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ABSTRACT
In this work, we investigate the orbital distribution of interstellar objects (ISOs), observable by the future wide-field National
Science Foundation Vera C. Rubin Observatory (VRO). We generate synthetic population of ISOs and simulate their ephemerides
over a period of 10 yr, in order to select those that may be observed by the VRO, based on the nominal characteristics of this
survey. We find that the population of the observable ISOs should be significantly biased in favour of retrograde objects.
The intensity of this bias is correlated with the slope of the size-frequency distribution (SFD) of the population, as well
as with the perihelion distances. Steeper SFD slopes lead to an increased fraction of the retrograde orbits, and also of the
median orbital inclination. On the other hand, larger perihelion distances result in more symmetric distribution of orbital
inclinations. We believe that this is a result of Holetschek’s effects, which is already suggested to cause observational bias in
orbital distribution of long-period comets. The most important implication of our findings is that an excess of retrograde
orbits depends on the sizes and the perihelion distances. Therefore, the prograde/retrograde orbits ratio and the median
inclination of the discovered population could, in turn, be used to estimate the SFD of the underlying true population of
ISOs.

Key words: comets: general – minor planets, asteroids: general – planetary systems.

1 IN T RO D U C T I O N

The existence of Galactic population of the objects ejected from
the planetary systems has been long hypothesized (e.g. Sekanina
1976). The expelling of a large number of planetesimals during
the early stages of the Solar system is predicted by its evolution
models (e.g. Charnoz & Morbidelli 2003; Bottke et al. 2005; Walsh
et al. 2011), and is reasonable to assume that this process is also
at work in other planetary systems throughout the Galaxy. Some
authors claim that ejections in the early phase are not sufficient to
match their estimated number density, and proposed other ejection
mechanisms, including ejection of the planetesimals during the
late phases of the stellar evolution process (Veras et al. 2014;
Stone, Metzgerland & Loeb 2015). The discovery of 1I/(2017 U1)
’Oumuamua, the first macroscopic interstellar object (ISO) by Pan-
STARRS survey (Williams 2017), not only confirmed their existence,
but also indicated that the population of these objects is relatively
numerous. In turn, as discussed by Do, Tucker & Tonry (2018),
this enabled setting better constraints on their number density and
size-frequency distribution (SFD). This is further supported by more
recent discovery of the object 2I/(2019 Q4) Borisov (Borisov 2019),
which is also confirmed to have the interstellar origin (Jewitt & Luu
2019; Bailer-Jones et al. 2020).

One can say that ’Oumuamua was the exact opposite of what
we expected from an ISO. This is primarily related to its extremely
elongated shape and asteroidal nature. The estimates of its aspect
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ratio go from 3.5:1 (Bolin et al. 2018) to 10:1 (Meech et al. 2017b).
Although there are small objects with comparable aspects ratios in
the Solar system, such as asteroid (1865) Cerberus, whose aspect
ratio is estimated to 4.5:1 (Ďurech et al. 2012), they are generally
rare. Therefore, highly elongated shape of the very first known ISO
’Oumuamua, was highly unexpected.

On the other hand, although models of planetary systems evolution
predict that the large number of planetesimals should escape their
mother systems, it is expected that large majority of these object
should originate from the outer parts of the systems, far beyond
the snow line (Ćuk 2018). Hence, it was reasonable to expect
that ISOs show cometary activity close to the perihelion. Although
coma around ’Oumuamua was not detected directly, astrometric
measurements showed deviation from a purely gravity driven tra-
jectory, which may be explained with an additional force induced
by cometary activity (Micheli et al. 2018). However, Rafikov (2018)
argues that this amount of activity should have led to significant evo-
lution of the object’s rotational state, and probably to its disruption,
but no significant evolution of the light curve was observed during this
period. Unlike the latter study, Seligman, Laughlin & Batygin (2019)
suggest that out-gassing activity that followed the sub-solar point
of an elongated body could produce the observed non-gravitational
acceleration, without causing extreme spin-up. This, and many other
questions about the ’Oumuamua, are still open (’Oumuamua ISSI
Team 2019).

The lack of observed typical cometary activity was not only
surprising because of the disagreement with an expected nature of
a vast majority of ISOs, but also because the probability of their
discovery should be significantly biased in favour of cometary-
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like objects, due to increased brightness caused by the sublimation
of volatile materials. Still, the second ISO (2I/Borisov) shows
cometary activity, suggesting that we should expect a large variety
of characteristics among ISOs, which will hopefully be discovered
in the near future, especially after the start of the National Science
Foundation Vera C. Rubin Observatory’s (VRO) Legacy Survey of
Space and Time (LSST).1

Recent studies about ISOs number density and number of objects
expected to be detected by the current and future surveys give
large variety of results. A comprehensive analysis of ISOs number
density by Moro-Martı́n, Turner & Loeb (2009) indicated that the
probability for the VRO to detect an ISO during its operating period
is very small, on the order of 0.001–1 per cent. This result is based
on a consideration of the expected ISOs number density, which
included the number density of stars, the amount of solids available
to form planetesimals, the frequency of planets and planetesimals
formation, the efficiency of planetesimals ejection, and the possible
size distribution of these small bodies. However, the analysis was
limited only to the ISOs orbiting beyond the orbit of Jupiter, and
did not take into account a possibility that ISOs become active
when approach closer to the Sun, which may significantly increase
their brightness, and therefore chances to be detected. Cook et al.
(2016) extended this analysis by taking into account gravitational
focusing by the Sun (which increases the number of ISOs per unit
volume closer to the Sun), the effect of different observing angles
(photometric phase functions), comet brightening, and more precise
definition of the observing constraints (such as solar elongation and
airmass). These improvements allowed consideration of the detection
of closer ISOs, leading to an estimation of 0.001–10 expected
detections of ISOs by the VRO during the 10 yr of its nominal
operating period.

Such a small number of expected detections is mainly a con-
sequence of the estimated number density of ISOs. However,
Engelhardt et al. (2017) determined the upper limit for the ISOs
number density to be several orders of magnitudes larger than
previously estimated. Their analysis is based on a modelling of
ISOs population around the Sun, which naturally includes the effect
of gravitational focusing. The authors exposed this population to
detectability simulation based on the performances of three surveys
(Pan-STARRS1, Mt. Lemmon Survey, and Catalina Sky Survey),
and considered the different effects, including cometary activity,
photometric phase functions, observing constellations, and various
SFD functions. In addition, Engelhardt et al. (2017) based their
findings on the fact that no single ISO was discovered at that time.
Therefore, the recent discoveries of ’Oumuamua and Borisov suggest
that it may not be a surprise if the VRO detects even larger number
of ISOs, than expected in the most optimistic predictions (see Gibbs
2019).

