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SUMMARY: To apply the theorem of Nekhoroshev (1977) to asteroids, one first
has to check whether a necessary geometrical condition is fulfilled: either convexity,
or quasi-convexity, or only a 3-jet non-degeneracy. This requires computation of
the derivatives of the integrable part of the corresponding Hamiltonian up to the
third order over actions and a thorough analysis of their properties. In this paper
we describe in detail the procedure of derivation and we give explicit expressions
for the obtained derivatives.
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1. INTRODUCTION

To provide an answer to the question on the
stability of motion over very long time spans, one
can make use of the well-known theorem of Nekhoro-
shev (1977). However, to apply this theorem to the
real dynamical systems, e.g. in the case of asteroids
(Guzzo et al. 2002), we have to first check whether
the integrable part of the corresponding Hamiltonian
fulfils necessary geometrical condition required by
the theorem (convexity, quasi-convexity, 3-jet non-
degeneracy). To do that, we need to find the deriva-
tives up to the third order of the integrable part of
the Hamiltonian over actions. The aim of this paper
is to give in full the expressions for these derivatives,
and to describe in detail the procedure of their com-
putation, since they can be determined only numer-
ically. By using these derivatives in the analysis of
the structure of the phase space, we establish which
geometrical conditions are fulfilled in which part of
the phase space, thus making possible the application
of the theorem of Nekhoroshev in the regions where
(some of) these conditions are fulfilled (Pavlović and
Guzzo 2007).

2. THE ASTEROID HAMILTONIAN

The Hamiltonian of an asteroid can be repre-
sented as

H = − 1
2L2

+ G
N∑

j=1

mj

(
1

∆j
− r · sj

s3
j

)
, (1)

where ∆j is the distance of the j-th planet from the
asteroid, sj is the distance of the j-th planet from the
Sun, mj is the mass of the j-th planet, j = 1, . . . , 8,
and G is the gravitational constant.

Introducing the modified Delaunay’s variables

Λ = L,

H = L−G,

Z = G−Θ,

λ = l + $,

h = −$,

ζ = −ϑ, (2)

the Hamiltonian (1) becomes
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H = − 1
2Λ2

+

+εKp(Λ,H, Z, λ, h, ζ, aj , λj , ξj , ηj , pj , qj),
(3)

where we select units for mass, length and time in
such a way to get G = m0 = 1 (m0 is mass of
the Sun); λj are mean longitudes of the planets,
ξj , ηj , pj , qj corresponding elliptic elements of the
planets (Morbidelli 2002) for which the linear the-
ory gives

ξj = ej cos$j =
8∑

k=1

Mj,k cos(gkt + αk),

ηj = −ej sin$j = −
8∑

k=1

Mj,k sin(gkt + αk),

pj = sin
ij
2

cos ϑj =
8∑

k=1

Nj,k cos(skt + βk),

qj = − sin
ij
2

sin ϑj = −
8∑

k=1

Nj,k sin(skt + βk),

(4)

where gk, sk are the frequencies, Mj,k, Nj,k ampli-
tudes and αk, βk phases of forced perturbing terms.

Hamiltonian (3) is given as a sum of the inte-
grable part h0 = 1

2Λ2 , which corresponds to the two-
body problem, and of the perturbation εKp, which
is of the order of the mass ratio of Jupiter and the
Sun (≈ 10−3). Perturbation is time dependent indi-
rectly, via λj , ξj , ηj , pj , qj , which are known functions
of time, and of proper frequencies.

In general, when the Hamiltonian is time de-
pendent, the space of phases can be extended by a
new action conjugate to time, to get an autonomous
system. Applying this technique, Hamiltonian (3)
becomes

H = − 1
2Λ2

+ njΛj + ενgj Λgj + ενsj Λsj +

+εKp(Λ,H, Z, λ, h, ζ, λj ,

ξj(λgj ), ηj(λgj ), pj(λsj ), qj(λsj )),

(5)

where the frequencies of the system are explicitly
present. In (5), Λj are conjugate to λj (the fre-
quency of which are nj), and Λgj , Λsj are conjugate
to λgj = −gjt − αj , that is to λsj = −sjt − βj ; we
put ενgj = −gj and ενsj = −sj to indicate the order
of magnitude of the secular frequencies.

