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SUMMARY: The absolute visual magnitude as function of the observed color
(B-V), also named Hertzsprung-Russell diagram, can be described through five
equations; that when calibrated stars are available means eight constants. The
developed framework allows to deduce the remaining physical parameters, mass,
radius and luminosity. This new technique is applied to the first 10 pc, the first 50
pc, the Hyades and to the determination of the distance of a cluster. The case of
the white dwarfs is analyzed assuming the absence of calibrated data: our equation
produces a smaller X2 with respect to the standard color-magnitude calibration
when applied to the Villanova Catalog of Spectroscopically Identified White Dwarfs.
The theoretical basis of the formulas for the colors and the bolometric correction
of the stars is clarified by a Taylor expansion in the temperature of the Planck
distribution.
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1. INTRODUCTION

The diagrams of absolute visual magnitude
versus spectral type for the stars H-R diagram
started with Hertzsprung (1905, 1911) and Rosen-
berg (1911). The original Russell version can be
found hereafter in Russell (1914a,b,c). The com-
mon explanation is in terms of the stellar evolu-
tion, see for example chapter VII in Chandrasekhar
(1967). Actually the presence of uncertainties in
the stellar evolution makes the comparison between
theory and observations an open field of research,
(Maeder and Renzini 1984, Madore 1985, Renzini
and Fusi Pecci 1988, Chiosi et al. 1992, Bedding et
al. 1998). Modern application of the H-R diagram
can be found in de Bruijne et al. (2001) applied to

the Hyades with the parallaxes provided by Hippar-
cos, and in (Al-Wardat 2007) applied to the binary
systems COU1289 and COU1291.

The Vogt theorem, (Vogt 1926), states that

Theorem 1 The structure of a star is deter-
mined by its mass and its chemical composition.

Another approach is the parametrization of
physical quantities such as absolute magnitude,
mass, luminosity and radius as a function of the tem-
perature, (Cox 2000) for Morgan and Keenan classi-
fication, in the following MK, (Morgan and Keenan
1973). The temperature is not an observable quan-
tity and, therefore, the parametrization of the ob-
servable and non observable quantities of the stars
as a function of the observable color is an open prob-
lem in astronomy.
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Table 1. Table of coefficients derived from the calibrated data (see Table 15.7 in (Cox 2000)) using the

least square method.

MAIN, V| GIANTS, III, | SUPERGIANTS I
Kpy | -0.641 + 0.01 | -0.792 + 0.06 | -0.749 % 0.01
Tev[K] | 7360 + 66 8527+ 257 8261 + 67
Kpe 42.74 £ 0.01 | 44.11 + 0.06 42.87 £ 0.01
Tsc[K] | 31556 + 66 | 36856 + 257 31573 + 67
aLm 0.062 = 0.04 | 0.32 + 0.14 1.29 & 0.32
bim 3.43 +0.06 | 2.79 +0.23 2.43 + 0.26

Table 2. Table of ayr and byt with masses given in Table 3.1 of Bowers and Deeming (1984).

MAIN,V | GIANTSIII | SUPERGIANTS, I
(B-V)> 0.76 | (B-V) < 0.76
axr | -7.6569 5.8958 ~3.0497 4.1993
byt | 2.0102 -1.4563 -0.8491 1.0599
v 28.67 3.41 20739 18.45

Conjecture 1  The absolute visual magni-
tude My is a function, F', of the selected color

MV:F(Cl, ..... ,C&(B*V))

The eight constants are different for each MK class.

In order to give an analytical expression to
Conjecture 1 we first analyze the case in which we
dispose presence of calibrated physical parameters
for stars of the various MK spectral types, see Sec-
tion 2, and then the case of absence of calibration
tables, see Section 3. Different astrophysical envi-
ronments such as the first 10 pc and 50 pc, the open
clusters and distance determination of the open clus-
ters are presented in Section 4. The theoretical de-
pendence by the temperature on colors and bolomet-
ric corrections is analyzed in Section 5.

2. PRESENCE OF CALIBRATED
PHYSICAL PARAMETERS

The My ,visual magnitude, against (B — V)
can be found from five equations, four of which al-
ready described by (Zaninetti 2005). When the nu-
merical value of the symbols is omitted the interested
reader is referred to Zaninetti (2005). The luminos-
ity of the star is

L
loglo(%) =04(My,) & — Myal)

(1)
where My, @ is the bolometric luminosity of the Sun
that, according to Cox (2000), is 4.74. The equation

that connects the total luminosity of a star with it’s
mass is

(2)

L M
IOglo(%) =arm + bLm 108;10(/\47@) )

here L is the total luminosity of a star, L« is that of
the Sun’s, M and M are, respectively, the masses
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of the star and the Sun, ary and by two coeffi-
cients given in Table 1 for MAIN V, GIANTS III
and SUPERGIANTS I; more details can be found in
Zaninetti (2005).

