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Abstract We mainly investigate some properties of quasiconformal mappings between
smooth 2-dimensional surfaces with boundary in the Euclidean space, satisfying cer-
tain partial differential equations (inequalities) concerning Laplacian, and in particu-
lar satisfying Laplace equation and show that these mappings are Lipschitz. Conformal
parametrization of such surfaces and the method developed in our paper (Kalaj
and Mateljevi¢, J Anal Math 100:117-132, 2006) have important role in this paper.
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1 Introduction

By U we denote the unit disk, by Q a domain in R? and by S a smooth 2-dimensional
surface in R!, [ > 3.

Let f be a smooth mapping between a Jordan domain €2 and a surface S of the
Euclidean space R!. Consider the functional

Elf]= / /Q 2+ 1 f, Pdxdy (1.1)
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14 D. Kalaj, M. Mateljevi¢

The stationary points of the energy integral E[ f] satisfy the Euler-Lagrange equa-
tion i.e. Laplace equation

Af= fxx+fyy =4fZZEO- (1-2)

The mapping f satisfying the relation (1.2) is called harmonic.

Let us define harmonic mappings and quasiconformal mappings between two
smooth 2-dimensional surfaces S; ¢ R” and S, C R”. For every a € S; let X,(x, y)
be a conformal mapping between the unit disk and a neighborhood U, C §; i.e.
let x, y be isothermal coordinates in U,. The mapping f of the surface S, into the
surface S, is called harmonic if for every a € S| fo X, : U— R” is harmonic in
U. Let Y = Yy, be isothermal coordinates in some neighborhood V¢ in Y. It
means that g = (Y) ' o fo X, is p—harmonic, where p(w) = |Y,(w)|*; we also
say that f is harmonic with respect to the metric on S, inherited from the Euclidean
space R”. Let k € [0,1) and let f be a homeomorphism between §; and S,. Let
a € S' be arbitrary and let X, be isothermal coordinates in U,,. Similarly let Y ¢ be
isothermal coordinates in some neighborhood V¢, in Y. If for every a the mapping
g= (Yyw) ' o fo X, satisfies the inequality |gz| < klg;| in X' (U,), then f is said
to be a k quasiconformal (q.c.) mapping.

The domain  (the surface S) is called C*® domain (surface) if the boundary
382 (3S) is a compact C* 1-dimensional manifold (curve).

In this paper we continue to study the boundary behaviors of g.c. harmonic
mappings between plane domains and Euclidean surfaces. Notice this important fact,
the class of g.c. harmonic mappings contains conformal mappings (see the section
below for boundary behaviors of conformal mappings).

Further developments of the method presented in [7] leads to Theorems 3.1 and
3.4:itis proved that every q.c. C? diffeomorphism w between two plane domains with
smooth boundaries satisfying the inequality

[Aw| < M|Vw|]* + N (1.3)

is Lipschitz continuous. The inequality (1.3) we will call a Poisson differential
inequality. These theorems imply corresponding results for q.c. harmonic mappings
between smooth surfaces (Theorems 3.6 and 3.7). This extends the results of the
authors [7] where instead of (1.3) is assumed that

lAw] = Mlw we|. (14)
For the background on the theory of g.c. harmonic mappings in the plane we refer
to the papers [3-9, 11-16].
2 Conformal Parametrization
Proposition 2.1 (Kellogg and Warshawski see [10, 17, 18] and [19]) Let [ € N, 0 <

a < 1. If Q and D are Jordan domains having C'* boundaries and o is a conformal
mapping of Q onto D, then o € C*(Q). In particular ©® is bounded from above on

The following theorem can be viewed as an extension of Proposition 2.1 and of
Riemann mapping theorem.
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On Certain Nonlinear Elliptic PDE and Quasiconformal Maps 15

Theorem 2.2 [2, Theorem 3.1] Suppose S is a surface with boundary, homeomorphic
to a plane domain G bounded by k circles via a chart ¥ : G — S. Suppose the
coefficients of the metric tensor of S can be defined in this chart by bounded
measurable functions g;; with g1182 — g3, > » > 0.in G. Then S admits a conformal
representation T € H} N C*(B, G), where B is a plane domain bounded by k circles
and t satisfies almost everywhere the conformality relations
|z* = |1y|* and (7, 7,) = 0

(Here (x, y) denote the coordinates of points in B, and norms and products are taken
with respect to the metric of S).

