixes formula :: Formula and clausel :: Clause and clause2 :: Clause
assumes formulaFEntailsClause formula clausel and formulaEn-
tailsClause formula clause2
shows formulaEntailsClause formula (resolve clausel clause2 literal)
proof —
{
fix valuation :: Valuation
assume model valuation formula
hence consistent valuation
by simp
from (model valuation formula) (formulaEntailsClause formula
clausel
have clauseTrue clausel valuation
by (simp add:formulaEntailsClause-def)
from (model valuation formula) (formulaEntailsClause formula
clause2)
have clauseTrue clause2 valuation
by (simp add:formulaEntailsClause-def')
from (clauseTrue clausel valuation) (clauseTrue clause2 valuation)
(consistent valuation)
have clauseTrue (resolve clausel clause? literal) valuation
using resolventlsEntailed
by (auto simp add: formulaEntailsClause-def)
with (consistent valuation)
have model valuation (resolve clausel clause2 literal)
by simp
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}

thus ?thesis
by (simp add: formulaEntailsClause-def)
qed

lemma resolveFalseClauses:
fixes literal :: Literal and clausel :: Clause and clause2 :: Clause
and valuation :: Valuation
assumes
clauseFalse (removeAll literal clausel) valuation and
clauseFalse (removeAll (opposite literal) clause2) valuation
shows clauseFalse (resolve clausel clause? literal) valuation
proof —
{
fix [ :: Literal
assume [ el (resolve clausel clause2 literal)
have literalFalse | valuation
proof—
from « el (resolve clausel clause? literal)
have [ el (removeAll literal clausel) V 1 el (removeAll (opposite
literal) clause2)
unfolding resolve-def
by simp
thus ?thesis
proof
assume [ el (removeAll literal clausel)
thus literalFalse | valuation
using (clauseFalse (removeAll literal clausel) valuation)
by (simp add: clauseFalselffAllLiteralsAreFalse)
next
assume [ el (removeAll (opposite literal) clause?2)
thus literalFalse | valuation
using «(clauseFalse (removeAll (opposite literal) clause2)
valuation)
by (simp add: clauseFalselffAllLiteralsAreFalse)
qed
qed

thus ?thesis
by (simp add: clauseFalselffAllLiteralsAreFalse)
qed

2.2.14 Unit clauses
Clause is unit in a valuation if all its literals but one are false,
and that one is undefined.

definition isUnitClause :: Clause = Literal = Valuation = bool
where
1sUnitClause uClause ulLiteral valuation ==
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uLiteral el uClause N

= (literalTrue uLiteral valuation) A

= (literalFalse uLiteral valuation) A

(V literal. literal el uClause A literal # uLiteral — literalFalse
literal valuation)

lemma unitLiterallsEntailed:
fixes uClause :: Clause and uLiteral :: Literal and formula :: For-
mula and valuation :: Valuation
assumes isUnitClause uClause uLiteral valuation and formulaEn-
tailsClause formula uClause
shows formulaEntailsLiteral (formula @ val2form valuation) uLiteral
proof —
{
fix valuation’
assume model valuation’ (formula Q val2form valuation)
hence consistent valuation’
by simp
from <model valuation’ (formula @ val2form valuation)
have formulaTrue formula valuation’” and formulaTrue (val2form
valuation) valuation’
by (auto simp add:formulaTrueAppend)

from formulaTrue formula valuation” (consistent valuation” (formulaEntailsClause

formula uClause)
have clauseTrue uClause valuation’
by (simp add:formulaEntailsClause-def)
then obtain [ :: Literal
where [ el uClause literalTrue | valuation’
by (auto simp add: clauseTruelffContainsTrueLiteral)
hence literalTrue uLiteral valuation’
proof (cases | = uLiteral)
case True
with (literal True | valuation”
show ?thesis
by simp
next
case Fulse
with « el uClause) (isUnitClause uClause uLiteral valuation)
have literalFalse | valuation
by (simp add: isUnitClause-def)
from (formulaTrue (val2form valuation) valuation”
have V literal :: Literal. literal el valuation — literal el valuation’
using val2formFormulaTrue [of valuation valuation’]
by simp
with iteralFalse | valuation)
have literalFalse | valuation’
by auto
with (literalTrue | valuation”’y (consistent valuation”
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have False
by (simp add:inconsistentCharacterization)
thus ?thesis ..
qed

thus ?thesis
by (simp add: formulaEntailsLiteral-def)
qed

lemma isUnitClauseRemoveAllUnitLiterallsFalse:
fixes uClause :: Clause and wulLiteral :: Literal and wvaluation ::
Valuation
assumes isUnitClause uwClause uLiteral valuation
shows clauseFalse (removeAll uLiteral uClause) valuation
proof —
{
fix literal :: Literal
assume literal el (removeAll uLiteral uClause)
hence literal el uClause and literal # uLiteral
by auto
with <isUnitClause uClause uLiteral valuation)
have literalFalse literal valuation
by (simp add: isUnitClause-def)
}
thus ?thesis
by (simp add: clauseFalselffAllLiteralsAreFalse)
qed

lemma isUnitClauseAppendValuation:
assumes isUnitClause uClause uLiteral valuation | # uLiteral | #
opposite uLiteral
shows isUnitClause uClause uLiteral (valuation Q [I])
using assms
unfolding isUnitClause-def
by auto

lemma containsTrueNotUnit:
assumes
l el c and literalTrue | v and consistent v
shows
= (3 wl. isUnitClause ¢ ul v)
using assms
unfolding isUnitClause-def
by (auto simp add: inconsistentCharacterization)

lemma unitBecomesFualse:
assumes

1sUnitClause uClause uLiteral valuation
shows
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clauseFalse uClause (valuation Q [opposite uLiteral])
using assms
using isUnitClauseRemoveAllUnitLiterallsFalse|of uClause uLiteral val-
uation]
by (auto simp add: clauseFalselffAllLiteralsAreFalse)

2.2.15 Reason clauses

A clause is reason for unit propagation of a given literal if it was
a unit clause before it is asserted, and became true when it is
asserted.

definition
isReason::Clause = Literal = Valuation = bool
where
(isReason clause literal valuation) ==
(literal el clause) A
(clauseFalse (removeAll literal clause) valuation) A
(V literal. literal’ el (removeAll literal clause)

— precedes (opposite literal’) literal valuation N opposite literal’
# literal)

lemma isReasonAppend:
fixes clause :: Clause and literal :: Literal and valuation :: Valuation
and valuation’ :: Valuation
assumes isReason clause literal valuation
shows isReason clause literal (valuation @ valuation’)
proof —
from assms
have literal el clause and
clauseFalse (removeAll literal clause) valuation (is ?false valuation)
and
V literal’. literal’ el (removeAll literal clause) —
precedes (opposite literal’) literal valuation A opposite literal’
# literal (is ?precedes valuation)
unfolding isReason-def
by auto
moreover
from (?false valuation)
have ?false (valuation Q valuation’)
by (rule clauseFalseAppendValuation)
moreover
from (?precedes valuation)
have ?precedes (valuation @ valuation’)
by (simp add:precedesAppend)
ultimately
show ?thesis
unfolding isReason-def
by auto
qed
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lemma isUnitClauselsReason:
fixes uClause :: Clause and uLiteral :: Literal and valuation ::
Valuation
assumes isUnitClause uClause uLiteral valuation uLiteral el valua-
tion’
shows isReason uClause uLiteral (valuation @ valuation’)
proof —
from assms
have uLiteral el uClause and - literalTrue uLiteral valuation and
- literalFalse uLiteral valuation
and V literal. literal el uClause A literal # uLiteral — literalFalse
literal valuation
unfolding isUnitClause-def
by auto
hence clauseFalse (removeAll uLiteral uClause) valuation
by (simp add: clauseFalselffAllLiteralsAreFalse)
hence clauseFalse (removeAll uLiteral uClause) (valuation @ valu-
ation’)
by (simp add: clauseFalseAppendValuation)
moreover
have V literal’. literal’ el (removeAll uLiteral uClause) —
precedes (opposite literal’) uLiteral (valuation @ valuation’) A
(opposite literal’) # uLiteral
proof —
{
fix literal’ :: Literal
assume literal’ el (removeAll uLiteral uClause)
with (clauseFalse (removeAll uLiteral uClause) valuation)
have literalFalse literal’ valuation
by (simp add:clauseFalselffAllLiteralsAreFalse)
with <= literalTrue uLiteral valuation) <— literalFalse uLiteral
valuation)
have precedes (opposite literal”) uLiteral (valuation @ valuation’)
A (opposite literal”) # uLiteral
using (uLiteral el valuation”
using precedesMemberHeadMemberTail [of opposite literal’
valuation uLiteral valuation’]
by auto
}
thus ?thesis
by simp
qed
ultimately
show ?thesis using (uLiteral el uClause
by (auto simp add: isReason-def)
qed

lemma isReasonHoldsInPrefix:
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fixes prefiz :: Valuation and valuation :: Valuation and clause ::
Clause and literal :: Literal
assumes
literal el prefix and
isPrefix prefiz valuation and
isReason clause literal valuation
shows
isReason clause literal prefix
proof —
from <isReason clause literal valuation
have
literal el clause and
clauseFalse (removeAll literal clause) valuation (is ?false valuation)
and
V literal’. literal’ el (removeAll literal clause) —
precedes (opposite literal’) literal valuation A opposite literal’
# literal (is ?precedes valuation)
unfolding isReason-def
by auto
{
fix literal’ :: Literal
assume literal’ el (removeAll literal clause)
with (?precedes valuation)
have precedes (opposite literal”) literal valuation (opposite literal”)
= literal
by auto
with iteral el prefix) <isPrefiz prefix valuation)
have precedes (opposite literal’) literal prefix N (opposite literal’)
= literal
using laterInPrefivRetainsPrecedes [of prefiz valuation opposite
literal’ literal]
by auto
}

note x = this
hence ?precedes prefiz
by auto
moreover
have ?false prefic
proof —
{
fix literal’ :: Literal
assume literal’ el (removeAll literal clause)
from diteral’ el (removeAll literal clause)) *
have precedes (opposite literal’) literal prefix
by simp
with (literal el prefix)
have literalFalse literal’ prefiz
unfolding precedes-def
by (auto split: split-if-asm)
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}

thus ?thesis
by (auto simp add:clauseFalselffAllLiteralsAreFalse)

qed
ultimately
show ?thesis using <literal el clause)

unfolding isReason-def

by auto

qed

2.2.16 Last asserted literal of a list

lastAssertedLiteral from a list is the last literal from a clause
that is asserted in a valuation.

definition
isLastAssertedLiteral:: Literal = Literal list = Valuation = bool
where
isLastAssertedLiteral literal clause valuation ==

literal el clause A

literalTrue literal valuation A

(V literal’. literal’ el clause A literal’ # literal — — precedes literal
literal” valuation)

Function that gets the last asserted literal of a list - specified
only by its postcondition.