We recall that the tables of calibration of MK
spectral types unify SUPERGIANTS Ia and SU-
PERGIANTS Ib into SUPERGIANTS I, see Ta-
ble 15.7 in Cox (2000), and Table 3.1 in Bowers and
Deeming (1984). From the theoretical side (Padman-
abhan 2001) quotes 3 < by < 5; the fit on the cali-
brated values gives 2.43 < bym < 3.43, see Table 1.

From an inspection of formula (2) it is pos-
sible to conclude that a logarithmic expression for
the mass as function of the temperature allows us to
continue with formulas easy to deal with. The fol-
lowing form of the mass-temperature relationship is
therefore adopted

M T
10%10(/\/17@) = amt + bmr 10g1o(%) ;o (3)

where T is the temperature of the star, T(;) the tem-
perature of the Sun, ayt and by are two coeflicients
reported in Table 2 when the masses as function of
the temperature (e.g. Table 3.1 in Bowers and Deem-
ing (1984)) are considered. According to Cox (2000),
Te = 5777 K.

Due to the fact that the masses of the SU-
PERGIANTS present a minimum at (B — V) ~ 0.7
or T~ 5700 K we have divided the analysis in two

parts. Another useful formula is the bolometric cor-
rection BC

BC = Myo) — My =

Tgc

——5 —10 logyo T+ Kpc (4)

where My, is the absolute bolometric magnitude,
My, is the absolute visual magnitude, Tgc and Kpc
are two parameters given in Table 1. The bolomet-
ric correction is always negative, but in Allen (1973)
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the analytical formula was erroneously reported as
always positive.

The fifth equation connects the physical vari-
able T' with the observed color (B — V), see, for ex-
ample, Allen (1973),

T
(B—V>=KBV+% : (5)

where Kpy and Tgy in Table 1 are two parameters
that are derived from the least square fitting pro-
cedure. Conversely, in Section 5 we shall explore a
series development for (B — V') as given by a Taylor
series in the variable 1/T". Inserting formulas (4) and
(3) in (2) we obtain

MV =-2.5 arM — 2.5 bLM amMT —
2.5 bLM bMT 10g10 T
Tsc

—Kpc +10 log T + T

+ Mbol,@ . (6)

Inserting Eq. (5) in (6) the following relationship that
relates My and (B — V) in the H-R diagram is ob-
tained

MV =-25 arMm — 2.5 bLM anMT —
Tgv )
(B-V)— Kgy
Tgv
(B-V)— Kpy

[(B-=V)—Kpv]+ Myuo - (7)

2.5br.m bmT loglo(

—Kpc + 10 log( )+

Tpc

Tgv

Up to now the parameters ayr and by are
deduced from Table 3.1 in Bowers and Deeming
(1984) and Table 2 reports the merit function x?2
computed as

n

X =) (My =M (8)

J=1

where M‘C/al represents the calibration value for the
three MK classes as given in Table 15.7 of Cox
(2000). From a visual inspection of the x? reported

in Table 2 we deduced that different coefficients of
the mass-temperature relationship (3) may give bet-

ter results. We therefore found by a numerical anal-
ysis the values ayr and by that minimize Eq. (8)
when (B — V) and My are given by the calibrated
values of Table 15.7 in Cox (2000).

This method evaluating ayr and byt is new
and allows to compute them in absence of other ways

to deduce the mass of a star. The absolute visual
magnitude with the data of Table 3 is

My =31.34 —

3.365 In (7361.0 (B — V) +0.6412) ") +
4287(B—V)  (9)

MAIN SEQUENCE, V when

~0.33< (B-V) < L64,

My = —109.6 +
12.51 In (8528.0 (B-V)+ 0.7920)‘1)
14322(B-V)  (10)
GIANTS, III 0.86 < (B —V) <133 |
My = —39.74 +
3.565 In (82610 (B — V) +0.7491) ") +
3822(B-V) (11)
SUPERGIANTS, I when
-027<(B-V)<0.76,
My = —61.26 +
6.050 In (82610 (B — V) +0.7491) ") +
3822(B-V) (12)

SUPERGIANTS, I when
0.76 < (B—V)<1.80

It is now possible to build the calibrated and
theoretical H-R diagram, see Fig. 1.