Moreover, the Hamiltonian (5) must be ex-
panded in Taylor series around zero in terms of el-
liptic elements ξj , ηj , pj , qj , because these are small
quantities according to the theory of planetary mo-
tion. In this way, we get Hamiltonian in the form

H = − 1
2Λ2

+ njΛj + ενgj Λgj + ενsj Λsj +

+εK0 + ε2K1 + · · · ,
(6)

where the index i in Ki denotes order of the polyno-
mial in ξj , ηj , pj , qj .

Considering region of the phase space far from
the mean motion resonances between the asteroid
and the planets, we can eliminate from the Hamilto-
nian the fast variables λ i λj , by means of the Lie’s
algorithm. Hamiltonian (6) then reads

HA = − 1
2Λ2

m

+ njΛj,m + ενgj Λgj ,m +

+ενsj Λsj ,m + εK0 + ε2K1 + · · · ,
(7)

where bar denotes averaging over λ and λj , which
can be performed by computing the double integral.
As a results we do not get an analytic expression for
the Hamiltonian, but we can numerically compute it,
as well as its derivatives, for every point in the phase
space.

The integrable part of the Hamiltonian (7),

H0 = − 1
2Λ2

+ εK0, (8)

is a function of actions Λ,H, Z and of the angle
g = ζ−h (Kozai 1962), where, for simplicity, we omit
the index m. It is now necessary to apply Henrard’s
(1990) semi numeric method to the Hamiltonian (8)
to reduce it to the form independent of the angle g

H0(Λ, J, Z) = h0 + εK0(Λ, J, Z), (9)

where Λ, J, Z are the actions. In practice, this is the
easiest to do by switching from variables (2), via

P = L−Θ,

Q = G−Θ,

p = −ϑ− g,

q = g,
(10)

to cartesian canonical variables

x =
√

2Q cos q,

y =
√

2Q sin q, (11)

and then to action-angle variables

y = Y (ψ, J, Z),
x = X(ψ, J, Z),
p = z + %(ψ, J, Z),
P = Z,

(12)

where J and Z are the actions, ψ and z their con-
jugate angles, and % is correction which preserves
canonical character of the transformation (12).
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3. DERIVATIVES OF THE INTEGRABLE
PART OF THE HAMILTONIAN

Proper frequencies of the integrable part of the
Hamiltonian (9) are:

ω1 =
∂h0

∂Λ
+

∂(εK0)
∂Λ

,

ω2 =
∂(εK0)

∂J
=

2π

T
,

ω3 =
∂(εK0)

∂Z
=

1
T

T∫

0

∂(εK0)
∂P

dt.

(13)

Frequencies ω1, ω2, and ω3 can be computed numer-
ically. T is the period which corresponds to the peri-
odic orbit in the (x, y) plane; the integration is per-
formed along that periodic curve (γ) (Fig. 1). Prob-
lem of finding the curve (γ) can be solved in various
ways; we have chosen to integrate numerically equa-
tions of motion of the Hamiltonian K0. Even if this
method consumes more computing time, it has the
advantage of being equally applicable in case of the
circulation, as well as in case of the libration of the
angle g.
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Fig. 1. Level curves of Kozai’s Hamiltonian K0 in
the (x, y) plane. Curve γL corresponds to the peri-
odic orbit for libration, and γC for circulation of the
angle g.

Derivatives of the frequency ω1 over actions
Λ, J , and Z can also be computed numerically. For
example, derivative of ω1 over Λ can be computed
directly from

∂ω1

∂Λ
=

∂2H0

∂Λ2
= − 3

Λ4
+

∂2(εK0)
∂Λ2

(14)

while the derivatives over J and Z are:

∂ω1

∂J
=

∂2H0

∂Λ∂J
=

∂2(εK0)
∂Λ∂J

= − 2π

T 2

∂T

∂Λ
, (15)

∂ω1

∂Z
=

∂2H0

∂Λ∂Z
=

∂2(εK0)
∂Λ∂Z

=

=
1
T

T∫

0

∂2(εK0)
∂Λ∂P

dt−

−
[
ω3 − ∂(εK0)

∂P
(T )

]
1
T

∂T

∂Λ
.