definition
getLastAssertedLiteral :: Literal list = Valuation = Literal
where
getLastAssertedLiteral clause valuation ==
last (filter (X l::Literal. 1 el clause) valuation)

lemma getLastAssertedLiteralCharacterization:
assumes

clauseFalse clause valuation

clause # ]

uniq valuation
shows

isLastAssertedLiteral (getLastAssertedLiteral (oppositeLiteralList clause)
valuation) (oppositeLiteralList clause) valuation
proof—

let 2oppc = oppositeLiteralList clause

let 21 = getLastAssertedLiteral ?oppc valuation

let ?f = filter (X . 1 el Poppc) valuation

have Zoppc # []
using (clause # [)»
using oppositeLiteralListNonempty|of clause]
by simp
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then obtain [”: Literal
where [’ el ?oppc
by force

have V [::Literal. | el ?oppc — [ el valuation
proof
fix [::Literal
show [ el Zoppc — 1 el valuation
proof
assume [ el oppc
hence opposite | el clause
using literalElListIffOppositeLiteral ElOppositeLiteralList[of
Zoppc]
by simp
thus [ el valuation
using (clauseFulse clause valuation)
using clauseFalselffAllLiteralsAreFalse[of clause valuation)
by auto
qed
qed
hence [’ el valuation
using <’ el Zoppc)
by simp
hence [’ el 2f
using (I’ el Zoppc)
by simp
hence ?f # [|
using set-empty|of ?f]
by auto
hence last ?f el ?f
using last-in-set[of ?f]
by simp
hence ?1 el ?oppc literalTrue ?1 valuation
unfolding getLastAssertedLiteral-def
by auto
moreover
have V literal’. literal’ el oppc A literal’ # 21 —
— precedes ¢l literal’ valuation
proof
fix literal’
show literal’ el ?oppc A literal’ # 21 — — precedes ¢l literal’
valuation
proof
assume literal’ el Zoppc A literal’ # ?1
show — precedes ?l literal’ valuation
proof (cases literalTrue literal’ valuation)
case Fulse
thus ?thesis
unfolding precedes-def
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by simp
next
case True
with «literal’ el 2oppc A literal’ # 2D
have literal’ el ?f
by simp
have uniq ?f
using (uniq valuation)
by (simp add: unigDistinct)
hence — precedes ?1 literal’ ?f
using lastPrecedesNoFElement[of ?f]
using «literal’ el 2oppc A literal’ # 7
unfolding getLastAssertedLiteral-def
by auto
thus ?thesis
using precedesFilter[of ?1 literal’ valuation X 1. 1 el ?oppc]
using <literal’ el 2oppc A literal’ # 7
using 2l el Zoppc
by auto
qed
qed
qed
ultimately
show ?thesis
unfolding isLastAssertedLiteral-def
by simp
qed

lemma lastAssertedLiteralls Uniq:
fixes literal :: Literal and literal’ :: Literal and literalList :: Literal
list and wvaluation :: Valuation
assumes
lastL: isLastAssertedLiteral literal literalList valuation and
lastL": isLastAssertedLiteral literal’ literalList valuation
shows literal = literal’
using assms
proof —
from lastL have x:
literal el literalList
Y 1. [ el literalList N | # literal — — precedes literal | valuation
and
literalTrue literal valuation
by (auto simp add: isLastAssertedLiteral-def)
from lastL’ have *x*:
literal’ el literalList
Y 1. 1 el literalList N\ | # literal’ — — precedes literal’ [ valuation
and
literalTrue literal’ valuation
by (auto simp add: isLastAssertedLiteral-def)
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{

assume literal’ # literal
with x xx have — precedes literal literal’ valuation and — precedes
literal’ literal valuation
by auto
with <literalTrue literal valuationy diteralTrue literal’ valuation)
have Fulse
using precedesTotalOrder|of literal valuation literal]
unfolding precedes-def
by simp
}
thus ?thesis
by auto
qed

lemma isLastAsserted Characterization:
fixes literal :: Literal and literalList :: Literal list and v :: Valuation
assumes isLastAssertedLiteral literal (oppositeLiteralList literalList)
valuation
shows opposite literal el literalList and literalTrue literal valuation
proof —
from assms have
x: literal el (oppositeLiteralList literalList) and xx: literalTrue literal
valuation
by (auto simp add: isLastAssertedLiteral-def)
from *x show opposite literal el literalList
using literal ElListIffOppositeLiteral ElOppositeLiteralList [of literal
oppositeLiteralList literalList|
by simp
from *x show literalTrue literal valuation
by simp
qged

lemma isLastAssertedLiteralSubset:
assumes

isLastAssertedLiteral | ¢ M

set ¢’ C set ¢

lelc'
shows

isLastAssertedLiteral | ¢’ M
using assms
unfolding isLastAssertedLiteral-def
by auto

lemma lastAsserted LastIn Valuation:
fixes literal :: Literal and literalList :: Literal list and valuation ::
Valuation
assumes literal el literalList and — literalTrue literal valuation
shows isLastAssertedLiteral literal literalList (valuation @ [literal])
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proof —
have literalTrue literal [literal]
by simp
hence literalTrue literal (valuation @ [literal])
by simp
moreover
have V [. [ el literalList N | # literal — —  precedes literal [
(valuation Q [literal])
proof —
{
fix [
assume [ el literalList | # literal
have — precedes literal | (valuation Q [literal])
proof (cases literalTrue [ valuation)
case Fulse
with ( # literal)
show ?thesis
unfolding precedes-def
by simp
next
case True
from - literalTrue literal valuation) (literalTrue literal [literal])
(iteralTrue 1 valuation)
have precedes [ literal (valuation Q [literal])
using precedesMemberHeadMemberTail[of | valuation literal
[literal]]
by auto
with « # literaly literalTrue | valuation) literalTrue literal
[literal]
show ?thesis
using precedesAntisymmetry|of | valuation @ [literal] literal)
unfolding precedes-def
by auto
qged
} thus ?thesis
by simp
qed
ultimately
show ?thesis using <literal el literalList)
by (simp add:isLastAssertedLiteral-def)
qed

end
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3 Trail datatype definition and its proper-
ties

theory Trail
imports MoreList
begin

Trail is a list in which some elements can be marked.

types ‘a Trail = ('axbool) list

consts
element :: ("axbool) = 'a
marked :: ('axbool) = bool

translations
(element x) == (fst z)
(marked z) == (snd )

3.1 Trail elements

Elements of the trail with marks removed

primrec
elements 2 'a Trail = 'a list
where
elements [] = ||
| elements (h#t) = (element h) # (elements t)

lemma
elements t = map fst t
by (induct t) auto

lemma eitherMarkedOrNotMarkedElement:
shows a = (element a, True) V a = (element a, False)
by (cases a) auto

lemma eitherMarkedOrNotMarked:
assumes ¢ € set (elements M)
shows (e, True) € set M V (e, False) € set M
using assms
proof (induct M)
case (Cons m M)
thus ?Zcase
proof (cases e = element m)
case True
thus ?thesis
using eitherMarkedOrNotMarkedElement [of m]
by auto
next
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case Fualse
with Cons
show ?thesis
by auto
qed
qed simp

lemma elementMemElements [simp]:
assumes z € set M
shows element x € set (elements M)
using assms
by (induct M) (auto split: split-if-asm)

lemma elementsAppend [simp]:
shows elements (a Q b) = elements a Q elements b
by (induct a) auto

lemma elementsEmptylff TrailEmpty [simp]:
shows (elements list = [|) = (list = [])
by (induct list) auto

lemma elementsButlast TraillsButlastElements Trail [simp):
shows elements (butlast M) = butlast (elements M)
by (induct M) auto

lemma elementLastTraillsLastElementsTrail [simp):
assumes M # ||
shows element (last M) = last (elements M)
using assms
by (induct M) auto

lemma isPrefizElements:
assumes isPrefix a b
shows isPrefiz (elements a) (elements b)
using assms
unfolding isPrefiz-def
by auto

lemma prefizElementsAre TrailElements:
assumes
isPrefix p M
shows
set (elements p) C set (elements M)
using assms
unfolding isPrefiz-def
by auto

lemma unigElementsTraillmplies UnigElementsPrefix:
assumes
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isPrefix p M and uniq (elements M)
shows
uniq (elements p)
proof—
from <isPrefiz p M)
obtain s
where M = p @Q s
unfolding isPrefiz-def
by auto
with (uniq (elements M)
show ?thesis
using unigAppend|of elements p elements s
by simp
qed

lemma [simp]:
assumes (e, d) € set M
shows e € set (elements M)
using assms
by (induct M) auto

lemma unigImpliesExclusive TrueOrFalse:
assumes
(e, d) € set M and uniq (elements M)
shows
- (e, d) €set M
using assms
proof (induct M)
case (Cons m M)
{
assume (e, d) = m
hence (e, = d) # m
by auto
from (e, d) = m) «uniq (elements (m # M'))
have - (e, d) € set M’
by (auto simp add: uniqAppendIff)
with Cons
have ?case
by (auto split: split-if-asm)
}
moreover
{
assume (e, 7 d) = m
hence (e, d) # m
by auto
from (e, = d) = m) <uniq (elements (m # M'))
have = (e, = d) € set M’
by (auto simp add: uniqAppendIff)
with Cons
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have ?case
by (auto split: split-if-asm)
}

moreover
{
assume (e, d) #m (e, = d) #m
from «(e, d) # m» (e, d) € set (m # M')) have
(e, d) € set M’
by simp
with uniq (elements (m # M’))» Cons(1)
have = (e, = d) € set M’
by simp
with (e, = d) # m
have ?Zcase
by simp
}

moreover

have (e, d) =m V (e, ~d)=m V (e, d) #m A (e, 7 d) #m
by auto
}

ultimately
show ?case
by auto
qed simp

3.2 Marked trail elements

primrec
markedElements = 'a Trail = 'a list
where
markedElements [| = []
| markedElements (h#t) = (if (marked h) then (element h) # (markedElements
t) else (markedElements t))

lemma
markedElements t = (elements (filter snd t))
by (induct t) auto

lemma markedElementIsMarked True:

shows (m € set (markedElements M)) = ((m, True) € set M)
using assms
by (induct M) (auto split: split-if-asm)

lemma markedElementsAppend:

shows markedElements (M1 @Q M2) = markedElements M1 Q markedEle-
ments M2
by (induct M1) auto
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lemma markedElementsAreElements:

assumes m € set (markedElements M)

shows m € set (elements M)
using assms markedElementIsMarked True[of m M)
by auto

lemma markedAndMemberImpliesIsMarkedElement:
assumes marked m m € set M
shows (element m) € set (markedElements M)
proof—
have m = (element m, marked m)
by auto
with (marked m)
have m = (element m, True)
by simp
with (m € set M> have
(element m, True) € set M
by simp
thus ?thesis
using markedElementIsMarkedTrue [of element m M]
by simp
qed

lemma markedElementsPrefictAreMarkedElementsTrail:
assumes isPrefic p M m € set (markedElements p)
shows m € set (markedElements M)
proof—
from (m € set (markedElements p)
have (m, True) € set p
by (simp add: markedElementIsMarked True)
with <sPrefiz p M)
have (m, True) € set M
using prefizrlsSubset|of p M]
by auto
thus ?thesis
by (simp add: markedElementIsMarked True)
qed

lemma markedElementsTrailMemPrefitAreMarkedElementsPrefiz:
assumes
uniq (elements M) and
isPrefix p M and
m € set (elements p) and
m € set (markedElements M)
shows
m € set (markedElements p)
proof—
from (m € set (markedElements M)y have (m, True) € set M
by (simp add: markedElementIsMarked True)

98



with (uniq (elements M)) «m € set (elements p))
have (m, True) € set p
proof—
{
assume (m, False) € set p
with <sPrefiz p M)
have (m, False) € set M
using prefizlsSubset[of p M|
by auto
with «(m, True) € set M (uniq (elements M)
have False
using unigImpliesExclusive TrueOrFalse[of m True M|
by simp
}
with «m € set (elements p))
show ?Zthesis
using eitherMarkedOrNotMarked[of m p]
by auto
qed
thus ?thesis
using markedElementIsMarked True[of m p]
by simp
qed

3.3 Prefix before/upto a trail element

Elements of the trail before the first occurence of a given element
- not incuding it
primrec
prefizBeforeElement :: 'a = 'a Trail = 'a Trail
where
prefizBeforeElement e [| = |]
| prefixBeforeElement e (h#tt) =
(if (element h) = e then

I

else
(h # (prefizBeforeElement e t))
)

lemma prefizBeforeElement e t = takeWhile (X e’. element e’ # e) t
by (induct t) auto

lemma prefizBeforeElement e t = take (firstPos e (elements t)) t
by (induct t) auto

Elements of the trail before the first occurence of a given element
- incuding it

primrec
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prefitToElement :: 'a = 'a Trail = 'a Trail
where
prefiToElement e || = ||
| prefitToElement e (h#t) =
(if (element h) = e then
(]
else
(h # (prefizToElement e t))

)

lemma prefitToElement e t = take ((firstPos e (elements t)) + 1) t
by (induct t) auto

lemma isPrefizPrefixToElement:

shows isPrefix (prefitToElement e t) t
unfolding isPrefiz-def
by (induct t) auto

lemma isPrefizPrefitBeforeElement:

shows isPrefic (prefitBeforeElement e t) ¢
unfolding isPrefiz-def
by (induct t) auto

lemma prefizToElementContains TrailElement:
assumes ¢ € set (elements M)
shows e € set (elements (prefitToElement e M))
using assms
by (induct M) auto

lemma prefizBeforeElementDoesNotContain TrailElement:
assumes ¢ € set (elements M)
shows e ¢ set (elements (prefizBeforeElement e M))
using assms
by (induct M) auto

lemma prefixToElementAppend:
shows prefitToElement e (M1 @ M2) =
(if e € set (elements M1) then
prefixToElement e M1
else
M1 Q prefitToElement e M2
)

by (induct M1) auto

lemma prefizToFElementToPrefizElement:
assumes
isPrefix p M and e € set (elements p)
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shows
prefixToElement e M = prefirToElement e p
using assms
unfolding isPrefiz-def
proof (induct p arbitrary: M)
case (Cons a p')
then obtain s
where (a # p)) Q@ s =M
by auto
show ?Zcase
proof (cases (element a) = e)
case True
from True (a # p’) @ s = M) have prefixToElement e M = [a]
by auto
moreover
from True have prefirToElement e (a # p’) = [a]
by auto
ultimately
show ?thesis
by simp
next
case Fulse
from False «(a # p') @ s
# prefitToFElement e (p’ Q s)
by auto
moreover
from Fualse have prefitToElement e (a # p’) = a # prefixToFEle-
ment e p’
by simp
moreover
from Fulse (e € set (elements (a # p’))) have e € set (elements
')
by simp
have ?s . (p' Qs =p' Qs)
by simp
from <e € set (elements p')y ?s. (p' Q@ s =p’ @ s)
have prefirToElement e (p’ Q s) = prefirToElement e p’
using Cons(1) [of p’ Q ]
by simp
ultimately show ?thesis
by simp
qed
qged simp

