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SUMMARY: The Nekhoroshev theorem has been often indicated in the last
decades as the reference theorem for explaining the dynamics of several systems
which are stable in the long—term. The Solar System dynamics provides a wide
range of possible and useful applications. In fact, despite the complicated models
which are used to numerically integrate realistic Solar System dynamics as accu-
rately as possible, when the integrated solutions are chaotic the reliability of the
numerical integrations is limited, and a theoretical long—term stability analysis is
required. After the first formulation of Nekhoroshev’s theorem in 1977, many the-
oretical improvements have been achieved. On the one hand, alternative proofs of
the theorem itself led to consistent improvements of the stability estimates; on the
other hand, the extensions which were necessary to apply the theorem to the sys-
tems of interest for Solar System Dynamics, in particular concerning the removal of
degeneracies and the implementation of computer assisted proofs, have been devel-
oped. In this review paper we discuss some of the motivations and the results which
have made Nekhoroshev’s theorem a reference stability result for many applications
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in the Solar System dynamics.
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1. INTRODUCTION

The models which are currently used to rep-
resent the Solar System dynamics as accurately as
possible are very complicated. Modern ephemerides
of major and minor planets are obtained from nu-
merical integrations including many effects, such as
gravitational interactions with a large number of
asteroids, post Newtonian corrections due to gen-
eral relativity and, where applicable, also small non-
gravitational contributions, such as those acting on
comets near their perihelion. Numerical integrations
reveal that many of these dynamics are chaotic (for a
sample of the many articles about chaotic dynamics
in the Solar System see: Sussman and Wisdom 1988,

1992, Laskar 1990, Murray and Holman 1999, Guzzo
2005, 2006, Wayne et al. 2010 for the detection of
chaos in the planetary orbits; Wisdom 1983, Wisdom
and Peale 1984, Laskar and Robutel 1993 for chaotic
evolutions of the obliquity of planets and satellites;
Wisdom 1982, Milani and Nobili 1992, Murray et al.
1998, Nesvorny and Morbidelli 1998 for chaos in the
asteroid belt), with typical Lyapunov times, which
measure the reliability of the ephemerides, which
span from few years for certain small bodies, such
as the Jupiter family comets, up to many Myrs for
the planetary orbits. Is it therefore still meaningful
to speak of long—term stabilities in the Solar Sys-
tem? The answer to this question is positive, since
the orbits of the planets and of most asteroids are
much more stable than their characteristic Lyapunov
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time, a situation described as ’stable chaos’ in Mi-
lani and Nobili (1992). This fact is typical for a
class of mechanical systems, called quasi—integrable
Hamiltonian systems, whose Hamiltonian satisfy cer-
tain transversality conditions. By considering only
the cases for which the non-gravitational forces can
be neglected, and since the most relevant effect of
general relativity is a small change to the frequency
of precession of the perihelion (sometimes with rele-
vant impact on the long-term dynamics, see Laskar
2008), we remain with a Hamiltonian system which
is a perturbation of an integrable system, the Kepler
problem.

The long—term stability of quasi-integrable
Hamiltonian systems has been extensively studied
with the methods of Hamiltonian perturbation the-
ory, and the most important results are the KAM
(Kolmogorov 1954, Arnold 1963, Moser 1958) and
Nekhoroshev’s theorems (Nekhoroshev 1977, 1979).
Under suitable hypotheses, the KAM theorem proves
perpetual stability of a large measure set of initial
conditions; Nekhoroshev’s theorem proves the long—
term stability for open sets of initial conditions, in-
cluding the resonant chaotic motions. The possibility
of proving the long—term stability of chaotic motions
is particularly interesting for the applications to the
Solar System dynamics. The stability argument of
Nekhoroshev’s theorem grants stability times, which
we denote by Ty, which are much longer than the
typical Lyapunov times 77, of the resonant motions,
and increase exponentially with an inverse power of
the perturbing parameter.

The Nekhoroshev stability time Ty can be di-
rectly identified as a lower estimate of the time in-
terval of effective stability of a system. Estimates
of the Nekhoroshev stability time Tn for simplified
models of the Solar System, obtained through nu-
merical computations of resonant or non-resonant
normal forms, have been used to explain the sta-
bility of the considered systems for times compara-
ble to the age of the Solar System (Giorgilli et al.
1989, Celletti and Ferrara 1996, Giorgilli and Skokos
1997, Skokos and Dokoumetzidis 2001, Efthymiopou-
los and Sandor 2005, Lhotka et al. 2008, Giorgilli et
al. 2009, Sansottera et al. 2013). The identifica-
tion of the Nekhoroshev stability time Tx also as the
stability time interval of a system requires to prove
that a diffusion of the action variables generically oc-
curs on longer time intervals. All instabilities of the
action variables occurring over time intervals larger
than Tx are usually referred as Arnold diffusion,
from the pioneering paper by Arnold (Arnold 1964).
For Hamiltonian systems satisfying the hypotheses
of Nekhoroshev’s theorem the existence of unstable
orbits is a non-trivial, in many aspects still open,
problem. Already a few years after the numerical de-
tection of chaotic motions by Hénon and Heiles 1964,
many studies of numerical diffusion through reso-
nances have been published (Chirikov 1971, Laskar
1993, Efthymiopoulos et al. 1998, Wood et al. 1990,
Lichtenberg and Aswani 1998, Konishi and Kaneko
1990) up to the recent papers by our group. In the
series of papers (Lega et al. 2003, Guzzo et al. 2005,
Froeschlé et al. 2005, Guzzo et al. 2011) we pro-