T can be normalized by a three point condition, namely three points on one of the
boundary curves of S can be made to correspond, respectively, to three given points
on the outer boundary of B which can be taken as the unit circle, or by fixing the
image of an interior point. Furthermore, concerning higher regularity, t is as regular
as S, i.e. if S is of class ™ (B) meN,0<a<1)orin C® then also 1 € ™ (B)
or T € C®°(B), respectively. In particular, if S is at least C** then the conformality
relations are satisfied everywhere, and t is a dif feomorphism.

We will make use the following corollary of the previous theorem.

Corollary 2.3 Let X : U+ S be a conformal mapping between the unit disk and a
C> surface S. Then

¢ i= mingz <1y | Xu(2)| = mingz <1y [ Xy (2)] > 0, (2-1)
C = maxie ooty | X (D)) + | X (D] + [ Xon(2)] < 00, and 2.2)
llog | X, (w)[*,| < M’ < oo. (2.3)

Proof The first two inequalities follow directly from Theorem 2.2. For p =
log | X,,(w)|*> we have

< X, Xy > —1 < Xy, Xy > _ < X, Xy > +i < Xy, Xy >
| X (w)|? | X (w)? -

Pw =

Consequently:

qu C
Xl _ € (2.4)

lpw| <2—— <
* | X ¢

3 The Main Results
Firstly we are going to establish a local Lipschitz character of our mappings.

Theorem 3.1 (The main theorem) Let f be a quasiconformal C? dif feomorphism
from the plane domain Q onto the plane domain G. Let yo C 0Q2 and yg = f(yq) C
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16 D. Kalaj, M. Mateljevi¢

G be C"“ respectively C>* Jordan arcs. If for some 1 € yq there exist positive
constants r, M and N such that

IAfl<MIVF?+ N, zeQnD(t,r), 3.1

then f has bounded partial derivatives in Q N D(z, r;) for some r, < r. In particular it
is a Lipschitz mapping in Q N D(z, ry).

We need the following proposition.

Proposition 3.2 (Heinz-Bernstein, see [1]). Let s : U — R be a continuous function
from the closed unit disc U into the real line satisfying the conditions:

(1) sisC?>onT,
(2) sp©®) =s(e?) is C* and
(3) |As| < My|Vs|? + Ny, on U for some constants My and Ny,

Then the function |Vs| is bounded on U.

Proof of Theorem 3.1 Let r > 0 be sufficiently small positive real number such that
A = D(t,r) N Q is a Jordan domain with C'* boundary consisting of a circle arc
C(ty, ;) and an arc py[fy, t1] C y containing 7. Take D = f(A). Let g be a conformal
mapping of the unit disc onto A. Let f= fog. Since Af = |g|>)Af and |V f]? =
Ig'2IV fI2, we find that, f satisfies the inequality (3.1) with M; = M and N, = N -
inf|;j<; | g (2)|”". We will prove the theorem for f and then apply Kellogg’s theorem.
For simplicity, we write f instead of f. Let J be a compact subset of y;, containing
but not containing the points f and ¢;. Let ¢ € J be arbitrary.

Step1 (Local Construction). In this step we show that there are two Jordan
domains D; and D, in D with C>® boundary such that

(1) D, c D, c D,
(ii) aDNAD, is a connected arc containing the point w = f(¢) in its
interior,
(iii)) W #0D,\oD; C D.

