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K
askadnialgoritam

lim
n→

∞
ϕ
(n

)(x
)
=
ϕ
(x

)

ϕ
(0

)(x
)
=
ℵ
[0

,1
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ϕ
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+
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=
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−
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∑
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=
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) √
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=

0
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K
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ϕ
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+
1
)(x

)
=
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−
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ϕ
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A
lgoritam

zasnovan
na

F
ourier-ovojtransform

aciji

ϕ̂
(ω

)
=

∫

ϕ
(x

)
e
ıω

x
d
x

=

N
−
1

∑

k
=

0

c(k
) √
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∫

ϕ
(
2
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k
)
e
ıω

x
d
x
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1√2

N
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∑

k
=
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c(k
)e

ı
k
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∫

ϕ
(y

)
e
ı
y
ω2
d
y

=
H
(

ω2

)

ϕ̂
(

ω2

)

H
(ω

)
=

1√2

N
−
1

∑

k
=

0

c(k
)e

ık
ω
,

H
(0

)
=

1
,

ϕ̂
(
0
)
=

∫

ϕ
(x

)
d
x

=
1

ϕ̂
(ω

)
=



n∏

j
=

1

H
(
ω2
j
)



ϕ̂
(
ω2
n
)

n→
∞

−→
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=

1

H
(
ω2
j
)
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A
lgoritam

zasnovan
na

rekurziji

ϕ
(j

)
=

N
−
1

∑

k
=

0

c(k
) √

2
ϕ
(2
j−

k
),

j
=

0
,...,N

−
2
,

ϕ
(

2
j
+

1

2

)

=

N
−
1

∑

k
=

0

c(k
) √

2
ϕ
((2

j
+

1
)−

k
)

ϕ
(

2
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+

1
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=
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−
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) √

2
ϕ
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2
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−
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ϕ
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ϕ
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)
ϕ
(2
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ϕ
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0
)

ϕ
(
1
)
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(
2
)



−→
ϕ
(0

)
=

0

ϕ
(
1
)
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(
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+
√

3
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ϕ
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=

(
1
−
√

3
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♠
F

unkcija
skaliranja

ϕ
(x

),odre
-dena

sa
N

koeficijenata,im
a

kom
paktan

nosač
na

intervalu
[0
,
N
−

1
].

ϕ
(x

)
6=

0
x
∈

[a
,b]

−→
ϕ
(2
x
−
k
)
6=

0
x
∈

[(a
+
k
)/

2
,
(b

+
k
)/

2
]

N
osačifunkcija

na
levojidesnojstranidilatacione

jedna
čine

su
identični

[a
,
b]

=
∪

N
−
1

k
=

0

[

a
+
k

2
,
b
+
k

2

]

=

[

a2
,
b
+
N
−

1

2

]

−→
a

=
0
,
b
=
N
−
1

=
N

1

ϕ
(0

)(x
)

[0
,1

],
ϕ

(1
)(x

)
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,
(1

+
N

1
)/

2
],

ϕ
(2

)(x
)

[0
,
(1

+
3
N

1
)/

4
]

...
...

...

ϕ
(n

)(x
)

[0
,
(1

+
(2

n
−

1
)N

1
)/

2
n
]

n→
∞

−→
ϕ
(x

)
x
∈

[0
,N

1
]≡

[0
,N

−
1
]

D
užina

nosača
talasića

odre
-dena

je
brojem
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koeficijenata

d
(n
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♠
P

retpostavim
o

da
kaskadni

algoritam
konvergira,

ϕ
(i)(x

)
→

ϕ
(x

),
uniform

no
po

x
.

A
ko

koeficijentic(n
)

id
(n

)
zadovoljavaju

uslove

∑

c(n
)c(n

−
2
m

)
=
δ
(m

),
∑

d
(n

)d
(n
−

2
m

)
=
δ
(m

),
∑

c(n
)d

(n
−

2
m

)
=

0
,

⇐
⇒

d
(n

)
=

(−
1
)
n
c(N

−
1
−
n
),

n
=

0
,...,N

−
1
,

N
parno

slede
ortogonalnosti

(i)

∫

∞−
∞
ϕ
(x
−
n
)ϕ

(x
−
m

)
d
x

=
δ
(n
−
m

)

(ii)

∫

∞−
∞
ϕ
(x
−
n
)ψ

(x
−
m

)
d
x

=
0

(iii)

∫

∞−
∞
ψ

jk
(x

)ψ
J

K
(x

)
d
x

=
δ
(j−

J
)δ

(k
−
K

)
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(i)
D

okaz
izvodim

o
indukcijom

.
Č

etvrtka
je

ortogonalna
u

odnosu
na

translaciju
(nosači

se
ne

preklapaju),
pa

ϕ
(0

)(x
−
n
)

čine
ortonorm

irani
sistem

funkcija.
D

alje,za
l1

=
l−

2
(m

−
n
),

∫

∞−
∞
ϕ
(i+

1
)(x

−
m

)ϕ
(i+

1
)(x

−
n
)
d
x

=

∫
(

√
2
∑

k

c(k
)ϕ

(i)
(2

(x
−
m

)−
k
)

)
(

√
2
∑

l

c(l)ϕ
(i)

(2
(x
−
n
)−

l
)

)

d
x

=
2

∫
(

∑

k

c(k
)ϕ

(i)(2
x
−

2
m
−
k
)

)
(

∑l1

c(l1
−

2
(n
−
m

))ϕ
(i)(

2
x
−

2
m
−
l1

)

)

d
x

=
∑

k

∑l1

c(k
)c(l1

−
2
(n
−
m

))

