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Chapter 1

In tro duction

A lossy source co de consists of three parts, namely , quantizer , enc o der , and de c o der . The quan-

tizer con v erts con tin uous alphab et data samples in to samples from a �nite alphab et. The en-

co der/deco der allo w one to losslessly transmit the quan tized samples. The co de is called lossy

b ecause it do es not reconstruct the original data samples, only the quan tized v ersions of them. The

follo wing �gure illustrates this.
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Figure 1a: Quan tizer P art of Lossy Source Co de
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Figure 1b: Enco der P art of Lossy Source Co de
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Figure 1c: Deco der P art of Lossy Source Co de

Note that the enco der and deco der in Figure 1 are indeed lossless in that they pro vide a one-to-one

corresp ondence b et w een the quantize d ve ctor (

^

X

1

;

^

X

2

; � � � ;

^

X

n

) and the co dew ord ( B

1

; B

2

; � � � ; B

k

).

But k eep in mind that the o v erall co de in Figure 1 is de�nitely a lossy co de b ecause the quan tized

v ector (

^

X

1

;

^

X

2

; � � � ;

^

X

n

), whic h is b eing used as the reconstructed v ersion of the original data v ector
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( X

1

; X

2

; � � � ; X

n

), will not in general b e equal to ( X

1

; X

2

; � � � ; X

n

). The lossiness of the co ding in

Figure 1 arises from the quan tizer step; the op eration in whic h ( X

1

; X

2

; � � � ; X

n

) is quan tized in to

(

^

X

1

;

^

X

2

; � � � ;

^

X

n

) is usually not in v ertible. The quan tized v ector (

^

X

1

;

^

X

2

; � � � ;

^

X

n

) is alw a ys tak en

to ha v e �nitely man y p ossible v alues, whereas the original data v ector ( X

1

; X

2

; � � � ; X

n

) ma y tak e

con tin uous v alues|in suc h a case, the nonin v ertibilit y of the quan tizer step is inevitable.

A lossy source co de has t w o �gures of merit:

(1): R , the compression rate, whic h is the a v erage n um b er of enco ded bits p er source sample

(2): D , the exp ected distortion p er source sample

In Figure 1, the compression rate is clearly R = k =n . The distortion/sample D is a measure of ho w

close (

^

X

1

;

^

X

2

; � � � ;

^

X

n

) is to ( X

1

; X

2

; � � � ; X

n

), and it is up to the co de designer to de�ne ho w the

distortion/sample is to b e calculated. The most frequen t approac h (assuming the X

i

's and

^

X

i

's in

Figure 1 tak e real v alues) is to de�ne D using squared-error distortion as follo ws:

D

�

=

P

n

i =1

E [( X

i

�

^

X

i

)

2

]

n

:

Example 1. In Figure 1, w e tak e the memoryless source mo del in whic h the source samples X

i

are I ID random v ariables, eac h uniformly distributed b et w een 0 and 1. W e quan tize eac h X

i

as

follo ws:

^

X

i

=

8

>

>

>

<

>

>

>

:

1 = 8 ; 0 � X

i

< 1 = 4

3 = 8 ; 1 = 4 � X

i

< 1 = 2

5 = 8 ; 1 = 2 � X

i

< 3 = 4

7 = 8 ; 3 = 4 � X

i

� 1

The lossless enco ding of (

^

X

1

; � � � ;

^

X

n

) is done en try b y en try according to the follo wing table:

^

X

i

v alue co dew ord

1 = 8 00

3 = 8 01

5 = 8 10

7 = 8 11

Tw o co de bits are generated for eac h data sample X

i

. Therefore the compression rate is giv en b y

R = 2 bits = sample :

Let us use squared-error distortion. Computing D , the distortion/sample, w e get

D =

P

n

i =1

E [( X

i

�

^

X

i

)

2

]

n

= E [( X

1

�

^

X

1

)

2

] ;
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since all ( X

i

�

^

X

i

)

2

ha v e the same distribution as ( X

1

�

^

X

1

)

2

. W e no w write

D =

Z

1

0

( x �

^

X

1

( x ))

2

f

X

1

( x ) dx;

where f

X

1

( x ) is the probabilit y densit y function of X

1

b et w een 0 and 1. Putting in f

X

1

( x ) = 1 and

using the fact that the in tegrals o v er eac h of the in terv als

0 � x � 1 = 4

1 = 4 � x � 1 = 2

1 = 2 � x � 3 = 4

3 = 4 � x � 1

are the same, w e obtain

D = 4

Z

1 = 4

0

( x � 1 = 8)

2

dx =

1

192

:

Distortion v alues D in lossy co ding tend to b e close to zero (as w e ha v e just seen). In order to

b etter compare t w o lossy co des, it is more customary to measure D in decib els as

[ D ]

decibel s

�

= 10 log

10

 

�

2

D

!

;

where �

2

is the common v ariance of the random v ariables X

i

. The v ariance of a R V uniformly

distributed b et w een 0 and 1 is 1 = 12. F or the lossy co de that w e ha v e just considered, w e no w ha v e

[ D ]

decibel s

= 10 � log

10

(16) = 12 : 04 decib els :

In this example, the quan tizer part of the co de is a sc alar quantizer , meaning that eac h source

sample is quan tized individually using a �xed quan tizer function mapping a subin terv al of the real

line in to a �nite subset of the real line. W e will see in Chapter 2 a general discussion of suc h scalar

quan tizer based co des. In particular, w e will see that for the source mo del just considered, the co de

w e used (ha ving a so-called uniform quan tizer) pro vides the smallest D for R = 2 among all lossy

source co des based on scalar quan tizers. Ho w ev er, w e will see in Chapter 3 that w e can obtain a

smaller D for R = 2 b y using co des based not on scalar quan tizers but on v ector quan tizers.

Our goals in the ensuing c hapters are t w ofold:

Design: T o teac h y ou ho w to design go o d lossy source co des.

Theory: T o teac h y ou some theory explaining ho w the b est lossy source co des should p erform for

a memoryless information source.

Here is ho w the c hapters are organized: Chapter 2 tells y ou ho w to design scalar quan tizer

based co des. Chapter 3 tells y ou ho w to design v ector quan tizer based co des. Chapter 4 giv es y ou

the theory of the distortion rate function D ( R ) for a memoryless information source. Chapter 5

tells y ou ab out lattice co des, and Chapter 6 concerns TCQ co des.



Chapter 2

SQ Based Lossy Co des

2.1 In tro duction

As the name implies, a scalar quan tizer based lossy source co de uses a scalar quan tizer in the

quan tization part of the compression system. The scalar quan tizer quan tizes sample-b y-sample, so

w e ma y consider our source output to b e just one source sample, whic h w e mo del as a random

v ariable X ha ving a probabilit y densit y function f

X

( x ) and �nite v ariance �

2

X

. W e supp ose f

X

( x )

is lo g-c onc ave , meaning that log f ( x ) is a conca v e function. Some examples of log-conca v e densities

are:

� The uniform densit y f

X

( x ) =

1

b � a

; a � x � b .

� The Gaussian densit y f

X

( x ) =

1

�

p

2 �

exp( � ( x � � )

2

= 2 �

2

) ; �1 < x < 1 .

� The Laplacian densit y f

X

( x ) = ( a= 2) exp ( � a j x j ) ; �1 < x < 1 .

An SQ based co de tak es the form

X !

scalar

quan tizer

Q ( x )

!

^

X = Q ( X ) !

lossless

enco der

!

�xed length

binary

co dew ord

! deco der !

^

X

Figure 2: SQ Based Lossy Source Co de

In the design of a Figure 2 SQ based lossy source co de, w e shall b e in terested in the tradeo�

b et w een the compression rate R in (co de bits)/(source sample) and the distortion D . W e adopt

the follo wing approac h to SQ based lossy source co de design:

4
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(i): The compression rate R is a p ositiv e in teger.

(ii): The binary co dew ord generated b y the enco der is of �xed length R .

(iii): D is squared error distortion:

D

�

= E [( X �

^

X )

2

] =

Z

1

�1

( x � Q ( x ))

2

f

X

( x ) dx:

(iv): The quan tizer should b e designed to ha v e 2

R

v alues (called the quantizer levels ); eac h lev el

is tak en on o v er an in terv al called a quantizer interval . The quan tizer lev els and quan tizer

in terv als should b e c hosen to minimize D .

It is common to use SQNR, the signal-to-quan tizing-noise ratio, in place of D . The SQNR is

de�ned b y

S QN R

�

= 10 log

10

 

�

2

X

D

) (2.1)

As remark ed b efore, �

2

X

is the v ariance of the random v ariable X , giv en b y

�

2

X

= E [( X � �

X

)

2

]

=

Z

1

�1

( x � �

X

)

2

f

X

( x ) dx;

and where �

X

is the mean of X , giv en b y

�

X

= E [ X ] =

Z

1

�1

xf

X

( x ) dx:

The units of SQNR are decib els. Distortion D close to zero corresp onds to a large v alue of SQNR;

th us, in quan tizer design, one w an ts the quan tizer to yield the biggest p ossible SQNR for a giv en

n um b er of lev els.

W e illustrate the concepts with a simple design example.

Example 1. Let X b e a standard Gaussian random v ariable, meaning that X has probabilit y

densit y

f

X

( x ) =

1

p

2 �

exp( � x

2

= 2) :

W e w an t to design the b est t w o-lev el quan tizer for X (i.e., for co ding at the rate R = 1). W e

restrict ourselv es to t w o-lev el quan tizers whose quan tizer in terv als are [ �1 ; 0], [0 ; 1 ], and whose

corresp onding quan tizer lev els are � L; L , where L is a p ositiv e parameter that needs to b e deter-

mined. Th us, our quan tizer is of the form

Q ( x ) =

(

L; x � 0

� L; x < 0
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The distortion is a function of L whic h w e write as D ( L ). W e ha v e

D ( L ) = E [( X � Q ( X )]

2

]

= 2

Z

1

0

( x � L )

2

f

X

( x ) dx

= L

2

� L (4 =

p

2 � ) + 1

Setting the deriv ativ e of D ( L ) with resp ect to L equal to zero, w e see that the b est c hoice of L is

L =

2

p

2 �

= 0 : 7979 :

Substituting this v alue of L in to D ( L ), one sees that the resulting distortion is 1 � 2 =� . The SQNR

is

S QN R = 10 log

10

�

2

X

D

= 10 log

10

�

1

1 � 2 =�

�

= 4 : 40 decib els :

W e can no w put forth the b est SQ based lossy source co de for compressing the single source sample

X at the rate R = 1: In Figure 2, use the quan tizer

Q ( x ) =

(

0 : 7979 ; x � 0

� 0 : 7979 ; x < 0

and use the enco der

^

X co dew ord

0 : 7979 0

� 0 : 7979 1

2.2 Uniform Quan tizers

Let the random source sample X b e uniformly distributed on the in terv al [ a; b ] and supp ose that

the desired compression rate is R ( R = 1 ; 2 ; 3 ; � � � ). The 2

R

-lev el quan tizer whic h yields the biggest

SQNR is the uniform quantizer , de�ned b y

� The 2

R

quan tizer in terv als eac h ha v e length equal to ( b � a ) = 2

R

.

� Eac h quan tizer lev el is equal to the midp oin t of the corresp onding quan tizer in terv al.

Example 2. Let X b e uniformly distributed in the in terv al [0 ; 1]. W e can enco de X at the rate

R = 2 using the follo wing 4-lev el uniform quan tizer Q ( x ):
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-

6

Q ( x )

1 = 8

3 = 8

5 = 8

7 = 8

1 = 4 1 = 2 3 = 4

1

x

0

The quan tizer in terv als are [0 ; 1 = 4] ; [1 = 4 ; 1 = 2 ] ; [ 1 = 2 ; 3 = 4 ] ; [ 3 = 4 ; 1 ], and the corresp onding quan tizer

lev els are 1 = 8 ; 3 = 8 ; 5 = 8 ; 7 = 8 . The enco der/deco der that w ould b e used in connection with this

quan tizer w as earlier giv en in the table in Example 1 of Chapter 1, where the resulting squared-

error w as computed to b e

D = E [( X � Q ( X ))

2

] = 1 = 192 :

Llo yd-Max scalar quan tizer theory to b e presen ted later in this c hapter will allo w us to conclude that

this distortion D is the smallest that can b e ac hiev ed in quan tization of X using four quan tization

lev els (i.e., R = 2).

2.2.1 The 6 dB/bit Result

In Example 2, w e found that the SQNR arising from uniform quan tization of a uniformly distributed

random v ariable at a rate of R = 2 is around 12 decib els. If w e had tak en R = 1, w e w ould ha v e

found the SQNR to b e ab out 6 decib els, and if w e had tak en R = 3, w e w ould ha v e obtained SQNR

around 18 decib els. These results are sp ecial cases of the \6 dB/bit" result, whic h sa ys that w e

gain ab out 6 decib els in SQNR whenev er w e increase the length R of the co dew ord b y 1. It is the

purp ose of the section to pro v e the \6 dB/bit" result.

T ranslation and Scale-In v ariance of SQNR. In order to pro v e the \6 dB/bit" result, w e

shall exploit the translation and scale in v ariance prop ert y of SQNR, whic h sa ys the follo wing. Let

X ; Y b e t w o random v ariables related b y

Y = AX + B ;
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where A; B are constan ts. Let Q ( X ) b e a quan tization of X and let Q ( Y ) b e the corresp onding

quan tization of Y :

Q ( Y ) = AQ ( X ) + B :

Then the SQNR 10 log

10

( �

2

X

=E [( X � Q ( X ))

2

]) coincides with the SQNR 10 log

10

( �

2

Y

=E [( Y �

Q ( Y ))

2

]).

Let X b e a uniform random v ariable in the in terv al [ a; b ]. W e pro v e that the SQNR arising

from uniform quan tization of X at rate R ( R = 1 ; 2 ; 3 ; � � � ) is giv en b y the form ula

S QN R = (20 log

10

2) R = (6 : 02) R : (2.2)

(Since 6 : 02 � 6, this is our \6 dB/bit" result.) Because of the translation and scale in v ariance

prop ert y of SQNR, w e need only pro v e (2.2) for the case in whic h X is uniformly distributed o v er

the in terv al [0 ; 1]. Exploiting symmetry , w e can compute the distortion in this case for the �rst

quan tizer in terv al [0 ; 2

� R

] and then m ultiply b y 2

R

, the n um b er of lev els. This giv es distortion

D = 2

R

Z

2

� R

0

( x � 2

� R � 1

)

2

dx = (1 = 12)2

� 2 R

:

The v ariance of X is 1 = 12. Therefore, the SQNR is

S QN R = 10 log

10

(1 = 12)

(1 = 12)2

� 2 R

= (20 log

10

2) R ;

establishing our result (2.2).

Let D

uq

( R ) b e the distortion arising from uniform quan tization of a uniform R V X with v ariance

�

2

at rate R ( R = 1 ; 2 ; 3 ; � � � ). F rom the form ula

10 log

10

�

2

D

uq

( R )

= (20 log

10

2) R ;

w e obtain the follo wing form ula for D

uq

( R ):

D

uq

( R ) = �

2

2

� 2 R

; R = 1 ; 2 ; 3 ; � � � :

This form ula holds only for in teger v alues of the argumen t R . Ho w ev er, w e can obtain a function

D

�

uq

( R ) v alid for all real n um b ers R > 0 b y linearly in terp olating as the follo wing �gure sho ws:
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L

L

L

L

L

L

L

L

L

L

L

L

L

L

-

6

Z

Z

Z

Z

Z

Z

X

X

X

X

X

X

1 2 3

R

(1 ; �

2

= 4)

(2 ; �

2

= 16)

(3 ; �

2

= 64)

D

�

uq

( R )

�

2

By a pro cedure called \time-sharing", all p oin ts ( R ; D ) on the D

�

ud

( R ) curv e are ac hiev able b y lossy

source co ding, ev en if R is not an in teger. The follo wing example mak es this clear.

Example 3. Supp ose y ou w an t to enco de 1000 i.i.d. uniformly distributed source samples

U

1

; U

2

; � � � ; U

1000

at a compression rate of R = 1 : 5. Then, enco de 500 of the samples at rate R = 1

using a t w o-lev el uniform scalar quan tizer, and then enco de the remaining 500 samples at rate

R = 2 using a four-lev el uniform scalar quan tizer. The resulting distortion D will b e the a v erage

of the R = 1 and R = 2 distortion p erformances:

D = 0 : 5[( �

2

= 4) + ( �

2

= 16)] ;

In this w a y , y ou obtain the distortion rate p oin t (1 : 5 ; D ) at the midp oin t of the straigh t line

connecting the distortion rate p oin ts (1 ; �

2

= 4) and (2 ; �

2

= 16).

2.3 Llo yd-Max Problem

In this section, w e consider the problem of �nding minim um distortion quan tizers (this is the

Llo yd-Max Problem), and obtain some necessary and su�cien t conditions for a minim um distortion

quan tizer. Throughout this section, w e ha v e

� A �xed R V X taking v alues in an in terv al [ a; b ]. It is assumed that X has �nite v ariance, and

has a log-conca v e densit y whic h is ev erywhere p ositiv e on the in terior of [ a; b ].
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� A �xed p ositiv e in teger N . (If y ou are enco ding at a �xed rate of R bits/sample, then y ou

w ould tak e N = 2

R

; in this case, N w ould b e a p o w er of t w o.)

There are in�nitely man y N -lev el quan tizers Q ( x ) for quan tizing the v alues x of X . Eac h suc h

quan tizer Q ( x ) is obtained b y sp ecifying its quan tizer in terv al endp oin ts

x

0

= a < x

1

< x

2

< x

3

< � � � < x

N � 1

< x

N

= b;

and its quan tizer lev els

y

1

< y

2

< � � � < y

N

:

Then, the quan tizer Q ( x ) quan tizes b y taking

Q ( x ) = y

i

; x

i � 1

< x < x

i

; i = 1 ; 2 ; � � � ; N :

Th us, in the in terior of the quan tizer in terv al [ x

i � 1

; x

i

], w e are declaring that Q ( x ) tak es the v alue

y

i

(Because X is a con tin uous R V, it do es not matter ho w Q ( x ) is de�ned at the endp oin ts x

i � 1

and x

i

of the in terv al [ x

i � 1

; x

i

].) W e ma y therefore regard the general N -lev el quan tizer Q ( x ) as

a function of 2 N � 1 v ariables, namely , the N � 1 v ariables f x

i

: i = 1 ; � � � ; N � 1 g (w e do not

coun t x

0

and x

N

b ecuase they are �xed at a and b , resp ectiv ely), together with the N v ariables

f y

i

: i = 1 ; 2 ; � � � ; N g .

W e no w formally de�ne the Llo yd-Max Problem to b e the problem of seeing ho w to c ho ose

the 2 N � 1 v ariables f x

i

g

N � 1

1

; f y

i

g

N

1

sp ecifying the N -lev el quan tizer Q ( x ) on [ a; b ], so that the

squared-error distortion

D = E [( X � Q ( X ))

2

] =

N

X

j =1

Z

x

j

x

j � 1

( x � y

j

)

2

f

X

( x ) dx (2.3)

will b e minimized. This is a problem in m ultiv ariable calculus whic h w e will ultimately solv e b y

equating to zero the partial deriv ativ es of the righ t side of (2.3) with resp ect to the 2 N � 1 v ariables.

W e dev elop some notation and terminology that will b e useful in solving the Llo yd-Max Problem.

In the follo wing, if [ �; � ] is a subin terv al of the in terv al [ a; b ] o v er whic h X is de�ned, w e let

E [ X j � � X � � ] denote the conditional mean of X when X is restricted to the in terv al [ �; � ]. As

ev ery studen t kno ws who has had a �rst undergraduate course in probabilit y and statistics, this

conditional mean is giv en b y the form ula

E [ X j � � X � � ] =

Z

�

�

xf

X

( x ) dx

Z

�

�

f

X

( x ) dx

: (2.4)
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Alternativ ely , some p eople call the n um b er E [ X j � � X � � ] the cen troid of X o v er the in terv al

[ x

i � 1

; x

i

] (this terminology comes from engineering mec hanics). The notation g ( �; � ) shall some-

times b e used as a compact notation for the cen troid of X o v er the in terv al [ �; � ].

There are t w o t yp es of quan tizers that will b e useful in expressing the solution to the Llo yd-Max

Problem. These are the NN quantizers (\nearest neigh b or" quan tizers) and the c entr oid quantizers .

Their de�nitions are giv en in the follo wing.

NN Quan tizer: An N -lev el quan tizer Q ( x ) is de�ned to b e a NN quan tizer if and only if it

quan tizes eac h x in [ a; b ] in to a lev el whic h is closest among all its lev els, that is,

j x � Q ( x ) j = min

a � x

0

� b

j x � Q ( x

0

) j ; a � x � b:

If Q ( x ) has quan tizer in terv al endp oin ts f x

i

: i = 1 ; 2 ; � � � ; N � 1 g and quan tizer lev els f y

i

:

1 ; 2 ; � � � ; N g , then it is easily sho wn that Q ( x ) is a NN quan tizer if and only if the follo wing

equations hold:

x

i

= (1 = 2)[ y

i

+ y

i +1

] ; i = 1 ; 2 ; � � � ; N � 1 : (2.5)

Cen troid Quan tizer: The N -lev el quan tizer with quan tizer in terv al endp oin ts f x

i

: i = 1 ; 2 ; � � � ; N �

1 g and quan tizer lev els f y

i

: 1 ; 2 ; � � � ; N g is a cen troid quan tizer if and only if

y

i

= g ( x

i � 1

; x

i

) ; i = 1 ; 2 ; � � � ; N : (2.6)

Th us, a cen troid quan tizer is a quan tizer suc h that the quan tizer lev el for eac h quan tizer

in terv al is simply the cen troid of X o v er that in terv al.

Solution to Llo yd-Max Problem: There is only one N -lev el quan tizer whic h is b oth a NN

quan tizer and a cen troid quan tizer

1

. It is the unique solution to the Llo yd-Max Problem, i.e.,

it is the unique N -lev el quan tizer pro viding minim um distortion. This quan tizer is called the

N -lev el Llo yd-Max quan tizer. The quan tizer in terv al endp oin ts f x

i

: i = 1 ; 2 ; � � � ; N � 1 g of

the N -lev el Llo yd-Max quan tizer are found b y solving the follo wing equations sim ultaneously:

x

i

= (1 = 2)[ g ( x

i � 1

; x

i

) + g ( x

i

; x

i +1

)] ; i = 1 ; 2 ; � � � ; N � 1 : (2.7)

Once the f x

i

g are found, the N quan tizer lev els f y

i

g are tak en as

y

i

= g ( x

i � 1

; x

i

) ; i = 1 ; 2 ; � � � ; N : (2.8)

The conditions (2.7), (2.8) are called the Lloyd-Max c onditions .

1

P . Fleisc her, \Su�cien t conditions for ac hieving minim um distortion in a quan tizer," IEEE Int. Conv. R e c. , pp.

104{111, 1964.



CHAPTER 2. SQ BASED LOSSY CODES 12

W e obtain a partial justi�cation of the preceding result here. Supp ose one tak es the partial

deriv ativ e of the righ t side of (2.3) with resp ect to eac h v ariable y

i

and sets it equal to zero. This

giv es us the equations

Z

x

i

x

i � 1

2( x � y

i

)

2

( � 1) f

X

( x ) dx = 0 ; i = 1 ; 2 ; � � � ; N ;

whic h reduce to (2.6). In other w ords, our quan tizer m ust b e a cen troid quan tizer. No w set equal

to zero the partial deriv ativ e of the righ t side of (2.3) with resp ect to eac h v ariable x

i

. This giv es

us the equations

( x

i

� y

i

)

2

f

X

( x

i

) � ( x

i

� y

i +1

)

2

f

X

( x

i

) = 0 ; i = 1 ; � � � ; N � 1 ;

whic h reduce to (2.5). This tells us that our quan tizer m ust b e a NN quan tizer. W e ha v e sho wn

that an y solution to the Llo yd-Max problem m ust b e b oth a cen troid quan tizer and a NN quan tizer.

It is Fleisc her's con tribution to sho w that only one quan tizer can b e b oth a cen troid quan tizer and

a NN quan tizer.

Example 4. Supp ose X is uniformly distributed in the �nite in terv al [ a; b ]. Let Q ( x ) b e the

uniform N -lev el quan tizer on the in terv al [ a; b ]. Eac h cen troid g ( x

i � 1

; x

i

) is equal to the midp oin t

( x

i � 1

+ x

i

) = 2 of the in terv al [ x

i � 1

; x

i

]; since these midp oin ts are the quan tizer lev els b y de�nition,

Q ( x ) is a cen troid quan tizer. Also, it is easy to c hec k that eac h quan tizer in terv al endp oin t x

i

is

halfw a y b et w een the midp oin ts ( x

i � 1

+ x

i

) = 2 and ( x

i

+ x

i +1

) = 2; therefore, Q ( x ) is a NN quan tizer.

W e conclude that Q ( x ) is the N -lev el Llo yd-Max quan tizer. Note that if X is non uniformly dis-

tributed, it ma y not b e v ery lik ely that the cen troid of a quan tizer in terv al is equal to its midp oin t;

in suc h a case, the uniform quan tizer can nev er b e the Llo yd-Max quan tizer.