Let H; be the Jordan domain bounded by the Jordan curve y; which is
composed by the following sequence of Jordan arcs: {y'/° + (2 — x)!'/° =
Li<x<2 (=P +Q2-0"=11<x<2) [(1,2),(-1,2)]
(=P +2+0"P=1,2<x< -1 +2+0)"=1,-2<x<-1)
and [(—1,0), (1, 0)]. Let H;, be the Jordan domain bounded by the Jordan
curve y, which is composed by the following sequence of Jordan arcs:
WA+ -0B=1,1<x<2) [2,1,22] (B-»/+2-0" =
1,1<x<2} [(1,3),(=1,3)]; (=" +Q+x0)'/ =1, 2<x<-1})
[(=2,2), (=2, D (Y + 2+ 07 =1, =2 <x < —1} and [(—1,0), (1,0)].
Note that H, Cc H, C [-2,2] x[0,3], 0H L NR=0H, NR =[-1,1] and
that 9 H,, 9 H, € C5.

Let I' be an orientation preserving arc-length parameterization of
y = dD such that for sy € (0,length(y)) there holds: I'(sg) = f(¢). Let
D* =T'(so)D,b =T'(s¢) f(¢t) and I'* = I""(so)T". Then there exists r > 0 such
that (b, b +ir] C D*. Since y* = dD* € C>¢, it follows that, there exist
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On Certain Nonlinear Elliptic PDE and Quasiconformal Maps 17

Step 2

xo > 0,& >0, yo € (0,r/3), the C> function A : [—2x, 2xo] — R, h(0) =0,
and the domain D3 C D* such that:

(1) T*(so—¢&,8 +¢€]) ={b+ (x,h(x) : x € [—2x0, 2x0]},
(2) D5=1{b+ (x,h(x)+y): x € [2x0,2x0], y € (0, 3y0]}.

Let Y : [-2,2] x [0, 3] = Dj3 be the mapping defined by:
Y(x, y) =b + (xxo, h(xx0) + yyo).

Then Y is a C>¢ diffeomophism.

Take D; =T"(sp) - Y(H;), i=1,2. Obviously D; C D, ¢ D and D, and
D, have C>® boundary. Observe that f(t) = I (so)T(s0) f(t) = I (s9) T (0) €
I(so)Y([—1,1]) = dD, N3 D,.

(Application of Heinz-Bernstein theorem). Let ¢ be a conformal mapping
of D, onto H such that ¢~'(c0) € 4D, \ dD,. Let Q; = ¢(D;). Then there
exist real numbers a, b, ¢, dsuch thata <c <d < b, [a,b] =02, NR and
l=9¢"10Q \[c.d]) c D.Let U; = f~'(D;) and n be a conformal mapping
between the unit disc and the domain U,. Then the mapping f =¢ofon
is a C? diffeomorphism of the unit disc onto the domain Q; such that:

(a) f is continuous on the boundary T = 9U (it is q.c.) and
(b) fisC?ontheset Ty = f~'(0Q \ (¢, d)).

Lets:=Im f First, note that (a) implies that s is continuous on T = 9U. On
other hand, as f € C?, s satisfies the condition:

(1) seC*U).

From (b) we obtain that s is C? on the set 7} = f~'(3Q\ (c, d)). Further-

more, s=0 on T» = f!(a, b); and therefore s is C*> on T, = f~'(a, b).
Hence:

(2) sisC?onT = T, U T,. In other words, the function s, : R — R defined
by s5(8) = s(e?) is C* in R.

In order to apply the interior estimate, we have to prove that

(3) |As(z)| < My|Vs(z)|> + Ny, z € U, where My and N are constants.

To continue we need the following lemma:

Lemma 3.3 If f = u +iv is a q.c. mapping satisfying Poisson dif ferential inequality,
then u and v satisfy the Poisson dif ferential inequality.

