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OnTnmmsaLmja

* ONTUMU3AUNOHM aNTOPUTMUM NPUNa[ajy rpynm anroputama nperpare

* Unsb je npoHahu pewere npobnema TakBo Aa je:
1. Heka um/bHa dyHKUMja (pYHKUMja umMmba) makcMmanHa/MUHMMANHA
2. Heku cKyn orpaHuyera 3a40B0/beH (ONLMOHO)

* 13a308BMU:

* Pewere moxe 6UTK NpeacTaB/bEHO KA0 KOMBUHaLUMja BPeaHOCTH
13 Pas3NINYUTUX AOMEHA

OrpaHuyera mory buTn HenMHeapHa
Kapaktepuctuke npobsema mory Bapmpatn TOKOM BPEMEHA
PyHKUMja UKU/bA MOXKE BUTK Y ,,KOHDANKTY" ca orpaHnYerbMMma



R/bYYHM NOJMOBU Y ONTUMU3ALUN]A

* Heka je ca f: S = R, o3HauyeHa ¢pyHKUMja LnU/ba
e Sje JOMeH, AOK je KOAOMEH CKyn peanHux bpojesa
* [lpumeTnTn Aa je MUHUMYM f UCTO LUTO U MAaKCUmMmym oA — f

e CKyn X npeAcTaB/ba HeE3aBUCHE NPOMEH/bUBE KOje YTUYY Ha BpeaHoCT f
1 3a AaTe BPeaHOCTU NPOMeEH/bUBUX GYHKLMja MMaA BpeaHOoCT f(x)

* CKyn orpaHunyerba Hajuewhe nocras/ba 3aBUCHOCTU M3Mehy He3aBUCHUX
NPOMEH/BUBUX

* Takohe omoryhaBa 1 orpaHu4yaBare CaMmUX HE3ABUCHUX NPOMEH/bUBMUX,
HNP. Ha HEKU MHTEPBAN UU CKYN BPpeaHOCTU



[Iporpammparse orpaHnyeHsa

* [TocToje obnacT Koja ce 30Be Npopamupare orpaHmnyera
(enr. Constraint programming)

* OHa ce basu npobnemmma 6e3 pyHKUMje Lun/ba
* OBAe NOCTOje camMo OrpaHMYyera Koja Tpeba 3a40BO/bLUTH
 OnTMMM3aLUmja ce He baBm oBaKkBMM nNpobremmmal

* laKo ce HEKMM ONTUMM3ALUMOHUM METOZLAMa MOTY peLlaBaTh U
OBaKBM npobaemu



Tnnosm oNTMyma

/o

* [no6anHM oNnTUMyMm — Hajbosbe

pewere Ha YNTaBOM A40NYCTUBOM
CKyny pewera S

fx?) <flx), rx €5

* JaK NOKanHM onNnTMMyM - Hajbosbe
pewere y HeKoj oko/iMHNM N €5

fIx*y) <flx), rx €N

* Cnab noKanHm oNnTMmym — je4HO oA
Hajbo/bux pewera y oKonmHu N €S

fix*y) < flx), rx €N



MeToae onTummsaumje

* ONTUMU3ALMOHE METOZE TParXKe ONTUMYM Y NPOCTOPY AOMYCTUBUX
pewera

* Pewwerbe je JONYCTUBO aKoO MUCMyHaBa OrpaHnyerba Nnpobaema

* [lopena metona npema PoKycy npertpare:
* JloKkanHe
e [nobanHe

* [logena metoda npema NpPUCTyny npertpare:
* CToxacTu4yke
* [leTepMNHUCTUYKE



OnTummnsaumja bes orpaHMYeHa
* opmynaumja npobnema je cnegeha:
MuHumuszoseamu f(x), x = (x,, X,, . . ., X,,), X ES

* [lpumep:
npoHahn MUHUMYM dYHKUMje f(X, y)=x?+y? Ha AoMeHY peanHux 6pojesa



OnTummnlaumja bes orpaHmnyersa (2)

OntTummsaymja
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Rosenbrock dpyHkumja = f(x,y)=(1-x)*+100(y-x?)?