While a nominal number of the detectable ISOs is definitely an
important parameter to know, the observational selection effects
may play important role in analysing and modelling the underlying
populations (Jedicke, Larsen & Spahr 2002). Still, many aspects of
the observational selection effects on ISOs population have received
very little attention in the literature so far. The goal of the work
presented in this paper is twofold: (i) to determine the orbit and SFD
of the ISOs observable by the VRO, and (ii) to analyse how these
distributions depend on the same properties of the underlying true
population.

1Formerly known as the Large Synoptic Survey Telescope (LSST).

2 THE POPULATI ON O F INTERSTELLAR
O B J E C T S

In order to perform the analysis, it is necessary to define some input
parameters, make some assumptions, and adopt some methodologies.
Next we outline our approach.

2.1 Number density and size distribution of ISOs

A total number of objects that can be detected by an observation pro-
gram primarily depends on how many of them are in the observable
volume of the space, and how large (bright) they are. Hence, the two
most important parameters that determine the detection probability
of ISOs are their number density and SFD. However, due to the
lack of observational data, the estimations of these parameters are
based primarily on theoretical assumptions and, consequently, are
very uncertain.

There is a large dispersion of the assumptions for the ISOs number
density, and for objects larger than 1 km in diameter, it ranges from
10−9 au−3 (Moro-Martı́n et al. 2009) to 10−2 au−3 (Engelhardt et al.
2017). This is a consequence of limited knowledge about how
efficiently planetary systems populate the interstellar space with
asteroids and comets. A number of ejections in the early phases
depends on various characteristics of the systems, such are their
orbit architectures, or masses of the planets. In addition, as mentioned
before, it is possible that other mechanisms characteristic for the late
phases of planetary systems evolution also contribute to this process.

A similar situation is also with the SFD of ISOs. For instance,
it is unknown if it represents their initial population, as they were
expelled from their mother planetary systems, or it is significantly
altered during their interstellar phase. These concerns naturally arise
from the attempts to explain the lack of cometary activity and
extremely elongated shape of ’Oumuamua. As an example, Vavilov &
Medvedev (2019) suggest that the elongated shape is a consequence
of isotropic erosion. If true, this should also shrinks sizes of ISOs,
significantly altering their SFD, to such an extent that it may be even
responsible for lack of the observable objects.

The main goal of this work is not to estimate the exact number
of objects that will be detected and eventually discovered by the
current and future survey programs, but to analyse the orbital and
size distributions of the detectable objects. To this purpose, we
assumed that a cumulative SFD of ISOs is given in the standard,
single slope power-law form N(>D) ∝ D−γ , where D and γ are
the objects’ diameters and SFD slope, respectively. The analyses
were then performed assuming the range of SFD slopes γ between
1.4 and 4, with a discrete step of 0.1. A population of main-belt
asteroids, larger than about 2 km in diameter, has a cumulative SFD
characterized by a slope of γ = 2.4 (Ryan et al. 2015). For Jupiter
family comets, Fernández et al. (2013) found a shallow γ slope of 1.9
in the size range 2.8−18 km, while for long period comets (LPCs),
Boe et al. (2019) found a slope of γ = 3.6 for objects larger than 1 km.
Therefore, although the interval of slopes analysed here is selected
somewhat arbitrary, it covers the values available in the literature
for possibly representative populations, and even extends for about
0.5 on both sides with respect to the interval of quoted slopes.2 The

2We note that, generally, it seems that population of the small Solar system
objects has a shallower SFD at small than at larger sizes (Gladman et al.
2009; Belton 2014; Singer et al. 2019), and therefore should be represented
as a broken power law. In this work, we did not consider these findings, but
it would be worth to model also populations with broken power-law slopes
in the future work.
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range of analysed slopes allows to highlight any possible connection
between the orbit distribution and the SFD.

Furthermore, we generated the population with a number density
of 10−4 au−3 objects larger than 1 km in diameter, which is between
the extremes of the previous assumptions (Moro-Martı́n et al. 2009;
Engelhardt et al. 2017). For the SFD slope of 2.5, which is expected
for the so-called self-similar collisional cascade (Dohnanyi 1969),
this number density corresponds to 10 ISOs per au3 larger than
10 m in diameter. While the number density is the crucial parameter
for the estimation of the absolute number of objects that could be
observed, it is not expected that this parameter will influence the
orbital and size distributions of the observable objects because it
equally impacts all objects from the population, regardless of their
sizes and orbits. Having this in mind, we chose the number density
that is within the bounds of the previous estimates, can be treated
with available computing resources, and provides a sufficient sample
for statistical analysis.

2.2 Orbital elements of ISOs

It seems appropriate to suppose that the population of ISOs through-
out the Galaxy, far from any massive body, is homogeneous, and
that their velocity vectors are isotropic. Also, it is reasonable to
assume that the distribution of their speeds mimic that of the nearby
stars. However, in the area close to the Sun, these distributions will
be altered due to the effect of gravitational focusing. In order to
generate the steady-state population of ISOs in the vicinity of the
Sun, we applied a modified method of Grav et al. (2011).

In particular, for the purpose of the analyses performed in this
work, we use a concept of three spheres: observable, model, and
initialization (see also Engelhardt et al. 2017). The idea behind this
concept is the following. We are interested in the ISOs potentially
observable by the VRO. Therefore, we define the radius of the
observable sphere in such a way that at least brightest objects from
the population should be visible at the edge of this sphere. However,
in order to determine the population of the ISOs situated inside the ob-
servable sphere, we need to model the population in a larger volume
of space, from which objects can enter the observable sphere during
the 10 yr operational period of the VRO. This sphere that should feed
the observable sphere is called model sphere. The radius of the model
sphere should be large enough to include all the objects that can reach
the observable sphere. Therefore, it is defined based on the distance
that the fastest objects will cross in 10 yr. The distribution of the
objects inside the model sphere is not uniform, due to the gravitational
focusing in vicinity of the Sun. For this reason, we need to define an
additional volume of space that in turn feeds the model sphere, but
which is far enough from the Sun that the gravitational focusing may
be neglected. This is what we called initialization sphere.

