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SUMMARY: A theory of collisionless fluids is developed in a unified picture,
where nonrotating (Ql =y =03 = 0) figures with some given random velocity

component distributions, and rotating (Ql 75 Qo 7& Qg) figures with a different
random velocity component distributions, make adjoint configurations to the same
system. R fluids are defined as ideal, self-gravitating fluids satisfying the virial the-
orem assumptions, in presence of systematic rotation around each of the principal
axes of inertia. To this aim, mean and rms angular velocities and mean and rms
tangential velocity components are expressed, by weighting on the moment of iner-
tia and the mass, respectively. The figure rotation is defined as the mean angular
velocity, weighted on the moment of inertia, with respect to a selected axis. The
generalized tensor virial equations (Caimmi and Marmo 2005) are formulated for R
fluids and further attention is devoted to axisymmetric configurations where, for se-
lected coordinate axes, a variation in figure rotation has to be counterbalanced by a
variation in anisotropy excess and vice versa. A microscopical analysis of systematic
and random motions is performed under a few general hypotheses, by reversing the
sign of tangential or axial velocity components of an assigned fraction of particles,
leaving the distribution function and other parameters unchanged (Meza 2002).
The application of the reversion process to tangential velocity components is found
to imply the conversion of random motion rotation kinetic energy into systematic
motion rotation kinetic energy. The application of the reversion process to axial
velocity components is found to imply the conversion of random motion transla-
tion kinetic energy into systematic motion translation kinetic energy, and the loss
related to a change of reference frame is expressed in terms of systematic motion
(imaginary) rotation kinetic energy. A number of special situations are investigated
in greater detail. It is found that an R fluid always admits an adjoint configuration
where figure rotation occurs around only one principal axis of inertia (R3 fluid),
which implies that all the results related to R3 fluids (Caimmi 2007) may be ex-
tended to R fluids. Finally, a procedure is sketched for deriving the spin parameter
distribution (including imaginary rotation) from a sample of observed or simulated
large-scale collisionless fluids i.e. galaxies and galaxy clusters.
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1. INTRODUCTION (01, = 035 = 033), where 07, is the rms random ve-
] o ) locity component on the axis z,,. The absence of par-

Due to particle shocks, collisional fluids (e.g.  ticle shocks (leaving aside extreme situations, such

stars, gas clouds) exhibit an isotropic stress tensor g high-density galactic nuclei) makes a different sit-
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uation in collisionless fluids (e.g. galaxies, galaxy
clusters), where the stress tensor is - in general -
anisotropic (0%, # 03, # 033). The shape of the
body is determined by systematic rotation, which is
quantified by a spin parameter (null for nonrotat-
ing configurations), and/or by the difference between
stress tensor diagonal components, or any equivalent
anisotropy indicator, related to the rotation and an
equatorial principal axis of inertia, respectively (null
for configurations where the random velocity compo-
nent distribution is isotropic). A description of col-
lisionless fluids based on the equivalence of system-
atic and random motions with respect to the shape,
appears to be highly rewarding and it would provide
further insight on the properties of stellar and galaxy
systems.

In an earlier attempt (Caimmi 1996), the
stress tensor was expressed as the sum of two terms,
one related to a random (isotropic) velocity compo-
nent distribution, and the other to anisotropic inter-
nal motions within the system. Further investigation
was devoted to the simplest situation, where the sys-
tem is made of two equal components rotating at the
same rate but in opposite sense. Then it has been
recognized that the anisotropy excess may be related
to real rotation, if the shape is flattened, and to imag-
inary rotation, if the shape is elongated, with respect
to the rotation axis.

A later approach (Caimmi and Marmo 2005)
has been restricted to homeoidally striated density
profiles, for which the tensor virial equations were
formulated and generalized to unrelaxed configura-
tions. The kinetic-energy tensor has been expressed
as the sum of two terms, one related to systematic ro-
tation obeying an assigned law, and the other to the
remaining motions, e.g. random motions, streaming
motions, radial motions. Finally, an expression of
the spin parameter in terms of the anisotropy excess
showed the role of systematic and remaining motions
in flattening or elongating the shape.

The above results were improved and ex-
tended in subsequent work (Caimmi 2006, hereafter
quoted as C06), where the imaginary rotation was re-
lated to negative anisotropy excess. The sequences of
configurations for which the generalized tensor virial
equations hold have been determined for homeoidally
striated Jacobi ellipsoids including prolate shapes
induced by imaginary rotation. The results of nu-
merical simulations on the stability of rapidly rotat-
ing spherical configurations (Meza 2002) were inter-
preted in the light of the theory. To this respect, the
key argument is that the reversion (from clockwise
to counterclockwise or vice versa) of tangential ve-
locity components related to an assigned fraction of
partices, preserves the potential energy, the kinetic
energy, and the distribution function (Lynden-Bell
1960, 1962, Meza 2002).

The study of homeoidally striated Jacobi ellip-
soids was extended to a more general class of bodies
(R3 fluids) in a recent paper (Caimmi 2007, here-
after quoted as C07), where the contribution of ra-
dial and tangential velocity components in the equa-
torial plane was investigated in more detail. In ad-
dition, mean and rms (weighted on the moment of
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inertia) angular velocity were defined, and related
to systematic and random motion tangential kinetic-
energy tensor components, respectively. Also for R3
fluids, was been realized that the effect of (positive
or negative) anisotropy excess is equivalent to addi-
tional figure (real or imaginary) rotation.

The current attempt is aimed to extend the
above mentioned results to a still more general class
of bodies, R fluids, defined as ideal, self-gravitating,
collisionless fluids where rotation occurs about each
of the principal axes of inertia. It will be shown that
R fluids always admit an adjoint configuration where
figure rotation occurs around a single principal axis,
that is a R3 fluid. Accordingly, all the results which
hold for R3 fluids may be extended to R fluids.

The paper is organized as follows. A number
of basic definitions are provided in Section 2, includ-
ing the inertia tensor, the angular-velocity tensor,
and the angular-momentum tensor. The generalized
tensor virial equations for R fluids are formulated in
Section 3. The microscopical analysis of systematic
and random motions, for a collisionless fluid made
of N identical particles, is carried out in Section 4,
where a velocity component reversion process is de-
fined, and a number of special situations are analysed
in detail with respect to kinetic energy changes from
random to systematic motions and vice versa. A pro-
cedure aimed at the derivation of the spin parameter
distribution (including imaginary rotation) from an
assigned sample of observed or simulated objects, is
outlined in Section5. Some concluding remarks are
reported in Section 6.