OnTnmnsa umja
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OnNTMM3aLmMja ca orpaHn4YeHbNMa
* OnwTa dopma y cnyyajy orpaHNYeHa:

muHumuzosamu f(x), X =(x,, ..., X, ), X €S

fpu 02PAHUYEHUMQA:
gm(x)SO,m=1,...,ng
hm(x)=0,m=ng+1,...,ng+nh

* Buammo pa nopen AOMEHCKUX OrpaHnYerba 0BAe NOCTOje N OrpaHnYeHa
3aCHOBaHa Ha jeAHaKoCTN U/MNK HejeHaKOCTU

* dopma dyHKUMja g,, U h, je y onwTem cnyyajy HenmHeapHa



OnNTMM3aLmMja ca orpaHnderbmnma (2
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OnTmm3laumja ca orpaHnderbmnma (3)

* [locTaB/ba ce NUTakbE, WTA PAaAUTM Ca HEAONMYCTUBMM peLletbuma’?

1.
2.

3.

Opbauusatu nx;

JoaermsnBat neHan — HNP. HeraTUBHU PaKToOp y CAy4ajy
MaKcummnsauuje nam No3nTUBAH Y Caydajy MUHUMU3ALUMN]E;

CBoaMUTU Ha pelletbe be3 orpaHnyera
Nna ra nocje KOHBepPTOBaTH Y pellere Koje nowTyje orpaHnvyera;

Oap»KaBaTu A0NYCTUBOCT CaMUM AM3ajHOM MeToAa;

YpehusaTn HegonycTuBa pellera Npema CTeneHy
HeAoMNyCTUBOCTHU;

MonpaB/baT HeAOMYCTUBA peLletba.



HanomeHa

* [locToje jow HEKU BUAOBU MOCTAaBKM ONTUMMU3ALMOHNX Npobaema:

1. lMpobnemu ca BUWECTPYKUM ONTUMYMUMA:
LUW/b je NpoHahu cBa pellera Koja cy onTUManHa uam AO0BOJ/bHO

6113y oNnTMMyMa

2. BuweuusbHa onTmmsaumja:
npobnem nma smwe GpyHKUMja LNIbA
Na je C/IOXKeHUje ypeanuTun pellerba

3. AMHamuuyKa ontmmmsaumja:
dYHKUMjA UN/ba Ce MeHa TOKOM BpeMeHa



JlomeH NpocTopa pelera

* [lpema TNy gOMeHa HaA KOjJUM ce BpLWK, oNTUMKM3aLUMja Ce AeNn Ha:

1. KombuHaTopHy (OAMCKpPETHY) oNnTMMMU3ALM]Y:

NONYCTUBU CKYN BPEAHOCTM MPOMEH/bUBUX j€ U3 KOHAYHOT
nnn 6eckoHayHor ckyna uenmx 6pojesa

* CneuujanHu cayyaj cy npobnemm buHapHe ontummsayuje

2. ThobanHy (KOHTMHYaNHY) oNTUMKU3AUN]Y:
NOMNYCTUBU CKYN BPEAHOCTM M3 JOMEHA peanHux bpojesa

 MeTtoge Kojuma hemo ce 6aBUTU Yy Aa/bem TOKY Kypca he butn y ctamy aa
pelaBajy 4ecTto npobneme v jeaHor 1 Apyror TMna

* HewTo Beha naxkta he butn noceeheHa KOMGMHATOPHOj ONTUMMU3ALUU



OnTMmmnsaumja

KombunHaTtopHa onTMmm3aaumja
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KombrHaTopHa onTMMmM3aLmja

* opmynaumja npobnema KombMHaTOpHE ONTUMM3aLUje je:
MuHumuszoeamu f(x), x = (x, X5, . .., X,,), X ES

npuv Yemy je S KoHa4yaH unm 6ecKkoHayaH 1 gUCKpeTaH

* Mpumep: Tprosaukn nytHUK (TSP) - Heka je 3apat ckyn Cog m
rpafoBa v yHKUMja yaasbeHocTu d(c, ¢;) € N 3a cBaku nap rpagosa.
MpoHahu nepmyTtaumjy p: [1..m] = [1..m] TaKBy Aa je YKynHa cyma
yAa/beHOCTM rpaHa Koje ce nponase obniackom MUHUMAHA.