Example 5. Supp ose the densit y f

X

( x ) is symmetric ab out its mean �

X

. Then the follo wing

equation m ust hold (due to the symmetry):

�

X

= (1 = 2)[ g ( �1 ; �

X

) + g ( �

X

; 1 )] : (2.9)

The t w o-lev el Llo yd-Max quan tizer therefore tak es the form

Q ( x ) =

(

g ( �

X

; 1 ) ; x > �

X

g ( �1 ; �

X

) ; x < �

X

Notice that y ou only ha v e to compute one of the n um b ers g ( �1 ; �

X

) ; g ( �

X

; 1 ), b ecause the other

one will then b e obtainable from (2.9). T o illustrate, let us �nd the t w o-lev el Llo yd-Max quan tizer

for the standard Gaussian densit y

f

X

( x ) =

1

p

2 �

exp( � x

2

= 2) ; �1 < x < 1 :
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Since the mean is zero, the t w o quan tizer lev els are

y

2

= g (0 ; 1 ) ; y

1

= � y

2

:

W e ha v e

y

2

= 2

Z

1

0

f

X

( x ) dx =

r

2

�

= 0 : 7979 :

The quan tizer is therefore

Q ( x ) =

(

0 : 7979 ; x > 0

� 0 : 7979 ; x < 0

The distortion is

D = E [ X

2

] � E [ Q ( X )

2

] :

The second momen t E [ X

2

] is 1 (since the mean is zero, the second momen t and the v ariance �

2

X

coincide). Q ( X )

2

is alw a ys equal to 2 =� . Therefore,

D = 1 � 2 =� :

The SQNR is

S QN R = 10 log

10

1

1 � 2 =�

= 4 : 40 decib els :

Example 6. Let X b e the R V on [0 ; 1] with PDF

f

X

( x ) =

(

2 x; 0 � x � 1

0 ; elsewhere

Let us see if w e can �nd the �v e parameters x

1

; x

2

; y

1

; y

2

; y

3

of the 3-lev el Llo yd-Max quan tizer.

W e �rst ha v e to solv e the equations

x

1

= (1 = 2)[ g (0 ; x

1

) + g ( x

1

; x

2

)] (2.10)

x

2

= (1 = 2)[ g ( x

1

; x

2

) + g ( x

2

; 1)] (2.11)

The cen troids are computed as follo ws:

g ( �; � ) =

Z

�

�

x

2

dx

Z

�

�

xdx

= (2 = 3)

"

�

3

� �

3

�

2

� �

2

#

:

Equation (2.10) reduces to

x

2

1

+ x

1

x

2

� x

2

2

= 0 ;
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from whic h one deduces that

x

1

=

 

p

5 � 1

2

!

x

2

: (2.12)

Using (2.12) to eliminate x

1

in (2.11), that equation will reduce to

x

2

2

+ x

2

�

 

3 +

p

5

4

!

= 0 :

Solving, y ou get

x

2

=

� 1 +

q

4 +

p

5

2

= 0 : 7486

x

1

= 0 : 4627

y

1

= (2 = 3) x

1

= 0 : 3084

y

2

= 2 x

1

� y

1

= 0 : 6169

y

3

= 2 x

2

� y

2

= 0 : 8803

2.3.1 Prop erties of Llo yd-Max Quan tizers

Let Q

N

( x ) b e the N -lev el Llo yd-Max quan tizer for the log-conca v e densit y f

X

( x ) on [ a; b ]. Here

are three in teresting prop erties of Q

N

( x ).

Prop ert y 1:

R

b

a

Q

N

( x )( x � Q

N

( x )) f

X

( x ) dx = 0. (That is, the quan tizer error is orthogonal to the

quan tizer output.)

Prop ert y 2:

R

b

a

( x � Q

N

( x ))

2

f

X

( x ) dx =

R

b

a

x

2

f

X

( x ) dx �

R

b

a

Q

N

( x )

2

f

X

( x ) dx . (That is, the quan-

tizer distortion is the di�erence b et w een the quan tizer input p o w er and the quan tizer output

p o w er.)

Prop ert y 3:

R

b

a

Q

N

( x ) f

X

( x ) dx =

R

b

a

xf

X

( x ) dx . (That is, the means of the quan tizer output and

input are the same.)

Prop ert y 2 giv es us a nice w a y to compute SQNR, as the follo wing example sho ws.

Example 7. In Example 6, w e obtained the Llo yd-Max quan tizer Q

3

( x ) in whic h

Q

3

( x ) =

8

>

<

>

:

0 : 3084 ; 0 � x < 0 : 4627

0 : 6169 ; 0 : 4627 � x < 0 : 7486

0 : 8803 ; 0 : 7486 � x � 1
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The CDF of the densit y f

X

( x ) in Example 5 is F

X

( x ) = x

2

. Therefore,

Pr [0 � X < 0 : 4627] = (0 : 4627)

2

= 0 : 2141

Pr [0 : 4627 � X < 0 : 7486] = (0 : 7486)

2

� (0 : 4627)

2

= 0 : 3464

Pr [0 : 7486 � X � 1] = 0 : 4396

W e no w ha v e

Z

1

0

x

2

f

X

( x ) dx = 0 : 5

Z

1

0

Q

3

( x ) f

X

( x ) dx = [(0 : 3084)

2

; (0 : 6169)

2

; (0 : 8803)

2

] � [0 : 2141 ; 0 : 3464 ; 0 : 4 39 6] = 0 : 4928

D = (0 : 5) � (0 : 4928) = 0 : 0072

W e lea v e it as an exercise for the reader to sho w that the v ariance is

�

2

X

= 1 = 18 :

Therefore,

SQNR = 10 log

10

1 = 18

D

= 8 : 90 decib els :

It w ould b e stupid to use the 3-lev el quan tizer Q

3

( x ) with an enco der that uses a �xed 2 co deb-

its/sample. T o get a b etter tradeo� b et w een D and the compression rate R , w e enco de the quan tized

sample with the Hu�man co de based on the probabilit y distribution

[0 : 2141 ; 0 : 3464 ; 0 : 43 96 ] :

This Hu�man co de is the (1 ; 2 ; 2) compact co de. The compression rate is

R = [1 ; 2 ; 2] � [0 : 2141 ; 0 : 3464 ; 0 : 43 96] = 1 : 7859 bits = sample :

Y ou could get the same compression rate b y time-sharing the 2-lev el Llo yd-Max quan tizer ( R = 1)

and the 4-lev el Llo yd-Max quan tizer ( R = 2). It w ould b e in teresting to see whether the time-

sharing approac h yields a bigger SQNR than 8.9 decib els. A t presen t, �nding the 4-lev el Llo yd-Max

quan tizer for densit y f

X

( x ) is to o di�cult for us. W e shall return to this question when w e kno w

more.

2.4 Llo yd's Algorithm (Idealized V ersion)

Supp ose one w an ts to �nd the Llo yd-Max N -lev el quan tizer for the random v ariable X with densit y

f

X

( x ) on the in terv al [ a; b ] (guaran teed to b e unique b y the log-conca v e assumption on f

X

( x )).
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Llo yd's Algorithm

2

computes successiv e appro ximations to the Llo yd-Max quan tizer, starting with

an arbitrary N -lev el quan tizer. Eac h iteration of Llo yd's algorithm generates a new quan tizer from

the old quan tizer at the end of the previous iteration in suc h a w a y that the new quan tizer is

guaran teed to ha v e b etter distortion p erformance than the old quan tizer. In the limit, the sequence

of quan tizers generated b y iterations of Llo yd's Algorithm con v erges to the Llo yd-Max quan tizer.

It is not hard to see ho w Llo yd came up with his idea. W e ha v e to solv e the equations

x

i

= (1 = 2)[ g ( x

i � 1

; x

i

) + g ( x

i

; x

i � 1

)] ; i = 1 ; 2 ; � � � ; N � 1 :

These equations giv e a natural setup for one iteration of Llo yd's Algorithm:

� Giv en endp oin ts f x

ol d

i

: i = 1 ; � � � ; N � 1 g of some N -lev el quan tizer, generate endp oin ts

f x

new

i

: i = 1 ; � � � ; N � 1 g of a new N -lev el quan tizer via the equations

x

new

i

= (1 = 2)[ g ( x

ol d

i � 1

; x

ol d

i

) + g ( x

ol d

i

; x

ol d

i +1

)] ; i = 1 ; 2 ; � � � ; N � 1 : (2.13)

The follo wing example illustrates use of Llo yd's algorithm for scalar quan tizer design.

Example 8. Consider the densit y

f

X

( x ) =

(

e

� x

; 0 � x < 1

0 ; elsewhere

Let us �nd the Llo yd-Max t w o-lev el quan tizer. Let A denote the quan tizer in terv al endp oin t x

1

.

Computing the cen troids, the equation

A = (1 = 2)[ g (0 ; A ) + g ( A; 1 )]

b ecomes

A = (1 = 2)

" (

1 � Ae

� A

� e

� A

1 � e

� A

)

+

(

Ae

� A

+ e

� A

e

� A

)#

;

whic h simpli�es to

A = 2(1 � e

� A

) :

The follo wing Matlab script computes A via Llo yd iteration to b e A = 1 : 5936:

A=1;

for i=1:1000

A=2*(1-exp(-A));

end

A

A = 1.5936

%check

A-2*(1-exp(-A))

ans = 0

2

S. Llo yd, \Least squares quan tization in PCM," IEEE T r ans. Inform. The ory , v ol. 28, pp. 129{137, 1982.
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The reader can no w compute the t w o quan tizer lev els

y

1

= g (0 ; 1 : 5936) ; y

2

= g (1 : 5936 ; 1 ) :

This is left as a simple Matlab exercise.

Example 9. W e wish to design the Llo yd-Max 4-lev el quan tizer Q ( x ) for the random v ariable

X ha ving the standard Gaussian densit y in Example 5. The quan tizer Q ( x ) tak es the form

Q ( x ) =

8

>

>

>

<

>

>

>

:

y

1

; �1 < x � x

1

y

2

; x

1

< x � x

2

y

3

; x

2

< x � x

3

y

4

; x

3

< x < 1

By symmetry ,

x

2

= 0

x

1

= � x

3

x

3

> 0

y

1

= � y

4

y

2

= � y

3

W e use Llo yd's Algorithm to �nd x

3

:

x

new

3

= (1 = 2)[ g (0 ; x

ol d

3

) + g ( x

ol d

3

; 1 )] (2.14)

Then, y

3

and y

4

are computable from x

3

as follo ws:

y

3

= g (0 ; x

3

) (2.15)

y

4

= g ( x

3

; 1 ) (2.16)

The t w o cen troids on the righ t side of (2.14) can eac h b e written as the ratio of t w o in tegrals:

g (0 ; x ) = I

1

=I

2

g ( x; 1 ) = I

3

=I

4

where

I

1

=

Z

x

0

t exp( � t

2

= 2) dt

I

2

=

Z

x

0

exp( � t

2

= 2) dt

I

3

=

Z

1

x

t exp( � t

2

= 2) dt

I

4

=

Z

1

x

exp( � t

2

= 2) dt
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The in tegrals I

1

; I

2

; I

3

; I

4

are functions of x that can b e found sym b olically using the Matlab

function \ int ". Here is a Matlab session that generates these in tegrals:

syms t x

I1 = int(t*exp(-t^2/2),0,x);

I2 = int(exp(-t^2/2),0,x);

I3 = int(t*exp(-t^2/2),x,inf );

I4 = int(exp(-t^2/2),x,inf);

I1, I2, I3, I4

I1 =

-exp(-1/2*x^2)+1

I2 =

1/2*erf(1/2*x*2^(1/2))*2 ^(1/ 2)*p i^( 1/2)

I3 =

exp(-1/2*x^2)

I4 =

1/2*2^(1/2)*pi^(1/2)-1/2 *erf (1/2 *x* 2^(1 /2)) *2^ (1/2 )*pi ^(1 /2)

These sym b olic expressions are then pasted in to a \for lo op" that implemen ts Llo yd's algorithm

(w e to ok our initial guess for x

3

to b e 1):

%In the following, x plays the role of x3

x=1;

for i=1:1000

I1=-exp(-1/2*x^2)+1;

I2=1/2*erf(1/2*x*2^(1/2) )*2^ (1/2 )*p i^(1 /2);

I3=exp(-1/2*x^2);

I4=1/2*2^(1/2)*pi^(1/2)- 1/2* erf( 1/2 *x*2 ^(1/ 2)) *2^( 1/2) *pi ^(1/ 2);

x=(1/2)*(I1/I2+I3/I4);

end

x

x =

0.9816

In the preceding, w e tried 1000 iterations of Llo yd's algorithm. If this n um b er of iterations is

enough, then the endp oin t x

3

for the Llo yd-Max quan tizer will b e v ery close to 0 : 9816. T o see

whether this is reasonable, one more iteration of Llo yd's algorithm starting with x

3

= 0 : 9816

should giv e us bac k this same v alue of x

3

:

x=0.9816;

I1=-exp(-1/2*x^2)+1;
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I2=1/2*erf(1/2*x*2^(1/2) )*2^ (1/2 )*p i^(1 /2);

I3=exp(-1/2*x^2);

I4=1/2*2^(1/2)*pi^(1/2)- 1/2* erf( 1/2 *x*2 ^(1/ 2)) *2^( 1/2) *pi ^(1/ 2);

x=(1/2)*(I1/I2+I3/I4);

x

x =

0.9816

W e conclude that

x

3

= 0 : 9816 :

Substituting in to (2.15)-(2.16), one obtains y

3

and y

4

. This calculation can b e done via Matlab as

follo ws:

x=0.9816;

I1=-exp(-1/2*x^2)+1;

I2=1/2*erf(1/2*x*2^(1/2) )*2^ (1/2 )*p i^(1 /2);

y3=I1/I2;

I3=exp(-1/2*x^2);

I4=1/2*2^(1/2)*pi^(1/2)- 1/2* erf( 1/2 *x*2 ^(1/ 2)) *2^( 1/2) *pi ^(1/ 2);

y4=I3/I4;

y3,y4

y3 =

0.4528

y4 =

1.5104

W e no w ha v e the complete expression for the Llo yd-Max quan tizer Q ( x ):

Q ( x ) =

8

>

>

>

<

>

>

>

:

� 1 : 5104 ; �1 < x � � 0 : 9816

� 0 : 4528 ; � 0 : 9816 < x � 0

0 : 4528 ; 0 < x � 0 : 9816

1 : 5104 ; 0 : 9816 < x < 1
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2.5 Llo yd's Algorithm (T raining Data V ersion)

The form of Llo yd's Algorithm giv en in the preceding section w as called \Idealized" b ecause it will

not w ork unless f

X

( x ) and xf

X

( x ) b elong to Matlab's library of p ossible in tegrands for sym b olic

in tegrator \ int ", thereb y allo wing exact cen troid computations to b e p erformed.

The v ersion of Llo yd's Algorithm giv en in this section a v oids this problem b y using training

data to appro ximate whatev er cen troids are needed. The training data consists of p oin ts ( u

j

: j =

1 ; 2 ; � � � ; J ), where J is large and eac h u

j

b elongs to the in terior of the in terv al [ a; b ] on whic h the

densit y f

X

( x ) is de�ned. The training data is a go o d set of training data pro vided that an y cen troid

g ( c; d ) can b e w ell-appro ximated as the a v erage of those u

j

p oin ts b elonging to the in terior of the

in terv al [ c; d ]. In Matlab, this appro ximation w ould b e (letting u b e the v ector whose en tries are

the u

j

's):

t=find(u> c & u<d);

centroid = mean(u(t));

Here is the description of the training data v ersion of Llo yd's Algorithm:

1. Start with an y c hoice for quan tizer in terv al endp oin ts

a < x

1

< x

2

< � � � < x

N � 1

< b:

2. Iterate. In eac h iteration, y ou start with a c hoice f x

ol d

i

g and generate f x

new

i

g b y:

� Compute y

new

i

as the a v erage of those u

j

's b elonging to the in terior of in terv al [ x

ol d

i � 1

; x

ol d

i

]

( i = 1 ; 2 ; � � � ; N ).

� Compute x

new

i

as the a v erage of y

new

i

and y

new

i +1

( i = 1 ; 2 ; � � � ; N � 1).

Since the set of training data ( u

j

) is �nite, Llo yd's algorithm (training data v ersion) will not

yield an y more new quan tizers after �nitely man y iterations. Once this p oin t has b een reac hed, y ou

can stop iterating. The quan tizer y ou wind up with will b e prett y close to the Llo yd-Max quan tizer

pro vided that y our training data pro vides a go o d �t to the densit y f

X

( x ).

W e ha v e written a Matlab function \ lloyd(u,a,b,N,k) " to p erform iterations of the Llo yd

algorithm (training data v ersion). The argumen ts of lloyd(u,a,b,N,k) are

� u , the v ector of training data.

� a , b , the endp oin ts of the in terv al o v er whic h the quan tizer is to b e de�ned.

� N , the desired n um b er of quan tizer lev els.

� k , the n um b er of iterations of the algorithm to b e p erformed.



CHAPTER 2. SQ BASED LOSSY CODES 21

Here is the Matlab �le de�ning function \ lloyd ":

%Name this m-file lloyd.m

%u = training vector

%a,b = endpoints of interval [a,b] containing training data

%N = number of levels of quantizer

%k = number of iterations

%A = matrix whose rows give SQNR and thresholds on

%each Lloyd algorithm iteration

function A = lloyd(u,a,b,N,k)

delta=(b-a)/N;

variance=mean((u-mean(u) ).^2 );

i=0:N-1;

x=a+delta*i;

quantizer=[];

SQNR=[];

r=1;

while r<=k

for j=1:N-1

m1=find(u>=x(j) & u<x(j+1));

if length(m1)>0

M(j)=mean(u(m1));

D(j)=sum((u(m1)-M(j)).^2 );

else

M(j)=0;

D(j)=0;

end

end

m2=find(u>=x(N));

if length(m2)>0

M(N)=mean(u(m2));

D(N)=sum((u(m2)-M(N)).^2 );

else

M(N)=0;

D(N)=0;

end

SQNR=[SQNR; 10*log10(variance/(sum( D)/l engt h(u )))] ;

x=(1/2)*(M(1:N-1)+M(2:N) );

quantizer=[quantizer; x];

x=[a x];



CHAPTER 2. SQ BASED LOSSY CODES 22

r=r+1;

end

A=[SQNR quantizer];

for i=1:N

if i==1

fprintf(' SQNR ')

elseif i<N

fprintf('x%1.0f ',i-1)

else

fprintf('x%1.0f \n',i-1)

end

end

for i=1:k

for j=1:N

if j<N

fprintf('%8.4f ',A(i,j))

else

fprintf('%8.4f \n',A(i,j))

end

end

end

When y ou run the function \ lloyd " in Matlab, y ou will see prin ted on y our screen the SQNR

and the quan tizer in terv al endp oin ts for the quan tizer obtained on eac h Llo yd Algorithm iteration.

The SQNR �gure is not the actual SQNR y ou w ould obtain using the actual densit y f

X

( x ) to

compute the distortion; it is an estimate of the actual SQNR, computed from the training data

as follo ws. F or eac h training sample u

j

in the set of training data ( u

j

: j = 1 ; � � � ; J ), the closest

quan tizer lev el y ( u

j

) is found. Then, distortion D of the quan tizer is estimated as

^

D = J

� 1

J

X

j =1

( u

j

� y ( u

j

))

2

;

the v ariance �

2

X

is estimated as

^�

2

X

= J

� 1

J

X

j =1

( u

j

� �u )

2

;

(where �u is the a v erage of the u

j

's), and the SQNR is estimated as

SQNR = 10 log

10

^�

2

X

^

D

:
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If the training data pro vides a go o d �t to the densit y f

X

( x ), then the estimated SQNR ab o v e will

b e close to the actual SQNR.

Example 10. W e use the training v ersion of Llo yd's Algorithm to test the accuracy of the 4-lev el

Llo yd-Max quan tizer found in Example 9 for the standard Gaussian densit y . Here is the result of

our Matlab session:

u=randn(1,50000);

a=min(u);b=max(u);

lloyd(u,a,b,4,25);

SQNR x1 x2 x3

5.4929 -2.0377 -0.3105 1.3101

7.2317 -1.6806 -0.2613 1.0922

8.2635 -1.4661 -0.2346 0.9765

8.7725 -1.3340 -0.2121 0.9179

9.0026 -1.2477 -0.1897 0.8895

9.1148 -1.1879 -0.1684 0.8777

9.1737 -1.1451 -0.1474 0.8764

9.2084 -1.1147 -0.1287 0.8810

9.2307 -1.0920 -0.1120 0.8888

9.2461 -1.0742 -0.0972 0.8980

9.2578 -1.0602 -0.0844 0.9071

9.2684 -1.0476 -0.0718 0.9172

9.2755 -1.0385 -0.0617 0.9262

9.2813 -1.0304 -0.0527 0.9344

9.2861 -1.0224 -0.0445 0.9420

9.2897 -1.0152 -0.0373 0.9480

9.2928 -1.0096 -0.0308 0.9543

9.2952 -1.0040 -0.0248 0.9597

9.2970 -0.9995 -0.0199 0.9642

9.2983 -0.9954 -0.0155 0.9681

9.2993 -0.9917 -0.0115 0.9713

9.3002 -0.9886 -0.0081 0.9744

9.3007 -0.9864 -0.0053 0.9769

9.3010 -0.9847 -0.0033 0.9787

9.3012 -0.9831 -0.0015 0.9802

W e used the pseudorandom n um b er generator \randn" to generate the training samples (50000

of them) for the standard Gaussian distribution. Since the standard Gaussian distribution is

un b ounded, w e couldn't tak e a = �1 and b = 1 for the endp oin ts of our in terv al [ a; b ]. Instead,

w e to ok a to b e the minim um training sample and b to b e the maxim um training sample. W e

did 25 iterations of Llo yd's algorithm. T o t w o decimal places, our �nal quan tizer yields quan tizer
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in terv al endp oin ts

x

1

= � 0 : 98 ; x

2

= 0 ; x

3

= 0 : 98 :

This agrees with the exact Llo yd-Max quan tizer found in Example 9. The SQNR for this quan tizer

is estimated at 9 : 30 decib els to the nearest h undredth of a decib el. This is exactly righ t, according

to T able 2 of the next section.

2.6 T ables

Characteristics of Llo yd-Max quan tizers for the three most common probabilit y distributions (uni-

form, Gaussian, Laplacian) are w ell kno wn. Here is the table of quan tizer lev els for the R = 1 ; 2 ; 3 ; 4

Llo yd-Max quan tizers for these distributions. (These are, resp ectiv ely , quan tizers ha ving 2 ; 4 ; 8 ; 16

lev els.)

T able 1: Quan tizer Lev els of Llo yd-Max Quan tizers (mean 0, v ariance 1)

R uniform Laplacian Gaussian

1 � 0 : 866 � 0 : 707 � 0 : 798

2 � 0 : 433 ; � 1 : 299 � 0 : 420 ; � 1 : 834 � 0 : 453 ; � 1 : 510

3 � 0 : 217 ; � 0 : 650 ; � 0 : 233 ; � 0 : 833 ; � 0 : 245 ; � 0 : 756 ;

� 1 : 083 ; � 1 : 516 � 1 : 673 ; � 3 : 087 � 1 : 344 ; � 2 : 152

4 � 0 : 109 ; � 0 : 326 ; � 0 : 124 ; � 0 : 405 ; � 0 : 128 ; � 0 : 388 ;

� 0 : 542 ; � 0 : 759 ; � 0 : 729 ; � 1 : 111 ; � 0 : 657 ; � 0 : 942 ;

� 0 : 975 ; � 1 : 192 ; � 1 : 578 ; � 2 : 178 ; � 1 : 256 ; � 1 : 618 ;

� 1 : 408 ; � 1 : 624 � 3 : 017 ; � 4 : 432 � 2 : 069 ; � 2 : 733

The follo wing table giv es the SQNR p erformance of the Llo yd-Max quan tizers in T able 1.

T able 2: SQNR P erformance of Llo yd-Max Quan tizers (in decib els)

R uniform Laplacian Gaussian

1 6 : 02 3 : 01 4 : 40

2 12 : 04 7 : 54 9 : 30

3 18 : 06 12 : 64 14 : 62

4 24 : 08 18 : 13 20 : 22

These tables w ere b orro w ed from a w ell-kno wn textb o ok

3

.

Example 11. Supp ose the R V X w e are quan tizing is Gaussian with mean �

X

= � 5 and v ariance

�

2

= 9. It is desired to �nd the quan tizer lev els for the 8-lev el Llo yd-Max quan tizer. Y ou can �nd

3

N. Ja y an t and P . Noll, \ Digital Co ding of Waveforms. " Pren tice-Hall, Inc., Englew o o d Cli�s, NJ, 1984.
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these from T able 1 as follo ws. Let Z b e a standard Gaussian R V (mean 0, v ariance 1). F rom T able

1, the quan tizer lev els for the 8-lev el Llo yd-Max quan tizer for Z are

^z = � 0 : 245 ; � 0 : 756 ; � 1 : 344 ; � 2 : 15 2 :

Making the c hange of v ariable

^x = ( �

X

) ^ z + �

X

= 3 ^ z � 5 ;

one obtains the quan tizer lev els ^x for the 8-lev el Llo yd-Max quan tizer for X :

3 � ( � 2 : 152) � 5 = � 11 : 46

3 � ( � 1 : 344) � 5 = � 9 : 03

3 � ( � 0 : 756) � 5 = � 7 : 27

3 � ( � 0 : 245) � 5 = � 5 : 74

3 � (0 : 245) � 5 = � 4 : 27

3 � (0 : 756) � 5 = � 2 : 73

3 � (1 : 344) � 5 = � 0 : 97

3 � (2 : 152) � 5 = 1 : 46



Chapter 3

V Q Based Lossy Co des

3.1 In tro duction

V ector quan tization (V Q) is a big sub ject. In these notes, w e can only giv e some highligh ts of V Q.

Man y sp ecialized V Q topics ha v e to b e left out. F or more V Q co v erage, the reader is in vited to

p eruse the text b y Gersho and Gra y

1

, whic h is the \bible" for p eople w an ting to learn V Q.