10

L
-0.5 o

o:a(B_V) 1

Fig. 1. My against (B—V) for calibrated MK stars
(triangles) and theoretical relationship with ayt and
bur as given in Table 3.
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Table 3. Table of ayir and byt when M is given by the calibrated data.

MAIN, V | GIANTS, III, | SUPERGIANTS, I
(B-V)>0.76 (B-V)<0.76
amT -7.76 3.41 3.73 0.20
by 2.06 -2.68 -0.64 0.24
x? 11.86 0.152 0.068 0.567
2.1. The mass vs. (B-V) relationship .
It is now possible to deduce the relationship
that connects the mass of the star, M, with the vari- _
able (B — V) and the constants ayr and by ,E?a
~
M =
loglo(MQ) =ayT + \C-;e_
Tpv —1 @
byr In{ —————+— | (In(10 13
vt (e J a0y 3§ A
With ayt and by given by Table 3 and the other
coeflicients taken as reported in Table 1, the follow- N . . .
ing expressions for the mass are obtained: Los o 05 (B—V) 1 15 2
M
1 — ) =T7.769+
ng(./\/lQ) Fig. 2. loglo(ﬂfl\’l—@) vs. (B — V) for calibrated

40.8972 In (7360.9 (B-V)+ 0.6411)‘1) (14)

MAIN SEQUENCE, V when
—033<(B-V) <164 |,

M
logio (7, ) = 1041+

—1.167 In (8527.5 (B—V)+ 0.792)*1) (15)
GIANTS, III 0.86 < (B—V) < 1.33 |
M
10g10(ﬂ®) =02+
40.1276 In (8261 (B-V)+ 0.7491)‘1) (16)
SUPERGIANTS, I  when
027 < (B-V) <076 ,
M
logio(J7,,) =373+
~0.2801 In (8261 (B-V)+ 0.7491)*1) (17)

SUPERGIANTS, I when
0.76 < (B—-V) < 1.80
Fig. 2 shows the logarithm of the mass as func-
tion of (B — V) for the three classes considered here

(points), as well as the theoretical relationships given
by Egs. (14-17) (full lines).
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MK stars : MAIN SEQUENCE, V (triangles), GI-
ANTS, III (empty stars) and SUPERGIANTS, I
(empty circles). The theoretical relationships as
given by formulas (14-17) are shown with full lines.

2.2. The radius vs. (B — V) relationship

The radius of a star can be found from
the Stefan-Boltzmann law, see for example for-
mula (5.123) in Lang (1999). In our framework the

radius is

R
loglo(F@) =

In (Tp)
In (10)

)71

1/2apn +1/2bpar apr + 2 +
Tev

(B-V)— KBV) (In (10

—~
=

—|—1/2 by by In (

—21n <(B—€)Bimgv> (In(10))~" . (18)

When the coefficients are as given in Table 3 and
Table 1, the radius is

logyo( = —5.793 +

L
RO
0.6729 In (7360 (B-V)+ 0.6411)_1)

MAIN SEQUENCE, V when
—033<(B-V)<164 |,

(19)
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R&
~2.502 In (8527 (B-V)+ 0.7920)‘1)

GIANTS, III when
086 < (B—-V)<1.33

logg(=—=) = 22.25

)

R
loglo(%) = 8.417 —

0.7129 In (8261 (B-V)+ 0.7491)*1)

SUPERGIANTS, I  when
—0.27< (B-V)<0.76

)

R
loglo(F@) =12.71

~121In (8261 (B-V)+ 0.7491)*1) (22)
SUPERGIANTS, I when

0.76 < (B —V) < 1.80

Fig. 3 shows the radius as function of (B — V) for
the three classes (points), as well as the theoretical
relationships given by Egs. (20-23) (full lines).

"

, 10910 (R/Rg)

Loz 0 os B-V) 1 5 2

Fig. 3. loglo(%)) against (B — V) for calibrated
MK stars : MAIN SEQUENCE, V (triangles), GI-
ANTS, III (empty stars) and SUPERGIANTS, I

(empty circles). The theoretical relationships, as
given by formulas (20-23), are shown with full lines.