= M) have prefirToElement e M = a

3.4 Marked elements upto a given trail element

Marked elements of the trail upto the given element (which is
also included if it is marked)

definition
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markedElementsTo :: 'a = 'a Trail = 'a list
where
markedElementsTo e t = markedElements (prefixToElement e t)

lemma markedElementsToArePrefitOfMarkedElements:
shows isPrefiz (markedElementsTo e M) (markedElements M)
unfolding isPrefiz-def
unfolding markedElementsTo-def
by (induct M) auto

lemma markedElementsToAreMarkedElements:
assumes m € set (markedElementsTo e M)
shows m € set (markedElements M)
using assms
using markedElementsToArePrefictOfMarkedElements|[of e M]
using prefirlsSubset
by auto

lemma markedElementsToNonMemberAreAllMarkedElements:
assumes e ¢ set (elements M)
shows markedElementsTo e M = markedElements M
using assms
unfolding markedElementsTo-def
by (induct M) auto

lemma markedElementsToAppend:
shows markedElementsTo e (M1 @ M2) =
(if e € set (elements M1) then
markedElementsTo e M1
else
markedElements M1 Q markedElementsTo e M2
)

unfolding markedElementsTo-def
by (auto simp add: prefirToElementAppend markedElementsAppend)

lemma markedElementsEmptylmpliesMarkedElementsToEmpty:
assumes markedElements M = |]
shows markedElementsTo e M = []
using assms
using markedElementsToArePrefictOfMarkedElements [of e M|
unfolding isPrefiz-def
by auto

lemma markedElementlIsMemberOfltsMarkedElementsTo:
assumes
uniq (elements M) and marked e and e € set M
shows
element e € set (markedElementsTo (element e) M)
using assms
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unfolding markedElementsTo-def
by (induct M) (auto split: split-if-asm)

lemma markedElementsToPrefixElement:
assumes isPrefix p M and e € set (elements p)
shows markedElementsTo e M = markedElementsTo e p
unfolding markedElementsTo-def
using assms
by (simp add: prefizrToElementToPrefixrElement)

3.5 Last marked element in a trail

definition

lastMarked :: 'a Trail = 'a

where

lastMarked ¢t = last (markedElements t)

lemma lastMarkedIsMarkedElement:
assumes markedElements M # |]
shows lastMarked M € set (markedElements M)
using assms
unfolding lastMarked-def
by simp

lemma removeLastMarked FromMarkedElementsToLastMarked AreAll-
MarkedFElementsInPrefixLastMarked:
assumes
markedElements M # ||
shows
removeAll (lastMarked M) (markedElementsTo (lastMarked M) M)
= markedElements (prefizrBeforeElement (lastMarked M) M)
using assms
unfolding lastMarked-def
unfolding markedElementsTo-def
by (induct M) auto

lemma markedElementsToLastMarkedAre AllMarkedElements:
assumes
uniq (elements M) and markedElements M # ||
shows
markedElementsTo (lastMarked M) M = markedElements M
using assms
unfolding lastMarked-def
unfolding markedElementsTo-def
by (induct M) (auto simp add: markedElementsAreElements)

lemma last TrailElementMarkedImpliesMarkedElementsToLastElementAre-

AllMarkedElements:
assumes
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marked (last M) and last (elements M) ¢ set (butlast (elements
M))

shows

markedElementsTo (last (elements M)) M = markedElements M
using assms
unfolding markedElementsTo-def
by (induct M) auto

lemma lastMarkedIsMemberOfltsMarkedElementsTo:

assumes

uniq (elements M) and markedElements M # ||

shows

lastMarked M € set (markedElementsTo (lastMarked M) M)
using assms
using markedElementsToLastMarkedAre AllMarkedElements [of M|
using lastMarkedIsMarkedElement [of M]
by auto

lemma last TrailElementNotMarkedImpliesMarked Elements ToL AreMarked Elements ToLInButlast Trail:

assumes — marked (last M)

shows markedElementsTo e M = markedElementsTo e (butlast M)
using assms
unfolding markedElementsTo-def
by (induct M) auto

3.6 Level of a trail element

Level of an element is the number of marked elements that pre-
cede it

definition

elementLevel :: 'a = 'a Trail = nat

where
elementLevel e t = length (markedElementsTo e t)

lemma elementLevelMarkedGeql:

assumes
uniq (elements M) and e € set (markedElements M)
shows
elementLevel e M >= 1
proof—

from (e € set (markedElements M)) have (e, True) € set M
by (simp add: markedElementIsMarked True)
with (uniq (elements M)) have e € set (markedElementsTo e M)
using markedElementlsMemberOfltsMarkedElementsTo[of M (e,
True)]
by simp
hence markedElementsTo e M # ||
by auto
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thus ?thesis
unfolding elementLevel-def
using length-greater-0-conv|of markedElementsTo e M]
by arith
ged

lemma elementLevel Append:
assumes a € set (elements M)
shows elementLevel a M = elementLevel a (M @Q M)
using assms
unfolding elementLevel-def
by (simp add: markedElementsToAppend)

lemma elementLevelPrecedesLeq:
assumes
precedes a b (elements M)
shows
elementLevel a M < elementLevel b M
using assms
proof (induct M)
case (Cons m M)
{
assume a = element m
hence ?case
unfolding elementLevel-def
unfolding markedElementsTo-def
by simp
}

moreover

{

assume b = element m
{
assume a # b
hence — precedes a b (b # (elements M"))
by (rule noElementsPrecedesFirstElement)
with b = element m) (precedes a b (elements (m # M'))
have Fulse
by simp
}
hence a = b
by auto
hence ?case
by simp
}
moreover
{
assume a # element m b # element m
moreover
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from (precedes a b (elements (m # M'))
have a € set (elements (m # M')) b € set (elements (m # M'))
unfolding precedes-def
by (auto split: split-if-asm)
from (a # element m) <a € set (elements (m # M'))
have a € set (elements M)
by simp
moreover
from b # element m» (b € set (elements (m # M'))
have b € set (elements M)
by simp
ultimately
have elementLevel a M' < elementLevel b M’
using Cons
unfolding precedes-def
by auto
hence ?case
using <a # element m) b # element m)
unfolding elementLevel-def
unfolding markedElementsTo-def
by auto
}
ultimately
show ?case
by auto
next
case Nil
thus ?case
unfolding precedes-def
by simp
qed

lemma elementLevelPrecedesMarked ElementLt:
assumes
uniq (elements M) and
e # d and
d € set (markedElements M) and
precedes e d (elements M)
shows
elementLevel e M < elementLevel d M
using assms
proof (induct M)
case (Cons m M)
{
assume e = element m
moreover
with (e # d> have d # element m
by simp
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moreover
from (uniq (elements (m # M')) «d € set (markedElements (m
& M)
have 1 < elementLevel d (m # M)
using elementLevelMarkedGeql[of m # M’ d]
by auto
moreover
from «d # element m) «d € set (markedElements (m # M'))
have d € set (markedElements M)
by (simp split: split-if-asm)
from (unig (elements (m # M) «d € set (markedElements M'))
have 1 < elementLevel d M’
using elementLevelMarkedGeql[of M' d]
by auto
ultimately
have ?case
unfolding elementLevel-def
unfolding markedElementsTo-def
by (auto split: split-if-asm)
}
moreover
{
assume d = element m
from (e # d) have — precedes e d (d # (elements M"))
using noFElementsPrecedesFirstElement|of e d elements M|
by simp
with «d = element m) (precedes e d (elements (m # M"))
have False
by simp
hence ?Zcase
by simp
}

moreover
{
assume e # element m d # element m
moreover
from (precedes e d (elements (m # M'))
have e € set (elements (m # M) d € set (elements (m # M'))
unfolding precedes-def
by (auto split: split-if-asm)
from <e # element m) e € set (elements (m # M’))
have e € set (elements M’)
by simp
moreover
from «d # element m) «d € set (elements (m # M'))
have d € set (elements M)
by simp
moreover
from «d # element m) «d € set (markedElements (m # M'))
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have d € set (markedElements M)
by (simp split: split-if-asm)
ultimately
have elementLevel e M' < elementLevel d M’
using (uniq (elements (m # M), Cons
unfolding precedes-def
by auto
hence ?case
using (e # element m) «d # element m)
unfolding elementLevel-def
unfolding markedElementsTo-def
by auto
}
ultimately
show ?case
by auto
qed simp

lemma differentMarkedElementsHaveDifferentLevels:
assumes
uniq (elements M) and
a € set (markedElements M) and
b € set (markedElements M) and
a#b
shows elementLevel a M # elementLevel b M
proof—
from <a € set (markedElements M)
have a € set (elements M)
by (simp add: markedElementsAreElements)
moreover
from b € set (markedElements M)
have b € set (elements M)
by (simp add: markedElementsAreElements)
ultimately
have precedes a b (elements M) V precedes b a (elements M)
using <a # b
using precedesTotalOrder|of a elements M b]
by simp
moreover
{
assume precedes a b (elements M)
with assms
have ?thesis
using elementLevel PrecedesMarkedElementLt[of M a b]
by auto

}

moreover

{

assume precedes b a (elements M)
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with assms
have ?thesis
using elementLevelPrecedesMarkedElementLt[of M b a]
by auto
}
ultimately
show ?thesis
by auto
qed

3.7 Current trail level

Current level is the number of marked elements in the trail

definition

currentLevel :: 'a Trail = nat

where

currentLevel t = length (markedElements t)

lemma currentLevelNonMarked:
shows currentLevel M = currentLevel (M @ [(I, False)))
by (auto simp add:currentLevel-def markedElementsAppend)

lemma currentLevel Prefiz:
assumes isPrefix a b
shows currentLevel a <= currentLevel b
using assms
unfolding isPrefiz-def
unfolding currentLevel-def
by (auto simp add: markedElementsAppend)

lemma elementLevelLeqCurrentLevel:
shows elementLevel a M < currentLevel M
proof—
have isPrefix (prefixToElement a M) M
using isPrefizPrefizToFElement[of a M]

then obtain s
where prefirToElement a M @ s = M
unfolding isPrefix-def
by auto
hence M = prefixToElement a M Q s
by (rule sym)
hence currentLevel M = currentLevel (prefixToElement a M Q s)
by simp
hence currentLevel M = length (markedElements (prefizToElement
a M)) + length (markedElements s)
unfolding currentLevel-def
by (simp add: markedElementsAppend)
thus ?thesis
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unfolding elementLevel-def
unfolding markedElementsTo-def
by simp

qed

lemma elementOnCurrentLevel:
assumes a ¢ set (elements M)
shows elementLevel a (M Q [(a, d)]) = currentLevel (M Q [(a,
d)))
using assms
unfolding currentLevel-def
unfolding elementLevel-def
unfolding markedElementsTo-def
by (auto simp add: prefirToElementAppend)