(16)

We see that in the above expressions the derivative
∂T
∂Λ appears, which represents change of the period
of the periodic orbit with the change of parameter
Λ, that is of the semimajor axis. By differentiating
expression for the period (Morbidelli and Henrard
1991)

T =
∫

γ

(
∂(εK0)

∂Q

)−1

dg, (17)

we straightforwardly find

∂T

∂Λ
= −

∫

γ

(
∂(εK0)

∂Q

)−2 (
∂2(εK0)
∂Λ∂Q

)
dg, (18)

where the integration is performed along the periodic
curve γ.

According to Eq. (15) for the derivative of the
frequency ω2 over Λ, one gets

∂ω2

∂Λ
=

∂2H0

∂Λ∂J
=

∂ω1

∂J
= − 2π

T 2

∂T

∂Λ
. (19)

The remaining derivatives of the frequency ω2 over
actions J and Z are explicitly given in Henrard
(1990)

∂ω2

∂J
=

∂

∂J

(
2π

T

)
= − 2π

T 2

∂T

∂J
, (20)

∂ω2

∂Z
=

∂

∂Z

(
2π

T

)
= − 2π

T 2

∂T

∂Z
. (21)

Derivatives of the period can be estimated on
the basis of periodicity of the solutions x = X(t, J, Z)
or y = Y (t, J, Z), that is

X(0, J, Z) = X(T, J, Z), (22)

while by differentiating (22) over J and Z one gets
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ẋ(0)
∂T

∂J
=

∂X

∂J
(0)− ∂X

∂J
(T ),

ẋ(0)
∂T

∂Z
=

∂X

∂Z
(0)− ∂X

∂Z
(T ).

(23)

If ẋ(0) = 0, then one has to use the property of the periodicity of the solution Y (t, J, Z)

ẏ(0)
∂T

∂J
=

∂Y

∂J
(0)− ∂Y

∂J
(T ), (24)

since ẋ(0) and ẏ(0) cannot simultaneously be equal to zero (Henrard, 1990). For the derivative of the
frequency ω3 over Λ, according to Eq. (16), one finds

∂ω3

∂Λ
=

∂2H0

∂Λ∂Z
=

∂ω1

∂Z
=

=
1
T

T∫

0

[
∂2(εK0)
∂Λ∂P

+
∂2(εK0)
∂x∂P

∂x

∂Λ
+

∂2(εK0)
∂y∂P

∂y

∂Λ

]
dt−

[
ω3 − ∂(εK0)

∂P
(T )

]
1
T

∂T

∂Λ
.

(25)

Computation of ∂ω3
∂J and ∂ω3

∂Z is slightly more complicated

∂ω3

∂J
=

∂

∂J


 1

T

T∫

0

∂(εK0)
∂P

dt


 =

= −
[
ω3 − ∂(εK0)

∂P
(T )

]
1
T

∂T

∂J
+

1
T

T∫

0

[
∂2(εK0)
∂x∂P

∂x

∂J
+

∂2(εK0)
∂y∂P

∂y

∂J

]
dt,

(26)

∂ω3

∂Z
=

∂

∂Z


 1

T

T∫

0

∂(εK0)
∂P

dt


 =

= −
[
ω3 − ∂(εK0)

∂P
(T )

]
1
T

∂T

∂Z
+

1
T

T∫

0

[
∂2(εK0)
∂x∂P

∂x

∂Z
+

∂2(εK0)
∂y∂P

∂y

∂Z
+

∂2(εK0)
∂P 2

]
dt.