A detailed technical description of our methodology is given next:

(i) We used simulation time of 10 yr, which is nominal operating
period for the VRO. This means that our population should have
unchanging characteristics, at least, within this period.

(ii) We set limiting apparent visual magnitude of m = 24.5, which
is the nominal limiting magnitude of the VRO (Jones, Jurić & Ivezić
2016). This practically means that the brightest object from the
population can reach this limiting magnitude at the edge of the
observable space, under ideal observing conditions.

(iii) We worked with objects between 10 m and 10 km in diameter.
Based on the predictions of ISOs number density and SFD, there
should be comparatively few ISOs larger than 10 km, and it is
therefore unlikely they will penetrate the inner Solar system. For the

most optimistic assumptions of the number density (e.g. Engelhardt
et al. 2017) and moderate SFD slopes, we can expect on the order of
10−1 ISOs larger than 10 km, inside the observable volume of space
at any instance. On the other hand, an object of 10 m in size has to
pass within 0.1 au from the Earth, while being in the opposition, in
order to reach the limiting apparent magnitude. For this reason, it is
highly unlikely that objects smaller than 10 m will be detected, due
to their faintness, but also extremely large apparent velocities if they
appear close enough to the Earth.

(iv) We assumed that the distribution of speeds of these objects
relative to the Sun, when they are at infinity (hyperbolic excess
velocity, v∞), mimics the distribution of speeds of the nearby
stars. We adopted the normal distribution with mean value of v0 =
25 km s−1, and standard deviation of σ = 5 km s−1 (e.g. Dehnen &
Binney 1998). This means that 99.75 per cent of the objects have
speeds between 10 and 40 km s−1.

(v) The relation between diameter and absolute magnitude is
calculated according to the following relation (Harris & Harris
1997):

H = 15.618 − 2.5 log (pv) − 5 log (D), (1)

where diameter (D) is given in kilometers and pv is geometric albedo,
for which we adopted a value of 0.04 for the whole population, since
it is the estimated value for ’Oumuamua (Meech et al. 2017b). The
apparent magnitude of an ISO is calculated from the equation:

m = H + 5log(rgrh) + � (α), (2)

where m is apparent visual magnitude, H is absolute magnitude, rg

and rh are geocentric and heliocentric distances, respectively, and
�(α) is the integral phase function of the phase angle (α) (Bowell
et al. 1989). We adopted simplified linear darkening function �(α) =
βα with a slope of β = 0.04 deg−1, which neglects brightening due
to opposition surge (Jewitt et al. 2017). According to equation (1),
the brightest object from the generated population, with a diameter
of 10 km, has absolute magnitude of H = 14.1. From equation (2),
we obtained the limiting heliocentric distance of 11.5 au, at which
the brightest object can reach the limiting apparent magnitude, when
it is at the opposition (� = 0; rg = rh − 1 au). Based on this, we
adopted the value of 12 au as the radius of the sphere that represents
the observable volume of space.

(vi) We calculated the heliocentric distance from which the fastest
objects from the population (v∞ = 40 km s−1), assuming they are on
direct paths towards the Sun, can reach the observable sphere during
the 10 yr of the simulation interval. This heliocentric distance is
found to be at 97 au, which we adopted for the radius of the model
sphere.

(vii) As mentioned before, far enough from the Sun, it is reason-
able to expect that population of ISOs is homogeneous and that their
velocity vectors are isotropic. However, in vicinity of the Sun this
assumption will be disturbed as a result of gravitational focusing. A
parameter that determines the intensity of the gravitational focusing
is defined as F = 1 + vesc

2/v∞2 (see e.g. Jewitt et al. 2017), where
in our case vesc is the escape velocity from the Sun, at a given
heliocentric distance. For the average hyperbolic excess velocity of
the generated population (v∞ = 25 km s−1), a value of this parameter
at the edge of the model sphere (rm = 97 au, vesc = 4.28 km s−1) is
only F ≈ 1.03. Hence, we assumed that outside the model sphere
population of ISOs is unaffected by the gravity of the Sun, and thus
it is homogeneous and isotropic. To obtain the population inside the
model sphere, where the gravitational focusing cannot be neglected,
this space has to be populated only with the objects initially located
outside it. The simulation of the process of populating has to last
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Figure 1. Surface shows the time that an interstellar object spends inside the
model sphere, of 97 au radius, depending on v∞ and perihelion distance. The
colour scale represents orbital eccentricity.

long enough, which population inside the model sphere can reach
approximately a constant number. To achieve this, all objects at
the edge of the model sphere should have enough time to cross this
sphere, regardless of their initial velocity vectors. We called this time
the initialization time. On the other hand, the size of the initialization
sphere, which populates the model sphere, should coincide with the
distance from which the fastest objects can reach the model sphere
during the initialization time.
To estimate the initialization time, we determined the longest time
taken by an object from the population to cross the entire model
sphere. This calculation is performed over the whole range of values
of v∞ and q. For v∞ this range goes from 10 to 40 km s−1, while
for the perihelion distances we considered the range of distances
between the radius of the Sun (0.005 au) and 97 au, which is the
radius of the model sphere. These ranges of v∞ and q were then
sampled on equidistant grid points, and for any possible combination
of these two parameters we calculated the semimajor axis (a) and
eccentricity (e), according to the equations (Kemble 2006)

a = − μ

v2∞
, (3)

e = 1 − q

a
, (4)

where μ is the gravitational parameter of the Sun. Having a and e, a
critical hyperbolic anomaly (Hcr), which corresponds to the edge of
the model sphere, can be obtained from the equation for a hyperbolic
orbit:

r = a (1 − e cosh H ), (5)

where H is hyperbolic anomaly. Finally, we calculated the time
needed for an object to move along the hyperbolic trajectory from
−Hcr to Hcr according to the hyperbolic Kepler equation:

M = e sinh H − H, (6)

where M is mean anomaly.
The obtained times taken by objects from our generated population to
cross the model sphere are shown in Fig. 1, as a function of perihelion
distance, eccentricity, and hyperbolic excess velocity.

Table 1. Summary of the adopted characteristics of observable, model, and
initialization sphere. See text for additional details.