3.8 Prefix to a given trail level

Prefix is made or elements of the trail up to a given element level

primrec
prefizToLevel-auz :: 'a Trail = nat = nat = 'a Trail
where
(prefizToLevel-auz [] | cl) = |]
| (prefixToLevel-aux (h#t) 1 cl) =
(if (marked h) then
(if (cl >=1) then [] else (h # (prefitToLevel-auz t 1 (cl+1))))
else
(h # (prefizToLevel-auz t 1 cl))

definition

prefizToLevel :: nat = 'a Trail = 'a Trail

where

prefizToLevel-def: (prefixToLevel | t) == (prefizToLevel-auz t 1 0)

lemma isPrefizPrefizToLevel-auz:
shows 3 s. prefirToLevel-aux t 11 Q s = ¢t
by (induct t arbitrary: i) auto

lemma isPrefixPrefizToLevel:

shows (isPrefiz (prefizToLevel l t) t)
using isPrefizPrefirToLevel-auz[of t ]
unfolding isPrefiz-def
unfolding prefizToLevel-def
by simp

lemma currentLevel PrefizToLevel-auzx:

assumes [ > ¢
shows currentLevel (prefizToLevel-aux M 1) <=1 — i
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using assms
proof (induct M arbitrary: i)
case (Cons m M)

assume marked m i = [
hence “case
unfolding currentLevel-def
by simp
}
moreover
{
assume marked m i < [
hence ?case
using Cons(1) [of i+1]
unfolding currentLevel-def
by simp
}
moreover
{
assume — marked m
hence ?case
using Cons
unfolding currentLevel-def
by simp
}
ultimately
show “?case
using G <= D
by auto
next
case Nil
thus “case
unfolding currentLevel-def
by simp
qed

lemma currentLevel PrefizToLevel:

shows currentLevel (prefizToLevel level M) < level
using currentLevelPrefixToLevel-auz[of 0 level M|
unfolding prefizToLevel-def
by simp

lemma currentLevelPrefizToLevel Eg-auz:

assumes [ > 1 currentLevel M >=1 — 1

shows currentLevel (prefizToLevel-aux M 1i) =1 — i
using assms
proof (induct M arbitrary: )

case (Cons m M)

{
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assume marked m i = [
hence ?case
unfolding currentLevel-def
by simp
}
moreover
{
assume marked m i < [
hence ?case
using Cons(1) [of i+1]
using Cons(3)
unfolding currentLevel-def
by simp
}
moreover
{
assume — marked m
hence ?case
using Cons
unfolding currentLevel-def
by simp
}
ultimately
show “case
using ¢ <= 1D
by auto
next
case Nil
thus “case
unfolding currentLevel-def
by simp
qed

lemma currentLevelPrefizToLevelEq:
assumes
level < currentLevel M
shows
currentLevel (prefizToLevel level M) = level
using assms
unfolding prefizToLevel-def
using currentLevel PrefizToLevel Eq-auz[of 0 level M)
by simp

lemma prefizToLevel-auxIncrease AuxilaryCounter:
assumes k > i
shows prefizToLevel-auz M 1 i = prefixToLevel-aux M (I + (k — 1))
k
using assms
proof (induct M arbitrary: i k)
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case (Cons m M)
{
assume — marked m
hence ?case
using Cons(1)[of i k] Cons(2)
by simp
}
moreover
{
assume i > [ marked m
hence ?case
using k¢ >
by simp
}
moreover
{
assume i < | marked m
hence ?case
using Cons(1)[of i+1 k+1] Cons(2)
by simp
}
ultimately
show ?Zcase
by (auto split: split-if-asm)
qed simp

lemma isPrefizPrefizToLevel-auxLowerLevel:

assumes 7 < j

shows isPrefiz (prefizToLevel-aux M i k) (prefixToLevel-aux M j k)
using assms
by (induct M arbitrary: k) (auto simp add:isPrefiz-def)

lemma isPrefizPrefixToLevel LowerLevel:

assumes level < level’

shows isPrefiz (prefizToLevel level M) (prefizToLevel level’” M)
using assms

unfolding prefizToLevel-def

using isPrefizPrefirToLevel-auzLowerLevel[of level level” M 0]
by simp

lemma prefizToLevel-auzPrefixToLevel-auzHigherLevel:

assumes i < j

shows prefirToLevel-aux a i k = prefixToLevel-aux (prefixToLevel-aux
ajk)ik
using assms
by (induct a arbitrary: k) auto

lemma prefixToLevel PrefixToLevelHigherLevel:
assumes level < level’
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shows prefixToLevel level M = prefizToLevel level (prefizToLevel
level” M)
using assms
unfolding prefizToLevel-def
using prefixToLevel-auxPrefiz To Level-auzHigherLevel [of level level” M
0]
by simp

lemma prefizToLevelAppend-auzl:
assumes
I >i7and | — i < currentLevel a
shows
prefirToLevel-auz (a @ b) 1 i = prefizToLevel-auz a | i
using assms
proof (induct a arbitrary: i)
case (Cons a a’)
{
assume — marked a
hence ?case
using Cons(1)[of 7] < < b d — i < currentLevel (a # a’)
unfolding currentLevel-def
by simp
}
moreover
{
assume marked a | = i
hence ?case

by simp
}

moreover
{
assume marked a [ > i
hence ?case
using Cons(1)[of i + 1] & < D (d — i < currentLevel (a # a')
unfolding currentLevel-def
by simp
}
ultimately
show ?case
using ¢ < D
by auto
next
case Nil
thus ?case
unfolding currentLevel-def
by simp
qed
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lemma prefizToLevel Append-auz2:
assumes
1 < [l and currentLevel a + i <[
shows prefitToLevel-auz (a @Q b) i = a @ prefirToLevel-aux b 1 (i
+ (currentLevel a))
using assms
proof (induct a arbitrary: i)
case (Cons a a’)

assume — marked a
hence ?case
using Cons
unfolding currentLevel-def
by simp
}
moreover
{
assume marked a l = 1
hence ?case
using «(currentLevel (a # a’)) + i < D
unfolding currentLevel-def
by simp
}
moreover
{
assume marked a | > i
hence prefirToLevel-auz (o’ @Q b) I (i + 1) = a’ Q prefirToLevel-aux
bl (i+ 1+ currentLevel a')
using Cons(1) [of i + 1] «(currentLevel (a # a')) + i < D
unfolding currentLevel-def
by simp
moreover
have i + 1 + length (markedElements a') = i + (1 + length
(markedElements a'))
by simp
ultimately
have ?case
using (marked a) <l > ¥
unfolding currentLevel-def
by simp
}
ultimately
show ?Zcase
using ( > @
by auto
next
case Nil
thus ?Zcase
unfolding currentLevel-def
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by simp
qed

lemma prefizToLevel Append:
shows prefizToLevel level (a Q b) =
(if level < currentLevel a then
prefixToLevel level a
else
a Q prefixToLevel-aux b level (currentLevel a)
)

proof (cases level < currentLevel a)
case True
thus ?thesis
unfolding prefizToLevel-def
using prefizToLevel Append-auxl [of 0 level a)
by simp
next
case Fulse
thus ?thesis
unfolding prefizToLevel-def
using prefizToLevel Append-aux2|[of 0 level a)
by simp
qed

lemma isProperPrefixPrefixToLevel:
assumes level < currentLevel t
shows 3 s. (prefitToLevel level t) Q@ s =t A s # [| A (marked (hd
)
proof—
have isPrefix (prefizToLevel level t) t
by (simp add:isPrefizPrefizToLevel)
then obtain s::'a Trail
where (prefirToLevel level t) @ s = ¢
unfolding isPrefiz-def
by auto
moreover
have s # [|
proof—
{
assume s = [|
with «(prefitToLevel level t) @ s = b
have prefizToLevel level t = t
by simp
hence currentLevel (prefixToLevel level t) < level
using currentLevelPrefizToLevel[of level t]
by simp
with (prefirToLevel level t = t) have currentLevel t < level
by simp
with (level < currentLevel t) have Fulse
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by simp
}
thus ?thesis
by auto
qed
moreover
have marked (hd s)
proof—
{
assume — marked (hd s)
have currentLevel (prefizToLevel level t) < level
by (simp add:currentLevelPrefizToLevel)
from (s # []» have s = [hd s] @ (&l s)
by simp
with «(prefizToLevel level t) @ s = t» have
t = (prefizToLevel level t) Q [hd s] Q (# s)
by simp
hence (prefizToLevel level t) = (prefixToLevel level ((prefixToLevel
level t) @ [hd s] @ (8l 8)))

by simp
also
with (currentLevel (prefixToLevel level t) < level
have ... = ((prefizToLevel level t) @ (prefixToLevel-auz ([hd s]

@ (tl s)) level (currentLevel (prefizToLevel level t))))
by (auto simp add: prefitToLevel Append)
also
have ... =
((prefixToLevel level t) @ (hd s) # prefitToLevel-aux (tl s) level
(currentLevel (prefizToLevel level t)))
proof—
from <currentLevel (prefitToLevel level t) <= level) (— marked
(hd s)
have prefixToLevel-aux ([hd s] @ (¢l s)) level (currentLevel
(prefixToLevel level t)) =
(hd s) # prefizToLevel-auz (tl s) level (currentLevel (prefizToLevel
level t))
by simp
thus ?thesis
by simp
qed
ultimately
have (prefizToLevel level t) = (prefizrToLevel level t) @ (hd s) #
prefirToLevel-aux (tl s) level (currentLevel (prefixToLevel level t))
by simp
hence False
by auto
}

thus ?thesis
by auto
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qed
ultimately
show ?thesis
by auto
ged

lemma prefixToLevelElementsElementLevel:
assumes
e € set (elements (prefixToLevel level M))
shows
elementLevel e M < level
proof —
have elementLevel e (prefixToLevel level M) < currentLevel (prefizToLevel
level M)
by (simp add: elementLevelLeqCurrentLevel)
moreover
hence currentLevel (prefixToLevel level M) < level
using currentLevelPrefizToLevel[of level M|
by simp
ultimately have elementLevel e (prefitToLevel level M) < level
by simp
moreover
have isPrefix (prefizToLevel level M) M
by (simp add:isPrefizPrefizToLevel)
then obtain s
where (prefizToLevel level M) @ s = M
unfolding isPrefiz-def
by auto
with (e € set (elements (prefizToLevel level M))
have elementLevel e (prefirToLevel level M) = elementLevel e M
using elementLevelAppend [of e prefizToLevel level M s]
by simp
ultimately
show ?thesis
by simp
qed

lemma elementLevel LtLevellmpliesMemberPrefixToLevel-auz:
assumes
e € set(elements M) and
elementLevel e M + 1 < level and
1 < level
shows
e € set (elements (prefixToLevel-aux M level i))
using assms
proof (induct M arbitrary: i)
case (Cons m M’)
thus “case
proof (cases e = element m)
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case True

thus ?thesis
using <elementLevel e (m # M') + i < leveD
unfolding prefizToLevel-def
unfolding elementLevel-def
unfolding markedElementsTo-def
by (simp split: split-if-asm)

next

case Fulse

with (e € set (elements (m # M")

have e € set (elements M)
by simp

show ?thesis
proof (cases marked m)
case True
with Cons (e # element m)
have (elementLevel e M') + i + 1 < level
unfolding elementLevel-def
unfolding markedElementsTo-def
by (simp split: split-if-asm)
moreover
have elementLevel e M' > 0
by auto
ultimately
have 7 + 1 < level
by simp
with (e € set (elements M) «(elementLevel e M') + i + 1 <
level) Cons(1)[of i+1]
have e € set (elements (prefitToLevel-auz M' level (i + 1)))
by simp
with (e # element m) ¢ + 1 < level) True
show ?thesis
by simp
next
case Fulse
with (e # element m) celementLevel e (m # M') + i < leveD
have elementLevel e M' + i < level
unfolding elementLevel-def
unfolding markedElementsTo-def
by (simp split: split-if-asm)
with (e € set (elements M) have e € set (elements (prefizToLevel-auz
M’ level 7))
using Cons
by (auto split: split-if-asm)
with (e # element m) False show ?thesis
by simp
qed
qed
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qed simp

lemma elementLevel LtLevellmpliesMemberPrefizToLevel:
assumes
e € set (elements M) and
elementLevel e M < level
shows
e € set (elements (prefizToLevel level M))
using assms
using elementLevelLtLevelImpliesMemberPrefixToLevel-aux|of e M 0
level]
unfolding prefizrToLevel-def
by simp

lemma literalNotInFEarlierLevels ThanltsLevel:
assumes
level < elementLevel e M
shows
e ¢ set (elements (prefizToLevel level M))
proof—
{
assume — ?thesis
hence level > elementLevel e M
by (simp add: prefixToLevelElementsElementLevel)
with (evel < elementLevel e M)
have False
by simp

thus ?thesis
by auto
qed

lemma elementLevelPrefixElement:
assumes e € set (elements (prefixToLevel level M))
shows elementLevel e (prefixToLevel level M) = elementLevel e M
using assms
proof—
have isPrefix (prefixToLevel level M) M
by (simp add: isPrefixPrefixToLevel)
then obtain s where (prefizToLevel level M) @ s = M
unfolding isPrefiz-def
by auto
with assms show ?thesis
using elementLevel Append|of e prefizToLevel level M s]
by auto
qed

lemma currentLevelZeroTrailEqualsltsPrefizToLevel Zero:
assumes currentLevel M = 0
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shows M = prefixToLevel 0 M
using assms
proof (induct M)
case (Cons a M)
show ?Zcase
proof—
from Cons
have currentLevel M’ = 0 and markedElements M’ = [] and —
marked a
unfolding currentLevel-def
by (auto split: split-if-asm)
thus ?thesis
using Cons
unfolding prefizToLevel-def
by auto
qed
next
case Nil
thus ?case
unfolding currentLevel-def
unfolding prefizToLevel-def
by simp
qed