2.3. The luminosity vs. (B — V) relationship

The luminosity of a star can be parametrized
as

L
logo(+—=) = arn + bryanr

Lo
Tpv

B-V)- KBV> In (110>> - ()

+br s (bMT In (

© A
o]
2
3
=
B
A
=05 [} 0:5 (B—V) ‘; 1:5 2
Fig. 4. loglo(%) against (B — V) for cali-

brated MK stars : MAIN SEQUENCE, V (tri-
angles), GIANTS, III (empty stars) and SUPER-
GIANTS, I (empty circles). The theoretical rela-

tionships as given by formulas (25-27) are shown
with full lines.

When the coefficients are given as in Table 3
and Table 1, the luminosity is

L

+3.083 In (7360.9 (B-V)+ 0.6411)‘1)

MAIN SEQUENCE, V when
—033<(B-V) <164

(24)

L

—3.2676 In (8527.59 (B-V)+ 0.7920)*1) (25)
GIANTS, III 0.86 < (B — V) < 1.33

)

L

+0.3112 In (8261.19 (B=V)+ 0.7491)*1) (26)

SUPERGIANTS, I when
—-027< (B-V)<0.76

j70)
—0.682 In (8261.19 (B-V)+ 0.749)*1)

SUPERGIANTS, I when
0.76 < (B—V)<1.80 (27)

Fig. 4 shows the luminosity as function of
(B — V) for the three classes (points), as well as the
theoretical relationships given by Egs. (25-27) (full
lines).
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3. ABSENCE OF CALIBRATED
PHYSICAL PARAMETERS

The already derived framework can be applied
to a class of stars for which the calibration data of
BC, (B —V), M, L versus the temperature are not
available, for example to the white dwarfs. The pub-
lication of the fourth edition of the Villanova Catalog
of Spectroscopically Identified White Dwarfs, makes
it possible to build the H-R diagram of 568 white
dwarfs that have trigonometric parallax. Once the
observed absolute magnitude is derived, the merit
function x? is computed as

X2 =Y (My — Mp™)? (28)
j=1

where MgP® represents the observed value of the ab-
solute magnitude, and the theoretical absolute mag-
nitude, My, is given by Eq. (7). The four param-
eters Kpy, Tsv, Isc and Kpc are supplied by the
numerical integration of the fluxes as given by the
Planck distribution. The remaining four unknown
parameters anT, bvr, arnv and by are supplied by
minimization of Eq. (28). Table 4 reports the eight
parameters that allow to build the H-R diagram.

Table 4. Table of the adopted coefficients for white
dwarfs.

Coefficient value method

Kgv -0.4693058 from the Planck law
Tpv (K] 6466.229 from the Planck law
Kpc 42.61225 from the Planck law
Tsc[K] 29154.75 from the Planck law
arMm 0.28 minimum x? on real data
brm 2.29 minimum x? on real data
aMT -7.80 minimum x? on real data
bvT 1.61 minimum x? on real data

The numerical expressions for the absolute
magnitude (Eq. (7)), radius (Eq. (18)), mass (Eq.
(13)) and luminosity (Eq. (23)) are:

My = 8.199

+0.3399 In (6466.0 (B-V)+ 0.4693)‘1) +

4509 (B — V) (29)

M
IOgIO(ﬂ@) = —7.799

40.6992 In (6466 (B-V)+ 0.4693)*1) (31)
white dwarf, —0.25<(B-V)<1.88 ,
Lo
1.601 In (6466 (B-V)+ 0.4693)*1) (32)

white dwarf, —0.25< (B—-V)<1.88

B-v=—0.2500

B-V= 1.9300

Fig. 5. My vs. (B=V) (H-R diagram) of the fourth
edition of the Villanova Catalog of Spectroscopically
Identified White Dwarfs. The observed stars are rep-
resented by small points, the theoretical relationship
for white dwarfs by big full points and the reference
relationship, given by formula (83), is represented
with square points.

Fig. 5 shows the observed absolute visual mag-
nitude of the white dwarfs as well as the fitting curve;
Table 5 reports the minimum, the average and the
maximum of the three derived physical quantities.