2. ANGULAR-VELOCITY AND
ANGULAR-MOMENTUM TENSOR

In the special case of solid bodies, rotation
is rigid and occurs around a single axis which, in
turn, can remain fixed or change its direction. Ac-
cordingly, the angular momentum and the rotation
kinetic energy read (e.g. Landau and Lifchitz 1966,
Chap. VI, §§31-33; hereafter quoted as LL66):

3
Jr=Y_ 1.9, r=1,23, 1)
s=1
1 3 3
Tt = — I 9.9, |, 2
PP ¥

where J = (J1, Ja, J3) is the angular-momentum vec-
—

tor, Q@ = (Q,Q9,Q3) the angular-velocity vector,

and I’ the inertia tensor:

I:ns :/p(IhIQa‘TB) [&"s
S

3
xzxrxs] d*s , (3)

r=1

related to the density profile, p, within the volume,
S, d,s being the Kronecker symbol. The diagonal
components of the inertia tensor, I;, I5, I}5, are
the moments of inertia with respect to the axes, x1,
To, X3, respectively.
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In addition, the inertia tensor is symmetric
and of second rank, which implies the existence of
a reference frame, (O’ X; X5 X3), where the inertia
tensor is diagonal (LL66, Chap. VI, §32):

Iw/“s = 57’517/‘7" (4)

the coordinate axes of this reference frame coincide
with the principal axes of inertia, and the diagonal
components define the principal moments of inertia.
Accordingly, Egs. (1) and (2) reduce to:

Jo=I.9Q, , r=123, (5)
T = 3 (10034 1034 15,93) . (6)
where, in addition (LL66, Chap. VI, §32):
I <I'.+I, , r=1,23, s=231,
t=3,1,2 . (7)

The inertia tensor has been defined in a differ-
ent way, as (e.g. Chandrasekhar 1969, Chap.2, §9;

Binney and Tremaine 1987, Chap. 4, §3):

L = / p(z1, 72, 23)2,7,d°S (8)
s
and the combination of Egs. (3) and (8) yields:
3
I;s - 57“3 ZIT’I“ - Irs 5 (9)
r=1
I;T:Iss"‘rltt s r#Es#t (10)
‘[7,“5 = _ITS ) r 7é S (11)
or:
2Ly = I+ 1y — 1, . r#Es#FE, (12)
Is = _I;«s ) r 7é s, (13)

which translates one formulation into the other (e.g.
Bett et al. 2007).

In the general case of (collisional or collision-
less) fluids, rotation could be different from that of
the solid-body, and around each principal axis of in-
ertia. Let (Oxy 22 23) be a generic reference frame
and (O’ X7 X5 X3) a reference frame where the origin
coincides with the centre of inertia, and the coordi-
nate axes coincide with the principal axes of inertia.
Let the coordinate axes, X1, Xo, X3, be defined as
the principal axes. Let ST{ , ST; , ST;; , be the angular-
velocity vectors (to be specified later) related to the
principal axes of inertia. Let {2, be the component
of the vector (T; on the coordinate axes xs. The
(3 x 3) tensor, (., is defined as the angular-velocity
tensor of the system under consideration, with re-
spect to the reference frame, (O zy 2o x3). Let @7,
@3, w3, be the angular-velocity vectors related to the

coordinate axes, x1, 2, r3. The following relation
holds:

s=1,2,3 , (14)

and the angular-velocity tensor, w,s = €, can for-
mally be defined. Similarly, the (3 x 3) angular-
momentum tensor is expressed as:

J=1 wes , (15)
3
J: = Zlylaswrs ) (16)
r=1

where the inertia tensor is related to the reference
frame (O z1 z2 x3).

In the special case where the reference frame,
(Oz1 29 x3), coincides with (O’ X7 X5 X3), one has
Qs = 650 Accordingly, Egs. (14)-(16) reduce to:

Ws = Qs = st = Wss (17)
Iy = 0rs L Qpy (18)
J=J, =19, , (19)

where I}, = I.. + Iss, r # s # t, represents the mo-
ment of inertia with respect to the principal axis of
inertia, x;. From this point on, it shall be assumed
that the origin coincides with the centre of inertia,
and the coordinate axes coincide with the principal
axes of inertia.

The rotation kinetic-energy tensor is defined
as:

1 1
—-7f.QTQs=:§@%UT92,

(Trot)rs - 92 rs (20)

where the diagonal components of the angular-
velocity tensor are expressed as (C07):

—~ 1 —
Qr - Qr = F/ ‘Qr(xhx%x?nt) wgp(xlax%x?nt)
rr JS

x d3S, r#s+t, (21)
t
@ (1,0, 25, 1)| = Lot tnl) (22)
Wr
wy = (23 +a)"? (23)

and Q. (x1,xe, x3,t) is the mean value related to all
the particles at the time, ¢, within the infinitesi-

mal volume element, d>S = dxq dzs dzs, centred on
the point, P(x1, 22, x3), vy, is the tangential velocity
component in the (O z; x;) principal plane, and the
moment of inertia, I, = Iss + Iy, reads:

r£s#t ,

(24)
as expected from the theorem of the mean, in con-
nection with Eq. (21).

Similarly, the mean square diagonal compo-
nents of the angular-velocity tensor are expressed as:

1
0= @)= [

X p(x1, T2, x3,1) d3S, r#s#t, (25)
25

I;T:/wgp($1,I2,I3,t)d3S )
S

2

N
Qr(il'l,xg,fbgg,t) ’LU?A
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and the related variance reads:
2 2
(raa) = @2 - @) .

At this stage, it may be useful to extend and
generalize the definition of figure rotation.

Figure rotation. Given an R fluid, the fig-
ure rotation is defined as the mean angular
velocity, weighted on the moment of inertia,
with respect to a selected principal axis.