In this section, w e will explain the follo wing concepts:

� Fixed-Rate V Q Co deb o ok

� Quan tizer/Lossy Co de induced b y V Q Co deb o ok

� V oronoi Regions

� Dimension Gain v ersus Time Complexit y in V Q

3.1.1 Fixed-Rate V Q Co deb o ok

If m is a p ositiv e in teger, w e let R

m

denote m -dimensional Euclidean space. R

m

consists of all

m -dimensional v ectors ( x

1

; x

2

; � � � ; x

m

) in whic h all the x

i

's are real n um b ers. If

x = ( x

1

; x

2

; � � � ; x

m

)

y = ( y

1

; y

2

; � � � ; y

m

)

are t w o v ectors b elonging to R

m

, then the square of the Euclidean distance b et w een them is denoted

jj x � y jj

2

and is de�ned b y

jj x � y jj

2

�

=

m

X

i =1

( x

i

� y

i

)

2

:

1

A. Gersho and R. M. Gra y , V e ctor Quantization and Signal Compr ession. Klu w er Academic Publishers, Boston,

MA, 1992.

26
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Let m b e an in teger > 1. Let R b e a n um b er b elonging to the set

f 1 =m; 2 =m; 3 =m; � � � g :

Let N = 2

mR

. Notice that since mR m ust b e an in teger, the n um b er N m ust b e an in teger whic h

is a p o w er of t w o. A V Q co deb o ok of dimension m and rate R is a set

f y

1

; y

2

; � � � ; y

N

g (3.1)

consisting of N v ectors in R

m

. The v ectors in a V Q co deb o ok are called c o deve ctors . (This is

standard terminology , although ma yb e a bit confusing, since w e will b e assigning eac h co dev ector a

binary co dew ord, a completely di�eren t concept.) The signi�cance of the in teger mR is as follo ws:

Eac h co dev ector can b e assigned a unique binary co dew ord of �xed length mR (ho w this assignmen t

is made is not imp ortan t). The parameter R is called the c ompr ession r ate (or simply r ate ) of the

V Q co deb o ok (in bits/sample). Since the co dew ords are of �xed length, the co deb o ok is said to b e a

�xe d-r ate c o deb o ok (with rate R ). W e exclusiv ely emplo y co deb o oks op erated in �xed-rate. (There

is a more general V Q theory in whic h v ariable-length co dew ords are assigned to the co dev ectors,

but w e will not ha v e time for this.)

3.1.2 Quan tizer/Lossy Co de induced b y V Q Co deb o ok

Let (3.1) b e a V Q co deb o ok of dimension m and rate R (and therefore of size N = 2

mR

). This

co deb o ok induces a ve ctor quantizer Q whic h quan tizes eac h v ector x 2 R

m

in to a co dev ector

Q ( x ) from the co deb o ok. Here is ho w the v ector quan tizer Q is de�ned: Map eac h v ector x in to a

co dev ector Q ( x ) = y

i

so that

jj x � y

i

jj = min

1 � j � N

jj x � y

j

jj :

Notice that the induced v ector quan tizer Q ( x ) is a ne ar est neighb or quantizer (NN quan tizer) in

that eac h m -dimensional v ector x m ust b e quan tized in to a co dev ector whic h is closest in Euclidean

distance to x among all co dev ectors. (There ma y b e t w o or more co dev ectors closest to x ; in suc h

a case, Q ( x ) is c hosen to b e an y one of these closest co dev ectors|in our distortion p erformance

analysis later on, it will not matter ho w this c hoice is made.) With the induced v ector quan tizer Q

as the �rst step, the V Q co deb o ok (3.1) induces a lossy source co de consisting of v ector quan tizer,

enco der, and deco der:

source

v ector

= ( X

1

; X

2

; � � � ; X

m

) !

v ector

quan tizer

! co dev ector (

^

X

1

;

^

X

2

; � � � ;

^

X

m

)

(

^

X

1

;

^

X

2

; � � � ;

^

X

m

) ! enco der ! mR -bit binary co dew ord

binary co dew ord ! deco der !

repro duction

v ector

= (

^

X

1

;

^

X

2

; � � � ;

^

X

m

)
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The enco der is lossless in that it pro vides a one-to-one corresp ondence b et w een the co dev ectors

and the binary co dew ords of length mR . The enco der/deco der logic can b e stored as a lo ok up

table (LUT) whose left column is the list of co dev ectors and whose righ t column lists the binary

co dew ords for the co dev ectors; the enco der enco des b y lo oking from left column to righ t column in

the LUT, whereas the deco der deco des b y lo oking from righ t column to left column. The o v erall

source co de giv en b y the ab o v e blo c k diagrams is indeed lossy , b ecause the repro duction v ector

(

^

X

1

; � � � ;

^

X

m

) m ust b e the co dev ector that the source v ector ( X

1

; � � � ; X

m

) w as quan tized in to and

not the source v ector itself.

The compression rate parameter R no w mak es sense in terms of the lossy compression system

in the ab o v e blo c k diagrams. In this compression system, mR bits are transmitted from enco der

to deco der for eac h blo c k of m source samples X

1

; X

2

; � � � ; X

m

. On a p er sample basis, mR =m = R

co debits p er source sample are b eing used. In our approac h to v ector quan tization, the parameter

R will b e a target the w e w an t to ac hiev e. Giv en R , w e lo ok at V Q co deb o oks of v arious dimensions

that ac hiev e this compression rate R . W e ev en tually dev elop V Q co deb o ok design metho dology

that enables us to c ho ose whic h V Q co deb o ok of rate R that w e are going to use for our lossy

compression system; distortion analysis and time complexit y analysis (discussed later) will b e

imp ortan t considerations here.

Example 1. Y ou ha v e a giv en 512 � 512 image, and y ou w an t to compress it at the rate of

R = 0 : 125 bits/sample. Y ou are willing to v ector quan tize blo c ks in this image of size up to 8 � 8.

Let us see the di�eren t w a ys in whic h this can b e done.

Case 1: 1 � 1 Blo c ks. Here, w e simply enco de the image pixels individually , using a scalar quan-

tizer. A scalar quan tizer, op erated in �xed rate mo de (�xed n um b er of co debits p er quan tizer

lev el) can only ac hiev e compression rates whic h are in tegers, unless w e do time-sharing. W e

rule out time-sharing, b ecause it can b e sho wn that V Q will b eat time-sharing. Our conclusion

is that w e cannot ac hiev e the target rate R = 0 : 125 in Case 1.

Case 2: 2 � 2 Blo c ks. Applying V Q to the 2 � 2 image blo c ks, the dimension is m = 2 � 2 = 4.

The compression R that can b e ac hiev ed m ust then b e an in teger m ultiple of 1 = 4. W e therefore

cannot ac hiev e the target rate of R = 1 = 8 b y applying V Q to 2 � 2 image blo c ks.

Case 3: 4 � 4 Blo c ks. Here, m = 4 � 4 = 16, and R m ust therefore b e an in teger m ultiple of

1 = 16. The rate R = 1 = 8 is therefore ac hiev able since 1 = 8 is t w o times 1 = 16. Since w e will b e

using an a v erage of 1 = 8 bit/pixel o v er the 16 pixels in a 4 � 4 blo c k, this amoun ts to using

16(1 = 8) = 2 bits in v ector quan tization of eac h 4 � 4 blo c k. The V Q co deb o ok m ust therefore

b e c hosen to consist of 2

2

= 4 blo c ks of size 4 � 4. A metho d for c ho osing the four blo c ks to

put in y our co deb o ok will b e discussed later.

Case 4: 8 � 8 Blo c ks. There are 64 pixels in eac h blo c k. This is the dimension m of y our V Q

co deb o ok. The ac hiev able compression rates R are therefore in teger m ultiples of 1 =m = 1 = 64,

and 1 = 8 = 0 : 125 is one of these. Therefore, the target compression rate of R = 0 : 125 bits/pixel
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is ac hiev able in Case 4. The size of the co deb o ok w ould b e 2

64 � 0 : 125

= 256. W e ha v e to form

our co deb o ok b y suitably c ho osing 256 blo c ks of size 8 � 8.

The in v estigations in Example 1 can b e carried further. The follo wing table indicates the size

of the co deb o ok needed in enco ding of either 4 � 4 or 8 � 8 image blo c ks at v arious compression

rates. The reader is in vited to c hec k that these co deb o ok sizes are correct.

blo c k size rate (bits/pixel) co deb o ok size

4 � 4 0 : 125 4

4 � 4 0 : 25 16

4 � 4 0 : 5 256

4 � 4 0 : 75 4 ; 096

4 � 4 1 : 0 65 ; 536

8 � 8 0 : 125 256

8 � 8 0 : 25 65 ; 536

8 � 8 0 : 5 4 : 3 � 10

9

8 � 8 0 : 75 2 : 8 � 10

14

8 � 8 1 : 0 1 : 8 � 10

19

V ector quan tization will b e slo w if the co deb o ok is v ery large, since eac h image blo c k m ust b e

compared to ev ery co dev ector in the V Q co deb o ok, in order to see whic h co dev ector is closest. F or

8 � 8 blo c ks, notice from the preceding table that the co deb o oks are of astronomical size at rates

greater than or equal to 0 : 5 bits p er pixel|quan tization is going to b e v ery slo w in these cases

(and there is also the problem of storing v ery large co deb o oks); suc h v ery large co deb o oks w ould

not b e used in practice. W e shall in v estigate this p oin t further later on (time complexit y analysis).

3.1.3 V oronoi Regions

Let Q b e the v ector quan tizer induced b y an m -dimensional V Q co deb o ok (3.1) of size N . Let

R

1

; R

2

; � � � ; R

N

b e the regions de�ned b y

R

i

�

= f x 2 R

m

: Q ( x ) = y

i

g ; i = 1 ; 2 ; � � � ; N :

These regions are called the V or onoi r e gions asso ciated with the co deb o ok (3.1). (Some p eople

call these regions the NN r e gions or Dirichlet r e gions asso ciated with the co deb o ok. W e prefer Mr.

V oronoi.) The V oronoi regions f R

i

g satisfy the follo wing prop erties:

Prop. 1: The R

i

's form a partition of R

m

.

Prop. 2: Co dev ector y

i

b elongs to region R

i

.

Prop. 3: The v ectors in R

m

b elonging to the in terior of region R

i

are closer to y

i

than to an y

other co dev ector.
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Prop. 4: Eac h R

i

is the in tersection of at most N � 1 half spaces.

Prop erties 1-3 are prett y self-explanatory . Here is more explanation concerning Prop ert y 4.

Eac h h yp erplane in R

m

partitions R

m

in to t w o subsets, the set of p oin ts on one side of the

h yp erplane and the set of p oin ts on the other side of the h yp erplane. An y set of p oin ts in R

m

formed b y taking all the p oin ts on one side of a h yp erplane is called a half sp ac e . F or an y t w o

distinct co dev ectors y

i

; y

j

, consider the half space H ( y

i

; y

j

) consisting of all the p oin ts in R

m

whic h

are closer to y

i

than y

j

. Then, the V oronoi region R

i

ma y b e expressed as

R

i

= \

j 6= i

H ( y

i

; y

j

) :

The preceding in tersection is the in tersection of N � 1 half spaces. Actually , some of these N � 1

half spaces ma y b e con tained inside of other ones, and so the in tersection ma y actually turn out to

b e an in tersection of few er than N � 1 half spaces.

Example 2. The V oronoi regions for a co deb o ok of size 2 in R

m

are easiest to visualize. Let the

t w o co dev ectors b e y

1

and y

2

. Connect them with a straigh t line segmen t. T ak e the h yp erplane

in R

m

whic h is the p erp endicular bisector of this straigh t line segmen t. There are real constan ts

a

1

; a

2

; � � � ; a

m

; c , where a

1

; � � � ; a

m

are not all equal to zero, suc h that this h yp erplane has the

equation

a

1

x

1

+ a

2

x

2

+ � � � + a

m

x

m

= c: (3.2)

The t w o V oronoi regions R

1

; R

2

are the regions on either side of this h yp erplane. V ectors ( x

1

; x

2

; � � � ; x

m

)

satisfying the equation (3.2) of the h yp erplane can b e assigned to either R

1

or R

2

. W e can tak e

the V oronoi regions R

1

; R

2

to b e

R

1

= f ( x

1

; � � � ; x

m

) : a

1

x

1

+ a

2

x

2

+ � � � + a

m

x

m

< c g

R

2

= f ( x

1

; � � � ; x

m

) : a

1

x

1

+ a

2

x

2

+ � � � + a

m

x

m

� c g ;

if w e assume that

y

1

� ( a

1

; � � � ; a

m

) < c

y

2

� ( a

1

; � � � ; a

m

) � c

Exer cise. Consider the 3-D co deb o ok

y

1

= (1 = 3 ; 1 = 3 ; 1 = 3) ; y

2

= (2 = 3 ; 2 = 3 ; 2 = 3) :

Find the equation

a

1

x

1

+ a

2

x

2

+ a

3

x

3

= c (3.3)

of the plane in R

3

whic h is the p erp endicular bisector of the line segmen t connecting y

1

and y

2

.

Use Matlab's pseudorandom n um b er generator \ rand " to generate 10 p oin ts at random from the

cub e

f ( x

1

; x

2

; x

3

) : 0 � x

1

; x

2

; x

3

� 1 g :
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F or eac h of the 10 p oin ts, use equation (3.3) to quic kly determine whether the p oin t b elongs to

V oronoi region R

1

or V oronoi region R

2

.

Example 3. In the next three �gures, y ou see resp ectiv ely

2

the \V oronoi diagrams" of 2-D

co deb o oks of resp ectiv e sizes 4 ; 8 ; 16. (A V oronoi diagram is simply the plot of the V oronoi regions,

together with the co dev ector b elonging to eac h region, denoted as a dot.) F or example, in the

V oronoi diagram of the co deb o ok of size 4, t w o of the V oronoi regions ha v e b oundaries consisting of

t w o straigh t line segmen ts, and therefore these t w o regions are eac h in tersections of t w o half planes;

the remaining t w o V oronoi regions ha v e b oundaries consisting of three straigh t line segmen ts, and

therefore these t w o regions are eac h in tersections of three half planes.

2

Our thanks go to Dr. K. J. Han for generating these �gures.
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Example 4. V oronoi diagrams for co deb o oks of dimension higher than t w o are a little hard to

visualize. Here is one easy case for a 3-D co deb o ok. Consider the 3-D co deb o ok consisting of the

follo wing 8 co dev ectors:

v

1

= (1 ; 1 ; 1)

v

2

= (1 ; 1 ; � 1)

v

3

= (1 ; � 1 ; 1)

v

4

= ( � 1 ; 1 ; 1)

v

5

= ( � 1 ; � 1 ; 1)

v

6

= ( � 1 ; 1 ; � 1)

v

7

= (1 ; � 1 ; � 1)

v

8

= ( � 1 ; � 1 ; � 1)

The V oronoi regions are then the eigh t o ctan ts in the ( x

1

; x

2

; x

3

) three-dimensional co ordinate

system:

R

1

= f ( x

1

; x

2

; x

3

) : x

1

> 0 ; x

2

> 0 ; x

3

> 0 g

R

2

= f ( x

1

; x

2

; x

3

) : x

1

> 0 ; x

2

> 0 ; x

3

� 0 g

R

3

= f ( x

1

; x

2

; x

3

) : x

1

> 0 ; x

2

� 0 ; x

3

> 0 g

R

4

= f ( x

1

; x

2

; x

3

) : x

1

� 0 ; x

2

> 0 ; x

3

> 0 g

R

5

= f ( x

1

; x

2

; x

3

) : x

1

� 0 ; x

2

� 0 ; x

3

> 0 g

R

6

= f ( x

1

; x

2

; x

3

) : x

1

� 0 ; x

2

> 0 ; x

3

� 0 g

R

7

= f ( x

1

; x

2

; x

3

) : x

1

> 0 ; x

2

� 0 ; x

3

� 0 g

R

8

= f ( x

1

; x

2

; x

3

) : x

1

� 0 ; x

2

� 0 ; x

3

� 0 g
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There are ja v a applets on the W eb where y ou can create 2-D V oronoi diagrams b y using y our

mouse to clic k in the co dev ectors. One of the sites for doing this that y ou migh t �nd fun to try is:

www.cs.cornell.edu/Info /Peo ple /che w/De lau nay. html

3.1.4 Dimension Gain v ersus Time Complexit y in V Q

Let f y

i

: i = 1 ; � � � ; N g b e a �xed m -dimensional V Q co deb o ok of rate R . W e formally de�ne the

notion of the mean square error distortion/sample D of the co deb o ok.

Distortion/Sample (Prob Source Mo del): In the probabilistic source mo del, w e are enco ding

a random v ector ( X

1

; X

2

; � � � ; X

m

) with join t PDF f ( x

1

; x

2

; � � � ; x

m

), in whic h eac h source

sample X

i

has �nite v ariance �

2

i

. The distortion sample of the co deb o ok f y

i

g relativ e to this

source mo del is de�ned as

D = m

� 1

Z Z

� � �

Z

R

m

min

i

[ jj ( x

1

; � � � ; x

m

) � y

i

jj

2

] f ( x

1

; � � � ; x

m

) dx

1

dx

2

� � � dx

m

:

There are t w o w a ys that this form ula for D can b e re-expressed. One w a y is

D = m

� 1

E [ jj ( X

1

; � � � ; X

m

) � Q ( X

1

; � � � ; X

m

) jj

2

] ;

where Q is the v ector quan tizer induced b y the co deb o ok. The other w a y is to use the V oronoi

regions f R

i

g asso ciated with the co deb o ok f y

i

g to re-express the distortion/sample as

D = m

� 1

m

X

i =1

Z Z

� � �

Z

R

i

jj ( x

1

; � � � ; x

m

) � y

i

jj

2

f ( x

1

; � � � ; x

m

) dx

1

dx

2

� � � dx

m

:

Alternativ ely , w e can express distortion/sample as the SQNR �gure in decib els. T o do this,

let �

2

b e the a v erage v ariance of the source samples:

�

2

�

= m

� 1

m

X

i =1

�

2

i

:

Then, the SQNR is de�ned b y

S QN R

�

= 10 log

10

 

�

2

D

!

:

Distortion/Sample (NonProb Source Mo del): In the nonprobabilistic source mo del, w e ha v e

a �nite collection ( u

j

: j = 1 ; � � � ; J ) of v ectors in whic h eac h u

j

is a source v ector b elonging

to R

m

. Then, distortion/sample is de�ned as

D

�

= ( J m )

� 1

J

X

j =1

min

i

[ jj u

j

� y

i

jj

2

] :
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W e can also express this as SQNR in decib els. T o do this, let �u b e the arithmetic mean of

the v ectors in the collection ( u

j

):

�u

�

= J

� 1

J

X

j =1

u

j

:

The \v ariance p er sample" of the collection of v ectors ( u

j

) is the quan tit y s

2

de�ned b y

s

2

�

= ( J m )

� 1

J

X

j =1

jj u

j

� �u jj

2

:

The SQNR is then

S QN R

�

= 10 log

10

 

s

2

D

!

:

W e ha v e the t w o �gures of merit R (the compression rate in bits/sample) and D (squared error

distortion p er sample) via whic h w e can ev aluate ho w w ell w e do in using a sp eci�c V Q co deb o ok

to lossily compress source v ectors according to a source mo del (probabilistic or nonprobabilistic).

W e tak e the �xe d-r ate appr o ach . This means the compression rate R that w e w an t to ac hiev e is

�xed in adv ance, and w e also require that source v ectors are enco ded in to �xed-length co dew ords.

F or the �xed rate R , w e can examine V Q co deb o oks of di�eren t dimensions in order to �nd a

co deb o ok ac hieving compression rate R that has a small D (equiv alen tly , large SQNR). Dimension

Gain is the principle that tells us that D will either decrease or remain the same as w e increase the

dimension of the V Q co deb o ok for the �xed R .

Example 5. Supp ose our source v ector is mo deled as the 3-D random v ector ( X

1

; X

2

; X

3

)

in whic h the three source samples X

i

are indep enden t, iden tically distributed standard Gaussian

random v ariables. Supp ose the desired compression rate is R = 1 co debit/sourcesample. One

approac h w ould b e to separately enco de the X

i

's at a rate of 1 co debit/sourcesample using the

b est t w o lev el scalar quan tizer for standard Gaussian data. F rom our SQ notes, w e kno w that this

approac h ac hiev es a SQNR of 4 : 40 decib els. It is kno wn that the b est 3-D V Q co deb o ok consisting

of 8 co dev ectors (thereb y ac hieving rate R = 1) has SQNR 4 : 49 decib els

3

. Therefore, w e get a gain

in SQNR of almost a ten th of a decib el b y going from scalar (i.e., 1-D) quan tization to 3-D v ector

quan tization. This is a prime example of the phenomenon of dimension gain. (See Section 4.2 for

more ab out this.)

Discussion. In Example 5, w e sa w ho w increasing the dimension of our V Q co deb o ok led to

an impro v emen t in SQNR p erformance for a �xed compression rate. But that is not the whole

story . One also has to consider, in a practical source co ding application, the time c omplexity

asso ciated with the lossy enco ding sc heme that is used. Ho w long a p erio d of time do es it tak e

3

R. M. Gra y and E. Karnin, \Multiple lo cal optima in v ector quan tizers," IEEE T r ans. Inform. The ory , v ol. 28,

pp. 256{261, 1982.
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to compress the data ob ject that one w an ts to compress? One ma y ha v e a c hoice b et w een t w o

di�eren t lossy enco ding sc hemes. Sc heme 2 ma y yield b etter SQNR p erformance than Sc heme 1

at the �xed compression rate, accomplishing this at the exp ense of dimension gain. T ypically , this

means that Sc heme 2 w ould b e more complicated than Sc heme 1, leading to longer enco ding times.

One w ould ha v e to consider the tradeo� b et w een distortion p erformance and time complexit y: Is

the impro v emen t in distortion p erformance via compression gain enough of an impro v emen t so that

the degradation in time complexit y is acceptable? The follo wing example illustrates this p oin t.

Example 6. A 512 � 512 image is to b e enco ded at a rate of R = 0 : 125 bits/sample using a V Q

co deb o ok consisting of 4 � 4 image blo c ks. Supp ose it tak es � t seconds to do one basic arithmetic

op eration lik e addition, subtraction, or m ultiplication. Let us compute ho w m uc h time it will tak e

to enco de the en tire image. First, let us compute the time to enco de one single 4 � 4 image blo c k.

The co deb o ok consists of four 4 � 4 blo c ks. Let

( X

i;j

: i; j = 1 ; 2 ; 3 ; 4)

denote the image blo c k, and let

( Y

i;j

: i; j = 1 ; 2 ; 3 ; 4)

denote an y of the blo c ks in the co deb o ok. The calculation

4

X

i;j =1

( X

i;j

� Y

i;j

)

2

has to b e done four times in order to see whic h blo c k in the co deb o ok is closest to ( X

i;j

). This

calculation in v olv es

� 16 subtractions

� 15 additions

� 16 m ultiplications

for a total of 47 op erations. T o �nd whic h of the co deb o ok's co dev ectors is closest to ( X

i;j

) therefore

tak es a total of 47 � 4 = 188 op erations. There are

(512 = 4) � (512 = 4) = 16384

4 � 4 blo c ks in the en tire image. T o enco de the en tire image, w e therefore need a total of

16384 � 188 = 3 ; 080 ; 192

op erations. Our conclusion is that it tak es roughly time (3 � 10

6

)� t to enco de the en tire image.

A rule of th um b in image co ding is that an image co ding algorithm will not b e used unless it can

enco de an image in 4 seconds or less. If � t is small enough so that

(3 � 10

6

)� t � 4 ;
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then our image co ding sc heme could b e acceptable from a time complexit y p oin t of view.

Exer cise. Find out ho w long it w ould tak e to enco de the en tire 512 � 512 image if a V Q co deb o ok

consisting of 8 � 8 blo c ks is used ( R = 0 : 125 bits/sample as b efore).

3.2 A Design Example

In 2-D V Q co deb o ok design, often times the co deb o ok that is used is tak en to ha v e the shap e of a

common 2-D signal constellation in digital comm unication system theory . 2-D constellations of a

giv en shap e (suc h as 8 p oin ts equally spaced around a circle, or 16 p oin ts o ccup ying a square grid)

w ould all yield the same compression rate R when considered as co deb o oks. The 2-D V Q co deb o ok

design problem then consists of c ho osing the constellation of the giv en shap e in order to optimize

D .