Observable Largest object visible
sphere – 12 au at the edge under ideal conditions

Model Fastest object from the population can reach
sphere – 97 au observable sphere in 10 yr simulation time

All objects from the population leave this sphere
in initialization time of 80 yr

Initialization Fastest object at the edge of this sphere can reach
sphere – 800 au the model sphere in initialization time of 80 yr

Inside this sphere (and outside the model sphere) is
assumed that the gravitational focusing is negligible,
and that distribution of ISOs is homogeneous
and isotropic

We found that the longest time to cross the model sphere of 80 yr
needs an object with v∞ = 10 km s−1, q = 21.45 au, and e = 3.43.
Therefore, all objects inside 3σ limits of v∞, at the edge of the model
sphere, have enough time to leave it in 80 yr.

(viii) To calculate the radius of the initialization sphere, we
calculated the distance from which the fastest object from the
population (v∞ = 40 km s−1), on its direct path to the Sun, can
reach the model sphere in 80 yr, and we obtained the value of 800 au.
This means the model sphere in the time of 80 yr will be almost
entirely populated with the objects that were initially outside this
sphere, but inside the sphere of 800 au in radius.3 The main char-
acteristics of the three spheres described above are summarized in
Table 1.

(ix) Assuming number density of 10 objects per au3 for object
larger than 10 m (described above), we generated ≈21 billion
objects randomly distributed inside the initialization sphere, with
isotropicaly distributed velocity vectors whose intensities follow
the already mentioned normal distribution (v0 = 25 km s−1, σ =
5 km s−1). The Cartesian state vectors of these objects were then
converted to the Keplerian orbital elements (Bate, Mueller & White
1971), and their positions after 80 yr were determined by solving
hyperbolic Kepler equation (equation 6). Finally, objects located
inside the model sphere (≈43 million) were selected for further
analysis.
Fig. 2 shows the variation of the number density of the selected
population, compared to the value in the initialization sphere
where we assumed that the gravitational focusing is negligible,
versus the distance from the Sun. It can be seen that due to the
gravitational focusing at 1 au from the Sun the number density
should be twice higher than the assumed value in the initialization
sphere. On the other hand, one can notice that at the edge of
the model sphere, the number density is already very close to the
value in the initialization sphere, which means that the assumption
about homogeneous and isotropic population outside this sphere is
valid.
Another important aspect to consider is how the number of objects
that enter and exist from the model sphere evolves with time. As
can be seen in Fig. 3, an initial flux towards the model sphere, of

3We note that it would be possible to use also an initialization sphere that
extends beyond the adopted limit, which would also require to use longer
initialization time and significantly larger number of objects. However, this
would notably increase computational cost, with no obvious benefit for our
work.
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Figure 2. Variation of the number density of ISOs with heliocentric distance.
The values on y-axis are normalized to the assumed value in the initialization
sphere, outside the model sphere, which is unaffected by the gravitational
focusing.
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Figure 3. Number of objects that enter and leave the model sphere as a
function of time. We stress that these numbers are roughly equal after the
initialization time of 80 yr.

about 1.7 millions of objects per year, remains constant till about
85 yr since the beginning of the simulation.4 A number of objects
exiting from the model sphere is initially zero, because the sphere is
originally empty, and increases till it reaches the inward flux, which
happens after 80 yr. Therefore, after the initialization time interval of
80 yr, the inward and outward flux are in balance, meaning that the
population of objects inside the model sphere is in the steady state.
Moreover, as Fig. 4 shows, the ratio between the number of objects
inside the model (r = 97 au) and observational (r = 12 au) spheres,
is stable around the end of the initialization interval. At this point,
the value of the ratio is about 500, which is somewhat below the
ratio of the volumes of the two spheres, due to the increased number
density of objects closer to the Sun, as a result of the gravitational
focusing. While the model sphere starts to fill immediately after
the simulation begins, the observable sphere remains completely
empty until the first objects manage to reach it, after more than 10 yr.

4This drop in a number of objects entering the model sphere is simply a
consequence of limited size of the initialization sphere. For our purpose here,
the stable flux towards the model sphere is lasting long enough, but in principle
it could be extended to any desirable time, by changing appropriately a size
of the initialization sphere.
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Figure 4. Time variations in the number density (upper panel) and in the
ratio of the number of objects (bottom panel) inside the model and observable
spheres.

Since this point, as the consequence of the gravitational focusing, the
observable sphere is filled faster than the model sphere, due to the
larger number density of objects just outside the observable sphere
than just outside the model sphere.
Because of this, the observable sphere reaches an equilibrium number
of objects a little earlier, about 30 yr after the start of the simulation,
leading to a rise in the number density ratio, until a stable value is
reached.
Finally, in order to estimate a role of planetary perturbations, we
also randomly selected a smaller sample of 1 million objects,
and propagated their trajectories using Bulirsch–Stoer algorithm
as implemented in a public domain MERCURY software package
(Chambers 1999). The orbits of these objects were followed for
80 yr, within the dynamical model that includes gravitational effects
of the Sun and eight major planets. As expected, no statistically
significant differences were noticed between this sample and the
overall population, which is propagated by means of hyperbolic
Kepler equation.

2.2.1 Orbital distributions

The distributions of the orbital elements of the resulting population
of all objects within the model sphere are shown in Fig. 5. The
sinusoidal distribution of orbital inclinations is a consequence of the
fact that the orbital normal vectors are randomly distributed over
the sphere, which result in larger number of highly inclined orbits.
Beside this, as expected, longitudes of nodes and arguments of per-
ihelions are uniformly distributed. Longitudes of nodes, arguments
of perihelions, and inclinations depend only to the initial positions
and orientations of the velocity vectors, and are therefore expected
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Figure 5. Distribution of orbital elements for the generated population of
ISOs inside the model sphere, taken at the end of the initialization time.

to be mutually independent. On the other hand, perihelion distance
and eccentricity are related through the equation (Kemble 2006):

q = a +
√

a2 + B2
dist, (7)

where a is semimajor axis, and Bdist is distance, measured in the
b-plane,5 between the trajectory defined by the initial velocity vector
(�v∞) and the Sun. Taking into account equation (4), a relation
between perihelion distance and eccentricity can be written in the
form:

q = Bdist

√
e − 1

e + 1
. (8)

5The b-plane is defined to contain the focus of an idealized two-body
trajectory that is assumed to be a hyperbola, and is perpendicular to the
incoming asymptote of the hyperbola.
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Figure 6. Orbital eccentricities of ISOs approximated with Gamma func-
tions, for different ranges of perihelion distances. The two panels show
normalized histograms for six samples of the generated population of ISOs.
All histograms excellently follow Gamma distributions (shown as the black
lines). The samples are created according to perihelion distance since it
is directly related to eccentricity for a given v∞. The assumed normal
distribution of v∞ (v0 = 25 km s−1, σ = 5 km s−1) results in gamma-like
distribution of eccentricities, with the parameters depending on the perihelion
distances.