vided numerical evidence for the generic existence
of sets of orbits diffusing through the resonances of
quasi-integrable systems with statistical and topo-
logical properties which are compatible with the de-
scription of the dynamics obtained from the resonant
normal forms considered in the proof of the Nekhoro-
shev’s theorem (see Section 4). In fact, for small
values of perturbation parameter ¢, the resonances
of the system are organized as a web, the so— called
Arnold web, which occupies a small measure set of
the phase—space. Only a small fraction of initial con-
ditions in the Arnold web produces chaotic motions,
and therefore has the chance to diffuse in the action-
space. The long-term diffusion occurs along the res-
onances, and for times smaller than Ty it is masked
by the larger oscillations occurring on the fast-drift
planes. The possibility of measuring the very slow
diffusion along the resonances is due to a technique,
developed using the fast Lyapunov indicator, which
allows to filter the large short—term oscillations on
the fast drift planes. The slow diffusion along the res-
onance has been quantified by a diffusion coefficient
D. We found that D scales faster than power laws
through many orders of magnitude of the perturba-
tion parameter, compatibly with an exponential law
suggested by Nekhoroshev’s theorem.

Using similar model systems, estimates of T
and an analysis of its relation with the diffusion coef-
ficient of the action variables have been investigated
in Efthymiopoulos (2008), Efthymiopoulos and Har-
soula (2013), through the numerical computation of
resonant normal forms. These analyses confirm the
existence of correlations between the Nekhoroshev
stability time and the time of long—term diffusion of
the action variables. The relation between Nekhoro-
shev’s theorem and the phase-space diffusion has
been studied also in Cincotta et al. (2014).

Finally, we note that direct applications of
Nekhoroshev’s theorem to the systems related to So-
lar System stabilities are complicated by the fact
that the small parameters are not extremely small,
and the Hamilton functions are highly degener-
ate. Therefore, either straightforward applications
of Nekhoroshev’s theorem in its original formula-
tions are not possible, or they provide poor results.
It is therefore necessary to remove the degeneracies
with ad hoc arguments, and to compute the thresh-
old value for the perturbing parameter in an efficient
way, possibly using computer assisted methods.

In my opinion, an extensive application of the
theorem to the asteroid belt could be paradigmatic.
Due to the increasing number of discovered aster-
oids, the asteroid main belt will represent the ideal
system for the application of the theorem in all its as-
pects. In fact, the large number of asteroids provides
a large sample of different initial conditions, with a
large spectrum of dynamical behaviours: the Kirk-
wood gaps, the asteroids families, the three—body
resonances, and the secular resonances represent, very
different dynamics with very different related stabil-
ity times. A meaningful application of the theorem
has to be consistent with, and explain, all these situa-
tions. In particular, the computation of the Nekhoro-
shev stability time in all the parts of the main belt
can provide the long—term stability of the asteroids
well beyond the validity of numerical integrations,
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which is limited to few Lyapunov times 71,. This sci-
entific project started about twenty years ago (Mor-
bidelli and Guzzo 1997, Guzzo and Morbidelli 1997,
Guzzo et al. 2002a, Pavlovi¢ and Guzzo 2008), and
much can still be done (see Section 5). New perspec-
tives have been opened also by the recent theoretical
improvements of the stability estimates of Nekhoro-
shev’s theorem and the improvements in the experi-
mental detection of new asteroids.

In Section 2 we provide a description of the
statement of the theorem; Section 3 is devoted to
steepness; in Section 4 we provide a sketch of the
proof; in Section 5 we review some of the most im-
portant applications of the theorem which have been
performed up to now.

2. THE NEKHOROSHEV THEOREM

Let us consider a real-analytic Hamiltonian
system with Hamiltonian given, in standard action-
angle variables, by:

H(I, @) = h(I)+ef(1, ),
where B C R" is an open set domain of the ac-
tions; T™ is the standard n—dimensional torus and €
is a small parameter. The unperturbed Hamiltonian
h(I) is integrable and its Hamilton equations are im-
mediately solved: its motions are characterized by
constant actions, and the angles evolve linearly with
time with frequency vector w(I) = Vh(I). When
¢ # 0 the perturbation f(I, ) generically breaks the
integrability already at first order in e: without fur-
ther assumptions on h and f, we are not able to
exclude instabilities I(t) — I(0) ~ 1 already in the
relatively short time intervals of order T' ~ 1/e. In-
stead, if the function h(I) satisfies a geometric con-
dition, called by Nekhoroshev “steepness”, the sta-
bility time improves dramatically to an exponential
order in 1/e (Nekhoroshev 1977, 1979). Precisely,
Nekhoroshev proved that, under the assumption of
steepness, there exist positive constants a, b and e,
such that for any 0 < € < ¢, the solutions (I3, @) of
the Hamilton equations for H (I, ¢) satisfy:

|I; — Ip| <&°

for any time ¢ satisfying:

(I,p) e BxT", (1)

1 1
t < - eXP( )
e

g
Furthermore, a and b can be taken as follows:

_ 2 _ 3a )
120+ 3n+14 20,1

a

where:

¢= [51 (52<... (571,3(77,(5”72 +n—2)
—|—n—3)—|—...>—|—2>+1} -1,

and the d7,...,d,_1 are the so-called steepness in-
dices of h (see Section 3 for details).
The Nekhoroshev stability time can be identi-

fied by:
1 1
TN = — exp <_>a
15 e

and its validity is limited for ¢ < e,. The two most
important quantities related to long-term stability
are the value of the so—called stability exponent a,
and the threshold value of the small parameter €,.
In particular, the stability exponent a depends only
on the number n of degrees of freedom and on the
steepness indices of h; in particular it depends only
on the integrable approximation h(I). The threshold
value for the perturbation parameter ¢, depends also
on analytic properties of the perturbation f. Both
values of a and €, have been improved from the 1977
formulation of Nekhoroshev’s theorem. The fact that
the stability exponent a depends only on the number
of degrees of freedom n and on values of steepness in-
dices 9; could be optimal. As a matter of fact, at p.
9 of Nekhoroshev’s paper (Nekhoroshev 1977), it is
conjectured that the steepness indices of h character-
ize the long-term stability of H, and it is suggested
to investigate also the problem numerically. More
precisely, it is conjectured that, among the systems
with the same number of degrees of freedom, the sys-
tems for which h(I) have smaller steepness indices
are more stable than those with larger indices.

In particular, according to this conjecture,
since the steep functions with the smallest steep-
ness indices 61 = .... = 0,1 = 1 are the convex
(or quasi-convex) ones, perturbations of the convex
(or quasi-convex) h(I) are the most stable Hamilto-
nian systems; a first numerical confirmation of the
conjecture has been obtained in Guzzo et al. (2011).

Several proofs of Nekhoroshev’s theorem im-
proved the value of the stability exponent a. Most
of these improvements concerned the quasi—convex
case (Benettin et al. 1985, Lochak 1992, Lochak
and Neishtadt 1992, Poschel 1993, Bounemoura and
Marco 2011). The quasi-convexity of a function
h(I) is defined by the fact that the only solution

u = (uq,...,uy) of the equations:
“~ Oh 0 . 0%h
—.Ui = 5 —UZ’LLJ =
— oI; it 01,01,
is u = (0,...,0). Concerning the generic steep case,

the improvement of the stability exponent has been
recently obtained in Guzzo et al. (2014a, 2014b).
The new values for a and b are:

_ 1 a
- 271(51(52 N (Sn,Q ’

a

The improvement of Eq. (3) with respect to Eq.
(2) is evident in the genuine steep non—convex case:
in particular ¢~ ! grows quadratically with n in Eq.
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(2) and only linearly with n in Eq. (3). The long-
term stability of model systems with steepness in-
dices equal to 1 and 2 has been numerically investi-
gated in Guzzo et al. (2011), Todorovié et al. (2011).
The conclusions of these numerical investigations are
in agreement with Nekhoroshev’s conjecture.

Another parameter which is crucial for the ap-
plications of the theorem is the threshold value e,
for the perturbation parameter €. The explicit ex-
pressions of ¢, obtained from various statements of
the theorem provide values which, when applied to
Solar System dynamics, are very small, and can be
hardly compared to the existent perturbations. The
smallness of the threshold parameters is not specific
of Nekhoroshev’s theorem, but is common to most
theorems of perturbation theory, including the KAM
theorem (see, e.g. Celletti and Chierchia 1995, 1997).
As a matter of fact, the definition itself of the per-
turbation parameter is not unique: in fact, given a
Hamiltonian system, there is not a unique way of
writing it as perturbation of an integrable h(I). It
may happen that, using an alternative set J, 1 of
action—angle variables, usually defined with a finite
number of averaging transformations- i.e. Birkhoff
normalization steps- the Hamiltonian (1) is reduced
to a normal form:

H =k(J;e) +&Vr(J, ¢se), (4)
which is a perturbation of k(J;¢) with perturbation
parameter 1 = ¢ which is much smaller than . The
construction of preliminary normalizing transforma-
tions is strictly related to the specific expansion of
the perturbation on a specific domain. In fact, due to
the well-known D’Alembert characteristics, the non
zero terms of the Fourier expansions of the perturba-
tions of typical problems of Celestial Mechanics are
strongly reduced, and some resonances may appear
only to higher orders in the perturbation parameter.
For example, as discussed in Morbidelli and Guzzo
(1997), it is expected that in the different parts of
the Main Belt different preliminary averaging trans-
formations may be defined, thus justifying very dif-
ferent Nekhoroshev stability times.