(27)

Quantities ∂x
∂J and ∂y

∂J are obtained by numerically solving homogeneous variational equations

d

dt

∂x

∂J
= −∂2(εK0)

∂x∂y

∂x

∂J
− ∂2(εK0)

∂y2

∂y

∂J
,

d

dt

∂y

∂J
=

∂2(εK0)
∂x2

∂x

∂J
+

∂2(εK0)
∂x∂y

∂y

∂J
,

(28)

where, for the initial conditions (Henrard and Lemaitre 1986), one should take (1, ∂y
∂x (0)), while derivatives

∂x
∂Z and ∂y

∂Z are computed by solving the non homogeneous variational equations

d

dt

∂x

∂Z
= −∂2(εK0)

∂x∂y

∂x

∂Z
− ∂2(εK0)

∂y2

∂y

∂Z
− ∂2(εK0)

∂P∂y

d

dt

∂y

∂Z
=

∂2(εK0)
∂x2

∂x

∂Z
+

∂2(εK0)
∂x∂y

∂y

∂Z
+

∂2(εK0)
∂P∂x

(29)

with the initial condition (0, 0).
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In total, there are ten various third derivatives of an integrable asteroid Hamiltonian (9) over actions
(Λ, J, Z), needed to check the fulfillment of the 3-jet non degeneracy condition. Directly from (14) we
compute

∂2ω1

∂Λ2
=

∂3H0

∂Λ3
=

12
Λ5

+
∂3(εK0)

∂Λ3
, (30)

while from (19) and (25) we get somewhat more complex expressions

∂2ω2

∂Λ2
=

4π

T 3

(
∂T

∂Λ

)2

− 2π

T 2

∂2T

∂Λ2
, (31)

∂2ω3

∂Λ2
=

∂2

∂Λ2


 1

T

T∫

0

∂(εK0)
∂P

dt


 = −∂ω3

∂Λ
1
T

∂T

∂Λ
+

[
ω3 − ∂(εK0)

∂P
(T )

] [
1

T 2

(
∂T

∂Λ

)2

− 1
T

∂2T

∂Λ2

]
−

− 1
T 2

∂T

∂Λ

T∫

0

[
∂2(εK0)
∂Λ∂P

+
∂2(εK0)
∂x∂P

∂x

∂Λ
+

∂2(εK0)
∂y∂P

∂y

∂Λ

]
dt +

2
T

∂T

∂Λ

[
∂2(εK0)
∂Λ∂P

+
∂2(εK0)
∂x∂P

∂x

∂Λ
+

∂2(εK0)
∂y∂P

∂y

∂Λ

]
(T ) +

+
1
T

T∫

0

[
∂3(εK0)
∂Λ2∂P

+
∂3(εK0)
∂Λ∂x∂P

∂x

∂Λ
+

∂3(εK0)
∂Λ∂y∂P

∂y

∂Λ
+

(
∂3(εK0)
∂Λ∂x∂P

+
∂3(εK0)
∂x2∂P

∂x

∂Λ
+

∂3(εK0)
∂x∂y∂P

∂y

∂Λ

)
∂x

∂Λ
+

+
(

∂3(εK0)
∂Λ∂y∂P

+
∂3(εK0)
∂x∂y∂P

∂x

∂Λ
+

∂3(εK0)
∂y2∂P

∂y

∂Λ

)
∂y

∂Λ
+

∂2(εK0)
∂x∂P

∂2x

∂Λ2
+

∂2(εK0)
∂y∂P

∂2y

∂Λ2

]
dt.

(32)

By differentiating (19) over J and Z, we get mixed derivatives

∂2ω2

∂Λ∂J
=

4π

T 3

∂T

∂Λ
∂T

∂J
− 2π

T 2

∂2T

∂Λ∂J
, (33)

∂2ω2

∂Λ∂Z
=

4π

T 3

∂T

∂Λ
∂T

∂Z
− 2π

T 2

∂2T

∂Λ∂Z
, (34)

and differentiation of (27) over Λ gives

∂2ω3

∂Λ∂Z
= −

[
∂ω3

∂Λ
−

(
∂2(εK0)
∂Λ∂P

+
∂2(εK0)
∂x∂P

∂x

∂Λ
+

∂2(εK0)
∂y∂P

∂y

∂Λ

)
(T )

]
1
T

∂T

∂Z
+

[
ω3 − ∂(εK0)

∂P
(T )