∫

ϕ
(i)(2

(x
−
m

)−
k
)
ϕ

(i)(2
(x
−
m

)−
l1

)
d
(
2
x
)

=
∑

k

c(k
)c(k

−
2
(n
−
m

))
=
δ
(n
−
m

)
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(ii)
N

a
osnovu

dokazane
ortogonalnostiϕ

(x
−
n
)

je
∫

∞−
∞
ϕ
(x
−
m

)ψ
(x
−
n
)
d
x

=

∫
(

√
2
∑

k

c(k
)ϕ

(2
(x
−
m

)−
k
)

)
(

√
2
∑

l

d
(l)ϕ

(2
(x
−
n
)−

l
)

)

d
x

=
2

∫
(

∑

k

c(k
)ϕ

(2
x
−

2
m
−
k
)

)
(

∑l1

d
(l1
−

2
(n
−
m

))ϕ
(2
x
−

2
m
−
l1

)

)

d
x

=
∑

k

∑l1

c(k
)d

(l1
−

2
(n
−
m

))

∫

ϕ
(2

(x
−
m

)−
k
)
ϕ
(
2
(x
−
m

)−
l1

)
d
(2
x
)

=
∑

k

c(k
)d

(k
−

2
(n
−
m

))
=

0
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(iii)
O

rtogonalnosttalasića
na

istom
nivou

rezolucije
(za

isto
j)

slediiz
ortogonal-

nostiϕ
(x
−
n
)

∫

∞−
∞
ψ
(x
−
m

)ψ
(x
−
n
)
d
x

=

∫
(

√
2
∑

k

d
(k

)ϕ
(2

(x
−
m

)−
k
)

)
(

√
2
∑

l

d
(l)ϕ

(2
(x
−
n
)−

l
)

)

d
x

=
∑

k

d
(k

)d
(k
−

2
(n
−
m

))
=
δ
(n
−
m

)

O
rtogonalnosttalasića

za
različite

nivoe
rezolucije

slediiz
m

ultirezolucije.
Z

a
j
6=
J

je
W

J
⊥
W

j ,
jer

je

V
J
⊕
W

J
=
V

J−
1
⊂
V

J−
2
⊂
···⊂

V
j ,

−→
W

J
⊂
V

j ⊥
W

j

F
unkcije

skaliranja
na

različitim
rezolucijskim

nivoim
a

nisu
ortogonalne.
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Talasić
je

funkcija
talasnog

oblika
(oscilatorna)

koja
im

a
ograničeno

trajanje.
N

jena
srednja

vrednostje
nula.

M
ožem

o
ga

definisatizadavanjem

1.
prostora

W
j ,

kao
razlike

prostora
m

ultirezolucije
V

j

2.
talasića

ψ
(x

),
tako

što
direktno

biram
o

funkciju
navedenih

osobina

3.
koeficijenata

c(n
)

i
d
(n

)
=

(−
1
)
n
c(N

−
1
−

n
),

pa
nalazim

o
funkciju

skaliranja
koja

odre
-duje

talasić
ψ
(x

)

P
rikažim

o
sva

tripristupa
na

prim
eru

četvrtke
iortogonalnog

talasića

ϕ
(x

)
=

{

1
,
x
∈

[0
,1

)

0
,
x
6∈

[0
,1

)
ψ
(x

)
=



1
,
x
∈

[0
,1
/
2
)

−
1
,
x
∈

[1
/
2
,1

)

0
,
x
6∈

[0
,1

)
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1.
prostor

V
0

=
{
f
(x

)|f
(x

)
=
f
(n

),
x
∈

[n
,n

+
1
)}
,

V
−
1

=
{
f
(x

)|f
(x

)
=
f
(n
/
2
),
x
∈

[n
/
2
,(n

+
1
)/

2
)}

W
0
⊂
V
−
1 ,te

sadržifunkcije
jednake

konstantam
a

na
polovinam

a
intervala.

W
0
⊥
V
0

∀
f
∈
W

0
,
∀
g
∈
V
0
,

−→

0
=

(f
,g

)
=

∑

n

∫

n
+

1

n
f
(x

)g
(x

)
d
x

=
∑

n

g
(n

)

∫

n
+

1

n
f
(x

)
d
x

=
12

∑

n

g
(n

)
(f

(n
)
+
f
(n

+
1
/
2
)
)

S
ledida

jeW
0

=
{
f
(x

)|f
(x

)
=

{

f
(n

),
x
∈

[n
,n

+
1
/
2
),

−
f
(n

),
x
∈

[n
+

1
/
2
,n

+
1
) }
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2.
talasić

–
A

.H
aar

(1909)
ψ
(x

)
=



1
,
x
∈

[0
,1
/
2
)

−
1
,
x
∈

[1
/
2
,1

)

0
,
x
6∈

[0
,1

)

(ψ
j,m

,ϕ
j,n

)
=

0
,

(ψ
j,m

,ψ
J
,n
)
=
δ
(j−

J
)
δ
(m

−
n
)

Translacije
ψ
(x
−
k
)

generišu
prostor

W
0 ,a

ψ
(2
−

jx
−
k
)

prostor
W

j .

{
ψ

j,k
(x

)}
j,k
,

j,k
∈
Z

je
ortogonalnibazis

u
L

2 ,

f
(x

)
=

∑j,k

(f
,ψ

jk
)ψ

jk
(x

),
f
∈
L

2

3.
koeficijenti

c(0
)
=
c(1

)
=

1
/ √

2
definišu

četvrtku.
O

brnutiporedak
sa

alternativnom
prom

enom
znaka

definiše
koeficijente

talasića

d
(0

)
=

1
/ √

2
,

d
(1

)
=
−
1
/ √

2
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