W e illustrate this design tec hnique with an example. F or our source mo del, w e tak e a pair

( X

1

; X

2

) of indep enden t standard Gaussian R V's. The join t densit y is giv en b y

f ( x

1

; x

2

) =

1

2 �

e

� ( x

2

1

+ x

2

2

) = 2

:

Consider the follo wing V Q co deb o ok of size 8 (whic h therefore ac hiev es compression rate of R = 1 : 5

bits/sample):

( � cos ( � = 8 + ( k � 1) � = 4) ; � sin ( � = 8 + ( k � 1) � = 4)) ; i = 1 ; 2 ; 3 ; 4 ; 5 ; 6 ; 7 ; 8 :

The V oronoi regions R

1

; R

2

; � � � ; R

8

are obtained b y bisecting eac h of the four quadran ts in the

( x

1

; x

2

) plane and are sk etc hed in the follo wing �gure:

�

�

�

�

�

�

�

�

�

�

�

�

@

@

@

@

@

@

@

@

@

@

@

@

R

1

R

2

R

3

R

4

R

5

R

6

R

7

R

8

Note that the eigh t co dev ectors are equally spaced around a circle of radius � cen tered at the origin

(0 ; 0). It is our job to c ho ose the parameter � so that the co deb o ok's distortion/sample p erformance

will b e optimized.
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The distortion/sample shall b e denoted D ( � ). By circular symmetry of the join t densit y

f ( x

1

; x

2

), w e ha v e

D ( � ) = (1 = 2) E [( X

1

�

^

X

1

)

2

+ ( X

2

�

^

X

2

)

2

]

= (1 = 2) E [( X

1

�

^

X

1

)

2

+ ( X

2

�

^

X

2

)

2

j ( X

1

; X

2

) 2 R

1

]

= (1 = 2)

Z Z

R

1

[( x

1

� � cos ( � = 8))

2

+ ( x

2

� � sin( � = 8))

2

] f ( x

1

; x

2

j R

1

) dx

1

dx

2

;

where f ( x

1

; x

2

j R

1

) is the conditional densit y of ( X

1

; X

2

) giv en that ( X

1

; X

2

) 2 R

1

. W e ha v e

f ( x

1

; x

2

j R

1

) =

(

8 f ( x

1

; x

2

) ; ( x

1

; x

2

) 2 R

1

0 ; elsewhere

Switc hing to p olar co ordinates ( r ; � ) in whic h

x

1

= r cos �

x

2

= r sin �

and doing some simple manipulations, w e see that

D ( � ) =

2

�

Z

� = 4

0

Z

1

0

e

� r

2

= 2

( r

2

+ �

2

� 2 r cos ( � � � = 8)) r dr d�

The preceding in tegral can b e ev aluated using the expressions

Z

1

0

r

3

e

� r

2

= 2

dr = 2

Z

1

0

r

2

e

� r

2

= 2

dr =

q

� = 2

Z

1

0

r e

� r

2

= 2

dr = 1

Doing this, one obtains

D ( � ) = 1 + �

2

= 2 � 4

r

2

�

sin( � = 8) �:

Setting the deriv ativ e equal to zero, one sees that the optimizing c hoice of � is

� = 4

r

2

�

sin ( � = 8) = 1 : 2213 :

The resulting distortion is

D (1 : 2213) = 0 : 2592 ;

and the SQNR is giv en b y

S QN R = 10 log

10

�

2

D

= 10 log

10

1

0 : 2592

= 5 : 95 decib els
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3.3 LBG Algorithm (Idealized V ersion)

Let our source mo del b e the random v ector ( X

1

; X

2

; � � � ; X

m

) with join t densit y f ( x

1

; x

2

; � � � ; x

m

).

W e need the follo wing notation and terminology: If R is an y subregion of R

m

, let g ( R ) denote

the c entr oid of the region R (with resp ect to the densit y f ( x

1

; � � � ; x

n

)). g ( R ) is the conditional

exp ected v alue of random v ector ( X

1

; � � � ; X

m

) giv en that ( X

1

; � � � ; X

m

) falls in region R . If w e

write out the co ordinates of g ( R ) as ( c

1

; c

2

; � � � ; c

m

), then

c

i

=

Z Z

� � �

Z

R

x

i

f ( x

1

; � � � ; x

m

) dx

1

dx

2

� � � dx

m

Z Z

� � �

Z

R

f ( x

1

; � � � ; x

m

) dx

1

dx

2

� � � dx

m

; i = 1 ; 2 ; � � � ; m:

W e can write these equations is abbreviated form as the follo wing single v ector equation:

g ( R ) =

Z Z

� � �

Z

R

( x

1

; x

2

; � � � ; x

m

) f ( x

1

; � � � ; x

m

) dx

1

dx

2

� � � dx

m

Z Z

� � �

Z

R

f ( x

1

; � � � ; x

m

) dx

1

dx

2

� � � dx

m

: (3.4)

In equation (3.4), w e mean that the i -th co ordinate of the left hand side is obtained b y putting

co ordinate v ariable x

i

in place of v ector v ariable ( x

1

; x

2

; � � � ; x

m

) on the righ t side.

Let f y

i

g b e an y m -dimensional co deb o ok of size N . P erform the follo wing t w o steps:

Step 1: F orm the V oronoi regions asso ciated with the co deb o ok f y

i

g .

Step 2: Compute the cen troids

g ( R

i

) ; i = 1 ; 2 ; � � � ; m

of the V oronoi regions.

The cen troid g ( R

i

) of region R

i

lies in region R

i

, but unless one w as v ery luc ky in c ho osing the

co deb o ok f y

i

g , it is not v ery lik ely g ( R

i

) will b e equal to the co dev ector y

i

con tained in region R

i

.

The follo wing is a necessary condition for the c hoice of co deb o ok f y

i

g to b e optimal in the sense of

yielding the minim um distortion/sample D :

g ( R

i

) = y

i

; i = 1 ; 2 ; � � � ; N : (3.5)

Condition (3.5) is called the c entr oid c ondition for V Q co deb o ok design. It is a generalization to

V Q of the Llo yd-Max conditions for SQ. Ho w ev er, unlik e the SQ case, there will b e more than one

V Q co deb o ok satisfying the cen troid condition, and some V Q co deb o oks satisfying the cen troid

condition ma y not b e optimal. (As a simple example of this unfortunate phenomenon, consider

the 2-D co deb o ok of size 8 designed in Section 2. It is not the optimal 2-D co deb o ok of size 8 for

the source mo del of Section 2. Y et it satis�es the cen troid condition|the reader is in vited to sho w
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this. Rotating this co deb o ok ab out the origin through an y angle yields another sub optimal 2-D

co deb o ok satisfying the cen troid condition.)

The sub ject of this section is the LBG Algorithm for V Q co deb o ok design

4

. It is a generalization

of the Idealized V ersion of the Llo yd Algorithm for SQ design. Starting with an y initial co deb o ok

of the desired �xed size, iterations of LBG Algorithm in the limit yield a co deb o ok satisfying

the cen troid condition. Eac h iteration of the LBG Algorithm yields a V Q co deb o ok with b etter

distortion p erformance than the V Q co deb o ok used at the b eginning of the iteration (unless the

new co deb o ok is equal to the old co deb o ok, in whic h case LBG terminates and the old co deb o ok

is already a cen troid quan tizer.) Unfortunately , the LBG Algorithm is v ery sensitiv e to the initial

c hoice of co deb o ok. If the initial co deb o ok is not c hosen prop erly , then the co deb o ok yielded b y

iterations of the LBG Algorithm ma y not b e optimal. No one kno ws ho w to c ho ose the initial

co deb o ok to ensure that con v ergence to an optimal co deb o ok will tak e place. One pro cedure is to

run the LBG Algorithm sev eral times to obtain di�eren t limiting co deb o oks, and then to c ho ose

the b est of these limiting co deb o oks.

One iteration of the LBG Algorithm is v ery simple to describ e.

One Iteration of LBG Algorithm:

� Let f y

ol d

i

g b e the \old co deb o ok" of size N . (This is the \new co deb o ok" obtained at the

end of the preceding iteration if there w as a preceding iteration, or the initial co deb o ok

if w e are at the �rst iteration.)

� P erform Step 1 on f y

ol d

i

g , obtaining the V oronoi regions f R

i

g of the co deb o ok.

� P erform Step 2, obtaining the cen troids f g ( R

i

) g of the V oronoi regions f R

i

g .

� F orm the \new co deb o ok" f y

new

i

g in whic h co dev ector y

new

i

is tak en to b e the cen troid

g ( R

i

) of region R

i

( i = 1 ; 2 ; � � � ; N ).

The di�cult y with the Idealized V ersion of the LBG Algorithm is that the in tegrals y ou need

to p erform in order to compute cen troids are v ery di�cult in general. In the next section, w e

describ e a v ersion of the LBG Algorithm that op erates on training data instead. If the training

data is c hosen prop erly , iterations of the LBG Algorithm (T raining Data V ersion) will con v erge to

appro ximately the same limiting co deb o ok as the Idealized V ersion (the t w o algorithms starting

with the same initial co deb o ok).

3.4 LBG Algorithm (T raining Data V ersion)

W e wish to design an m -dimensional co deb o ok f y

i

: i = 1 ; 2 ; � � � ; N g of size N . Let ( u

j

: j =

1 ; � � � ; J ) b e the sequence of training data from R

m

that will b e used to run the LBG Algorithm. If

4

Y. Linde, A. Buzo, and R. M. Gra y , \An algorithm for v ector quan tizer design," IEEE T r ans. Commun. , v ol.

28, pp. 84{95, 1980.
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y ou are using a probabilistic source mo del with densit y f ( x

1

; � � � ; x

m

), then the training data ( u

j

)

w ould b e c hosen as a go o d �t to this densit y . If y ou are using a nonprobabilistic mo del, then the

training data ( u

j

) could represen t some particular set of source blo c ks that y ou ha v e encoun tered

in the past and w an t to use to design a V Q co deb o ok for enco ding new source blo c ks.

Here is ho w one do es one iteration of the LBG Algorithm (T raining Data V ersion):

� Let f y

ol d

i

g b e the \old co deb o ok" of size N . (This is the \new co deb o ok" obtained at the end

of the preceding iteration if there w as a preceding iteration, or the initial co deb o ok if w e are

at the �rst iteration.)

� F or eac h j = 1 ; 2 ; � � � ; J , �nd a co dev ector y ( u

j

) in y our old co deb o ok closest to training data

sample u

j

. F or eac h i = 1 ; � � � ; N , Let S

i

b e the set of indices j 2 f 1 ; 2 ; � � � ; J g for whic h

y ( u

j

) = y

ol d

i

, and let J

i

b e the n um b er of indices j b elonging to S

i

. The set of J

i

training

samples

( u

j

: j 2 S

i

) (3.6)

is called the \ i -th bin of training samples."

� F orm the \new co deb o ok" f y

new

i

g in whic h eac h co dev ector y

new

i

is tak en to b e the arithmetic

a v erage of the training data b elonging to the i -th bin (3.6):

y

new

i

= J

� 1

i

X

j 2 S

i

u

j

:

(If the bin (3.6) is empt y|this is the so-called \empt y bin" problem|de�ne y

new

i

= y

ol d

i

instead. If the set of training samples ( u

j

) has b een c hosen prop erly , the empt y bin problem

will not o ccur.)

Since the training set ( u

j

) is �nite, the LBG Algorithm (T raining Data V ersion) will terminate

after �nitely man y iterations no matter what initial co deb o ok y ou start with (that is, y ou will not

get an y more new co deb o oks). Let f y

i

g b e the �nal co deb o ok. F or the probabilistic source mo del,

y ou will need to determine the distortion/sample D of f y

i

g in order to test ho w go o d this �nal

co deb o ok is. Ideally , D w ould b e computed using the densit y f ( x

1

; � � � ; x

n

), but this is impractical.

In practice, y ou w ould generate another training sequence ( u

�

j

), and then use the appro ximation

D � ( mJ )

� 1

J

X

j =1

min

i

jj u

�

j

� y

i

jj

2

: (3.7)

If this second training sequence ( u

�

j

) pro vides a go o d �t to the densit y f ( x

1

; � � � ; x

n

), then the

appro ximation (3.7) will b e a go o d one. (T o get an ev en b etter appro ximation, generate ( u

�

j

)

sev eral times, and a v erage the results of equation (3.7).) Do not use the original training sequence
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( u

j

) that w as used b y LBG to generate the �nal co deb o ok in order to estimate the �nal co deb o ok's

distortion p erformance. As w e ha v e done here, it is b etter to use an alternate training sequence

( u

�

j

) for this purp ose.

If y ou are not satis�ed with y our �nal co deb o ok, run the LBG Algorithm sev eral more times,

un til y ou ev en tually �nd a �nal co deb o ok y ou are satis�ed with. Since the �nal co deb o ok y ou get

dep ends up on the c hoice of initial co deb o ok and the training sequence, y ou will get di�eren t �nal

co deb o oks, one of whic h migh t b e prett y go o d.

3.4.1 Matlab Programs

W e ha v e written t w o Matlab programs

LBG(C,u)

and

SQNR(C,u)

to implemen t the LBG Algorithm (T raining Data V ersion).

The function LBG(C,u) . Let C b e the co deb o ok at the b eginning of an LBG Algorithm

iteration, expressed in Matlab as a matrix whose ro ws are the co dev ectors. (Th us, C is a N � m

matrix.) Let u represen t the training data. W e consider u to b e a 1-D sequence; when this sequence

is partitioned in to blo c ks of length m , then y ou get the training v ectors. Doing the computation

Cnew = LBG(C,u) ,

y ou obtain matrix Cnew whose ro ws are the co dev ectors in the co deb o ok at the end of the LBG

Algorithm iteration.

The function SQNR(C,u) . The argumen ts C,u of this function are expressed in the same w a y

as the argumen ts of the function LBG(C,u) . Supp ose y ou are giv en a co deb o ok C that y ou w an t

to estimate the SQNR of. Y ou generate training sequence u , and then SQNR(C,u) giv es the SQNR

estimate in decib els.

Here is the source co de for the Matlab function LBG :

%Name this m-file LBG.m

%u = training sequence

%Length of u must be a multiple of the dimension of quantizer

%oldcodebook = matrix whose rows are the codebook at the

%start of the iteration

%newcodebook = matrix whose rows are the codebook at the

%end of the iteration

function newcodebook = LBG(oldcodebook,u)

C=oldcodebook;
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[N,k]=size(C);

%N is the size of the codebook

%k is the dimension of the quantizer

m=length(u)/k;

%m is number of blocks in training sequence

for i=1:m;

datablock=u((i-1)*k+1:i* k);

M(i,:)=datablock;

dist=[ ];

for j=1:N;

v=C(j,:);

S=sum((datablock-v).^2);

dist=[dist S];

end

[y,ind]=min(dist);

Q(i)=ind;

end

for j1=1:N;

r=(Q==j1);

if length(r)>0

C(j1,:)=r*M/sum(r);

else

end

end

newcodebook=C;

Here is the source co de for the Matlab function SQNR :

%Name this m-file SQNR.m

%C = matrix whose rows form the codebook of a given quantizer

%x = source vector to which the quantizer is applied

%SQNR(C,x) = distortion in decibels resulting from using

%the given quantizer to quantize x

function y = SQNR(C,x)

[N,k]=size(C);

D=0;

M=ones(size(C));

m=length(x)/k;

for i=1:m;

datablock=x((i-1)*k+1:i* k);
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A(i,:)=datablock;

dev1=M*diag(datablock)-C ;

Q1=dev1.^2;

S1=Q1*ones(k,1);

D=D+min(S1);

end

u=ones(1,m)*A/m;

dev2=ones(size(A))*diag( u)-A ;

Q2=dev2.^2;

S2=ones(1,m)*Q2*ones(k,1 );

y=10*log10(S2/D);

3.4.2 LBG Algorithm Case Study

W e design a 3-D V Q co deb o ok of size 8 for Gaussian data. With just a little bit of w ork, w e obtain

suc h a co deb o ok with SQNR p erformance 4.46 decib els.

% generate Gaussian data

x=randn(1,10000);

>> codebook_0 = [x(1000) x(1001) x(1002)

x(1003) x(1004) x(1005)

x(1006) x(1007) x(1008)

x(1009) x(1010) x(1011)

x(1012) x(1013) x(1014)

x(1015) x(1016) x(1017)

x(1018) x(1019) x(1020)

x(1021) x(1022) x(1023)];

codebook_0 =

0.3408 -1.3326 -0.6585

0.6337 -0.4866 0.1367

-0.0094 -2.5851 0.6081

0.2245 -0.8942 -0.7335

0.3503 0.7264 1.2610

-0.2299 -1.1822 0.0287

0.1843 -1.1049 0.4817

1.6043 0.4034 -0.5484
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>> u=randn(1,6000);

>> distortion_0 = SQNR(codebook_0,u)

distortion_0 = 1.9462

>> codebook_1 = LBG(codebook_0,u)

codebook_1 =

0.5001 -1.6963 -0.8209

0.5571 -0.1560 0.1229

-0.1963 -2.2989 0.7666

-0.3256 -0.0669 -1.1722

-0.1946 0.8648 0.8509

-1.0833 -0.6496 0.0472

0.0541 -1.0027 1.0781

1.0653 0.7555 -0.7002

>> distortion_1 = SQNR(codebook_1,u)

distortion_1 = 3.9155

>> codebook_2 = LBG(codebook_1,u)

codebook_2 =

0.5884 -1.4756 -0.8208

0.6881 -0.1834 0.1879

-0.2900 -2.0978 0.6143

-0.4500 0.1692 -1.2058

-0.2906 1.0088 0.7660

-1.2237 -0.4698 0.0836

0.0589 -0.8364 1.3074

0.9975 0.9224 -0.6675

>> distortion_2 = SQNR(codebook_2,u)

distortion_2 = 4.2013

>> codebook_3 = LBG(codebook_2,u)
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codebook_3 =

0.5502 -1.3121 -0.8436

0.7611 -0.1872 0.2127

-0.3589 -1.8993 0.4264

-0.4905 0.2815 -1.2004

-0.3084 1.0932 0.7116

-1.2411 -0.3549 0.1113

-0.0097 -0.6656 1.4469

0.9587 1.0058 -0.6245

>> distortion_3 = SQNR(codebook_3,u)

distortion_3 = 4.3252

>> codebook = LBG(codebook_3,u);

>> for i=1:5;

z=randn(1,6000);

codebook=LBG(codebook,z) ;

end

>> codebook

codebook =

0.4967 -0.7881 -1.1163

0.9927 -0.2692 0.4050

-0.1528 -1.4214 0.3027

-0.5810 0.5473 -1.1537

-0.2739 1.2487 0.5964

-1.2661 -0.2803 0.0517

-0.2077 -0.1388 1.4690

0.9941 0.9631 -0.6070

>> distortion = SQNR(codebook,z)

distortion = 4.4652
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>> for i=1:10;

z=randn(1,9000);

dist(i)=SQNR(codebook,z) ;

end

>> mean(dist)

ans =

4.4625

Exer cise. Rep eat this case study enough times un til y ou obtain a co deb o ok with SQNR at least

4 : 48 decib els. (The b est p ossible is kno wn to b e 4 : 49 decib els.)

3.4.3 Another Case Study

One can use the LBG Algorithm to design a 2-D co deb o ok of size 8 for the random v ector ( X

1

; X

2

)

uniformly distributed o v er the square f ( x

1

; x

2

) : 0 � x

1

; x

2

� 1 g . I did ab out 10 runs of LBG,

putting the �nal co deb o ok from eac h run as the initial co deb o ok for the next run with a new

training sequence. This ga v e me the follo wing co deb o ok

C =

0.8235 0.8352

0.2029 0.5064

0.8005 0.4928

0.1532 0.8521

0.5229 0.7777

0.4862 0.2578

0.8100 0.1636

0.1710 0.1634

whic h ga v e an estimated SQNR of 8.9 decib els (as measured b y a v eraging the SQNR p erformance

for 10 di�eren t pseudorandom sequences of source v ectors of length 10000). The compression rate

is R = 1 : 5 bits/sample. It is in teresting to compare our SQNR p erformance with that of a co de

that time shares t w o scalar quan tizers. If w e use the 2-lev el uniform quan tizer to quan tize the �rst

sample X

1

of the pair ( X

1

; X

2

), and use the uniform 4-lev el quan tizer to quan tize X

2

, then the

SQNR is

10 � log

10

 

�

2

�

2

= 4 + �

2

= 64

!

= 8 : 06 decib els ;

so w e are doing a bit b etter than that. Here is the plot of the co deb o ok I found:
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Assuming w e are close to the optim um, this �gure suggests that the optim um 2-D co deb o ok for

R = 1 : 5 ma y b e in v arian t under rotation b y 90 degrees.

3.5 T ree-structured V Q

A k -dimensional tree-structured v ector quan tizer of rate R is de�ned b y means of a full ro oted

balanced binary tree of depth k R . Eac h branc h of the tree is lab elled with a k -dimensional v ector.

The lab els on the b ottom branc hes form the v ector quan tizer co deb o ok. F or example, if R = 1 : 5

and k = 2, the depth of the tree with b e k R = 3. There will b e t w o branc hes of the tree of depth 1,

four branc hes of the tree of depth 2, and 8 branc hes of the tree of depth 3|it is these 8 branc hes

at the b ottom whose lab els form the quan tization co deb o ok of size eigh t.

Here is ho w a tree-structured v ector quan tizer quan tizes a giv en k -dimensional data blo c k X .

Let v

0

and v

1

b e the lab els on the t w o branc hes extending from the ro ot no de. F ollo w the branc h

lab elled v

0

if X is closer to v

0

than to v

1

, and generate a co debit of 0|otherwise, follo w the branc h

lab elled v

1

and generate a co debit of 1. As a result of this �rst step, w e ha v e follo w ed a branc h
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lab elled v

i

, where i = 0 or i = 1, stopping at the no de N

i

at the end of this branc h. On the next

step, one follo ws one of the t w o branc hes emanating from N

i

. Let us supp ose one of the branc hes

is lab elled v

i 0

and the other v

i 1

. F ollo w the branc h lab elled v

i 0

if X is closer to v

i 0

than to v

i 1

, and

generate a co debit of 0|otherwise follo w the other branc h and generate a co debit of 1. Iterating

this pro cedure, one will arriv e at a terminal no de of the tree after k R steps. The v ector X is

quan tized in to the lab el on the last branc h tra v ersed, and the enco der output is the sequence of

k R bits generated along the w a y .

A rate R tree-structured v ector quan tizer allo ws for fast quan tization. Notice that only 2 k R

distances b et w een the data blo c k X and the lab els on the branc hes are computed while follo wing

the path through the tree to the branc h at the b ottom lab elled with the quan tizer output for X .

F or a general quan tizer, 2

k R

distances ha v e to b e computed, whic h tak es m uc h longer.

T ree-structured v ector quan tizers are m uc h easier to design than are general v ector quan tizers.

W e discuss a tree-structured v ector quan tizer design metho d. The metho d starts with a training

sequence S = f u

1

; u

2

; : : : ; u

r

g of k -dimensional v ectors, where r is v ery large. The sequence S is

split in to t w o subsequences S

0

and S

1

b y seeing whic h mem b ers of S lie on either side of some

h yp erplane. (W e discuss w a ys of c ho osing this h yp erplane in the next paragraph.) Let v

0

b e the

mean of S

0

and let v

1

b e the mean of S

1

, and tak e the lab els on the t w o top branc hes of the tree

to b e v

0

and v

1

. F or eac h i = 0 ; 1, the subsequence S

i

is split in to t w o subsequences S

i 0

and S

i 1

b y

means of some h yp erplane, and the t w o branc hes descending from the v

i

branc h are lab elled v

i 0

and

v

i 1

, where v

i 0

and v

i 1

are the means of S

i 0

and S

i 1

, resp ectiv ely . Con tin uing this iterativ e pro cess,

one furnishes a lab el to eac h branc h of the tree|eac h lab el is the mean of one of t w o subsequences

obtained b y partitioning a subsequence from the preceding step.

When one is to determine the lab els on the t w o branc hes from a giv en no de, there will b e a

sequence S

0

of training v ectors in S that will ha v e \surviv ed" do wn to that no de. The lab els on

the t w o branc hes are the means of the subsequences S

0

0

and S

0

1

of S

0

in to whic h S

0

is split via some

h yp erplane. Let us call this h yp erplane the splitting hyp erplane for S

0

. The splitting h yp erplane

can b e tak en as the h yp erplane whic h minimizes the distortion

X

v 2 S

0

0

( v � v

0

0

)

2

+

X

v 2 S

0

1

( v � v

0

1

)

2

(3.8)

where v

0

0

is the mean of S

0

0

and v

0

1

is the mean of S

0

1

. This is equiv alen t to �nding the optimal

quan tization co deb o ok f v

�

0

; v

�

1

g of size 2 for quan tizing the sequence S

0

. (It can b e sho wn that the

h yp erplane whic h is the p erp endicular bisector of the straigh t line joining v

�

0

and v

�

1

will minimize

(3.8).) A computationally simpler metho d for selecting the splitting h yp erplane is to �rst use the

LBG algorithm to �nd a lo cally optimal quan tization co deb o ok of size 2 for quan tizing S

0

|the

splitting h yp erplane is then tak en as the p erp endicular bisector induced b y this co deb o ok. By

consulting the literature, one will disco v er other metho ds for selecting the splitting h yp erplane.
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3.5.1 Design Example

A V Q co deb o ok

f y

000

; y

001

; y

010

; y

011

; y

100

; y

101

; y

110

; y

111

g (3.9)

of size 8 can b e implemen ted in a tree-structured v ector quan tizer b y means of the 3-lev el tree

b elo w. Notice that the co dev ectors in the co deb o ok are the lab els on the 8 terminal no des. The

lab els on the 6 non terminal no des (namely , u

0

, u

1

, u

00

, u

01

, u

10

, u

11

) allo w one to quan tize a v ector

x b y starting at the ro ot of the tree and follo wing the unique path suc h that

� The �rst branc h of the path is the branc h to whic hev er of u

0

; u

1

is closer to x .

� If the �rst branc h of the path ends in u

i

, the second branc h of the path is the branc h leading

to whic hev er of u

i 0

; u

i 1

is closer to x .

� If the second branc h of the path ends in u

ij

, then the third and last branc h branc h of the

path is the branc h leading to whic hev er of y

ij 0

; y

ij 1

is closer to x .

�

�

�

�

�

�

�

�

b

b

b

b

b

b

b
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@

@

@
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�

�

�
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�
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J
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�

�

�
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�

�

�

�
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�

�

�

�
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u
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u
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u

11

y

000

y

001

y

011

y

100

y

110

y

111

y

101

y

010

Let ( X

1

; X

2

) b e uniformly distributed in the diamond-shap ed region S in the �gure on the next

page. W e are going to design a 3-bit/v ector ( R = 1 : 5 bit/sample) tree-structured v ector quan tizer

for ( X

1

; X

2

) in whic h the quan tization regions are

R

000

; R

001

; R

010

; R

011

; R

100

; R

101

; R

110

; R

111

(see �gure), the co deb o ok is (3.9), and the co deb o ok and the auxiliary v ectors u

0

, u

1

, u

00

, u

01

,

u

10

, u

11

in the tree of the tree-structured v ector quan tizer are to b e c hosen so that

� u

0

is the cen troid of that part of S lying in the righ t halfplane.
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� u

1

is the cen troid of that part of S lying in the left halfplane.

� F or eac h i; j = 0 ; 1, u

ij

is the cen troid of R

ij 0

[ R

ij 1

.