We noticed that distribution of orbital eccentricities, for sample of
orbits inside certain range of perihelion distances, excellently follows
Gamma distribution of the form

f (e) = (e − μ)α−1

βα� (α)
exp

(
− e − μ

β

)
, (9)

where e is the orbital eccentricity, and α, β, and μ are the shape,
the scale and the location parameters of the Gamma distribution,
respectively. The approximations for different ranges of perihelion
distances are shown in Fig. 6. Based on our numerical experiments
(see Fig. 7), we found that the parameters of these Gamma distribu-
tions are in simple relations with the perihelion distance, as given by
the formulas:

α = 11.042 − 4.966/q,

β = 0.087q − 0.022,

γ = −0.203q + 0.377.

(10)

The equations (9) and (10) define the analytical expression for the
bi-variate distribution of perihelion distance and eccentricity of our
generated population. The obtained distribution is presented in Fig. 8.

The analytic expressions for orbital distributions allow direct
sampling of orbits from these distributions, without further need for
the previously described complex algorithm. Analytical models of
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The surface is obtained by generating gamma distribution defined by
equation (9), using distribution’s parameters defined by equation (10).

Table 2. Detection constraints based on the nominal characteristics of the
LSST observational program. An object is considered as observable if in at
least one time-step within the 10 yr of the simulation it satisfies the constraints
given in this table. The limitations guarantee that the object is bright enough
while located in the appropriate part of the sky to be observed by LSST. We
emphasize that a part of the sky around the Galactic plane is excluded.

Apparent visual magnitude m < 24.5

Declination −65◦ < δ < 5◦
Elongation >60◦
Galactic coordinates limits |b| = (1 − l/90◦) × 10◦

0◦ < l < 90◦
270◦ < l < 360◦

where b and l are Galactic
latitude and longitude, respectively

the populations are very useful in estimating the observational con-
straints and selection effects of the populations. Similar expressions
are already determined for some populations in the Solar system
such as the model of Centaur objects (Jedicke & Herron 1997)
incorporated in the comprehensive model of the Solar system (S3M)6

by Grav et al. (2011).

3 A NA LY SI S A ND DI SCUSSI ON

3.1 Orbit and size distribution of observable objects

To analyse the objects from our ISOs population, which could be
detected by the VRO, we conducted the simulation in which we
calculated geocentric coordinates, solar elongation, and apparent
brightness of the objects for every hour inside the simulation period
of 10 yr. In order to identify potentially observable objects, we
adopted detectability conditions (summarized in Table 2) based
on the nominal characteristics of the so-called Wide, Fast, Deep
observational proposal of the LSST (LSST Science Collaboration
2017; Jones et al. 2016). Finally, we identified all the objects that
satisfy the detectability conditions in at least one simulation time-
step.

Clearly, the restrictions given in Table 2 are far from being
sufficient to make any object detected, and especially identified as
unknown. A probability that the object will be detected depends on
many other factors, such as seeing conditions, effects of the Moon,
detection and trailing losses, observing cadence, etc. Moreover, a
chance that the detected object will be identified as interesting
for follow-up, which would lead to its orbit determination and
classification as interstellar, depends on complex set of parameters
included in the Minor Planet Center’s so-called digest score (Keys
et al. 2019). However, the constraints given in Table 2, are for sure
the necessary conditions that any object potentially detectable by
LSST must satisfy.

To take into account only objects that may satisfy these conditions,
from the previously described global ISOs population in the model
sphere (≈43 million), we selected only those (≈380 000) that were
initially inside the observable sphere, or appear inside this sphere
during the simulation time of 10 yr, based on the hyperbolic Kepler
equation. This does not guarantee that these objects will reach

6This model is used to evaluate the performance of Pan-STARRS survey in
discovering objects from various populations of the Solar system, including
also the interstellar comets.
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Figure 9. Distribution of orbital elements of potentially detectable objects.
The graphs present normalized histograms of orbital elements for objects that
are located inside the observable sphere (r = 12 au) at the beginning of the
simulation, or appear inside it during the simulation period.

the defined limiting apparent magnitude, and/or to appear in the
appropriate part of sky to be observed. It only implies that no other
objects from our synthetic population can be observed during the
VRO operational period.

In Fig. 9, orbital elements of potentially observable objects are
shown. In the bottom panel of this figure, one can see that the
distribution of the times of perihelion passages is uniform over the
simulation period, which, combined with steadiness of distributions
of other orbital elements, means that the generated population is time
independent during this period.

Taking into account the size range of the generated population, the
distribution of orbital elements (primarily the perihelion distance),
and the assumed albedo of 0.04, these objects are expected to be very
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Figure 10. Graph shows the distribution of the apparent magnitudes of
the whole synthetic population, at an arbitrary epoch, for different SFD
slopes. The mode of the distribution is highlighted to emphasize the apparent
faintness of ISOs.
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Figure 11. Dependence of the fraction of detectable objects on the popula-
tion’s SFD slope.

faint, which is the main difficulty for their detection. Fig. 10 shows
the distribution of the apparent magnitudes for different SFD slopes,
at an arbitrary epoch. It is obvious that regardless of the SFD slope,
the mode of this distribution, is at any epoch far beyond capabilities
of the current and planned wide-field surveys. Only objects from the
far tail of the distribution may be detected. This is further illustrated
in Fig. 11, where one can see the frequency of the objects, among
the whole population, which satisfy the conditions given in Table 2,
and may possibly be detected. The results show that for steeper
SFD slopes, at best, only one in several thousands objects should be
expected to fulfill the minimum detectability criteria.

Analysing the orbital elements of the detectable objects (those t
happen to satisfy constraints given in Table 2 during the simulation
interval), we noticed that the most prominent feature is asymmetric
distribution of their orbital inclinations,7 reflected through a larger
number of retrograde (i > 90◦) than direct orbits (i < 90◦), as shown
in Fig. 12.

In order to identify which factors affect this asymmetry, we
examined how the distribution of orbital inclinations depends on
possibly relevant parameters. More in particular, to explore if the

7We recall here that Engelhardt et al. (2017) have also noticed similar fact, but
attributed this to the digest score flag that may favour the retrograde orbits.
However, although the digest score may play a role in the distribution of
detected ISOs, there must be other reason as well, because in our study we
did not consider efficiency of the Moving Object Processing System.