Proof Let

and

1 _ _
A= |Vul? =2(Ju* + Juz*) = §(|fz + EP+If+ 2P

1 _ _
B = |Vvl* = 2(Jv,|* + |z ) = SUfe— P+ = ).
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18 D. Kalaj, M. Mateljevi¢

Then
A_ I +
B |1 —nupP
where i = f;/ f.. Since |u| < k
1-k? A _(1+k?

a +k)2 B = (1—k)?

IAf] = |Au+iAv| < M|V fI> + N = M(|Vu|* + |Vv|*) + N,
the relation (3.2) yields

(1+k)

|Au|§M(1 k)2|v ul>+ N
and
(1 + k)?
|Avl = M~ k)2|Vv|2 + N.

Since f: ¢ o f on,we obtain

af =¢'afn, df=¢'dfn
and

A

- 1« 1 _ _
00f=7Af =740 In'1> = (¢"3f -0 f +¢'33 f)lIn'I>.

Now combining (3.1), (3.3) and (3.4) we obtain

NE 4|';f’,|L|af||5f| + 1AL P
< |'$|l|af||af|+|¢|(M|Vf| +N) I
0 ) .
\% M|V N
< PRIV I+ MI R NI
9]
v N
<|¢>|2 |¢,|)| 7P+ NIl 1.

As f is a k—q.c. mapping using Lemma 3.3 we have

|As| =

(1+k)° (I(P”I

M
.VZ N/ /2'
T ) IVs® + Ni¢'|In'|

91> 1ol
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On Certain Nonlinear Elliptic PDE and Quasiconformal Maps 19

Proposition 2.1 implies that the function |5’| is bounded from above by a constant
Cy, the function |¢’| is bounded from below and above by positive constants C, and
C; respectively and the function |¢”| is bounded from above by a constant C4. Hence

|As| < Mo|Vs|* + No,

where

(14+k?(Cs M ,
My = — 4+ — d Ny = C,C:N.
0 C§+C3 and Ny 2C

(1 —k)?

Proposition 3.2 implies that, the function |Vs| is bounded by a constant b,. Since
fis a k—q.c. mapping, we have

A=k fl <18 f —dfl <2Is;| <~2b,.

Finally,
A oA 1+k
19 fl+18 fl < ﬁmb,.

Since the mapping 7 is conformal and maps the circle arc T = (¢ o fon)~'(a, b)
onto the circle arc (¢ o f)~'(a, b), it follows that, it can be conformally extended
across the arc T/ = (¢ o f o n)~'[c, d]. Hence, there exists a constant A such that
[n'(2)] = 2A on T'. It follows that there exists r € (0, 1) such that |n'(z)| > A in
{pz:zeT,r <p <1} It follows from the Proposition 2.1, that the conformal
mapping ¢ and its inverse have the C' extension to the boundary. Therefore there
exists a positive constant B such that |¢’(z)| > B on some neighborhood of ¢~![c, d]
with respect to D. Thus, the mapping f=¢"' o f o n~! has bounded derivative in
some neighborhood of the set 7(7”), on which it is bounded by the constant

1+k b,
C=vV2——- .
fl—kAB

Then
10f(2)| + 19 f(z)| < Cp for all z € U near the arc T = 5(T").

O

Theorem 3.4 Let f be a quasiconformal C* dif feomorphism from the plane domain
Q with C"* compact boundary onto the plane domain G with C** compact boundary.
If there exist constants M and N such that

IAfI<MIVFP+N, zeQ, (3.6)
then f has bounded partial derivatives in Q. In particular it is a Lipschitz mapping

in Q.

Proof According to the Theorem 3.1 for every ¢t € 92 there exists r, > 0 such that f
has bounded partial derivatives in 2 N D(t, r;). Since 92 is a compact set it follows
that there exist 11, ..., t,, such that 9Q C |2, D(t;, r,). It follows that f has bounded
partial derivatives in Q N, D(#, r;,). Since f is a diffeomorphism in €2, we obtain
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20 D. Kalaj, M. Mateljevi¢

that f has bounded derivatives in the compact set Q \ |/, D(#;, r,). The conclusion
of the theorem now easily follows. O

Corollary 3.5 Let Q be a plane domain with C'* compact boundary and G be a
plane domain with C*>® compact boundary. If w = f(z) : Q — G is a quasiconformal
solution of the equation

AWy + 2,way +ywyy + ﬂ](Z)wi + bl(z)wxwy + Cl(z)w)z; (3 7)
+a@w, + b @w, + c(@w + d(z) =0, ‘

such that a,B,y €eR, >0, ay —p>>0, a,b,c,d,a;,by,c, € C(Q), then f is
Lipschitz.