� F or eac h i; j; k = 0 ; 1, y

ij k

2 R

ij k

.

� F or eac h i; j = 0 ; 1, the p erp endicular bisector of the line segmen t connecting y

ij 0

and y

ij 1

is

the b oundary line b et w een R

ij 0

and R

ij 1

.

@

@

@

@

@

@

@

@

@

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

@

@

@

@

@

@

@

@

@

@

@

@

@

@

�

�

�

�

�

�

�

�

�

�

@

@

@

@

@ -

6

x

1

x

2

R

000

R

001

R

010

R

011

R

100

R

101

R

111

R

110

2

2

� 2

� 2

1

1

� 1

� 1

S

Our �rst design task is to �nd u

0

; u

1

; u

00

; u

01

; u

10

; u

11

. Eac h of the desired cen troids is the

cen troid of a triangle, so w e just a v erage the three v ertices.

u

0

= (2 = 3 ; 0)

u

1

= ( � 2 = 3 ; 0)

u

00

= (2 = 3 ; 2 = 3)

u

01

= (2 = 3 ; � 2 = 3)

u

10

= ( � 2 = 3 ; 2 = 3)

u

11

= ( � 2 = 3 ; � 2 = 3)
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Our second design task is to determine the co deb o ok (3.9) so that the SNR of the tree-structured

v ector quan tizer is optimized for our �xed c hoice of quan tization regions f R

ij k

g . y

000

and y

001

tak e

the form

y

000

= ( �; 1 � � ) � � (1 ; 1)

y

001

= ( �; 1 � � ) + � (1 ; 1)

where � is a real parameter and � is a p ositiv e real parameter. Let u

000

= (1 = 3 ; 1 = 3) and u

001

=

(7 = 9 ; 7 = 9) b e the cen troids of R

000

; R

001

, resp ectiv ely . W e ha v e to c ho ose �; � to minimize the

follo wing quadratic form in � and � :

a ( R

000

) jj y

000

� u

000

jj

2

+ a ( R

001

) jj y

001

� u

001

jj

2

; (3.10)

where a ( R

000

) = 1 = 2, a ( R

001

) = 3 = 2 are the areas of R

000

; R

001

, resp ectiv ely . T aking partial

deriv ativ es with resp ect to � and � and setting them equal to zero, one obtains t w o linear equations

in the t w o unkno wns � and � that one has to solv e sim ultaneously; w e omit the calculations, but the

reader can see similar calculations p erformed to w ard the end of this design example. W e obtained

� = 1 = 2 and � = 1 = 4. Therefore

y

000

= (1 = 4 ; 1 = 4)

y

001

= (3 = 4 ; 3 = 4)

By symmetry ,

y

100

= ( � 1 = 4 ; 1 = 4)

y

101

= ( � 3 = 4 ; 3 = 4)

y

110

= ( � 1 = 4 ; � 1 = 4)

y

111

= ( � 3 = 4 ; � 3 = 4)

y

010

= (1 = 4 ; � 1 = 4)

y

011

= (3 = 4 ; � 3 = 4)

W e no w compute the SQNR of our optimized tree-structured v ector quan tizer. Exploiting

symmetry , the distortion/sample D is

D = (1 = 2)

�

Z

R

000

jj ~ x � y

000

jj

2

(1 = 2) d ~ x +

Z

R

001

jj ~ x � y

001

jj

2

(1 = 2) d ~ x

�

= 3 = 16 (3.11)

The v ariance is E [ X

2

1

] = 2 = 3. Therefore

S N R = 10 log

10

2 = 3

3 = 16

= 5 : 51 decib els
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In forming our tree-structured v ector quan tizer, w e used the diamond-shap ed curv e j x

1

j + j x

2

j =

1 as the b oundary line b et w een the inner four quan tization regions and the outer four quan tization

regions. Supp ose w e instead form a tree-structured v ector quan tizer with eigh t quan tization regions

in whic h the diamond-shap ed curv e j x

1

j + j x

2

j = � is the b oundary line b et w een the inner four

quan tization regions and the outer four quan tization regions, where � is a parameter b et w een 0

and 2. W e compute the v alue of � that mak es the SQNR of the resulting tree-structured v ector

quan tizer a maxim um. Let

A =

"

1 � 1

� 1 � 1

#

; B =

"

1 1

� 1 1

#

; v =

"

�

�

#

; c =

"

0

1

#

W e can write y

000

; y

001

in column v ector form as

y

000

= � ( Av + c )

y

001

= � ( B v + c )

W e also ha v e

a ( R

000

) = �

2

= 2

u

000

= ( �= 3 ; �= 3)

a ( R

001

) = 2 � �

2

= 2

u

001

= (4 = 3 ; 4 = 3) � ( �

3

= 6 ; �

3

= 6)

T aking the partial deriv ativ es of (3.10), w e obtain the v ector equation

a ( R

000

) A

T

( y

000

� u

000

) + a ( R

001

) B

T

( y

001

� u

001

) =

"

0

0

#

Solving this equation for � and � one obtains

� = 1 = 2

� =

�

3

� 6 � + 8

12 �

and then

y

001

=

 

�

3

+ 8

12

!

(1 ; 1)

y

000

= ( �; � ) � y

001

The distortion/sample is a function of � that w e denote b y D ( � ). Substituting in to (3.11), w e

obtain
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D ( � ) = (2 = 9) + (1 = 4) a ( R

000

) jj y

000

� u

000

jj

2

� (1 = 4) a ( R

000

) jj y

001

� u

000

jj

2

+ (1 = 2) jj y

001

� (2 = 3 ; 2 = 3) jj

2

;

whic h simpli�es to

D ( � ) =

� �

6

+ 12 �

4

� 16 �

3

+ 32

144

Setting the deriv ativ e equal to zero, w e obtain

�

3

� 8 � + 8 = 0 ) � = 1 : 2361

The resulting distortion is 0 : 1821 and

S QN R = 10 log

10

2 = 3

0 : 1821

= 5 : 63 decib els



Chapter 4

Distortion Rate F unction

A memoryless source generates as output a sequence of indep enden t and iden tically distributed

random samples according to some probabilit y densit y function. Supp ose one w an ts to lossily

compress a blo c k of data samples generated b y a giv en memoryless source, at a compression rate

no greater than R co debits p er data sample. Ho w lo w a mean square distortion/sample can b e

ac hiev ed in reconstructing the data blo c k? The distortion r ate function D ( R ) of the memoryless

source giv es us the answ er to this question, and is the sub ject of this c hapter. W e giv e the usual

de�nition of D ( R ) using the concept of m utual information, compute a closed-form expression for

D ( R ) for the Gaussian memoryless source, sho w ho w Blah ut's Algorithm can b e used to compute

successiv e appro ximations to D ( R ), and pro v e the Lossy Source Co ding Theorem that D ( R ) is

indeed the lo w est distortion/sample that can b e ac hiev ed b y an y rate R lossy source co de.

4.1 Mutual Information

Before w e can de�ne the distortion rate function D ( R ), w e need the concept of mutual information .

Let X ; Y b e t w o random v ariables ha ving join t densit y f ( x; y ) and marginal densities f ( x ) and

g ( y ), resp ectiv ely . The m utual information I ( X ; Y ) b et w een X and Y is de�ned b y

I ( X ; Y )

�

=

Z

1

�1

Z

1

�1

log

2

�

f ( x; y )

f ( x ) g ( y )

�

f ( x; y ) dxdy :

The m utual information I ( X ; Y ) lies b et w een 0 and 1 and is equal to zero if and only if X and

Y are statistically indep enden t.

The follo wing result giv es an imp ortan t case in whic h I ( X ; Y ) can b e ev aluated in closed form.

Result: If X ; Y are join tly Gaussian, then

I ( X ; Y ) = � (1 = 2) log

2

(1 � �

2

) ; (4.1)

where � is the correlation co e�cien t b et w een X and Y .

54
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W e sp end the rest of this section pro ving form ula (4.1). Assuming X ; Y are join tly Gaussian, let

� b e their co v ariance matrix, giv en b y

� =

"

�

2

X

��

X

�

Y

��

X

�

Y

�

2

Y

#

:

Assuming X and Y eac h ha v e mean 0 (this do es a�ect the v alue of I ( X ; Y )), then the join t Gaussian

densit y f ( x; y ) is w ell kno wn to b e expressible as

f ( x; y ) =

1

2 �

p

det(�)

exp( � [ x y ]�

� 1

[ x y ]

T

) :

W e can write the m utual information as

I ( X ; Y ) = E [log

2

f ( X ; Y )] � E [log

2

f ( X )] � E [log

2

g ( Y )] :

It is left as a simple exercise for the reader to sho w that

E [log

2

f ( X )] = � log

2

(

p

2 � �

X

) � (1 = 2) log

2

e;

E [log

2

g ( Y )] = � log

2

(

p

2 � �

Y

) � (1 = 2) log

2

e:

W e also ha v e

E [log

2

f ( X ; Y )] = � log

2

(2 �

q

det(�) ) � (1 = 2)(log

2

e ) E [[ X Y ]�

� 1

[ X Y ]

T

] :

The determinan t det(�) of the co v ariance matrix � is easily computed as

det(�) = �

2

X

�

2

Y

(1 � �

2

) :

Therefore, form ula (4.1) will b e true if w e can sho w that

E [[ X Y ]�

� 1

[ X Y ]

T

] = 2 : (4.2)

T o pro v e (4.2), w e mak e a c hange of v ariable. Let Q b e a 2 � 2 matrix suc h that

�

� 1

= Q

T

Q: (4.3)

Let Z = [ Z

1

Z

2

]

T

b e the 2-D random column v ector

Z = Q [ X Y ]

T

:

Then

Z

T

Z = [ X Y ]�

� 1

[ X Y ]

T

;



CHAPTER 4. DISTOR TION RA TE FUNCTION 56

and so pro ving (4.2) reduces to sho wing that

E [ Z

T

Z ] = 2 :

Notice that

E [ Z

T

Z ] = E [ Z

2

1

] + E [ Z

2

2

] ;

whic h is just the trace of �

Z

, the co v ariance matrix of Z . (The trace of a square matrix is the sum

of the diagonal elemen ts of the matrix.) The co v ariance matrix of Z is computable as

�

Z

= E [ Z Z

T

]

= E [ Q [ X Y ]

T

[ X Y ] Q

T

]

= QE [[ X Y ]

T

[ X Y ]] Q

T

= Q � Q

T

= I

2

;

where I

2

is the 2 � 2 iden tit y matrix. T o see this last equation, �rst in v ert the equation (4.3) to

obtain

� = Q

� 1

( Q

T

)

� 1

:

Then, m ultiply b oth sides on the left b y Q and on the righ t b y Q

T

to conclude that

Q � Q

T

= I

2

:

The trace of �

Z

is therefore the trace of the 2 � 2 iden tit y matrix, whic h is 2.

4.2 De�nition of D ( R )

W e consider a memoryless source mo del. This means the random data samples generated b y the

source are mo deled as indep enden t, iden tically distributed R V's f X

i

g

1

i =1

. W e assume that the

v ariance �

2

of the X

i

's is �nite.

Let the notation X denote an arbitrary source data sample X

i

. Supp ose w e pro cess X b y

passing it through a c hannel called a \test c hannel":

X !

test c hannel

f ( y j x )

! Y

The test c hannel is de�ned b y an arbitrary conditional probabilit y function f ( y j x ); the random

output from the test c hannel is denoted Y . Claude Shannon

1

de�ned the distortion rate function

for the memoryless source mo del b y the equation

D ( R )

�

= min f E [( X � Y )

2

] : all test c hannels f ( y j x ) for whic h I ( X ; Y ) � R g :

1

C. Shannon, \Co ding theorems for a discrete source with a �delit y criterion," IRE Nat. Conv. R e c or d , P art 4,

pp. 142{163, 1959; reprin ted in Key Pap ers in the Development of Information The ory (D. Slepian, Ed.), IEEE Press,

1973.
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The distortion rate function D ( R ) is de�ned for all R � 0 and has the follo wing prop erties, whic h

are established in the textb o ok b y T ob y Berger

2

.

Prop erties of D ( R ) :

� D (0) = �

2

and D ( R ) ! 0 as R ! 1 .

� D ( R ) is strictly decreasing as R increases.

� D ( R ) is alw a ys > 0.

� D ( R ) is a con tin uous function.

� D ( R ) is a con v ex function. (Th us, the second deriv ativ e of D ( R ) with resp ect to R is

� 0.)

� D ( R ) � �

2

2

� 2 R

for all R � 0.

The b ound �

2

2

� 2 R

in the last prop ert y is of in terest b ecause w e shall see that it is the distortion

rate function of the Gaussian memoryless source (see Section 2.1). Th us, the last prop ert y sa ys that

the Gaussian memoryless source is the hardest of all memoryless sources to compress (once w e ha v e

the co ding theorem that tells us that D ( R ) is the optim um ac hiev able distortion for compression

at rate R bits/sample; see Section 3).

The distortion rate function D ( R ) can b e expressed in \SQNR form" in decib els as follo ws:

[ D ( R )]

dec

�

= 10 log

10

 

�

2

D ( R )

!

:

The follo wing table giv es the distortion rate function in decib els for three common memoryless

sources: the uniform memoryless source, the Gaussian memoryless source, and the Laplacian mem-

oryless source.

T able 1: Distortion Rate F unction V alues

R D ( R ) (decib els)

(bits/sample) uniform Gaussian Laplacian

1 6 : 8 6 : 0 6 : 6

1 : 5 10 : 0 9 : 0 9 : 6

2 13 : 2 12 : 0 12 : 7

2 : 5 16 : 3 15 : 1 15 : 7

3 19 : 4 18 : 1 18 : 7

As w e ha v e earlier remark ed, the Gaussian memoryless source will b e sho wn in Section 2.1 to

ha v e distortion rate function expressible in closed form as �

2

2

� 2 R

; therefore, the D ( R ) �gures in

2

T. Berger, R ate Distortion The ory: A Mathematic al Basis for Data Compr ession . Pren tice-Hall, 1971.
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the \Gaussian" column of the table are roughly 6 decib els p er bit. (W e kno w this b ecause, in the

SQ notes, w e encoun tered the function D

uq

( R ) = �

2

2

� 2 R

giving the optim um distortion in scalar

quan tization of data samples from the uniform memoryless source at in teger rates R = 1 ; 2 ; 3 ; � � � ,

whic h also ga v e us a 6 decib els p er bit result; it is purely coinciden tal that the Gaussian memoryless

source distortion rate function coincides with the function D

uq

( R ).) Closed form expressions for the

distortion rate functions of the uniform memoryless source and the Laplacian memoryless source

are not kno wn; ho w ev er, w e w ere able to obtain the D ( R ) �gures in the \uniform" and \Laplacian"

columns using the Blah ut algorithm co v ered later. Notice that the \Gaussian" column's �gures are

lo w er than either the �gures in the \uniform" column or the \Laplacian" column|this reinforces

the p oin t w e made earlier ab out the Gaussian memoryless source b eing the hardest source to

compress (note: a large �gure for D ( R ) corresp onds to a lo w �gure for [ D ( R )]

dec

).

4.2.1 D ( R ) for Gaussian source

W e consider the Gaussian memoryless source with v ariance �

2

. W e are going to sho w that the

distortion rate function is giv en b y

D ( R ) = �

2

2

� 2 R

: (4.4)

Let X denote an y random Gaussian memoryless source sample. Let Y denote the random v ariable

obtained b y passing X through a test c hannel. It can b e sho wn that in the minimization of

E [( X � Y )

2

] sub ject to the constrain t I ( X ; Y ) � R , it su�ces to consider the case when ( X ; Y ) are

join tly Gaussian. In this case, w e ha v e the closed form expression (3.1) for the m utual information

I ( X ; Y ). Using this closed form expression, the constrain t

I ( X ; Y ) � R

is equiv alen t to the constrain t

1 � �

2

� 2

� 2 R

: (4.5)

W e can also write

E [( X � Y )

2

] = ( �

2

X

+ �

2

Y

� 2 ��

X

�

Y

) + ( �

X

� �

Y

)

2

:

W e can eliminate the second term on the righ t b y limiting ourselv es to test c hannels for whic h

�

X

= �

Y

. This giv es

E [( X � Y )

2

] = �

2

X

+ �

2

Y

� 2 ��

X

�

Y

:

In tro duce the parameter

� = �

Y

=�

X

;

and also use the fact that �

2

X

= �

2

. W e then simplify to obtain

E [( X � Y )

2

] = �

2

(1 + �

2

� 2 �� ) : (4.6)



CHAPTER 4. DISTOR TION RA TE FUNCTION 59

F rom this expression, w e see that for �xed � , one should tak e � = � and therefore

�

Y

= �� (4.7)

in order to obtain the minim um E [( X � Y )

2

]. (Some clari�cation: giv en a test c hannel whic h

ac hiev es an output Y for whic h X ; Y ha v e correlation co e�cien t � , m ultiply Y b y � to obtain a

new Y |the correlation co e�cien t b et w een X and the new Y will still b e � and the constrain t (4.7)

will b e ac hiev ed.) Plugging � = � in to (4.6), w e see that D ( R ) is obtained b y minimizing

�

2

(1 � �

2

)

sub ject to the constrain t (4.5). The minim um is clearly the righ t side of (4.4).

Remark. No w that w e kno w what D ( R ) is for the Gaussian memoryless source, one can see

for eac h rate R > 0 ho w to construct a test c hannel yielding output Y in resp onse to Gaussian

input X so that

I ( X ; Y ) = R ; E [( X � Y )

2

] = D ( R ) : (4.8)

In other w ords, what equations (4.8) tell us is that the test c hannel w e construct will ac hiev e the

p oin t ( R ; D ( R )) on the distortion rate curv e. Fix R > 0. Let D = �

2

2

� 2 R

. Consider the follo wing

additiv e Gaussian noise c hannel:

��

��

- -

?

+

Z � g auss (0 ; D )

X = Y + Z � g auss (0 ; �

2

)Y � g auss (0 ; �

2

� D )

In this diagram, the input Y is a Gaussian random v ariable with mean 0 and v ariance �

2

� D and

the additiv e noise Z is Gaussian with mean 0 and v ariance D and is statistically indep enden t of

input Y . The output is random v ariable X , the sum of Y and Z ; theory tells us that X m ust

b e Gaussian with mean 0 + 0 = 0 and v ariance ( �

2

� D ) + D = �

2

. In other w ords, X has the

distribution of a sample generated b y our Gaussian memoryless source. Therefore, if w e turn the

ab o v e blo c k diagram around, w e get a test c hannel for the Gaussian memoryless source whic h

has input X and output Y . Let us c hec k that this test c hannel ac hiev es the relations (4.8). T o

compute I ( X ; Y ), w e need the correlation co e�cien t � b et w een X and Y . Using the additivit y of

the co v ariance op erator, w e ha v e

C ov ( X ; Y ) = C ov ( Y + Z ; Y ) = C ov ( Y ; Y ) + C ov ( Z ; Y ) = �

2

Y

+ 0 = �

2

� D :

Therefore,

� =

C ov ( X ; Y )

�

X

�

Y

=

s

1 �

D

�

2

;
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and

I ( X ; Y ) = � (1 = 2) log

2

(1 � �

2

) = � (1 = 2) log

2

�

D

�

2

�

= ( � 1 = 2) log

2

 

�

2

2

� 2 R

�

2

!

= R :

W e also ha v e

E [( X � Y )

2

] = E [ Z

2

] = �

2

Z

= D :

Therefore, (4.8) is satis�ed, and our test c hannel do es indeed ac hiev e the p oin t ( R ; D ( R )) on the

distortion rate curv e! With a little bit more w ork, the reader can �nd the conditional probabilit y

densit y function f ( y j x ) of this test c hannel; this is left as an exercise.

Exer cise. Sho w that the conditional PDF f ( y j x ) for the test c hannel ac hieving the p oin t

( R ; D ( R )) on the distortion rate curv e of the Gaussian memoryless source is giv en b y

f ( x j y ) =

 

1

p

2 � D ( R )

!

exp

"

�

( x � y )

2

2 D ( R )

#

:

4.3 Lossy Source Co ding Theorem

Supp ose w e ha v e some memoryless source that w e w an t to design lossy compression systems for.

It w ould b e go o d to kno w what lossy compression systems it w ould b e p ossible to build and whic h

it w ould not b e p ossible to build, in terms of the compression rate and the distortion/sample that

the system can yield. T o this end, if R > 0 and D > 0, w e sa y that ( R ; D ) is an achievable

r ate-distortion p air if a lossy compression system can b e designed for the giv en source so that

compression rate � R ;

distortion = sample � D :

Claude Shannon's lossy co ding theorem, co v ered in this section, tells us exactly whic h ( R ; D ) pairs

are ac hiev able. Shannon's theorem comes in t w o parts, the P ositiv e Half and the Con v erse Half.

The P ositiv e Half tells us whic h ( R ; D ) are ac hiev able and the Con v erse Half tells us whic h ( R ; D )

are not ac hiev able.

P ositiv e Half of Lossy Co ding Theorem: Let R > 0, D > 0. Then ( R ; D ) is ac hiev able if

D > D ( R ). F or suc h an ( R ; D ), if m is tak en to b e big enough, a compression system with

distortion/sample � D can b e found that is based on an m -dimensional V Q co deb o ok whose

co dev ectors are assigned binary co dew ords of �xed length b mR c .

Con v erse Half of Lossy Co ding Theorem: Let R > 0, D > 0. Then ( R ; D ) is not ac hiev able

if D < D ( R ). In other w ords, for suc h an ( R ; D ) pair, an y compression system ac hieving

compression rate � R will automatically yield distortion/sample > D .
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Com bining the P ositiv e Half with the Con v erse Half, w e see that in designing a compression

system with compression rate � R , the design goal should b e to �nd suc h a system for whic h

the distortion/sample is close to D ( R ), b ecause that is the b est y ou can do. The follo wing �gure

illustrates this p oin t.

0
rate R

di
st

or
tio

n 
D

achievable (R,D) pairs

nonachievable (R,D) pairs

plot of distortion-rate curve D(R)

In this �gure, y ou see the D v ersus R plot of a t ypical distortion rate curv e D = D ( R ). The

p oin ts ( R ; D ) lying strictly ab o v e the curv e are ac hiev able, and eac h suc h ( R ; D ) p oin t tells us of

the existence of a lossy compression system ac hieving compression rate � R and distortion/sample

� D . (W e are not told ho w to �nd this system ho w ev er!) The p oin ts ( R ; D ) lying strictly b elo w

the curv e are not ac hiev able, and eac h suc h p oin t tells us there do es not exist a lossy compression

system ac hieving a certain compression rate and distortion/sample. Supp ose y ou w an t to design a

compression system with compression rate � R that has go o d distortion/sample p erformance. Lo-

cate R on the R axis in the preceding �gure. Measure directly up w ard un til y ou hit the D ( R ) curv e;
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if this up w ard distance is D , then y ou can design y our system to ac hiev e the desired compression

rate and an y distortion/sample > D .

The Con v erse Half is m uc h easier to pro v e than the P ositiv e Half|it is pro v ed in Section 3.2.

The pro of of the P ositiv e Half in giv en in the App endix to this Chapter.

The follo wing t w o examples illustrate some w a ys in whic h kno wledge of the distortion rate

function of a source can b e b ene�cial.

Example 1. Supp ose that for a giv en memoryless source mo del, it is kno wn that

D ( R ) = 2

� 2 R +2

:

Kno wledge of this D ( R ) allo ws us to determine whether a certain co de exists for the giv en source.

T o illustrate, supp ose some p erson claims to b e able to design a co de for this source that has a

compression rate of R = 0 : 5 bits/sample and an SQNR of 4 decib els, and w an ts y ou to in v est some

money to aid in the dev elopmen t of this co de. Should y ou in v est? The v ariance �

2

is giv en b y

�

2

= D (0) = 4 :

Therefore, the biggest SQNR that can p ossibly b e ac hiev ed at rate R = 0 : 5 is

10 log

10

4

D (0 : 5)

� 3 decib els :

Therefore, the prop osed co de do es not exist and y ou should not in v est an y money .

Example 2. W e supp ose the same source mo del as in Example 1. Supp ose y ou ha v e designed

a co de for this source that compresses at a rate of 0 : 5 bits/sample and ac hiev es an SQNR of 2 : 8

decib els. Y ou w an t to ev aluate ho w go o d this co de is. Kno wledge of D ( R ) tells y ou that the b est

SQNR y ou can ac hiev e at this rate is ab out 3 decib els. Therefore, y our co de seems reasonably go o d

b ecause 2 : 8 is close to 3. Of course, it w ould b e p ossible to design a co de at that rate ac hieving the

b etter SQNR of 2 : 95 decib els. But that co de w ould probably b e more complex. Comparing the

complexities of the t w o co des, y ou can then decide whether to stic k with the co de ac hieving SQNR

= 2 : 8 or whether it w ould b e commercially feasible to use the more complex co de that will ac hiev e

the 0 : 15 decib els impro v emen t in SQNR.

4.3.1 The function R ( D )

The rate distortion function R ( D ) of a memoryless source is de�ned to b e the in v erse of the

distortion rate function D ( R ) of the source. Alternativ ely , w e can de�ne R ( D ) for eac h D > 0 as

R ( D )

�

= min f I ( X ; Y ) : all test c hannels f ( y j x ) for whic h E [( X � Y )

2

] � D g : (4.9)

Let us discuss wh y the rate distortion function is imp ortan t. Previously , w e ha v e b een holding

the desired compression rate �xed, and ha v e b een trying to �nd a compression system ac hieving
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this rate and go o d distortion/sample p erformance. The distortion rate function D ( R ) tells us what

sort of distortion/sample p erformance w e can exp ect: out of all compression systems ac hieving

compression rate � R , w e should pic k a system ac hieving distortion/sample D close to D ( R ).