MNRAS 498, 5386–5398 (2020)

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/498/4/5386/5841285 by guest on 13 O
ctober 2020
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Figure 12. Distributions of orbital inclinations. The upper panel shows the
distribution of orbital inclinations of the observable objects depending on
the SFD slope of the underlying true population. The lower panel shows the
inclination distributions (the normalized histograms and their interpolated
curves) for the three selected values of SFD slope (1.5, 2.5, and 4), which
are also highlighted in the upper panel. It can be seen that, as the SFD slope
increases, the maximum of the distribution shifts towards larger inclinations.
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Figure 13. R/D ratio for detectable objects of different sizes, binned by
200 m.

ratio of the numbers of retrograde and direct objects (R/D ratio)
is size dependant, we analysed a set of detectable objects for 27
different SFD slopes (from 1.4 to 4). This set of objects was divided
in subsets based on diameters, with a step of 200 m, and the R/D
ratio for each of these subsets was calculated. The obtained results
are shown in Fig. 13. In this figure, the data for all the SFD slopes
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Figure 14. Dependence of R/D ratio (upper panel) and median inclination
(lower panel) of detectable objects on the SFD slope of the underlying true
population.

are shown together. This is because we would like to highlight how
the R/D ratio changes for different sizes of objects, and plotting all
the objects together provides a better statistical sample.

It is noticeable that, for objects of several kilometers in diameter,
there is almost no difference, while there is a large asymmetry for
sub-kilometer objects, with the latter group making 3 of 5 to be
retrograde. The consequence of this phenomenon is that the R/D
ratio, as well as the median inclination, is correlated with the SFD
slope of the true population, because steeper SFDs have more smaller
objects that, in turn, results in a higher R/D ratio. To clearly illustrate
this fact, in Fig. 14 we plot the median inclination and the R/D
ratio as a function of the SFD slope. The results shown in this
figure are basically the same ones as those shown in Fig. 13, but
this time separated based on the slopes, instead of the diameters.
As can be seen in Fig. 14, both parameters depend on the SFD
slope. This fact could allow preliminary estimation of the SFD
slope of the true population, based on the orbital inclinations of
known population, once a sufficient number of objects have been
discovered.

Beside the SFD slope, we also examined the dependence of the
asymmetry on other parameters, and found a potentially interesting
dependence of the R/D ratio on the perihelion distance. Similar to
the analysis shown in Fig. 13, from the set of all detectable objects
we took the subsets of objects inside perihelion distance limits, with
a step of 0.5 au, and calculated R/D ratios of these subsets. The
obtained results for three different slopes of the SFD are shown in
Fig. 15. It should be noticed that the objects with smaller perihelion
distances are the most strongly influenced, with maximum around
1–2 au. In addition, this dependence is more pronounced for steeper
SFD slopes.
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Figure 15. R/D ratio for detectable objects for different perihelion distances,
binned by 0.5 au. We plot only data for bins containing at least 100 objects.

3.2 The role of Holetschek’s effect

The question is what causes that the majority of the detectable
ISOs have retrograde orbits, and through which mechanism(s) the
R/D asymmetry is related to the SFD and perihelion distances? To
answer these questions, we turn our attention to LPCs, which could
be affected by the same orbital biases as ISOs. Still, we need to
keep in mind a fact that the LPCs are periodic (returning objects),
while ISOs are not. Moreover, in this work we are considering only
asteroid-like ISOs, so brightness increase due to the activity is not
taken into account here. Nevertheless, some results about the LPCs
seem to be useful to explain some of our findings.

An excess of the retrograde orbits has been noticed among the
LPCs (see e.g. Everhart 1967b; Fernandez 1981; Matese, Whitman &
Whitmire 1991; Silsbee & Tremaine 2016), although more recent
results suggest that it may not be so pronounced (Vokrouhlický,
Nesvorný & Dones 2019). There is still no consensus if this
phenomenon is a result of observational selection effect, or there
is a real asymmetry in the population, as a consequence of some
dynamical mechanism. For instance, on one side, Yabusbita (1972)
argued that direct comets are exposed to stronger action of plane-
tary perturbations, leading to their faster dynamical evolution, and
consequently elimination from the Solar system. This claim seems,
however, to be disputed by findings of Fernandez (1981), who found
the same asymmetry among the orbits of young comets, that have
not had time to evolve due to the planetary perturbations, indicating
that the pattern cannot be explained by an ageing effect. Also,
Matese et al. (1991) suggested dynamical explanation for the excess
of observed comets in retrograde orbits. These authors proposed it
could be due to enhanced volatility of retrograde comets, as a result
of more energetic collisions with direct meteoroids, comparing to
direct comets. The latter explanation, however, can not be applied to
our results for ISOs because it involves cometary activity.

An alternative explanation for a possible excess of retrograde
objects among known LPCs is Holetschek’s effect. According to this
effect, objects that reach perihelion on the side of the Sun opposite to
the position of the Earth are less likely to be discovered (Holetschek
1890; Everhart 1967a; Hughes 1983; Horner & Evans 2002). This
is because in this configuration objects are both, too close to the
Sun (small elongation), and further away from the Earth (fainter).
Therefore, a probability for an object to be discovered depends on
the difference (
λ) between the heliocentric longitude of the Earth
and that of the object at the time of the perihelion passage of this
object. This is illustrated in Fig. 16.

Earth at the epoch 
of ISO’s perihelion

orbital plane

Δλ

perihelion

ΔλΔ

passage

Figure 16. Illustration of the orbital and position constellation related to
Holetschek’s effect. Quantity 
λ is the difference between the heliocentric
ecliptic longitudes of an interstellar object and the Earth, at the epoch of the
object’s perihelion passage.

Δλ

2

re
la

tiv
e 

fr
eq

ue
nc

y

4

6

0

-3x10

direct

retrograde

Figure 17. Holetschek’s effect for direct and retrograde objects. This figure
shows normalized histograms of 
λ of the detectable objects, separately for
those on direct (i < 90◦) and retrograde (i > 90◦) orbits. The vertical plane
denotes objects that pass through their perihelions while they are on the same
heliocentric ecliptic longitude as the Earth.