Table 5. Derived physical parameters of the Vil-
lanova Catalog of Spectroscopically Identified White
Dwarfs.

white dwarf, —0.25<(B-V)<1.88 ,

R
loglo(%) = —1.267

~0.0679 In (6466 (B-V)+ 0.4693)‘1) (30)

white dwarf, —0.25<(B—-V)<1.88 |

78

parameter min average | maximum
M/ Mg 5.28 1073 | 4.23 1072 0.24

R/Rg 1.07 1072 | 1.31 1072 | 1.56 10~
L/Le 1.16 107> | 2.6 1073 | 7.88 1072

Our results can be compared with the color-

magnitude relation as suggested by McCook and
Sion (1999), where the color-magnitude calibration
due to Dahn et al. (1982) is adopted,
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My =11.916 (B —V)+1)** —0.011
when (B —-V) <04

(33)
My =11.43+7.25(B—V)—3.42(B-V)?
when 0.4 < (B—V)

The above formula (33) is shown in Fig. 5 by
a line of squares, and Table 6 gives the x? computed
as in formula (28) for our formula (30) and for the
reference formula (33). From inspection of Table 6,
it is possible to conclude that our relationship rep-
resents a better fit of the data with respect to the
reference formula.

Table 6. Table of ¥ when the observed data are
those of the fourth edition of the Villanova Catalog
of Spectroscopically Identified White Dwarfs.

equation %
our formula (30) 710
reference formula (33) | 745

The three classic white dwarfs, Procyon B, Sir-
ius B, and 40 Eridani-B, can also be analyzed when
(B —V) is given (http://www.wikipedia.org/).
The results are shown in Tables 7, 8 and 9, where
we also give the data suggested in Wikipedia.

Table 7. Table of derived physical parameters of
40 Eridani-B where (B — V)=0.04.

parameter here suggested in Wikipedia
My 11.59 11.01
M/Mg | 6.41 1072 0.5

R/R 1.23 1072 2102

L/Lg 3.53 1073 3.31073

Table 8. Table of derived physical parameters of

Procyon B where (B — V)=0.0

parameter here suggested in Wikipedia
My 11.43 13.04

M/ Mg 7.31 1072 0.6

R/Rg 1.21 1072 21072

L/Lg 4.77 1073 5.5 10~*

Table 9. Table of derived physical parameters of

Sirius B where (B — V)=-0.03.

parameter here suggested in Wikipedia
My 11.32 11.35
M/Mg | 8131072 0.98

R/Rg 1.21 1072 0.81072

L/Le 6.08 1073 2.4 1073

4. APPLICATION TO THE
ASTRONOMICAL ENVIRONMENT

The stars in the first 10 pc, as observed by
Hipparcos (ESA 1997), belong to the MAIN V group,
and Fig. 6 reports the observed stars, the calibra-
tion stars and the theoretical relationship given by
Eq. (10) as a continuous line.

B-v=-0.0010

B-V=1.6360

Fig. 6. My against (B — V) (H-R diagram) in
the first 10 pc. The observed stars are represented by
points, the calibrated data of MAIN V by large trian-
gles and the theoretical relationship of MAIN V by a
full line.

The situation is different in the first 50 pc,
where both the MAIN V and the GIANTS III are
present, see Fig. 7, where the theoretical relationship

for GIANTS III is given by Eq. (11).

B-v=-0.1580

B-v= 1.6380

Fig. 7. My against (B — V) (H-R diagram) in
the first 50 pc. The observed stars are represented by
points, the calibrated data of MAIN V and GIANTS

11T by large triangles, the theoretical relationship of
MAIN V and GIANTS III by full lines.
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Another astrophysical environment is that of
the Hyades cluster, with (B — V) and m, as given
in Stern et al. (1995) and available in the VizieR
Online Data Catalog. The H-R diagram is built in
absolute magnitude adopting a distance of 45 pc for

the Hyades, see Fig. 8 where also the theoretical re-
lationship of MAIN V is shown.

B-V= 0.0400

B-V= 1.8800

Fig. 8. My against (B — V) (H-R diagram) for
the Hyades. The observed stars are represented by
points, the theoretical relationship of MAIN V by full
lines.

Another interesting open cluster is that of the
Pleiades, with the data of Micela et al. (1999) and
available in the VizieR Online Data Catalog.

For the distance of the Pleiades we adopted
135 pc, according to Bouy et al. (2006); other au-
thors suggest 116 pc as deduced from the Hipparcos
data, (Mermilliod et al.1997). The H-R diagram of
the Pleiades is presented in Fig. 9.

B-V= 0.0200

B-V=1.9500

Fig. 9. My against (B — V) (H-R diagram) for
the Pleiades. The observed stars are represented by
points, the theoretical relationship of MAIN V by a
full line.
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4.1. Distance determination

The distance of an open cluster can be found
by the following algorithm:

(i) The absolute magnitude is computed intro-
ducing a guess value of the distance.

(ii) Only the stars belonging to MAIN V are se-
lected. The x? between observed an theoreti-
cal absolute magnitude (see Eq. (10)) is com-
puted for different distances.