3. THE STEEPNESS PROPERTY

The definition of the steepness of a C! func-
tion h(I) given by Nekhoroshev can be formulated
as follows:

Definition. h(I) is steep in the set B C R" with
steepness indices 01,...,0,_1 > 1 and steepness co-

efficients Cq,...,Cn_1 and &, if:
inf Jlw(D)] >0
where w(I) := Vh(I) and, for any I € B, and for

any j—dimensional linear subspace A C R™ orthogo-
nal to w(I) with 1 <j <n—1, one has

Imw(I +u)|| > C;¢% V€€ (0,4,
(5)

max min
0<n<E uei|ul=n

where wy denotes the orthogonal projection of a vec-
tor over the space \.

Since to understand Eq. (5) we have to think of its
use in estimating the small divisors related to the dif-
ferent resonances, we need to know something about
the proof of the theorem. Therefore, we will give
more details about the geometric meaning of steep-
ness in Section 4.

The definition given above is of implicit type,
while the ideal situation would be to verify the steep-
ness of a given function through the solvability of
explicit algebraic equalities and inequalities. For ex-
ample, it is easy to check that if a function A([I) is
quasi—convex in I, i.e. if VA(I) # 0 and the only
solution u = (u1, ..., u,) of the system:

", Oh " 9%h
i=1 i,j=1
isw = (0,...,0), then h is steep with steepness in-

dices 61 = ... = 6,1 = 1. The verification of steep-
ness of functions which are not quasi—convex requires
to consider also the higher order derivatives, at least
of order 3. Nekhoroshev indicated a sufficient condi-
tion for steepness based on the solvability of a system
of equalities involving the third order derivatives of
h. Precisely, if Vh(I) # 0 and the only solution

u=(u,...,up) of the system:

n Oh _
>ic1 o1t =0

n 8%h _

2ij=1 3ror ity =0 (7)
n 33h P

Zi,j,k:l BI,01,01;, WilljUk = 0

is u = (0,...,0), then h is steep at I (the steep-
ness indices may be equal to 1 or 2). A function
satisfying this condition is also called three-jet non
degenerate at I, being the r-jet of a function identi-
fied as the collection of all its derivatives up to or-
der r. Quasi-convexity and three—jet non degeneracy
are the only known explicit conditions for steepness
which are valid for any number n of the degrees of
freedom. Nevertheless, they are generic conditions
only for n < 3 (see, for example, the discussion in
Schirinzi and Guzzo 2015). For n = 4 there exists
an explicit condition for steepness proved in Schir-
inzi and Guzzo (2014), from former general results
(Nekhoroshev 1973, 1979), which is generic and for-
mulated using also the derivatives of order four of
h(I). For n > 5, the formulation of generic explicit
conditions for testing the steepness of a function is
still an open problem.

Which is the steepness property to consider
for the Hamiltonians which are used in studies of the
Solar System dynamics? The simplest way of writing
the Hamiltonian representing some Solar System dy-
namics in quasi-integrable form is to consider it as a
perturbation of one, or more, decoupled Kepler prob-
lems and to represent it with the Delaunay action—
angle variables L, G, H,l,g,h. With such a choice,
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the integrable Hamiltonian A depends only on the
action variable(s) L, and therefore it is not steep.
When the integrable Hamiltonian does not depend
on one or more action variables the lack of steep-
ness is called 'proper degeneracy’. Beyond the Ke-
pler problem, another remarkable example of prop-
erly degenerate system, useful for study the rota-
tion of celestial bodies, is represented by the Euler—
Poinsot rigid body. Perturbations of properly degen-
erate systems may exhibit large scale chaotic mo-
tions on time scales of order 1/e, as it is the case
for simplified models of diffusion in the asteroid 3/1
mean motion resonance (see Wisdom 1982, Neishtadt
1987) and of spin-orbit rotations (see Benettin et al.
2008), despite some of the action variables my remain
stable up to exponentially long times (see Benettin
and Fassé 1996, Benettin et al. 1997, 2004, 2006).
By excluding few low order resonances, and by per-
forming a preliminary averaging transformation (as
indicated in Section 2), the degeneracy may possi-
bly be eliminated (see Guzzo and Morbidelli 1997,
Guzzo 1999). For example, outside low order mean
motion resonances of the asteroid belt (which cor-
respond to the known Kirkwood gaps) the secular
Hamiltonian provides the integrable approximation
for a Nekhoroshev like construction, whose small pa-
rameters include the eccentricities and inclinations of
the planets (see Morbidelli and Guzzo 1997, Guzzo
and Morbidelli 1997). Numerical implementations of
this degeneracy removal have been done in Pavlovié¢
and Guzzo (2008), and in different contexts in Benet-
tin et al. (1998), Schirinzi and Guzzo (2015) (see
Section 5).