This effect is more important for direct than for retrograde orbits.
The qualitative explanation is as follows: after perihelion, the Earth
and the retrograde object are, on the average, moving towards
each other, reducing quickly 
λ angle. Therefore, although object’s
heliocentric distance is somewhat increasing, its geocentric distance
is dropping comparatively quickly, which in turn allow some of the
retrograde objects to be discovered after their perihelion passage. On
contrary, the objects on direct orbits are, after perihelion, moving
typically away from the Earth, leaving almost no chance to be
discovered. This means that retrograde objects, which are not in
observable position when they are at perihelion, have much better
chance to take a more observable position, before moving too far
from the Sun.

Having in mind that our population of ISOs is generated as sym-
metric, there is no doubt that the asymmetry of orbital inclinations is
due to a selection effect. We examined the distribution of the angle 
λ

for the observable ISOs and found clear distinction between direct
and retrograde orbits, as shown in Fig. 17. For direct orbits, there
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Figure 18. Holetschek’s effect for different ranges of perihelion distances.
The normalized histograms of 
λ of the detectable objects, for three ranges
of perihelion distances. The vertical plane denotes objects that pass through
their perihelions while they are on the same ecliptic longitude as the Earth.
Data shown in the plot include both, direct and retrograde orbits.

is a strong concentration around 
λ = 0, while for the retrograde
objects this distribution is almost uniform. This is a strong indication
that Holetschek’s effect is responsible for the R/D asymmetry in our
data.

Kresak (1975) found Holetschek’s effect to be strongly dependent
on the perihelion distance (see also Holetschek 1890). Briefly, the
author found that between q = 0.5 and q = 2 au, the distribution
of orbits is strongly biased, and the effect reaches its maximum for
perihelion distances around 1 au. On the other hand, for q ≤ 0.5
Holetschek’s effect should be negligible, while beyond q ≈ 2 au it
almost disappears. Therefore, if the observed asymmetry of the R/D
ratio is a consequence of Holetschek’s effect, our data should exhibit
similar patterns. In this respect, we note that the results shown in
Fig. 15 already point out in this direction. Still, to further clarify
this we analysed the distribution of 
λ of the detectable objects,
for three different ranges of perihelion distances. Our data shown
in Fig. 18 are exhibiting a very similar pattern as the one found by
Kresak (1975). For q ∈ [0, 2] au, there is a peak in the distribution
of detectable objects in terms of 
λ. Some deviation from random
distribution is also visible for q ∈ [2, 4] au, while for q ∈ [4, 6] au
the distribution is uniform.

The fact that Holetschek’s effect is more important for direct than
for retrograde orbits, and that it mainly affects the orbits with q ∈
[0.5, 2.5] au, fully explains the results presented in Fig. 15. The
excess of retrograde objects is the most pronounced for orbits with
q ≈ 1.5 au, the ones strongly affected by observational bias caused
by the aforementioned effect. Taken together, these results clearly
indicate that Holetschek’s effect is responsible for the excess of the
retrograde orbits among the ISOs observable by the VRO. Having
saying that, we do not exclude that other observational selection
effect also contribute to the excess of retrograde orbits, but to a
somewhat lesser extent (see e.g. Kresak 1975; Horner & Evans 2002,
for a review on other observational biases).

In addition, as noted by Hughes (1983), the effect is stronger
for smaller than for larger objects because the larger objects are
on average brighter, and visible at larger heliocentric and geocentric
distances. For this reason, the observational window of larger objects
is longer, and therefore they are less sensitive to the effect. This
practically means that Holetschek’s effect is size dependent. Our
results shown in Fig. 13 fully support this fact. This is also the
reason for the dependence of the R/D ratio on the SFD slope. A

stepper size distribution implies more small objects, which makes
the considered population more affected by Holetschek’s effect. This
concept explains the dependence of the R/D ratio and the median
inclination on the SFD slope shown in Fig. 14.

3.3 On some limitations of our approach

We would like here to discuss some limitations of the obtained results
and prospects for future work.

As already mentioned in Section 2.1, a single power-law approx-
imation of the SFD used here, may not actually be the best option.
For some populations of small objects in the Solar system, as for
instance in the Kuiper belt, it is well known that the slope becomes
significantly shallower at smaller sizes (e.g. Singer et al. 2019).
This would imply that there should be comparatively less smaller
objects than in our simulation. As our analysis show that the R/D
ratio is less significant for larger objects, the observed excess of
retrograde orbits would be somewhat less pronounced in population
described at smaller sizes with the shallower SFD slope. Though
we think our overall conclusions would be still valid, the results
would be definitely different, and this deserve to be studied in future
work.

Another limitation of the results presented here stems from the fact
that a probability to detect an ISO depends on several factors that
we did not considered here. These factors include seeing conditions,
effects of the Moon, detection and trailing losses, observing cadence,
digest score, etc. For instance, Engelhardt et al. (2017) have also
noticed an excess of retrograde objects in their data, but attributed this
to the digest score flag that may favour the retrograde orbits. On the
other hand, we found here that the excess of retrograde orbits exists
even without the efficiency of the Moving Object Processing System
taken into account. Therefore, it would be important to investigate
what is the R/D ratio when all the factors are taken into account
simultaneously.

Finally, we considered here only asteroid-like ISOs, and neglected
any cometary activity. To calculate apparent magnitudes, we assumed
simplified linear darkening function of the phase angle, and neglected
any possible brightening in comet-like objects.

Recently, Hui, Farnocchia & Micheli (2019) found that comet
C/2010 U3 (Boattini) was active at a new record heliocentric distance
of 25.8 au. The second most distant activity is observed in comet
C/2017 K2, found to be active at 23.75 au (Meech et al. 2017a). CO-
driven comets activity at large heliocentric distances has been also
predicted by some models. There are several possible mechanisms
for activity at these large distances. Sublimation rate is a non-linear
function of temperature, and can occur at low rates at large distances.
The sublimation temperatures of the most abundant ices that can drive
activity, CO, CO2, and H2O, are 25, 80, and 160 K, respectively.
The distance at which surface–ice sublimation becomes effective at
driving comet activity is when the gas flow lifts sufficient dust from
the surface to be detected from Earth. For water this is within the
distance of Jupiter; for CO2, this is at the distance between Saturn and
Uranus; and for CO, it is at distances within the Kuiper Belt (Meech
et al. 2009, see also Jewitt et al. 2019), or even up to heliocentric
distances of 85 au (Fulle, Blum & Rotundi 2020).