]
×

×
[

1
T 2

∂T

∂Λ
∂T

∂Z
− 1

T

∂2T

∂Λ∂Z

]
− 1

T 2

∂T

∂Λ

T∫

0

[
∂2(εK0)
∂x∂P

∂x

∂Z
+

∂2(εK0)
∂y∂P

∂y

∂Z
+

∂2(εK0)
∂P 2

]
dt +

+
[
∂2(εK0)
∂x∂P

∂x

∂Z
+

∂2(εK0)
∂y∂P

∂y

∂Z
+

∂2(εK0)
∂P 2

]
(T )

1
T

∂T

∂Λ
+

1
T

T∫

0

[
∂3(εK0)
∂Λ∂P 2

+

+
∂3(εK0)
∂x∂P 2

∂x

∂Λ
+

∂3(εK0)
∂y∂P 2

∂y

∂Λ
+

(
∂3(εK0)
∂Λ∂x∂P

+
∂3(εK0)
∂x2∂P

∂x

∂Λ
+

∂3(εK0)
∂x∂y∂P

∂y

∂Λ

)
∂x

∂Z
+

+
(

∂3(εK0)
∂Λ∂y∂P

+
∂3(εK0)
∂x∂y∂P

∂x

∂Λ
+

∂3(εK0)
∂y2∂P

∂y

∂Λ

)
∂y

∂Z
+

∂2(εK0)
∂x∂P

∂2x

∂Λ∂Z
+

∂2(εK0)
∂y∂P

∂2y

∂Λ∂Z

]
dt.

(35)

From (20) we compute

∂2ω2

∂J2
=

4π

T 3

(
∂T

∂J

)2

− 2π

T 2

∂2T

∂J2 (36)
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while differentiation of (26) over J and Z yields

∂2ω3

∂J2
= −∂ω3

∂J

1
T

∂T

∂J
+

[
ω3 − ∂(εK0)

∂P
(T )

]
1

T 2

(
∂T

∂J

)2

−
[
ω3 − ∂(εK0)

∂P
(T )

]
1
T

∂2T

∂J2
−

− 1
T 2

∂T

∂J

T∫

0

[
∂2(εK0)
∂x∂P

∂x

∂J
+

∂2(εK0)
∂y∂P

∂y

∂J

]
dt +

[
∂2(εK0)
∂x∂P

∂x

∂J
+

∂2(εK0)
∂y∂P

∂y

∂J

]
(T )

1
T

∂T

∂J
+

+
1
T

T∫

0

[
∂3(εK0)
∂2x∂P

(
∂x

∂J

)2

+ 2
∂3(εK0)
∂x∂y∂P

∂x

∂J

∂y

∂J
+

∂3(εK0)
∂y2∂P

(
∂y

∂J

)2

+
∂2(εK0)
∂x∂P

∂2x

∂J2
+

∂2(εK0)
∂y∂P

∂2y

∂J2

]
dt,

(37)

that is

∂2ω3

∂J∂Z
= −∂ω3

∂Z

1
T

∂T

∂J
+

[
ω3 − ∂(εK0)

∂P
(T )

]
1

T 2

∂T

∂J

∂T

∂Z
−

[
ω3 − ∂(εK0)

∂P
(T )

]
1
T

∂2T

∂J∂Z
−

− 1
T 2

∂T

∂Z

T∫

0

[
∂2(εK0)
∂x∂P

∂x

∂J
+

∂2(εK0)
∂y∂P

∂y

∂J

]
dt +

[
∂2(εK0)
∂x∂P

∂x

∂J
+

∂2(εK0)
∂y∂P

∂y

∂J

]
(T )

1
T

∂T

∂Z
+

+
1
T

T∫

0

[
∂3(εK0)
∂2x∂P

∂x

∂J

∂x

∂Z
+

∂3(εK0)
∂x∂y∂P

(
∂x

∂J

∂y

∂Z
+

∂x

∂Z

∂y

∂J

)
+

∂3(εK0)
∂y2∂P

∂y

∂J

∂y

∂Z
+

∂3(εK0)
∂x∂P 2

∂x

∂J
+

+
∂3(εK0)
∂y∂P 2

∂y

∂J
+

∂2(εK0)
∂x∂P

∂2x

∂J∂Z
+

∂2(εK0)
∂y∂P

∂2y

∂J∂Z

]
dt.