4. A SKETCH OF THE NEKHOROSHEV
STABILITY MECHANISM

The stability argument. The different proofs of
Nekhoroshev’s theorem may be split essentially into
three parts: a geometric part, devoted to the analysis
of the resonances and the relevance of different small
divisors in the different places of the action—space;
an analytic part, devoted to the construction of the
normal forms obtained by an averaging method; fi-
nally, a stability argument grants the confinement
of the actions up to the exponentially long time. We
here describe the stability mechanism which has been
introduced in Nekhoroshev’s 1977 paper, and then
discussed and improved in several papers (Benettin
et al. 1985, Poschel 1993, Bounemoura and Marco
2011, Guzzo et al. 2014a, 2014b); for alternative
proofs, based on the so-called simultaneous approxi-
mations, see Lochak (1992), Lochak and Neishtadt
(1992), Bounemoura and Niederman (2012), Xue
(2015).
Let us consider Hamiltonian (1):

H(I,p) =h(I)+ef(l,¢),  (I,9) € BxT", (8)
and the Fourier expansion of the perturbation:

FI) =Y fuD)e™.

kezn

For any value of the perturbation parameter €, a cut-
off K := K(e) ~ 1/¢% in the frequency space is de-
fined, and the action space is covered by domains Dy
labelled by all the (maximal) lattices A generated by
J integer vectors ki,--- ,kj, with |k] < K. In each
domain Dp x T™ the Hamiltonian (8) is conjugate,
via a close to the identity canonical averaging trans-
formation, to a resonant normal form:

h(I) +ega(l, @) +era(l, p) 9)

such that the resonant term g contains only Fourier
harmonics in the resonant lattice A (i.e. with k € A)
and is e-—close to Y, fre™*?; the remainder ry is
exponentially small with respect to K, and therefore
with respect to 1/e®. In the domain Dp all the har-
monics related to some k& € A cannot be normalized
up to an exponentially small term, since the related
divisor |k - w(I)| is small. Since the effect of the re-
mainder on the dynamics can be large only on ex-
ponentially long times, at first we can describe the
resonant dynamics by neglecting rp in Hamiltonian
(9):
HA = h’(I) + ggA(I7 90) .

. . - dga - .
In such approximation, I = —€%, s a vector in

the real space spanned by the resonant lattice A,
and therefore the actions move in the linear space
spanned by A through the initial value Ip: this is
the so—called plane of fast-drift. The motions on the
fast-drift plane can be complex, and are compatible
with quite short Lyapunov times of order 71, ~ 1/+/
(we refer to the paper Benettin and Gallavotti (1985)
for a description of fast drift motions). Without the
steepness assumption on h, motions I; with initial
conditions in Dy could perform large variations in
short times ¢ smaller than 1/e, without leaving the
fast drift plane of the resonant domain D,. Steep-
ness grants that the intersection of the fast drift
planes with D, is a set of small diameter. Therefore,
the only possibility for I; of performing large varia-
tions, is to visit different resonant domains: mov-
ing from one resonant domain to others, the actions
could in principle move by quantities of order 1 in
times much smaller than the exponentially long time.
Again, steepness provides an obstruction to such pos-
sibility. More precisely, directly from its definition,
one obtains that leaving a resonant domain Dy mov-
ing on a plane of fast drift, the small divisors increase
with the power law %, where ¢ denotes the distance
from the exact resonance. This means that the mo-
tion can leave the resonant domain Dy only to enter,
in a short distance, in another resonant domain D/,
with A’ resonant lattice of dimension strictly smaller
than the dimension of A.

Therefore, in a number of such hypothetical
resonant passages smaller or equal to the dimension
of A, the motion enters the non-resonant domain cor-
responding to the null resonant lattice, where the
normal form is

h(I) 4+ ego(I) + ero(I, ). (10)
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o(1+y

Fig. 1. On geometric meaning of steepness. The
action I is in multiple resonance with a set of lin-
early independent integer vectors, generating a lat-
tice A: the frequency vector w(I) is orthogonal to the
linear space A spanned by the lattice A; to leave the
resonance along the plane of fast drift \, arriving at
distance £ from the exact resonance, one has neces-
sarily to increase || maw|| by £ the increment may be
attained at an intermediate distance 7.

As a consequence, since the remainder rg is exponen-
tially small, in the non-resonant region the motion is
stopped up for an exponentially long time. Such an
argument is called resonant trap, and is described
in detail in Nekhoroshev (1977), and afterwards in
Benettin et al. (1985), Guzzo et al. (2014a, 2014b).

The heuristic explanation given above is ob-
tained by neglecting the exponentially small remain-
der 75 in all the normal forms. When 7, is con-
sidered, I is not exactly flattened on a fast-drift
plane. Therefore, the exponentially small remainder
can force a very slow change of the fast-drift plane,
which is not controlled by steepness. The motion
of the fast-drift plane can be relevant only on time
scales longer than the Nekhoroshev stability time Ty,
and is related to the so—called phenomenon of Arnold
diffusion.