In terms of tangential velocity components,
the counterparts of Egs. (21), (25), and (26) read:

(26)

1 —
Vg, = m/s‘Qr(xl,xg,xg,t)‘wfp(xhxg,xg,t)

x d®S ; r#s#t (27)

— 1 . 2
(1)2 ): 7/ ‘QT(xl’x2vx3’t)’ wzp(xl,xmm,t)
Or M [
x d*S; r#s#t, (28)
2 T 5 —
(0u05,)" = (1) = (v5,)° (29)

where R¢, is the curl radius with respect to the prin-

cipal axis x,:
7\ 2
Rg, = <7T> ;
M

and the combination of Egs. (25) and (28); (21) and
(27); (26) and (29) yields:

(30)

M(U£T> = I;r(Q%) ) (313)
M(v5,)° = I, (Q)° (31b)
M (%5;) =1L (05@) ; (31c)

which relate tangential velocity components in the
(O x4 x) principal plane, to angular velocity compo-
nents with respect to the principal axis ..

3. THE GENERALIZED TENSOR
VIRIAL EQUATIONS FOR R FLUIDS

Let R fluids be defined as (collisional or colli-
sionless) ideal self-gravitating fluids where figure ro-
tation occurs around all the three principal axes of
inertia. Let (O xy 22 x3) be a reference frame where
the origin coincides with the centre of inertia, and
the coordinate axes coincide with the principal axes
of inertia. Then the mean radial velocity components
must necessarily equal zero:

UV, =0 (U%ur) = (Uwrwr)z ) (32)

where v, is the radial velocity component on the
principal plane (O x4 x¢), perpendicular to the prin-
cipal axis x,.. Let positive and negative radial veloc-
ity components be defined as directed outwards and

26

inwards, respectively. The same holds for the mean
tangential velocity components:

=0 . (03) = (04,6,)" .

(33)
even in presence of systematic rotation. Let posi-
tive and negative tangential velocity components be
defined as rotating counterclockwise and clockwise,
respectively.

The kinetic-energy tensor may be expressed
as the sum of two contributions: one, related to sys-
tematic motions, and the other, related to random
motions (CO7). The result is:

Tkskt = (Tsys)kskt + (Trdm)kskt ; k= w, ¢ ;

(34)
where the terms on the right-hand side, using

Egs. (31) and (32), can be expressed as:
(Tsys)wow, =0 (35a)

1
(Trdm)wswt = §5stM (Uwsws)2 ) (35b)
1 1O \2

(Tags)ono, = ot Toa(D)? (36a)

1 , 2
(Tram)g.¢n = 50st1ss (055) (36b)

Keeping in mind that nondiagonal components are
null in the case under discussion, only diagonal com-
ponents shall be considered from this point on. The
combination of Egs. (26) and (36) yields:

1 —_—
Tooo, = 51 (90) (37)
which depends on the density profile via the moment

of inertia, I’ ., and the tangential velocity compo-

nent distribution via the mean square angular veloc-

ity, (©2), regardless of the fraction of systematic and
random motions.

In terms of the contributions related to the ax-
ial components of the kinetic-energy tensor, T, and
Ty, Egs. (34), (36), and (37) read:

1 —_—
(Tor0,)ee = 5Lee() . L=st, (38a)
1. —
(Tays)grolee = 51ue(@)* . L=st ,  (38D)

(Team)ors i = 3Tee [(98) = (@] €= 5,1,(350)

where Eq. (10) has been used.

The invariance of a vector with respect to a
change of the reference frame, implies the validity of
the relations (CO7):

(v2,) + (v} ) = (v2) + (v7) ,
(Tw,)? + (05,)° = (T)* + (@)* (40)
(Uwer)Q + (U¢r,~¢7‘)2 = (0ss




R FLUIDS

where the velocity components on the x; and x; prin-
cipal axes are labelled by the indices, s and ¢, respec-
tively.

The combination of Egs. (26), (29), and (39)-
(41) yields:

I~ o~
(Ourn ) = (00s)? + (o0)® = 2 [() = (@)
(42)

which makes Eqs. (34) and (35) translate into:

(Twrwr)ll - [(Trdm)wrwr]ll
1 1 —~

= SMo — 51 [(22) = ()] . £=st, (43a)

[(Tsys)wTwr]M =0 y {= S,t s

in terms of the contributions related to the axial com-
ponents of the kinetic-energy tensor, Tss and T3;.
The generalized tensor virial equations of the
second order can be formulated, extending the pro-
cedure used for R3 fluids (C07). The result is:

ITT (Q:)Z + (/Q;)Q + MCTTUZ + (Epot)rr =0 5 (44)

0’ =0} + 03+ 033 , (45)
(Trdm)pp ng
Cpp = 7Trdrn = 70-2 5 p = ]_7 27 3 5 (46&)
j:rdm 52
a = = = 46b
Gt + Ca2 + (33 Tu o7 ¢, (46b)

where €, and ; are mean angular velocity com-
ponents due to systematic rotation around zs and
x; axes, respectively, (Epot)rr is the self potential-
energy tensor, (,, may be conceived as generalized
anisotropy parameters (Caimmi and Marmo 2005,

C06, CO7), and Tyap, is the effective random kinetic
energy i.e. the right amount needed for an instanta-
neous configuration to satisfy the usual tensor virial
equations of the second order, defined by the effective
anisotropy parameters (C07):

pp = —=——— = —— p=1,2,3 ; (47a)

(itCatGs=1, (47b)
and the condition, ( = 1, or ¢, = pr, p =123,
reduces Egs. (44) to their standard counterparts.
To get further insight, a microscopical analysis is

needed.
In the special case of axisymmetric configura-

tiOIlS, 111 = 122, (Epot)ll = (Ep0t>22, and the com-
bination of the related tensor virial equations, ex-
pressed by Eq. (44), yields:

Ipp (@)2 - ((’2‘;)2 = MJQ(qu = Cpp)

p=12; q¢=2,1; (48)

where the figure rotation excess, [(Q4)% — (Q,)?], is
counterbalanced by an anisotropy excess, (Cqq — Cpp);
in particular, a null figure rotation excess implies a
null anisotropy excess and vice versa. Accordingly, a
flattening in the (O z, x,) principal plane, induced by
the figure rotation excess, has to be counterbalanced
by an elongation on the z, principal axis, induced
by the anisotropy excess, to yield an axisymmetric
configuration with respect to the z,. principal axis.