Supp ose no w that w e tak e the opp osite p oin t of view: w e hold the desired distortion/sample

�xed, and try to �nd a compression system ac hieving this distortion/sample and go o d compression

rate p erformance. The rate distortion function R ( D ) tells us what sort of compression rate p erfor-

mance w e can exp ect: out of all compression systems ac hieving distortion/sample � D , w e should

pic k a system ac hieving compression rate close to R ( D ).

Example 3. Let us compute the rate distortion function R ( D ) of the Gaussian memoryless

source with v ariance �

2

. Since w e already kno w D ( R ), w e don't ha v e to do the optimization (4.9)

to �nd R ( D ). Instead, w e can simply in v ert D ( R ) to �nd R ( D ). W e ha v e

D ( R ) = �

2

2

� 2 R

:

First, notice that D ( R ) tak es no distortion v alue bigger than �

2

. Therefore, R ( D ) will b e zero for

D � �

2

. Assume then that 0 < D < �

2

. The corresp onding R so that the p oin t ( D ; R ) is on the

rate-distortion curv e R ( D ) m ust then satisfy the equation

D = �

2

2

� 2 R

:

Using algebra to solv e this equation for R in terms of D , one obtains

R = (1 = 2) log

2

( �

2

=D ) :

W e conclude that

R ( D ) =

(

(1 = 2) log

2

( �

2

=D ) ; 0 < D < �

2

0 ; D � �

2

(4.10)

This can b e rewritten as the follo wing one-liner:

R ( D ) = max(0 ; (1 = 2) log

2

( �

2

=D )) :

W e list some prop erties of the function R ( D ) that can b e inferred from the prop erties of the

function D ( R ) listed earlier.

Prop erties of R ( D ) :

� R ( D ) ! + 1 as D decreases to zero, and R ( D ) = 0 for D � �

2

.

� R ( D ) is > 0 and strictly decreasing in the in terv al 0 � D < �

2

.

� R ( D ) is a con tin uous function.

� R ( D ) is a con v ex function.
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Previously , w e describ ed the P ositiv e Half and Con v erse Half of Shannon's lossy co ding theorem

for a memoryless source with v ariance �

2

in terms of the distortion rate function. No w, w e re-state

these results in terms of the rate distortion function.

P ositiv e Half of Lossy Co ding Theorem: Let R > 0, D > 0. Then ( R ; D ) is ac hiev able if

R > R ( D ). F or suc h an ( R ; D ), if m is tak en to b e big enough, a compression system with

distortion/sample � D can b e found that is based on an m -dimensional V Q co deb o ok whose

co dev ectors are assigned �xed-length binary co dew ords of length b mR c .

Con v erse Half of Lossy Co ding Theorem: Let R > 0, D > 0. Then ( R ; D ) is not ac hiev able

if R < R ( D ). In other w ords, for suc h an ( R ; D ) pair, an y compression system ac hieving

distortion/sample � D will automatically yield compression rate > R .

W e w an t to plot ac hiev able rate and distortion pairs as p oin ts in the D-R plane; therefore, suc h

p oin ts will b e denoted ( D ; R ) rather than ( R ; D ), and w e will sa y that ( D ; R ) is ac hiev able rather

than sa ying ( R ; D ) is ac hiev able as w e did b efore. A plot of a t ypical rate distortion function R ( D )

is giv en in the follo wing �gure. Note that R ( D ) forms the b oundary b et w een ( D ; R ) p oin ts that

are ac hiev able (these are the p oin ts ab o v e the rate distortion curv e) and the ( D ; R ) p oin ts that are

not ac hiev able (these are the p oin ts b elo w the rate distortion curv e).
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Supp ose y ou w an t to design a compression system with distortion/sample � D that has go o d

compression rate p erformance. Lo cate D on the D axis in the preceding �gure. Measure directly

up w ard un til y ou hit the R ( D ) curv e; if this up w ard distance is R , then y ou can design y our system

to ac hiev e the desired distortion/sample and an y compression rate > R .

4.3.2 Pro of of Con v erse Half

W e are giv en some arbitrary memoryless source with �nite v ariance. In this section, w e pro v e

the Con v erse Half of Shannon's Lossy Co ding Theorem for the giv en source. Let ( R ; D ) b e an

ac hiev able rate-distortion pair for the giv en source. Letting X denote a single random sample

generated b y our giv en source, w e sho w ho w to construct a test c hannel yielding random output Y

in resp onse to input X for whic h

I ( X ; Y ) � R ; E [( X � Y )

2

] � D : (4.11)

This construction w ould su�ce to establish the Con v erse Half, b ecause (4.11) w ould imply that

D � D ( R ) ;
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meaning that ( D ; R ) is either on or ab o v e the distortion rate curv e and not b elo w; hence, a ( D ; R )

p oin t cannot b e b oth ac hiev able and b elo w the distortion rate curv e.

Since ( D ; R ) is ac hiev able, there is a compression system with distortion/sample � D and

compression rate � R . F or some m , the compression system op erates on source blo c ks of length

m . Let us denote a random source blo c k of length m b y ( X

1

; X

2

; � � � ; X

m

), and let us denote b y

( Y

1

; Y

2

; � � � ; Y

m

) the estimate of the source blo c k ( X

1

; X

2

; � � � ; X

m

) that is reconstructed b y the

deco der after quan tization and enco ding of ( X

1

; X

2

; � � � ; X

m

). Since the compression rate is � R ,

the random v ector ( Y

1

; Y

2

; � � � ; Y

m

) tak es at most 2

mR

v alues, and so

H ( Y

1

; Y

2

; � � � ; Y

m

) � log

2

(2

mR

) = mR :

Since ( Y

1

; Y

2

; � � � ; Y

m

) is a function of the source v ector ( X

1

; X

2

; � � � ; X

m

), the m utual information

b et w een source blo c k and reconstructed source blo c k statis�es

I (( X

1

; X

2

; � � � ; X

m

); ( Y

1

; Y

2

; � � � ; Y

m

)) = H ( Y

1

; Y

2

; � � � ; Y

m

) :

Using prop erties of en trop y and conditional en trop y it can b e sho wn that

m

X

i =1

I ( X

i

; Y

i

) � I (( X

1

; X

2

; � � � ; X

m

); ( Y

1

; Y

2

; � � � ; Y

m

)) ;

whic h allo ws us to conclude that

m

� 1

m

X

i =1

I ( X

i

; Y

i

) � R :

F or eac h i = 1 ; � � � ; m , let f

i

( y j x ) b e the conditional PDF for the random v ariable Y

i

giv en the

random v ariable X

i

. (It migh t help to think of f

i

( y j x ) as de�ning a test c hannel carrying X

i

in to

Y

i

.) Let f ( y j x ) b e the conditional PDF de�ned b y

f ( y j x )

�

= m

� 1

m

X

i =1

f

i

( y j x ) : (4.12)

This conditional PDF de�nes a test c hannel; let Y b e the resp onse of this test c hannel to input X ,

where X denotes a single random source sample. By a con v exit y prop ert y of m utual information,

I ( X ; Y ) � m

� 1

m

X

i =1

I ( X

i

; Y

i

) ;

and com bining this with an earlier b ound w e no w see that

I ( X ; Y ) � R ;
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whic h is one of the t w o inequalities in (4.11) that w e set out to pro v e. Using (4.12), it can b e

established that

E [( X � Y )

2

] = m

� 1

m

X

i =1

E [( X

i

� Y

i

)

2

] :

The righ t side of the preceding equation is the distortion/sample of our compression system, whic h

is � D . The relations (4.11) ha v e b een established. Consequen tly , our pro of is complete.

4.4 Computation of D ( R )

T o compute D ( R ) for a memoryless source, w e shall emplo y a discrete appro ximation to D ( R ). In

order to k eep our notation straigh t, let us denote b y D

f

( R ) the distortion rate function for the

memoryless source go v erned b y the densit y function f ( x ). Let Q ( x ) b e a scalar quan tizer. The

quan tization error resulting from the use of Q ( x ) to quan tize samples generated b y our memoryless

source is the n um b er

Z

1

�1

( x � Q ( x ))

2

f ( x ) dx (4.13)

Let f x

1

; x

2

; : : : ; x

N

g b e the set of quan tization lev els for the quan tizer Q ( x ). (The set of quan-

tization lev els is the set Q ( R ), where R is the real line.) Let p

1

; p

2

; : : : ; p

N

b e the probabilities

p

i

�

=

Z

b

i

a

i

f ( x ) dx

where a

i

; b

i

are the left and righ t end p oin ts, resp ectiv ely , of the in terv al

f x 2 R : Q ( x ) = x

i

g

Let

~

f b e the discrete densit y function

~

f

�

=

N

X

i =1

p

i

� ( x � x

i

)

Let D

~

f

( R ) denote the distortion rate function of the memoryless source go v erned b y the densit y

~

f . It is kno wn that if the quan tization error (4.13) is v ery small, then the distortion rate function

D

f

( R ) is w ell-appro ximated b y the distortion rate function D

~

f

( R ):

D

f

( R ) � D

~

f

( R ) ; R > 0

This means that if w e plot D

f

( R ) as a function of R and plot D

~

f

( R ) as a function of R , the t w o

plots will almost coincide.
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The distortion rate function D

~

f

( R ) is called a discrete appro ximation to the distortion rate

function D ( R ). Ric hard Blah ut

3

has dev elop ed an algorithm that can b e used to compute D

~

f

( R ).

W e can therefore use the Blah ut algorithm to obtain an appro ximation to the distortion rate

function D

f

( R ).

4.4.1 Blah ut Algorithm

Let g ( x ) b e a discrete probabilit y densit y

g ( x ) =

N

X

i =1

p

i

� ( x � x

i

) (4.14)

W e wish to compute the distortion rate function D

g

( R ) of the memoryless source go v erned b y

g ( x ). Let p b e the 1 � N probabilit y v ector ( p

1

; p

2

; : : : ; p

N

). Let Q = [ Q ( j j i )]

i;j =1 ;:::;N

b e a N � N

sto c hastic matrix (meaning a matrix eac h ro w of whic h is a probabilit y v ector). Let p

Q

denote the

ro w v ector pQ . It can b e seen that p

Q

is a probabilit y v ector. W e de�ne I ( p ; Q ) (called \m utual

information") and d ( p ; Q ) (called \distortion") as follo ws:

I ( p ; Q )

�

=

N

X

i;j =1

p

i

q ( j j i ) log

2

�

Q ( j j i )

p

Q

( j )

�

d ( p ; Q )

�

=

N

X

i;j =1

p

i

q ( j j i )( x

i

� x

j

)

2

Let s b e a p ositiv e parameter. Let Q

�

b e the sto c hastic matrix (dep ending on s ) whic h minimizes

the function I ( p ; Q ) + sd ( p ; Q ) o v er all Q . That is,

Q

�

= arg min

Q

[ I ( p ; Q ) + sd ( p ; Q )] (4.15)

It is kno wn that

D

s

= D

g

( R

s

)

where

R

s

= I ( p ; Q

�

)

D

s

= d ( p ; Q

�

)

3

R. Blah ut, \Computation of c hannel capacit y and rate distortion functions," IEEE T r ans. Inform. The ory , v ol.

18, pp. 460{473, 1972.
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(A pro of of this ma y b e found in a textb o ok b y Csisz� ar and K• orner

4

.) By letting s range through

all p ositiv e v alues, one �nds that R

s

ranges through all p ositiv e v alues, and hence ( R

s

; D

s

) ranges

through all p oin ts ( R ; D ) on the distortion rate curv e D = D

g

( R ). Therefore, one is able to �nd an y

p oin t on the distortion rate curv e b y solving the minimization problem (4.15) for an appropriate

v alue of s .

Blah ut found a nice w a y to solv e the problem (4.15). Let A = [ A ( i; j )] b e the N � N matrix

A ( i; j ) = 2

� s ( x

i

� x

j

)

2

If q is a 1 � N probabilit y v ector, let Q

q

b e the N � N sto c hastic matrix

Q

q

( j j i ) = A ( i; j ) q ( j ) = ( q A

T

)( i )

and let ~q b e the probabilit y v ector

~q = pQ

q

Blah ut sho w ed that

I ( p ; Q

~q

) + sd ( p ; Q

~q

) � I ( p ; Q

q

) + sd ( p ; Q

q

)

The mapping q ! ~q constitutes one iteration of the Blah ut algorithm. Starting with the initial

distribution q

0

= p , the Blah ut iterations yield a sequence of probabilit y v ectors f q

i

: i = 1 ; 2 ; : : : g

in whic h

q

i

= ~q

i � 1

This sequence of probabilit y v ectors con v erges to a probabilit y v ector q

�

suc h that Q

q

�

= Q

�

, the

unique sto c hastic matrix whic h is the solution to (4.15).

4.4.2 MA TLAB Implemen tation

W e ha v e created a MA TLAB program \ dist rate func(u,R,N) " for computing v alues of the

distortion rate function D ( R ) of a memoryless source. W e explain ho w the program is used. First,

one uses MA TLAB to generate a long v ector u of pseudorandom samples sim ulating the memoryless

source data samples. (W e ha v e found that taking the length of u to b e 100 ; 000 yields go o d results.)

Second, one c ho oses the rate R at whic h one wishes to compute the distortion D ( R ). (The program

usually giv es go o d results for rates in the range 0 : 25 � R � 3.) Thirdly , one c ho oses a p ositiv e

in teger N , whic h is the n um b er of quan tization lev els used in the discrete appro ximation to D ( R ).

(W e to ok N to b e 100 in our exp erimen ts.) Ha ving �xed the quan tities u, R, N , one executes the

MA TLAB line

4

I. Csisz� ar and J. K• orner, Information The ory: Co ding The or ems for Discr ete Memoryless Systems . Academic

Press, 1981 (Chapter 3).
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D = dist_rate_func(u,R,N)

The v alue D that one will then see prin ted on the screen is what one hop es to b e the v alue of D ( R )

in decib els correct to one decimal place.

The program w as written to w ork in the follo wing w a y . First, the minim um sample a in u

and the maxim um sample b in u are computed. Then, the in terv al [ a; b ] is partitioned in to N

subin terv als of equal length. F or the i -th subin terv al, a probabilit y p

i

is computed as the n um b er

of u samples falling in the subin terv al, divided b y the length of u , and the midp oin t x

i

of the i -th

of the subin terv al is computed. The Blah ut algorithm is then applied to the densit y g ( x ) in (4.14).

The program adjusts the v alue of the parameter s un til the desired rate R is ac hiev ed.

The program \ dist rate func " requires another program \ blahut " in order to b e imple-

men ted. The MA TLAB m-�le \ blahut.m " should b e installed on the reader's system as w ell

as the MA TLAB m-�le \ dist rate func.m ". These t w o m-�les are giv en in the next section.

Using the function dist rate func , w e computed D ( R ) v alues at rates R = 1 ; 1 : 5 ; 2 ; 2 : 5 ; 3 for

uniform, Gaussian, and Laplacian memoryless data. The uniform and Gaussian data w ere generated

using the MA TLAB functions rand and randn , resp ectiv ely . By Laplacian data, w e mean that the

underlying densit y is

f ( x ) = (1 = 2) e

�j x j

W e created a sp ecial MA TLAB function \ laplace " (giv en in Chapter 9) to generate pseudorandom

samples sim ulating output data samples from the Laplacian memoryless source.

Eac h of the D ( R ) v alues in our earlier T able 1 w ere obtained b y a v eraging 10 runs of the function

dist rate func on pseudorandomly generated source v ectors of length 100 ; 000. W e rounded o�

eac h D ( R ) v alue to the nearest one-ten th of a decib el. Ja y an t and Noll

5

tabulated the D ( R ) v alues

for R = 1 ; 2 ; 3. The D ( R ) v alues in T able 1 for R = 1 ; 2 ; 3 agree with the Ja y an t-Noll v alues.

W e illustrate ho w some of the T able 1 v alues w ere computed. The v alue of D ( R ) at R = 1 for

uniform data w as generated via the MA TLAB co de:

for i=1:10;

u=rand(1,100000);

D(i)=dist_rate_func(u,1, 100) ;

end

mean(D)

The v alue of D ( R ) at R = 2 for Gaussian data w as generated via the MA TLAB lines:

for i=1:10;

u=randn(1,100000);

5

N. Ja y an t and P . Noll, Digital Co ding of Waveforms . Pren tice-Hall, 1984.
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D(i) = dist_rate_func(u,2,100);

end

mean(D)

The v alue of D ( R ) at R = 3 for Laplacian data w as generated as follo ws:

for i=1:10;

u=laplace(100000);

D(i) = dist_rate_func(u,3,100);

end

mean(D)

In computation of all the T able 1 D ( R ) v alues, N = 100 w as used in the function dist rate func(u,R,N) .

Smaller v alues of N w ere tried �rst. The v alue N = 100 pro vided a go o d enough discrete appro xi-

mation to the distortion rate function so that the �fteen D ( R ) v alues obtained w ere correct to one

ten th of a decib el.

4.4.3 MA TLAB m-�les

W e in tro duce t w o new MA TLAB functions:

� dist rate func

� blahut

dist rate func

%Name this m-file dist_rate_func.m

%u = pseudorandom memoryless source sequence

%R = desired compression rate

%N = large positive integer

%D = dist_rate_func(u,R,N) approximates the

%distortion D(R) in decibels, where

%D(R) is the distortion rate function of

%the memoryless source whose output is simulated by u

function D = dist_rate_func(u,R,N)

a=min(u);

b=max(u);

n=length(u);

y=(u-a)/(b-a);

t=0:N;

k=t/N;
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v=1:N;

L=(2*v-1)/(2*N);

for i=2:N;

r=find(y<k(i) & y>k(i-1));

p(i-1)=length(r)/n;

end

p=[p 1-sum(p)];

mem=[0,0];

s=100;

z=0;

while z==0

[rate1,dist]=blahut(p,s, L);

t=(rate1 > R);

mem(t+1)=s;

if mem(2) > 0

s=mean(mem);

else

s=2*s;

end

error=abs(rate1-R);

z=(error < 10^(-4));

end

D=dist;

blah ut

%Name this m-file blahut.m

function [R,SQNR] = blahut(p,s,j)

jbar=p*j';

dev=(j-jbar).^2;

S2=p*dev';

N=length(p);

q=p;

diff=diag(j)*ones(N,N)-o nes( N,N) *di ag(j );

rho=diff.^2;

A=2.^(-s*rho);

D=rho.*A;

d=0;

r=0;

z=1;



CHAPTER 4. DISTOR TION RA TE FUNCTION 73

while z==1

v=q*A';

P=p./v;

dist1=P*D*q';

dist=10*log10(S2/dist1);

c=P*A;

q=q.*c;

rate=-s*dist1 - log2(v)*p' - log2(c)*q';

error=s*abs(dist1-d)+abs (rat e-r) ;

if error < 10^(-4)

z=0;

else

end

d=dist1;

r=rate;

end

R=rate;

SQNR=dist;

4.5 App endix:Pro of of P ositiv e Half of Co ding Theorem

Earlier, w e pro v ed the Con v erse Half of the Lossy Source Co ding Theorem for a memoryless in-

formation source. In this section, w e giv e the m uc h more tric ky pro of of the P ositiv e Half of this

theorem. What is it that w e ha v e to pro v e? Let X represen t one random source sample. Supp ose

w e ha v e a random v ariable Y statistically join tly distributed with X , and supp ose

I ( X ; Y ) = R ; E [( X � Y )

2

] = D : (4.16)

Then w e ha v e to sho w that there m ust exist a sequence of lossy source co des whose limiting enco ding

rate p erformance is � R (bits/sample) and whose limiting distortion p erformance is � D (squared

error p er sample).

W e will �rst pro v e the p ositiv e half of the co ding theorem for the case of a �nite alphab et

memoryless source; then w e pro v e it for the con tin uous alphab et memoryless sources.

4.5.1 Finite Alphab et Case

Lemma 1. L et A b e a �nite set and let � = � ( u; v ) b e a non-ne gative r e al-value d function de�ne d

for u; v 2 A . L et U; V b e r andom variables taking their values in A . L et D

�

; K b e p ositive r e al

numb ers for which

P

�

P ( U; V )

P ( U ) P ( V )

� K

�

+ P [ � ( U; V ) � D

�

] = � � 1 = 4 : (4.17)
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Then, for e ach p ositive inte ger M ther e is a subset f v

1

; v

2

; � � � ; v

M

g of A satisfying

E

�

min

v

i

� ( U; v

i

)

�

� D

�

+ �

max

[2 M

� 1

K +

p

� ] : (4.18)

Discussion. Before pro ving Lemma 1, w e sho w ho w it yields the P ositiv e Half of the co ding

theorem for the sp ecial case of a memoryless source ha ving a �nite alphab et. W e start with a

random pair ( X ; Y ) satisfying (4.16), where X represen ts a random source sample and b oth X ; Y

tak e their v alues in a �nite subset B of the real line. W e pro v e the existence of a sequence of blo c k

co des with limiting enco ding rate � R and limiting mean square distortion/sample � D . Let

X

1

; X

2

; X

3

; � � �

b e the sequence of indep enden t iden tically distributed source samples (all of whic h ha v e the same

densit y as X ), and let

Y

1

; Y

2

; Y

3

; � � �

b e a sequence of indep enden t R V's in whic h eac h ( X

i

; Y

i

) has the same probabilit y distribution as

the random pair ( X ; Y ) in (4.16), and the ( X

i

; Y

i

)'s are indep enden t. (One can en vision a \test

c hannel" whic h yields output Y in resp onse to input X ; then eac h Y

i

is the resp onse of the test

c hannel to input X

i

.)

By the Shannon-McMillan Theorem used earlier in the pro of of the co ding theorem for the

DMC, w e ha v e

lim

n !1

n

� 1

log

2

�

P ( X

n

; Y

n

)

P ( X

n

) P ( Y

n

)

�

= I ( X ; Y ) = R : (4.19)

(Recall our earlier notation that X

n

represen ts random v ector ( X

1

; X

2

; � � � ; X

n

) and Y

n

represen ts

( Y

1

; � � � ; Y

n

).) Letting k u � v k denote the Euclidean distance b et w een n -dimensional v ectors u and

v , the La w of Large Num b ers tells us that

lim

n !1

n

� 1

n

X

i =1

( X

i

� Y

i

)

2

= lim

n !1

n

� 1

k X

n

� Y

n

k

2

= E [( X � Y )

2

] = D : (4.20)

Because of the sto c hastic con v ergences in (4.19)-(4.20), w e ma y pic k sequences of p ositiv e n um b ers

f R

n

g and f D

n

g suc h that

P

�

P ( X

n

; Y

n

)

P ( X

n

) P ( Y

n

)

� 2

nR

n

�

! 0 ( n ! 1 ) : (4.21)

P [ n

� 1

k X

n

� Y

n

k

2

� D

n

] ! 0 ( n ! 1 ) : (4.22)

R

n

! R ; D

n

! D ( n ! 1 ) :

No w w e apply Lemma 1, making the follo wing substitutions for the quan tities in the statemen t of

it:
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� Let A = B

n

, U = X

n

, V = Y

n

, K = 2

nR

n

, D

�

= D

n

.

� Let � ( u; v ) = n

� 1

k u � v k

2

whenev er u; v are n -dimensional v ectors in B

n

. The reader can

easily sho w that �

max

do es not dep end up on n .

� W e will sp ecify M in a little bit. (It will dep end up on n in a certain w a y .)

Letting

�

n

= P

�

P ( X

n

; Y

n

)

P ( X

n

) P ( Y

n

)

� 2

nR

n

�

+ P [ n

� 1

k X

n

� Y

n

k

2

� D

n

] ;

w e see from (4.21)-(4.22) that �

n

! 0, and then Lemma 1 tells us that there is a co deb o ok

f v

1

; v

2

; � � � ; v

M

g con tained in B

n

suc h that

E [ n

� 1

min

v

i

k X

n

� v

i

k

2

] � D

n

+ �

max

[2 M

� 1

2

nR

n

+

p

�

n

] : (4.23)

The left side of (4.23) is the distortion/sample of the nearest neigh b or v ector quan tizer based on

co deb o ok f v

1

; v

2

; � � � ; v

M

g . In the limit as n ! 1 , this will b e � D from the righ t side of (4.23),

pro vided that M increases with n so that 2 M

� 1

2

nR

n

! 0. One c hoice that will mak e this w ork is

M = d 2

nR

n

+

p

n

e :

The limiting enco ding rate is then

lim

n !1

n

� 1

log

2

M = lim

n !1

[ R

n

+ (1 =

p

n )] = R :

This completes our pro of of the lossy source co ding theorem for the case of a �nite alphab et

memoryless source.

Pro of of Lemma 1. This pro of uses the follo wing t w o prop erties of the exp onen tial function,

whic h are easy to pro v e using calculus:

1 � x � e

� x

(0 � x � 1) (4.24)

e

� x

� 1 =x ( x > 0) (4.25)

Also, a couple of times in the pro of, the follo wing prop ert y of conditional exp ectation is used:

E [ Z ] = P [
] E [ Z j 
] + P [


c

] E [ Z j 


c

] : (4.26)

This form ula is v alid for an y random v ariable Z and an y ev en t 
; 


c

is the complemen t of 
.