On the geometric meaning of steepness.
We conclude this technical Section with a brief dis-
cussion about the geometric meaning of steepness.
To understand Eq. (5) we have to think of its use
in estimating the small divisors related to the differ-
ent resonances. In the integrable approximation we
have ¢ = w(I), and therefore, any resonant lattice
A, defines a resonance in the action space through
the equations:

kow()=0 Y keA\o

or equivalently through the vector equation:
mw(I) =0,

where A denotes the vector space spanned by the lat-
tice A. In the action domain where || myw(I)|| is small,
even if not identically zero, the angle combinations
k-, k € A, cannot be averaged. Therefore, since
in the resonant domains the motions of the actions

6

are flattened on the fast drift-planes, the resonant
trap argument works if moving away from the exact
resonance along the fast drift plane, i.e. by consid-
ering I such that myw(I) = 0 and u € A, we have
lraw(l +u)|| ~ Hu||5 with some positive §. It is easy
to prove that if h is quasi-convex we have 6 = 1 for
any lattice A of dimension j € {1,...,n —1}. Tt
would be therefore immediate to consider also func-
tions with all possible values of § > 1. However, such
generalization would really be poor and strongly not
generic. Instead, the steepness requires that for any
u € A one has ||mw(I +u/)|| ~ ||ul]® for some u’ € A,
0 < ||v']] < ||lu|| (see Fig. 1). Therefore, to leave the
resonance along the plane of fast drift, arriving at
distance £ from the exact resonance, one has neces-
sarily to increase ||maw| by £ at some intermediate
point. The exponent §, called steepness index, is

characteristic of the dimension of the resonant lat-
tice, so that we have d1,...,d,_1 steepness indices.

5. SOME APPLICATIONS
OF THE THEOREM

The most important outcome of Nekhoro-
shev’s theorem to Solar System dynamical investiga-
tions has been that of providing a new way of think-
ing to its long—term stability. It is remarkable that,
in addition to the specific systems which have been
claimed to be stable in the long—term due to a direct
application of a statement of Nekhoroshev’s theorem,
many numerical investigations have been interpreted
by referring to the description of the dynamics ob-
tained from the resonant normal forms considered
in the proof of the theorem (see Section 4). Below,
we quote some of the applications which have been
performed up to now.

The Planetary System. Already in the pa-
per Nekhoroshev (1977) we find the idea of using
the theorem about the exponential stability of quasi—
integrable systems to prove the long-term stability
of planetary systems (Nekhoroshev 1977, Section 12;
see also Niederman 1996). Nekhoroshev’s idea was to
average out from the Hamiltonian the mean anoma-
lies of the planets up to an exponentially small re-
mainder, in a domain which excludes the low order
mean motion resonances. The average of the mean
anomalies implies that the values of the semi-major
axes are stable up to exponentially long-times, pro-
vided that meanwhile the values of eccentricities and
inclinations remain small. The variations of the ec-
centricities and inclinations have been constrained
by using the fact that, in the averaged system, the
configuration corresponding to all the planets in cir-
cular and co-planar orbits is a maximum of the an-
gular momentum. A stronger stability result valid
for the planar three-body problem, and a discussion
of the steepness of planetary systems, can be found
in Pinzari (2013).

A different approach has been developed by a
group of authors to prove the long—term stability of
a restricted model for the outer planets of our So-
lar System for the actual values of the masses of the
planets. Precisely, by using a combination of both
the KAM and the Nekhoroshev theorems (see Mor-
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bidelli and Giorgilli 1995), the authors proved that
the motion of some restricted planetary problems
(for example the Sun-Jupiter-Saturn system or the
planar Sun-Jupiter-Saturn-Uranus system) remain
close to an invariant torus of the system for times
comparable to Solar System lifetime (see Giorgilli et
al. 2009, Sansottera et al. 2013). The result is ob-
tained also with the help of computer algebra imple-
mentation of averaging transformations.

The Trojan asteroids. One of the first ap-
plications of Nekhoroshev’s theorem to Solar Sys-
tem dynamics was motivated by the need of prov-
ing stability of the Trojan asteroids (Giorgilli et al.
1989, Giorgilli and Skokos 1997 , Skokos and Dok-
oumetzidis 2001, Efthymiopoulos and Sandor 2005,
Lhotka et al. 2008). Since the Trojan asteroids li-
brate around the Sun-Jupiter Lagrangian point L4,
the use of Nekhoroshev’s theorem in this context is
motivated by the fact that near an elliptic equilib-
rium point, such as the equilibria 1.4 and L5 of the
restricted circular three—-body problem, the Birkhoff
normal forms of the system are quasi-integrable, and
the small parameter is represented by the distance
from the equilibrium. The original idea, then devel-
oped with models of increasing complexity, was to
implement with the help of a computer algebra the
average of the Hamiltonian around the Lagrangian
equilibrium point L4 by performing the largest num-
ber of Birkhoff normalization steps which are allowed
by the non-resonant properties of the frequencies of
small oscillations around L4 in the Sun—Jupiter sys-
tem. The authors therefore construct a non resonant
normal form Hamiltonian, with a direct estimate of
the remainder; the inverse of the norm of the gradi-
ent of the remainder has been used as an estimate
of the Nekhoroshev stability time. Of course, since
the small parameter is represented by the distance
from the equilibrium, the stability time converges to
infinity at L4, and it is interesting to determine the
region around L4 where stability time is larger than
the age of the Solar System.