4. MICROSCOPICAL ANALYSIS
OF SYSTEMATIC AND
RANDOM MOTIONS

Consider a collisionless R fluid. Let N be the
total number of particles and m the mean particle
mass in absence of mass segregation i.e. let local and
global mean particle masses coincide. For simplicity,
the equivalent description (CO07) involving N iden-
tical particles of mass, m, shall be considered. Let
vy, be the tangential velocity component in (O x5 z¢)
principal plane. It is worth noting (e.g. Meza 2002)
that the distribution function is independent of the
sign of vy, , and the whole set of possible configura-
tions is characterized by an equal amount of both ki-
netic and potential energies. Numerical simulations
show that spherical systems, even if rapidly rotating,
are dynamically stable after reversion of the tangen-
tial velocity component in an assigned fraction of
particles (Meza 2002).

For the sake of simplicity, let the initial
configuration be nonrotating (75, = 0) and with
isotropic random velocity component distribution
(C11 = (22 = (33). In the case under discussion of
identical particles, m(® = m, 1 < i < N, the centre
of inertia velocity components, vc,, equal the corre-
sponding arithmetic means:

N N
Z mDp®  m Z v
i=1 i=1

vor = = =7 ,

N Nm
St
i=1

(49)

and the moments of inertia, I’ . reduce to:

Ty

N o 12 N 12
o= 3o [ 3 ] = i,
=1 =1

(50)
according to Eq. (30).
The weighted mean, mean square, and

rms tangential velocity components, expressed by
Egs. (27)-(29), read:

N N

— 1 i) G m R

0, = a7 g = qp v = . (D)
=1 =1
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(v3,) = M ;mm [%r} =M o [%T} = (v3,),

(52)

(050) =02) @) = (000 . (53)
and Egs. (31) reduce to:

( )= (92) ; (54a)

(5,)% = GT(ST I (54b)

(05,6.)° = Be (06.0,) + (540)

which relate weighted angular velocities with respect
to the z, axis to mean tangential velocity compo-
nents on the (O xg ;) principal plane.

At this stage, let the tangential velocity com-
ponent of a fraction, n/N, of particles, be reversed
in equal sense (from clockwise to counterclockwise or
vice versa), according to the following assumptions:

(i) Both the number, n, of particles where the

tangential velocity component was reversed,

and the number, N — n, of particles which re-
main unchanged, are sufficiently large, 1 <<

n << N, 0<n <Int(N/2).

(ii) The fraction, ny/Ny, of particles where

the tangential velocity component has been re-

versed, within a generic volume element, S, is
independent of the volume element, ny /Ny =

n/N.

(iii) The system is made of identical particles,

m) =m, M =mN.

(iv) After tangential velocity components have

been reversed in ny particles within a generic

volume element, S, on a total of Ng, a sec-
ond set of n particles (among the remaining

Ny, — ny,) exists, where the tangential velocity

component of any particle equals its counter-

part belonging to the first set.

In the following, the above process shall be
quoted as ”the reversion process”.

Obviously, mean square tangential velocity

components, (vir)7 are left unchanged by the rever-

sion process. On the contrary, mean tangential ve-
locity components after the reversion process read:

- :izszm li © 4 Z ; ]
b ‘N':1 o N b y

1=2n+1

(55)
where the first sum within brackets relates to parti-
cles where the reversion process has occurred and
their counterparts with equal tangential velocity
components, while the second sum comprises the re-
maining particles and necessarily equals the mean
tangential velocity component before the occurrence
of the reversion process, which is null in the case
under discussion. Accordingly, Eq. (55) reduces to:

2n
Vg, = W(uﬁr)n )

(56a)
28

2n

(U¢7~)n = % Z’U >

keeping in mind that the first sum is performed on
couples of particles with equal tangential velocity
components.

The validity of Egs. (55) and (56) still holds if
tangential velocity components, vy, , are replaced by
axial velocity components, v,.. The combination of
Egs. (49) and (56a) yields:

(56b)

2n

N ('Ur)n ) (57>

vor = Up =

which is the velocity component of the centre of in-
ertia with respect to the principal axis z,, after the
reversion process.

The total kinetic energy is left unchanged by
the reversion process but, a fraction of random mo-
tion kinetic energy is turned into systematic motion
kinetic energy. In the following, the reversion pro-
cess shall be discussed in more detail for a number
of different situations.

4.1. Tangential velocity component reversion

Performing the reversion process on a given
fraction of particles, n/N, with respect to tangential
velocity components, implies the conversion of ran-
dom (rotation) motion kinetic energy into systematic
(rotation) motion kinetic energy, as:

A(Trdm)¢7~¢T = _A(TSYS)(ZW(#T
1 2n ___
= —§M(v¢>r)2 = —an[(%r)n]Q ,(58)

where the remaining parameters are left unchanged.
The occurrence of the reversion process im-
plies the following energy changes:

2n
Trdm — Lydm — an[(W)nP ) (59)
2n o
(Tram) ¢y — (Trdm) e, — ﬁnm[(vm)n]Z , (60)
12n 2
(Tvam)ee = (Trdm)ee — §ﬁnm[(v¢r)"] ;
=s,t , (61)
Toys = 0+ nm{(@5,),)? (62)
2n 19
(Tsys)grg, — 0+ —nm|(Dg,)n]” (63)
12
(Tsys)N — 0+ iﬁnnm({l}(ﬁr)fzz y = S,t y (64)

while the contributions from random radial motions
in the equatorial plane, (Tydm)w,w,, and along the

rotation axis, (Tydm)rr, remain unchanged.
With the system being relaxed, ( = 1, in the
case under discussion, the generalized and effective
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anisotropy parameters, (,, and (,p, coincide with
their counterparts related to the usual tensor virial
equations, and Egs. (46a) and (47a) take the explicit
form (C06):

Cor = (1/3)Tram — (20/N)(n/2)m[(vg, )n]”
Tram — (20/N)nm|[(g,)n)? ’
L=s,t (65a)
C’I‘T = (1/3)Trdm s (65b)

Tram — (20/N)nm|[(Tg,)n)?

where the special case, n = 0, relates to the initial
configuration, characterized by isotropic random ve-
locity component distributions ((,, = 1/3) and no
figure rotation.