Proof Since the partial differential equation (PDE) (3.7) is elliptic, we can choose
coordinates x = aju + B1v, y = Biu + y,v such that (3.7) becomes
Wi + Wy + @) (W, V)W, + b (, vV)w,w, + ¢ (w, v)w;

(3.8)
+ad W, Vw, +b'(w, V)w, + W, v)w+dw,v) =0, (u,v) eQ.

For e € C(Q) let |e| = max{le(u, v)| : (u,v) € }. Using (3.8) and the inequality

2|t] < |t]*> + 1 we obtain

b
2

|a/| |b/| 2 ’ 12
[Aw| < 74‘ > (IVw]® + 1) + | max{|a}[, |c} ]} +

= M|Vw|* + N,

) IVw|* + |c[|w] + |d'|

where

b

M = (ld'| +1b')/2 + max{laj|. |c| [} + 5

and
la’] + b’
2

The conclusion now follows from Theorem 3.4. O

N = + 1wl + |d'].

By d = dj we denote Euclidean distance in Euclidean space R,

Theorem 3.6 We call a C* surface S disk-like surface if it is homeomorphic to the
unit disk, and if its boundary is a C*>* curve. If f is a quasiconformal harmonic
mapping between two C*>* disk-like surfaces S and S,, then it is a Lipschitz mapping
i.e. there exists a constant C such that

d(f(x), f(y)) < Cd(x, y), forall x,y € S;.

Proof Let f be a harmonic q.c. mapping between disk-like surfaces S; and S,. Let
X:Ur S;and Y : U+ S, be conformal mappings. Let us consider the mapping
g =Y o fo X of the unit disk onto itself. Since f(X(z)) = Y(g(z)), it follows that

|fo Xol? +1f o0 X, = YulP(lg:l® + 181
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Hence
E[fo X]= Eylgl = f / 1Yo l*(1gx|* + |gy|)dxdy. (3.9)
Q

If we denote p(w) = |Y,(w)|?, then the stationary points of the energy integral
Ey[g] satisfies the Euler—Lagrange equation

gz + (logp), o0gg. gz =0. (3.10)

Consequently f o X is harmonic if and only if g is p—harmonic i.e. the mapping sat-
isfying the relation (3.10). According to the Corollary 2.3, the mapping g satisfies the
conditions of Theorem 3.4. Namely as |(log p),,| < M and |g,g:| < 1/2(1g.> + |g:1>)
we can simply take M = M’/2,and N = 0. Theorem 3.4 yields that g is Lipschitz. By
Theorem 2.2 it follows that X and Y are bi-Lipschitz mappings. f is Lipschitz as a
composition of Lipschitz mappings. O

Using Theorem 3.6 we obtain the theorem:

Theorem 3.7 If f is a quasiconformal harmonic mapping between C>% surfaces S,
and S,, with C*>* compact boundaries then it is a Lipschitz mapping i.e. there exists a
constant C such that d( f(x), f(y)) < Cd(x, y), forallx,y € S;.

3.1 A Question

Recently in [6] is proved that, every quasiconformal harmonic mapping between two
Jordan domains Q; € C* and , € C*>¢ is bi-Lipschitz, and this can be extended
directly to all C/*, j= 1,2 plane domains. On the other hand, this result has been
extended in [5] to the C*>¢ surface with approximately analytic metrics. The question
arises, whether the previous statement can be extended to C'* surfaces?
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