Lagrangian equilibria L4-L5. The long-
term stability properties of the Lagrangian equilib-
rium points L4-L5 strongly depends on value of the
reduced mass p defining the three-body problem. In
fact, frequencies of small oscillations around L4-L5
depend on u, and very different resonances are en-
countered for different values of u. For example, by
considering the spatial circular restricted three-body
problem when p corresponds to the Sun—Jupiter sys-
tem the equilibrium is far from strong resonances,
while other values of p correspond to very low or-
der resonances. The Nekhoroshev stability of el-
liptic equilibria has been conjectured in the paper
Nekhoroshev (1977), and has been proved in Fasso et
al. (1998), Guzzo et al. (1998), Niederman (1998),
without any Diophantine condition on frequencies,
and under the assumption of quasi—convexity, or di-
rectional quasi-convexity (Fasso et al. 1998) of the
Birkhoff normal form of order four. In Benettin et
al. (1998) it was shown that, in the spatial circu-
lar restricted three-body problem, the equilibria L4
and L5 are Nekhoroshev stable, in the sense that the
stability time in a neighbourhood of radius d from
the equilibrium increases exponentially with a power

of 1/d, for all values of the reduced mass up to the
Routh critical values, except for three values of u,
which we denote u;, po and ps. For pp and po
the Nekhoroshev result is not valid since, due to the
presence of low order resonances at p; and e, the
Birkhoff normal forms cannot be constructed. For all
i # 1, po and pz the Birkhoff normal forms could
be constructed, and were quasi—convex, directionally
quasi—convex, or three jet non degenerate (see con-
dition Eq. (7)). The steepness at p3 has been shown
recently (Schirinzi and Guzzo 2015).

Spin-orbit rotations. The rotation of many
celestial bodies can be represented as a perturbation
of the so—called Euler—Poinsot rigid body. For exam-
ple, the D’Alembert model of planetary precession
consisting of an oblate rigid body orbiting about a
central star in a Keplerian motion, is one of the ba-
sic models for studying the spin—orbit problem. The
applications of Nekhoroshev’s theorem to perturba-
tions of the Euler—Poinsot rigid body have been de-
veloped in Benettin and Fassé (1996), Benettin et al.
(1997, 2004). The proper degeneracy of the Euler—
Poinsot Hamiltonian, which does not depend on one
of the action variables determining the orientation
in space of the angular momentum M of the body,
leaves opened the possibility of large scale chaotic
motions for the orientation of M in space, while its
norm || M|, and its projection on a symmetry axis,
remain almost constant up to times which increase

exponentially with 1/v/€Q, Q denoting the norm of
the angular velocity. We remark that the coexistence
of action variables which are stable up to very long-
times with action variables which, in the same time
interval, can perform large scale chaotic motions, is
typical of degenerate systems, and in particular of
the rigid body dynamics.

The application of these results to the spin—
orbit problem requires specific modifications, to take
into account the motion of the center of mass of the
body, and the specific expansion of the perturbation.
Some applications of KAM and Nekhoroshev the-
ory to the D’Alembert model of planetary precession
have been done in Chierchia and Gallavotti (1994),
Biasco and Chierchia (2002), under the hypothesis
of small eccentricity of the orbit. In Benettin et al.
(2008) the model has been studied without any re-
striction on the orbital eccentricity. Using a combi-
nation of the Nekhoroshev’s theorem and of the the-
ory of adiabatic invariants, the authors found that,
as soon as the eccentricity is not very small, and the
angular velocity is far from the minimum (maximum)
principal axis of inertia, large scale chaotic motions
are possible on relatively short time scales, an insta-
bility very similar to the ones discussed in Benettin
and Fass6 (1996), Benettin et al. (1997, 2004, 2006).