In the extreme case where the reversion pro-
cess is completed, n = N/2, the changes expressed
by Egs. (59)-(64) take the form:

Trdm — dydm — Em[(m)N/ZF ’ (66)
N
(Tram) g6, — (Trdm) g6, — 5m[(W)N/2]2 , (67)
(Trdm)ee — (Tvdm)ee — %m[(ﬁ)z\//z]z ;
{=s,t ; (68)
N 2
Toys — 0+ Em[(v@,)N/Q] , (69)
N
(Tsys)grp, — 0+ gm[(W)N/ﬂz : (70)
(Tsys)ZZ — 0+ %m[<m)]\/’/2]2 s {=s,t . (71)
Similarly, Egs. (65) take the form:
ot = (1/3)Tram — (N/4)m[(v5,) n/2)?
Trdm - (N/2)m[(W)N/2]2 ’
{=s,t ; (72a)
(1/3)Trdm
rr = N 72b
S - N2l )

in any case, the anisotropy excess, (g — (rr < 0, is
counterbalanced by figure rotation.

4.2. Axial velocity component reversion

Performing the reversion process of axial ve-
locity components of given fraction of particles, n/N,
implies the conversion of random (translation) mo-
tion kinetic energy into systematic (translation) mo-
tion kinetic energy, as:

A(T‘lrdm)rr = _A<Tsys)7‘r
__ 2n __
= _*M(vr)2 = _ﬁnm[(vr)nP , (73)

where the remaining parameters are left unchanged.
The reversion process implies the following en-
ergy changes:

2n 9

Trdm — drdm — W{n‘m[(m)n] ) (74)
(Trdm)rr i (Trdm)rr - %nm[(a)n]Q ) (75)
Toys — 0+ nm{(@)al? (76)
(Tags)re — 0+ nml @) (77)

while the contributions from random motions along
the principal axes z; and z¢, (Trdm)ss and (Trdm )+t
remain unchanged.

With the system being relaxed, ¢ = 1, in the
case under discussion, the generalized and effective

anisotropy parameters, (,, and (,p, coincide with
their counterparts related to the usual tensor virial
equations, and Egs. (46a) and (47a) take the explicit
form:

Cee = (1/3)Tiam

Tram — (2n/N)nm[(T)n]?

=351 ; (78a)
o W T — /Nl

Trdm - (2n/N)nm[(v7T)n]2
where the special case, n = 0, refers to the initial
configuration, characterized by isotropic random ve-
locity component distributions ({,, = 1/3) and no
figure rotation.

In the extreme case where the reversion pro-
cess is completed, n = N/2, the changes expressed
by Egs. (74)-(77) take the form:

Trdm — dydm — Em[(W)N/ZF ) (79)
(Trdm)rr - (Trdm)rr - %m[(W)N/Z]Q ) (80)
Tsys — 0+ gm[(W)N/Q]Q ; (81)
(Tsys)rr —0 + %m[(W)N/Z]Q 9 (82)
similarly, Eqgs. (78) take the form:
e = 72D im
Trdm - (N/Q)m[(W)N/Q]Q ’
{=s,t ; (83a)
(1/3)Tram — (N/2)m|(0r) ny2]®

T L — (V2 )

in any case, the anisotropy excess, (g — (rpr > 0, is
counterbalanced by figure (imaginary) rotation.
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4.3. Change of reference frame and imaginary
rotation

Performing the reversion process on a given
fraction of particles, n/N, implies the conversion of
random motion (translation) kinetic energy into sys-
tematic motion (translation) kinetic energy, with re-
spect to the principal axis ., according to Eqs. (73)-
(77). The related kinetic-energy tensor component
of the centre of inertia, by use of Egs. (57) and (73),
reads:

1 2n
(TC)r'r = §M(W)2 = ﬁnm[(a)n]Q = _A(Trdm)r'r'a
(84)
which, in the case under discussion, coincides with
the kinetic energy of the centre of inertia, T¢, since
(Tc)ss = (Tc)u = 0. In the centre of inertia refer-
ence frame, the random motion kinetic-energy tensor
component related to the axis z,, (T}y,,)rr, by use of
Egs. (57) and (84), after the reversion process takes
the form:

1 ; 2
( r/dm)TT = imz |:U£) - UCT:| = (Trdm)rr

M) = (Taw)er — (To)rr, (89)

where the kinetic energy, Tc = (T¢)yr, is masked by
the change of reference frame (e.g. LL66, Chap.II,
§8).

_ Let the i-th particle be at the distance, wﬁl) =
{[chz)]2 + [a:gl)]Q}l/Q, from the principal axis z,, with
velocity component, vﬁz). The imaginary angular ve-

locity (Caimmi 1996, C06, C07), iﬂg), can be defined
in such a way that the translational kinetic energy
along the axis x, is counterbalanced by the imag-

inary rotational kinetic energy around the z, axis,
ie.

1 . 1 72 2
- (12 4 = (4) Q)| =
Qm[vr I“+ 5™ [wr ] {zQT ] 0, (86)
NG
o =2 (87)
wr

where the index, i, refers to the i-th particle, and the
factor, 4, is the imaginary unit. In this context, the
velocity components on the principal axis x, may be
translated into imaginary tangential velocity compo-
nents in the (O z, ;) principal plane, as:
(ivy,)? = (1w, Q)% = =02

T

(83)

according to Egs. (86) and (87).

Let imaginary rotation around the axis x, be
imparted to the particles where the reversion pro-
cess has occurred, and their counterparts with equal
imaginary tangential velocity components, as pre-
scribed by Eq. (88), particularized to the mean axial
velocity component, 7., expressed by Eq. (57). The
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related increment in imaginary rotational kinetic en-
ergy reads:

1 _ 2n _
A(Tsys) g6, = QM(Z%T)Q = ——nm|(ivg, )nl®

N

(89)
and the combination of Egs. (73), (84), (88), and (89)
yields:
A(TSYS)¢r¢r = 7A(Tsy5)rr = —(Tc)m = A(Trdm()rr)
90
Thetabove results may be reduced to a single state-
ment.

Theorem 1. Given an R fluid with isotropic
random velocity distribution and no figure ro-
tation, let the axial velocity component rever-
sion process be performed on a given fraction
of particles, n/N, with respect to the prin-
cipal axis x,. Then turning to the centre
of inertia reference frame with a kinetic en-
ergy loss, A(Tsys)rr = (IC)rr, IS equivalent
to putting the initial configuration into imag-
inary rotation around the principal axis x,
with square mean tangential velocity compo-
nent, (ivg,)*> = —(v;)?, implying a kinetic en-
ergy gain, A(Tsys)qﬁﬂm = —(Tc)rr-
Accordingly, Eqs. (74)-(77) are replaced by the

following:

Toys = 0= 0nml(T)al? (o1)
(Tos)oron — 0= nml@)nl? . (92)
(Tyeie = 0= 3 mml@) (99

while the contributions from random motions remain
unchanged, and the random velocity distribution re-
mains isotropic (11 = (a2 = (33 = 1/3).