(38)

The last and the most complicated expression one gets by differentiating (27) over Z

∂2ω3

∂Z2
= −∂ω3

∂Z

1
T

∂T

∂Z
+

[
ω3 − ∂(εK0)

∂P
(T )

]
1

T 2

(
∂T

∂Z

)2

−
[
ω3 − ∂(εK0)

∂P
(T )

]
1
T

∂2T

∂Z2
−

− 1
T 2

∂T

∂Z

T∫

0

[
∂2(εK0)
∂x∂P

∂x

∂Z
+

∂2(εK0)
∂y∂P

∂y

∂Z
+

∂2(εK0)
∂P 2

]
dt +

+
1
T

T∫

0

[
∂3(εK0)
∂2x∂P

(
∂x

∂Z

)2

+ 2
∂3(εK0)
∂x∂y∂P

∂x

∂Z

∂y

∂Z
+

∂3(εK0)
∂y2∂P

(
∂y

∂Z

)2

+
∂3(εK0)
∂x∂P 2

∂x

∂Z
+

+
∂3(εK0)
∂y∂P 2

∂y

∂Z
+

∂3(εK0)
∂P 3

+
∂2(εK0)
∂x∂P

∂2x

∂Z2
+

∂2(εK0)
∂y∂P

∂2y

∂Z2

]
dt +

+
[
∂2(εK0)
∂x∂P

∂x

∂Z
+

∂2(εK0)
∂y∂P

∂y

∂Z
+

∂2(εK0)
∂P 2

]
(T )

1
T

∂T

∂Z
.

(39)

The second derivatives of period T over actions Λ, J , and Z are obtained by differentiating (18). The
second derivatives of coordinates (x, y) are found by differentiating variational Eqs. (28) over J

d

dt

∂2x

∂J2
= −∂3(εK0)

∂x2∂y

(
∂x

∂J

)2

− 2
∂3(εK0)
∂x∂y2

∂x

∂J

∂y

∂J
− ∂3(εK0)

∂y3

(
∂y

∂J

)2

− ∂2(εK0)
∂x∂y

∂2x

∂J2
− ∂2(εK0)

∂y2

∂2y

∂J2

d

dt

∂2y

∂J2
=

∂3(εK0)
∂x3

(
∂x

∂J

)2

+ 2
∂3(εK0)
∂x2∂y

∂x

∂J

∂y

∂J
+

∂3(εK0)
∂x∂y2

(
∂y

∂J

)2

+
∂2(εK0)

∂x2

∂2x

∂J2
+

∂2(εK0)
∂x∂y

∂2y

∂J2
,

(40)

and (29) over Z
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d

dt

∂2x

∂Z2
= − ∂3K0

∂x2∂y

(
∂x

∂Z

)2

− 2
∂3K0

∂x∂y2

∂x

∂Z

∂y

∂Z
− ∂3K0

∂y3

(
∂y

∂Z

)2

− 2
∂3K0

∂x∂y∂P

∂x

∂Z
−

−2
∂3K0

∂y2∂P

∂y

∂Z
− ∂2K0

∂x∂y

∂2x

∂Z2
− ∂2K0

∂y2

∂2y

∂Z2
− ∂3K0

∂y∂P 2

d

dt

∂2y

∂Z2
=

∂3K0

∂x3

(
∂x

∂Z

)2

+ 2
∂3K0

∂x2∂y

∂x

∂Z

∂y

∂Z
+

∂3K0

∂x∂y2

(
∂y

∂Z

)2

+ 2
∂3K0

∂x2∂P

∂x

∂Z
+

+2
∂3K0

∂x∂y∂P

∂y

∂Z
+

∂2K0

∂x2

∂2x

∂Z2
+

∂2K0

∂x∂y

∂2y

∂Z2
+

∂3K0

∂x∂P 2
,

(41)

while mixed derivatives are obtained either by differentiating homogeneous variational equations (28) over
Z, or non homogeneous Eqs. (29) over J