(iii) The distance of the open cluster is that con-
nected with the value that minimizes the x2.
In the case of the Hyades this method gives

a distance of 37.6 pc with an accuracy of 16% with
respect to the guess value, or 19% with respect to
46.3 pc of Wallerstein (2000).

5. THEORETICAL RELATIONSHIPS

In order to confirm or deny the physical basis
of formulas (4) and (5), we performed a Taylor-series
expansion to the second order of the exact equations
as given by the Planck distribution for the colors (see
Section 5.1), and for the bolometric correction (see
Section 5.2). A careful analysis of the numerical re-
sults applied to the Sun is reported in Section 5.3.

5.1. Colors versus Temperature

_ The brightness of radiation from a blackbody
is

(34)

2
i) = (55 ) oy
A% ) exp(xz) — 1
where c is the light velocity, k is the Boltzmann con-
stant, T is the equivalent brightness temperature and
A is the considered wavelength (see formula (13) in
Planck (1901), or formula (275) in Planck (1959), or
formula (1.52) in Rybicki and Lightman (1985), or
formula (3.52) in Kraus (1986)).
The color-difference, (C; - C3), can be ex-
pressed as

(01*02):7711*7712:
[ SiIndA

K — 2.5logy, a2 2
810G ThdX

(35)

where Sy is the sensitivity function in the region
specified by the index A\, K is a constant and I is
the energy flux reaching the Earth. We now define a
sensitivity function for a pseudo-monochromatic sys-
tem

Sx=06(A—=XN) «i=UB, VR T |, (36)
where 0 denotes the Dirac delta function. In
this pseudo-monochromatic color system the color-
difference is
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(C1—C) =

5 (exp(52¢-) — 1
K—2.5log10—2( Plsir) = 1)

AT (exp(50%7) — 1)

>

Table 10. Johnson system.

symbol | wavelength (A)
U 3600
B 4400
Vv 5500
R 7100
I 9700

The above expression for the color can be ex-
panded in a Taylor series about the point T' = oo, or
performing the change of variable x = %, about the
point z = 0. With the expansion order 2, we have

5 Aot 1
— =—"In|=% ) ——
© = Can = =3 1 (3%5) iy
5 _heui=X) 5 k%P (P - N0Y) (38)
4 M kIn(10)T 48 X\o2A\%k2In(10) T2

where the index app means approximated. We now
continue by inserting the value of the physical con-
stants as given by CODATA (Mohr and Taylor 2005)
and wavelength of the color as given in Table 15.6
of Cox (2000) and reported in Table 10. The wave-
length of U, B and V are exactly the same as those of
the multicolor photometric system defined by John-
son (1966); conversely, R(7000 A) and 1(9000 A) as
given by Johnson (1966) are slightly different from
the values used here. We now parameterize the color

as

b d

(Cl _02>app :CL‘FT‘F ﬁ

Another important step is the calibration of

the color on the maximum temperature T, of

the reference tables. For example for MAIN SE-

QUENCE V at T, = 42000 (see Table 15.7 in Cox

(2000)), (B — V) = —0.3 and, therefore, a constant

should be added to formula (38) in order to obtain

such a value. With these recipes we obtain, for ex-
ample

(39)

3543 17480000
B -V)=-0.4243

MAIN SEQUENCE, V
~0.33 < (B—V) < 1.64.

(40)

The basic parameters b and d for the four col-
ors here considered are reported in Table 12. The
parameter a, when WHITE DWARF, MAIN SE-
QUENCE, V, GIANTS, III and SUPERGIANTS, I
are considered, is reported in Table 11, likewise
the Table 12 shows the coefficients b and d that

are common to the classes of stars considered here.
The WHITE DWARF calibration is made on the
values of (U — B) and (B — V) for Sirius B,

(http://www.wikipedia.org/).
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Fig. 10. Difference between (B — V), the exact
value from the Planck distribution, and (B — V)app

approzimate value as deduced from the Taylor expan-
sion for MAIN SEQUENCE, V.
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Fig. 11. Ezact (B—V) as deduced from the Planck
distribution, or Eq. (37), shown by a full line. Ap-
prozimate (B—V') as deduced from the Taylor expan-
sion, or Eq. (38), traced with a dashed line. The cal-
ibrated data for MAIN SEQUENCE V are extracted
from Table 15.7 in Cox (2000) and are represented
by empty stars.