In the extreme case where the reversion pro-
cess is complete, n = N/2, and the maximum
amount of available imaginary rotation has been at-
tained, the changes expressed by Eq. (91)-(93) take
the form:

Toys = 0~ Sl )npal” (94)
(L)oo, — 0= i@yl . (99)
(Lsder = 0= Sml@)ngal” . (96)

the above results may be reduced to a single state-
ment.

Theorem 2. Given an R fluid with isotropic
random velocity distribution and no figure ro-
tation, let the axial velocity component rever-
sion process be performed on a given fraction
of particles, n/N, with respect to the principal
axis x,, and the reference frame changed into
the centre of inertia reference frame, then the
resulting configuration with anisotropy excess,
Coe—Crr > 0, Eqs. (78), is equivalent to the ini-
tial configuration with null anisotropy excess,
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Cee — G = 0, and imaginary rotation around
the principal axis x,, with square mean tan-

gential velocity component, (ivy,)? = —(v;)%.

4.4. Anisotropy excess and imaginary rotation

Consider a nonrotating (€2, = 0) isotropic
(C11 = a2 = (33 = 1/3) configuration, and let the
tangential velocity component on the principal plane
(Oxsxt) be reversed in such a way that Egs. (66)-
(72) hold. Let an equal amount of real and imaginary
tangential velocity component on the principal plane
(O x5 x;) be imparted to each particle for a total con-
tribution equal to (2/3)frTram and —(2/3) frTrdm,
respectively, where f, is a positive real number,
which leaves the total energy unchanged. Let the
reversion process be repeated for real tangential ve-
locity components, to attain a null figure (real) rota-
tion. The related changes, with respect to the initial
configuration, are:

2
Trdm - (1 + 3f7) Trdm ) (97)

2
(Trdnl)¢r¢T - (Trdm)qbﬂbr + gfrTrdm ) (98)

1/2 2
Tr m a5l 9 oJT Tr m
(d)ze—>2(3+3f) d (99)
2
Toys = 0= 5 fiTam (100)
2
(Tsys) g9, — 0= gfv"Trdm ) (101)
12
(Tsys)ee — 0 - §§frTrdm ) (102)
and the related anisotropy parameters read:
iy 2 (13 + (U3) /T _ 141,
[1 + (2/3)fr]Trdm 3+ 2fr ’
L=s,t ; (103a)
1/3)T am 1
Gor = /BT (103b)

1+ (2/3) ] Toam 3 +2fr

where the anisotropy excess, (oo — Gor = fr/(3 +
2f,) > 0, is counterbalanced by imaginary rotation,
according to an initial configuration with isotropic
velocity component distribution and no figure rota-
tion. As application of the above results, two signi-
ficative examples will be considered.
First example. Systems flattened by

anisotropic velocity component distribution

(011 = 022 > 033) with no figure rotation.

Let tangential velocity components on the
principal plane (Oxqxz2) be reversed in a conve-
nient fraction of particles, n/N, to yield a convenient
amount of figure rotation together with isotropic ve-
locity component distribution (¢}, = g4, = 033), as
sketched in Fig. 1.

The combination of Egs. (53), (54), and (56a)
yields:

O \2 4n? SN

(&) :%W[(Um)n] ; (104)
2 1 )

(055> = g(%rm)

—%{W—‘j@[@wnﬁ} . (105)

while the mean square velocity components are left
unchanged in the reversion process. The substitution
of Egs. (104) and (105) into (38b) and (38c) shows
the dependence of systematic and random motion
tangential kinetic-energy tensor components on the
reversion process.

In the case under discussion (r = 3), the
random velocity component distribution has to be
isotropic after the reversion process, which makes
Egs. (61) and (64) to reduce to:

M M
(Tram)ee = o5 [U?e - (Uee - ‘733)] = 7053 )
(=1,2 ; (106)
M 2 2
(Tsys)ee = > (O’M — 033) ; =12 ; (107)
2n 1 4n? M
an[(%r)n]Q = §WM[(U¢T)7L]2 = ?(%T)Q
M
= 95 (Ufe - 053) ; (108)

which defines the configuration after the reversion
process.

Second example. Systems elongated by

anisotropic velocity component distribution

(011 = 022 < 033) with no figure rotation.

Let a convenient real and imaginary figure ro-
tations, Ty, and ivg,, with respect to the principal
axis x3, be imparted to the system. Then the kinetic
energy remains unchanged. Concerning the real ro-
tation, let the reversion process be performed on one
half of the particles, leaving figure imaginary rotation
together with isotropic velocity component distribu-
tion (01, = 04 = 033), as sketched in Fig. 2.

Accordingly, Egs.(104) and (105) hold for
imaginary tangential velocity components on the
principal plane (O z7 23) and figure imaginary rota-
tion around the principal axis x3.

In the case under discussion (r = 3), an
isotropic velocity component distribution after the
reversion process implies the validity of Egs. (106),
(107), and (108), where the tangential velocity com-
ponents are imaginary (og < o0s3), and the config-

uration after the reversion process is completely de-
fined.
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xs3 T34

O\ . O\

T2 T2
I T1
. I .
011 = 022 > 033 ; 011 = 099 =033 ;
—\2 _ . —\2 _ 2 2 _ 2 2 .
(’U¢3) =0 ; (Ugs5)” = 011 — 033 = 055 — 033 ;

Fig. 1. After reversion of tangential velocity components for a convenient fraction of particles, with respect
to the principal plane (Oxz1x3), a configuration flattened by anisotropic velocity component distribution (o117 =

092 > 033) with no figure rotation (Tg, = 0), (left), is turned into a configuration flattened by figure rotation

Tgy = (03 — 023)V/2 = (03, — 023)'/2 with isotropic velocity component distribution (0}, = ohy = 033),

(right). The symbol, U, denotes figure rotation about the corresponding principal axis.