Having in mind that our estimated observable sphere has radius of
12 au, a cometary-like activity might occur outside this sphere, and a
comet-like ISO may be potentially observable at larger heliocentric
distances. This would affect our results to some extent, because a
larger observable sphere should be used, that would also imply larger
model and initialization spheres. Still, for vast majority of comets,
brightening should occur only at smaller heliocentric distances
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(Meech et al. 2009). The total brightness of a comet is the sum
of the brightness of the comet nucleus and the brightness of the
coma. Fernández et al. (1999) found that beyond ∼5 au contribution
of the coma brightness tends to zero, and beyond this distance the
comet brightness depends on the heliocentric distance in a way very
similar to asteroid-like objects. Therefore, the size of the observable
sphere that we used here would be reasonably appropriate also for
comet-like ISOs. However, due to the increased brightness within
∼5 au, cometary-like objects should be on average discovered at
somewhat larger heliocentric distances. As a result, Holetschek’s
effect would be less important for these objects, and this would
affect to some degree the estimated R/D ratio of observable ISOs.
Finally, the results regarding the orbital distribution of observable
objects should not be significantly affected. Anyway, some caution
is need here, and we underline that our results are strictly speaking
valid only for asteroid-like ISOs.

Let us also note here that it is suggested by Fernández & Sosa
(2012) that Holetschek’s effect should be less relevant for modern
sky-surveys. The reason why we see the consequences of this effect
in our simulations, might be because we work with asteroid-like
objects, or due to the fact that ISOs are passing only once through
the observable sphere. However, as the LSST survey is planned to
operate for elongations larger than 60◦ we believe the observed
excess of retrograde objects is still mainly due to Holetschek’s
effect.

4 SU M M A RY A N D C O N C L U S I O N S

We study the distribution of the orbital elements of the generated
synthetic population of the ISOs, specifically focusing on those
observable by the VRO, based on the nominal characteristics of
this survey. While a several other authors performed a similar
investigation, they focused on the expected number of detectable
ISOs, rather than on their orbital characteristics.

Our main conclusions can be summarized in the following:

(i) The gravitational focusing should not affect significantly the
orbital distribution of the observable ISOs. At 1 au distance from the
Sun only twice as many objects as in the interstellar space should be
expected, but outside the model sphere, the number density is very
close to the assumed value in the initialisation sphere, meaning that
the assumption about homogeneous and isotropic population outside
the model sphere is valid.

(ii) The perturbation by the planets do not produce any significant
effect on the orbital distribution of ISOs.

(iii) We found that the distribution of orbital eccentricities can be
very well approximated with Gamma distributions, whose parame-
ters are functions of perihelion distance. These analytical expressions
for orbital distributions allow simple direct sampling of objects
without the need for applying complex technique described above.

(iv) Among the potentially observable ISOs, there is an asymmetry
in the distribution of orbital inclinations, with an overabundance of
retrograde objects.

(v) The excess is the result of Holetschek’s effect that is already
suggested to be responsible for the oversupply of retrograde objects
among the observed long-periodic comets. Holetschek’s effect de-
pends on the objects’ sizes and their perihelion distances.

(vi) The excess of retrograde objects depends on objects’ sizes
and perihelion distances. This should allow estimation of the SFD
of the underlying true population based on R/D ratio and median
inclination of the discovered population.
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N OT E A D D E D I N P RO O F

After this paper has been accepted for publication, we have learned
about the paper by Bolin et al. (2020) where the authors has estimated
the slope of the ISO size distribution to be about 3.4. Our results
suggest that this slope will result in R/D ratio of detectable ISOs of
about 1.5, as can be anticipated from Fig. 14.
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Vokrouhlický D., Levison H. F., 2005, Icarus, 179, 63
Bowell E., Hapke B., Domingue D., Lumme K., Peltoniemi J., Harris A. W.,

1989, in Binzel R. P., Gehrels T., Matthews M. S., eds, Asteroids II. Univ.
of Arizona Press, Tucson, AZ, p. 524

Chambers J. E., 1999, MNRAS, 304, 793
Charnoz S., Morbidelli A., 2003, Icarus, 166, 141
Cook N. V., Ragozzine D., Granvik M., Stephens D. C., 2016, ApJ, 825, 51
Ćuk M., 2018, ApJ, 852, L15
Dehnen W., Binney J. J., 1998, MNRAS, 298, 387
Do A., Tucker M. A., Tonry J., 2018, ApJ, 855, L10
Dohnanyi J. S., 1969, J. Geophys. Res., 74, 2531
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Vokrouhlický D., Nesvorný D., Dones L., 2019, AJ, 157, 181
Walsh K. J., Morbidelli A., Raymond S. N., O’Brien D. P., Mandell A. M.,

2011, Nature, 475, 206
Williams G. V., 2017, Minor Planet Electronic Circulars, No. 2017-U181,

Minor Planet Center, Cambridge, MA
Yabusbita S., 1972, A&A, 20, 205

This paper has been typeset from a TEX/LATEX file prepared by the author.

MNRAS 498, 5386–5398 (2020)

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/498/4/5386/5841285 by guest on 13 O
ctober 2020

http://dx.doi.org/10.3847/2041-8213/aa9b2f
http://dx.doi.org/10.3847/1538-3881/aaf38c
http://dx.doi.org/10.1088/1538-3873/ab1157
http://arxiv.org/abs/1708.04058
http://dx.doi.org/10.1038/352506a0
http://dx.doi.org/10.1016/j.icarus.2008.12.045
http://dx.doi.org/10.3847/2041-8213/aa921f
http://dx.doi.org/10.1038/nature25020
http://dx.doi.org/10.1038/s41586-018-0254-4
http://dx.doi.org/10.1088/0004-637X/704/1/733
http://dx.doi.org/10.1038/s41550-019-0816-x
http://dx.doi.org/10.3847/2041-8213/aae977
http://dx.doi.org/10.1051/0004-6361/201321375
http://dx.doi.org/10.1016/0019-1035(76)90189-5
http://dx.doi.org/10.3847/2041-8213/ab0bb5
http://dx.doi.org/10.3847/0004-6256/152/4/103
http://dx.doi.org/10.1126/science.aap8628
http://dx.doi.org/10.1093/mnras/stu2718
http://dx.doi.org/10.1093/mnrasl/sly244
http://dx.doi.org/10.1093/mnras/stu1871
http://dx.doi.org/10.3847/1538-3881/ab13aa
http://dx.doi.org/10.1038/nature10201