PewaBare TSP

* KoanKa je BennymHa gonycTtmBor cKyna?

* BenanuunHa je m!
* Momohy CtupnmnHrose popmyne MmoxKe ce younTu Aa je 0BO eKCMOHEHLUMjaNHO

* Koju anropntam npenopyyyjete y onwtem cayyajy
M WITA je ONWTn cnyya;j?

* OnwTK cny4vaj 6m 6mo TSP Hag npon3Bo/bHUM rpadpom
* Y onwtem Cayyajy, HajcUrypHuje pellere je
TOTa/NHA eHymepaumja (eHr. Brute-force)
* lllTa aKo npeTnocTtaBumo Aa ce pagn y Eykamackom npoctopy?

* Moke ce mano bosbe 360r BaXKera HejeHAKOCTU TPOYIa,
anu je npobnem n aasbe TeXKaAK



Pewasarbe TSP (2)

https://visualgo.net/en/tsp
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Bruteforce

Going from 4 to 5.

function findTour (pos, mask)
if every node has been visited: return cost[pos] [0]
min cost = =

for every unvisited node V

min cost <?= findTour (v,mask]| (1<<V))+cost[pos] [V]

return min cost

Ontummsaumja


https://visualgo.net/en/tsp

Pewasarbe TSP (3)

>3
2 Dynamic Programming
Position = 5, bitmask = 111111.
0|
~
function findTour (pos, mask)
if every node has been visited: return cost[pos][0]
if (pos, mask) in memo: return memo[ (pos, mask)]
min cost = =
o 28 o for every unvisited node V
min cost <?= findTour (v,mask| (1<<V))+cost[pos] [V]

return memo|[ (pos, mask)] = min_cost

Ontummsaumja



PewaBare TSP (4

2-approximation TSP

Found 2-approximation TSP tour [0,4,3,2,5,1] with cost = 119. While the
cost of the optimal solution = 108.

Get the MST of the (complete) graph

Duplicate each edge in the MST and obtain a eulerian

Obtain a TSP tour from the obtained eulerian tour and

skip repeated vertices

OnTumusaumja
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[Topeherbe pasIMYUTUX NPUCTYNA

* [1pBa ABa NpuUCTyna
* Cy HeageKBaTHM Kada AMmeH3unja npobnema HapacTte — Hnp. Beh 3a 50-ak rpagosa
* Mehytnm, npeaHocCT je WTo Aajy ONTMMa/iHa pPeLleHa ako 3aBpLle

* ANPOKCUMATUBHUN NPUCTYN
* Je epmnKacaH — NnONMHOMMjaNaH

* Mehytnm, KBaNnUTET pellerba MoXe BUTK 3Ha4YajHO HApPYLUEH,
NOHeKaa Ham gobujarbe A0 ABa NyTa JIOWMWjer pewera He oArosapa

* MpeaHOoCT je WTO 3HAaMO Aa pellere He MoXe Aa byae BuLle of, 2 nyTa /iolunje

* [Tpuctynum Kojuma hemo ce 6aBUTKU Yy Aa/beEM TOKY Kypca, MeTaxeypucTuKe,
he omoryhutu:

1. [la KBanuTeT pellerba byae ,04eKnBaHoO” 6aM3aK oNnTUMaNHOM (He U rapaHTOBaHO)
2. [aBpeme n3BpluaBatba byae pasyMHO — MOXKEMO Aa ra KOHTPOAULLEMO

OnTumusaumja 22



OnTMmmnsaumja

Knace CnoxKeHoCTun N3pav4yHaBahba
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[Toobnemn oanydmBama

e ANropmutam 3a pellaBatbe HeKor npobnema je:

* KoHayaH cnucak npasuaa Ynjum npaherwem AoNa3mMmo Ao pewera buno Kojer
napTUKynapHor npobnema (MHCTaHUEe npobnema) n3 3aaate Knace

* Mpahere NnpaBua Tpaje KOHaYHO MHOTO KOpaKa

* [lpobnemu oanyymsamrba:
* Pewerbe ce cactoju y notephunBarby Mam onoBpraBakby HeEKe 0CObUHe

* CBohere Ha npobnem oany4ymBama:
* Paznnumntn ontummnsaymonm npobnemu nonyt TSP ce mory ceBectu Ha npobnem
oA4/ly4mBaHa
* MorKemo ce HNp. NUTATU Aa M 3a KoHKpeTaH TSP npobiem noctoju pewere ca
TPOLWKOM Marbum og, C
* [la/be, MOXeMO Ha OCHOBY OAroBapa MerbaTu rpaHnLy TPOLWKA U TaKO UTEPATUBHO



Knaca noAMHOMCKO pelnsmux npobiema

* [pobnem ogsiyymBarba npmunaaa Knacu P (MOIMHOMCKO peLinBmXx)
* QKO NOCTOju anropuTtam A 3a peluaBame Tor npobaema

* 1 NONMHOM p(n) Takas Aa A 3aBpLUaBa M3BpLUABaH€E 33 He BULLe oA p(n) Kopaka
33 CBaKYy MHCTaHLY Tor npobiema

* MPU Yemy je n AumeH3mnja npobnema
* HanomeHa: nogceTuTn ce aHanmnse Hajroper csy4vaja n Hotaumje O
* [lonMHOMMjanHe anropuTme cmaTpamo ,,400pum*“ anropntTmmma

* ANrOpUTME YMje Bpeme He MOXKEMO A3 OrpaHMYMMO NOJIMHOMOM
noapasymMeBaHO OrpaHM4aBaMO eKCNOoHeHUMjanHOM yHKUmjom c" (c>1)



EKcnoHeHUMjanHO peLlmnBm npodaemm

* [TocTtoje npobnemm 3a Koje je A0Ka3aHO Aa He Mory BUTK peLleHu
aNropUTMOM DpPXKUM O, eKCMOHEeHUMjanHor

* [Moapasymesa ce Aa cy oBU Npobaemu NocTtaB/beEHU Kao npobaemu
oanyyumBarba (Knaca EXPTIME)

* Hnp. npobnemu eBanyaumje notesay yonwteHom waxy, urpn GO 1 chmyHo
* YonTeluHa BapujaHTa Urpe nogpasymeBa 4a je NPpoOMeH/buBe AUMeH3unje

* [Tpumep: npoHahu cKkyn cBux pasannmbyhux ctabana

y noTrnyHom (KomnaeTtHom) rpady ca n YBOPOBa.

KomeHTap: 3Ha ce aa je 6poj pasanurbyhux ctabana n"2.

[lakne, anroputam yTpoLLUX €KCNOHEHLUMjaIHO Bpeme caMo 3a NPuUKas pesynTtaTta paja,
a la He roOBOPUMO O BpeMeHY NOTPeOHOM 33 HbUXOBO HaNaXKekre.



HeaeTeEPMUHUCTUYKM MOJANHOMCKM
npobnemun

* Mehytnm, noctoje npobiemu 3a Koje ce He 3Ha Aa IM NOCTOojuU
NONIMHOMCKN aNropuTam 3a HbUXOBO pellaBake

* AKO ce 3a KOHKpeTHO noHyheHo peliere npobaema oasyymBarba
* MOMKe YTBPAMTU A /M je 0AroBOp NOTBPAAH Y NOAMHOMMUjanHOM Bpojy KopaKa
* OHAa je y NUTakby HEATEPMUHUCTUUKUN NOANHOMCKU Npobnem (NP npobnem)