3.9 Number of literals of every trail level

primrec
levelsCounter-auzx :: 'a Trail = nat list = nat list
where
levelsCounter-auz [| | = 1
| levelsCounter-aux (h # t) | =
(if (marked h) then
levelsCounter-auz ¢ (I Q [1])
else
levelsCounter-auzx t (butlast | Q [Suc (last 1)])
)

definition

levelsCounter :: 'a Trail = nat list
where

levelsCounter t = levelsCounter-auz t [0]

lemma levelsCounter-aux-startlrellevant:

YV y.y #[] — levelsCounter-aux o (z Q y) = (z Q levelsCounter-auz
avy)
by (induct a) (auto simp add: butlastAppend)

lemma levelsCounter-auzSuffixContinues: ¥ 1. levelsCounter-auz (a
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Q@ b) | = levelsCounter-auz b (levelsCounter-auz a )
by (induct a) auto

lemma levelsCounter-auzNotEmpty: ¥V 1. | # [| — levelsCounter-auz

al#|]
by (induct a) auto

lemma levelsCounter-auxIncreasesFirst:
YV mn ll12. levelsCounter-auz a (m # 11) =n # 12 — m <=n
proof (induct a)
case Nil
{
fix m::nat and n::nat and [1::nat list and [2::nat list
assume levelsCounter-auz [| (m # 11) = n # 12
hence m = n

by simp
}

thus ?case
by simp
next
case (Cons a list)
{
fix m::nat and n::nat and 11::nat list and [2::nat list
assume levelsCounter-auz (a # list) (m # 11) = n # 12
have m <=n
proof (cases marked a)
case True
with develsCounter-aux (a # list) (m # 1) = n # 12
have levelsCounter-aux list (m # 11 Q [Suc 0]) = n # 12
by simp
with Cons
show ?thesis
by auto
next
case Fulse
show ?thesis
proof (cases Il =[])
case True
with (- marked a) develsCounter-auz (a # list) (m # 11) =n
# 12
have levelsCounter-auz list [Suc m] = n # 12
by simp
with Cons
have Suc m <= n
by auto
thus ?thesis
by simp
next
case Fulse
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with (- marked a) develsCounter-auz (a # list) (m # 11) =n

# 12
have levelsCounter-auz list (m # butlast 11 Q [Suc (last 11)])
=n F# 12
by simp
with Cons
show ?thesis
by auto
qed
qed
}
thus ?case
by simp
qed

lemma levelsCounterPrefix:
assumes (isPrefix p a)
shows ? rest. rest # [| A levelsCounter a = butlast (levelsCounter
p) @ rest A last (levelsCounter p) < hd rest
proof—
from assms
obtain s :: ‘a Trail where p @ s = a
unfolding isPrefix-def
by auto
from (p @ s = a» have levelsCounter a = levelsCounter (p @ s)
by simp
show ?thesis
proof (cases s = [])
case True
have (levelsCounter a) = (butlast (levelsCounter p)) @ [last (levelsCounter
P A
(last (levelsCounter p)) <= hd [last (levelsCounter p)]
using (p Q@ s = @) s =[]
unfolding levelsCounter-def
using levelsCounter-auzNotEmpty|of p]
by auto
thus ?thesis
by auto
next
case Fulse
show ?thesis
proof (cases marked (hd s))

case True

from (p @ s = @) have levelsCounter a = levelsCounter (p Q s)
by simp

also

have ... = levelsCounter-aux s (levelsCounter-auz p [0])

unfolding levelsCounter-def
by (simp add: levelsCounter-auzSufficContinues)
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also

have ... = levelsCounter-auz (tl s) ((levelsCounter-auz p [0]) @
(1)
proof—
from (s # [) have s = hd s # tl s
by simp

then have levelsCounter-aux s (levelsCounter-auz p [0]) =
levelsCounter-auz (hd s # tl s) (levelsCounter-auz p [0])

by simp
with (marked (hd s)) show ?thesis
by simp
qed
also
have ... = levelsCounter-auz p [0] Q (levelsCounter-auz (tl )

(1)
by (simp add: levelsCounter-auz-startlrellevant)
finally
have levelsCounter a = levelsCounter p Q (levelsCounter-auz (tl
s) [1])
unfolding levelsCounter-def
by simp
hence (levelsCounter a) = (butlast (levelsCounter p)) Q ([last
(levelsCounter p)] @ (levelsCounter-auz (tl s) [1])) A
(last (levelsCounter p)) <= hd ([last (levelsCounter p)] @
(levelsCounter-auz (tl s) [1]))
unfolding levelsCounter-def
using levelsCounter-auzNotEmpty|of p]
by auto
thus ?thesis
by auto
next
case False
from (p @ s = @) have levelsCounter a = levelsCounter (p Q s)
by simp
also
have ... = levelsCounter-aux s (levelsCounter-auz p [0])
unfolding levelsCounter-def
by (simp add: levelsCounter-auzSuffixrContinues)

also
have ... = levelsCounter-aux (tl s) ((butlast (levelsCounter-aux
p [0])) @ [Suc (last (levelsCounter-aux p [0]))])
proof—
from (s # [) have s = hd s # tl s
by simp

then have levelsCounter-aux s (levelsCounter-auz p [0]) =
levelsCounter-auz (hd s # tl s) (levelsCounter-auz p [0])
by simp
with “marked (hd s)» show ?Zthesis
by simp
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qed
also
have ... = butlast (levelsCounter-aux p [0]) @ (levelsCounter-auz
(¢l s) [Suc (last (levelsCounter-auz p [0]))])
by (simp add: levelsCounter-auz-startIrellevant)
finally
have levelsCounter a = butlast (levelsCounter-auz p [0]) Q
(levelsCounter-auz (tl s) [Suc (last (levelsCounter-auz p [0]))])
unfolding levelsCounter-def
by simp
moreover
have hd (levelsCounter-auz (tl s) [Suc (last (levelsCounter-aux
p [0]))]) >= Suc (last (levelsCounter-auz p [0]))
proof—
have (levelsCounter-auz (tl s) [Suc (last (levelsCounter-auz p
[N # 11
using levelsCounter-auzNotEmpty|of tl s]
by simp
then obtain h t where (levelsCounter-auz (tl s) [Suc (last
(levelsCounter-auz p [0]))]) = h # ¢
using neg-Nil-conv|of (levelsCounter-aux (¢l s) [Suc (last
(levelsCounter-aux p [0]))])]
by auto
hence h > Suc (last (levelsCounter-auz p [0]))
using levelsCounter-auzIncreasesFirst|of tl s]
by auto
with ((levelsCounter-aux (¢l s) [Suc (last (levelsCounter-aux p
D)) = h # 0
show ?thesis
by simp
qed
ultimately
have levelsCounter a = butlast (levelsCounter p) @ (levelsCounter-auz
(tl s) [Suc (last (levelsCounter-aux p [0]))]) A
last (levelsCounter p) < hd (levelsCounter-auz (t s) [Suc (last
(levelsCounter-auz p [0]))])
unfolding levelsCounter-def
by simp
thus ?thesis
using levelsCounter-auzNotEmpty|of tl s)
by auto
qed
qed
qed

lemma levelsCounterPrefixToLevel:
assumes p = prefirToLevel level a level > 0 level < currentLevel a
shows ? rest . rest # [] A (levelsCounter a) = (levelsCounter p) Q
rest
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proof—
from assms
obtain s :: ‘a Trail where p Q s = a s # [| marked (hd s)
using isProperPrefizPrefizToLevel|of level a

by auto

from (p @ s = a» have levelsCounter a = levelsCounter (p Q s)
by simp

also

have ... = levelsCounter-auzx s (levelsCounter-auz p [0])

unfolding levelsCounter-def
by (simp add: levelsCounter-auzSuffizContinues)

also
have ... = levelsCounter-aux (tl s) ((levelsCounter-auz p [0]) Q [1])
proof—
from (s # [) have s = hd s # tl s
by simp

then have levelsCounter-auz s (levelsCounter-aux p [0]) = levelsCounter-auz

(hd s # tl s) (levelsCounter-aux p [0])

by simp
with (nmarked (hd s)) show ?thesis
by simp
qed
also
have ... = levelsCounter-auz p [0] @ (levelsCounter-auz (l s) [1])
by (simp add: levelsCounter-auz-startlrellevant)
finally

have levelsCounter a = levelsCounter p Q (levelsCounter-auz (tl s)
1))
unfolding levelsCounter-def
by simp
moreover
have levelsCounter-auz (t s) [1] # []
by (simp add: levelsCounter-auzNotEmpty)
ultimately
show ?thesis
by simp
qed

3.10 Prefix before last marked element

primrec
prefizBeforeLastMarked :: 'a Trail = 'a Trail
where
prefixBeforeLastMarked [| = []
| prefixBeforeLastMarked (h#t) = (if (marked h) A (markedElements
t) =[] then || else (h#(prefizBeforeLastMarked t)))

lemma prefizBeforeLastMarkedlsPrefixBeforeLastLevel:
assumes markedElements M # ||
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shows prefixBeforeLastMarked M = prefizToLevel ((currentLevel M)
-1 M
using assms
proof (induct M)
case Nil
thus ?Zcase
by simp
next
case (Cons a M)
thus ?case
proof (cases marked a)
case True
hence currentLevel (a # M') > 1
unfolding currentLevel-def
by simp
with True Cons show ?thesis
using prefixToLevel-auzxIncrease AuxilaryCounter[of 0 1 M’ cur-
rentLevel M' — 1]
unfolding prefizToLevel-def
unfolding currentLevel-def
by auto
next
case Fulse
with Cons show ?thesis
unfolding prefizToLevel-def
unfolding currentLevel-def
by auto
qed
qed

lemma isPrefizPrefixBeforeLastMarked:

shows isPrefiz (prefizBeforeLastMarked M) M
unfolding isPrefiz-def
by (induct M) auto

lemma lastMarkedNotInPrefixBeforeLastMarked:

assumes uniq (elements M) and markedElements M # ||

shows — (lastMarked M) € set (elements (prefirBeforeLastMarked
using assms
unfolding lastMarked-def
by (induct M) (auto split: split-if-asm simp add: markedElementsA-
reElements)

lemma unigIimpliesPrefizBeforeLastMarkedIsPrefixBeforeLastMarked:
assumes markedElements M # [| and (lastMarked M) ¢ set (elements
M)
shows prefirBeforeLastMarked M = prefixrBeforeElement (lastMarked
M) M
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using assms
unfolding lastMarked-def
proof (induct M)
case Nil
thus ?case
by auto
next
case (Cons a M)
show ?case
proof (cases marked a N (markedElements M') = [])
case True
thus ?thesis
unfolding lastMarked-def
by auto
next
case Fulse
hence last (markedElements (a # M')) = last (markedElements
M)
by auto
thus “thesis
using Cons
by (auto split: split-if-asm simp add: markedElementsAreEle-
ments)
qed
qed

lemma markedElementsAreElementsBeforeLastDecisionAndLastDeci-
sion:

assumes markedElements M # ||

shows (markedElements M) = (markedElements (prefizBeforeLastMarked
M)) Q@ [lastMarked M)
using assms
unfolding lastMarked-def
by (induct M) (auto split: split-if-asm)

end

4 Verification of DPLL based SAT solvers.

theory SatSolverVerification
imports CNF Trail
begin

This theory contains a number of lemmas used in verification
of different SAT solvers. Although this file does not contain
any theorems significant on their own, it is an essential part
of the SAT solver correctness proof because it contains most
of the technical details used in the proofs that follow. These
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lemmas serve as a basis for partial correctness proof for pseudo-
code implementation of modern SAT solvers described in [2], in
terms of Hoare logic.