The Taylor expansion agrees very well with
the original function and Fig. 10 shows the differ-
ence between the exact function as given by the ratio
of two exponential and the Taylor expansion in the
(B —V) case.

In order to establish a range of reliability of
the polynomial expansion we solve the nonlinear
equation

(C1 = C2) = (C1 = Ca)app = f(T) = =04, (41)

for T.
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Table 11. Coefficient a.

WHITE DWARF, T..[K]|=25200
MAIN SEQUENCE, V, T..1[K]=42000
GIANTS III, 7.1 [K]=5050
SUPERGIANTS I, T, [K]=32000

(B-v) | (U-B) | (V-R) | (R-T)
- 0.1981 | - 1.234
- 0.4243 | - 1.297 | - 0.233 | - 0.395
- 0.5271 | - 1.156 | - 0.4294 | - 0.4417
- 0.3978 | - 1.276 | - 0.2621 | - 0.420

The solutions of the above nonlinear equation
are reported in Table 13 for the four colors considered
here. For the critical difference we have chosen the
value —0.4 that approximately corresponds to 1/10
of the range of existence in (B — V).

Fig. 11 reports the exact and the approximate
value of (B — V) as well as the calibrated data.

Table 12. Coefficients b and d.

(B-V) (U-B) (V-R) (R-T)
b 3543 3936 3201 2944
d | 17480000 | 23880000 | 12380000 | 8636000

Table 13. Range of existence of the Taylor expan-
sion for MAIN SEQUENCE, V

(B-V) [ (U-B) | (V-R) | (R)
Twin [K] | 4137 | 4927 | 3413 | 2755
Tomax [K] | 42000 | 42000 | 42000 | 42000

5.2. Bolometric Correction versus
Temperature

The bolometric correction BC, defined as al-
ways negative, is
BC = Myo — My (42)

where My is the absolute bolometric magnitude

and My is the absolute visual magnitude. It can
be expressed as
BC =
hc \4(_1 \5 1
+KBC ) (43)

2 In(10)

where Ay is the visual wavelength and Kpc a con-
stant. We now expand into a Taylor series about the

point T = oo
BCapp =
15 In(T) 5 he
2 In(10) 4 kAy In(10)T
5 h2c?
Kpce (44)

- +

48 k2)\y % 1n (10) T2
The constant Kpc can be found by the following
way. The maximum of BClypp is at Tinax, where the

index max stands for
1 (é + %) ch

Tmax =z

4
6 k\y (45)
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Given the fact that the observed maximum in the BC
is -0.09 at 7300 K in the case of MAIN SEQUENCE
V we easily compute K¢, and the following approx-
imate result is obtained

BCapp =
14200  3.096 107
31.41 — 3.257 In(T) — A (46)

Fig. 12 reports the exact and the approximate value
of BC' as well as the calibrated data.

(@]
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0 o z:zlm‘_l_ [K] peT o
Fig. 12. FEzact BC as deduced from the Planck

distribution, Eq. (43), shown by a full line. Ap-
proximate BC' as deduced from the Taylor expan-
sion, Eq. (46), shown by a dashed line. The cali-
brated data for MAIN SEQUENCE V are extracted
from Table 15.7 in Cox (2000) and are represented
by empty stars.

The Taylor expansion agrees very well with
the original function and Fig. 13 shows the difference
between exact function, Eq. (43), and the Taylor ex-
pansion, Eq. (46).

In order to establish the range of reliability of
the polynomial expansion, we solve for T' the nonlin-
ear equation

BC — BCypp = F(T) = —0.4 (47)

The solution of this nonlinear equation allows to

state that the bolometric correction as derived from
a Taylor expansion for MAIN SEQUENCE, V is re-
liable in the range 4074 K < T < 42000 K.
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Fig. 13. Difference between (B — V), the ex-

act value obtained from the Planck distribution, and
(B — V)app, the approzimate value deduced from the
Taylor expansion for MAIN SEQUENCE, V.

5.3. The Sun as a black body radiator

The framework previously derived allows to
apply our formulas to one specific star of spectral
type G2V with T=5777 K namely, the Sun. In order
to make a comparison we give in Table 14 the various
values of (B — V') as reported by different methods.
In Table 15 we give the value of the infrared color
(R-I). From a careful examination of the two tables
we conclude that our model works more properly in
the far-infrared window than in the optical one.