T34 T34
[0)
0] . 0 .
T2 4]
I T
. R .
011 = 022 < 033 ; 011 = 099 =033
2 _ . T2 2 2 _ 2 2 .
(vgs)* =0 ; (ivgg)* = 01y — 033 = 035 — 033 ;

Fig. 2. After imparting a convenient figure real and imaginary rotations, Vg, and ivg,, with respect to
the principal axis x3, to the system, and reversing real tangential velocity components on one half of the
particles, a configuration elongated by anisotropic velocity component distribution (011 = 092 < o33) with
no figure rotation (g, = 0), (left), is turned into a configuration elongated by figure (imaginary) rotation
Wy = (03 — 023)Y/2 = (035 — 023)Y/? with isotropic velocity component distribution (0, = ohy = 033),
(right). The symbol, U, denotes figure rotation about the corresponding principal axis.
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4.5. Tangential velocity component reversion
in the general case

In the general case of anisotropic velocity com-
ponent distribution (011 # 022 # 033) and figure ro-
tation around each principal axis (21 # Qg # Q3 #
0), with regard to the principal plane (O zsx;), let
the tangential velocity component reversion process
be applied to one half of the particles in such a way
that no figure rotation about the principal axis x,
occurs, €, = 0. Keeping in mind Egs. (51)-(54), the
corresponding energy changes read:

(Team)ors, = Tuam)ors, + M), (109)
(Tos)ortn = Toys)oo, — 3 MY =0, (110)
g, = (Tg,)ny2 = Z vy (111)

ATye)rt, = ~AlTam)ors, = —3 M(T5,)?
= MR%,(G,) (112)

[(Team)ors, Jee + [(Trm ) e = 5 Moy

(=12 ; (113)
(Taam)re = 5M%, (114)
where the rms velocity components, O'M and o2, per-

tain to the initial configuration.
The changes in anisotropy parameters, (p, =

2 /2 :
o,p/0%, read:

Coo + (1/2)Alye

; {=s,t ; (11
Coe — N ; s,t ; (115a)
Crr

rr — 115b

Gr 1+ Adu (115b)
2

Al = % i U=st (115¢)

(o

where the rms velocity, o2, pertain to the initial con-
figuration.

The application of the above procedure to the
principal axes x1 and x5, makes the transition from
an initial configuration with rms velocity compo-
nents 0%, 03y, 034, and figure rotation around the

principal axes 1, 29, Q3, to a final configuration
with rms velocity components (};)?, (055)?, (043)?,
and figure rotation around the principal axes 0, 0,

Q3 The corresponding energy changes read:

1
(Trdm)ll i (Trdm)ll + ZM(%)z ) (116)

1
(Trdm)22 - (Trdm)22 + ZM(TM)Q )

(Trdm)33 = (Trdm)33 + EM [(05,)? + (Ug,)%] , (118)

(117)

Trdm

rdm + M[(U%) +(%)2] ’ (119)

(Trdm) 7M0—pp ) b= 17273 ) (120)

and the pertaining changes in anisotropy parameters
are:

(i1 + (1/2)Aln

¢ — LA T Al (121a)
Go2 — m (121b)
o OB g
A = (U?—;)z ;o Al = (g)z .(121d)

The above results may be reduced to a single state-
ment.

Theorem 3. Given an R fluid, a conve-
nient application of the tangential velocity
component reversion process produces an ad-
joint configuration where figure rotation oc-
curs around a single principal axis, that is an
R3 fluid.

Accordingly, the results valid for R3 fluids
(C07) may be extended to the general case of R flu-
ids.

5. DISCUSSION

As suggested in earlier attempts (Caimmi
1996, C06, C07), the equivalence between a varia-
tion in figure rotation and in anisotropy excess, may
provide a useful tool for the description of collision-

less fluids. The discussion here shall be focused on
the spin parameter (Peebles 1969, 1971):

J’E

2 .
A T G2ZML

(122)

where G is the gravitational constant, M the total
mass, J the total angular momentum, and E the
total energy. The above formulation includes four
possibilities, namely (i) real rotation (J2 > 0) and
bound system (E < 0), which is the sole currently
used in literature; (ii) imaginary rotation (J? < 0)
and bound system (E < 0); (iii)real rotation (J? >
0) and unbound system (E > 0); (iv) imaginary ro-
tation (J? < 0) and unbound system (E > 0). Ac-
cordingly, the spin parameter attains real values in
cases (i) and (iv), and imaginary values in cases (ii)
and (iii).

In the light of the current model, oblate-like
and prolate-like configurations belong to cases (i)
and (ii) outlined above, while cases (iii) and (iv) rep-
resent unbound structures for which the virial equa-
tions do not hold. Therefore, the comparison with
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observations and/or computations must be restricted
to bound configurations.

The spin parameter distribution is usually fit-
ted using a lognormal distribution (e.g. van den Bosh
1998, Gardner 2001, Ballin and Steinmetz 2005, Her-
nandez et al. 2007) or, in general, one dependent on
log A (e.g. Bett et al. 2007), in dealing with real
rotation. The inclusion of imaginary rotation would
imply use of A? instead of A as independent variable,
allowing for both positive (real rotation) and nega-
tive (imaginary rotation) values.

The following procedure should be followed for
calculating A\? from observations and/or computa-
tions: (1) determine the inertia tensor and the prin-
cipal axes of inertia for a given matter distribution;
(2) determine the potential-energy tensor; (3) deter-
mine the anisotropy parameters using the general-
ized virial equations; (4) perform the reversion pro-
cess with respect to two principal axes of inertia to
leave figure rotation around the third one (R3 fluid);
(5) convert the anisotropy excess into figure (real or
imaginary) rotation to obtain isotropic velocity com-
ponent distribution ({11 = (22 = (33); (6) evaluate
the spin parameter; (7) act as already done for all the
sample objects; (8) determine the distribution of the
spin parameter, P(\?), with respect to the sample of
adjoint configurations, where the velocity component
distribution is isotropic.

The related results could provide further in-
sight on formation and evolution of large-scale colli-
sionless fluids, such as galaxies and galaxy clusters.

6. CONCLUSION

A theory of collisionless fluids was developed
in a unified picture, where the nonrotating (ﬁ; =
QVQ = ﬁg = 0) figures with specified random veloc-
ity component distributions, and the rotating (STl #*

Qg # Q3) ones with different random velocity com-
ponent distributions, make adjoint configurations to
the same system. R fluids have been defined as ideal,
self-gravitating fluids satisfying the virial theorem as-
sumptions (e.g. LL66, Chap.II, §10; C07), in pres-
ence of figure rotation around each principal axis of
inertia.