4.1 Literal Trail

LiteralTrail is a Trail consisting of literals, where decision literals
are marked.

types LiteralTrail = Literal Trasl

consts isDecision :: (Literal X bool) = bool

translations (isDecision 1) == (marked 1)

consts lastDecision :: LiteralTrail = Literal

translations (lastDecision M) == (Trail.lastMarked M)

consts decisions :: LiteralTrail = Literal list

translations (decisions M) == (Trail.markedElements M)
consts decisionsTo :: LiteralTrail = Literal = Literal list
translations (decisionsTo M 1) == (Trail.markedElementsTo M 1)
consts prefizBeforeLastDecision :: LiteralTrail = LiteralTrail
translations (prefizBeforeLastDecision M) == (Trail.prefixBeforeLastMarked
M)

4.2 Invariants

In this section a number of conditions will be formulated and it
will be shown that these conditions are invariant after applying
different DPLL-based transition rules.

definition
InvariantConsistent (M::LiteralTrail) == consistent (elements M)

definition
InvariantUniq (M ::LiteralTrail) == uniq (elements M)

definition

InvariantImpliedLiterals (F::Formula) (M::LiteralTrail) ==V 1. | el
elements M — formulaEntailsLiteral (F Q wval2form (decisionsTo 1
M)) 1

definition

InvariantEquivalent (FO0::Formula) (F::Formula) == equivalentFor-
mulae FO F

definition

InvariantVarsM (M::LiteralTrail) (F0::Formula) (Vbl:: Variable set)
== vars (elements M) C vars FO U Vbl

definition
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InvariantVarsF (F::Formula) (FO::Formula) (Vbl::Variable set) ==
vars F C vars FO U Vbl

The following invariants are used in conflict analysis.

definition
InvariantCFalse (conflictFlag::bool) (M ::LiteralTrail) (C::Clause) ==
conflictFlag — clauseFalse C (elements M)

definition
InvariantCEntailed (conflictFlag::bool) (F::Formula) (C::Clause) ==
conflictFlag — formulaEntailsClause F' C

definition
InvariantReasonClauses (F::Formula) (M ::LiteralTrail) ==
Y literal. literal el (elements M) A — literal el decisions M —
(3 clause. formulaEntailsClause F clause N isReason clause
literal (elements M))

4.2.1 Auxiliary lemmas

This section contains some auxiliary lemmas that additionally
characterize some of invariants that have been defined.

Lemmas about InvariantImpliedLiterals.

lemma InvariantImpliedLiterals Weaker Variant:
fixes M :: LiteralTrail and F :: Formula
assumes YV [. [ el elements M — formulaEntailsLiteral (F Q
val2form (decisionsTo | M)) 1
shows V [. [ el elements M — formulaEntailsLiteral (F @ val2form
(decisions M)) 1
proof —
{
fix [ :: Literal
assume [ el elements M
with assms
have formulaEntailsLiteral (F @ val2form (decisionsTo | M)) 1
by simp
have isPrefiz (decisionsTo | M) (decisions M)
by (simp add: markedElementsToArePrefitOfMarkedElements)
then obtain s :: Valuation
where (decisionsTo | M) Q s = (decisions M)
using isPrefiz-def [of decisionsTo I M decisions M|
by auto
hence (decisions M) = (decisionsTo I M) @ s
by (rule sym)
with (formulaEntailsLiteral (F @ val2form (decisionsTo | M)) Iy
have formulaEntailsLiteral (F Q val2form (decisions M)) 1
using formulaEntailsLiteral Append [of F @ val2form (decisionsTo
I M) 1 val2form s]
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by (auto simp add:formulaEntailsLiteral Append val2formAppend)
}
thus ?thesis
by simp
qged

lemma InvariantImpliedLiteralsAndElementsEntailLiteral ThenDecision-
sEntailLiteral:
fixes M :: LiteralTrail and F :: Formula and literal :: Literal
assumes InvariantImpliedLiterals F M and formulaEntailsLiteral
(F @ (val2form (elements M))) literal
shows formulaEntailsLiteral (F Q val2form (decisions M)) literal
proof —
{
fix valuation :: Valuation
assume model valuation (F @ val2form (decisions M))
hence formulaTrue F valuation and formulaTrue (val2form (decisions
M)) valuation and consistent valuation
by (auto simp add: formulaTrueAppend)
{
fix [ :: Literal
assume [ el (elements M)
from (InvariantImpliedLiterals F M)
have V [. [ el (elements M) — formulaEntailsLiteral (F Q
val2form (decisions M)) 1
by (simp add: InvariantImplied Literals Weaker Variant InvariantImpliedLiterals-def)
with el (elements M))
have formulaEntailsLiteral (F Q val2form (decisions M)) |
by simp
with (model valuation (F Q val2form (decisions M)))
have literalTrue | valuation
by (simp add: formulaEntailsLiteral-def)
}

hence formulaTrue (val2form (elements M)) valuation
by (simp add: val2formFormulaTrue)
with (formulaTrue F valuation) <consistent valuation)
have model valuation (F Q (val2form (elements M)))
by (auto simp add:formulaTrueAppend)
with (formulaEntailsLiteral (F Q (val2form (elements M))) literal
have literalTrue literal valuation
by (simp add: formulaEntailsLiteral-def)
}

thus ?thesis
by (simp add: formulaEntailsLiteral-def)
qed

lemma InvariantImpliedLiteralsAndFormulaFalse ThenFormulaAndDe-

cisionsAreNotSatisfiable:
fixes M :: LiteralTrail and F :: Formula
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assumes InvariantImpliedLiterals F M and formulaFalse F (elements
M)
shows — satisfiable (F' @Q val2form (decisions M))
proof —
from <formulaFalse F (elements M)
have formulaFalse (F @Q val2form (decisions M)) (elements M)
by (simp add: formulaFalseAppend)
moreover
from (InvariantImpliedLiterals F M
have formulaEntails Valuation (F Q val2form (decisions M)) (elements
M)
unfolding formulaEntails Valuation-def
unfolding InvariantImpliedLiterals-def
using InvariantImpliedLiterals Weaker Variant[of M F)
by simp
ultimately
show ?thesis
using formulaFalseInEntailed Valuationls Unsatisfiable [of F @ val2form
(decisions M) elements M]
by simp
qed

lemma InvariantImpliedLiteralsHoldsForPrefix:
fixes M :: LiteralTrail and prefiz :: LiteralTrail and F :: Formula
assumes InvariantImpliedLiterals F M and isPrefix prefic M
shows InvariantImpliedLiterals F prefix

proof —

fix [ :: Literal
assume x: [ el elements prefix

from x <sPrefiz prefiz M)

have [ el elements M
unfolding isPrefiz-def
by auto

from *x and «sPrefix prefiz M)

have decisionsTo | prefix = decisionsTo | M
using markedElementsToPrefizElement [of prefix M ]
by simp

from <InvariantImpliedLiterals F M) and < el elements M)

have formulaEntailsLiteral (F @ val2form (decisionsTo | M)) 1
by (simp add:InvariantImpliedLiterals-def)

with (decisionsTo | prefiz = decisionsTo | M)

have formulaEntailsLiteral (F Q wval2form (decisionsTo | prefix))

by simp
} thus ?thesis
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by (auto simp add: InvariantImpliedLiterals-def )
qed

Lemmas about InvariantReasonClauses.

lemma InvariantReasonClausesHoldsForPrefiz:
fixes F::Formula and M::LiteralTrail and p::LiteralTrail
assumes InvariantReasonClauses F M and InvariantUniq M and
isPrefix p M
shows InvariantReasonClauses F p
proof—
from <InvariantReasonClauses F M)
have x: V literal. literal el elements M N — literal el decisions M
.
(3 clause. formulaEntailsClause F clause A isReason
clause literal (elements M))
unfolding InvariantReasonClauses-def
by simp
from (InvariantUniq M)
have uniq (elements M)
unfolding InvariantUniq-def
by simp
{
fix literal:: Literal
assume literal el elements p and — literal el decisions p
from «sPrefix p M) diteral el (elements p))
have literal el (elements M)
by (auto simp add: isPrefiz-def)
moreover
from «sPrefiz p M) diteral el (elements p)) — literal el (decisions
p) <uniq (elements M)
have — literal el decisions M
using markedElements TrailMem PrefizAreMarkedElementsPrefix
[of M p literal]
by auto
ultimately
obtain clause::Clause where
formulaEntailsClause F clause isReason clause literal (elements

M)
using x
by auto
with iteral el elements py <= literal el decisions p) <isPrefix p
M)

have isReason clause literal (elements p)
using isReasonHoldsInPrefiz|of literal elements p elements M
clause]
by (simp add:isPrefizElements)
with (formulaEntailsClause F clause)
have 3 clause. formulaEntailsClause F clause N isReason clause
literal (elements p)
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by auto
}
thus ?thesis
unfolding InvariantReasonClauses-def
by auto
qed

lemma InvariantReasonClausesHoldsForPrefizElements:
fixes F::Formula and M ::LiteralTrail and p::LiteralTrail
assumes InvariantReasonClauses F p and
isPrefix p M and
literal el (elements p) and — literal el decisions M
shows 3 clause. formulaEntailsClause F clause A isReason clause
literal (elements M)
proof —
from «isPrefix p M> — literal el (decisions M)
have — literal el (decisions p)
using markedElementsPrefiztAreMarkedElements Trail[of p M lit-
eral)
by auto

from (InvariantReasonClauses F p) (literal el (elements p)) — literal
el (decisions p)) obtain clause :: Clause
where formulaEntailsClause F clause isReason clause literal (elements
p)
unfolding InvariantReasonClauses-def
by auto
with <isPrefiz p M)
have isReason clause literal (elements M)
using isReasonAppend [of clause literal elements p]
by (auto simp add: isPrefiz-def)
with (formulaEntailsClause F clause)
show ?thesis
by auto
qed

4.2.2 Transition rules preserve invariants

In this section it will be proved that the different DPLL-based
transition rules preserves given invariants. Rules are implicitly
given in their most general form. Explicit definition of transition
rules will be done in theories that describe specific solvers.

Decide transition rule.

lemma InvariantUniqAfterDecide:
fixes M :: LiteralTrail and literal :: Literal and M’ :: LiteralTrail
assumes InvariantUniq M and
var literal ¢ vars (elements M) and
M’ = M @ [(literal, True))
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shows InvariantUniq M’
proof —
from (InvariantUniq M)
have uniq (elements M)
unfolding InvariantUniqg-def
{
assume — uniq (elements M)
with uniq (elements M)y <M’ = M @ [(literal, True))
have literal el (elements M)
using unigqButlastNotUniqListImpliesLastMemButlast [of elements
M
by auto
hence var literal € vars (elements M)
using valuationContainsltsLiterals Variable [of literal elements M
by simp
with war literal ¢ vars (elements M)
have False
by simp

thus ?thesis
unfolding InvariantUniq-def
by auto
qed

lemma InvariantImpliedLiteralsAfterDecide:
fixes F' :: Formula and M :: LiteralTrail and literal :: Literal and
M’ :: LiteralTrasl
assumes InvariantImpliedLiterals F M and
var literal ¢ vars (elements M) and
M’ = M @ [(literal, True)]
shows InvariantImpliedLiterals F M’
proof —
{
fix [ :: Literal
assume | el elements M’
have formulaFEntailsLiteral (F Q val2form (decisionsTo Il M")) 1
proof (cases | el elements M)
case True
with (M’ = M Q [(literal, True)]
have decisionsTo | M' = decisionsTo | M
by (simp add: markedElementsToAppend)
with <InvariantImpliedLiterals F M)» <l el elements M)
show ?thesis
by (simp add: InvariantImpliedLiterals-def )
next
case Fulse
with « el elements M and <M’ = M Q [(literal, True))>
have [ = literal
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by (auto split: split-if-asm)
have clauseEntailsLiteral [literal] literal
by (simp add: clauseEntailsLiteral-def)
moreover
have [literal] el (F Q val2form (decisions M) Q [[literal]])
by simp
moreover
{
have isDecision (last (M @ [(literal, True)]))
by simp
moreover
from (war literal ¢ vars (elements M))
have — literal el (elements M)
using valuationContainsltsLiterals Variable|of literal elements
)
by auto
ultimately
have decisionsTo literal (M Q [(literal, True)]) = ((decisions
M) @ [literal))
using lastTrailElementMarkedImpliesMarkedElementsTo-
LastElementAreAllMarkedElements [of M Q@ [(literal, True)]]
by (simp add:markedElementsAppend)
}
ultimately
show ?thesis
using (M’ = M Q [(literal, True)]) (I = literal
clauseEntailsLiteral ThenFormulaEntailsLiteral [of [literal] F
Q@ wval2form (decisions M) Q [[literal]] literal)
by (simp add:val2formAppend)
qed

thus ?thesis
by (simp add:InvariantImpliedLiterals-def)
qed

lemma Invariant VarsMAfterDecide:
fixes F' :: Formula and F0 :: Formula and M :: LiteralTrail and
literal :: Literal and M ' :: LiteralTrail
assumes InvariantVarsM M F0 Vbl and
var literal € Vbl and
M’ = M @ [(literal, True))
shows InvariantVarsM M’ F0 Vbl
proof —
from (InvariantVarsM M FO Vbl
have vars (elements M) C vars F0 U Vbl
by (simp only:Invariant VarsM-def)
from (M’ = M Q [(literal, True)]
have vars (elements M') = vars (elements (M Q [(literal, True)]))
by simp
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also have ... = vars (elements M Q [literal])

