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Fourier analysis (Joseph Fourier, 1807)

f(z) ~ M|o + " (aj, coska + by, sin kz)
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Parseval equality — energy of function f
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Advantages of Fourier analysis

o {ehT}, is an orthogonal function system

Ami&ﬁ migv _ \ﬂ m%&ml&a — 0, za k # 1,
—T 2w, zak =1,

o " are eigenfunctions of the differential and difference operators
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yj = y; + Wryd Wy = e'27/N
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Disadvantages of Fourier analysis

steady signal — frequency content does not change in time

fl(x) = cos (2w x 10 *xx) + cos (27 * 25 x x)
+ cos (2 * 50 x x) 4+ cos (27 * 100 * x)

unsteady signal — frequency content changes in time

\OOmAMﬁV_AHO*&Y 0<z< 300

cos(2m*25*xx), 300 < x < 600

f2(z) =«
cos(2r*50*xx), 600 < x < 800

 cos (27 %100 *xx), 800 < x < 1000
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Fourier specters
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Transform is defined by the inner product (f, g)

©.@)
Fourier flw) = \ f(z) e ™ dg
— 00
Short Time Fourier STFTi(w,7) = f(w), =€ [r,74+1]
Fourier transform of the function f(x)W(x — 7), W(x) = 1, z€l0,1)
0, z¢[0,1)

r—0b

a

Wavelet WTi(a,b) = /\Fm \Ioo \A&vﬂﬁ v dx



Wavelet is an oscillatory function with a compact support

1 — b
(=

GQBASV — a o

), \iavganov Y(x) =0, 2 ¢& [0, N —1]

Translation (b) — time resolution

pSi(x) psi(x—2)

Dilatation (a) — frequency resolution
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f(x) =sinx 4+ 6(xz — tg)
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Discrete wavelets

Diadic sampling a = 27, b = k2J 0 0
o o o
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i) 0, € [27k,27(k+ 1)]

Multiresolution

J
@)=Y > bjrwjr) @)=Y apere@ +Y > by p(a)

JEZ keZ keZ I=j keZ

oo
Lo(R)= ) W, Vi 1=V OW; Wy 1@ OW,;, J>j
j=—00
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Multiresolution analysis is the decomposition of Hilbert’s space £-(R) on a series of
closed subspaces {V;} ez such that

(1)
(2)
(3)
(4)

(5)

cCVoC VI C Vo C V1 CV oC...

NjezVj ={0},  UjezV; = L2(R)
Vfe Lo(R) i VjeZ, f(z)eV; <= f(2z)€V;_1
Vfe Lo(R) i Vk € Z, f(x) eVyg <<= f(z—k)e Vg

dp € Vg so that {p(z — k)}rcz is Riesz’s basis of subspace V

ﬁ&w@@ =2-J/2 (277 — k), k€ Z, are basis functions of subspace V;
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Scaling function  ¢(x)

VoCV_1 — o(x)= MU c(k) V2p(2z — k) dilatation equation

keZ
e box function c(0) =c(1) = w
p(z) = »2z)  + @2z 1)
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Wavelet ¢ (x)

VodOWo=V_1 — Y(x)= MU d(k) V2p(2x — k) wavelet equation
keZ

o Haar wavelet (1909)  d(0) =1/v2, d(1) =—-1/y/2

Y(r) = o2z) - @2z -1)

H\III — W

applet
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Solving dilatation equation

Recursion  ®(0) = (¢(0),...,o(N—=2))", Mo = {v/2c(2i—5)}, M1 = {V/2¢(2i—j+1)}

1 1 1
®(0) = My ®(0), ﬁmv = M; ®(0), ﬁmv = My ﬁmvu ..
Cascade algorithm
e () box ., UtV (@)=Y c(k)vV2p (22 — k), j =0,1,...,
k=0
_1+V3 :
«(0) ==, =,
_34+V3
(D) ==,
_3-3
OAMVI N_./\M )
_1-V3
R r [

-04 L L L -15 L L
0 0.5 1 15 2 2.5 3 0 05 1
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Pyramid algorithm

3 237

o fx) mazoeso(@) + Y Y b)),

j=1 k=0

(FWT complexity for orthogonal basis is O(N))

ajk — A.\g mb,?wv
@u.v\a — Afwﬂ @uv\av

37 35 28 28 58 18 21 15

decomposition

/ N\
36 28 38 18 1 0 20 3
ajr = MQQ —2k)a;_q / N\
l 32 28 4 10
bjg =Y d(l—2k)a;_ 1, SN\
N 30 D
30 > 4 10 1 0 20 3
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reconstruction

Compression

aj_1,=> (c(l—2k)a;y+ d(l - 2k)b;y)

threshold = 2

k

threshold = 4

30| 2 4 10 1 0 20 3
30| O 4 10 O 0 20 3
30 30 4 10 O 0 20 3
34 26 40 20 O 0 20 3
34 34 26 26 60 20 23 17

30| 2 4 10 1 0 20
30 O O 10 O 0 20
30 30 O 10 O 0 20
30 30 40 20 O 0 20
30 30 30 30 60 20 20 20
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Properties
Orthogonal basis {¢ 1, ¥; .} defined by N nonzero coefficients c(k), N even

e Compact support isinterval [0, N — 1]

e Basis is orthogonal iffork =0,...,N — 1,

Y e(k)e(k —2m) =6(m),  d(k) = (—1) c(N -1 -k)
k
o If w = mis zero of order r (N = 2 r) of function
2r—1

dw)= Y c(k)e ™"

k=0
- polynomials ™, m = 0,...,r — 1, can be reproduced by po(x — k), k € Z

23
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- first r» wavelet moments vanish