d

dt

∂2x

∂J∂Z
= −∂2K0

∂y2

∂2y

∂J∂Z
− ∂2K0

∂x∂y

∂2x

∂J∂Z
−

(
∂3K0

∂y2∂P
+

∂3K0

∂y3

∂y

∂Z
+

∂3K0

∂x∂y2

∂x

∂Z

)
∂y

∂J
−

−
(

∂3K0

∂x∂y∂P
+

∂3K0

∂x∂y2

∂y

∂Z
+

∂3K0

∂x2∂y

∂x

∂Z

)
∂x

∂J

d

dt

∂2y

∂J∂Z
=

∂2K0

∂x∂y

∂2y

∂J∂Z
+

∂2K0

∂x2

∂2x

∂J∂Z
+

(
∂3K0

∂x∂y∂P
+

∂3K0

∂x∂y2

∂y

∂Z
+

∂3K0

∂x2∂y

∂x

∂Z

)
∂y

∂J
+

+
(

∂3K0

∂x2∂P
+

∂3K0

∂x2∂y

∂y

∂Z
+

∂3K0

∂x3

∂x

∂Z

)
∂x

∂J
,

(42)

with the initial condition (0, 0).

Table 1. Proper semimajor axis (aP ), proper eccentricity (eP ) and sine of proper inclination
(sin iP ), actions Λ, J , Z, frequencies ω1, ω2 i ω3 and derivatives of the frequencies over actions
up to the second order for the asteroid (158) Koronis.

Proper elements Frequencies
aP (AU) eP sin iP ω1 ω2[10−2] ω3[10−3]
2.86879 0.0452 0.0375 2.4410096 0.17698266 −0.58617676

Actions
Derivatives of the frequencies

Λ J [10−3] Z[10−2]
−0.98810484D+01 −0.61957684D−01 −0.17779001D−04

0.74257530 0.52347921 0.12807165 −0.61957684D−01 0.49731945D−03 −0.25149875D−04
−0.17779001D−04 −0.25149875D−04 0.94192010D−02

Derivatives of the second order

0.51488061D+02 0.56724344D+01 −0.46119948D+02
0.56724344D+01 0.17067368D−01 0.39393382D+00

−0.46119948D+02 0.39393382D+00 0.11253108D+04
0.56724344D+01 0.17067368D−01 0.39393382D+00
0.17067368D−01 0.34914856D+01 0.33231819D+00
0.39393382D+00 0.33231819D+00 −0.26951264D+01

−0.46119948D+02 0.39393382D+00 0.11253108D+04
0.39393382D+00 0.33231819D+00 −0.26951264D+01
0.11253108D+04 −0.26951264D+01 0.11762035D+04
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4. NUMERICAL EXAMPLE

To check the derived equations, as well as the
computer code1 written in FORTRAN, in Table 1 we
give a numerical example for the asteroid (158) Ko-
ronis with the values of derivatives calculated from
Eqs. (13) – (42). Apart from the gravitational con-
stant and the mass of the Sun, it turned out to be
convenient to set to unity also the semimajor axis of
Jupiter. Thus, the frequencies in Table 1 are given
in units of Jupiter’s mean motion (nJ ≈ 300 arc-
sec/day). Integrals from the above expressions are
computed numerically by dividing the period T in
200 equidistant points, thus achieving the required
accuracy while still not consuming too much com-
puter time.
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TRE�I IZVODI INTEGRABILNOG DELA HAMILTONIJANA ASTEROIDA

R. Pavlović

Astronomical Observatory, Volgina 7, 11160 Beograd 74, Serbia

UDK 521.19 : 523.44
Originalni nauqni rad

Pre primene teoreme Nehoroxeva (1977)
na asteroide treba proveriti da li je is-
puǌen potreban geometrijski uslov: konvek-
snost, kvazikonveksnost ili 3–
et nedegene-
risanost. Za proveru ovih uslova neophodno

je izraqunati izvode do tre�eg reda integra-
bilnog dela Hamiltonijana i ispitati ǌi-
hove osobine. Ovaj qlanak daje eksplicitne
izraze za izvode do tre�eg reda integrabilnog
dela Hamiltonijana asteroida po akcijama.

1Input values for the code are the proper elements of asteroids, which can be found at AstDyS site
http://hamilton.dm.unipi.it/cgi-bin/astdys/astibo.
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