by simp

also have ... = vars (elements M) U wvars [literal]
using varsAppendClauses [of elements M [literal]]
by simp

finally

show ?thesis
using «wars (elements M) C (vars FO) U Vbl war literal € Vbb
unfolding InvariantVarsM-def
by auto
qed

lemma InvariantConsistentAfterDecide:
fixes M :: LiteralTrail and literal :: Literal and M’ :: LiteralTrail
assumes InvariantConsistent M and
var literal ¢ vars (elements M) and
M’ = M Q [(literal, True)]
shows InvariantConsistent M’
proof —
from (InvariantConsistent M>
have consistent (elements M)
unfolding InvariantConsistent-def
{
assume inconsistent (elements M)
with (M’ = M Q [(literal, True)]
have inconsistent (elements M) V inconsistent [literal] V (3 .
literalTrue | (elements M) A literalFalse 1 [literal])
using inconsistentAppend [of elements M [literal]]
by simp
with (consistent (elements M)) obtain [ :: Literal
where literalTrue | (elements M) and literalFalse | [literal]

by auto

hence (opposite 1) = literal
by auto

hence var literal = var |
by auto

with diteralTrue 1 (elements M))
have var | € vars (elements M)
using valuationContainsltsLiterals Variable [of | elements M|
by simp
with war literal = var 1) war literal ¢ vars (elements M)
have False
by simp
}
thus ?thesis
unfolding InvariantConsistent-def
by auto
qed
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lemma InvariantReasonClausesAfterDecide:
fixes F :: Formula and M :: LiteralTrail and M’ :: LiteralTrail
assumes InvariantReasonClauses F M and InvariantUniq M and
M’ = M @ [(literal, True)]
shows InvariantReasonClauses F M’

proof —

fix literal’ :: Literal
assume literal’ el elements M' and — literal’ el decisions M’

have 3 clause. formulaEntailsClause F clause A isReason clause
literal’ (elements M)
proof (cases literal’ el elements M)
case True
with assms = literal’ el decisions M’ obtain clause:: Clause
where formulaEntailsClause F clause A isReason clause literal’
(elements M)
using InvariantReasonClausesHoldsForPrefizElements [of F M
M’ literal)
by (auto simp add:isPrefiz-def)
thus ?thesis
by auto
next
case Fulse
with (M’ = M Q [(literal, True))) literal’ el elements M"
have literal = literal’
by (simp split: split-if-asm)
with (M’ = M Q [(literal, True)]
have literal’ el decisions M’
using markedElementIsMarked Truelof literal M|
by simp
with = literal’ el decisions M"
have Fulse
by simp
thus ?thesis
by simp
qed
}
thus ?thesis
unfolding InvariantReasonClauses-def
by auto
qed

lemma InvariantCFalseAfterDecide:
fixes conflictFlag::bool and M::LiteralTrail and C'::Clause
assumes InvariantCFalse conflictFlag M C and M’ = M @ [(literal,
True)]
shows InvariantCFalse conflictFlag M’ C
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unfolding InvariantCFualse-def
proof
assume conflictFlag
show clauseFalse C (elements M)
proof —
from (InvariantCFalse conflictFlag M C)
have conflictFlag — clauseFalse C (elements M)
unfolding InvariantCFalse-def

with (conflictFlag
have clauseFalse C (elements M)
by simp
with (M’ = M Q [(literal, True)]
show ?thesis
by (simp add:clauseFalse Append Valuation)
qed
qed

UnitPropagate transition rule.

lemma InvariantImpliedLiteralsHoldsForUnitLiteral:
fixes M :: LiteralTrail and F :: Formula and uClause :: Clause and
uLiteral :: Literal
assumes InvariantImpliedLiterals F M and
formulaEntailsClause F uClause and isUnitClause uClause uLiteral
(elements M) and
M’ = M Q@ [(uLiteral, False)]
shows formulaEntailsLiteral (F Q val2form (decisionsTo uLiteral
M")) uLiteral
proof—
have decisionsTo uLiteral M’ = decisions M
proof —
from <sUnitClause uClause uLiteral (elements M)
have — uLiteral el (elements M)
by (simp add: isUnitClause-def)
with (M’ = M Q@ [(uLiteral, False))>
show ?Zthesis
using markedElementsToAppend|of uLiteral M [(uLiteral, False)]]
unfolding markedElementsTo-def
by simp
qed
moreover
from (formulaEntailsClause F uClause) (isUnitClause uClause uLit-
eral (elements M)
have formulaEntailsLiteral (F Q val2form (elements M)) uLiteral
using unitLiterallsEntailed [of uClause uLiteral elements M F)|
by simp
with (InvariantImpliedLiterals F M)
have formulaEntailsLiteral (F Q val2form (decisions M)) uLiteral
by (simp add: InvariantImpliedLiteralsAndElementsEntailLiter-
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alThenDecisionsEntailLiteral)
ultimately
show ?thesis
by simp
qged

lemma InvariantImpliedLiteralsAfter UnitPropagate:
fixes M :: LiteralTrail and F :: Formula and uClause :: Clause and
ulLiteral :: Literal
assumes InvariantImpliedLiterals F M and
formulaEntailsClause F uClause and isUnitClause uClause uLiteral
(elements M) and
M’ = M @ [(uLiteral, False)]
shows InvariantImpliedLiterals F' M’
proof —
{
fix [ :: Literal
assume [ el (elements M)
have formulaEntailsLiteral (F @ val2form (decisionsTo Il M')) 1
proof (cases [ el elements M)
case True
with <InvariantImpliedLiterals F M)
have formulaEntailsLiteral (F Q val2form (decisionsTo | M)) [
by (simp add:InvariantImpliedLiterals-def)
moreover
from (M’ = M Q [(uLiteral, False))
have (isPrefixt M M)
by (simp add:isPrefiz-def)
with True
have decisionsTo | M’ = decisionsTo | M
by (simp add: markedElementsToPrefixrElement)
ultimately
show ?thesis
by simp
next
case Fulse
with « el (elements M)y (M’ = M Q [(uLiteral, False)]
have | = uLiteral
by (auto split: split-if-asm)
moreover
from assms
have formulaEntailsLiteral (F @ val2form (decisionsTo uLiteral
M")) uLiteral
using InvariantImpliedLiteralsHoldsForUnitLiteral [of F M
uClause uLiteral M|
by simp
ultimately
show ?thesis
by simp
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qed
}
thus ?Zthesis
by (simp add:InvariantImpliedLiterals-def)
qged

lemma Invariant VarsMAfter UnitPropagate:

fixes F' :: Formula and F0 :: Formula and M :: LiteralTrail and
uClause :: Clause and uLiteral :: Literal and M’ :: LiteralTrail

assumes InvariantVarsM M F0 Vbl and

var uLiteral € vars FO U Vbl and

M’ = M Q [(uLiteral, False)]

shows InvariantVarsM M' F0 Vbl
proof —

from (InvariantVarsM M FO Vbl

have vars (elements M) C wvars FO U Vbl

unfolding InvariantVarsM-def

thus ?thesis
unfolding InvariantVarsM-def
using (var uLiteral € vars FO U Vbl
using (M’ = M Q [(uLiteral, False))
varsAppendClauses [of elements M [uLiteral])
by auto
qed

lemma InvariantConsistentAfter UnitPropagate:
fixes M :: LiteralTrail and F :: Formula and M’ :: LiteralTrail and
uClause :: Clause and uLiteral :: Literal
assumes InvariantConsistent M and
isUnitClause uClause uLiteral (elements M) and
M’ = M Q [(uLiteral, False)]
shows InvariantConsistent M’
proof —
from (InvariantConsistent M)
have consistent (elements M)
unfolding InvariantConsistent-def

from <isUnitClause uClause uLiteral (elements M)
have - literalFalse uLiteral (elements M)
unfolding isUnitClause-def
by simp
{

assume inconsistent (elements M)
with (M’ = M Q [(uLiteral, False))
have inconsistent (elements M) V inconsistent [unitLiteral] V (3
1. literalTrue | (elements M) A literalFalse | [uLiteral])
using inconsistentAppend [of elements M [uLiteral])
by simp
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with (consistent (elements M)) obtain literal:: Literal
where literalTrue literal (elements M) and literalFalse literal
[uLiteral]
by auto
hence literal = opposite ulLiteral
by auto
with (iteralTrue literal (elements M), «— literalFalse uLiteral
(elements M)
have False
by simp
} thus ?thesis
unfolding InvariantConsistent-def
by auto
qed

lemma InvariantUniqAfterUnitPropagate:
fixes M :: LiteralTrail and F :: Formula and M’ :: LiteralTrail and
uClause :: Clause and uLiteral :: Literal
assumes InvariantUniq M and
isUnitClause uClause uLiteral (elements M) and
M’ = M Q [(uLiteral, False)]
shows InvariantUniq M’
proof—
from InvariantUniq M)
have uniq (elements M)
unfolding InvariantUniqg-def

moreover
from <isUnitClause uClause uLiteral (elements M)
have - literalTrue uLiteral (elements M)
unfolding isUnitClause-def
by simp
ultimately
show ?thesis
using (M’ = M @ [(uLiteral, False))> unigAppendElement|of ele-
ments M uLiteral)
unfolding InvariantUniq-def
by simp
qed

lemma InvariantReasonClausesAfterUnitPropagate:

fixes M :: LiteralTrail and F :: Formula and M’ :: LiteralTrail and
uClause :: Clause and uLiteral :: Literal

assumes InvariantReasonClauses F M and

formulaFEntailsClause F uClause and isUnitClause uClause uLiteral
(elements M) and

M’ = M Q@ [(uLiteral, False)]

shows InvariantReasonClauses F M’
proof —
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from <InvariantReasonClauses F' M)
have «: (V¥ literal. (literal el (elements M)) A — (literal el (decisions
M)) —
(3 clause. formulaEntailsClause F clause A (isReason clause literal
(elements M))))
unfolding InvariantReasonClauses-def
by simp

fix literal:: Literal
assume literal el elements M' — literal el decisions M’
have 3 clause. formulaEntailsClause F clause A isReason clause
literal (elements M)
proof (cases literal el elements M)
case True
with assms — literal el decisions M" obtain clause:: Clause
where formulaEntailsClause F clause N isReason clause literal
(elements M)
using InvariantReasonClausesHoldsForPrefitElements [of ' M
M’ literal]
by (auto simp add:isPrefiz-def)
thus ?thesis
by auto
next
case Fulse
with diteral el (elements M)y (M' = M @ [(uLiteral, False)]
have literal = uLiteral
by simp
with (M’ = M Q [(uLiteral, False)] <isUnitClause uClause
uLiteral (elements M)) <formulaEntailsClause F uClause
show ?thesis
using isUnitClauselsReason [of uClause uLiteral elements M]
by auto
qed
} thus %thesis
unfolding InvariantReasonClauses-def
by simp
qed

lemma InvariantCFalseAfter UnitPropagate:

fixes M :: LiteralTrail and F :: Formula and M ' :: LiteralTrail and
uClause :: Clause and uLiteral :: Literal

assumes InvariantCFalse conflictFlag M C and

M’ = M Q [(uLiteral, False)]

shows InvariantCFalse conflictFlag M’ C
proof—

from (InvariantCFalse conflictFlag M C)

have «: conflictFlag — clauseFalse C (elements M)

unfolding InvariantCFalse-def
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{

}

assume conflictFlag
with (M’ = M Q [(uLiteral, False))>
have clauseFalse C (elements M)

by (simp add:clauseFalse Append Valuation)

thus ?2thesis

unfolding InvariantCFalse-def
by simp

qged

Backtrack transition rule.

lemma InvariantImpliedLiteralsAfterBacktrack:

fixes F::Formula and M ::LiteralTrail
assumes InvariantImpliedLiterals F M and InvariantUniq M and

InvariantConsistent M and

decisions M # [] and formulaFalse F (elements M)