\HgﬁA%v&&”ov m=20,...,7r—1,

- approximation error is
I1f =" ajre; k@)l < const - 297 £(7)
k
- wavelet coefficients decrease as

\\Qv%@u&v dr < const-27J7
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Analogy with filters

h={h(n)}, Aw) =) h(n)e ™ HR)=) hn)z " (z=¢v)

y(n) =) hk)z(n—k), y=hxx, Jw)="hw)=xWw)
k

e Averaging filter ho(0) =1, ho(nr) =0 lowpass

box function e y(n) = Wa?& + W&A: —1)
e Differing filter h1(0) =0, hi(nx)=1 highpass

Haar wavelet — y(n) = Wa@& — W&Ai - 1)

e Downsampling (| 2)

dilatation equation — y(n) = h(k)z(2n — k)
k
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Orthogonal filter bank is characterized by orthogonal matrices (pyramid alg.)

analysis
1/2 1/2 O 0 0 0 0 0 /
0 o 1/2 1/2 0 0 0 0
0 0 0 O 1/2 1/2 0 0
0 0 0 0 0 0o 1/2 1/2
y1=Wix, Wy =v2 1/2 —-1/2 0 0 0 0 ﬁ\v m\v
0 0O 1/2 —-1/2 O 0 0 0
0 0 0 0O 1/2 —-1/2 O 0
0 0 0 0 0 0o 1/2 |H\M\
syntesis
1/2 0 0 0 1/2 0 0 0
1/2 0 O 0 -—1/2 0 0 0
0O 1/2 0 O 0 1/2 0 0
_ T T _ 0O 1/2 0 O o -1/2 O 0
x =Wy y1, Wy =v2 0 m\v 1/2 0 0 o\ 1/2 0
O 0 1/2 0 0 0O -1/2 0
O O 0 1/2 0 0 0 1/2
/ o 0 0 1/2 0 0 0o —1/2
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Daubechies wavelets Dbr (Ingrid Daubechies, 1988)

have no explicite expression, except for Haar wavelet Db1,

have compact support [0,2r — 1],

make orthonormal basis (efficent computation — pyramid algorithm, FWT),
reproduce polynomials of order » — 1 (nice approximation properties),
have r vanishing moments (nice compression properties),

belong to the class CH", u ~ 0.2 for large r (certain smoothness).

14r 2r
12F

1k
0.8
0.6

04r-

Db3
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frequency response

dw)=> clk)e™™,  C(z) =) ck)z™F, (z=¢v)

k k

power spectral response
N-1 N-1

Pi)=|C()I = > > e(k)e(k—n) | 2"

n=—N+1 \ k=0

N/2
=1+ MU p(2k — 1) ANIAM\AIC + Nwwlpv
k=1
r r—1 k
R o > 1+ cosw r+k—1 1 — Ccosw
) = e = 2 (FEEE) 5 (M) (AR

k=0

1
averaging filter p(w) =14+ cosw = MG + e ) (1 4+ ) = |&(w)]?
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Biorthogonal wavelets

Two sequences of multiresolution spaces
Vi+W; =V, Vi+W,=V,_1, — VLW, W, LV,

Dilatation and wavelet equations

o(x) = ho(k)e(Rz —k), @) =2 folk)@(2z — k),
k k

(@) =) hi(R)eRz—k), @) =2) fk)F(2z k).
k k

hi(n) = (—=1)"T1fo(1-n),  fi(n) = (~1)"Ttho(1—n), n=0,+1,.

(Pjk Yix) =0, (Bjk ¥jx) =0,

30
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Representation

(@) = 0@, ajn= (9 o) = \ 9(2)p; () dr.

k
g(@) =) Y bigbip(@),  bip= (g ¥jx) = \mgvﬁsw@v dz.
ik

Pyramid algorithm

analysis ajp = MU ho(l —2k)a;_1,, bjr = MU hi(l —2k)a;_1;
[ [

synthesis aj_1,=> (foll—2k)a;,+ f1(I—2k)b;y)
k

e C™ — \awﬂi&v&“ 0,k=0,...,m,
32



Applications

Signal processing (analysis, synthesis, compression )
e Location and prediction of the earthquake.
e Study of distant galaxies.
e Analysis and compression of medical signals ( ECG, EEG)
e Quality control by use of the sound signal analysis.
e Communications (compression)

Image processing
e Compression of finger prints in proportion 20:1 (JPEG 2000)

e Image compression
e Computer graphics (successive rendering)
e Computer vision (multiresolution approach)

slide
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Numerical modelling

Magnitude of wavelet (a) and spline (b) coefficients obtained by collocation method
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