* Ha npumepy TSP ce moXe npumeTUTH Aa 3a ce 3a:
* OUNO Kojy AaTy nepmyTaumjy rpagoBa (pewerbe)
* n 6poj C Koju npeacrtas/ba TPOLWAK
* MO’)e AaTW NOTBPAAH UM 0ApPMYaH OAroBOpP Y NOIMHOMCKOM BPEMEHY



PenyKkuuja (cBohere) npobnema

* Heka cy gata aBa npobnema ognyyumBara A, N A,

* [lpeTnoctaBUMO Aa ce 3a A; MOXKe KOHCTPYyMUCaTU NOJIMHOMCKM
a/IOPUTAM Y KOjeM ce Kao jeaaH o4 KopaKa nojassbyje
anroputam 3a pewasarbe npobnema A,

* AKO je NpuUTOM anropuTam 3a pellasame npobaema A, NONMHOMCKM
OHAa je jacHOo Aa 1 3a A; NOCTOjU NO/IMHOMCKM anroputam

* Kaxke ce fa ce A, peayKyje Ha A,
* aKO ce 3a CBaku crneuujanan X npobnema A,
* MOXe Yy MOJIMHOMCKOM BpemMeHy npoHahu cneuujanan cayyaj Y npobnema A,
* TaKaB Aa je 3a npobiem X oarosop nNoTBpAaH akKo je u 3a Y ogrosop notspaaH



NP noTnyHn (KOomnaeTHu) npobaemun

* [Ipobnem je NP notnyH ako 3a cBoherbe 6uno Kor NP npobnema Ha
nocMmaTpaHu npobaem NoCcToju NOAMHOMCKU anroputam

* [lochegunua:
aKo ce 3a 6uno Koju NP notnyH npobnem npoHahe NnoNMHOMCKM anroputam,

TMMe ce JOoKa3yje NocTojatbe NOJMHOMCKOT a/iropmuTma 3a cBakn NP npobnem!
OAHOCHO NoKa3ano 6u ce aa je N=PN!

* Y KOHTEKCTY onTumm3aumnje cnommmy ce NP Tewkn npobnemu

* To cy npobnemu umje cy oanyumse BapujaHte NP noTnyHm npobremu



KaKko pelwasaTtn npobneme?

* JlBa onwTa npucTtyna:

1. ErsaktHo pewaBake npobnema:
NOCTYNUM KOju A0BOAE A0 rapaHTOBAaHO ONTUMA/THOT pelleHa ako 3aBplue

2. MpubnaunkHo (anpoKcMMaTMBHO) pellaBakbe:
MNOCTNYLM KOjW YaK M KaJa 3aBpLUe He rapaHTyjy onTUMaaHoCT

* OBae ybpajamo n (meTa)xeypucTmke n anropnuTMe ca rapaHLMjom KBanUTeTa

* MlonnHomckKe npobneme pelaBaTh ersakTHo!

* [MpnbNANKHO pelwaBaT CamMo aKo HEe MOCTOjU NOJIMHOMCKM MOCTYNaK,
a OBO 3Hauun Aa npmbankHo Tpeba pewasatn NP Tewke npobneme!



MaTepujann

* Ha agpecu ncnopg, ce Hanasu nperne NP TewKkux npobnema:
https://www.nada.kth.se/~viggo/problemlist/compendium.html

 Kaga Hucte curypHu aa nu je npobnem NP TexKak,
norneaajte Aa /M ce Hasla3n y OBOM CIMUCKY

* Moke ce gecutn aa npobnem Huje y CNUCKy,
anu aa jako noaceha Ha Hekn oA noctojehunx

* Y TOM c/yyajy je KaHAMAaT 3a AoJaBakbe Y Cnncak

e [1a 61 ce 3a HEKM HOBM nNpobiem Noka3ano aa je NP Texkak (KomnaeTtaH) AOBO/bHO je:
1. nokasatn gaje NP

2. pepaykoBaTn Hekun of noctojehinx NP komnneTHMx npobaema Ha Hera
(To 3HauM Aa je HoBU Npobaem TexKak 6Bap KOIMKO M Taj KOju je peayKoBaH Ha Hera)
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