Table 14. (B-V) of the Sun, T=5777 K.

meaning (B-V)
calibration, Cox (2000) 0.65
here, Taylor expansion 0.711
here, Planck formula 0.57
least square method, Zaninetti (2005) | 0.633
Allen (1973) 0.66
Sekiguchi and Fukugita (2000) 0.627
Johnson (1966) 0.63

Table 15. (R-I) of the Sun, T=5777 K.

meaning (R-I)
calibration, Cox (2000) | 0.34
here, Taylor expansion | 0.37
here, Planck formula 0.34

6. CONCLUSIONS

New formulas. A new analytical approach
based on five basic equations allows to connect the
color (B — V) of the stars with the absolute visual
magnitude, the mass, the radius and the luminos-
ity.The suggested method is based on eight parame-
ters that can be precisely derived from the calibra-
tion tables; this is the case of MAIN V, GIANTS III

and SUPERGIANTS I. In the absence of calibration
tables, the eight parameters can be derived mixing
four theoretical parameters extracted from Planck
distribution with four parameters that can be found
minimizing the x? connected with the observed vi-
sual magnitude ; this is the case of white dwarfs. In
the case of white dwarfs the mass-luminosity rela-
tionship, see Table 4, is

L M
loglo(%) =0.28+2.29 loglo(M—Q) ) (48)

with 0.005 M < M < 0.24 M, for white dwarfs.

Applications. The application of the new
formulas to the open clusters such as Hyades and
Pleiades allows to speak of universal laws for the
star’s main parameters. In the absence of accurate
methods to deduce the distance of an open cluster,
an approximate evaluation can be carried out.

Theoretical bases. The reliability of an ex-
pansion to the second order of the colors and bolo-
metric correction for stars as derived from the Planck
distribution is carefully explored and the range of
existence in temperature of the expansion is deter-
mined.

Inverse function. In this paper we have cho-
sen a simple hyperbola for (B — V) as function of
the temperature, formula (5). This function can be
easily inverted in order to obtain T as function of
(B = V) (MAIN SEQUENCE, V)

7360

T=— " K
(B—V) +0.641

MAIN SEQUENCE, V

when 4137 < T[K] < 42000

or when —0.33 < (B—-V) <145

(49)

When a more complex relationship is chosen,
for example a two degree polynomial expansion in

% as given by formula (38), the inverse formula
that gives T as function of (B — V) (MAIN SE-
QUENCE, V) is more complicated,

T = 5000 x
0.35 108 + 1/4.21 105 + 6.96 1015(B — V)
108(B — V) + 0.42108

MAIN SEQUENCE, V
when 4137 < T[K] < 42000
or when —0.33 < (B—-V) <145

K (50)

The mathematical treatment that allows to de-
duce the coefficients of the series reversion can be
found in Morse and Feshbach (1953), Dwight (1961),

Abramowitz and Stegun (1965).
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Opuzunasty HayuHy pao

Kombunamujom mer pemanmja wum3meby
OCHOBHUX (U3UUYKUX KapPaKTEePUCTUKA 3Be31a
M3BOJU CE€ 3aBUCHOCT AIllCOJyTHe Maruutyme My
on mocmarpane 6oje (B — V); penanuja canpsku
ocaM Koe(uUIMjeHATa YUje BPETHOCTU 3aBUCE O
raace cjaja. Tarkobe, m3Bome ce ¢opmyie 3a
Macy, paanjyc u JyMUHO3HOCT 3Be3ne Y GyHKIuju
60je. Excrnmunuran obGiuK OBe UYeTUDPU DPEJAIU]e
maje ce 3a Tpu kamace cjaja (I, III, V) H-R
mujarpama. Tectupame moOujeHe 3aBUCHOCTU
My (B — V) ma mBa y3opxka 3se3na Hipparcos ka-

tasora — no 10 pc (knaca cjaja V) u no 50 pc ox
Cynuna (raace V, III), kao u npumena pesanuje
y onpebuBamy nmamuHa [0 1OBa OJUCKA pace-
jana 3Besmana jara (Xwujame u Iluejane) maje
nobpe pesyarare. Y pamay ce MpemIazke U METO.
3a ompebuBame OBUX 3aBUCHOCTU KOJ 3BE3Ia 34
KOje He moCToje Kasubpucane penamnuje 3a 00jy,

0GOJIOMETPUjCKY MONPABKY, MACy U JIYMUHO3HOCT
y 3aBuUCHOCTU oJ TeMmueparype. Pesyaratu ce

TecTupajy Ha mocMmarpaHoM y3opky (Villanova
Catalog) Guuckux Genux HaTysbaka.
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