Our pro of uses a a random co ding argumen t. Let V

1

; V

2

; � � � ; V

M

b e indep enden t copies of V

whic h are join tly indep enden t of U . (W e can think of f V

1

; V

2

; � � � ; V

M

g as b eing a random co deb o ok.
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If w e get go o d distortion p erformance from the random co deb o ok, then some particular c hoice of

co deb o ok m ust also yield go o d distortion p erformance.) Let F b e the set

F =

�

( u; v ) :

p ( u; v )

p ( u ) p ( v )

< K ; � ( u; v ) < D

�

�

;

where p ( u; v ) is the probabilit y distribution of ( U; V ), p ( u ) is the probabilit y distribution of U , and

p ( v ) is the probabilit y distribution of V . Supp ose w e can sho w

P [( U; V

i

) 62 F for all i ] � 2 M

� 1

K +

p

�: (4.27)

Then for some c hoice of v alues v

1

; v

2

; � � � ; v

M

of V

1

; V

2

; � � � ; V

M

, resp ectiv ely ,

P [( U; v

i

) 62 F for all i ] � 2 M

� 1

K +

p

�:

Letting 
 b e the set


 = f u : ( u; v

i

) 62 F for all i g ;

w e ha v e

E

�

min

v

i

� ( U; v

i

) j U 62 


�

� D

�

:

from whic h the desired conclusion (4.18) follo ws using the fact that

E [min

v

i

� ( U; v

i

)] = P [ U 2 
] E [min

v

i

� ( U; v

i

) j U 2 
] + P [ U 62 
] E [min

v

i

� ( U; v

i

) j U 62 
] :

(See prop ert y (4.26).) Therefore, w e are done once w e pro v e (4.27). Observ e that

P [( U; V

i

) 62 F for all i ] =

X

u

p ( u ) f 1 � P [( u; V ) 2 F ] g

M

:

No w for ( u; v ) 2 F , w e ha v e

p ( v ) � K

� 1

P [ V = v j U = u ] ;

and so

P [( u; V ) 2 F ] � K

� 1

P [( u; V ) 2 F j U = u ] :

Hence,

P [( U; V

i

) 62 F for all i ] �

X

u

p ( u ) f 1 � K

� 1

P [( u; V ) 2 F j U = u ] g

M

:

By prop ert y (4.24), w e then ha v e

P [( U; V

i

) 62 F for all i ] � E [exp f� M K

� 1

� ( U ) g ] ; (4.28)

where � ( U ) is the random v ariable equal to P [( u; V ) 2 F j U = u ] when U = u . No w

E [exp f� M K

� 1

� ( U ) gj � ( U ) � 1 �

p

� ] � exp f� M K

� 1

= 2 g � 2 M

� 1

K ;
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since � � 1 = 4 and prop ert y (4.25) holds. Also, w e ha v e

P [ � ( U ) < 1 �

p

� ] = P [1 � � ( U ) >

p

� ] �

E [1 � � ( U )]

p

�

=

P [( U; V ) 62 F ]

p

�

: (4.29)

By de�nition of F , the ev en t f ( U; V ) 62 F g is con tained in the union of the t w o ev en ts

�

P ( U; V

P ( U ) P ( V )

� K

�

; f � ( U; V ) � D

�

g (4.30)

and � w as de�ned in (4.17) as the sum of the probabilities of the t w o ev en ts in (4.30). Therefore,

P [( U; V ) 62 F ] � �;

and applying this to (4.29) w e see that

P [ � ( U ) < 1 �

p

� ] �

p

�: (4.31)

Multiply the inequalit y

E [exp f� M K

� 1

� ( U ) gj � ( U ) � 1 �

p

� ] � 2 M

� 1

K

b y P [ � ( U ) � 1 �

p

� ], m ultiply the inequalit y

E [exp f� M K

� 1

� ( U ) gj � ( U ) < 1 �

p

� ] � 1

b y P [ � ( U ) < 1 �

p

� ], and then apply prop ert y (4.26). In view of (4.31), w e can conclude that

E [exp f� M K

� 1

� ( U ) g ] � 2 M

� 1

K +

p

�:

This inequalit y , coupled with (4.28), yields the desired inequalit y (4.27), completing our pro of.

4.5.2 Con tin uous Alphab et Case

W e ha v e a con tin uous alphab et memoryless source. Let X represen t a random source sample. W e

are assuming (as alw a ys) that the v ariance �

2

of X is �nite. Let N b e a p ositiv e in teger parameter.

Let Z b e the random v ariable that results when w e quan tize X with the optimal N -lev el scalar

quan tizer for X . In tuitiv ely , as N gets larger, the quan tization w e are doing gets �ner, and so

E [( X � Z )

2

] gets smaller. The follo wing lemma, stated without pro of, encapsulates this reasonable

fact.

Lemma 2. L et �

N

= E [( X � Z )

2

] : Then �

N

! 0 as N ! 1 .

W e no w consider the �nite alphab et memoryless source whose sequence of outputs are inde-

p enden t iden tically distributed copies of Z . More precisely , let Q

N

b e the optimal N -lev el scalar

quan tizer for X . By de�nition, w e ha v e Z = Q

N

( X ). No w let

X

1

; X

2

; X

3

; � � � (4.32)
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b e the sequence of random samples generated b y our con tin uous alphab et memoryless source. Then

w e ha v e the �nite alphab et memoryless source whic h generates the sequence of samples

Z

1

; Z

2

; Z

3

; � � � (4.33)

in whic h Z

i

= Q

N

( X

i

) for ev ery i . Let D

X

( R ) represen t the distortion rate function of our giv en

con tin uous alphab et source, and let D

Z

( R ) denote the distortion rate function of the �nite alphab et

source with output samples (4.33). The distortion rate function D

Z

( R ) dep ends up on the parameter

N . As N gets bigger, the distortion rate function D

Z

( R ) gets closer to the distortion rate function

D

X

( R ). The follo wing lemma formalizes this fact.

Lemma 3. F or ev ery R > 0, D

Z

( R ) con v erges to D

X

( R ) as N ! 1 .

W e omit the pro of of Lemma 3. (It is not hard to pro v e, but the pro of is somewhat tedious.)

Lemma 2 tells us that Z is getting closer and closer to X in the mean square sense as N gets large.

It is therefore reasonable that R

Z

( D ) should get closer and closer to R

X

( D ).

W e �nish this section b y giving the pro of of the p ositiv e half of the lossy source co ding theorem

for our con tin uous alphab et memoryless source with output samples (4.32). (W e call this source

\the X source". The �nite alphab et memoryless source with output samples (4.33) shall b e referred

to as \the Z source".) Fix the enco ding rate R . W e will sho w the existence of a sequence of blo c k

source co des for the X source whic h eac h ha v e enco ding rate � R and whic h ha v e limiting mean

square distortion/sample p erformance � D

X

( R ). By Section 17.1, the p ositiv e half of the co ding

theorem is true for the Z source, since it is �nite alphab et. Therefore w e ma y �nd a V Q-based

blo c k co de for the Z source of enco ding rate � R and distortion/sample � D

Z

( R ) + �

N

. Let n

b e the blo c klength of this co de, and let f y

1

; y

2

; � � � ; y

M

g b e the V Q co deb o ok for this co de, where

M � 2

nR

. W e ha v e

E [ n

� 1

min

i

k Z

n

� y

i

k

2

] � D

Z

( R ) + �

N

:

Using the triangle inequalit y for the Euclidean norm, it is not hard to sho w that

n

� 1 = 2

min

i

k X

n

� y

i

k � n

� 1 = 2

min

i

k Z

n

� y

i

k + n

� 1 = 2

k X

n

� Z

n

k : (4.34)

Let U; V ; W b e the random v ariables

U = n

� 1 = 2

min

i

k X

n

� y

i

k

V = n

� 1 = 2

min

i

k Z

n

� y

i

k

W = n

� 1 = 2

k X

n

� Z

n

k

Squaring b oth sides of (4.34), and then taking the exp ected v alue:

E [ U

2

] � E [ V

2

] + 2 E [ V W ] + E [ W

2

] :
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A famous inequalit y of Sc h w arz tells us that

E [ V W ] �

q

E [ V

2

] E [ W

2

] :

Therefore,

E [ U

2

] � E [ V

2

] + E [ W

2

] + 2

q

E [ V

2

] E [ W

2

] : (4.35)

W e also ha v e

E [ U

2

] = E [ n

� 1

min

i

k X

n

� y

i

k

2

]

E [ V

2

] = E [ n

� 1

min

i

k Z

n

� y

i

k

2

] � D

Z

( R ) + �

N

E [ W

2

] = E [ n

� 1

k X

n

� Z

n

k

2

] = E [( X � Z )

2

] = �

N

Therefore, applying inequalit y (4.35), w e ha v e

E [ n

� 1

min

i

k X

n

� y

i

k

2

] � D

Z

( R ) + 2 �

N

+ 2

q

�

N

( D

Z

( R ) + �

N

) : (4.36)

The left side of the preceding inequalit y is the mean square distortion/sample if w e use the rate R

V Q co deb o ok f y

i

g to enco de source blo c k X

n

of the X source. Note that the righ t side of (4.36)

con v erges to D

X

( R ) as N ! 1 b y Lemmas 2-3. Our pro of is complete.



Chapter 5

Lattice V Q

5.1 In tro duction

Lattice v ector quan tizers are the natural generalization of the 1-D uniform quan tizers to higher

dimensions. Using a lattice, one can partition the m -dimensional Euclidean space R

m

in to con-

gruen t regions (suc h as rectangles or hexagons in 2-D). This partition induces a so-called lattice

v ector quan tizer whic h quan tizes eac h m -dimensional source blo c k in to the lattice p oin t lying at

the cen ter of the region con taining the source blo c k. The rate and distortion of the lattice quan tizer

are con trolled b y scaling of the lattice.

Let f u

1

; u

2

; : : : ; u

m

g b e a set of basis v ectors for m -dimensional Euclidean space. The lattice

spanned b y these v ectors is the set of all v ectors whic h are linear com binations

n

1

u

1

+ n

2

u

2

+ : : : + n

m

u

m

with in teger co e�cien ts n

1

; n

2

; : : : ; n

m

.

Example 1. The basis v ectors (1 ; 0) ; (0 ; 1) in 2-D span the lattice of all p oin ts ( n

1

; n

2

) in whic h

n

1

and n

2

are in tegers. W e shall call this lattice the r e ctangular lattic e .

Example 2. The basis v ectors (1 ; 0) ; (1 = 2 ;

p

3 = 2) span the 2-D lattice called the hexagonal lattic e .

Let L b e a lattice in m -dimensional Euclidean space R

m

. Let �

L

b e the mapping whic h maps

eac h m -dimensional v ector in to the nearest p oin t in L (if there are t w o or more suc h p oin ts, �

L

selects one of them). The mapping �

L

is called the ne ar est neighb or mapping for the lattice L . F or

eac h lattice p oin t u in L , let R ( u ) b e the region f x 2 R

m

: �

L

( x ) = u g . The regions f R ( u ) : u 2 L g

are called the V or onoi r e gions or ne ar est neighb or r e gions for the lattice L . The V oronoi regions

form a partition of R

m

, so that eac h m -dimensional v ector lies in one and only one V oronoi region.

The region R ( u ) is the unique V oronoi region con taining the lattice p oin t u . W e shall sa y that

u is the c enter of R ( u ). The V oronoi regions of a lattice are congruen t. In fact, the V oronoi

80
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region R (0) cen tered at the zero v ector 0 generates all the other V oronoi regions b y translation:

R ( u ) = u + R (0).

Example 3. F or the rectangular lattice, the V oronoi region R ( u ) is the rectangular region whose

v ertices are u + (1 = 2 ; 1 = 2), u + ( � 1 = 2 ; 1 = 2), u + ( � 1 = 2 ; � 1 = 2), u + (1 = 2 ; � 1 = 2).

Example 4. F or the hexagonal lattice, the V oronoi region R ( u ) is the hexagonal region whose

v ertices are u + (1 = 2 ;

p

3 = 6), u + (0 ;

p

3 = 3), u + ( � 1 = 2 ;

p

3 = 6), u + ( � 1 = 2 ; �

p

3 = 6), u + (0 ; �

p

3 = 3),

u + (1 = 2 ; �

p

3 = 6).

Example 5. The b o dy-cen tered cubic lattice (b cc lattice) is the 3-D lattice consisting of all

p oin ts ( x; y ; z ) in whic h either all x; y ; z are o dd in tegers or all x; y ; z are ev en in tegers. (The basis

of this lattice is f (2 ; 0 ; 0) ; (0 ; 2 ; 0 ) ; ( 1 ; 1 ; 1 ) g .) The V oronoi regions are eac h truncated o ctahedrons

ha ving 24 v ertices, 36 edges, and 14 faces (8 of the faces are regular hexagons and 6 of the faces

are squares). The follo wing �gure sho ws y ou what eac h V oronoi region lo oks lik e.

Figure 5.1: T ypical V oronoi region for b o dy-cen tered cubic lattice (Example 5)

Scaling a Lattice. If a is a p ositiv e real n um b er, and L is a lattice, let aL b e the lattice

in whic h ev ery lattice p oin t in L is m ultiplied b y the scalar a . If a > 1, the lattice p oin ts in aL

are more spread out than the lattice p oin ts in L ; if 0 < a < 1, the lattice p oin ts in aL are closer

together than the lattice p oin ts in L . The scaling op eration w e'v e just de�ned will b e used in the

next section to design a lattice based V Q co deb o ok of a desired compression rate.

5.2 Lattice Based V Q Co deb o ok

Let S b e a b ounded region in the Euclidean space R

m

whic h con tains all of the m -dimensional

source v ectors that y ou w an t to compress. The goal is to design a V Q co deb o ok that can b e used

to lossily enco de all of the v ectors in S . This co deb o ok will b e based up on a particular lattice L

(more precisely , up on a particular scaling of L ). Let R b e the desired compression rate in bits p er

source sample that w e w an t to ac hiev e. Here is ho w w e can use L to design our V Q co deb o ok:



CHAPTER 5. LA TTICE V Q 82

Design Step 1: F or eac h v alue of the p ositiv e parameter a , let N ( a ) b e the n um b er of lattice

p oin ts in L whose V oronoi regions ha v e nonempt y in tersection with S . (The smaller y ou

mak e a , the bigger N ( a ) gets.) Cho ose the smallest a suc h that

d log

2

N ( a ) e � mR ;

and denote this parameter v alue b y a

R

.

Design Step 2: Place in y our V Q co deb o ok all of the lattice p oin ts in a

R

L whose V oronoi regions

ha v e nonempt y in tersection with S .

Eac h co dev ector in the co deb o ok just constructed can b e assigned a unique binary co dew ord of

length

d log

2

N ( a ) e :

W e can use this V Q co deb o ok to lossily enco de ev ery v ector in S ; b y construction, the compression

rate will b e � R bits/sample.

Here are a couple of go o d reasons wh y lattice based V Q co deb o oks are attractiv e for lossy

co ding:

Reason 1: F or the uniform memoryless source, enco ded at high rate R , lattices can b e c hosen

of su�cien tly high dimension so that the induced V Q co deb o ok will yield distortion/sample

p erformance for this source close to the distortion D ( R ) promised b y the distortion rate

function.

Reason 2: F or man y lattices L , a fast algorithm is kno wn for implemen ting the nearest neigh b or

mapping for v ector quan tization in a L based V Q co deb o ok. This mak es lossy co ding fast,

whereas for a general V Q co deb o ok, lossy co ding ma y b e slo w.

Discussion. If one is op erating at �xed dimension m whic h cannot b e increased (unlik e in

Reason 1, where m can b e tak en as large as w e lik e), one can ask whic h lattice of dimension m

w ould allo w y ou to design a high rate V Q co deb o ok for the uniform memoryless source that has the

b est distortion/sample p erformance. In 2-D, it is kno wn that the b est suc h lattice is the hexagonal

lattice; this p oin t is in v estigated further later on in these notes.

5.3 Normalized Second Momen t of a Lattice

Let L b e a lattice in R

m

. Let R

L

( u ) denote the V oronoi region of L cen tered at u 2 L . The

normalize d se c ond moment

1

G ( L ) of L is the n um b er de�ned b y:

G ( L )

�

=

Z

R

L

(0)

jj ~ x jj

2

d ~ x

mV ( R

L

(0))

1+2 =m

;

1

J. Con w a y and N. Sloane, Spher e Packings, L attic es and Gr oups . Springer-V erlag, 1993 (page 34).
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where V ( R

L

(0)) denotes the v olume of R

L

(0):

V ( R

L

(0)) =

Z

R

L

(0)

d ~ x

It is not hard to sho w that G ( L ) remains the same when y ou translate, rotate, or scale L . W e

shall see (Theorem 1 at end of this section) that the b est lattices of dimension m , from a v ector

quan tization p oin t of view, are the lattices L � R

m

for whic h G ( L ) is as small as it can b e.

Example 6. All one-dimensional lattices L ha v e the same G ( L ). A lattice L � R tak es the form

f 0 ; � a; � 2 a; � 3 a; � � � g ;

where a > 0. It follo ws that

R

L

(0) = [ � a= 2 ; a= 2] ;

and

G ( L ) =

Z

a= 2

� a= 2

x

2

dx

 

Z

a= 2

� a= 2

dx

!

3

= 1 = 12 = 0 : 0833 :

Example 7. All hexagonal lattices in R

2

ha v e the same normalized second momen t, b ecause

an y suc h lattice can b e obtained from an y other one b y rotation and scaling. Let us compute the

common n um b er G ( L ) for all hexagonal lattices L . By rotating R

L

(0) w e ma y supp ose that R

L

(0)

is the regular hexagon with radius a and the six v ertices

V

i

= ( a cos ( i� = 3) ; a sin ( i� = 3)) ; i = 0 ; 1 ; 2 ; 3 ; 4 ; 5 ;

depicted in Figure 2. The triangle with v ertices P

0

; P

1

; (0 ; 0) is an equilateral triangle with side a ,

and so its area is

(1 = 2) a

2

sin ( � = 3) = a

2

p

3 = 4 :

The area of R

L

(0) is six times this, whic h giv es us the form ula

V ( R

L

(0)) =

3 a

2

p

3

2

: (5.1)

Let ( X

1

; X

2

) b e uniformly distributed o v er R

L

(0). Then, the reader can sho w that

G ( L ) =

E [ X

2

1

+ X

2

2

]

2 V ( R

L

(0))

(5.2)

By symmetry ,

E [ X

2

1

+ X

2

2

] = E [ X

2

1

+ X

2

2

j ( X

1

; X

2

) 2 T ] ;
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T

T

T

T

�

�

�

�

T

T

T

T

�

�

�

�

-

6

P

1

P

2

P

3

P

4

P

5

P

0

x

1

x

2

Figure 5.2: NN region R

L

(0) for the hexagonal lattice L

where T is the triangular region with v ertices P

0

; P

1

; (0 ; 0). The random pair ( X

1

; X

2

) is condition-

ally uniformly distributed in the region T . T ransforming ( X

1

; X

2

) restricted to T in to the p olar

co ordinate random v ariables ( R ; �), w e see that the join t densit y f ( r ; � ) of ( R ; �) is

f ( r ; � ) =

(

6 r =V ( R

L

(0)) ; ( r ; � ) 2 T

pol ar

0 ; elsewhere

;

where T

pol ar

is the region in the ( r ; � ) plane in to whic h T transforms under the p olar co ordinate

transformation

x

1

= r cos �

x

2

= r sin �

It follo ws that

T

pol ar

= f ( r ; � ) : 0 � r � ( a

p

3 = 2) sec ( � � � = 6) ; 0 � � � � = 3 g ;

since the equation of the straigh t line from P

0

to P

1

in p olar co ordinates is

r = ( a

p

3 = 2) sec ( � � � = 6) :

W e can no w do the follo wing computation:

E [ X

2

1

+ X

2

2

] = E [ R

2

]

=

Z

� = 3

0

Z

( a

p

3 = 2) sec ( � � � = 6)

0

(6 =V ( R

L

(0))) r

3

dr d�

=

27 a

4

32 V ( R

L

(0))

Z

� = 3

0

sec

4

( � � � = 6) d�
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=

27 a

4

16 V ( R

L

(0))

[tan ( � = 6) + tan( � = 6)

3

= 3]

=

5

p

3 a

4

8 V ( R

L

(0))

(5.3)

Substituting (5.3) and (5.1) in to (5.2), w e obtain

G ( L ) =

5

p

3 a

4

16 V ( R

L

(0))

2

=

5

p

3

108

= 0 : 0802 :

The reader can sho w that for an y parallogram-shap ed region P � R

2

cen tered at the origin,

Z Z

P

jj ~ x jj

2

d ~ x

2 V ( P )

2

> 0 : 0802 :

Since an y nonhexagonal lattice L � R

2

w ould ha v e parallogram-shap ed regions as their NN regions,

this w ould imply that G ( L ) > 0 : 0802 for an y nonhexagonal lattice L � R

2

. W e conclude that a

hexagonal lattice yields the smallest normalized second momen t among all lattices � R

2

.

Example 8. The b cc lattice L of Example 5 has the smallest normalized second momen t of

an y 3-D lattice; the pro of of this (whic h is not easy) ma y b e found elsewhere

2

. The corresp onding

normalized second momen t is

G ( L ) =

19

192

3

p

2

= 0 : 0785 :

In Examples 6-8, w e ha v e illustrated the b est lattices in dimensions 1-3 (b est in terms of yielding

the smallest normalized second momen t). F or eac h dimension > 3, the b est lattice is not kno wn.

5.4 High-Rate Lattice V Q P erformance

If w e design a lattice v ector quan tizer to ac hiev e a high compression rate R , then w e can sa y

something ab out the resulting distortion, as the follo wing theorem sho ws.

Theorem 1 L et S b e a b ounde d subr e gion of R

m

whose b oundary has zer o c ontent (i.e., its

b oundary c an b e c over e d by �nitely many cubic subr e gions of arbitr arily smal l total volume). L et

~

X = ( X

1

; X

2

; � � � ; X

m

) b e a r andom ve ctor uniformly distribute d over S . L et L � R

m

b e any lattic e.

Then, if R is lar ge, ther e is a �xe d-r ate lattic e ve ctor quantizer for

~

X , b ase d on a sc aling of L , such

that

� The r esulting c ompr ession r ate in bits/sample is appr oximately e qual to R .

2

E. Barano vskii and N. Sloane, \The optimal lattice quan tizer in three dimensions," SIAM J. A lg. Disc. Metho ds ,

V ol. 4, pp. 30{41, 1983.
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� The r esulting exp e cte d distortion/sample D

L

( R ) satis�es

D

L

( R ) � V ( S )

2 =m

G ( L )2

� 2 R

(5.4)

W e dev ote the rest of this section to the pro of of the theorem. W e �x the lattice L � R

m

to b e

used. The �rst thing w e need to do is to determine the scaling factor � > 0 so that using lattice

�L to design a lattice v ector quan tizer Q for region S will giv e us the desired target compression

rate R . The co deb o ok of the v ector quan tizer Q will b e

f y

1

; y

2

; � � � ; y

N

g ;

where the y

i

's are the lattice p oin ts in �L for whic h the nearest neigh b or regions

R

�L

( y

1

) ; R

�L

( y

2

) ; � � � ; R

�L

( y

N

) (5.5)

are precisely those nearest neigh b or regions of the lattice �L whic h ha v e nonempt y in tersection

with S . Eac h v ector ~ x in S is quan tized b y Q in to the v ector Q ( ~ x ) whic h is the cen ter y

i

of the

V oronoi region R

�L

( y

i

) to whic h ~ x b elongs. The compression rate R of the v ector quan tizer Q is

giv en b y

R =

d log

2

N e

m

:

Since R is large, w e can sa y that

N � 2

mR

:

Since the nearest neigh b or regions (5.5) co v er S but do not \slop o v er" v ery m uc h in to the region

outside of S (this is b ecause R is large), the follo wing appro ximate relationship m ust b e true:

N V ( R

�L

(

~

0 )) � V ( S )

(This relationship b ecomes clear once the reader notices that the left hand side is simply the total

v olume of the nearest neigh b or regions (5.5).) Since N is appro ximately equal to 2

mR

, and since

V ( R

�L

(

~

0 )) = �

m

V ( R

L

(

~

0 )) ;

w e are led to the relationship

2

mR

�

m

�

V ( S )

V ( R

L

(

~

0 ))

;

from whic h w e can solv e for � in terms of R , obtaining

� � 2

� R

 

V ( S )

V ( R

L

(

~

0 ))

!

1 =m

: (5.6)
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Let D

L

( R ) b e the exp ected distortion/sample arising from the lattice v ector quan tizer Q that

w e ha v e just dev elop ed. W e ha v e

D

L

( R ) = m

� 1

E

h

jj

~

X � Q (

~

X ) jj

2

i

= m

� 1

Z

S

jj ~ x � Q ( ~ x ) jj

2

f ( ~ x ) d ~ x ;

where f ( ~ x ) is the probabilit y densit y function of the random v ector

~

X , giv en b y

f ( ~ x ) =

(

1 =V ( S ) ; ~ x 2 S

0 ; elsewhere

Since the union of the nearest neigh b or regions (5.5) is roughly equal to S , w e obtain

D

L

( R ) � ( mV ( S ))

� 1

N

X

i =1

Z

R

�L

( y

i

)

jj ~ x � y

i

jj

2

d ~ x (5.7)

Because of the congruence of the neareast neigh b or regions of the lattice �L , all of the in tegrals on

the righ t hand side of (5.7) are equal to

R

R

�L

(

~

0 )

jj ~ x jj

2

d ~ x . W e conclude that

D

L

( R ) �

N

mV ( S )

Z

R

�L

(

~

0 )

jj ~ x jj

2

d ~ x;

whic h can b e rewritten as

D

L

( R ) �

"

N V ( R

�L

(

~

0 ))

V ( S )

#

2

6

6

4

Z

R

�L

(

~

0 )

jj ~ x jj

2

d ~ x

mV ( R

�L

(

~

0))

1+2 =m

3

7

7

5

V ( R

�L

(

~

0 ))

2 =m

: (5.8)

This simpli�es to

D

L

( R ) � G ( �L ) V ( R

�L

(

~

0 ))

2 =m

;

b ecause the t w o brac k eted expressions in (5.8) are � 1 and = G ( �L ), resp ectiv ely . Since

G ( �L ) = G ( L ) ;

and since

V ( R

�L

(

~

0 ))

2 =m

= �

2

V ( R

L

(

~

0 ))

2 =m

= 2

� 2 R

 

V ( S )

V ( R

L

(

~

0 ))

!