M’ = (prefizBeforeLastDecision M) @ [(opposite (lastDecision M),
False)]

shows InvariantImpliedLiterals F M’

proof —

{

have isPrefix (prefizBeforeLastDecision M) M

by (simp add: isPrefixPrefizBeforeLastMarked)

fix 1":: Literal
assume [’ el (elements M)
let ?p = (prefizBeforeLastDecision M)
let ?l = lastDecision M
have formulaEntailsLiteral (F Q val2form (decisionsTo I M) 1’
proof (cases 1’ el (elements ?p))
case True
with (sPrefix ?p M)
have [’ el (elements M)
using prefitElementsAre TrailElements|of ?p M)
by auto

with <InvariantImpliedLiterals F M)
have formulaEntailsLiteral (F @ val2form (decisionsTo I M)) 1’
unfolding InvariantImpliedLiterals-def
by simp
moreover
from (M’ = ?p Q [(opposite ?l, False)]) True <isPrefiz ?p M)
have (decisionsTo I’ M) = (decisionsTo I" M)
using prefitToElementToPrefizElement|of ?p M 1]
unfolding markedElementsTo-def
by (auto simp add: prefixToElementAppend)
ultimately
show ?thesis
by auto
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next
case Fulse
with (' el (elements M')y and (M’ = ?p Q@ [(opposite ?l, False)]
have ?] = (opposite ')
by (auto split: split-if-asm)
hence [’ = (opposite ?1)
by simp

from (InvariantUnig M) and (markedElements M # [
have (decisionsTo ?l M) = (decisions M)
unfolding InvariantUniq-def
using markedElementsToLastMarkedAreAllMarkedElements
by auto
moreover
from <decisions M # [
have ? el (elements M)
by (simp add: lastMarkedlsMarkedElement markedElementsA-
reElements)
with «InvariantConsistent M)
have — (opposite ?1) el (elements M)
unfolding InvariantConsistent-def
by (simp add: inconsistentCharacterization)
with (isPrefix ?p M)
have — (opposite ?1) el (elements ?p)
using prefizElementsAre TrailElements|of ?p M)
by auto
with (M’ = ?p Q [(opposite ?1, False)]
have decisionsTo (opposite ?1) M’ = decisions ?p
using markedElementsToAppend [of opposite 2l ?p [(opposite
?l, False)]]
unfolding markedElementsTo-def
by simp
moreover
from InvariantUniq M) <decisions M # [
have — 2] el (elements %p)
unfolding InvariantUniqg-def
using lastMarkedNotInPrefizBeforeLastMarked|of M)
by simp
hence — 21 el (decisions p)
by (auto simp add: markedElementsAreElements)
hence (removeAll ?1 (decisions ?p)) = (decisions ?p)
by (simp add: removeAll-id)
hence (removeAll ?l ((decisions ?p) Q [?1])) = (decisions ?p)
by simp
from <(decisions M # [)) False (I’ = (opposite 1)
have (decisions ?p) @ [?l] = (decisions M)
using markedElementsAreElementsBeforeLastDecisionAndLast-
Decision|of M]
by simp
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with (removeAll ¢l ((decisions ?p) @ [?1])) = (decisions ?p)»
have (decisions ?p) = (removeAll ?l (decisions M))
by simp
moreover
from (formulaFalse F (elements M)y (nvariantImpliedLiterals F

have — satisfiable (F @Q (val2form (decisions M)))
using InvariantImpliedLiteralsAndFormulaFalse ThenFormu-
laAndDecisionsAreNotSatisfiable[of F M]
by simp

from «decisions M # [
have 71 el (decisions M)
unfolding lastMarked-def
by simp
hence [?] el val2form (decisions M)
using val2FormEl[of ?l (decisions M)]
by simp
with — satisfiable (F Q (val2form (decisions M)))
have formulaFEntailsLiteral (removeAll [?1] (F @ val2form (decisions
M))) (opposite ?21)
using unsatisfiableFormula WithSingleLiteralClause[of F Q
val2form (decisions M) lastDecision M|
by auto
ultimately
show ?thesis
using (' = (opposite ?1))
using formulaEntailsLiteralRemoveAllAppend|of [?l] F val2form
(removeAll 21 (decisions M)) opposite ?l]
by (auto simp add: val2FormRemoveAll)
qed
}
thus ?thesis
unfolding InvariantImpliedLiterals-def
by auto
qed

lemma InvariantConsistentAfter Backtrack:
fixes F::Formula and M ::LiteralTrail
assumes InvariantUniq M and InvariantConsistent M and
decisions M # [] and
M’ = (prefizBeforeLastDecision M) @ [(opposite (lastDecision M),

False)]
shows InvariantConsistent M’
proof—
from (decisions M # [} <InvariantUniq M>

have — lastDecision M el elements (prefizBeforeLastDecision M)
unfolding InvariantUnig-def
using lastMarkedNotInPrefizBeforeLastMarked
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by simp
moreover
from InvariantConsistent M)
have consistent (elements (prefizBeforeLastDecision M))
unfolding InvariantConsistent-def
using isPrefizPrefizBeforeLastMarked[of M]
using isPrefitElements|of prefirBeforeLastDecision M M]
using consistentPrefiz|of elements (prefizBeforeLastDecision M)
elements M]
by simp
ultimately
show ?thesis
unfolding InvariantConsistent-def
using (M’ = (prefizBeforeLastDecision M) Q [(opposite (lastDecision
M), False))
using inconsistentAppend|of elements (prefixrBeforeLastDecision
M) [opposite (lastDecision M )]
by (auto split: split-if-asm)
qed

lemma InvariantUnigAfterBacktrack:
fixes F::Formula and M::LiteralTrail
assumes InvariantUniq M and InvariantConsistent M and
decisions M # [] and
M’ = (prefixrBeforeLastDecision M) Q [(opposite (lastDecision M),
False)]
shows InvariantUniq M’
proof—
from InvariantUniq M)
have uniq (elements (prefirBeforeLastDecision M))
unfolding InvariantUniqg-def
using isPrefizPrefirBeforeLastMarked|of M]
using isPrefizElements|of prefitBeforeLastDecision M M]
using uniqListImplies UniqPrefiz
by simp
moreover
from <decisions M # [
have lastDecision M el (elements M)
using lastMarkedIsMarkedElement|of M]
using markedElementsAreElements|of lastDecision M M|
by simp
with (InvariantConsistent M)
have — opposite (lastDecision M) el (elements M)
unfolding InvariantConsistent-def
using inconsistentCharacterization
by simp
hence — opposite (lastDecision M) el (elements (prefizBeforeLastDecision
)
using isPrefizPrefizBeforeLastMarked[of M]
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using isPrefizElements|of prefitBeforeLastDecision M M]
using prefizlsSubset|[of elements (prefizBeforeLastDecision M) el-
ements M]
by auto
ultimately
show ?thesis
using
(M'" = (prefizBeforeLastDecision M) @ [(opposite (lastDecision
M), False))»
unigAppendElement|of elements (prefizBeforeLastDecision M)
opposite (lastDecision M)]
unfolding InvariantUniq-def
by simp
qed

lemma Invariant VarsMA fterBacktrack:
fixes F::Formula and M :LiteralTrail
assumes InvariantVarsM M F0O Vbl
decisions M # [] and
M’ = (prefixBeforeLastDecision M) Q [(opposite (lastDecision M),
False)]
shows InvariantVarsM M’ F0 Vbl
proof—
from <decisions M # [
have lastDecision M el (elements M)
using lastMarkedIsMarkedElement[of M|
using markedElementsAreElements|of lastDecision M M|
by simp
hence var (lastDecision M) € vars (elements M)
using valuationContainsltsLiterals Variable[of lastDecision M ele-
ments M|
by simp
moreover
have vars (elements (prefirBeforeLastDecision M)) C vars (elements
M)
using isPrefizPrefizBefore LastMarked|of M]
using isPrefizElements|of prefirBeforeLastDecision M M|
using varsPrefizValuation|[of elements (prefizBeforeLastDecision
M) elements M]
by auto
ultimately
show ?thesis
using assms
using varsAppendValuation|of elements (prefixBeforeLastDecision
M) [opposite (lastDecision M )]
unfolding InvariantVarsM-def
by auto
qed

Backjump transition rule.
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lemma InvariantImpliedLiteralsAfterBackjump:
fixes F::Formula and M :: LiteralTrail and p:: LiteralTrail and bClause:: Clause
and bLiteral:: Literal
assumes InvariantImpliedLiterals F M and
isPrefix p M and formulaFEntailsClause F bClause and isUnitClause
bClause bLiteral (elements p) and
M’ = p @ [(bLiteral, False)]
shows InvariantImpliedLiterals ' M’
proof —
from InvariantImpliedLiterals F M) ¢isPrefix p M)
have InvariantImpliedLiterals F p
using InvariantImpliedLiteralsHoldsForPrefix [of F M p)
by simp

with assms
show ?thesis
using InvariantImpliedLiteralsAfter UnitPropagate [of F p bClause
bLiteral M)
by simp
qed

lemma Invariant VarsMAfterBackjump:
fixes F::Formula and M ::LiteralTrail and p:: LiteralTrail and bClause:: Clause
and bLiteral:: Literal
assumes InvariantVarsM M F0 Vbl and
isPrefix p M and var bLiteral € vars FO U Vbl and
M’ = p Q@ [(bLiteral, False)]
shows InvariantVarsM M' F0 Vbl
proof —
from <InvariantVarsM M F0 Vbl
have vars (elements M) C vars FO U Vbl
unfolding InvariantVarsM-def

moreover

from «sPrefix p M)

have vars (elements p) C vars (elements M)
using varsPrefizValuation [of elements p elements M]
by (simp add: isPrefixElements)

ultimately

have vars (elements p) C vars FO U Vbl
by simp

with wars (elements p) C vars FO U Vbl assms
show ?thesis
using Invariant VarsMAfter UnitPropagate|of p FO Vbl bLiteral M|
unfolding InvariantVarsM-def
by simp
qed
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lemma InvariantConsistentAfter Backjump:

fixes F::Formula and M :: LiteralTrail and p:: LiteralTrail and bClause:: Clause
and bLiteral:: Literal

assumes InvariantConsistent M and

isPrefix p M and isUnitClause bClause bLiteral (elements p) and

M’ = p Q@ [(bLiteral, False)]

shows InvariantConsistent M’
proof—

from (InvariantConsistent M)>

have consistent (elements M)

unfolding InvariantConsistent-def

with usPrefix p M)

have consistent (elements p)
using consistentPrefix [of elements p elements M)
by (simp add: isPrefixElements)

with assms
show ?thesis
using InvariantConsistentAfter UnitPropagate [of p bClause bLiteral
M
unfolding InvariantConsistent-def
by simp
qed

lemma Invariant UniqAfter Backjump:

fixes F:: Formula and M :: LiteralTrail and p:: LiteralTrail and bClause:: Clause
and bLiteral:: Literal

assumes InvariantUniq M and

isPrefix p M and isUnitClause bClause bLiteral (elements p) and

M’ = p Q [(bLiteral, False)]

shows InvariantUniq M’
proof —

from «InvariantUniq M)

have uniq (elements M)

unfolding InvariantUniq-def

with <sPrefiz p M)

have uniq (elements p)
using unigElements TraillmpliesUniqElementsPrefiz [of p M]
by simp

with assms

show ?thesis
using InvariantUniqAfterUnitPropagate[of p bClause bLiteral M)
unfolding InvariantUnig-def
by simp

qed
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lemma InvariantReasonClausesAfterBackjump:
fixes F::Formula and M :: LiteralTrail and p:: LiteralTrail and bClause:: Clause
and bLiteral:: Literal
assumes InvariantReasonClauses F M and InvariantUniq M and
isPrefic p M and isUnitClause bClause bLiteral (elements p) and
formulaEntailsClause F bClause and
M’ = p @ [(bLiteral, False)]
shows InvariantReasonClauses F' M’
proof —
from (InvariantReasonClauses F M) (nvariantUniq M) sPrefiz p
M)
have InvariantReasonClauses F p
by (rule InvariantReasonClausesHoldsForPrefiz)
with assms
show ?thesis
using InvariantReasonClausesAfterUnitPropagate [of F p bClause
bLiteral M|
by simp
qed

Learn transition rule.

lemma InvariantImpliedLiteralsAfterLearn:
fixes F' :: Formula and F’:: Formula and M :: LiteralTrail and C
:t Clause
assumes InvariantImpliedLiterals F M and
F'=Fa]|C]
shows InvariantImpliedLiterals F' M
proof —
from (InvariantImpliedLiterals F M)
have x: V [. [ el (elements M) — formulaEntailsLiteral (F @
val2form (decisionsTo | M)) 1
unfolding InvariantImpliedLiterals-def
{
fix literal :: Literal
assume literal el (elements M)
with x*
have formulaEntailsLiteral (F Q val2form (decisionsTo literal M))
literal
by simp
hence formulaEntailsLiteral (F Q [C] Q wval2form (decisionsTo
literal M)) literal
proof—
have V clause::Clause. clause el (F @ wal2form (decisionsTo
literal M)) — clause el (F @ [C] Q wval2form (decisionsTo literal