To this aim, mean and rms angular velocities
and mean and rms tangential velocity components
have been expressed, by weighting on the moment of
inertia and the mass, respectively. The figure rota-
tion has been defined as the mean angular velocity,
weighted on the moment of inertia, with respect to
a selected axis.

The generalized tensor virial equations
(Caimmi and Marmo 2005) were formulated for R
fluids and further attention was devoted to axisym-
metric configurations where, for selected coordinate
axes, a variation in figure rotation has to be coun-
terbalanced by a variation in anisotropy excess and
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vice versa.

A microscopical analysis of systematic and
random motions was performed under a number of
general hypotheses, by reversing the sign of tangen-
tial or axial velocity components of an specified frac-
tion of particles, leaving the distribution function
and other parameters unchanged (Meza 2002).

The application of the reversion process to
tangential velocity components, was found to imply
the conversion of random motion rotation kinetic en-
ergy into that of systematic motion. The application
of the reversion process to axial velocity components
was found to imply the conversion of random mo-
tion translation kinetic energy into systematic mo-
tion translation kinetic energy, and the loss related
to a change of reference frame has been expressed
in terms of systematic motion (imaginary) rotation
kinetic energy.

A number of special situations was investi-
gated in more detail. It was found that an R fluid
always allows an adjoint configuration where figure
rotation takes place about only one principal axis of
inertia (R3 fluid), which implies that all the results
related to R3 fluids (Caimmi 2007) may be extended

to R fluids.
Finally, a procedure has been sketched for

deriving the spin parameter distribution (including
imaginary rotation) from a sample of observed or
simulated large-scale collisionless fluids i.e. galaxies
and galaxy clusters.
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Opuzunasiy HayuHy pao

PaszBujena je obOjenumena Teopuja 06e3-
cymapHor (urymma y KOjoj Heporupajyha rteia

(1 = Q2 = Q3 = 0) ca HpUIECAHOM PACIOLEIOM
ciayvajHuX Op3uHA KOMIIOHEHATa M porupajyha

rena (0 # Qo # 3) ca pazmIUUUTOM pacrome-
JIOM CJIydYajHUX Op3MHa KOMIIOHEHATa UYWHE a-
jYHrOBaHe KOHQUIypauuje HCTOr cucreMa. R
¢paynnu cy nepUHUCAHM KAao KIOeaJHU, caMor'pDa-
BUTHpajyhm ¢uayumnu kKoju 3aJ0BOJbaBajy IpeT-
IOCTaBKe TeopeMe BUpHjaJa, Ca CUCTEMATCKOM
poTamujoM OKO CBakKe OX TJIABHUX OCa WHEP-
muje. Cpemma yraoua Op3mHa ¥ CTAHIAPIHA -
BUjanyja, Ka0 W CPella TaHreHIujadHa Op3uHa
U CTaHIapJHAa JeBUjaluja CBake OJ KOMIOHEeHaTa
U3paKeHe Cy TakKo Ja Cy MOMEHT WHEpIUje U
Maca OpeAcTaB/beHe OoAroBapajyhum TexuHama.
Poranuja tena je mepumHMCaHA TpPEKO Cpenme
yraoHe Op3uHE Ca OTEKUIEHUM MOMEHTOM HHED-
mje y oauocy Ha omabpanmy ocy. Ilocrasmene cy
reHepaJIN30BaHEe TEH30PCKE BUPUjAJHE jeTHAUYNHE
(Caimmi and Marmo 2005) 3a R ¢ayune u nama
naskma je nocBelieHA OCHOCHMMETPUYHMM KOH(U-
rypanujama KOJI KOjUX, 3a u3abpaHe KOODIU-
HaTHE OCe, Bapujaluje y pOTanuju TeJId MOpPajy
OuTH ypaBHOTE:KEHE BapHUjalujaMa y MePU aHU-
3oTponuje, u oOpHYyTO. MUKPOCKOIICKA aHaIm3a
CUCTEMATCKOr U HeypebheHOr kpeTama M3BpIIEHA
je y crmamy ca ompebemmM ommTyMm xmmoresama,
M3MEHOM 3HAKa TAHTEHNMjaJHUX M AKCHUjaJHUX

KOMIIOHEHATa Op3uHe n3abpaHOr CKyIa YeCTUIA,
ocraBmajyhu mpm ToM ¢yHEUMjy pacmoneiie u
npyre mapamerpe HempomemenuMm (Meza 2002).
W3 mpumene nporenype u3MeHE 3HAKA TaHIEH-
IIjaJTHUX KOMIIOHeHaTa Op3uHa ciaenu KOHBEP3U-
ja EuHeTMuKe eHepruje HeypebeHor kperama y
KMHETUYKY €HEPrujy CHUCTEMATCKOT POTAINOHOT
KpeTama. 3 IpUMeHe Ipouenype U3MeHe
3HaKa AaKCUjaJHUX KOMIIOHeHaTa Op3uHa clemu
KOHBep3Uja KUHETUYKE €Hepruje TpaHCJIaluje
HeypeDeHOT Kperama y KHHETUYKY €HEPIHjy
TpaHCaurje CUCTEMATCKOr KpeTama, TOK je I'y-
OuTak IOBe3aH ca IIPOMEHOM cucCTeMa pedepeH-
e IPEACTaBILEH IPEKO KUHETUYKE eHepruje (nMa-
CUHAPHOT) CUCTEMATCKOI POTALMOHOI KPETamba.
Ieramuo je mpoyuen u onpeben O6poj cmenu-
jamaux caydajeBa. Habewo je ma R duayun
YBEK JHO3BOJbaBa AaJjyHIOBAHY KOH(PUTYypaIuUjy
KOJ KOje ce poTamudja Teja OIBUja OKO CaMo
jemme ramasue oce muepuuje (R3 ¢uymn), omarme
clenu na ce cBU pe3yinraTtu nobujenu 3a R3 ¢ay-
nne (Caimmi 2007) mory mpommputu Ha R ¢uy-
nne. Ha xpajy, ckunmpana je mpouexypa 3a
n3Bobheme PyHKNMUje pacoonesre TapaMerpa CIuHa
(yrmyuyjyhu mmarunapray poramujy) HA OCHOBY
Y30pKa MOCMAaTPAHUX WM CUMYJIUPAHUX Oe3Cy-
DapHUX (Iynaa Ha BEJIWKUM CKaJlaMa, Tj. Fajlak-
CcUja U jaTa raJjiakcuja.
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