2 =m

V ( R

L

(

~

0))

2 =m

= V ( S )

2 =m

2

� 2 R

;



CHAPTER 5. LA TTICE V Q 88

w e obtain (5.4) up on further simplication. Our pro of of Theorem 1 is no w complete!

Example 9. Consider the memoryless information source whic h generates indep enden t random

samples, eac h uniformly distributed in the in terv al [0 ; 1]. F or eac h dimension m = 1 ; 2 ; 3 ; � � � ,

let D

m

( R ) b e the optim um exp ected distortion/sample ac hiev able when the source samples are

quan tized with a m -dimensional lattice v ector quan tizer at the �xed rate of R bits/sample. W e can

apply Theorem 1 with the region S tak en to b e the Cartesian pro duct of [0 ; 1] with itself m times.

Since V ( S ) = 1 in this case, w e can conclude the follo wing appro ximate relationships for large R :

D

1

( R ) � (0 : 0833)2

� 2 R

D

2

( R ) � (0 : 0802)2

� 2 R

D

3

( R ) � (0 : 0785)2

� 2 R

Let

D

1

( R ) = lim

m !1

D

m

( R )

Con w a y and Sloane ha v e sho wn that

D

1

( R ) �

�

1

2 � e

�

2

� 2 R

; large R : (5.9)

This go o d p erformance could b e ac hiev ed in practice if one could �nd a lattice L in a Euclidean

space of su�cien tly high dimension for whic h G ( L ) �

�

1

2 � e

�

= 0 : 0585. Although there m ust exist

suc h a lattice L , no one has y et found it. The b est lattice curren tly kno wn, the 24-dimensional

Leec h lattice, yields V Q SQNR p erformance ab out 1 = 2 decib el short of the p erformance promised

b y (5.9).

Exer cise. The Leec h lattice L is kno wn to ha v e normalized second momen t G ( L ) = 0 : 0658.

Sho w that the v ector quan tizer based on a scaling of the Leec h lattice for high rate R do es indeed

yield a p erformance ab out 1 = 2 decib el short of the p erformance promised b y (5.9).

5.5 NN Mappings

Con w a y and Sloane

3

determined fast implemen tations of NN mappings for man y lattices. W e

presen t a couple of examples of their results.

Example 10. In R

2

, consider the rectangular lattice consisting of all p oin ts ( x

1

; x

2

) in whic h

x

1

; x

2

are in tegers. If x is a real n um b er, let f ( x ) b e the closest in teger to x (if x is halfw a y b et w een

t w o in tegers, tak e f ( x ) to b e whic hev er of these t w o in tegers has the smaller magnitude). Then,

the NN mapping �

L

is the mapping ( x

1

; x

2

) ! ( f ( x

1

) ; f ( x

2

)).

3

J. Con w a y and N. Sloane, \V oronoi Regions of Lattices, Second Momen ts of P olytop es, and Quan tization," IEEE

T r ans. Inform. The ory , V ol. 28, pp. 227{232, 1982.
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Example 11. In R

2

, let L b e the hexagonal lattice in whic h the six p oin ts of L closest to (0 ; 0)

are

(1 ; 0) ; (1 = 2 ;

p

3 = 2) ; ( � 1 = 2 ;

p

3 = 2) ; ( � 1 ; 0) ; ( � 1 = 2 ; �

p

3 = 2) ; (1 = 2 ; �

p

3 = 2)

Giv en ( x

1

; x

2

) 2 R

2

, the closest lattice p oin t ( u

1

; u

2

) to ( x

1

; x

2

) is found according to the follo wing

pro cedure:

Step 1: Compute the v ector

[ y

1

y

2

y

3

] = [ x

1

x

2

]

"

1 0 � 1

1 =

p

3 � 2 =

p

3 1 =

p

3

#

Step 2: Compute

� = f ( y

1

) + f ( y

2

) + f ( y

3

)

(Note: � m ust b e one of the three n um b ers � 1 ; 0 ; 1).

Step 3: Compute the n um b ers

� ( y

1

) = y

1

� f ( y

1

)

� ( y

2

) = y

2

� f ( y

2

)

� ( y

3

) = y

3

� f ( y

3

)

Step 4: Compute the p oin t ( y

�

1

; y

�

2

; y

�

3

) as follo ws. If � = 0, then ( y

�

1

; y

�

2

; y

�

3

) = ( f ( y

1

) ; f ( y

2

) ; f ( y

3

)).

If � = 1, then ( y

�

1

; y

�

2

; y

�

3

) is found b y subtracting 1 from the comp onen t of ( f ( y

1

) ; f ( y

2

) ; f ( y

3

))

corresp onding to whic h ( � ( y

1

) ; � ( y

2

) ; � ( y

2

)) has its smallest comp onen t. If � = � 1, then

( y

�

1

; y

�

2

; y

�

3

) is found b y adding 1 to the comp onen t of ( f ( y

1

) ; f ( y

2

) ; f ( y

3

)) corresp onding to

whic h ( � ( y

1

) ; � ( y

2

) ; � ( y

2

)) has its largest comp onen t.

Step 5: The closest lattice p oin t ( u

1

; u

2

) to ( x

1

; x

2

) is computed as follo ws:

[ u

1

u

2

] = (1 = 2)[ y

�

1

; y

�

2

; y

�

3

]

2

6

4

1 1 =

p

3

0 � 2 =

p

3

� 1 1 =

p

3

3

7

5

T o illustrate, supp ose ( x

1

; x

2

) = (0 : 4 ; � 0 : 4). Executing Step 1, w e determine that

( y

1

; y

2

; y

3

) = (0 : 169 ; 0 : 462 ; � 0 : 631 )

Executing Step 2, w e see that

( f ( y

1

) ; f ( y

2

) ; f ( y

3

)) = (0 ; 0 ; � 1)
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and the sum of the co ordinates is � = � 1. Executing Step 3, w e see that

� ( y

1

) = 0 : 169 ; � ( y

2

) = 0 : 462 ; � ( y

3

) = 0 : 369

Executing Step 4, since � = � 1, w e ha v e to add 1 to the second comp onen t of ( f ( y

1

) ; f ( y

2

) ; f ( y

3

)) =

(0 ; 0 ; � 1), since the second comp onen t of ( � ( y

1

) ; � ( y

2

) ; � ( y

3

)) = (0 : 169 ; 0 : 462 ; 0 : 36 9) is the largest

one. This giv es us ( y

�

1

; y

�

2

; y

�

3

) = (0 ; 1 ; � 1). Executing Step 5, w e obtain

( u

1

; u

2

) = (1 = 2 ; �

p

3 = 2)

as the closest lattice p oin t to ( � 0 : 4 ; 0 : 4).



Chapter 6

T rellis Based Lossy Co des

Supp ose y ou w an t to lossily compress source v ectors of length n . Supp ose the desired compression

rate is R co debits p er data sample. Let k b e a p ositiv e in teger suc h that N = 2

k R

is an in teger,

and supp ose that n is a m ultiple of k . Let m b e the in teger m = n=k . Let S b e a p ositiv e in teger.

Pic k an y trellis with S states, m stages, and N outgoing branc hes p er state. A ttac h to eac h branc h

of the trellis a lab el whic h is a k -dimensional v ector. Assign to eac h of the N outgoing branc hes

from eac h state a k R -bit address, so that these N branc hes ha v e distinct lab els.

The lab elled trellis built in the preceding paragraph giv es us a tr el lis c o de for lossily compressing

an y source v ector of length n . Here is ho w the quan tization, enco ding, and deco ding op erations

tak e place:

Quan tization: Eac h p ossible left-to-righ t path through the trellis yields a p ossible v ector in to

whic h the giv en source v ector can b e quan tized, if one concatenates together the v ector lab els

along the path. T o �nd a path yielding a quan tization v ector closest to X , partition the source

v ector X in to m blo c ks of length k . F or i = 1 ; 2 ; : : : ; m , lab el eac h of the branc hes in the

i -th stage of the trellis with a w eigh t equal to the square of the Euclidean distance b et w een

the v ector lab elling that branc h and the i -th data blo c k in X . Use the Viterbi algorithm to

�nd a left to righ t path through the trellis for whic h the sum of the w eigh ts along the path is

minimized. The source v ector X is then quan tized in to the v ector

^

X formed b y concatenating

together the v ector lab els along this optimal path.

Enco ding: The v ector

^

X is enco ded in to the binary co dew ord obtained b y concatenating together

the k R -bit addresses along the optimal path. (One also has to attac h to this co dew ord a

d log

2

S e bit long pre�x telling the deco der the state where the optimal path starts.)

Deco ding: F rom the co dew ord, the deco der reco v ers the optimal path, and from this path the

deco der then reco v ers

^

X .

Neglecting the length of the d log

2

S e bit pre�x (whic h is legitimate if n is large relativ e to log

2

S )

91
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to the enco der output co dew ord, one sees that the co dew ord is k R m = nR bits long, and therefore

the compression rate is R .

EXAMPLE 1. Figure 1 giv es an example of a trellis co de

1

. T o follo w a path through this

trellis, y ou need 1 co debit p er trellis stage, in order to kno w whether the upp er branc h or lo w er

branc h from eac h state is tra v ersed. The quan tizer output on eac h branc h is a v ector of length t w o.

Therefore the enco ding rate for this trellis co de is R = 1 = 2 co debits p er data sample.

Figure 1: Example of a trellis co de

. . . .

. . . .

(1,1)/0 (1,1)/0 (1,1)/0

(1,0)/1 (1,0)/1 (1,0)/1

(-1,-1)/1 (-1,-1)/1

(0,-1)/0 (0,-1)/0

. . .

0

1

State

W e quan tize/enco de the data sequence (0 ; 1 ; 0 ; 0 ; � 1 ; 0) using the Viterbi algorithm. W e need three

stages of the trellis b ecause t w o samples are enco ded p er stage. The successiv e source blo c ks to b e

quan tized/enco ded are x

1

= (0 ; 1), x

2

= (0 ; 0), and x

3

= ( � 1 ; 0). Do the follo wing:

� Assign a w eigh t to eac h branc h of the �rst stage of the trellis equal to the squared Euclidean

distance b et w een x

1

and the quan tizer lab el on that branc h.

� Assign a w eigh t to eac h branc h of the second stage of the trellis equal to the squared Euclidean

distance b et w een x

2

and the quan tizer lab el on that branc h.

� Assign a w eigh t to eac h branc h of the third stage of the trellis equal to the squared Euclidean

distance b et w een x

3

and the quan tizer lab el on that branc h.

W e obtain the follo wing three-stage trellis with w eigh ts:

1

Borro w ed from: R. Blah ut, Digital T r ansmission of Information . Addison-W esley , 1990.
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1

2

5

4
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1

Here are the t w o surviv or paths coming in to the t w o states at the end of the �rst stage:

1

2

Here are the t w o surviv or paths coming in to the t w o states at the end of the second stage (obtained

as extensions of the stage one surviv or paths):

3

2

The total w eigh t for eac h path is indicated at the ending state.

Here are the t w o surviv or paths coming in to the t w o states at the end of the third stage (obtained

as extensions of the stage t w o surviv or paths):
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3

4

The Viterbi path is then:

(1,1)/0

(1,0)/1

(-1,-1)/1

The quan tizer output is (1 ; 1 ; 1 ; 0 ; � 1 ; � 1). The enco der output is (0 ; 1 ; 1) (an extra bit w ould ha v e

to inserted in fron t of this to denote the starting state|this extra bit has a negligible e�ect on

the compression rate of 1 = 2 bit/sample if the n um b er of data samples to b e quan tized/enco ded is

large). The distortion/sample is 3 = 6 = 0 : 5.

A trellis co de is designed once the k -dimensional v ector lab els ha v e b een assigned to the branc hes

of the trellis. (Eac h branc h is also assigned a k R -bit address, but ho w this is done is not imp ortan t.)

This c hapter is concerned with trellis co de design. There are v arious metho ds for doing this, but w e

will not surv ey all of these metho ds here. In the ensuing sections, w e co v er the trellis co de design

metho d (TCQ metho d) put forth b y Marcellin and Fisc her

2

.

6.1 Ungerb o ec k trellises

Marcellin and Fisc her use trellises for whic h the n um b er of states S is either 2 ; 4 ; 8 ; 16 ; 32 ; 64 ; 2 56 .

In eac h case, the underlying trellis they use (without lab els) is a trellis put forth b y Ungerb o ec k

for designing c hannel co des. These trellises are in v arian t, meaning that all stages of the trellis ha v e

2

M. Marcellin and T. Fisc her, \T rellis co ded quan tization of memoryless and Gauss-Mark o v sources," IEEE T r ans.

Communic ations , V ol. 38, pp. 82-93, 1990.
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the same structure. So w e need to sp ecify only one stage of the trellis. The follo wing 3 tables

sp ecify the Ungerb o ec k trellises for S = 2 ; 4 ; 8. The Ungerb o ec k trellises ha v e t w o branc hes p er

state, a top branc h and a b ottom branc h. T o determine the state at whic h eac h of these branc hes

terminates, one refers to the \next state" column of the table|b y con v en tion, the �rst of the t w o

en tries is the state where the top branc h terminates.

2-state Ungerb o ec k trellis

state next state

1 1,2

2 1,2

4-state Ungerb o ec k trellis

state next state

1 1,2

2 3,4

3 1,2

4 3,4

8-state Ungerb o ec k trellis

state next state

1 1,3

2 6,8

3 2,4

4 5,7

5 1,3

6 6,8

7 2,4

8 5,7

Figures 2,3,4 (when stripp ed of the lab els, whic h are explained in Section 12.3) giv e one stage

of the 2-state, 4-state, and 8-state Ungerb o ec k trellises, resp ectiv ely .
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6.2 P artitioning Sup erco deb o oks

As w e sa w in Chapter 9, to design a k -dimensional v ector quan tizer at rate R , one needs a co deb o ok

consisting of 2

k R

k -dimensional v ectors. By con trast, to design a Marcellin-Fisc her trellis co de,

one needs a \sup erco deb o ok" consisting of t wice as man y v ectors, namely , 2

k R +1

k -dimensional

v ectors. The sup erco deb o ok m ust p ossess su�cien t symmetry so that a partitioning metho d due

to Ungerb o ec k can b e emplo y ed to partition the sup erco deb o ok in to 4 \sub co deb o oks" C

1

, C

2

, C

3

,

C

4

of size 2

k R � 1

eac h, in whic h the v ectors in eac h of the sub co deb o oks are reasonably far apart.

W e shall not discuss the general details of the Ungerb o ec k partitioning metho d. Instead, w e presen t

some examples illustrating ho w the partitioning can b e done.

EXAMPLE 2. Supp ose k = 1, and R = 2. Then the sup erco deb o ok m ust consist of 8

real n um b ers. Marcellin and Fisc her address the case in whic h the data samples are uniformly

distributed in an in terv al [ � A; A ]. In this case, it is reasonable to tak e as sup erco deb o ok the

b est co deb o ok of size 8 for uniform samples in [ � A; A ]. This w ould b e the co deb o ok obtained

b y splitting [ � A; A ] in to 8 equal subin terv als and taking the midp oin t of eac h subin terv al. The

resulting sup erco deb o ok is then

f� 7 A= 8 ; � 5 A= 8 ; � 3 A= 8 ; � A= 8 ; A= 8 ; 3 A= 8 ; 5 A= 8 ; 7 A = 8 g

The natural w a y to partition this sup erco deb o ok in to 4 sub co deb o oks is to form eac h sub co deb o ok

from en tries in the sup erco deb o ok spaced four apart. The resulting sub co deb o oks are then

C

1

= f� 7 A= 8 ; A= 8 g

C

2

= f� 5 A= 8 ; 3 A= 8 g

C

3

= f� 3 A= 8 ; 5 A= 8 g

C

4

= f� A= 8 ; 7 A= 8 g

EXAMPLE 3. Supp ose no w that k = 2 and R = 1. The sup erco deb o ok m ust consist of

8 2-D v ectors. Let us use a sup erco deb o ok consisting of 8 p oin ts equally spaced around a circle

cen tered at the origin. The 4 sub co deb o oks arising from the partitioning of this sup erco deb o ok

w ould then consist of 2 p oin ts eac h, the 2 p oin ts b eing diametrically opp osed on the circle. The 4

sub co deb o oks could then b e

C

1

= f ( r ; 0) ; ( � r ; 0) g

C

2

= f ( r =

p

2 ; r =

p

2 ) ; ( � r =

p

2 ; � r =

p

2 ) g

C

3

= f (0 ; r ) ; (0 ; � r ) g

C

4

= f ( � r =

p

2 ; r =

p

2) ; ( r =

p

2 ; � r =

p

2 ) g
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EXAMPLE 4. No w tak e k = 2 and R = 3 = 2. The sup erco deb o ok m ust b e of size 16. The

sup erco deb o ok could consist of the 16 2-D v ectors of form:

( � r ; � r ) ; ( � 3 r ; � r ) ; ( � r ; � 3 r ) ; ( � 3 r ; � 3 r )

where r is a p ositiv e parameter. P artitioning could result in the 4 sub co deb o oks

C

1

= f ( � 3 r ; 3 r ) ; ( r ; 3 r ) ; ( r ; � r ) ; ( � 3 r ; � r ) g

C

2

= f ( � r ; 3 r ) ; (3 r ; 3 r ) ; (3 r ; � r ) ; ( � r ; � r ) g

C

3

= f ( � r ; r ) ; (3 r ; r ) ; (3 r ; � 3 r ) ; ( � r ; � 3 r ) g

C

4

= f ( � 3 r ; r ) ; ( r ; r ) ; ( r ; � 3 r ) ; ( � 3 r ; � 3 r ) g

The reader is in vited to plot these 4 sub co deb o oks as subsets of the sup erco deb o ok to see ho w the

v ectors in eac h sub co deb o ok are far apart.

6.3 Sub co deb o ok Lab elling of T rellis

In the next step of Marcellin and Fisc her's trellis co de design tec hnique, eac h branc h of an Unger-

b o ec k trellis is lab elled in a certain w a y with one of the 4 sub co deb o oks C

1

, C

2

, C

3

, C

4

found b y

partitioning of the sup erco deb o ok. The resulting lab elled trellises shall b e referred to in the sequel

as the \sub co deb o ok lab elled trellises".

The 2-state Ungerb o ec k trellis is lab elled as sho wn in Figure 2:

Figure 2: Sub co deb o ok Lab elled 2 -State Ungerb o ec k T rellis
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�

�

�
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\

\

\

\

\

\

\

\

\

\

\

\

C

1

C

3

C

2

C

4

The 4-state Ungerb o ec k trellis is lab elled as in Figure 3:
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Figure 3: Sub co deb o ok Lab elled 4 -State Ungerb o ec k T rellis

.

. .

.

. .

. .

C

C

C

1

2

C4

C3

C1

4

C3

C2

The 8-state Ungerb o ec k trellis is lab elled as in Figure 4:
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Figure 4: Sub co deb o ok Lab elled 8 -State Ungerb o ec k T rellis
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C          C

C          C

C          C
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3

2 4
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4 2

3 1

4 2

1C          C

6.4 T rellis Co de F ormation

W e discuss no w the �nal step in the design of a Marcellin-Fisc her trellis co de. In the preceding step,

w e constructed the sub co deb o ok lab elled trellis in whic h eac h branc h of an Ungerb o ec k trellis w as
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lab elled with one of the four sub co deb o oks C

1

, C

2

, C

3

, C

4

. Eac h of these sub co deb o oks con tains

j = 2

k R � 1

k -dimensional v ectors. Supp ose there emanates from state i

1

of the sub co deb o ok lab elled

trellis a branc h lab elled C

r

, with the branc h terminating at state i

2

. Replace this branc h b y j

branc hes, all going from state i

1

to state i

2

, and lab el eac h of these j branc hes with a v ector from

C

r

, making sure that di�eren t branc hes are assigned distinct lab els. In this w a y , eac h branc h in

the sub co deb o ok lab elled trellis is replaced with j branc hes. The trellis so obtained yields the

Marcellin-Fisc her trellis co de.

Notice that the trellis for the Marcellin-Fisc her co de, as constructed in the previous paragraph,

will ha v e exactly 2 j = 2

k R

branc hes emanating from eac h state, whic h is exactly the righ t n um b er

to implemen t a rate R trellis co de. It migh t b e useful for the reader to regard the set of v ector

lab els on these 2

k R

outgoing branc hes from eac h state as a time-varying co deb o ok. It is then

understandable that one can obtain b etter rate R distortion p erformance from v ector quan tization

using a time-v arying co deb o ok than from v ector quan tization using a �xed co deb o ok.

EXAMPLE 5. Supp ose k = 1 and R = 2, and w e select sup erco deb o ok and resulting

sub co deb o oks C

1

, C

2

, C

3

, and C

4

as in Example 2. F ollo wing the pro cedure ab o v e (with j = 2) on

the sub co deb o ok lab elled 4-state Ungerb o ec k trellis giv es us one stage of a Marcellin-Fisc her trellis

co de as depicted in Figure 5:
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Figure 5: A Rate R = 2 1-D Marcellin-Fisc her Co de
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In the follo wing table, w e giv e the distortion p erformance for 1-D Marcellin-Fisc her trellis co des

at v arious rates for the uniform memoryless source (the memoryless source whose outputs are

uniformly distributed in [0 ; 1]). These results w ere obtained b y Marcellin and Fisc her in their

pap er cited earlier via a sim ulation using long source v ectors generated using \ rand ". T o compute

eac h SQNR �gure in the table, Marcellin and Fisc her a v eraged the SQNR p erformances from one

h undred pseudorandomly generated source v ectors of length 1000. The second to last column

of the table giv es the SQNR p erformance for the optim um scalar quan tizer (whic h is a uniform

quan tizer). The last column giv es the v alues of the distortion rate function D ( R ) in decib els for

the uniform memoryless source (some of these v alues can b e c hec k ed in Chapter 10). As w e kno w

from Chapter 4, D ( R ) giv es the optim um distortion p erformance o v er all v ector quan tizers of all

dimensions|hence w e ha v e lab elled the last column \optim um v ector quan tizer."



CHAPTER 6. TRELLIS BASED LOSSY CODES 102

Marcellin-Fisc her trellis co de SQNR on uniform data

Rate Num b er of states optim um optim um

(co debits/ scalar v ector

sample) 4 8 16 32 64 128 256 quan tizer quan tizer

1 5.78 5.96 6.06 6.13 6.19 6.29 6.33 6.02 6.8

2 12.47 12.60 12.69 12.76 12.83 12.90 12.93 12.04 13.2

3 18.77 18.90 18.98 19.04 19.10 19.16 19.20 18.06 19.4

4 24.95 25.05 25.13 25.19 25.24 25.30 25.34 24.08 25.6

8 49.16 49.24 49.32 49.38 49.44 49.49 49.53 48.16 49.7

12 73.24 73.35 73.40 73.48 73.53 73.58 73.61 72.25 73.8

Let us do some comparisons of the Marcellin-Fisc her co de p erformances with the optim um

p erformances in the last t w o columns of our table. Notice that for a rate of R = 1 co debit p er data

sample, the Marcellin-Fisc her trellis co de with 16 states outp erforms the b est scalar quan tizer at

this rate (6 : 06 decib els v ersus 6 : 02 decib els). Also, for the rate of R = 3 co debits p er data sample,

the Marcellin-Fisc her trellis co de p erformance is close to the optim um p erformance o v er all v ector

quan tizers at that rate (19 : 20 decib els v ersus 19 : 4 decib els). This is remark able when one considers

that Marcellin and Fisc her are using scalar sub co deb o oks and not v ector sub co deb o oks. When

enco ding at rate R , they form the optim um scalar co deb o ok for rate R + 1, and then tak e ev ery

fourth en try as in Example 2. F or example, for R = 3, they tak e the optim um scalar co deb o ok of

rate 4 for uniform data on the in terv al [0 ; 1], whic h is

�

1

32

;

3

32

;

5

32

;

7

32

;

9

32

;

11

32

;

13

32

;

15

32

;

17

32

;

19

32

;

21

32

;

23

32

;

25

32

;

27

32

;

29

32

;

31

32

�

and partition it in to the four sub co deb o oks

C

1

=

�

1

32

;

9

32

;

17

32

;

25

32

�

C

2

=

�

3

32

;

11

32

;

19

32

;

27

32

�

C

3

=

�

5

32

;

13

32

;

21

32

;

29

32

�

C

4

=

�

7

32

;

15

32

;

23

32

;

31

32

�

The lab elled trellis constructed at the b eginning of this section can b e used to implemen t the

Marcellin-Fisc her co de as describ ed at the b eginning of this c hapter. Alternativ ely , the Marcellin-

Fisc her co de implemen tation can instead b e done directly on the sub co deb o ok lab elled trellis ob-

tained in the previous section. Before quan tization and enco ding is done, the blo c ks in the source

v ector X are pro cessed so that eac h branc h of the m -stage sub co deb o ok lab elled trellis is assigned
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a v ector lab el and a w eigh t. When one starts to pro cess the i -th data blo c k of X , one is lo cated at a

state at the b eginning of the i -th stage of the sub co deb o ok lab elled trellis. Eac h branc h emanating

from that state is lab elled with a v ector lab el consisting of a v ector in the sub co deb o ok lab elling

that branc h that is closest to the data blo c k, and a w eigh t equal to the squared Euclidean distance

b et w een the data blo c k and this closest sub co deb o ok v ector. After all the blo c ks in the source

v ector ha v e b een pro cessed, the Viterbi algorithm is used to �nd a path through the trellis for

whic h the sum of the w eigh ts along the path is minimized. The quan tized source v ector

^

X and the

enco der output co dew ord B (

^

X ) can then b e generated b y follo wing this path: (1) concatenation

of the v ector lab els along the path yields

^

X , and (2) concatenation of a k R bit address for eac h

path branc h yields B (

^

X ) (the �rst bit of the address denotes whether the branc h is the top or

b ottom branc h from its starting state, and the remaining k R � 1 bits denote the v ector lab el on

that branc h).