The Main Belt Asteroids. The distri-
bution of asteroids between Mars and Jupiter is
sculpted by the mean motion and secular resonances.
For example, the Kirkwood gaps, the asteroid fami-
lies, the three-body resonances, and the secular res-
onances represent very different dynamics with very
different related stability times. In Morbidelli and
Guzzo (1997), Guzzo and Morbidelli (1997), it was
proposed to use Nekhoroshev’s theorem to under-
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stand and classify the broad spectrum of different
dynamics which are observed in the Main Belt. This
project needs to adapt the theorem to local proper-
ties of resonances and perturbations, which change
significantly in different parts of the belt. First, one
needs to split the Hamiltonian in a quasi—integrable
form. To distinguish all the complex dynamical be-
haviours of the belt, it was suggested to perform pre-
liminarly a finite number of averaging transforma-
tions which reduce the Hamiltonian of the asteroid
problem Hag to some resonant non degenerate nor-
mal form H},, like Hamiltonian (4), see Morbidelli
and Guzzo (1997), Guzzo and Morbidelli (1997). As
well-known, the construction of normalizing trans-
formations is strictly related to the specific expansion
of the perturbation on a specific domain. For exam-
ple, in Guzzo and Morbidelli (1997) it was shown the
the averaged Hamiltonian H}, is in quasi-integrable
form also in the mean motion resonances with the
planets, except for a small number of low order res-
onances which include the Kirkwood gaps. Second,
one needs to compute the steepness of the integrable
approximation of H} . To do this, one needs to rep-
resent the so—called Kozai Hamiltonian with action-
angle variables, to compute its derivatives up to or-
der three, and then to check if the Hamiltonian is
three—jet non degenerate, or quasi—convex. This pro-
cedure has been described and numerically imple-
mented for the members of the Koronis and Veri-
tas families in Pavlovi¢ and Guzzo (2008). Finally,
one has to check that the existent small parame-
ters of Hj, are smaller than the threshold of ap-
plication of Nekhoroshev’s theorem and to compute
the stability time Ty. This part has not been done
yet. A different approach, followed in Guzzo et al.
(2002a), consists in checking if the numerically in-
tegrated dynamics of individual asteroids are com-
patible with the regime of validity of Nekhoroshev’s
theorem. In fact, as it has been proved in Guzzo and
Benettin (2001) (see also Guzzo et al. 2002b), the
Fourier spectrum of solutions of systems which are in
a regime of validity of Nekhoroshev’s theorem is very
peculiar. The peculiarity can easily be checked even
with short-term numerical computations, of the or-
der of the Lyapunov times for chaotic motions. The
technique has been successfully applied to individual
asteroids in chaotic motion.

6. CONCLUSIONS

The Nekhoroshev theorem provides an effec-
tive stability time for a given system which is much
larger than its Lyapunov time. The dependence of
the Nekhoroshev stability time on a set of physi-
cal parameters (the small parameters) and of phase—
space parameters (the steepness indices), as well as
on the possibility of performing local preliminary
averaging transformations, is necessery importation
which must be used to represent the complexity of
the stability properties of complicated systems de-
fined by the Solar System dynamics. The dynamical
complexity of the asteroid belt and the increasing
number of asteroid discoveries make the main belt
an ideal field for future applications of the theorem.
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Teopema HexopomeBa je mocienmux
neneHuja decto HaBoheHa Kao pedepeHTHA Teo-
peMa 3a objamrmaBame IUHAMUKE HEKOJIUKO CUC-
TeMa KOjU Cy CTADMIIHU y IyTUM BPEMEHCKUM WH-
tepBaanMa. uaamuka CyHUEBOr cucrema naje
MUPOK CIEKTAp MOTYNUX W KOPUCHUX MPUMEHA.
3ampaBo, 6e3 003upa Ha KOMIIMKOBAHE MOIEJIe
KOjU Cy KOPMIINEHH 12 ce HyMEePUYKU MHTETPaJIe
jeoHaUYVHe KOj€ OIUCY]Y PCANUCTUYHY OUHAMUKY
CynueBor cucrema mrTo je mpenu3nuje moryhe,
Kaja cy noOHWjeHa pemlema XaoTW4YHA, MOY3-
JaHOCT HyMEPpUUYKe MHTerpanyuje je orpaHnvyeHa u
norpebHA je TEOpUjCKa aHAJIM3a AyrOPOYHE CTa-
onnueoctr. Hakon mpee ¢opwmyrnanuje Tteopeme

10

Hexopomena 1977. ronuae IOCTUTHYTa CYy MHOT'a
nmobommama. Ca jemHe crpaHe, aJTepHATUBHU
[OKa3M caMe TeOpeMe Cy [OOBEeJU OO CTaJHOT
HaIpeTKa y IpoleHaMa CTabWIHOCTH; ca Apyre
CTpaHe, pa3BUjeHU Cy HOMAIU KOjU CY HEOIXOITHU
3a IOPUMEHY TeopeMe Ha CUCTeMe OJ MHTepeca
y muHaMunu CyHUYEBOr CHUCTEMa, KOHKPETHO OHU
KOjU Ce TUYY YKJIAhalma JeMeHePUCAHOCTU U M-
IIJIEMEHTAIje KOMIIjJYTePCKU MOOUjeHnX MmOKa3a.
Y O0BOM IperjgefsHoM pany pa3Marpajy ce Mo-
TUBU U pe3yararu koju cy reopeMy Hexopomesa
VUYMHUIN DPePepPEeHTHUM DPe3yJITaTOM IPU pPa3Ma-
Tpamy cTabuiaHOCTH y OpOjHMM IpUMeHaMa Ha
muHamMuky CyHUeBOr cucTeMma.
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